© © N O O A~ W N =

A Theory of Non-Linear Feature Learning with One
Gradient Step in Two-Layer Neural Networks

Anonymous Author(s)
Affiliation
Address

email

Abstract

Feature learning is thought to be one of the fundamental reasons for the success
of deep neural networks. It is rigorously known that in two-layer fully-connected
neural networks under certain conditions, one step of gradient descent on the first
layer followed by ridge regression on the second layer can lead to feature learning;
characterized by the appearance of a separated rank-one component—spike—in
the spectrum of the feature matrix. However, with a constant gradient descent step
size, this spike only carries information from the linear component of the target
function and therefore learning non-linear components is impossible. We show that
with a learning rate that grows with the sample size, such training in fact introduces
multiple rank-one components, each corresponding to a specific polynomial feature.
We further prove that the limiting large-dimensional and large sample training and
test errors of the updated neural networks are fully characterized by these spikes.
By precisely analyzing the improvement in the loss, we demonstrate that these
non-linear features can enhance learning.

1 Introduction

Learning non-linear features—or representations—from data is thought to be one of the fundamental
reasons for the success of deep neural networks (e.g., [Bengio et al., 2013 |Donahue et al., 2016}
Yang & Hul 2021} [Shi et al., [2022; |Radhakrishnan et al., [2022} etc.). At the same time, the current
theoretical understanding of feature learning is incomplete. In particular, among many theoretical
approaches to study neural nets, much work has focused on two-layer fully-connected neural networks
with a randomly generated, untrained first layer and a trained second layer—or random features
models (Rahimi & Recht| [2007). Despite their simplicity, random features models can capture various
empirical properties of deep neural networks. Nevertheless, feature learning is absent in random
features models, because the first layer weights are assumed to be randomly generated, and then fixed.
Thus, random features models fall short of providing a comprehensive explanation for the success of
deep learning. While other models such as the neural tangent kernel (Jacot et al.| 2018 Du et al.,
2019) can be more expressive, they also lack feature learning.

To bridge the gap between random features models and feature learning, several recent approaches
have shown provable feature learning for neural nets under certain conditions. In particular, the recent
pioneering work of Ba et al.|(2022)) analyzed two-layer neural networks, trained with one gradient
step on the first layer. They showed that when the step size is small, after one gradient step, the
resulting two-layer neural network can learn linear features. However, it still behaves as a noisy linear
model and does not capture non-linear components of a teacher function. Moreover, they showed
that for a sufficiently large step size, under certain conditions, the one-step updated random features
model can outperform linear and kernel predictors. However, the effects of a large gradient step
size on the features is unknown. What happens in the intermediate step size regime also remains
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unexplored. In this paper, we focus on the following key questions in this area: What nonlinear
features are learned by a two-layer neural network after one gradient update? How are these features
reflected in the singular values and vectors of the feature matrix, and how does this depend on the
scaling of the step size? What exactly is the improvement in the loss due to the nonlinear features
learned?

2 Preliminaries

In this paper, we study a supervised learning problem with training data (z;,y;) € R? x R, for
i € [2n], where d is the feature dimension and n > 2 is the sample size. We assume that the data is
generated according to
iid.
x; < N(0,1q), and y; = fi(xi) + &, (1)
in which f, is the ground truth or teacher function, and ¢; oy N(0, o2) is additive noise.

We fit a model to the data in order to predict outcomes for unlabeled examples at test time; using
a two-layer neural network. We let the width of the internal layer be N € N. For a weight matrix
W € RV*4 an activation function o : R — R applied element-wise, and the weights @ € RY of a
linear layer, we define the two-layer neural network as fw q(z) = a'o (Wz).

Following Ba et al.| (2022)), for the convenience of the theoretical analysis, we split the train-

ing data into two parts: X = [@q,...,2,]" € Ry = (y1,...,y,) € R” and X =
[Tri1s. s Ton] € R4 g = (yui1,...,y2,) € R™. We train the two layer neural network
as follows. First, we initialize @ = (ay,...,ax)" with a; ESN (0,1/N) and initialize W with
Wy = [woq,--- ,wQJ\/’]T € RNxd, W ; i Unif(S?~1),where S?~! is the unit sphere in R?

and Unif (S?~!) is the uniform measure over it. Fixing a at initialization, we perform one step of
gradient descent on W with respect to the squared loss computed on (X, y). Recalling that o denotes
element-wise multiplication, the negative gradient can be written as
0 1
G=——=|—
OW [ 2n .

and the one-step update is W = W, + n G for a learning rate or step size 1.

1
|y - U(XWT)aHE = [(ay” —aa'o(WoXT)) oo (WX ") X,

After the update on W, we perform ridge regression on a using (X, ). Let F = o(XW ) € R**N
be the feature matrix after the one-step update. For a regularization parameter A > 0, we set

P N —1 T~
a = a(F) = argmin ~ ||§ — Fal; + Aa[3 = (FTF + Anly) F'g. )
acRN T
Then, for a test datapoint with features @, we predict the outcome § = fw a(z) = a0 (Wz).

2.1 Conditions
Our theoretical analysis applies under the following conditions:

Condition 2.1 (Asymptotic setting) We assume that the sample size n, dimension d, and width of
hidden layer N all tend to infinity with d/n — ¢ > 0 and d/N — ¢ > 0.

Condition 2.2 We let f, : R? — R be a single-neuron model f,(x) = o,(x ' B,), where 3, € R?
is an unknown parameter with (3, ~ N(0, %Id) and o, : R — R is a teacher activation function. We
further assume that o, : R — R is ©(1)-Lipschitz.

We let Hi, k > 1 be the (probabilist’s) Hermite polynomials on R.

Condition 2.3 The activation function o : R — R has the following Hermite expansion in L?:
o(2) =X pe crHi(2), & = 5Ezono,1)[0(Z)Hi(Z)], where ¢y # 0. Moreover, the first three
derivatives of o exist and are bounded.

Condition 2.4 The teacher activation o, : R — R has the following Hermite expansion in L?:
ox(2) = Z,JCWZO CoeHi(2), o = 5Bz [04(Z2)Hi(Z)] for some M € N. Also, we define

M 1
e = (k=0 k!Cz,k)2'
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Figure 1: Spectrum of the updated feature matrix for different regimes of the gradient step size 7.
Spikes corresponding to monomial features are added to the spectrum of the initial matrix. The
number of spikes depends on the range «. See Theorems [3.2]and [3.3] for more details.

3 Analysis of the Feature Matrix

As the following proposition suggests, 3 = %XTy can be viewed as a noisy estimate of 3,.

I, . 8. 8] —leal
Proposition 3.1 If Conditions hold, then 1z 5=r5m — P NCIRTCETDk

Next, we will show that after the gradient step, the spectrum of the feature matrix F will consist of a
bulk of singular values that stick close together—given by the spectrum of the initial feature matrix
Fy = U(XWOT )—and ¢ separated spike where / is an integer that depends on the step size used in
the gradient update. Specifically, when the step size is < n® with Z;—; <a< %‘ﬁ for some £ € N,
the feature matrix F can be approximated in operator norm by the untrained features Fo = o(XW, )
plus ¢ rank-one terms, where the left singular vectors of the rank-one terms are aligned with the
non-linear features X +— (X3)°%, for k € [¢]. Reeall that the shifted ReLU activation o : R — R is

defined for all z € R by o(z) = max(z,0) — ok

Theorem 3.2 (Spectrum of feature matrix) Ler o : R — R be a polynomial or the shifted ReLU

activation. Let < n® with Z;—; <a< ﬁfor some ¢ € N. If Conditions hold, then for cj,

from Conditionand Fo = o(XW]),
¢
F=F,+A, with  Fy:=Fo+ Y cfexn®(XB)** (@), 3)
k=1
where || Allop = o(y/n) with probability 1 — o(1).

To understand (X3)°*(a®*)T, notice that for a datapoint with features @;, the activation of each
neuron is proportional to the polynomial feature (&, 3)*, with coefficients given by a°* for the
neurons. The spectrum of the initial feature matrix ¥ is fully characterized in|Pennington & Worah
(2017); Benigni & Péché| (2021},[2022), and its operator norm is known to be Op(+/n). Moreover, it
follows from the proof that the operator norm of each of the terms c¥c,n*(X8)°% (a*)T, k € [1] is
with high probability of order larger than /n. Thus, Theorem identiﬁes the spikes in the spectrum
of the feature matrix.

In the following theorem, we argue that the subspace spanned by the non-linear features
{o(Xw;)}ie[n) can be approximated by the subspace spanned by the monomials {(X3)°*} ¢ (4.

Theorem 3.3 Let F; be the (-dimensional subspace of R™ spanned by top-f left singu-
lar vectors (principal components) of F. Under the conditions of Theorem [3.2] we have

d(Fy, Span{(Xﬁ)Ok}ke[g]) —p 0, where d is the principal angular distance.

This result shows that after one step of gradient descent with step size n < n® with é;—; <a<

#i;-z’ the subspace of the top-¢ left singular vectors carries information from the polynomials

1Using terminology from random matrix theory (Bai & Silverstein, 2010; |Yao et al.,[2015).
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{(XB)°F} ke[q- Also, recall that by Proposition , the vector 3 is aligned with 3,. Hence, it is
shown that F, carries information from the first £ polynomial components of the teacher function.

4 Learning Higher-Degree Polynomials

4.1 Equivalence Theorems

Given a regularization parameter A > 0, recalling the ridge estimator a(F) from equation 2} we
define the training loss £, (F) = L+ Hg Fa(F)||2 + M|a(F)||2. In the next theorem, we show that
when 1 < n® with 42 7 <a<s z 3 the training loss £,,(F) can be approximated with negligible

error by L(F¢). In other words, the approximation of the feature matrix in Theorem can be used
to derive the asymptotics of the training loss.

Theorem 4.1 (Training loss equivalence) Let < n® with 251 < a< Q/ﬁ for some { € N

and recall ¥y from equation [3| If Conditions 2.1{2.4) hold, then for any fixed A\ > 0, we have
Le(F) — Lo(Fe) = o(1), with probability 1 — o(1).

Similar equivalence results can also be proved for the test risk, i.e., the average test loss. For any
a € RY, we define the test risk of @ as Le(a) = Ef ,(y — £ " a)?, in which the expectation is taken
over (z,y) where f = (W) with z ~ N(0,1I;) and y = f,(x) + & with e ~ N(0, 02). The next
theorem shows that one can also use the approximation of the feature matrix from Theorem@] to
derive the asymptotics of the test risk.

Theorem 4.2 (Test risk equivalence) Let n < n® with Z;—; <a< ﬁ for some £ € N and ¥y be

defined as in equation[3| If Conditions hold, then for any A > 0, if Li.(a(F)) —p Lr and
Li(a(Fy)) —=p Lr,, we have Ly = LF,.

4.2 Analysis of Training Loss

The following results depend on the limits of traces of the matrices (FoFJ + AnIL,)~! and
XT(FOFJ + )\nIn)*lx. These limits have been determined in |Adlam et al. (2022); |Ad-
lam & Pennington| (2020), see also Pennington & Worah| (2017); [Péché| (2019). We leverage
that limg , x 0 tr(X T (FoFg + AnL,)"1)/d = ¢¥mg/¢ > 0 and limg, y oo tr((FoFy +
Anl,) ") = vmy /¢ > 0.

Theorem 4.3 If Conditions hold, and if n < n* with0 < a < i so that ¢ = 1, then for the
learned feature map F and the untrained feature map Fo we have L, (Fo) — L (F) —p A1, where
et 1 M2
A = v > 0. 4)

Pl + o(c2 +02)]

The above theorem confirms our intuition that training the first-layer parameters improves the
performance of the trained model. From this theorem, it can be seen that when ¢ = 1, the improvement
in the loss is increasing in the strength of the linear component Cal keeping the signal strength c,
fixed; and not so for the strength of the non-linear component c* >1= c2 . Our next theorem
shows that when we further increase the step size to the £ = 2 regime, the 1oss of the trained model
will drop by an additional positive value Ay depending on the strength c, > of the quadratic signal,
which supports our claim that the quadratic component of the target function is also being learned.

Theorem 4.4 If Conditions hold, while we also have co # 0, and 1 < n® with i <a< %
so that { = 2, then for the learned feature map ¥ and the untrained feature map ¥y, we have
Lir(Fo) — Lir(F) —p A1 + Ag, where A1 was defined in Theoremand

4pAcy €5 o

A= @ o) ©)

Given ¢ e {1, 2} the loss of the trained model is asymptotically constant for all = cn® with
21, <a<s [ T3 and ¢ € R. There are sharp jumps at the edges between regimes of «, whose size is
precisely characterized in the theorems above.
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