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Abstract

Stochastic smooth nonconvex minimax problems are prevalent in machine learning,
e.g., GAN training, fair classification, and distributionally robust learning. Stochas-
tic gradient descent ascent (GDA)-type methods are popular in practice due to
their simplicity and single-loop nature. However, there is a significant gap between
the theory and practice regarding high-probability complexity guarantees for these
methods on stochastic nonconvex minimax problems. Existing high-probability
bounds for GDA-type single-loop methods only apply to convex/concave minimax
problems and to particular non-monotone variational inequality problems under
some restrictive assumptions. In this work, we address this gap by providing the
first high-probability complexity guarantees for nonconvex/PL minimax problems
corresponding to a smooth function that satisfies the PL-condition in the dual
variable. Specifically, we show that when the stochastic gradients are light-tailed,
the smoothed alternating GDA method can compute an e-stationary point within
O(@ + % (¢ + 6%log(1/q))) stochastic gradient calls with probability at
least 1 — ¢ for any ¢ € (0,1), where p is the PL constant, ¢ is the Lipschitz
constant of the gradient, k = ¢/ is the condition number, and 52 denotes a
bound on the variance of stochastic gradients. We also present numerical results
on a nonconvex/PL problem with synthetic data and on distributionally robust
optimization problems with real data, illustrating our theoretical findings.

1 Introduction

Minimax optimization problems arise frequently in machine learning (ML) applications; indeed,
constrained optimization problems such as deep learning with model constraints [24], dictionary
learning [10, 57] or matrix completion [28] can be recast as a minimax optimization problem through
Lagrangian duality. Other applications include but are not limited to the training of GANs [59],
fair learning [72], supervised learning [61, 49, 51, 74], adversarial deep learning [75], game theory
[54, 58], robust optimization [4, 3], distributionally robust learning [46, 75, 24], meta-learning [70]
and multi-agent reinforcement learning [15]. Many of these applications can be reformulated in
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the following minimax form:

min ma T,Y), 1

nin max fx,y) €0
where f : R9 x R% —s R is a smooth function, i.e., differentiable with a Lipschitz gradient; f can
possibly be nonconvex in x and nonconcave in y. First-order primal-dual (FOPD) methods have been
the leading computational approach for computing low-to-medium-accuracy stationary points for
these problems because of their cheap iterations and mild dependence of their overall complexities
on the problem dimension and data size [9, 8, 36]. In the context of FOPD methods, there are two
key settings for (1):

(i) the deterministic setting, where the partial gradients V, f and V,, f are exactly available,
(ii) the stochastic setting, where we have only access to (inexact) stochastic estimates of the
partial gradients, in which case the problem in (1) is called a stochastic minimax problem.

It can be argued that the stochastic setting is more relevant to modern machine learning applications
where gradients are typically estimated randomly from mini-batches of data, or sometimes
intentionally perturbed with random noise to ensure data privacy [14, 34, 1].

Convex and nonconvex minimax optimization. In the convex case (when f is convex® in = and

concave in y), several approaches have been considered including Variational Inequalities (VIs) and
primal-dual algorithms, see. e.g. [29, 20, 5, 67, 12, 73, 60, 11] and the references therein. One
disadvantage of using the VI approach for solving minimax problems (by identifying the signed
gradient map G(z,y)= [V f(z,y)", =V, f(z,y)T]" as the corresponding operator in the VI) is
that one needs to set the primal and dual stepsize to be the same. This can be restrictive in applications
where f exhibits different smoothness properties in the primal (x) and dual (y) block coordinates
—this is often the case in distributionally robust learning [73], adversarial learning [43] and in the
Lagrangian reformulations of constrained optimization problems that involve many constraints [47].
The gap function G(z,ys) = sup, , f(zx,y) — f(x,yx), and the squared distance to the set of

saddle points D(z, yx) = min{ |z — 2|2 + ||yx — v*||* | (#*, y*) is a saddle point} are standard
metrics for assessing the quality of the output z;, = (x, yx) generated by an FOPD algorithm after k
iterations among many others [35, 73, 20].

In the nonconvex setting, i.e., when f is nonconvex in z, the aim is to compute a stationary point. Let
M(xy, yi) denote a measure for the stationarity of iterates (x, yx); a common metric is the norm of
the gradient, i.e., M(xx,yx) = ||V f(2k, yx)|| and its variants such as ||V ®(z)|| when f is strongly
concave in y, where ®(-) = max,, f(-, y) denotes the primal function —for other metrics and relation
between them, see [62]. There are several algorithms that admit (gradient) complexity guarantees
for computing a stationary point of nonconvex minimax problems under various strong concavity,
concavity or weak concavity-type assumptions in the y variable —see the references in [62].

In this paper, we consider smooth nonconvex-PL (NCPL) problems where f is a smooth function
such that it is possibly nonconvex in z and it satisfies the Polyak-Lojasiewicz (PL) condition in y.
The PL condition is a weaker assumption (milder condition) than strong concavity in y —in fact, PL
condition in the dual does not even require quasi-concavity. NCPL problems constitute a rich class
of problems arising in many ML applications including but not limited to fair classification [48],
robust neural network training with dual regularization [48, eqn. (14)], overparametrized systems
and neural networks [42], linear quadratic regulators [17], smoothed Lasso problems [23] subject
to constraints, distributionally robust learning with /5 regularization in the dual [72], deep AUC
maximization [68] and covariance matrix learning with Wasserstein GANs [52]. For deterministic
NCPL problems, the alternating gradient descent ascent (AGDA) method and its smoothed version
(smoothed AGDA) have the complexity of O(k?/e?) and O(k/€?), respectively, for finding a point
(%, 7) satisfying ||V f(Z,7)|| < € as shown in [70, 66]. Here x = £/ is the condition number, where
{ is the Lipschitz constant of the gradient, and p is the PL constant. For Catalyst-AGDA, [66] shows
also the rate O(k/¢€?) for deterministic NCPL problems.

In expectation and high-probability bounds. Most of the existing guarantees in the literature for
stochastic FOPD algorithms are provided in expectation, i.e., a bound on the number of iterations
k (or the stochastic gradient evaluations) is provided for E[G (zx, yx)] < € or E[D(zk, yi)] < € to
hold (see, e.g., [73, 72, 29] and the references therein). Yet having such guarantees on average does

2f i RY — R U {400} is called (merely) convex, if f (tz1(1 — t)x2) < tf (1) + (1 — t) f (z2) for every

<
T1,x2 € Reandt e [0, 1] with the convention that o < +o0 for all « € R.



not allow to control tail events, i.e., even if E[G(z, yx )] is small, G(xx, yx) can still be arbitrarily
large with a non-zero probability. To this end, high-probability guarantees have been considered
in the literature [35, 64, 20, 32, 22]. These results allow to control the risk associated with the
worst-case tail events as they specify how many iterations would be sufficient to ensure G(z, yx)
is sufficiently small for any given failure probability g € (0, 1). To derive high-probability bounds,
one common approach involves running the algorithm in parallel multiple times and strategically
selecting an optimal output to convert in-expectation bounds into high-probability guarantees [62, 37].
Alternatively, advanced concentration inequalities can be employed under light-tail assumptions
to control noise accumulation across iterates without requiring multiple runs [53, 27]. For saddle
point problems, we note that existing high-probability bounds mostly apply to the monotone VI
setting, or to strongly convex/strongly concave (SCSC) minimax problems. To our knowledge,
high-probability guarantees for nonconvex minimax problems are non-existent in the literature, even
for nonconvex/strongly concave (NCSC) problems with the exception of trivial loose bounds one can
obtain by a standard application of Markov’s inequality (see Remark 13 for details). In particular, we
note that the existing VI literature with high-probability bounds on non-monotone operators such as
star-co-coercive operators [20, 55], do not apply to NCSC problems.?

New high-probability bounds for NCPL optimization. To address these shortcomings, we focus
on developing high-probability guarantees for NCPL problems. Among the existing algorithms in the
stochastic NCPL setting [64], stochastic gradient descent ascent (SGDA) methods and their variants
are quite popular for ML applications, e.g., training GANs and adversarial learning, as SGDA is
easy to implement due to its single-loop structure. Guarantees in expectation for stochastic NCSC
problems are well supported by the literature - see [72, 63, 40, 6, 31, 30, 44, 66, 33, 39] and the
references therein. To our knowledge, among single-loop methods for NCPL problems, the best
guarantees in expectation are given by the smoothed alternating gradient descent ascent (sm-AGDA)
method [66], which can compute an almost stationary point (Z, 3) satisfying E[||V f(Z,9)]|| < €
in O(¢k26%/e* + U1 /e?) stochastic gradient calls, where §2 is an upper bound on the variance of
the stochastic gradients. In this work, we consider the sm-AGDA algorithm, and to our knowledge
we provide the first-time high-probability bounds (using a single-loop method that does not resort
to restarts and parallel runs) for the minimax problem (1) in the NCSC and NCPL settings. More
precisely, we focus on a purely stochastic regime in which data streams over time which renders the
use of mini-batch schemes or running the method in parallel impractical; therefore, approaches based
on Markov’s inequality [62] are no longer applicable (see also Remark 13).

Contributions. Our contributions are threefold:

* We present the first high-probability complexity result for the sm-AGDA algorithm in the NCPL
setting by building upon a Lyapunov function first introduced in [70] for nonconvex-concave
problems. Later, for the same Lyapunov function, state-of-the-art complexity bounds in expectation
are provided for the NCPL setting in [66]. In this paper, we derive a novel descent property
for this Lyapunov function in the almost sure sense (Theorem 7 and Corollary 8), allowing
us to develop useful concentration arguments for it to derive high-probability bounds. Our
Lyapunov analysis not only sheds light on the convergence properties of sm-AGDA, but also
guides the parameter selection for sm-AGDA. Specifically, we show that sm-AGDA can compute
an almost stationary point (Z, §) satisfying |V f(Z, §)|| < e with probability 1 — g € (0, 1) within

T.;=0 (“gﬁ + % (04 6%log(1/ Q))) stochastic gradient calls. The lower complexity bound

of Q(si2 + 6%) for NCSC problems [38, 71] in expectation (see also [63, 72]) suggests that our
high-probability bound for sm-AGDA is tight in terms of its dependence on ¢. Furthermore, to our
knowledge, these are the first high-probability guarantees for any algorithm in the NCPL setting.

* Under light-tail (sub-Gaussian) assumption on the gradient noise (Assumption 3), which is
common in the literature [35, 32, 19], we develop a new concentration result (Theorem 9) that
can be of independent interest. From this concentration inequality, we observe that the cost of
strengthening the existing complexity result in expectation to a high-probability one is relatively
low, i.e., in the final complexity, the probability parameter q only appears in an additive term that
scales with e ~2. Consequently, this represents a non-dominant overhead compared to the e~ term
already present in state-of-the-art expectation bounds [66].

3For example, when V f is smooth (Lipschitz and continuously differentiable) and the signed gradient map
G(z,y) is star-cocoercive with constant £ > 0 around a stationary point (z«, y ), then by [21, Lemma C.6], the
operator Id — 2G(z, y) is non-expansive around (2, y); thus, the Jacobian of G at (z«,y.) has non-negative
eigenvalues implying f is merely convex/merely concave around (., y+), i.e., f cannot be NCSC.



Algorithm Complexity Problem Metric NC?
Epoch-GDA [64]" o ( 2 7 ) SCSC G(z1)
Clipped-SGDA [20]* (max {Hi ji } log (1) log (x /q)) SCSC D(2x) X
Clipped-SEG [20]° o (max {ﬁ, YT } log ( ) log (/ﬁ/q)) SCSC D(zk) X
Stochastic APD [35]>* o(él“fjf . <1+101,<1/q>>52 1og<1/s>) SCSC D(2p) X
Mirror-Prox [32]* @] (max (2D22 , 2D2 ) log (1/q)) MCMC G(zr) X
Clipped-SGDA [20]* o (max{ 2R2 1 150 (1/q)) MCMC Gr(Zr) X
Clipped-SEG [20] o (max (@ 2—5) log (l/q)) MCMC Gr(Zk) x
sm-AGDA [Our Paper, Coro. 14)]* o(%ﬁ +5 (e + 62 1og(1/q))) NCPL | i 3k 1V F(z)lI?

Table 1: Summary of the high-probability bounds for minimax problem classes when the gradient of f is Lipschitz (with parameter £) and
stochastic gradient variance is bounded by 6. The second column reports the complexity (number of calls to stochastic gradient oracle)
required to achieve the (stationarity) metric reported in the fourth column to be at most € with probability 1 — g € (0, 1); O(-) ignores some
logarithmic terms. Here, 4 is the strong convexity constant, j is the PL constant, and x 2 €/u. Let G(2) 2 [V, f(2) ', —Vyf(z)‘r]T
with z = (z,y) and z), = %_H ZJI.;O zj,G(2) 4 maxzcz}(G(2), Z — z«), where Z is the domain of the problem with diameter
D € (0,400],and Gr(z) & Max(zez:||z—z. || <R} (G(2), Z — z«) where 2z, = (z],y]) T is astationary point. The third column
reports the minimax problem class. The fifth column indicates whether the results supports nonconvexity, i.e., whether f can be a smooth
function nonconvex in . T [64] is a two-loop method. * Applicable to quasi-strongly monotone G that is star-co-coercive around z, and
supports heavy-tailed gradients. b Applicable to quasi-strongly monotone G and supports heavy-tailed gradients. © Supports proximal steps to
handle non-smooth convex penalty. # Applies to monotone G that is star-co-coercive around z,. * Makes a light-tail assumption (Ass. 3).
* Third, we provide experiments that illustrate our theoretical results. We first provide an example of
an NCPL-game with synthetic data and then focus on distributionally robust optimization problems

with real data, illustrating the performance of the sm-AGDA in terms of high-probability guarantees.

2 Preliminaries and Technical Background

Stationarity metric. We consider the minimax problem in (1) for f : R% x R% — R such that
f is smooth (Assumption 1) and f(z, ) satisfies the PL property for all z € R% (Assumption 2);
moreover, we also assume that we only have access to unbiased stochastic estimates of V f such
that the stochastic error G(x,y,£) — V f(z,y) has a light tail (Assumption 3) for any (z, y), where
G(z,y, &) denote the stochastic estimate of V f(z, y) and £ denotes the randomness in the estimator.

Our aim is to compute a (e, €, )-stationary point (Z, ) for (1) such that ||V, f(Z,9)| < e, and
IVyf(Z,9)]] <ey. Wealso call (Z,7) an e-stationary point if ||V f(Z,y)|| < e. Clearly, whenever
(Z,7) is (¢4, y)-stationary, then it is also e-stationary for e = (g2 + 2)1/2.

Smoothed alternating gradient descent ascent (sm-AGDA): The method can be considered as an

inexact proximal point method and was introduced in [70]. More specifically, in each iteration of
sm-AGDA, given a proximal center z; and the current iterate (x, y; ), the method computes the next

iterate (411, y:+1) using a stochastic gradient descent ascent step on a regularized function f :

F@ysz) 2 fla,y) + Bl — 2l @)
Following the stochastic alternating gradient descent ascent (stochastic AGDA) steps, the proximal
center at iteration t, i.e., z;, is updated as shown in Algorithm 1, where G, (x¢, s, §f+1) and
Gy(ze41,¢,&/ 1) denote conditionally unbiased stochastic estimators of the gradients V. f (2, y:)
and V,, f(x¢41, y¢). Throughout the analysis we assume that V f is Lipschitz, which is standard in the
study of first-order optimization algorithms for smooth minimax problems; see, e.g., [72, 73, 75, 63].

Assumption 1. (Lipschitz gradient) For all (x1,11), (z2,vy2) € R% x R, there exists £ > 0

IVaf(z1,91) = Vaf (w2, y2)|| < (21 — 22 + [y — y2ll) 3)
IVyf (@1, 91) = Vyf (@2, 42) | < £([lxr — 2]l + [lyr — v2l])- )
The following condition, known as Polyak-Lojaciewicz (PL) condition is weaker than assuming

strong concavity in y, and does not even necessitate f to be even quasi-concave in the y variable. It
holds in many ML applications including those in [48, 48, 42, 17, 23, 72, 68, 52, 66].

Assumption 2. (PL condition in 1) For every x € R%, max, cga, f (z,y) has a non-empty solution
set and a finite optimal value. Moreover, there exists 1 > 0 such that:

IV f(z,9)|I” > 2u[yrg§g<2 flz,y) — f(z,y)], VzeR™ 5)



We assume that we have only access

to stochastic estimates G, (¢, y¢, &7 1) Algorithm 1 sm-AGDA

and Gy (441, y¢, &}, 1) of the partial gra- Input: (o, yo,20), 71,72 > 0,3 € [0,1],p >0
dients V,, f(zx, yx) and V f(zi11, ), fort=0,1,2,...,7—1do

where £\, and &/, | are random vari- Ter1 = 2 — T1[Ga (@, Yr, Efy1) + P(@e — 2t)]
ables defined on a probability space Yer1 = Ye + 120Gy (e, ¥, 604 1)

(Q,P), i.e., the source of randomness 201 = 2zt + B(xe1 — 2¢)

in the gradient estimates. Note that end for

sm-AGDA has Gauss-Seidel updates, i.e., Output: choose (Z, ) uniformly from {(z,y:)} /"

the stochastic estimate of the partial gra-
dient Gy (w41, 1, &L, ) is evaluated at the updated point (441, instead of (x4, ;). To capture
the sequential information flow, we next introduce the natural filtrations that represent all the
information available before an update: Let & and &/ be revealed sequentially in the natural order of
the sm-AGDA updates, i.e., &§ — &) — &5 — &5 — &5 — -+, and let (F});>1 and (F})¢>1 denote
the associated filtration*, i.e., let 7¢ = {0}, }, and

]:thrl = U(]‘?,O’(fﬁrl)), J:Z/Jrl = U(ff+170(§f+1))7 Vt 2 0‘ (6)

Introducing multiple filtrations to represent the sequential information flow is common in the study of
stochastic algorithms with Gauss-Seidel updates —see, e.g., papers on stochastic ADMM, and [7, 69];
and we follow the same approach. Consider the gradient noise (errors) at time ¢ € N:

A;EL £ Gz(mmymffh) - V:rf(xtvyt)? Ag = Gy(xtJrl’yt’ngrl) o vyf($t+1, yt)'

Finally, we also assume that the gradient noise is unbiased conditionally on the past information and
that it admits a light (sub-Gaussian) tail.

Assumption 3. (Light tail) For any t > 0, there exists scalars 6,6, > 0 such that

E[AF | FY] =0, P[AZ]>s|FY] <2, %)

2

E[AY | Fa] =0, PJAY]>s|F2] < 237 | (®)

For developing high-probability bounds in the learning context, it is common to assume that gradient
estimates are sub-Gaussian [32, 35, 18]. While this assumption may not always hold (see e.g.
[25, 56]), it often holds when gradients are estimated via mini-batching, as a consequence of the
central limit theorem. It will also hold when the gradient noise is bounded. Additionally, adoption of
differential privacy mechanisms within gradient-based schemes [14, 34, 1], to enhance data privacy,
results frequently in sub-Gaussian gradient errors.

3 High-probability bounds for sm-AGDA

For analyzing sm-AGDA, similar to [66, 70], we consider the following Lyapunov function:

Vi 2V (26, ye; 26) = [,y 20) + 2P(2) — 29 (ys; 24), ©9)

where P(z) and ¥(-; z) denote the saddle point value and the dual function value, respectively, of the
auxiliary problem min, max, f(x,y; z) for any fixed z and f defined in (2), i.e.,

U(y;2) 2 min f(z,y; and P(z) £ mi (2,1 2). 10
(y;2) £ min f(z,y;2) (x) = min Jnax [z, y;2) (10)

Next, we introduce a natural assumption, commonly made in the literature [66, 65]. Without this
assumption, there are pathological cases where primal function ®(x) may be unbounded leading to
divergence of gradient-based methods; an example would be f(x,y) = —x? — y? in dimension one.
Assumption 4. Consider the primal function ® : R4 — R, i.e., ®(x) = max,cgd, f(x,y). There
exists ¥* € R such that ®* £ ®(x*) = min,cpe, ().

*Given a random variable ¢, o(¢) denotes the o-algebra generated by &; moreover, given two o-algebras, 31
and X2, abusing the notation, o (321, X2) denotes the o-algebra generated by X1 U Xs.



Under Assumption 4, it immediately follows that V; > ®* for all t € N —since P(z) — ¥(y, z) > 0,

flz,y;2) = ¥U(y; 2) > 0and P(z) > @* for all z,y, z. We will next study the change V; — V;11 in
the Lyapunov function and show that an approximate descent property holds. First, we need two key

lemmas that characterize the evolution of f (¢, yt; z¢) and U (y,; z¢) over the iterations.
Lemma 5. Suppose Assumptions 1, 2, 3 and 4 hold. Consider sm-AGDA given in Alg. 1 with

71 € (0, ﬁ] and g € (0,1]. Foranyt € N, we have:

. . . ¢
J@est, ye1; 2ze01) — fe, ye520) < — %vaf(mt:yﬁzt)ﬂz + 72 (1 + §T2> IVyf(@err,ye)l?

p+Y

+ 7+ O = (AT, Vo f (@, yis20)) + 5= AT
y D 2 57'22 y|2
71+ ) (Vy (@ ) AY) = e = |+ AP,
Proof. The proof is provided in Appendix B.1. O

From Assumption 1, when p > /, the auxilliary function f (,y; 2) is (p — £)-strongly convex for any
fixed y, z; hence, there is a unique minimizer for every y, z fixed, denoted by

x*(y,z) £ argmianRdl f(ac,y,z), (11)

ie., U(y,z) = f(z*(y, 2),y; z). In the rest of the paper, we will take p > ¢ and exploit this property.
The following lemma characterizes the change in the dual function V.

Lemma 6. Suppose Assumptions 1, 2, 3 and 4 hold. Consider the sm-AGDA iterate sequence
{(zt,yt, 2t) }ten for p > L. For any t € N, it holds that

U(yea1s ze41) — V(e 2e) 212 (Vy f(@ (Ye, 20), Ue)s Vg f (o1, 9e)) + 72V f (@7 (ye, 20), ye) s AY)

Ly

- 77'22 IV f @egn, y)lI? + 2V f (@rg1,9e), AF) + [ AY]?)
p *

+ §<Zt+1 — 2, Ze1 + 2 — 227 (Yeg1, Zt+1)>7

where Ly £ ¢ (1 + %) and the map x* (-, -) is defined by (11).

Proof. The proof is provided in Appendix B.2. O
The next result provides an approximate descent property on the Lyapunov function. Its proof builds
on Lemmas 5 and 6 and a descent property on the function P (given in Lemma 15 of the Appendix);
and leverages smoothness properties of the functions f and ¥ and the map (y, z) — x*(y, z) as well
as the strong convexity of f with respect to z.

Theorem 7. Suppose Assumptions 1, 2, 3 and 4 hold. Consider the sm-AGDA algorithm with

parametersp > £, 5 € (0,1], 1 € (0, ﬁ] and 15 > 0 chosen such that

4 p 2p? P
L 2% 1— =7 — L >0, &2 — 48 >0
Co ) V4T 27—2 w72 — Yy Co 3,8 p— 1 + /B(p_ 6)2 Z Y

for some constant v > 0, where Ly = { (1 + Z—fﬁ). Then,

Vi = Vigr Zail|Vaf (e, v 20 1P + el Vo f (27 (4o, 20), w0) |1 + esllwe — 2]
+ C4<sz(33t7yt; 2t), AF) + {5V f(@e,ye) + 6 Vi [ (2" (e, 20), y1), A) - (12)
+erl| AF|* + es[| AY 1%,
for some constants {c;}$_; C R that are explicitly given in Appendix C, which may depend on v, as
well as the problem and sm-AGDA parameters that can be chosen such that ¢y, ca,c3 > 0.
Proof. The proof is given in Appendix C. O

With some specific choice of parameters in sm-AGDA, we can obtain simplifications to the coefficients
{ci}$_, from Theorem 7 (explicitly given in Appendix C). As such, this yields the following corollary.



Corollary 8. Under the premise of Theorem 7, let p = 2¢, 71 € (0, M] Ty = %,ﬁ = auts for

€ (0, m] Then, A‘“ A < -B,+ Ct+1 + Dt+1 forallt € N, where v = and

Chit B2 TV f s 20 + 29,56 (20, 901 +5—\|xtfzt||

[I>

Crin [(1925 (p+§) 22 4—£ + deol? +2c552)n n ((p+£)7'1 - 1)71} (Vaf (e, ye; 20), AF)

+72((1 + 12 + 2LgT2) Vyf(xt, ye) = 2Vy f (2" (ye, 20), 1), AY),
Deyr £ 2077 || AT||* + 875 | AY||*.

Proof. The proof is given in Appendix D. O

Next, we provide a concentration inequality which will be key to obtain our high-probability bounds.

Theorem 9. Let { F }ien be afiltration on (2, F,P). Let Ay, By, Cy, Dy be four stochastic processes
adapted to the filtration such that there exist oc,op > 0 and 71 > 0 such that for all t € N: (i)

By > 0, (ii) E[eCr1 | F] < X9t forall A > 0, (iii) E[e*P+1 | F] < XD for all
e [07 U%} and (iv) At%;At < =Bt + Ciq1 + Diy1. Then, for any G € (0, 1], we have
D

T-1
1
’ (2 > Bt < (Ao = Ar) + miobT + 27 max{20¢, 0 } log (q)> o

Proof. The proof is provided in Appendix E. O

Remark 10. While the above concentration inequality seems tailored to the analysis of sm-AGDA, it
can also aid in deriving high probability bounds for many other first-order methods for nonconvex
minimax problems that outputs a randomized iterate; indeed, the majority of existing Lyapunov argu-
ments in the nonconvex setting are built upon constructing telescoping sums in line with Theorem 9,
e.g., stochastic alternating GDA [66] for NCPL minimax problems and optimistic GDA [45] for
strongly convex-strongly concave problems.

We next present our main result which provides a high-probability bound on the sm-AGDA iterates.
The main idea of the proof is to apply Theorem 9 to the processes introduced in Corollary 8.

Theorem 11. In the premise of Corollary 8, sm-AGDA iterates (x4, y:) for 11 < i satisfy

T

t=0

T—-1
1
P( > IVaf@eyo)ll* + sl Vo f (e, ye) 7] < Qq,T,> >1-q, VTEN, Vge(01],

for some Qg 1 = O(% + k(62 + 55) (ﬁﬁ + % log (%))) explicitly stated in Appendix F,

where Ng £ ®(z9) — ®*, by £ 2sup, ,{f(z0,;20) — f(z, Y05 20)}-

Proof Sketch. Let the stochastic processes At, Bz, Cy, D; in Theorem 9 be chosen as A; = A,
B; = Bt, C; = Ct, D, = Dt where At, Bt, Ct, Dt are defined in Corollary 8 and 7; > 0 be the
primal stepsize in sm-AGDA; according to Corollary 8, we have A”TlilAt < —Bi 4+ Ciq1 + Dy
for ¢ € N. Since A and A} admit sub-Gaussian tails, it can be shown that the conditions of
Theorem 9 are satisfied for some appropriate constants o2 and o%,. Therefore, Theorem 9 implies a
tail bound on EtT:_Ol B,. Using the relation between f and f, one can also show that ||V, f (2, y:) || 2+
/-;||Vy f(@e,y0)|? = O(By), for all t € N. This last inequality allows to translate the tail bound for

Zf ' B to a tail bound for Zt UV f (2, y) |12+ k|| Vy f (24, y¢)||?. The details of the proof is
prov1ded in Appendix F of the supplementary material. O

Remark 12. Suppose sm-AGDA, given in Alg. 1, is run for T iterations, and it outputs a randomly
selected iterate (xyr, yu ), where the random iteration index U is chosen uniformly at random from
the set {0,1,..., T — 1}, ie, P(U=1t) =1/T fort =0,1,...,T — 1. Theorem 11 implies that

IED(IIVa:f(wwyU)l2 + 8| Vy f (v, yo)|* < Qq:r) >1-q

Furthermore, in comparison with existing complexity bounds in expectation for sm-AGDA [66], our
quantile bound requires only an overhead of order O(c~2log(1/q)). Unless q is very small, this is
typically negligible in comparison to the O(e~*) already present in rates in expectation.



Remark 13. In contrast to high-probability bounds derived from standard Markov-type arguments,
our approach achieves significantly better scaling with respect to both G and €. Specifically, consider
an oracle that can generate a sample (&,4) with E[||V f(Z, 9)||] < € after G(e) iterations/stochastic

samples. In particular, [66] shows that one can take G(e) = O (fiﬁ + ’:—f) for the sm-AGDA

algorithm assuming the variance of the stochastic gradient is bounded by §2. A naive high-probability
bound could be constructed by ensuring E[||V f(&,9)||] < q - € and applying Markov’s inequality
to yield an e-stationary point with probability at least 1 — q. However, this approach results in a

complexity bound of G(ge) = O (lgf q’;g ), leading to a significantly worse dependence on §
than ours. Alternatively, following the rationale in [19, 62], to generate a high-probability bound, one
can run the sm-A4GD4 algorithm m = Q(log(1/q)) times in parallel; where in each run we generate

an € /2-solution and among the solutions, we select the one with the smallest estimated gradient
norm. This would require mG(e) = O (log(l /q) E“:fz + log(1/ (j)’z—f) iterations/stochastic samples.

In this approach, the logarithmic term log(%) multiplies the high-order (’)(8%) term, whereas in

our approach it only affects the second-order (’)(6%) term. Therefore, our results scale better with
respect to q and €. In addition, such a (multiple) parallel run approach, is often impractical in
streaming/online settings, where data arrives sequentially, and real-time processing is essential.

Corollary 14. Under the premise of Theorem 11, consider running the sm-AGDA method for

J ] ] — min (L. 48YAc+b
some fixed number of iterations T € N with parameters chosen as 71 = min (32’ N )

and Ty = 1 /48 where §% £ 62 + 67. Then, for any q € (0,1), sm-AGDA can compute an (g, /+/k)
stationarity point with probability at least 1 — q when the number of iterations T is fixed to

6%log(L 2 2 . . . .
T.;= (’)((AOSO)M + Ofg(")ﬁ + 2 (A(’:;bo)éﬂ ) which requires T, g stochastic gradient calls.

Proof. This is a direct consequence of Theorem 11, a proof is provided in Appendix G. O

4 Numerical Illustrations

In this section, we illustrate the performance of sm-AGDA. We consider an NCPL problem with
synthetic data, as well as a nonconvex DRO problem using real datasets. For synthetic experiments,
we used an ASUS Laptop model Q540V]J with 13th Generation Intel Core i9-13900H using 16GB
RAM and 1TB SSD hard drive. For the DRO experiments, we used a high-performance computing
cluster with automatic GPU selection (NVIDIA RTX 3050, RTX 3090, A100, or Tesla P100) based
on GPU availability, ensuring optimal use of computational resources.

Synthetic experiments on an NCPL game. We consider the following NCPL problem:
min max m; [HmHQ + sin(3\/ lz|I? + 1)] + xTKy — ma [Hy”2 + SSin2(||y||)] , (13)

z€R%1 ycR92
which can be interpreted as a game between two players [48, 35] where m 1, mo > 0 are constants and
the symmetric matrix K is set randomly, similar to the standard bilinear game setting considered in
[35]. More specifically, we set K = 10K /|| K ||, K = (M 4 M ")/2 where M is a d X d matrix with
entries being i.i.d centered Gaussian having variance o“. This problem is nonconvex in x (without
satisfying the PL condition in z). Though the exact gradient is known, we consider a stochastic
gradient oracle, which returns noisy gradients similar to the setting of [35, 11, 16, 2], i.e., for each
iteration t € {0,....T — 1}, Go(2e, y; 65 1) = Vaf(@e,ye) + &y and Gy(@eqr, ye, &) =

Vo (@ern, ye) + €y with (€71)is0 5 N(0,62I,) and (€7,1)ez0 ~ N(0,62I4,) where I is
the d X d identity matrix and §2 is some constant variance. This setting satisfies all our assumptions,
and our high-probability results (Theorem 11 and Coro. 14) are applicable. In this experiment, we fix
dy = dy = 30, and m; = mo = 62 = 02 = 1. The solution to this problem is (z*,y*) = (0,0).

Experimental results. The parameters of the problem are explicitly available as y = 2meo, and
¢ = max{12my,8ma, |K||}. To illustrate Theorem 11, we set § = b, 7 = Z,p = 20
and we considered two cases: 7 = ﬁ (long step) and 7, = ﬁ (short step) to explore the
behavior of sm-AGDA for different stepsizes. We generated N = 25 sample paths for 7" = 10, 000
iterations, and on the left panel of Fig. 1, for each iteration ¢, we report the average of M (t) =
Vo (e, ye)||> + &l Vy f (2, y:)||? over N = 25 realizations corresponding to different sample
paths, and the shaded region depicts the range statistic, i.e., for every fixed iteration ¢, we shade the
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Figure 1: NCPL game with 71 % (long step) and 71
(Right) Average of Z(t) over 25 sample paths vs. iterations

(short step). (Left) Average of M, (t) over 25 sample paths vs. iterations ¢.
both plots, shaded regions depict the range statistic over 25 sample paths.

vertical line between the maximum and minimum values of M, (¢) for the 25 paths. On the right
panel of Fig. 1, we also report the squared distance, Z(t) = ||z; — x*[|? + ||y: — y*||?, in a similar
manner. We observe that the range statistic for M (¢) diminishes to a value inversely proportional to
T as t — T this is inline with our theoretical results in Theorem 11. The existence of sinusoidal
terms in the minimax objective is a source for oscillatory behavior in these figures. As t — T', both
M., (t) and Z(t) exhibit oscillations, of which amplitude are smaller for the small step size compared
to the large step-size —at the expense of a slower convergence; the iterate paths are not as oscillatory.

For T = 10,000 and 7y = 4; fixed, 1o

—— Theoretical CDF

we next consider the path averages

Xr £ % Z:_ol M., (t). Indeed, based on
1000 sample paths, each for 7' = 10, 000 it-
erations, we compare the empirical quantiles
of X with the theoretical upper bound Q,
on its quantiles (implied by Theorem 11).
Figure 2 shows the cumulative distribution
function (CDF) of the empirical distribution
alongside the theoretical explicit upper
bound Q, 7 for the stationarity measure

IVof(zu,yu) + 6Vyf(zu,yu)| with U
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Figure 2: Comparison of our theoretical upper bound in Theorem 11 and
the empirical stationarity measure of sm-AGDA for Problem (13). Results are
reported as cumulative distribution functions.

uniform over {1,...,T}. The details of the empirical quantile estimation are provided Appendix
I due to space considerations. We observe that the empirical CDF has a sigmoid-like shape, while
the theoretical quantiles that lie above display a concave form. This difference may arise because
the theoretical quantile bounds Q, 7 are designed to capture the worst-case behavior across the class
of NCPL problems, whereas this specific NCPL example may not represent the worst-case scenario.

Distributionally Robust nonconvex Logistic Regression. We consider the DRO problem
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Figure 3: Histograms for the stationarity measure log,, ||V f (', y¢)||> for sm-AGDA and baseline algorithms (SAPD+, SMDA, and
SMDAVR) on a9a, gisette, and sido0 datasets. Each algorithm is run 200 times. First row reports histograms after 20 epochs, and second
row reports histograms at the end of training.



z€R yeyY

da
1
min max (dig Zyjﬁj(x; a;,b;) +r(x) — g(y)), (14)
j=1

where ¢;(z;a;j,b;) = log(l + exp(fbja;rx)) denotes the logistic loss tied to an input-output pair

(aj,bj) € R x {~1,1},and r(x) = A Zf;l 1:2; a primal regularization for the learning model
r € R%. We allow the distributiony € Y 2 {y € R : y > 0,17y = 1} to deviate from the
uniform distribution v £ él where 1 denotes the vector of ones, and we penalize the distance
between y and u through the regularization map g : y — 222 ||y — u|2. We set the regularization
parameters as w = 10, \; = 10e~%, and Ay = 1. Since 7 is nonconvex with a Lipschitz gradient and
g is strongly convex, this is an NCSC problem.

Datasets, Algorithms and Hyperparameters. We consider three standard datasets for this problem,
which are summarized as follows: The sidoO dataset [S0] has d; = 4932 and dy = 12678. The
gisette dataset [26] has d; = 5000 and dy = 6000. Finally, the a9a dataset [13] has d; = 123
and do = 32561. We compare the performances of sm-AGDA against two other baselines that achieve
state-of-the-art performance in expectation for these datasets [72]. Specifically, we evaluate SAPD+,
which is a two-loop method where the subproblems are solved by the SAPD algorithm [73], and
SMDAVR, a variance reduced extension of SMDA algorithm [31]. Since (14) is constrained, we augment
sm-AGDA with a projection step in the update of the y variable onto the ds-dimensional simplex
and adopt the analogous stationarity metric ||V f(z¢, y)||* + || Py Vy f (@1, y¢)||* for constrained
problems where Py is a projection to the dual domain Y. For all datasets, the primal stepsize 7 of
sm-AGDA is tuned via a grid-search over {10’]“, 1 < k < 4}. The dual stepsize 75 is set as 7o = Z—é.

Similarly, 3 is estimated through a grid-search over {107%,3 < k < 5}. The parameter p is also
tuned similarly on a grid, our code is provided as a supplementary document for the details. For
other methods, our hyperparameters are tuned in accordance with [72].

Experimental results. In Figure 2, we plot histograms of our stationarity metric, across 200 runs in a
logarithmic scale. We report the stationarity measure both in early phase of the training (i.e. t = 20
epochs), and in later phases (i.e. ¢ = 550 epochs for gisette and ¢ = 250 epochs for a9a and
s1do0). Our theoretical results are presented for unconstrained problems in the dual, therefore they
are not directly applicable to the DRO problem where the dual domain is constrained. That being
said, we observe that they are still predictive of performance in the DRO setting. More specifically,
Figure 2 is supportive of our high-probability complexity bounds for sm-AGDA, in the sense that
the distribution of the stationarity metric for sm-AGDA tends to concentrate. Notably, it outperforms
the concentration behaviour of the other baselines. Furthermore, we observe that histograms for all
baselines hardly evolve after 20 epochs. This is consistent with previous experiments carried on
these datasets [72] where performance was measured in terms of the decay of the average loss and its
standard deviation. As such, we conclude that sm-AGDA performs better both in the early phase and
the later stage. In our experience, we observed sm-AGDA could accomodate larger stepsizes compared
to the other algorithms, which may have contributed to its good performance.

5 Conclusion

Existing high-probability bounds only apply to convex/concave minimax problems or non-monotone
variational inequality problems under restrictive assumptions to our knowledge. We close this gap
by providing the first high-probability complexity guarantees for nonconvex/PL minimax problems
satisfying the PL-condition in the dual variable for the sm-AGDA method. We also provide numerical
results for an NCPL example and for nonconvex distributionally robust logistic regression.
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High-probability complexity guarantees
for nonconvex minimax problems

APPENDIX

The organization of the Appendix is as follows:

In Section A, we summarize the key notations that are used throughout the main paper and
the Appendix.

In Section B, we provide the proofs of Lemmas from Section 3 that were used for deriving
the approximate Lyapunov descent property.

In Section C, we present the proof of Theorem 7 which provides an approximate descent
property in terms of the Lyapunov function for the sm-AGDA iterates.

In Section D, we provide the proof of Corollary 8, which studies particular choice of
parameters within Theorem 7.

In Section E we present a proof of Theorem 9 which provides a concentration inequality.

In Section F, we provide the proof of Theorem 11 which yields high-probability results for
the sm-AGDA algorithm.

In Section G, we provide a proof of Corollary 14 that provides a high-probability (iteration)
complexity bound for the sm-AGDA iterates.

In Section H, we present supplementary lemmas that were used to derive the results.

In Section I, we provide further details about numerical experiments.

A Notation

The key notations that will be used throughout the Appendix is as follows:

f(x,y:2) = flz,y) + Bljz — z||* denotes the auxiliary problem.

W(y; z) = min, f(z,y; z) is the dual function of the auxiliary problem.

®(z; 2) = max, f(z,y; 2) is the primal function of the auxiliary problem.

P(z) = min, max, f(x,y; z) is the optimal value of the primal problem min,, ®(z; z)

*(y, z) = argmin,, f (z,y; z) for given y, z in the auxiliary function.

8 8

(
*(z) = argmin, ®(x; z) is the unique optimal solution to the auxiliary primal problem.
Y*(z) = argmax, W(y; z) is the set of optimal solutions to the auxiliary dual problem.
yT(2) =y + 1V, f(z*(y, z),y) denotes an update in y in the direction of the gradient of
the dual function, i.e., along the direction V¥ (y; 2) = V, f(«*(y, 2),y).

Gx(xaya§§z) £ Gz(2,y,8) +p(z — 2)

AY = Go(xe, ye, &8 1) — Vaf (@, y) and AY = Gy(@ip1, 96, &) — Vi f (@41, y¢) de-
note the gradient error, i.e., the difference between the stochastic estimates of the partial
gradients and the exact partial gradients.

B Proofs of Lemmas from Section 3

B.1 Proof of Lemma 5

Lemma 5. Suppose Assumptions 1, 2 and 3 hold. Consider sm-4GD4, stated in Algorithm 1, with

7'16(0

1
7m]

and € (0,1]. Foranyt € N, we have:

f($t+1, Yt+1; Zt+1) - f(%a Yt; Zt)
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2 )4
<= BIVefanaizl + 7 (14 57 ) 19uf @) = Fle = s

+71((p+ O — (AL, Vaf (e, ye; 20)) + 72 (1+ r2)(AY, Vi f (w1, 92))

p+4 z 073
LAz + 2

o 1A

Proof. Since, f(-,y; z) is (p + £)-smooth, we have
f(xtJrlvyt; ) — f(xtvyt; 2t)

R + /£
< (@egp1r — @0, Vo f (@, y5 20)) + b

2441 — $t||2

2
A A +/ A
== *7_1<Gat(:rtayt;Zt)avxf(xhyt;zt» + u ) T12HG£(Ihyt;Zt)”2'
p+1 , A 9
= ( B i — 1) Vaf (e, ¥ 20) 17 — (11 +(P+€)T1)<Amv f(T/t,yt,Zt))
p+€ -
—— 1Az,

where last equality follows from Gm(mt, Yt 2t) = sz(xt, yt; zt) + AF. Hence, for 1 <

1
have

f($t+17 Yt Zt) - f(mt, Yt Zt)
! £ . 2 x ¢ . p+€ 2 x |2
< _Evabf(xtvytaZt)H +7i((p+ 0711 — DAY, Vo f (26, y15 20)) + T AT
(15)

Similarly, we observe that for all, V f (x,y;2) = Vy f(z,y), for all z, y, z, which together with the
smoothness of f(x, -) implies

f(xt+1,yt+1; Zt) - f($t+1»yt§ Zt)

N V4
<AV f(@e1, Y65 20)5 Yer1 — Ye) + §Hyt+1 —y|?

12 (16)
= T2<Vyf($t+1,yt), Gy(xt+17yt5§éy+1)> + 57_22||Gy(xt+17yta§g¥+1)“2

l ¢
'”(1*2”>Hv%ﬂm+h%n2+7x1+ewx VS, A + AR

where we used again the identity Gy (@11, Y, &) = Vyf(xt+17 yi; ze) + AY.

Finally, we observe from the sm-AGDA update rule z;11 — z; = 8(x141 — 2¢) that %(Zt.i'_l —z) =
Zep1 — ze and (1 — B)(x441 — 2¢) = (41 — 2¢) — (2141 — 2t) = 41 — Ze41. This gives

; ; P
F@i1, Y415 2001) — F(@41, Yev1s 20) = 9 [||$t+1 - Zt+1||2 — |41 — Zt||2]
P 1
=2 110 B)arn = 201 = b — )
p (1 - 5)2 2 1 2 1n
= 9 Tﬂztﬂ —zl|* - @Hztﬂ — 2|
< *Hzt -z,
where we used 0 < S < 1. Therefore, summing up (15), (16), (17) yields the claim. O]

B.2 Proof of Lemma 6

Lemma 6. Suppose Assumptions 1, 2 and 3 hold, and p > (. Then, for any t € N,
U(yig1;2ze1) = V(e 2e) 2 1oV f(@" (Ye, 20),Ut), Vyf(@ei1,90)) + 1oV (2" (ye, 2), ye), AY)
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L
- 7\1’7'22 (||Vyf($t+1,yt)||2 + 2(Vy f (@1, 1), A) + ||A%H2)

WP

2 (Zt41 — 2t 2041 + 20 — 227 (Yeg1, Zt+1)>7

where Ly £ ¢ (1 + z—fﬁ) and the map x*(-,-) is defined in (11).

Proof. By Lemma 19, ¥ is Lg-smooth in y for any given z € R9%. Then, using V, U(y; 2) =
Vyf(fﬂ*(yu 2t), Yt ), we obtain

% L
V(Yt1,2e) — V(ye, 2e) > <Vyf($ (Yt 26), Yt 2t)s Ye1 — Ye) — %Hyﬂrl - yt||2
1o (Vy f (@ (Y, 20), yt), Vyf (@eg1,90)) + 1oV f(@" (ye, 2t), yi), AY)

BCRE (Hvyf(xt+layt)H2 + 2(Vy f(zey1,u0), AY) + ||A?||2) .

(18)
Furthermore, by definition of W, we also have
V(Y15 2e41) — ‘I’(ytﬂ; Zt) f( (yt+1,Zt+1)7yt+1§ Zt+1) - f(m*(ytJrl? Zt)7yt+1; Zt)
> f(z (yt+1,2t+1) Yt+1; Zt+1) - f(x*(yter Zt+1)7yt+1§ Zt)
_Db

U|Zt+1 -z (yHl,th)H (B x*(yt+1vzt+1)“2]
= g(zt+1 - Zt)T[ZtJrl + 20 — 22" (Ye41, Ze41) - (19)

Summing (18) and (19), we conclude. L]

C Proof of Theorem 7

Before we move on to the proof of Theorem 7, we first provide a result from [70, 64] that quantifies the
change in the function P over the iterations. We also provide its proof for the sake of completeness.
Lemma 15 (Lemma B.7 in [70]). Suppose Assumptions 1, 2 and 3 hold. Consider the sm-AGDA
iterate sequence (T4, Y, zt)ten for p > £, and let Y*(z) = argmax, V(y; z) denote the set of
maximizers of V(-, z) for given z. For any t € N and y*(z14+1) € Y*(2¢41), it holds that

P(zy1) — P2t) < 5(20401 — 2t, 2ep1+20 — 227 (Y™ (2641), 20))-

VRS

Proof. Lety*(zt41) € Y*(2¢41) and y*(2¢) € Y*(2:) be two arbitrary maximizers. We have

P(z141) — P(z) = minmax f(z, y; 141) — minmax f(z, y; 2)
x Yy z )

zi+1); Zzi41) — V(Y (20); 21)
)\

)
ze+1)5 2t4+1) — V(Y (2e41); 2¢)

(
y*(

(@ (Y (2141), 2e41), ¥ (2e1); 2041) — (@ (0 (2e41); 20), 57 (2041)5 22)
(y

H(2t41)s 2), Y (ze41)s 2e41) — F(@ (W7 (2e41)5 20), Y7 (041)5 2)
(ze41 = 20) " [ze41420 = 227 (Y™ (2041), 21)].

The first and the third equality above hold by the definition of P(z) and ¥(y; z) functions; on the
other hand, for the second equality, one needs strong duality to hold. This interchange is valid and can

be justified by the simple fact that f is strongly convex in x (therefore, it satisfies the PL condition in
x), and it also satisfies the PL condition in y according to our assumption 2. It has been established in
[65, Lemma 2.1] that the double-sided PL property allows one for the min-max switch. O
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Equipped with this lemma, the stage is set to prove Theorem 7 from Section 3. We first restate an
extended version of this theorem, where the constants {c; }5_; are provided explicitly.

Theorem 7. Suppose Assumptions 1, 2, 3 and 4 hold. Consider the sm-AGDA algorithm with

parametersp > £, 5 € (0,1], 1 € (0, ﬁ] and 9 > 0 chosen such that
1 p 2p° v’
co 2~y + 1 (1—27'2—qu7'2> >0, cgé%—(p £+486( — e >0

for some constant v > 0, where Ly = ¢ (1 + pM) Then,

Vi = Vigr 2|V f (e, g 201 + eal| Vi f (27 (e, ), yo)IIP + esllee — 2

+ C4<vxf($t, Yt Zt)? Af> + <C5vyf(l't, yt) + Cﬁvyf(x*(yh Zt)a yt)v A%’>
+ || AF|1? + cs||AY?, (20)

where the coefficients cy to cg have the following forms:

_ T 1 2 2, ! p+LIN\? 5 a2 L 2
c = 3 2((p76)2+7—1> (co€ + — +488p ( 6) 0o co3 +6(1+€7'2+2qu7'2) TI,

_Co _ _24Pp 2pt o

2= 5 = 0On 1+ —7) cs = cpB7/2,
p+f 2 44 2
ca 19283p ( ) Priy = —+ deol? + 2487 ((p+ O — 1)71,
-0
Cs = *7'2(1 + 41e + 2[4\11’7'2)7 c6 = 279,
¢ (965 (p+§) e S+ p;@ +2col” + g(l + 012 4+ 2Lym2) + ch2> ™,
4 ¢

c8 (485 (p i é) + 5+ Lud30(1 + bz + 2Lq,7-2)> 3.

Furthermore, the sm-AGDA parameters can be chosen such that c1,ca,c3 > 0.

Proof. Combining the inequalities in Lemmas 5, 6 and 15 gives us a lower bound of the form:
Vi=Vigr > A1+ Ao + Az + Ay + As + As, (2D

for any y*(2441) € Y*(2¢41) appearing in Az, where

Ay

T A Y4
§||fo($t»yt; Zt)H2 + T2 (1 - 57'2 - L\Iﬂ'z) IV f(@i41, yt)||2 + 23 ||Zt Zt+1H27

Ay = 27’2<Vyf($*(yt, Zt)ayt) - vyf(mt+1ayt)7 vyf($t+1a Z/t)>,

Az =2p(ze1 — 2, (Y (2041)5 26) — 27 (Yer1, 2e41))

As = =71 ((p+ Om = (Vo f (21,505 20), AF),

As = (20Vy f(2" (yes 20), ye) — T2(1 + €72 + 2LwT2) Vi f (Te41, 4), AY),

p+£
2

Next, we provide lower bounds for several terms in the above inequality, including A5, As, As,
|Vyf(zer1,ve)||* and ||z¢41 — 2. At the end, using these bounds within (21), we will be able to
establish a descent property for {V;}, which will allow to apply our concentration result (Theorem 9)
for deriving the desired high probability bounds.

- 072
IATI? - 2 IAYI? — Lor3 || A7)

N
=2}
|

Lower bound for As. Using Cauchy-Schwarz inequality and /-smoothness of f, we have
Ay > 21|V £ (s 20),90) — V@, u) ||V f (s m0)|
> =210l — (e, 20) |||V f (@1, v2)|
> =13V f(@er1,y0) |12 — v e — 2% (ye, 20|17, Vv >0,
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where last line follows from Young’s inequality. Thus, by Lemma 20, we obtain for any v > 0

20 1 "
Ay > =13V (@i, u0) 1> — = (1 + 262) TV f (e, ye; 20) ||
Ti(p—0)

v
44 P 20
= — T (Vaf(zeyis 20), A7) = 7 | AT (22)

Lower bound for A3. By Cauchy-Schwarz inequality and Lemma 21,

Az =2p(2e1 — 2z, (Y (2041), 2) — (Y™ (2e41)5 2041))
+2p(ze11 — 2, (Y (2e41), 2e41) — T (Y41, 2041))
> = 2pllzet1 — 2|27 (y" (2e41), ) — 27 (Y™ (2e41)5 241) |
+2p(ze11 — 2ty (Y (2e41), 2e41) — T (Y41, 2041))

2 2 * * *
= p f g”ztﬂ = 2l|® + 2p(ze1 = 2o, (Y (2e41), 2e01) — T (WYer, Ze))-
Hence, using Young’s inequality, for all 5 > 0, we obtain

v, 2 - \
A = — (65 + p_g> ze41 = 2> = 682" (" (2041); ze41) — 2 (Yo, 20 I (23)
We now lower bound the second term on the right-hand side of (23). First, note that we
have z*(y*(2t+1), 2t41) = z*(#141), which follows from the fact that min, max, f(z,y;2) =

max, min, f(x,y; z) for all z since f is strongly convex in z and satisfies the PL condition in As-
2
sumption 2. Hence, using the inequality HZZJ\; wi|| <N le\il ||w;|*, which holds for any

{w;} € R and N > 1, we get

2" (y" (2e41), 2e41) — " (Y41, Zt+1)||2
< Al (zen) — 2 ()| 4 Al () — 2 (31 (20), 20|12
4|2ty (20), 20) — 2" (e, 2017 + 4l (Yo, 20) — 2% (e, 2e00) [
By Lemma 21 and Lemma 23, we observe that

8 2
4|z* (ze41) — 2 (2)I1° + 4ll2* (a1, 20) = 2 Yer1, 2 [P < ﬁ”@ﬂ — z|*

Using Lemma 24, we also have
. i 4 2p0 \ 2 i}
A" (z) — (yt*(Zt)Jt)IIQ < m (1 +szf€> IVyf(z (yuzt),yt)HZ-

Finally, using Lemma 18, we get

Ala* (" (21), 2) — & (Y41, 20) ||

p+0\2

s 4(@) ||yt+(zt) - ?Jt+1H2
p+0\2 §

= 4(m) T22||vyf(x (yta Zt)7yt) - Gy($t+1’yt’§i]+l)||2

+0\2 §

= 4(%) T22||vyf($ (yta Zt)7yt) - (Vyf(xtJrhyt) + A?)HQ’
D+ £\2 i}

<a(T=7) 7 1 o z) — el +21A1P)

where the last inequality stems from the ¢-smoothness of f. In view of Lemma 20, we may further
upper bound the above quantity as follows:

Al|lz* (yi (21), 2¢) — " (g1, 20) |12
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-/
p+L
PR A

Summing up the three intermediate inequalities we established above, we obtain

p+£ 1 A 7 T x
<16(25) rins (o g+ ) IVeS o )P+ 2090 (e s 20, A7) + 1877

+8(

lz* (" (ze41), 2e41) — 2" (Yer1, Zt+1)H2

8p° 4 T2l(p + ¢ .
< (p—0)2 241 — 21 + 7@75)# ( + ol + 2p<€)> IVyf(z (2> 2e), yo) |12

14 1
+ 16<p+ ) <7’12(p—€)2 + 1) 717'2HV f(xtvytazt)”
+32( ) 775 (Vo f (@6, 965 20), AF)
+16<p+§) 62 2 2||Aw||2+8g f; ||AyH2

In conclusion for As, using (23) and the above inequality, we obtain after some rearrangement
2p2 p’ 2 +0\% )0 2
As > — 48 — |2~ (96 ( ) 7272 ) |Ar
3> <65 7 ﬁ( — 02 lze4+1 — 2l Bp [AZ]l

2

/
o g )

- (19280 (B7) a3 ) (9. f o). AT - (486 (525) ") nate.

(24)

Lower bound for As. Below we first bound (V,, f(z:41, y¢), AY), i.e.,
(Vyf(@err,ye), AY) = (Vo f (@, 50), AY) + (V f@ev,ye) = Vo f (@, ye), AY)

<AVyf(@e,ye), AY) + 12 €||Vyf($t+1ayt) Vo f(@e,ye)||* + 3r20]| AY|?

_< yf(ﬂcz,yt) (ﬂﬁt,yt»ftﬂ,zt)” +37'2€HAU||

67'1 ZTl

<(Vyf(@i, ), AY) + HNH + 30 A7,

where the first inequality follows from Young’s mequahty, the second mequallty follows from V, f being
£-smooth and the update rule z; 1 = x; — T1Go (2, Yt, {415 2¢ ), and in the third inequality we use AY =
G (ze,ye,&0152t) — Vo f (e, ye; z¢). Thus, since —72(1 + 12 + 2Lg12) < 0, for any 72 > 0, we obtain

HV f($t7yt,zt)|| +

€T1

orf P ©
As > = 1a(1 72+ 200m) (L9 F (o yis 20) P+ g AT + 3l AF) 29

+ (202 Vy f (2" (s, 2¢), ye) — T2(1 + €2 + 2L m2)V yf(fﬂmyt); AY).

Lower bound for |V, f(x:+1,y:)||* Using Lemma 20 we can lower bound ||V, f(z¢+1, y¢)||? as follows:
IV f(@ers,yo)lI* > %||Vyf(:v*(yt,zt),yt)||2 — IVuf(@er1,ye) = Vi f (@™ (ye, 20), y0) |1

2 %Hvyf(x*(yt,zt),yz)nz — Cllzia1 — 2" (2, 20) |

> LIV, £ (20, 0)

1 ©
o2 [(W )Hm sy 20|12 + 20V F(, yos 22), AT) + | AT
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We observe that |V, f(z¢+1,:)|*> appears in both A; and the lower bound given in (22) for As; hence,
grouping the two terms together and using the definition of ¢y > 0, we get

/ \V4

(TQ (1 _ 572 _ Lq;Tz) _ T;&;) ||§7yf(xt+1,yt)|\2 = oo| yf(l’t-&-hyt)HQ
* 1 f

2 CQOHVyf(w (e, 20),y0) | = 2¢0” (m +712) Ve f (e, yes 20| (26)

— 20’1} (2<sz(xt,yt; 2t), AY) + HAfHZ)

Lower bound for ||z;+1 — z¢||%. Since z:4+1 = 2 + B(x4+1 — 2¢) for some § > 0, we observe that:

lzt1 — 2e]|” = B2 ||lwegr — 2]

- ﬂQth — 2t — Tléx(mt,yt7£f+1;zt)”2

1 A
> p° (5”5015 - Zt||2 - 7'12||Gz(50t,yt»ff+1;Zt)||2> )

and since G, (e, ye, Ev1; 2t) = me(:ct, yt; 2t) + AF, we obtain
2
26 — ze4a | > %th — 2| = B2V a f (e, s 20)11” — 28778 (Va f (e, ys 20), AF) — B2rE | AT,

Note that ||z;41 — 2¢||? appears in both A; and the lower bound given in (24) for A3; hence, grouping the two
terms together and using the definition of ¢, > 0 Using (27), we obtain

p_p 2 »’ > 2
(&-& - 2 - 1805 g ) o — wl = chllens — 2

2
> —co B2V f (e, ye; 20) || + Cé)%”%& — zi||? = 2608° T (Va f (e, ye; 2¢), AT) — co 8271 | AT ||,

We conclude by combining all these lower bounds, i.e., the claimed Lyapunov descent inequality follows directly
from summing (21), (22), (24), (25), (26) and (27). Finally, it follows after straightforward computations that
there exist choice of sm-AGDA parameters which yield c1, c2, c3 > 0 while satisfying the conditions co > 0 and
¢ > 0; in fact Corollary 8 provides such sm-AGDA parameters explicitly. This completes the proof. O

D Proof of Corollary 8

The lower bound provided in Theorem 7 resembles the descent property we require for our concentra-
tion result in Theorem 9. To allow for its proper application, we develop a stepsize policy inspired
by [66].

Corollary 8. Under the premise of Theorem 7, consider the parameters p = 2(, 71 € (0, i]
Ty = 1%, B8 = aut for any a € (0, ﬁ}. Then, At%;At < —B; + C’t+1 + Dt+1 forallt € N,
where v = % and

At Vi, Be® TV f oy 20l + ZIV G )00 P+ 22— 2P
~ +0\2 40 ; .
Ct+1 £ [(IQQﬂp(%) [27'22 + 7 + 4CO‘€2 + 206/82)7—12 + ((p + E)Tl - 1)7—1] <va(xt7yt7 Zt)? At>

+72((1 + €12 + 2LwT2) Vy f (4, ye) — 2V f (@™ (ye, 2¢), ye), AY),
Dy 2 2077 || AT | + 8075 AY 12

Proof. In view of Theorem 7, it suffices to prove that setting p = 2¢, 71 € (0, é], T = 15,8 = aur
for for some positive a < 15z and v = % leads to both ¢y > 0 and ¢} > 0; furthermore, we also
need to show that this choice of parameters implies the following lower bounds:
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(i)er > 2, (id) x> 2, (i) ez > B2, (iv) ep > 2072, (v) cs > 8073

First, we show that our parameter choice implies that cg, ¢, > 0. Noting that Ly = 4/, using 71
we may bound ¢y from above and below as follows:

1
§§3

/
T > o & —7'22&/ + 79 (1 — 57‘2 — L\I/TQ)

(27)
(€+L +f) > 1 ) 1 >1 > 0.
=T 14 T _—_— T
2 v 48 2 2144 4) =27
Moreover, since 8 = aute and 7o < 1414/, we get § < 144 using k > 1. Hence, for a < 406,
2p? p? p
0< 48 — 80(1 + 48 :( 1 3) L 28
< T ass s = s+ 489) = (5 a3) E < g @8)
where the last inequality follows from o < 406 < %(\/5 — 1); therefore, ¢}, € [&, %]
Next, we prove bounds on c1, co, c3, C7, cg separately.
Proof of part (). Since p = 2/, v = % and 71 <3, we first observe that
20 1 9 9,9 TL 1 5
— | — = Y4 1 —+1 —T1. 29
V((p—£)2+7—1> 6( Fh=glgtl)=n 9)
Furthermore, using 75 = 48 ,and 8 = auTe, we obtain
p+I\2 5 o 1 2 2 (p+10)? 2 2\ T3
96( )/z — |96¢ (1 —z)f
ﬂ iy T2 (p_ 5)2 +7 ﬂ p(p_ 6)4 + 7 (p ) 7_1 1
1 2
< [96 aTafh - 186( ) TQ} T1
9 T1
3[2
<1920 a- 25 B o4
T1 4
%o’
< — 30
= 25927_17 ( )
where last line follows from the fact that /¢ < 1 and %fQ = 112822 < Wlms’ in which we used
T1 S i
Since 75 > ¢ > 0 and —2¢? ( —02 + T1> > %, using 7o = 48, we obtain
1 207 5
2ol ——— 472 ) > -2 = - g 31
o (G 1) 2 oy
Using Ly =40, 71 < 37 and 72 < 1157, we get
/ Y4 1 8 1 1 8 17
—(1+7¢ 2L 214 —4—)2<—(1+—4+—)m=—m. 32
gL Hm 2Ly < & ( T 144) ST ( VT 144) aas 0%
Using 71 < é, Ty < 1441,, this implies
20 ap 1 @
—dr2p2> P -= — > ——T. 33
Grift 2 3P 2~ g™ 2 g™ (33)

Combining equations (29), (30), (31), (32) and (33), we obtain

(1 5 b« 5 17 a) (1 25 17+a)
L — O e T

“=\27 27 2592 108 288 648

181 — 3« 60 — « T1

= >
864 1= 288 — 5’

(34)
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for a < m < 2.4, which completes the proof of part (7).

Proof of part (ii). Due to our parameter choice, we first note that

2 2
245?9<1+72 W) = 480 <1+72 M) 75 < 96ary <
(p—O)n p—t p—t

where last line follows from 75 < 17 4@ and o <

> (- n=7.

T2
ga

(35)

105~ Finally, (27) implies that < > Z2; hence,

B

Proof of part (iii). We have shown that ¢, > hence, c3 > &°.

45’

Proof of part (iv). According to (27), 2 > ¢o; hence, we deduce that

1
—2c0l? > —2790% > ——é, (36)
where the last inequality follows from 75 < 5 4 Ta1¢+ Furthermore, we note that
PN o 3,3
—960p ( g) 272 = 17980730 > _@z 37)

with the last inequality following also from & < 1 and 75 < We also note that

20 p—i—f 67’1 3 14
- — + = > ——/.
(6 +2>€— 5"

144€

v 2

Finally, since ¢f, < 3 ﬂ according to (28), we get

/52 > 2 P 2 o
_ — —— >
cpB” > =0 3 3au72€ 2166’ (38)

144@ Thus, since « € (0, 1), it follows from (36), (37), (38) and (32) that

1 « 14 « 17
> 2 | = 4+ — — > 2
cr 2 —tri <72 AT T 96) —26m

where we used 5 <

Proof of part (v). For cg, we may simply observe that

l 12
cs (485 (p+£) +2+L\p+3€(1+€72+2prT2)> 73

1
86dapmy + 5 +4+3 (1+ ¢ + 2Lw)> 072

w1 1 8 9 9
>~ (6ot + = — 4= >
> (6&6+2+4+3<1+144+144)>€7’2_ 8015,

where we used p1/0 < 1, Ly = 4, 75 < i,

and o < %. O
E Proof of Theorem 9
Theorem 9. Let {F;}ien be a filtration on (Q, F,P). Let Ay, By, Cyt, Dy be four stochastic processes
adapted to the filtration such that there exist oc,op > 0 and 71 > 0 such that for all t € N: (i)
By > 0, (ii) E[ere | Fy] < N EB for all A > 0, (iii) E[erPen | F] < D for all
A€ [O, U%] and (iv) M < =Bt + Ciq1 + Diya. Then, for any G € (0, 1], we have

D 1

T-1
1
P <2 Z B: < (Ao — A7) + mopT + 271 maX{QU%’U%}IOg (q)> S
=0
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Proof. For some fixed v > 0, let
T—1
Sr£4) By — (Ao — Ar)
t=0
with the convention that Sy £ 0. For any T’ € N, we have

T
Sri1= ’VZBt — (Ao — Arq1)

=0
T-1

=7 Z By — (Ao — Ar) +vBr — (A — A1)
=0

=St +9Br — (Ar — Ar1)
=Sr+ (y—71)Br+mBr — (Ar — Arq1)
<Sr+ (y—m)Br+nCrq1 + 11 D1y,

1

2
27’10D

where the inequality follows from condition (iv) of the hypothesis. Hence, for any 0 < A <
and any 7' € N:

E[eAST“ |]:T] < E[€ASTeA(w—ﬁ)BTe)\nCTHe)\TlDT-H |]:T]

eASTBA(’Y*‘H)BTE[BQAHCTH | }“T]%E[e”“"lDTH | ]-“T}%

IN

1 1
ST A(y=T1) Br (eu?ﬁzagBT) 2 (62)\7'10'%) 2

IN

_ 6/\S'T 6)\(“/77'1+2712)\0'?;)BT 6/\710%,

where the first inequality follows from Cauchy-Schwarz and in the second one we use (ii) and (iii) of
the hypothesis. Fixing v = 71 /2 yields forall 0 < \ < —1:

47'10%,'
2y 2 1 2
Yy—T1+21 Ao =71 —3 +2Xoem ) <0.

Therefore, for 0 < A < min {# #}, using By > 0 by (i) of the hypothesis, we get

41102 27103,
E[e*7+ | Fr] < X970,
and rolling this recursion backwards and noting Sy = 0 yields:
E[eAST] < e)\rla%T;
thus, using a Chernoff bound, we get
P(Sp > t) < E[e*T]e M < AToBT—t),
Since for g € (0, 1],

1
HMropT—1) <G = t>n0o5T — X log(q),

we have
T—1
T1 2 1 _ _
P (2 By < (Ag— Ar)+1opT — X log(q)) >1-—q.
t=0
The claim follows by taking A = % min {2%, L } O
T1 U'C O'D
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F Proof of Theorem 11

Theorem 11. In the premise of Corollary 8, sm-AGDA iterates (x4, y;) for 11 < é satisfy

T-1

1 _ _

P(TZ I:Hvrf(xtyyt)HZ+K3Hv'yf(zt7yt)“2] S Qq,Ta) 2 1_q7 VTGN, qu (03 1]3
t=0

for some Qg = O(m + k(67 +67) (Tlf + 7 log ( ))) explicitly stated in Appendix F,
where Ay 2 ®(z) — ®*, by = 2sup,, y{f(ozo,y,zo) F(@,y0;20)}

As a first step, we provide a helper lemma that shows that our concentration result (Theorem 9) is
applicable to the sm-AGDA-related processes Ay, By, Cy, Dy introduced in Corollary 8.

Lemma 16. Let A, = A, B, = B, C; = C,, D; = D,, where A, B;,C;, D, are defined
in Corollary 8; moreover, let 7y > 0 be the primal stepsize in sm-AGDA. Then, the processes
Ay, By, Cy, Dy are adapted to the filtration Fy = F, where F} is defined in (6), and they satisfy the

conditions of Theorem 9 with the following constants:

(i) 08 = 71(24007 + 3267), (i) o] = 1607167 + 644755,

Proof. The fact that A, By, C;, D; are measurable with respect to F; = ]—",f’ for any ¢ € N follows
directly from the definition of ;. Note that x; and y; are also F;-measurable for all ¢ € N. We prove
part (i) and part (i7) separately.

Proof of part (’L). FiI'St, recall that Ct+1 = ét+1 = —04(me(ast, Yts Zt), A%E> — <C5Vyf(l't, yt) +

c6Vy (@ (yi, 20), y1), AY). We would like to show that E[e?“e+1 | F] < N8Bt for all A > 0.
From Assumption 3, we note that for any A > 0:

Elexp <A<—c4v$f<xt7yt;zt),Af>> ft] < exp <8A2civxf(mt,yt;znn%g%),

where we used [35, Lemma 3]. Now, given the value of ¢4 in Theorem 7 and the convexity of ¢ — 2,
we have

2
(19251)("“) 0?72 7'12> + 57 ((p +0)1 — 1)2 +5 (427'12) +5 (400€2T12)2 +5 (286627'12)2.

Now, leveraging the stepsize policy specified in Corollary 8, since o € (0, 1), using (37) we get
2

(192ﬁp<p i) 212 2)2 <20 (%M)z <20 (30‘?)2 2 < %1

Similarly, as 7y < 35, have |(p + ¢)71 — 1)| € [0, 1], which implies
57’12<(p +0)1 — 1) < 572

- _ 12 42?2
Slncel/—ne,wehavef)(yﬁ) <

5
9 = 4"
7-2 .
807{73¢* < Z-. Finally, (38) and v €

72 2
¢478 < L. Furthermore, using (27), we have 5 (40052 2) <
(0,

1) imply that

[\

9 2
5 (26’0B27'12) S 20 (%67—1> 7'12 S Z

Thus, ci < 6712 , which implies that

E

€Xp <_)\<C4wa(xta Yt Zt)a Af)) | Ft] < exp (48)\27'12||sz(3% Yt Zt)||2532;>- (39)

Moreover, noting AY is revealed after A¥, using [35, Lemma 3] again along with the inequality
lu+ o] < 2[jul|? + 2||v||?, we have:

E

exp <A<C5Vyf(l’t,yt) + Cﬁvyf(x*(yn Zt)a yt)v Aty> | Fis Af) (40)

26



= E [exp ()\T2<(1 + 67_2 + 2LLI]T2) Vyf(l.tayt) - QVyf(x*(yt, Zt),yt), Aty> ‘ .Ft, Af)

< exp (8A73 (1 + 02 + 2Luma) Vo (i, ) — 29, £ (2" (e, 20), 0|1 63
< exp (64N |V, £ (2" (s ), ) I 82 + 16X373 (L + b7z + 2Loma)” |V, e )63

< exp (647273 (IV,f (" (s 20,90l + 190 0,90 I7) 62) (4D

where the last line follows from 0 < 1 + f75 + 2Ly < 1+ 131—4 + % <2

Thus, since AY is revealed after A?, using (39) and (41) together with the tower property of the
conditional expectations, we get

E [exp (/\ (C4<sz($t7yt; 2t), AY) + (esVy f (e, ye) + c6 Vo f (2" (ye, 20), Y1), A%) }

<exp <48>\27'12||sz(%ytézt)||25§ +64X°75 (IVy f (@ (ye, 20), ) II” + Vo f (e, 9)]1%) 55)

(42)
Finally, observe that
IVyf(@ey)|l = Vo f (" (e 20), y) | S WV f (e, ) = Vo f (@7 (ye, 26), 1)l
< Ul — 2" (ye, 24|
VA ~

< — Vm 9 ; 9

= p—é” (@i, yes ) |
where in the last inequality we used the (p — £)-strong convexity of f(-,yy; z;) and the fact that we
have V f.(x*(yt, 2t), yt; 2t) = 0. Therefore, since p = 2¢, we obtain

IV f @ y)l” < 20V f (@ (e, 26), 9o 1P + 201V f (2, 95 20) |1 (43)
Plugging this inequality into (42) yields

E

exp <—>\ (C4<sz(wt,yt; 2), A7) + (esVy f(xe, ye) + 6V [ (™ (Ye, 2¢), Yt), Ai’))

IN

exp ()\2 (487702 + 1287'2265) Vo f (e, ye; 2012 + 192327362V, f (2™ (g1, zt),yt)|2>
< exp ()\Zmax {7 (487252 + 1287362) 1536A2726§}Bt>

< exp ()\27'1 (24002 + 3255)&),

where the last inequality follows from 75 = L.

Proof of part (ii). Recall that D, | £ D, = 2072||A¥||? + 8¢73||AY||2. We would like to show
that E[e*P++1 | F] < €D forall A € [0, U%} for some op > 0. First, observe that for any A > 0
D

such that A < min{m, W}, we have
x v

2 x (|2 2 Y2

B[P | F] =E [ewmmt IP+8xerz Ay | }
=12 1 2 2 3
<E [€4MTfHA$H } B {ememnAfu }

1 1
< (632Ae735§)2 <6128,\eT§53> 2

< e)\(16€7126i+64€7—2265)7

where we used [35, Lemma 2] in the second inequality. O
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Before completing the proof of Theorem 11, we provide another lemma that gives a lower bound on
B, in terms of the squared norm of the partial gradients, based on our choice of sm-AGDA parameters.

Lemma 17. Foranyt € N, we have

|v$f<xt,yt>||2+n||vyf(xt,yt>||2Smax{ Lo 320
T1 T2 5

Proof. Since sz(xtvyt; z) = Vo f (24, y) + p(ae — 2¢), using [la+b]|? < 2||al|* + 2[|b]|?, we get
IVaf (@, ye) I < 20 Va f (@2, yes 20) |17 + 2% | — 24|
Hence, together with (43) and the definition of B;, we obtain

IVaf (@ yo) I + £V f (e, 50|12
< (24 26) IV f (e, ye; 201> + 26 Vy £ (27 (e, 20), w0 II” + 20° |1 — 221
24+2K)-5 2k-8 2p?-
Smax{( +2k) 57 K 87 D S}Bt
1 T2 Bp
20k 16k 32/
<max{ —,—,— » B;.
T1 T2 B

with the last inequality following from x > 1. O

We may now provide our proof for Theorem 11.

Proof of Theorem 11. According to Lemma 16, the processes Ay, By, C;, and D, defined in the
statement of Lemma 16 satisfy the conditions of Theorem 9 if we set 7, as the primal stepsize
of sm-AGDA. Therefore, for any g € [0, 1),

T—1

1

P(T; 3" B < ni(Vo — Vi) + 0BT + 27 max {202, 0% }log () > z1-a

q
t=0

Thus, dividing by 57" and using Lemma 17, we can conclude that with the probability at least 1 — g,
the following event holds:

T-1
1
7 2 Ve f ey + 5lIVy f (0,90
t=0 (45)
20k 16k 32¢ 1 1 1
< Qmax{T—l, w0 7} (T (Vo —Vr) + o+ Tmax{llaé,QU%}log (§)> .

Finally, we can relate the potential gap Vy — Vr to the primal suboptimality, i.e., Ag, and to the
duality gap, i.e., bo/2 = sup, ,{f (w0, ¥; 20) — f (%, yo; 20), at the initialization, following the same
arguments provided in [66]. More precisely, for V (z,y,2) £ f(z,y; 2) — 2U(y, z) + 2P(2), we
first observe that

Vo — Vi < Vo — min V(z,y, 2) = Vo — min f(z,y;2) — 20 (y, z) + 2P(2)
T,Y,z x,Y,z

(46)
< Vp — min P(2).

where last line follows from f(z,1; z) — ¥(y, z) > 0 forall y, z and P(z) — U(y, z) > 0 forall y, z.
Since p = 24, we also note that

P(z) = mTinmef(x’y) + |z — 20|)* < m;txf(zo,y) = ®(2).

Finally, since P is the Moreau envelope of ®, we have min, P(z) = min, ®(z); therefore,

Vo — mzin P(z) = f(z0,y0; 20) — 2¥(yo, 20) + 2P(20) — mzin D(2)
<®(z) — min (z) + F(x0,90;20) — U(yo, 20) + P(20) — ¥(yo,20)  (47)

1 1
< CI)(Z()) — mln@(z) + ibo + 5()0 = AO + bo.
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Note that 7, = ZL implies 16x/7 > 20k /71, and 320/8 = 22 . k /7y > 16k /7, since a € (0, 1).

Therefore,

20k 16k 32/ 64

Qmax{n,ﬁ,}z-n/m. (48)
T f «

Therefore, combining (45), (46), (47) and (48), we conclude that Q, 1 has the following explicit
form:

Ao + bo T3 1
- 2o (3]} -
Q41 7“1{ T +7“2+T og 7 (49)
where the constants 71, o and r3 are defined as
ry = %i, ro = O'D = 16471 (715 + 1 7-255)7 r3 = max{4a%,202D} = 40% =47 (24055 + 3265),
o T2 12
where the equalities follow from the expressions of 02 and 0%, provided in Lemma 16. O

G Proof of Corollary 14

Setting 7 = 71/48 for any 74 > O implies that Qg defined in (49) satisfies Qzr =
o (7@0“’ + 11lr6% 4+ S5 log (%)) . Hence, setting 71 = min (L 18V 20th VAOH’") ensures that

30 \T15°
_ (Ao + bo)El{ (Ao =+ bo) i 1
Qur =0 ( T + T Ok + T log .

Finally, to obtain an O(e, £/+/k)-stationary point, it suffices to have the above bound smaller than
O(&?), which is guaranteed when the following three conditions are met up to a constant factor: (i)

(Botbo)tie < 22 jj) \ [Botbo)l 5, < € and (iii) 225 1og( ) < = This is directly implied by the
Value T. 7 glven in our corollary statement

H Supplementary Lemmas

In this section, we present a sequence of supplementary lemmas essential for deriving our main result,
Theorem (11). Some of these results are well-known and are directly referenced. For others, we have
improved specific algebraic constants. Additionally, some lemmas are extensions of existing bounds
provided in expectation.

Lemma 18. Forany z € R and y1,y> € R%, ||2*(y1,2) — 2*(y2, 2)|| < (pH) llyr — w2l

Proof. This result is provided in [66, Lemma C.1], which immediately follows from [41, Lemma
B.2, part (c)]. O]

Lemma 19. For any z € R%, the map y + ¥ (y, z) = min, f(:v, y,z) is ¥ (1 + gfg)-smooth.

Proof. This result immediately follows from [41, Lemma B.2, part (d)]. Indeed, for any y1, y2 € Réz,
we have
||Vy\1/(y1, Z) - vyll/(y2a Z)H
= IVyf(z"(y1,2),91) — Vy f(z"(y2, 2), y2) |l
* * +
< " (n.2) = o () + i —3el < (14 250 el = el

where the first equality follows from Danskin’s theorem, the first inequality follos from ¢-smoothness
of f, and the last inequality follows from Lemma 18. O

Lemma 20. Consider the iterates (, y, z¢) of the sm-AGDA algorithm. For any t € N,

* 1 .
i1 — 2 (ye, 20)|7 < 2 (1 + 72—6)2> TNV f (e, 25 20) ||

1(,1?
+4T (Vo f (e, 515 21), AF) + 277 || AT |12,
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Proof. For any t € N, using the fact that f is strongly convex in 2 with modulus (p — ¢) together
with 2% (¢, 2¢) = argming, f(x,ys; 2¢), and @41 = 1 — TG (@, Y, EFy s %), We get

@1 — 2 (ye, 20117 < 20w — 2% (e, 20) 1P + 2l|wep1 — 2|
2 £ A T
< m”vxf(mtayﬁ 2)|I” + 27—12||Gx(xtayt7£t+1; )|
Using the identity G, (24, ys, 5,1 20) = AF + V. f (24, ys; 2¢) within the above inequality yields
the desired result. O

Lemma 21. Foranyy € Réz, 21,29 € R, we have:
p
p—4

||37*(y,221> - 33*(?/7252)” < ||Z] — ZQH

Proof. This result follows from [70, Lemma B.2]. Indeed, since f is strongly convex in x with
modulus p — ¢, we get

Plox Pk p * *

f(g: (y’21)7y;22) - f(l’ (ysz)ay; 22) Z HI’ (yvzl) -z (ysz)Hz' (50)
Then swapping z1, 22 leads to

Pl ox Plox — /L * *

f@™(y,22),y521) — f(2"(y, 21), 95 21) > u 5 2% (y, z1) — *(y, 22)||*- (5D

Furthermore, from the definition f , it follows that
p
2

F@(y,22),5320) = F@* (g, 22) 95 22) = 5 (12" (y, 22) — =1 ]® = ™ (9, 22) — 22°)

p *
=5 (ll” = NIzl + 22" (y, 22), 22 — 1)) ;
similarly, swapping z1, 25 in the above inequality leads to

f(x*(y,zl)ay;ZQ) - f(x*(yazl)7y§zl) = g (Hx*(yazl) - 22H2 —[l2*(y, 21) — Z1||2)

p *
=5 (le2ll” = llzall* = 22" (v, 21), 22 — 21))
Thus, summing the above two identities and applying Cauchy-Schwartz gives us
f(x*(ya 22)1 Y; Zl) - f(x*(:% 32)7 Y; Z2) + f(m*(:% Zl)a Y; 22) - f(x*(ya Zl)7 Y; 21)

< plla*(y, z1) — 2™ (y, 22)[|llz1 — 22|l.
We can lower bound the left hand side of the above inequality using (50) and (51), which leads to

(p = O)llz* (y, 21) — 2 (y, 22)|I* < plla™(y, 21) — 2" (y, 22) |21 — 22 (52)
Rearranging this inequality yields the desired result. O

Lemma 22. Forany z € R, x +— ®(x;2) is (p — {)-strongly convex.

Proof. Forany y € R%, 2z € R%, & — f(x,y;z) is strongly convex with modulus p — /, i.e.,
x— flx,y;2) — L;e”ng is convex. Then, z > sup, cga, f(7,y;2) — %_ZHJCHQ is convex as it is
the pointwise supremum of convex functions. Therefore, z — ®(z;2) — ’%Z ||z|? is convex, and
this implies x — ®(x, z) is strongly convex with modulus p — /. O

Lemma 23. For all z1, 22 € R%, we have

lz*(21) — 2" (22) ]| < P

p—4

|21 — zal|-

Proof. Using the result of Lemma 22, one can show this result following exactly the same arguments
in the proof of Lemma 21. O
Lemma 24. Forany y € R%, 2 € R% it holds that

1
¥ (2) — 2" (v (2), 2)||? < ——— T
() = 0" (AP < g (1t

2p 2 . )
p_£> IVy f(@"(y, 2), 9)|I*-

Proof. The proof is the same as [66, Lemma C.2]. O
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I Further Details about Figure 2

In this section, we provide further details about how the empirical and theoretical quantiles are
estimated in Figure 2 and are compared.

Generation of the theoretical quantiles Q, . For any given ¢ € (0, 1), estimating an upper
bound on Q, 7 requires estimating an upper bound on the quantity A + by based on Theorem 11.
Other constants such as 71,79, 73, £, and p are explicitly known in the setting of this experiment
based on the NCPL game where T' = 10,000 is fixed.

First, we set the initial point (x¢, yo) randomly, where each component of xg and yg is sampled
uniformly from the interval [—20, 20], and we set zg = x¢. We then estimate an upper bound on the
quantity Ag -+ by numerically based on a grid search, resulting in Ay + by = 12. Second, we generate
a linear mesh I,,, with a grid size m = 0.0002 over the interval [0, 1]. For g € I,,,, we calculate Q, 1
based on Theorem 11. Third, we generate a sequence of quantiles Q7 7. These quantiles are used to
create a CDF via linear interpolation using the scipy.interpolate package’s interpld function
in Python. Note that this quantile sequence generates a CDF over the values Q;, 7.

Generation of the empirical quantiles of the random variable X. We generate 1,000 samples
{Xg‘ )}}S{O from the sample paths corresponding to the NCPL game with 7' = 10,000, where

Xr =7 Zthl Vo f (e, ye)||> + 6| Vy f (2, ) ||? represents the path averages of the gradients.
Quantiles for this sequence were generated over I,,, using NumPy’s quantile generator in Python,
ensuring alignment with the mesh over which the theoretical quantiles were generated. Evidently, our
theoretical quantiles dominate the empirical quantiles pointwise, demonstrating that in the challenging
NCPL regime, our theory provides empirically verifiable guarantees on the tail behavior of the random
variable X7.

Comparison of quantiles. We plotted the CDF corresponding to the theoretical quantiles Q,
over the values of the empirical quantiles using a common mesh grid over the range of the empirical
averages of the sample paths. In other words, we scaled the quantiles Q, r with an affine transforma-
tion so that their range matches the range of the empirical quantiles. This affine scaling preserves the
shape of the distribution corresponding to the theoretical quantiles and allows for better visualization.
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material?

Answer: [Yes] We explain the experimental setup in detail and provide the code, the datasets
are well-known benchmark sets that are publicly available and we provided the adequate
references.

. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes] Our numerical experiments section has all the details.

. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes] In the experiments, we compare the histogram of the solutions found by
multiple algorithms. This has more resolution than standard approaches that has the average
performance (as an average over the algorithm runs) and the standard deviation over the
runs; because one can visualize the behavior (histogram) of all runs.

. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
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10.

11.

12.

13.

14.

15.

Answer: [Yes] We explained the details of the operating system/computing resources.

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes] We preserve anonymity and we absolutely confirm with the code of Ethics.
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA] Our paper is mainly a theoretical paper with convergence guarantees for
stochastic mini-max algorithms, so we are not aware of any direct impacts to the society.

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA] Our paper has theoretical nature an we are not aware of any potential misuse
risk for our results.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA] We use public datasets, and implemented the algorithms on our own in
Python; no licensed material is used. We use public well-known benchmark datasets which
are properly referenced.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA| We do not release new assets.
Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA] The paper does not involve crowdsourcing nor research with human subjects.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA] No human subjects or crowdsourcing were involved.
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