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Abstract

In a recent paper, Ling et al. investigated the over-parametrized Deep Equilibrium Model
(DEQ) with ReLU activation. They proved that the gradient descent converges to a globally
optimal solution at a linear convergence rate for the quadratic loss function. This paper
shows that this fact still holds for DEQs with any general activation that has bounded first
and second derivatives. Since the new activation function is generally non-homogeneous,
bounding the least eigenvalue of the Gram matrix of the equilibrium point is particularly
challenging. To accomplish this task, we need to create a novel population Gram matrix
and develop a new form of dual activation with Hermite polynomial expansion.

1 Introduction

Deep learning is a class of machine learning algorithms that uses multiple layers to progressively extract
higher-level features from the raw input. For example, in image processing, lower layers may identify edges,
while higher layers may identify the concepts relevant to a human such as digits or letters or faces. Deep
neural networks have underpinned state of the art empirical results in numerous applied machine learning
tasks (Krizhevsky et al.l [2012). Understanding neural network learning, particularly its recent successes,
commonly decomposes into the two main themes: (i) studying generalization capacity of the deep neural
networks and (ii) understanding why efficient algorithms, such as stochastic gradient, find good weights.
Though still far from being complete, previous work provides some understanding on generalization capability
of deep neural networks. However, question (ii) is rather poorly understood. While learning algorithms
succeed in practice, theoretical analysis is overly pessimistic. Direct interpretation of theoretical results
suggests that when going slightly deeper beyond single layer networks, e.g. to depth-two networks with very
few hidden units, it is hard to predict even marginally better than random (Daniely et al., [2013; Kearns &
Valiant), [1994]).

The standard approach to develop generalization bounds on deep learning (and machine learning) was
developed in seminal papers by (Vapnik, [1998), and it is based on bounding the difference between the
generalization error and the training error. These bounds are expressed in terms of the so called VC-
dimension of the class. However, these bounds are very loose when the VC-dimension of the class can be
very large, or even infinite. In 1998, several authors (Bartlett & Shawe-Taylor} [1999; Bartlett et al., [1998)
suggested another class of upper bounds on generalization error that are expressed in terms of the empirical
distribution of the margin of the predictor (the classifier). Later, Koltchinskii and Panchenko proposed new
probabilistic upper bounds on generalization error of the combination of many complex classifiers such as
deep neural networks (Koltchinskii & Panchenko| [2002)). These bounds were developed based on the general
results of the theory of Gaussian, Rademacher, and empirical processes in terms of general functions of the
margins, satisfying a Lipschitz condition. They improved previously known bounds on the generalization
error of convex combinations of classifiers. (Truong, [2022a)) and [Truong (2022b) have recently provided
generalization bounds for learning with Markov dataset based on Rademacher and Gaussian complexity
functions. The development of new symmetrization inequalities and contraction lemmas in high-dimensional
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probability for Markov chains is a key element in these works. Several recent works have focused on gradient
descent based PAC-Bayesian algorithms, aiming to minimise a generalization bound for stochastic classifiers
(Biggs & Guedj, [2021; |Dziugaite & Roy., [2017). Most of these studies use a surrogate loss to avoid dealing
with the zero-gradient of the misclassification loss. There were some other works which use information-
theoretic approaches to find PAC-bounds on generalization errors for machine learning (Esposito et al., 2021}
Xu & Raginskyl, 2017)) and deep learning (Jakubovitz et al., 2018]).

Recently, Deep Equilibrium Models (DEQs) (Bai et al., [2019)) were introduced as a novel approach for mod-
eling sequential data. In traditional deep sequence models, hidden layers often converge to fixed points, while
DEQs directly find these equilibrium points through root-finding of implicit equations. Essentially, DEQs
function as infinite-depth, weight-tied models with input injection. This framework has gained attention
in a variety of applications, including computer vision (Bai et al., |2020; Xie et al.| 2022)), natural language
processing (Bai et al.l |2019), and inverse problems (Gilton et al., |2021), where DEQs have demonstrated
competitive performance compared to state-of-the-art deep networks, often with significantly lower memory
requirements. Despite the empirical success of DEQs, their theoretical understanding remains limited. The
effectiveness of over-parameterization in optimizing feedforward neural networks has been demonstrated in
several studies (Arora et al.l[2019; Du et al,|2018} |Li & Liang}, |2018)). A recent work (Nguyenl [2021) showed
that gradient descent (GD) can converge to a global optimum when the width of the last hidden layer ex-
ceeds the number of training samples. This approach investigates properties at initialization and bounds the
distance that GD travels from this initial point.

However, it remains unclear whether these results directly extend to DEQs. The implicit weight-sharing in
DEQs introduces a dependence between initial random weights and features, making standard concentration
methods ineffective in this context. Recently, [Ling et al.| (2022)) examined the training dynamics of over-
parameterized DEQs with ReLLU activation. They introduced a novel probabilistic framework to address the
challenges posed by weight-sharing and infinite depth. By imposing a condition on the initial equilibrium
point, they showed that gradient descent converges to a globally optimal solution with linear convergence for
the quadratic loss function. To achieve this, they developed a lower bound on the smallest eigenvalue of the
Gram matrix for DEQs with ReLLU activation. An interesting open question, however, is whether gradient
descent will still converge at a linear rate for DEQs with activation functions other than ReLU.

It is crucial to explore alternative activation functions in DEQs because ReLLU can lead to issues like dead
neurons, gradient saturation, and instability in fixed-point iterations. Functions such as GELU, Swish, and
tanh provide smoother gradients, better gradient flow, and more expressive non-linearities, which contribute
to improved stability, faster convergence, and enhanced generalization. These alternatives address the lim-
itations of ReLU, potentially improving model performance and making DEQs more effective at capturing
complex patterns, especially in tasks that demand stable and efficient training.

In this paper, we demonstrate that the results obtained for DEQs with ReLU also hold for DEQs with
general activation functions, provided they have bounded first and second derivatives. Many widely-used
activation functions, such as max(z,0),1/(1 + e~ %), erf(x),x/v/1 + 22, sin(x), tanh(x), satisfy these bound-
edness conditions. Since these new activation functions do not generally possess the homogeneous property
of ReLLU, we propose a novel population Gram matrix for DEQs with general activations and introduce a
new form of dual activation, incorporating Hermite polynomial expansion, to address these challenges.

2 Problem setting

We consider the same model as|Ling et al.| (2022). However, different from Ling et al.|(2022)), we assume that
the activation function, ¢, satisfies some constraints in the first and second derivatives. These properties can
be observed in many common activation functions. More specifically, we define a vanilla deep equilibrium
model (DEQ) with the I-th layer transforming as

T = o(WT!Y + UX) (1)

where X = [x;,Xg, - ,X,] € R¥*" denotes the training inputs, U € R™*? and W € R™*™ are trainable
weight matrices, and T(®) € R™*" is the output feature at the [-th hidden layer. If we were to repeat this
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update an infinite number of times, we would essentially be modeling an infinitely deep network of the form
above. In practice, what we find is that for most “typical” deep layers the valued actually converge to a
fixed point or equilibrium point (Bai et al.l 2019). In Theorem [3| below, we show that {T()}  converges
under the condition |[W]|2 < 1/L and and the activation function ¢ is L-bounded for some L € Ry. The
output of the last hidden layer is defined by T* := lim;_,o, T(!). Therefore, instead of running infinitely
deep layer-by-layer forward propagation, T* can be calculated by directly solving the equilibrium point of
the following equation

T* = o(WT* + UX). (2)

Let y = [y1,¥2, -+ ,yn] € R™ denote the labels, and §(8) = a’'T* be the prediction function with a € R™
being a trainable vector and § = vec(W,U,a). Our target is to minimize the empirical risk with the
quadratic loss function:

2(6) = 1 9(0) - yI13 3)

To optimize this loss function, we use the gradient descent update 8(7 + 1) = 0(7) —nV®(6(7)), where 7 is
the learning rate and 0(7) = vec(W(7), U(7),a(7)). For notational simplicity, we omit the superscript and
denote T to be the equilibrium T* when it is clear from the context. Moreover, the Gram matrix of the
equilibrium point is defined by G(7) := T7(7)T(7) and we define its least eigenvalue by Ay = Amin (G(7)).
In this paper, for brevity we denote by G = G(0).

Definition 1. An activation ¢ : R — R is L-bounded if it is twice continuously differentiable and
max{|@(0)], [[¢'l|oc, [|¢" loc} < L.

In this paper, we assume that o(+) is L-bounded. Many popular activation functions such as max(x,0),1/(1+
e ®),erf(x),z/v1 + 22, sin(z), tanh(x) satisfy the boundedness requirements.

Definition 2. Two vectors a,b € R™ are said to be parallel, denoted a || b, if there exists a scalar k € R
such that a = kb. If a and b are not parallel, we write a }f b.

Additionally, we adopt similar assumptions regarding the random initialization and input data as those used
in [Ling et al.| (2022)):

« Assumption 1 (Random initialization). Assume that 02, < ﬁ. In addition, W is initialized with
an m x m matrix with i.i.d. entries W;; ~ N(0,202%/m), U is initialized with an m x d matrix
with ii.d. entries U;; ~ N(0,2/m), and a is initialized with a random vector with i.i.d. entries

~ N(0,1/m).

+ Assumption 2 (Input data). We assume that (i) ||x;][2 = v/d for all i € [n] and x; f x; for all
i # 7; (ii) the labels satisfy |y;| = O(1) for all i € [n].

3 Main results

In this paper, we show that if the learning rate is small enough, the loss converges to a global minimum at
linear rate. The result is as follows.

Theorem 3. Consider a DEQ. Let § be a constant such that |[W(0)||l2 + & < 1/L. Denote by p, =
W(0)ll2 + 6, pu = [[U(0)[l2 + 6, pa = [|a(0)[|2 + & and define

Lo Lpa _|p(0)]ymn

a:77 U:7—7 m — . 4
T Lpy 1 Lo ¢ 1— Ljw (4)
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In addition, assume at initialization that

4 A
Ao 2 5 max {Cu (call X7 + €m), cull X, cal X[ 7 + cm}lly(o) -l (5)
4(2 ++2)L 2 .
)\8/2 > Q Cy (Ca”XHF + cm) + cu”XLH%7 ||Y(0) - Y||27 (6)
(1 - Lpw)
o2 8] (el Xle + )’ + X3 (7)

where \g is the least eigenvalue of G(0) = T(0)TT(0). Then, if the learning rate satisfies

. 2[c3 (call X7 + cm)? + oI XI7]
7 < min ' 73 5 3 3 5 |
Ao’ g (call X[ p + em)? + GlIXE + (cal X[ 7 + m)

for every T > 0, the following hold:

o ||W(T)|l2 <1/L, i.e., the equilibrium points always exists,
o« A\ > %)\0, and

IVe@(O(7))II3 = Ao@(0(7)). (8)

o The loss converges to a global minimum, i.e., y(0(7)) =y, as

2(0(r) < (1-2% ) ®(00). )

The existence of § such that [|[W(0)||2 + & < 1/L follows from Assumption 1, which states that 02, < g7z,
and is supported by the following lemma:

Lemma 4. (Ling et al, |2022, Lemma 1) Let W be an m x m random matriz with i.i.d. entries W;; ~
N(0,202 /m). With probability at least 1 — exp(—Q(m)), it holds that |W||2 < 2/20,,.

The main challenge now is to find an appropriate initialization such that Ay satisfies all the conditions
in Theorem [3] Estimating Ao directly is difficult, and a common strategy is to establish a concentration
inequality between the initial empirical Gram matriz G and a new matrix with a more easily estimable least
eigenvalue. This new matrix is referred to as the population Gram matriz and is denoted by K [Ling et al.
(2022)). However, due to the non-homogeneity of the new activation function ¢, bounding Ay becomes more
challenging than in the case of ReLLU networks, as discussed in |Ling et al| (2022)). The non-homogeneity
of the activation functions makes the design techniques for K presented in (Ling et al., [2022, Definition 1)
inapplicable. For example, (Ling et al., |2022, Eq. 11) is only valid for the ReLU function.

In Section [4] we propose a new method to create the population Gram matrix K for DEQs with general
Lipschitz activation functions. By using our new form of dual activation and Hermite polynomial expansion,
we can prove that K is symmetric positive definite. In addition, we show that with probability at least
1—1t, A > %)\* provided that m = Q(’;—zlog%) where A, is the least eigenvalue of K (cf. Section .
Thanks to this, we can show that there exists a weight initialization algorithm (WIAL) such that all the
conditions of Theorem 3| hold for over-parameterized DEQs, specifically when m = Q(’;—; log %) (cf. Section

@. Hence, by @D in Theorem |3, the gradient descent algorithm converges to a global optimum at a linear
rate for the over-parametrized DEQs if the number of repetitions in sufficiently large. This intriguing
result is further confirmed by our numerical experiments on real datasets, including MNIST and CIFAR-10,
presented in Section [8]
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4 A novel design of the population Gram matrix K

The key approach in lower bounding Ag is to design a population Gram matrix K in such a way that we can
lower bound g by the least eigenvalue of K and that K is symmetric positive definite. This novel population
Gram matrix is developed through our introduction of a new form of dual activation.

First, we define a new class of dual activation functions QQ) 5 :[—1,1] — R for all pairs (o, ) € Ri.

Definition 5. Let
2 o 22
= — 2(z)exp | — = |dz.
q \/Tﬂ/_ooso()p< 2)

For each pair (o, 3), define

Qu ) 1= aquE(a’b)le xD[w(aa)w(ﬁb)L Via] < 1. (10)

1

If p(x) = max{z,0} (ReLU), then Q, p(z) = Q(x) for all (o, B) € RZ, where
Qa) =E (s (@) (®)]
(a,b)T~N|{ 0,
)
is the dual activation defined in (Daniely et al.| [2016] Sec. 3.2).

Now, we provide a novel design of the population Gram matrix K based on this new dual activation function.

Definition 6. Given the training input X := [x1,X2,- - ,Xp] that satisfies Assumption 2, let

(), vV € R. (11)

QZ](:E) = Q\/Q(%E[G”]_i_l),\/Q(%E[GHH_I)

We define the population Gram matrices K of each layer recursively as

0 _

pij =0, (12)
Pl =2¢%0% iV Qui(1) +1, (13)
l l l . .
ng) = Pﬁi)pﬁj), i F ] (14)
KO =, (15)
-1 _

BONS oKy +dx]x 16)

i -1 (-1

V2K 4 1) (02K 4 1)
l l l

K{) = 2¢%0) Qi;(v)) (17)

foralll >1 and i,j € [n] X [n].

The next result shows that Ay can be lower-bounded via the least eigenvalue of the population matrix K,
where K = lim;_,oo KV. The existence of this limit will be proved in Proposition

Theorem 7. Ifm = Q(K—z log %), with probability at least 1 — t, it holds that

Ao > %)\*. (18)

Based on Theorem EI, we can show that there exists a weight initialization algorithm (WIAL) such that all
the conditions in f of Theoremare satisfied for sufficiently large m, provided that A, > 0 (cf. Section
@. The following result establishes a sufficient condition for A, > 0, or equivalently, for K to be strictly
positive definite.
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Theorem 8. Assume that there exists a polynomial expansion of Qa,a satisfying:
o0
Qa.a(@) =Y 2 ()2 (19)
r=0

for all & > 0 such that sup{r : min 5 8L2d42L2 p2 (p) > 0} = co. Then, K is strictly positive
QG[QvQ(UwWH)} ’

definite with the least eigenvalue satisfying A > A§ for some A\§ > 0 which does not depend on m.

5 Proof of Theorem [7]

To prove Theorem [7] we first present some auxiliary results based on the population Gram matrix K from
Definition [} The proofs of these lemmas and propositions can be found in the Appendix.

Lemma 9. Recall the definition of Qa)/g in Definition @ Then, the following hold for all a > 0,5 > 0:

|Qa.s()| < 1/ Qaa(1)Q@p,5(1), (20)

~ 412
|Qap(2)| < 2 Y|z < 1. (21)

~ 2 2
In addition, Qu 5(-) is 2L max{;ﬂ’ﬁﬂ} -Lipchitz for any fized positive pair (a, 3).

Lemma 10. (Ling et al., |2022, Proof of Lemma 4) For 1l > 1, G%H) can be reconstructed as G%H) =
©(Mhyy1)"o(Mhy, ) such that

2
AT 1 Tu (D) 1.7 .
o (i) by by =2Gl + x5 x;,

o (i) M € Rm*CHd+2) g g rectangle matriz, and the entries of M are i.i.d. from N'(0,2) conditioning
on previous layers.

Lemma 11. For the given setting, we have
P =LK L (22)
Py = 2KV v aixTxy, Vi, (23)
and

Qu‘(vg_m)/ Qi (1Qy5 (N (py) ~1) (P} ~1)+d ™ x T x; i
SO Wrrs | ” 29

)

In addition, we also have
1
<1 (25)
for alli,j € [n] x [n] and 1 > 0.

Building on Lemma [9] Lemma and Lemma we can prove the following three propositions.
Proposition 12. Under Assumptions 1 and 2 with probability at least 1 — n? exp(—Q(m)), it holds that

1Hg_G(l)
m

= O(n(QL\/iaw)l). (26)

F
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Proposition 13. Under Assumptions 1 and 2, we have the following relationship:
K ~ KO, = 0(n(82%03)"),

which implies that as | — 0o, K — K, where K € R"*™ is a matriz with entries

Kij = 2¢°Qi;j (vij)\/Piifi; (27)
where
Qi; (vi1) 17/ Qi (M@, () (pii— (05— 1) +d'xTx; oy
Vij = V/PiiPj; ’ J (28)
1, i=j
Here,
1

= T o 33 1\ 2
P T 2 2¢202 Qui(1) (29)

Proposition 14. Under Assumptions 1 and 2, with probability at least 1 — n?l exp{ — Q8 LA mnL?) +
O(1?)}, it holds that

Low _go
m

- O(n(QL\@ow)l>. (30)

Finally, by combining Propositions 114] we can bound Ay in terms of the smallest eigenvalue of the
population matrix K as follows.

Proof of Theorem[7 From Propositions with probability at least 1 —n2 exp (— Q(m8 L2 +O(12)),
it holds that

1
lie-x
m

<le-av|. +||te® —xo
pom F m

; HK _KO

F

_ O(n <2L\/§aw>l> + O(n(QL\/ﬁow>l) - O(n(8L203)1>
_ O(n (2L\/§aw)l>, (31)

where follows from o2 < 1/(8L?).
Next, we fix [ to omit the explicit dependence on [. Specifically, let

[ = O(log(2A; 'n)/ log(V2/(4Law)),
then from , we have

P2
It is easy to prove by induction that K is symmetric. Therefore, by Weyl’s inequality (Ling et al.; 2022,
Lemma 5), it holds that

1 1 1 As
max )\i(G> )\I(K)‘ SHGK < HGK < —.
i€[r] m m 9 m r 2
Now, by choosing ig := arg min; A;(K), we have
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and

1 Ax

*Amin G *A* S 5

~in(G) > (%)
It follows from and that

)\0 = )\min(G) > %)\*
Consequently, w.p. > 1 —t, we have \g > 5 A provided that m = Q( log ) O

6 Checking the conditions of Theorem

In this section, we will demonstrate how the conditions in Theorem [§ hold for several common activation
functions. First, we recall the definition of a traditional dual activation function, denoted ¢, associated with
@ in (Daniely et al., 2016} Sect. 4.2):

¢(x) = E(u U)NN(O [1 xD [p(w)e(v)].
' e 1

By following a similar proof as in (Daniely et al.} 2016, Lemma 11), it can be shown that the new activation
function (see Definition [5)) satisfies

anc = 2 2Za2 n gn (34)

if either p(z) = > 7 anh,(z) (Hermite polynomial expansion) or ¢(x) = Yo, aZa™. Here, hg,hy,- -
are the normalized Hermite polynomials, which are obtained by applying the Gram—zschmldt process to the
sequence 1, x, 22, -+ with respect to the inner product (f, g) = \/% ffooo f(z)g(z)e=* /?dx (cf. Daniely et al.
(2016)).

In the following, we apply and show how the conditions in Theorem [8| are satisfied.
Example 15. Consider the sine activation, p(x) = sin(azx). By (Daniely et all 2016, Sect. 8), we have

P(x) = e sinh(a’z).
By Taylor’s expansion of sinh function, i.e.,

o0

1

h - 2T+1
sinh(z) = 2r+ "
r:O
Hence, from we have
oo
Quale) = e 3
’ ;a2 = (2r+1)!
which leads to
1 —a?a2mal?" .
M2 () = qQQQe“aﬁ r mod2—1.
e 0 otherwise

This means that the condition in Theorem[§ is satisfied.
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Example 16. Consider the tanh activation function, p(x) = fj::j By (Szego, 1959, Eq. 8.23.4), ¢(x)
can be uniquely described in the basis of Hermite polynomials,

p(z) = Z anhn(z)

where

Hence, from , we obtain

so we have

12 o () = apa

This means that the condition in Theorem|[§ is satisfied.

Example 17. Consider the sigmoid activation function p(x) = It is known that

_ 1
1+e—2°

_ 1+ tanh(z/2)

plw) = R,

Hence, by using similar arguments as Example we can prove that the condition in Theorem [§ is also
satisfied.

7 Weight Initialisation Algorithm

Before proposing an algorithm to initialise weights, we introduce some initial results.

Lemma 18. (Vershynin, 2018, Theorem 4.4.5) For a random matriz A € R™™ with A;; ~ N(0,1), it
holds that

IAlls < C(Vm +Vn+1) (35)

with probability 1 — Qe_tz, where C is some constant.
Lemma 19. For any fized t € Ry, it holds that

I5(0) = yll = O(vn) (36)
with probability at least 1 —t.
A weight initialisation algorithm (WIALG) is as follows.

e Initialise: m = nao—zzu = 96%'

e Step 1:

2
— Generate a matrix W € R™*™ where W,; ~ N (0, 2%“)
— Generate a matrix U € R™*? where U, ~ /\/(07 %)

— Generate a vector a € R where a; ~ N(O, %)

e Step 2:
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— Find a fixed-point T of the equation T = o(WT+UX) by using Anderson acceleration method
Walker & Ni| (2011)).

— Estimate ZCul by using the Monte-Carlo method. Note that by our Assumption 2, E[G;] does

m
not depend on %, so we only need to estimate ElGu],

— Set ¥(0) =a”T.

e Step 3:

— Recursively construct a sequence K() by using (2)—(17) until KO — KUYz < e for some
small value € > 0.

— Estimate the least eigenvalue A, of K®).

e Step 4: Check the following conditions:

m 4 .
2 2 g e (Xl + en) o XKl Xl +n f SO =¥ (37)
m\*? 4(2++2)L 2 2 | 1n
5)\* > U= Lpw) cu(CalXllE +em)” + e XIF | I5(0) = yll2, (38)
m 2 2 2 2
ph 2 8|l Xl + )’ + X, (39)

where ¢y, Cq, Cm, pw are defined in Theorem

e Step 5: If all the conditions f hold, we STOP the initialisation. Otherwise, we increase
m =m + 10 and REPEAT Step 1.

Theorem 20. For DEQs with o(0) =0, WIALG will STOP with probability 1 —t at m = Q(% log %)

A detailed proof of Theorem 20]can be found in Appendix[l} Finally, by combining Theorem 0] with Theorem
we conclude that if m = Q(% log %) and n sufficiently large, then with probability at least 1 — ¢, all
the conditions in — from Theorem |3| are satisfied.

8 Numerical Results

In this section, we conduct experiments to validate Theorem Specifically, we evaluate the performance
of the DEQ model on the MNIST and CIFAR-10 datasets. We adopt Gaussian initialization as stated in
Assumption 1 and normalize each data point according to Assumption 2.

For the first experiment, we vary the parameter m and plot the training dynamics for both MNIST and
CIFAR-10 when the activation function ¢ is the tanh function (L = 1). As shown in Fig. when m is
sufficiently large and 7 is sufficiently large, the curves approach straight lines. This observation further
confirms that equation (9)) holds true.

10
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Figure 1: Training dynamics at different values of m.

In the second experiment, we vary the activation function and plot the training dynamics for MNIST and
CIFAR-10 with m = 3000 for several activation functions, including ReLLU, Sin, Identity, Swish, and Mish.
While the activation functions Swish and Mish do not have bounded first derivatives and are thus not L-
bounded, we observe from Fig. [2that when m is sufficiently large and 7 is sufficiently large, all the networks

converge to the global optimum at a linear rate. This suggests that the L-bounded condition is a sufficient,
but not necessary, condition for the linear convergence rate of the squared loss.

200 T—
Bl -»- RelU \ >~ RelU
L 4 Sin \ 4 Sin
2001 13 \ —& - |dentity 180 4 \ —& - |dentity
—& Swish \
180

-®- Mish

. —&— Swish
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(b) CIFAR-10

Figure 2: Training dynamics for different activation functions.

9 Conclusion

In this paper, we have shown that gradient descent converges to a globally optimal solution at a linear
convergence rate for the quadratic loss function in the context of over-parameterized DEQs with L-bounded
activation functions. This compelling result is further supported by our numerical experiments on the
MNIST and CIFAR-10 datasets. To overcome the technical challenges introduced by the non-homogeneity
of activation functions, we propose a novel population Gram matrix and introduce a new form of dual
activation based on Hermite polynomial expansion. An exciting direction for future research is to explore
whether the linear convergence rate property holds for other classes of activation functions.

11
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A Proof of Lemma

Observe that

RIS (1 )
1
= agE” 2 | (w)p(v)]
afq? (u,v)T~/\/<0, Lcéﬁ ng])
1 1 1
S \/ qz]Ea~N<o,a2>[<P2(a)]\/ 2 En (0,50 [ (0)] (40)

=/ Qa,a(1)Qp5(1), (41)

where follows from Cauchy—Schwarz inequality.

In addition, by the L-bounded property of ¢, we also have
lp(erz) = (0)] < Llaz].
Hence, for any a > 1, it holds that

lp(az)| < [p(0)] + Lla|2]
< L(1+ |all2])

< Lla|v2(1 + 22). (42)
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From , we obtain

Similarly, we also have

IEa~J\f(0,ac2) [4102 (a')]

<1 22
/_Ooa 27T<p (z)exp(—w>dz
<1, 22
_[w E(p (az)exp(—Q)dz

<1 22
< 2L2a2/ —(1 + 22) exp| — 2)dz

oo V2T

=4L%2.

Epn0,57) 97 (b)) < 41782,

From (40)), and (44)), we obtain |Qa.s(x)| <4L?/¢* for all @ > 1, > 1, and = € R.
Now, for a fixed pair (« > 0,8 > 0), define z := (u,v), ¢(2) := p(u)p(v), and

_[a* zap
.

Then, by (Daniely et all 2016, Lemma 12) we have

0Qups 1

99°(2)

0%,

On the other hand, we note that

3¢2(2) B w2 P
W(u’v)_ 83(”) Op(v) 626“0(1’) (u)

Hence, from and we have

a@a,ﬁ
0%,

’m ~ 2¢%af

E (w0~ (0,52) [

maX{E(u,v)~N(0,Em)H 5u? so(v)H7E(u,v)~N(o,zm)H ou  Ov

— —2q2aﬁE(u,v)~N(o,zz) { 2 (u,v)} )

% p(u) (v) dp(u) 69@(!})1

ou Ov ov?

9%p(u) dp(u) dp(v

)

Now, since |¢(0)] < L and ||¢’||cc < L, it holds that

le(@)] < le(z) — @(0)] + |¢(0)]
< L(|z| + 1), Vx € R.

Hence, by the assumption that ||¢”||o < L, from and (50), we obtain

a@a,ﬁ
0%,

‘ oo

2

= 2¢%ap

2

~ 2¢%af

max {Ew,v)w(oxm) [[u] + 1], 1, Ewpy~aro,3.) [|0] + 1] }

max{a+ 1,5+ 1}.
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It follows that
Qa B

|Qaﬂ Qa,,@ |_‘
B OQap) 0%
“/ t(( o5, ) t )dt’
v Qo) 0%
< 9
< [ ()
<4/y a@a,ﬁ @
- Js 0% ||l dt
4L2 Yy
< 2
_2q2a6max{a+16+1} /w
2

2L
— 2ol max{a + 1, + 1}2aBly — z|

2L max{a + 1,8+ 1}2
¢ '

=

dt

oo

o

dt
dt

o0

B Proof of Lemma 11
From in Definition @ we have

(l) UfUKZ(- )—|— d-! X X;
Vi aiKEi Vi

=1.
From and in Definition |§| and , we have

o = ol KD 41
In addition, from and in Definition |§| and , we also have

pg) ) — o2 K(l R o x! Xj, Vi, j.
Replacing in Definition |§| and to in Definition @ we obtain for i # j,
|O’ K(l Yy - 1xT xj|

V2K £ 1) (02K 4 1)
_ 200l Qi () + 4 x|

wﬁzy
1) (1
pgl)pgﬂ)

‘Qz]( )/\/ Qii(1 ij \/ (242 O’wp“ Qu( ) (242 Uijj QJJ( )+

—1

T
X; X5

Pgi) P; j)

‘QU( )/ \% Q” QJJ \/ pn p]j 1) + d_lxng’

PE? P;lj)

VD = D08 — 1)+ [d='xTx,|

PE? Pglj)
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Vol -0l -1 +1

) (1
Pz('i)ﬂg‘j)

f— )

where follows from Lemma [9} and follows from d~!|xTx;| < d~!|x;[2]|x]2 = 1.

C Proof of Proposition [12]

Assume that T® = [vgl),vg), e ,vﬁf)] where vgl) € R™ for all i € [n]. By , we have
vgl) = w(Wvglfl) + Ux;), Vi € [n].
Then, with probability at least 1 — exp(—§(m)) we have
Ivllz = (W, ™" + Ux)
< e (Wvi™ + Uxi) = 90, + 9(O)]l2
< L|[wv{™V + Ux;|,, + VimL
< LW vV s + [U]lalxil2) + VimL
< 2LV20, v V|2 + LVd + VmL,
where follows from Lemma |4 Lemma and Assumption 1.
From (67)), with probability at least 1 — exp(—£2(mn)) we have

WO < BYAEVRL g
! 1— 2L\ 20,

Hence, with probability at least 1 — exp (— £(m)), we have
Vi =i, = e (Wi + Ox:) = o(WoiY 4+ Uxi)
<Z[W(v" = v ),
< LWL [vi? = vi
< 20V v v

where is a consequence of the assumption that ¢ is L-bounded, and follows from Lemma [4] .

Now, with probability 1 — exp(—(m)), we have
Vil = lle(uxi)]],
< [le(Uxi) = (0], + [l ()]
< L||Uxi2 + VmL
< L||U|2]Ixill2 + VmL
< LVd+VmL,
where follows from Lemma [I8 and Assumption 1.
Therefore, for all [ > 2, it holds that
VO vEV, < 2LV v — v,
— (o1vEo) W)
< (2Lv20,,) (IVd + VmL),
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where follows from .

Then, for all r > s, with probability at least 1 — exp(—£2(m)), we have

||v7(:r) _VES)H < Z H"z(‘l) _Vv(il_l)H2

(73)

(74)

l=s+1
< (LVa+vVmD) ¥ (20v20,)'
l=s+1
s 1
< (LVd+VmIL)(20v20,) ' —————— 5 0
1 — 2LV 20,
as s — 0o since 2Lv/20,, < 1. Tt follows that {VEZ)}j’il is a Cauchy sequence. Since R is complete, hence we
have
v =il =0
for some vector v;. Therefore, from we have
LVd+vVmL

Vilg £ ——F—=—
[[vill2 2LV,
with probability at least 1 — exp(—Q(m)).

In addition, we have

i ™ = vl = vl =il < [V = v

< (LVd+VmIL)(2LV20,)', VI >2.

From (76)), with probability at least 1 — exp(—£2(m)) we have

VO v < WiV S (20v3e,)"
k=1+1
(2Lv/20,)"

— (VA VD)

Consequently, we have

Gy = G| = [vIv, = (v")" (v)")

J

< vy =T ()] () = ()T ()

< il =+ 10 s =+

+1
<|villeva+ m)m
(2Lv20,,)" "

+[[v)|(LVd + VmL) TRV

LVd + vmL\ (2Lv20,)
< 2ALVd+ M)<1 - 2L\/§aw> 1—2L\20,

where follows from and .
From we obtain

J

L, - e < O<(2L\/§aw)l>.
Finally, we obtain from .
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D Proof of Proposition [13
For all i,j € [n] x [n], observe that
KO KO

{ l l
QC] |p7, +1)Q’L]( (+1)) pz])Qlj( ())|

< 2¢° |p l+1)QU( l+1)) HI)QU( )‘ +2¢° ‘pszrl)Qij (VZ(Jl)) - Ej)

where follows from the triangle inequality.
Now, we bound each term in . First, from Assumption 1 and Lemma |§|7 we have

20'120(2“‘(1) < 8L20'12U < 1.
Therefore, from we have

w_1- (2¢%02 Q;(1))1H1

Vi.
o 1-2¢20%Qu(1) '

It follows that
l
}pgz) 7,0“+1)| < O( 21]20' Q“( )) )
Hence, for ¢ # j, we have
(l+1) 0 (l+1 l+1) @) @)
o = pij | = ‘\/ — ol
[ a+n| [ a1 o [
Pii pjj pJJ p]]
((2(] o2 Qu( )) ) ((261 o QJJ( )) )

where follows from and .
From and , we obtain

(i+1)

i) = oG < 0(L%02)), Vil

Now, by , with probability at least 1 — exp(—2(m)) we have

S (ijLF) <2 . W
m 1—2Lv20, (1 - 2Lv20,)?
Therefore, we have
l 1 a
’ (1+1) Qi;(v (+1)) H)Q”( )|
e I+1
=l . W)
\/Q(Tw]E[Gm']+1),\/2(#]};[(;”]4_1)
(I+1) A~ 0
— Pyj Q > —~ (]/ij )
2(#E[G7‘,7‘,]+1), 2( me[ij]—‘rl)
2L? 4L (+1) (41 (41 D)
= 2(1 2> i Vi T Pij Vi
q (]. 2L\/§0‘w)
212 4L (1+1) (l+1) 0 (l)
<= (14— )|p"
> q2 ( (1_2L\/§Jw)2> 1] zg p”
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2L° 4L () _ (1)),
e
% < (1—2Lf )|” ol
212 ( (1) (1) _ (1) (z)
e I A
q? (1 —2L\f w)? ) 3"
912 4L O D)
+ 1+ —In 88
7 ( (1 —QLﬁaw)2)|p’ —ry | (88)
= g (1 + 4L> |K(l) K¢
¢ (1—2Lv20,)2 )" K

22 ( 41
* (

2 U 1—2L\/§0w)2)0((8L203’)l)’ (89)

where follows from Lemma EI, follows from Lemma follows from in Lemma and
(85)-

In addition, by using the fact that |Qa g(z)| < 4(]%2 foralla>1,8>11in Lemma@ we have

412
(l+1 sz( ) - ng Ql]( )’ < — pEéJrl) pgé)‘

¢
4L2
—-0((8L%07)"), (90)
where follows from .
From , , and we have
|K(z+1) K(l.)’
(141 I14+1 l
=20V Qi (v ™) = P Qi (v ())|
l l ! ¢
< 24|V Qi (v e )= 05 Q)| + 26 o5V Qi (v]) — 9l Qi (v
2
q (1- 2L\/§aw)2 I
2L2 4L 412
+ =1+ —+— 0 8L20301]+22><0 8L%02) Y. 91
(1 T O | 207 x o010k (o1)
By using induction, from we have
1+1 1 1
KT K| = 0((4L%07)). (92)

Since 02 < 1/(8L?), {K }l , can be easily shown to be a Cauchy sequence. From the completeness of R,
it holds that

K Ky (93)
uniformly in 7, j € [n] X [n] as | — oo for some matrix K. By using the triangle inequality, we have
K K| > K - K| - (KD K. (94)
From and , we obtain
K K| =0((82%%)"). (95)
From , we obtain
IK® —K||, = O(n(8L%2)"). (96)
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Now, by and we have
K =220 Qi; (1Y) (97)

and Kg) — Kj;. On the other hand, by we have 2¢%02Q;;(1) < 1. Tt follows from that

0) 1 98
P T 2202 Q1) (58)
as | — oo. Hence, it holds that ui(jl.) — v;; uniformly in 7, j € [n] x [n].
Hence, by Lemma we have
Qij (VU)/\/Qii(l)ij(l)\/(pii_l)(pjj_l)"'_dilxtirxj i
Vij = VPiiPii ’ /,
1, i=j
(99)
where
_ 1 (100)
P T T 2202.Qu (1)
E Proof of Proposition [14]
Define
Al 1 L
G = E[mG§j> hl,hg]. (101)
Then, by Lemma [[0] we have
A 1
Gy =E {mw(Mhz)Tw(MhE) hy, hi}
= IEw~N(0,2I) [‘P(WThl)SD(WThE)]- (102)
Let
A Al A
A =nlh AR =B Af = i3, (103)
and define
AW
o0 Ay (104)

N AODAD
Then, we have
GY g o
K <u,U>NN<02[||1¥||f hf/hé]) [o(w)p(v)]
hi'h; by
- nhy 7o [P(V2Ihe][w)e(v2]h]lv)]

1 P Ml S
[ [Ty ||
(u,v) N<O, thh;

TRy L

A (1
= 2q2||hz||||hf||Qﬂ|\h,|\,\/§\|h;\|(Vi(j))
JADAD G 50
= 20"\ A A Quaj . vaimg () (105)

Now, we consider two cases:
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e Case 1: 1 =

By Lemma we have
Gy = o(Mhyp) p(Mhy), (106)

where

Twg® 4. (107)

(%3

by || =

s\gm

Now, for a fixed h; 1, by Beinstein’s inequality and (106)), it holds with probability 1 — exp(—£(me?)) that

<e/2. (108)

(X3

‘IG(Z.“) g
m

On the other hand, by with probability at least 1 — exp(—(m)) we have

G L vm AL
o< Gii o L ( v+ > < . Yiez.ich] (109)
m 1—2LV20, (1 —2LV20,)?
Therefore, by combining (109)) with (107) we have
9 4Lo?,
1<|hpyf < ———F——+1 (110)

(1 -2Ly20,)?
This means that the e-net size for hy;; is at most exp {O(l log = )} Hence, with probability at least 1 —

n*exp (— Q(me?) + O(llog 1)) we have

(x3

Lt _gl| < oo, (111)
m

Now, observe that

GSH) Ewn02m) @02 (W )]

= Eun(0,20n0s: 12)[#° ()]
= Eun(o,1)[9” (V2] g1 [|20)]
=2¢° ”hl+1”2Q\/§th+1\|,\/§\|hl+1\|(1)' (112)

On the other hand, we also have

K(l-‘rl) 2 2 (H‘l)Q”( )
=2¢%(02 K\ +1)Qui(1), (113)

where (113) follows from and Lemma and (113) follows from Lemma
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It follows that

’é(_l_ﬂ) . K(_l_+1)

~ )
=2¢° ||hl+1”%Qﬂ“h“rl|\2,\/§|\hl+1|\2( ) = (o0 K( +1)Qui(1 )’

2
o2l (Taq® 1\ o 0
=2 <mG“‘ +1>Q\/§|hz+l|2,ﬁuhl+l|2( ) = (oK +1)Qu(1 >’

2
2| Tw ) A 2 (1) A
=2 (mGii + 1) Q\/ﬁ‘lhl+1”27\/§“hl+l|‘2(1) - (UU’K“ + 1)Q\/5Ihl+1|7\/§|hl+1|(1>‘

2( 21-(1) A
+2¢% (00 K5y +1) ‘Qmmﬂu,mmﬂu(l) - Qii(l)’

O]
< 2q202

%

DA
K ’Q\/i\|hz+1”27\/§”hl+1”2(1)|
2( 230 A
+2q (UwKii + 1) ‘Q\/Elhl+1|27\/§|hl+1|2(1) - Qii(l)’

()
<8122 |G _ KO

2 (D) A
+2¢° (00 K *1)‘Qﬁ|hz+1|,ﬂ|hz+1|(1)Q“‘(l)'v

where ([114)) follows from Lemma [9]
Now, let

2
O‘w
[hf3 = EG“ + 1L
Then, we have
2
Uw
[ 3 — B3| = TG — Gl
- 0((2L\/§aw)l>
where ) follows from and -, and (117) follows from

Since ||h|| > 1 and th+1|| > 1, from we obtain
el = | = O (22120, ).
On the other hand, by it holds with probability at least 1 — exp(—£(m) — Q(me?)) that
e -o{ )

Hence, from (108) and (119) with probability at least 1 — exp(—Q(m) — Q(me?)), we have

_—“ _E

G" G(l+1)
T

hl+1]

<s+ 0((2L\/§aw)l“>

for any fixed h;41. Now, observe that

c+D Mh, ) |°
E[;% hz+1] — E[M hz+1}

m
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is a fixed function of h; ;. Hence, there exists, fll+1 such that

h;;; = argmax
h; 1

{G(l-ﬁ-l)

hiia |

m

Then, with probability at least 1 — exp(—Q(m) — Q(me?)) it holds that

) (1+1) (1+1)
Era e [ | e s 8 |
m m m m

G, gt
< E{ & hz+1}
<

—+ O((zL\f )l“>
Hence, by taking | — oo, with probability 1 — exp(—Q(m) — Q(me?)), it holds that

[[R]l* — E[|h]*)] <
|Ibfl - E[[n[l)] <e

where ([124)) follows from (123 and the fact that |h|| > 1 for any h.

From (117)), (118)), (123), and (124]), with probability at least 1 — exp(—(m) — Q(me?)) it holds that

be? ~ EI17) = =+ 0( (22320
s - Bl = & + O (22v20,) ).

Now, for any a € R note that

\¢2<ﬂ|hl+l|a> ~ 2(V3]a)

= ‘w(\/illhmla) —¢(V2|ha)||o(v2|his1]la) + o(v2]ha)|.

On the other hand, we have

)w(\/ﬁllhmla) — ¢(V2|[hlla)| < Lv2a|| [y [| — IRl

‘w(\/i|lhl+1|a) + (V2| ha)

<oVl = o) + [(VEIBla) - ()] + 22
< fo2|a\(||hl+1|| + |[huf) + 2L,
where we use the assumption that ¢ is L-bounded in and (| -

From , , and , we obtain

‘wQ(\@lthlIIG) —@*(V2|hlla)| < 2L%af?|[ by ]* = 02| + 2L V2lal [y — (]

= (2L?|a|* + 2L*V2a|) [e +0 ((2L\/§aw)l)] :
where ) follows from and (| -
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From (|131)), we obtain

Baratto)[¢2(VEbr10)]| - Bavcon | (V20|
< 2VIE o ol + VBl + O (22VE0w) )]
— 21220 (a + (2L\/§Uw)l) .

Similarly, by the assumption that ¢ is L-bounded, we also have

Euonion) [sa%m[hn]a)] — o).

It follows that

'Qﬁthrll;\/ilhprl” (1) - Qu(l)’

1 [ ] 1
= |——5Eu~ 2(V2|hyy1la) | — ===
Tl M e ) T
1 [ 1
<|l—" _E,_ 2(2|hysslla)| - ——— R, _
. ’2q2hl+12 x| 2 (V2IRla)| = s e Eaeaon |
1 1
fl— E.. QﬁEha}—M [ V2E[||h]a
1 _ |
<L B0 [¢?(VEbiala)| = Eaoron [wm[hmw”
2o _ -
1 1 1

h1)2 E[h)?] a~N01>{ *(V2E[|h]]a )}
By combining (117 -7 and (T33), from (T34), we obtain
) l
’Qﬁ'hmllﬁﬁlhm (1) - Qm(l)’ =210 <5 + (2Lv20,,) )

since ||hyy1|| > 1 and E[||h|]] > 1.
On the other hand, by and the assumption 2Lv/20,, < 1, we have

KO K| = 0(<2Lﬁow>l“>.

From (I33), (I36), by setting
=0 ((QL\/iaw)l“)
from (114]), we obtain

_ KO

l
’Gg“)—K(f“) <8122 G

Earxon [ﬁ(ﬁn«:uhnm)
[ 2(\/2E[|[h/[Ja)

+2L%0 ((2L\f )”1)

|

It follows from (111)) and (I38) that with probability at least 1 — exp { — Q(8'L*¢2'm) + O(1%)},

G(Z_H) _ K(_l_+1)

‘ (z+1 (l+1) n

< ’1GE§+1) . GSH)
m

1
<8L%? Eegp -k

24

+2L20 ((2L\f )l“>

|

|

(132)

(133)

(134)

(135)

(136)

(137)

(138)
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which implies that with probability at least 1 — lexp { — Q(8'L?¢2'm) 4+ O(I?)}, we have

((zfo )l“)

1
el K| -
m

o Case 2: i #£j
For this case, let
2
)7 = Z2Gy + 1,
m
/(12 0—12u
B" = > Gy + 1.
By (79), with probability at least 1 — exp(—£(m)), we have
1
—|G; - G| = 0((2L\/§o—w)1).
m
In addition, we also have
2 _ T g
by = =G +1 =1,
m
2
O 1
i = 725G 41> 1
Hence, we have

thn|mw|0(mm+u2mP0

o2
2|6 - G

(23

= 0((2L\/§aw)l>.

Then, it holds that

)

A(l+1) (I+1)
i

l 1 ! 1 ~(1 1+1 l 1
= 2¢° A£z+ Agf +1H( plitl )) (+ )Qz ( I+ ))‘
o| [A0ID AGID 5 Sy 1) (D)
<207\ ALTTA, @) =0k Qg a1 (Vi )‘

(I+1) (+1)
+ 24° ,0z ‘Q\f|h,+1| \fl\hl“\l( ) — QL]( )‘

Now, for all |z|] < 1, we have

’Qﬂhzm Vil (&) = Qij(@

+‘Qf (b)), v2)hy, ) (2) — Qi ()]

25

’thzm Va1 @) = Quasgng, vaim, i (%)

(139)

(140)

(141)

(142)

(143)

(144)

(145)

(146)

(147)
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On the other hand, we have

‘Qmuhn,mhgﬂu (2) = Qij (@)

1 /
| T e ﬂ)sa(m[nhn]aw(ﬁnhlﬂ||b>

+l|| (a,b

1 !/
" PRI o ﬂ)“’(m[”h”]a)@(m[”h )

1 /
< | s g ﬂ)@(\/515[||h||]a)<ﬂ(\/§||hz+1||b)

el (a,b)T~N | 0,
T

1
- 2¢°E[|[h]]] b

( {1 ﬂ ) ‘P(ﬁE[HhH]a)@(\@E[IIh’|Hb)‘

+1H (a7~ 0,

’2q2E[||h|| thHH e < { D ¢(V2E[||h]Ja)e(vV2E[|[W[[]b)

- SrEET oy

( { D (V2E[[h]]a)o (\@E[Ilh’ll}b)‘

1 /
BRI o] ﬂ)‘*‘ME[”*‘”]“’S‘M”‘W”b)

- (\@E[IlhI]a)sﬁ(\/ﬁE[llh’ll]b)‘

1

" E[b]]

2q21E [l ‘|h§+1|

In addition, by the assumption that ¢ is L-bounded we have

e(VEE[|][0)] < [o(VZE[h]la) — ¢(0)] + |o(0)]
< VIE[|[)la] + L
[o(VIE[[W[16)] < VE[|h]][6] + L.

It follows that
)w(\@E [hl]a)e (V2| [|b) — w(\/ﬁE[llhIHa)w(\/ﬁE[llh'II]b)'
= |@(V2E[|hl]]a)

P(V2Ihy 4 b) - w(\/iE[llh’II]b)’

[
< (V2E[|[h|]lal + L) ‘w(\/iﬂhfﬂﬂb) - w(\/ﬁ]Eth'll]b)’
< (V2E[||hll)lal + L)Lv/2[b|| [ || — E[|h'|])]

On the other hand, by (124)), with probability at least 1 — exp(—Q(m) — Q(me?)), it holds that

||| —E[n]]| < e

26

E( o N<O {1 mD‘w(\@E[Ilhll]a)w(\@E[llh’IHb)-
R Gl P |

(148)

(149)
(150)

(151)

(152)
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From and -, we have

bz [ = B[R] < bl = 07| + [I0]] = Efn])]]
<e+ O((QL\@UM) )

Now, by setting
= O((Q\/iaw)l)»

from , we obtain

01 - B = 0 (22v35)').
Similarly, we also have

sl = Bl = 0 (22v25,)').
From , , and , we obtain
(z) — Qij(z)

+1H

1
’Qﬂﬂnhu V2| = 0((2L\/§ow) ) Vo |z < 1.

Similarly, we can prove that

~ ~ !
‘Qﬁ|hl+1|,\/§|h;+l|(m) ~ Quzm[n|,vang, ()| = O((QL‘&%) ) Va |z < 1.

From (147), (158]), and (159)), we obtain

‘anhlm Va1 (@) = Qi(w)| < O((ZL\/iﬂw)l) Va |z < 1.

Next, we aim to upper bound

(1) & (1+1) S+ (1+1)
20° ATV AT Q s vaimg, 15 = 2 Quapne a1 gD

Observe that with probability at least 1 — n? exp(—Q(m)), it holds for all I sufficiently large that

~ Eﬁ-&-l)ijﬂ ( (1 +1))

(1)
NI NI P Qs lvaing, 1 )]

A (141) & (141) (I+1 o)
< ‘( Al AT = i )Qﬂh,m Va0 (Pi )

(1+1) (l+ (I+1)
+ P4 (Qﬂhzm Va1 (Pig ) — anhmu Valing, 11 (Vi >)‘

[AUHD) R (1) _ (1+1)
(VA AT Ty

4L2’ AUFD A+ (1)
i 7

(1+1) 2L
i q2

) (1+1)
z] Vzg

+ 1|

(1)) (1) (1) @
D i 2] ’

where ([161]) follows from Lemma [9]
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(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)

(161)

(162)
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On the other hand, we have

[AFD AGD _ (+1)
‘ Au Ajj pLJ
‘/A(l+1>A<l+1> P
22 17
AU+D R (1) l+1) l+1) l+1) L4+ (1) (141)
’(V i Ay te A; )”z‘j ~Pij Vi

(14+1)

I+1 I+1
+ pU+D) (41

1] lJ

2‘ AE§+1)A;ZJ_+1) B pl(_;_+1) I ‘ Al(éﬂ)A(_ljJrl)ﬁi(jl_H) B ,OE;H) z(glﬂ) , (163)
where (163) follows from |Dl(jl)| <1.
On the other hand, since pz(.é.ﬂ) = p(”l)pglfl) we also have
A(-HUA(-H_D - (4l{+1)
o5 (l) O ~ () ) 0]
‘\/ -G, + 1 <mij + 1) — \/(Uﬁ,K“- +1) (02K +1)
( (2LV20,,)" > (164)
Moreover, note that
A (1) A (D) A(4+1) & (141)
A A T = Ay
= hT 1h§+1
1
= w G(l) + oxlx; (165)
and
(+1) (+1) _ 1) [ (41 (1+1)
Pij Vij Vij Pii - Pjj
A (KD 1) (02K 1)
2K + de (166)
Thus, it holds that
/A (+1) A (z+1) HUFD) _ D) (41| o L )
‘ Au A zg pij VZ] Oy EGU _Kij : (167)
Thus, with probability at least 1 — lexp ( — Q(me?) + O(llog1/¢)), it holds that
‘Gg“) - K| <8L%2 GS) K" +O<(2L\f )l“) (168)
m
On the other hand, by Lemma we have
l
G = (Mhys )T o(MBY, ). (169)

Hence, for a fixed vector pair hy; 1, hj_ , by Beinstein’s inequality, with probability at least 1 —exp(—Q(me?))
it holds that

1 ~
—ai -Gt <. (170)
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Then, by using e-net arguments as in Case 1, with probability at least 1 — [ exp ( — Q(me?) + O(l log1/ 5)),
we have

I+1 A(l41
G -Gt <., (171)

1
m
Consequently, we have

1
Lgty KZ(;+1) n
m

A(14+1) (14+1)
¥ Gij - Kij |

1 R
< ‘Ggﬂ) peIe)
m

1
< 20((2L\/§ow)l+1> +8L%2 |Gl K (172)
m

where ((172)) follows from (168 and (171) and the choice of € in (155)).

By applying the induction argument, one can show that for [ > 1, it holds with probability at least 1 —
Lexp (— Q(me?) + O(llog1/e)), we have

20((2L\/§aw)l+l>
= 1—-8L%2 (173)

) )

1
’G@_K@
m

By the choice of € in (L55)), it holds that with probability at least 1 — lexp { — Q(8'L*c2lm) + O(I?)}, we
have
1

) @
‘mGij - Kij

= 0<(2L\@ow)l>. (174)

Finally, from (139) and (175)) with probability at least 1 — n*lexp { — Q(8'L*¢2m) + O(I?)}, it holds that

w

Laow _go
m

= O(n(2L\/§Jw)l>. (175)

3
F Proof of Theorem [

Since Ux; is a Gaussian vector with zero-mean and variance depending on [|x;||>. On the other hand, by the
Assumption 2, ||x;]| = v/d. Hence, from v; = o(Wv; + Ux;), it is easy to see that E[G;;] = E[||v;]|?] does
not depend on i € [n|. This means that E[G;;] = E[G;] for all 4, j € [n] x [n]. On the other hand, we have

E[[[vill*] = Elllo(Wv; + Ux;)|[3]

= E[[|p(Wv; + Ux;) — ¢(0) + ¢(0)||2]

< 2E[[|p(Wv; + Ux;) — 9(0)]1%] + 2/|p(0)]|>

< 2L°E[|Wv; + Ux;|*] + 2mL?

< 4L2 (B[ Wvi[[2] + E[[Ux; |%]) + 2mL2. (176)
Now, by Assumption 1 and Assumption 2 we have

E[[[Wv;[|*] = E[E[|[Wv,]|*[t;]]
= 205, E[|[vil|°],
and
E[||Ux;|%] = 2E[||x]|*] = 2d.

Therefore, from (176]) we obtain

8L2%d + 2mL?
E[[|v4[*] <

—_— 1
Sy P (177)
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or
- 2 2

o< BlGu] _ 8%+ 2L

- m — 1-8L2%02

'll)

Vi € [m). (178)

It follows that Q;;(z) has the form Q. o () for some o € [2, 2(03}% + 1)].

Thanks to this fact, from Proposition [13| and the assumption on this theorem, for all (i,j) € [n] x [n], it
holds that

Kij = QQQQij(Vij)\/m
= 2q V PiiPjj Z Hor, ol zg’

r=0

where
S Qij (vi3) /v/Qii(1)Qy5(1)y/(pii — 1)(pj; — 1) + d_IXzTXj. (179)
’ VPiibji
Here,
1
pii = (180)

Now, by Lemma [11], we have |v;;| < 1 for all (i,7) € [n] x [n]. Let H= [hy,hy,--- ,h,] where hy, hy,--- ,h,
be unit vectors such that v;; = hi'h; for all (i,5) € [n] x [n]. It is easy to check that [(H"H)®"];; = (hf'h;)"
holds for all (¢,7) € [n] x [n]. Let K be a n x n matrix such that

Ki; = Kij/\/piipijs, Vi, j € [n] x [n]. (181)
Then, K can be written as
= 2¢° Z 12 () (HTH) 7. (182)
Now, for any unit vector u = [u, ug, - ,u,]T € R", it holds that

u” (HTH)“"u Zuluj h'h;)

o Zu +Zuluﬂ Vij

i#]
=1+ Z UU V. (183)
i#]

Next, we show that |v;;] < 1if ¢ # j. Indeed, assume that there exists ¢ # j such that |v;;| > 1. Then, from
(30) in Lemma we have

Qz] (Vz])/\/Qu Qj] )\/(pu - 1)(p]] - ) + d X Xj
< Vi = Doy = 1) + |47 1% x| (184)
\/ PiiPjj
<1, (186)
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where (184) follows from Lemma [9] and (185) follows by the fact that since x; § x;, from Cauchy—Schwarz
inequality and Assumption 2, we have x; x; < |x;||2||x;|| = d. This is a contradiction. Hence, we have
|8] < 1 where

B = fg?;( Vi (187)

Now, by taking r > —loli(;g), we have

§ T

i#]

<> Juallugl 8

i#£]
2
S(ZmOﬁk

<np"
1

<3 (188)

From ([183) and (|188]), we obtain
T 1
uT(HTH)(G u > 3 Yu,

SO (HTH)(QT) is positive definite. Following the assumption in Theorem it holds that
. 2 . . . ope .
mmae[2,2(aa iidfzﬂ +1)} tr (@) > 0 for infinitely many values of 7. Hence, K is positive definite for
E[Gii] . 8L2d+2L°
m — 1-8L2¢2 °

Now, let T' = {,/piip;; }i,; be an n x n matrix where the (7, j) element is ,/p;p;;. Then, we have

all initializations since 0 <

K=KoT. (189)
Now, for any vector u = [u1, ug, - ,u,]T, we have
u'Tu = Z UiUj\/PiiPjj
(2%] )
(5m)
i
>0. (190)

Hence, T is positive semi-definite. Now, by applying (Ling et al. 2022 Lemma 6), we have

)\min(K) 2 < m_in pzz) Amin(K)

2 )‘min(f{)
2 min )\min(K) = )\3 >0,
e o)

so K is positive definite with the smallest eigenvalue A, > A§ > 0, where Aj is some constant which does not
depend on m.

G Proof of Theorem 3

The following proof follows the same steps as (Ling et al., 2022 Proof of Theorem 1). There are some
changes caused by the new activation function. First, we recall the two important auxiliary lemmas:
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Lemma 21. (Horn & Johnson, 1985, Sect. 5.8) Let A = B—A where A and B are square complex matrices.
Then, it holds that

Afl
B < A (101)

A=Al

Lemma 22. (Weyl’s inequality)(Ling et al., |2029, Lemma 5) Let A, B € R™*™ with their singular values
satisfying o1(A) > 02(A) > -+ > 0,.(A) and 01(B) > 02(B) > -+ > 0,(B) and r = min(m, n). Then,

max |o;(A) — 0;(B)| < |A — BJ. (192)

i€[r]

The equilibrium point of Eq. (2) is the root of the function F(7) := T(7) — o(W(7)T(7) + U(7)X) = 0. Let
J(7) := Ovec(F(7))/0vec(T(7)) denote the Jacobian matrix. Then, it is easy to see that

J(7) =L — D(7) (I, ® W(7)),

where D(7) := diag[vec(¢' (W (7)T(7) + U(7)X))]. Using the Lipschitz property of activation function, it is
easy to check that J(7) is invertible if ||W(7)|| < 1/L. The gradient of each trainable parameter is given by
the following lemma.

Lemma 23. (Ling et al) 2022, Lemma 2) If J(T) is invertible, the gradient of the objective function ®(r)
w.r.t. each trainable parameters is given by

vee(Vw® (7)) = (T(7) @ L, )R(NT (3 () — y)
vec(Vy®(7)) = (X @ L,)R(7) (§(7) —y),
Va®(7) = T(7)(3(7) —y)

where R(T) = (a(7) ® L,)J(7)~1D(7).

Based on these three lemmas, we can prove the following result:

Lemma 24. For each s € [0, 7], suppose that ||[W(s)|l2 < pw, [U(s)||l2 < pu and ||a(s)||2 < pa. It holds that

IT(s)F < calX[lF +cm (193)
and
IVw®(s)||F < culcal Xl F +cm) 19(5) = ¥l (194)
IVo@(s)llr < cull X[ F[[5(s) = ¥ll2, (195)
IVa®(s)l|lF < (callXllF + cm) [5(s) = yllo- (196)

Furthermore, for each k,s € [0, 1], it holds that

(k) — s < T

T (cal Xl + ) [W (k) = Ws)]

L

—||U
15,

(k) = U(s)[l2[I Xl (197)
and

13(k) = 3(s)ll2

< | = (@l X + ) [W(E) = W)
7= U0 = U)X | + (el Xl e + ) (k) —a(s) 1 (195)
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Proof. Observe that T(s) = o(W(s)T(s) + U(s)X). Using the fact that |p(x) — ¢(0)] < L|x| (Lipschitz
condition of ¢), we have

IT(s) = 9(0)lr = [[(W(s)T(s) + U(s)X) = (0) | .
< LW (s)T(s) + U(s)X)[|

< L(||W($)||2||T(S)||F + ||U(5)||2|X||F>
< Lol T(s)llr + Lo X - (199)
From (199), we have

IT(s)lr < [leO)llr + Lpw I T(s)llF + Lpu |1 X] 7
= lp(O)[vmn + Lpw | T(s)l[r + Lpul X[ p- (200)

Since p,, < 1/L, from (200)), we obtain
IT()r < cal X7+ cm- (201)

Now, we prove (194)-(196). By using Lemma[21] with A =1,,,,,, B = J(s), A = —D(s)(IL, ® W(s)), we have

1
13(s)~H 2 <
1—[D(7)(In @ W(s))|2
1
< . (202)
1—[[D(s)[2[W(s)]l2
On the other hand since ||¢’|l0 < L, we have
D (s)]l2 < L (203)
Hence, from (202)), we have
1
J(s) |y € ———
136) 7 < 1=
and thus it holds that
IR(s)ll2 < [la(s)l|2[13 ()~ |2[D(s) 2
Lpa
< . 204

Then, we have

IVwe(s)llr = [[vec(Vw®(s))l|2
= [(T(s) ® Ln)R(s)" (§(s) = ¥)l2
< [IT()ll2lR ()2l (s) = yll2

Lp, .
(el X+ en)9(8) ¥l (205)

[vee(Vu®(s))|2
I(X @ Ln)R(s)" (3(5) = ¥)ll2

Lpa
X oll¥(s) — 206
5 XU 9) =y, (206)

[Va®(s)llr = IT(s)(¥(s) = y)ll
< (calX]lr + em) 15(5) = ¥ll2- (207)

N

<

IVu®(s)llr

IN
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Next, we prove (197). Observe that

[T (k) = T(s)l|
= [lp(W (k)T (k) + U(k)X) — o(W(s)T(s) + U(s)X)|| r
< LIW(E)T (k) + U(k)X = W(s)T(s) — U(s)X||r
< L(|W(k)T(k) = W(k)T(s)l|r + | W(E)T(s) — W(s)T(s)||
+UR)X =U(s)X] r)
< LIW(E) |2 T(k) — T(s)llr + LIW (k) = W(s)[|2|T(s)| 7
+ LI[O(k) = U(s)ll2[1X][ 7
< Lpw|T(k) = T(s)llr + Lcal X[ 7 + cm) [[W (k) = W(s)]|2
+ LI[O(k) = U(s)l|2 )X -

From (208)), we obtain

IT(k) = T(s)llr <

(calXllr + cm) [W (k) — W(s)]|2

L
+ m”U(’f) = U)X -

L
1 — Lpy

Finally, we prove ([198]). Observe that

13(k) =5 (s)llr

la(k)T (k) —a(s)Z(s)||F

la(k)T (k) —a(k)T(s)l|r + [la(k)T(s) —a(s)T(s)|
la(k)[l2lT(k) = T(s)[r + lla(k) — als)[l2[|T(s)]| »

|\ T L5 (cal X7 + em) [W (k) — W(s)]|2

L

+?||U( ) = UG) 21X r| + (cal Xlr + em) la(k) — als)]2-

Next, we prove the following result.

Lemma 25. Under the condition ||W (7 H2 < 1/L, the recursion in (1), given by

T = o(W(r) T~ + U(1)X)

(208)

(209)

(210)

converges. This implies that T — T for some T € R™*" meaning the equilibrium point always exists.

Proof. Define

= LIW(r)]], <
Observe that
D — 1O = |lp(W )Tl>+U()) e(W(r) TV + U(n)X)|
< LW (T =T,
< LIW(D)]2 HT“) T,
= e T~ TV,
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where (212)) follows from the assumption that ¢ is L-bounded.
It follows from (213)) that for all [ € Z,

T = TED], < (an)! T =T,
= (a7)' 7t T 1>||F
= (o) Mo (U(1)X)]|
< (ar) " (|le(U TX> Ol o + (0| 7)
< (ar)"H(LI[U(7 >X||F+||so< )F) (214)
< () HLIU@) |2l Xl + Ly/mn), (215)

From ( for all p,q € Z,p > ¢, we have

where follows from the L-boundedness of ¢
-i

p
e P

l=q+1

< 3 (@) Ul X + Ly/imn) (216)
l=q+1

< (LIU() alX ] + Ly (0r) =, (217)

which can be arbitrary small for ¢ sufficiently large. Hence, {T()}>° is a Cauchy sequence in R™*" (a
Banach space). Therefore, T® converges, and the equilibrium point always exists. O

Now, we return to prove Theorem [3] We prove by induction for every 7 > 0,

W)l < pw, [U(s)]| < pus [a(s)ll2 < pa, s € [0, 7], (218)
As > %,s € [o,7], (219)
d(s) < (1 - 77)\20> ®(0), s €[0,7]. (220)

For 7 = 0, it is clear that (218))-(220) hold. Assume that (218])-(220]) holds up to 7 iterations. Then, by
using triangle inequality, we have

IW(r +1) = W(O)l|r < D [IW(s+1) = W(s)|r
s=0

= n|Vwe(s)|r
s=0

<0y culcalXlle + en)19(5) = vl (221)
s=0
T Ao s/2
= nea(calXllr +em) 3 (1 - ?72> 19(0) = 1l2, (222)
s=0

where (221)) follows from Lemma Let u := y/1 —nAg/2. Then [|[W(r 4+ 1) — W(0)||r can be bounded
with

2 (1) X+ en)1500) — 3]
» U T CulCa FTCm)|y y
4 .
< 3 C (calXI[p + cn) 1900) = |
o5 (223)
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Then, we have
[W(r+1)[| < [[W(O0)[l2+6 = pw < 1/L.
Using the similar technique, one can show that

[U(r+1) = UO)r <Y [[U(s+1) = Us)]2
s=0

=Y nlVud(s)|lr
s=0

<3 neu X #llg(s) - ylle
s=0

- Mo\
<l Xle 3 (103 ) 190 - vl
s=0
4 .
< Sea X 13(0) ~ vl
0

<6

)

la(r +1) —a(0)llr <) llals +1) —a(s)|r
s=0

=Y 0llVa®(s)|r
s=0

T

<nlcalXlr+em) > lI5(s) = yll2

s=0

/\0 s/2
< ncalX|lr + ) (1n) 19(0) — ylla

!

2
s=0
4 N
< /\—O(CGIIXHF +em) [5(0) = yl2
<.
Finally, using (197)), we have
1T+ 1) = TO)] < 7= (cal Xl + ) [W(r + 1) = WOl
——||U 1) -U(0 X
+ = U+ 1) = U)X
4 .
< m(CaHXHF + Cm)YOCu(Ca||X||F +em) 19(0) =yl
L 4
— XS 0) - yl2IX
+ T el Xl 19(0) = vl Xl
4L 2 2
= T T X m X y -
T | el Xl ) + el X[ 190) v
2—42
< 2\f\/)\0

by @

(224)

(225)

(226)

(227)

By Wely’s inequality, it implies that the least singular value of T(7 + 1) satisfies opin(T(7 + 1)) > \/%.

Thus, it holds A, 41 > 22.
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Now, we define g := a(7 + 1)TT(7) and note that

I9(r+1) =33 + (F(r+1) — )" (F(r) —y) + (g = 3(7)) (F(7) —¥). (228)
We bound each term of the RHS of this equation individually. First, using (198)), we have

A

[¥(r+1) = 9(7)ll2

T L
< pa | = (cal X7 + cn) [W(T + 1) = W(7)] 2
L1 = Lpw
L
+ WHU(T +1) - U(T)||2||XF} + (callX[lF + em) llalm +1) —a(7)ll2
[ L N
= Pa ﬁ(ca”XHF + Cm)nCu(CaHX”F + Cm)”Y(T) - Y||2
e X e l3) — v X
1— Lﬁwncu FIY\T Yii2 F
+ (call X[ 7 + em)nlcal X[ p + cn) IF(7) = yll2
=nCi|y(7) = yll2: (229)

where C1 := ¢ (cal| X[ r + em)® + G IX[F + (cal X F + em)*.
On the other hand, we have
Fr+1)-g)" @) -y)
=a(r+1)"(T(r+1) = T(N))F(r) - y)
< la(r + D2 T(r + 1) = T(7)[2[9(7) — yll2

< la(r+ Dl | =5

T (cal Xl + em) [W (T + 1) = W(T)]2

+

UG+ 1) = U el Xl 150 - ¥

L .
< | = (Xl + ) e (e Xl + ) 19(7) = 31
L . N
+ e XIl9(7) = vl Xl 15 - vl
= 1C|l3(7) - vl (230)

where Cy 1= ¢2 (cq||X||p + Cm)2 + 2|1 X|%-

Furthermore, we also have

(g —3()"(¥(r) ~ )
= (a(r+1) —a(r)" T(7)(y(r) - y)
)

= ~(1Va2() () () - y)
= —(3(r) — ) T T () - )
< 2 l5(r) - y13 (231)

Ao

where we use induction A\, > 2.
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From (228)-(231)), we obtain

O(r+1)— (1)

1 . . o .
< S CEly(r) = yII3 + nCally(7) = 5 = n5 19(7)

1 A
29(7) [2772012 +nCs — 7720]

o(7) [7]2012 +2nCy — 77)\0] ,

which leads to

B(r 1) £ 8(r) |1 = % = 1C} — 203)]
< (1=n(Xo — 4C2)) (1)
<(1o03)ee
< <177A20> 2(0),
where follows from the induction assumption .

induction.

~vl3

(232)

(233)

This concludes our proof of (218)—(220) by

Finally, (8) is a direct application of (Ling et al. [2022] Eq. (5)), using the fact that A\, > Ag/2 as stated in

@19).

H Proof of Lemma 19

Observe that

[30) =yl < IO + llyll

On the other hand, let vy,vsy, -+, v, be n columns of T(0). Then, we have

)l = [la” (0)T*(0)]]

S (T (0)v,)2.
=1

)

13(0

Now, observe that

8L2%d + 2mL?
m(1l — 8L2%02)

n
>
=2

t (m(1—8L%*2) ~
< — E T i2
n<8L2d—|—2mL2) [Z(a (O)V)}
t (m(l—8L%2)\ <«
— _ w E
n(8L2d+2mL2);
_ t(m(-8L%%) iEMH
n 8L2al—|—2mL2 P
_t m(1 — 8L%02) z”:i 8L%2d + 2mL?
= n\ 8L2d+ 2mL2 m 1—8L2O'2

i=1
=1t,
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where (236)) follows from Assumption 1 that a is initialised with a random vector with i.i.d. entries A(0,1/m)
and the fact that a(0) is independent of v;, and (237)) follows from ((177].

From (238)), with probability at least 1 — ¢ it holds that

; n (8L*d+ 2mL?
> (@TOm) < 5 (B2l o,
which leads to
I37(0)]| = O(v/n) 239)

by .

In addition, we have

(240)
by Assumption 2.
From (234)), (239), and (240|) we obtain
13(0) =yl = O(Vn). (241)

I Proof of Theorem

By using Theoremm and Theorem [§] it holds that A, > A§ > 0 where Aj is a function of n only, which does
not depend on m. On the other hand, by Lemmas|18] it holds with probability 1 — exp(—£(m)) that

pw = O(1), pu = O(1), pa = 0(1),
which implies that
¢, = O(1), cw = 0(1), em = 0.

Now, by Theorem [7] and Theorem [§] it holds with probability 1 — ¢ that

2 2
0< A < =X < —tr(G)
m m

2 & (LVd+ vVmL\?
< iz (M> = 0(n), (242)
m =\ 1-2LV20,
where (242) follows from (7E)).
In addition, by Assumption 2 we have
X[ r = Vnd. (243)

Hence, by combining with Lemma ie., [|[9(0) —y| = O(v/n), the inequalities (37)-(B9) hold with proba-

bility at least 1 — ¢ if m = Q((;Lid)zz log 2).
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