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ABSTRACT

After web-scale pretraining, language models are often further trained to add
domain skills and behaviors, and later fine-tuned to ingest new data or meet specific
downstream requirements. A persistent challenge in such sequential pipelines is
catastrophic forgetting: later training can degrade previously learned capabilities.
Prior mitigation strategies largely focus on fine-tuning-time interventions and treat
the upstream training procedure as fixed. We show that upstream data placement
matters: mixing a small amount (a few % of the overall pretraining mixture) of
capability-relevant data into pretraining builds resistance to forgetting, yielding
substantially better learning–retention tradeoffs under subsequent training than
introducing the domain only after pretraining. We demonstrate this effect across
multiple settings, including specialized domain adaptation and instruction tuning.
We also study algorithmic choices during continual pretraining and find that dropout
and data replay provide additional gains that are consistently complementary to
pretraining-time mixing.

1 INTRODUCTION

Modern language models are products of long training lifecycles. After broad pretraining on web-
scale data, developers commonly run additional stages of continual pretraining to specialize models
for domains like coding (Rozière et al., 2024) and mathematics (Shao et al., 2024), as well as
behavioral tuning for instruction following and safety. After pretraining, these models are often
further adapted for end tasks—whether to incorporate new knowledge or tailor the model to a
particular application. In this setting, catastrophic forgetting (McCloskey & Cohen, 1989) is a central
obstacle: subsequent training can cause sharp and unpredictable degradation of previously learned
capabilities. For example, prior work finds that safety-aligned models can lose safety behaviors after
subsequent training on seemingly benign objectives (such as mathematics) (Qi et al., 2023; Alssum
et al., 2025; Ponkshe et al., 2025). This raises a basic question: which aspects of a model’s path to
specialization determine the robustness of its capabilities—whether they are retained or forgotten
under subsequent training?

We study a canonical three-stage lifecycle: a base model is first pretrained on general web data, then
specialized to a target domain via continual pre-training (CPT), and finally subjected to downstream
fine-tuning (FT) on a different task. Our focus is the learning–retention tradeoff: how much special-
ized capability is retained after later training, at a given level of performance on the downstream task.
While failures in retention are well-documented, most mitigation strategies aim to reduce interference
during fine-tuning—such as replay (Bethune et al., 2025), elastic weight consolidation (Jhajj & Lin,
2025), or parameter-efficient isolation (Lin et al., 2025)—often treating the upstream pretraining
and specialization procedure as fixed. In doing so, they primarily target fine-tuning dynamics rather
than the upstream training choices that determine how specialized knowledge is represented. In this
work, we turn the focus of our investigation to data mixing during pre-training, and provide empirical
evidence and theoretical support that long-term retention depends on both the base model and the
model’s path to specialization.

To understand what makes a specialized checkpoint more or less robust to later adaptation, we study
how the placement of capability-relevant data along the path to specialization affects forgetting.
Across MusicPile and FLAN specialization followed by downstream fine-tuning on ChemPile,
we find that introducing domain data during pretraining—rather than only after pretraining via
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Figure 1: Data mixing improves long-term retention across post-training pipelines. Each point is
a separate Stage-2 CPT run (different hyperparameters); solid lines trace the Pareto frontier for each
initialization. (a,b) Starting from either an unmixed base model (λ=0, pretrained on C4) or a mixed
base model (λ=1, pretrained on C4 with MusicPile mixed in), we perform CPT on MusicPile and
then apply Stage-3 fine-tuning on ChemPile (a) or FLAN (b), reusing the same CPT checkpoints
across panels. (c) A separate pipeline where the specialized domain is FLAN: we pretrain on C4
with/without FLAN mixing, CPT on FLAN, then fine-tune on ChemPile (task-induced forgetting).
Across all setups, mixed pretraining shifts the frontier down/left.

CPT—strongly improves long-term retention. Mixing a small fraction of domain data into pretraining
consistently improves the attainable learning–retention tradeoff relative to end-loaded specialization.
This challenges the intuition that models forget early training data (recency bias) and should therefore
encounter specialized knowledge only at the end (Wei et al., 2025). Moreover, the advantage of
mixing can be latent: it may not improve immediate post-CPT performance, yet it yields substantially
better retention after subsequent training. In Section 4.2, we examine how much of the specialized
domain to mix into pretraining and if mixing remains optimal under a fixed compute budget.

We then turn our attention to studying the impact of algorithmic choices during CPT on the learn-
ing–retention tradeoff. One natural hypothesis is that parameter-efficient methods like LoRA (Hu
et al., 2021), which restrict updates to a low-dimensional subspace, might reduce interference and
improve retention under subsequent fine-tuning (Biderman et al., 2024). However, we find that
LoRA during CPT not only learns less but also exhibits greater degradation during subsequent
fine-tuning (see Section 4.3.3). Instead, we find that simpler techniques—dropout and pretraining
data replay—offer a superior learning–retention tradeoff (see Sections 4.3.1 and 4.3.2). Finally, while
one might expect CPT-time regularization to substitute for pretraining mixing, we find the benefits
are complementary: combining these interventions with mixing consistently improves the attainable
tradeoff relative to using them without. Thus, CPT-time interventions can help, but they do not
eliminate the advantage conferred by mixing data during pretraining.

Finally, we theoretically investigate a simplified two-layer linear network to characterize the rep-
resentational properties that modulate forgetting under subsequent training. We show that when
domain knowledge is stored in features orthogonal to other tasks, it experiences fewer interfering
updates in later training stages. Moreover, we prove that mixing specialized data during pretraining
encourages such orthogonal features to be learned. In contrast, when specialized data is incorporated
only during CPT, domain knowledge is stored by distorting pre-existing features shared by other
tasks, and therefore experiences greater interference under later training.

Overall, our results show that training-time decisions can substantially influence the attainable
learning–retention tradeoff under subsequent training. In particular, mixing specialized data into
pretraining dramatically increases robustness to future forgetting. While regularization and replay
during continual pretraining can partially improve retention, they do not eliminate the fragility
of capabilities introduced only after pretraining. These findings offer concrete guidance for how
model developers can preemptively mitigate catastrophic forgetting—an axis that remains relatively
underexplored compared to fine-tuning-time interventions. Finally, our results raise the question of
whether novel training algorithms or regularization strategies can replicate the benefits of pretraining
data mixing without requiring modifications to pretraining.
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2 RELATED WORKS.

Catastrophic Forgetting A recurring challenge in sequential training is catastrophic forgetting: when
a model is optimized on new data, its performance can deteriorate on behaviors it previously exhibited
McCloskey & Cohen (1989). For language models, this phenomenon shows up in modern training
pipelines. For example, instruction tuning and RLHF can trade off against preexisting capabilities, an
effect often discussed as an “alignment tax” Ouyang et al. (2022). Relatedly, several works show that
behaviors introduced during safety finetuning can be quickly weakened or reversed by subsequent
training on different objectives or data Yang et al. (2023); Qi et al. (2023). Forgetting-like tradeoffs
also appear in adjacent settings such as knowledge editing Nishi et al. (2025) and unlearning Maini
et al. (2024a). Beyond documenting the effect, recent work has started to map how training choices
shape its severity: for instance, LoRA-style adaptation can alter forgetting dynamics Biderman et al.
(2024), and longer pretraining can change how brittle or persistent acquired capabilities are Springer
et al. (2025). In this paper, we focus on catastrophic forgetting in sequential domain adaptation, and
ask a finer-grained question: what properties of a domain-adapted checkpoint determine whether
domain knowledge persists under subsequent training?

Training Dynamics of LLMs A significant amount of prior works aim to characterize the learning
dynamics of pretraining. Leybzon & Kervadec (2024) find that pretraining-time memorization
undergoes cycles of learning and forgetting. Similarly, Wei et al. (2025) that memorized content
seen earlier in pretraining can be diluted throughout training, while content seen later in pretraining
remains more easily accessible. Other works have studied the dynamics of multiple stages of training.
Qi et al. (2025); Liu et al. (2025) study the role of mid-training in LLM pipelines, showing that it
helps bridge the distributional differences between pre and post-training. In this work, we study the
problem of retaining specialized domain knowledge and demonstrate that mixing data in pre-training
can have important benefits.

Pretraining Interventions Prior works examine pre-training time interventions for enforicng desired
downstream model properties. Maini et al. (2025); O’Brien et al. (2025) propose filtering and
augmenting data during pre-training to improve safety. Similarly, Sam et al. (2026) demonstrate that
the impact of such interventions improves as they are introduced earilier in pre-training. Beyond
safety, Maini et al. (2024b) shows that rephrasing web data can improve loss and zero-shot capabilities.
While these works incorporate downstream tasks during pre-training, they extensively modify the
pre-training corpus by incorporating data-augmentations and filtering of the dataset. We show that
merely mixing domain-specific data during the initial pre-training phase can mitigate catastrophic
forgetting.

3 PRELIMINARIES AND SETTING

Our focus is to train models that are resistant to forgetting under subsequent adaptation. Concretely, a
model developer may (1) pretrain a base model on a broad corpus, (2) adapt it to a specialized domain,
and then (3) ship the model to downstream users who further fine-tune it for their own purposes. We
model these stages with three datasets: Dgen (general pretraining), Dspec (specialized domain), and
Dft (downstream adaptation). The specialized corpus is assumed to be much smaller than the general
corpus, reflecting the practical regime where domain data is relatively scarce (e.g., |Dspec|/|Dgen| is
on the order of a few percent or less).

We compare three strategies for incorporating Dspec: pretraining-time mixing (including Dspec during
training on Dgen), post-hoc continual pretraining (CPT) on Dspec after pretraining, and hybrids that
do both. The central question is whether these choices change the tradeoff between downstream
performance on Dft and retention of specialized competence on Dspec.

We write L(θ;D) for the loss of parameters θ evaluated on dataset D. All losses are computed on
held-out splits of the corresponding datasets. Retention is measured by the specialized loss after
subsequent adaptation, and forgetting can be summarized by the increase in L(·;Dspec) induced by
training on Dft.

Stage 1: Mixed pretraining. In mixed pretraining, the model is trained on a mixture of a general
corpus Dgen and a fixed amount of specialized data from Dspec. Concretely, we pretrain on all tokens
in Dgen together with a λ-fraction of Dspec (measured in tokens), which we denote by λDspec. We
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refer to the resulting mixed pretraining corpus as

Dmix(λ) = Dgen + (λDspec),

where λ ∈ [0, 1] controls how much specialized data is included. In practice, training batches are
formed by interleaving examples from Dgen and Dspec so that, over the full run, the total number of
specialized tokens equals a λ fraction of the available specialized corpus. We denote the parameters
after mixed pretraining by θpt.

Stage 2: Continual Pretraining (CPT). Starting from the pretrained parameters θpt, we continue
training exclusively on the specialized corpus Dspec; this adaptation can induce regression on previ-
ously learned general capabilities. In the default setting, we apply early stopping and train on Dspec
until the validation loss stops improving (with a maximum budget of 2B tokens), yielding

θpt
CPT on Dspec−−−−−−−→ θcpt.

We measure specialized performance immediately afterward by the immediate loss Lim :=
L(θcpt;Dspec).

Stage 3: Downstream Fine-tuning. In practice, models are rarely “done” after CPT: downstream
users often further adapt them to new objectives, such as instruction tuning or continued domain
adaptation on a user-specific corpus. We model this as downstream fine-tuning on a dataset Dft,

θcpt
FT on Dft−−−−−→ θft,

and define the downstream loss Lft := L(θft;Dft).

Further training can degrade previously acquired capabilities, so the specialized loss on Dspec may
increase relative to Lim. We therefore measure specialized retention after downstream adaptation by
the retained loss Lret := L(θft;Dspec). Our main goal is to understand how choices in how Dspec is
incorporated in Stages 1–2 affect Lret under subsequent downstream fine-tuning; we say a model is
more resistant to forgetting if it achieves lower Lret at comparable downstream performance.

3.1 CONCRETE EXPERIMENTAL DETAILS

Model and token budgets. Across all experiments, we use SmolLM2-135M and perform Stage 1
pretraining on a fixed 10B-token stream from Dgen, together with an additional λ-fraction of the
available specialized corpus Dspec. In Stage 2, we apply early stopping on Dspec with a maximum
budget of 2B tokens, except in compute-matched ablations where the Dspec budget is fixed by
construction. In Stage 3, we fine-tune on Dft for a fixed token budget specific to each setting (200M
tokens in our main ChemPile fine-tuning runs). See Appendix A.4 for more details.

Dataset instantiations. We study two instantiations of the three-stage pipeline. In all cases, the
general pretraining corpus is Dgen (10B tokens subsampled from C4), and we vary how (Dspec,Dft)
are instantiated.

Specialized-domain setting. We set Dspec to MusicPile and evaluate retention under two downstream
adaptation regimes by setting Dft to either more C4, FLAN (instruction tuning), or ChemPile
(continued domain training). For MusicPile, we consider varying-sized subsets to study data scarcity
(30M–300M tokens).

Instruction-tuning setting. We set Dspec to FLAN (Stage 2 instruction tuning) and set Dft to
ChemPile (Stage 3 domain fine-tuning). This setting models benign downstream fine-tuning for
domain capability that can nevertheless erode instruction-following or behavioral tuning acquired
during the prior stage.

3.2 EVALUATION METHODOLOGY

Loss frontiers. Sweeping CPT methods and hyperparameters yields a set of runs with different trade-
offs between downstream performance and specialized retention, summarized by points (Lft,Lret).
We summarize the best attainable tradeoffs using the loss frontier: the subset of non-dominated
runs for which no other run achieves lower loss on both axes. We say one method (or base model)
dominates another if its frontier achieves equal or lower Lret at matched Lft over the range covered
by our sweeps.
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Figure 2: Impact of the Mixture Fraction λ. We plot the immediate (dashed) and retained (solid)
MusicPile losses as a function of the mixing fraction λ. We find data mixing induces minimal
differences immediately after continual pre-training, as evidenced by the flat dashed lines. On the
other hand, we find that λ significantly affects the retention of MusicPile performance post-finetuning.
Notably, even a small proportion of the available MusicPile data significantly improves retention.

Optimization and hyperparameters. Unless otherwise stated, we train with AdamW using linear
warmup followed by cosine decay and fix weight decay to the LitGPT default AI (2023) of 0.1. Our
base CPT sweep varies learning rate, batch size, and dropout. See Appendix A for details.

4 EXPERIMENTS AND RESULTS

4.1 MIXED PRETRAINING MITIGATES FORGETTING

Setup. We compare mixed and unmixed pretraining for the same specialized corpus Dspec =
MusicPile, and evaluate retention under two downstream adaptation regimes: Dft = ChemPile and
Dft = FLAN, as well as a setting where Dspec = FLAN and Dft = ChemPile. For each base model,
we sweep CPT hyperparameters as described in Section 3.2, and evaluate the tradeoff between
downstream loss Lft and retained specialized loss Lret.

Main result. Figure 1 shows the resulting loss frontiers. In both downstream regimes, mixed
pretraining improves the attainable tradeoff: at matched downstream loss, models derived from the
mixed base achieve lower retained loss on MusicPile than those derived from the unmixed base.
Mixing does not eliminate the learning–retention tradeoff, but shifts the frontier outward, enlarging
the set of achievable operating points. Notably, the gap between mixed and unmixed frontiers is
larger when Dft = ChemPile than when Dft = FLAN, consistent with ChemPile inducing a stronger
distribution shift during Stage 3. We additionally find that the benefits of mixing hold for preserving
instruction tuning (Figure 1 (c)) when considering Dspec = FLAN: mixing FLAN data during
pretraining results in a better learning-retention tradeoff after downstream training on specialized
knowledge (ChemPile).

4.2 FINE-GRAINED INVESTIGATION OF MIXING IN PRETRAINING

Having established that mixed pretraining shifts the downstream–retention frontier, we next ask: (i)
how much early exposure to Dspec is needed, and (ii) does early mixing help when the total Dspec
compute budget is held fixed?

4.2.1 HOW MUCH DSPEC SHOULD WE MIX?

Experimental setup. We fix the Stage 2 CPT procedure and vary only the Stage 1 allocation of
MusicPile into pretraining. Concretely, we pretrain on Dmix(λ) = Dgen + λDspec with Dspec =
MusicPile and λ ∈ {0.0, 0.25, 0.5, 0.75, 1.0}, then run CPT on MusicPile till saturation to obtain
θcpt. To measure retention under subsequent adaptation, we set Dft = Dgen (continued pretraining on
C4) and report both Lim and Lret on MusicPile.
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Figure 3: Mixing remains optimal for retention under a fixed MusicPile compute budget. We
pretrain models with a λ fraction of MusicPile mixed into C4, while holding total MusicPile exposure
fixed: across pretraining+CPT, each model sees the same number of MusicPile tokens (one pass).
Dashed curves show immediate MusicPile loss after CPT; solid curves show retained MusicPile loss
after subsequent fine-tuning. Across budgets (|P| ∈ {30M, 150M, 300M}), increasing λ worsens
immediate post-CPT loss (best at λ=0), but improves retained loss (best at λ>0), indicating that
gains from end-loaded CPT are brittle to later training.

Impact of Mixture Fraction In Figure 2, we show the retained and immediate MusicPile losses as a
function of the pretraining mixture fraction λ. We observe retained MusicPile loss λ decreases as
λ increases, suggesting that increasing the ratio of specialized data during pretraining is generally
helpful. Furthermore, we see that the retained loss decreases very sharply from λ = 0 to the lowest
non-zero λ value (0.25) and decreases relatively slowly as λ is further increased. This suggests
that even a relatively small (0.75% of Dgen) early exposure to the specialized domain can have a
significant impact on its retention.

Benefits of Mixing Can Be Latent. In Figure 2, we additionally plot the immediate MusicPile loss
Lim. Strikingly, the choice of mixture fraction λ has little effect on Lim. Thus, CPT can drive models
to comparable specialized performance immediately after CPT even when they differ in how much
Dspec was seen during initial pretraining. However, these checkpoints behave very differently under
subsequent adaptation, as reflected by the spread in retained loss Lret. More broadly, resistance to
forgetting may not be apparent from the immediate specialized loss alone.

Takeaway: Mixing specialized domains into pretraining can have a latent benefit of improving
the retention of those specialized domains under further training.

4.2.2 IS EARLY MIXING STILL BENEFICIAL UNDER A FIXED DSPEC COMPUTE BUDGET?

Mixing Dspec into pretraining and reserving Dspec for a dedicated CPT stage represent two qualitatively
different ways of incorporating scarce domain data: early exposure interleaves Dspec with broad
pretraining, while CPT concentrates optimization on Dspec after general capabilities have been learned.
In the saturation setting, these strategies also differ in how many optimization steps they allocate to
Dspec, making it difficult to disentangle where Dspec is placed in the training pipeline from how much
training on Dspec occurs. To study the relationship between pretraining-time mixing and dedicated
CPT independent of total Dspec compute, we adopt a compute-matched variant that fixes the total
number of Dspec tokens seen across pretraining (Stage 1) and CPT (Stage 2) and varies only their
allocation between the stages.

Experimental setup. We pretrain on Dmix(λ) = Dgen + λDspec and then run CPT on the remaining
(1−λ)Dspec, so that every model sees exactly one pass over Dspec across Stages 1–2. Thus, λ controls
how a fixed Dspec budget is allocated between early mixing (Stage 1) and dedicated CPT (Stage 2),
with λ = 1 corresponding to mixing-only (no CPT). We repeat this ablation across three Dspec sizes.

Mixing worsens immediate performance in the compute-matched setting. Figure 3 shows that
the immediate specialized loss Lim increases with λ in the compute-matched setting. When the total
Dspec budget is fixed, allocating more of Dspec to Stage 1 mixing yields worse post-CPT MusicPile
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Figure 4: CPT-time interventions (MusicPile → ChemPile). We compare loss frontiers between
downstream ChemPile loss Lft (x-axis) and retained MusicPile loss Lret (y-axis) for mixed vs.
unmixed Stage 1 checkpoints under different Stage 2 CPT procedures. (Left) Dropout during CPT
(p ∈ {0, 0.02, 0.05}) improves the frontier for both base models. (Middle) Replay during CPT (0 vs.
1% Dgen tokens interleaved) improves retention at matched downstream loss. (Right) LoRA-based
CPT shows a markedly larger mixed–unmixed gap than full-parameter CPT, though the resulting
LoRA frontiers are overall dominated by full-parameter CPT.

performance; concentrating the same Dspec tokens into a dedicated Stage 2 CPT phase achieves the
lowest Lim. In other words, under a fixed Dspec token budget, CPT is a more direct way to drive down
immediate specialized loss—though it may do so by moving along a broader tradeoff surface (e.g.,
with general capabilities).

Mixing improves retention under subsequent adaptation. Despite harming Lim, early mixing
improves retention after downstream training. As λ increases, the retained loss Lret decreases and the
degradation gap Lret−Lim shrinks, indicating that specialized gains from CPT are more brittle under
further training than gains supported by early exposure. Consequently, the best retained specialized
performance is achieved at a non-zero mixture fraction, revealing a tradeoff between optimizing
immediate performance and improving robustness to forgetting.

Takeaway: While CPT can quickly improve performance on rare domains, these improvements
can degrade quickly under further training.

Our results in this section highlight an important consideration for incorporating specialized domains
into LLMs. Across both saturation and compute-matched settings, we find that selecting methods
based solely on immediate specialized performance (low Lim) can mask substantial differences in how
well that competence is preserved under subsequent adaptation. In particular, approaches that achieve
similar or even better short-term improvements may be more brittle, exhibiting larger degradation
from Lim to Lret as training continues. These findings suggest that evaluating adaptation methods
only at convergence on Dspec can be misleading when the model undergoes additional training.

In the next section, we study if algorithmic choices during continual pretraining could achieve the
same gains from data mixing during pretraining.

4.3 STUDYING THE IMPACT OF CONTINUAL PRETRAINING METHODOLOGY

Previously, we showed that incorporating Dspec during Stage 1 pretraining improves its retention
under subsequent adaptation, compared to relying on a dedicated Stage 2 CPT phase alone. In
practice, however, pretraining-time mixing is not always feasible: specialized data may arrive after
pretraining has finished, be subject to licensing or privacy constraints, or be too costly to retroactively
integrate into the pretraining pipeline. This motivates a practical question: can we recover some
of the retention benefits of early mixing using only interventions at CPT time? In this section, we
systematically study how common CPT-time choices affect the downstream–retention tradeoff.

7



378
379
380
381
382
383
384
385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431

Under review as a paper at DATA-FM workshop @ ICLR 2026

4.3.1 DROPOUT AND PRETRAINING MIXING ARE COMPLEMENTARY

Dropout is a standard regularizer, but it is often disabled in modern decoder-only LM training, making
it a relatively underexplored knob for continual pretraining. We hypothesize that introducing small
amounts of dropout during CPT encourages more robust representations of Dspec, improving retention
under subsequent adaptation.

Setup. We study dropout as a CPT-time intervention by enabling dropout during Stage 2 and varying
the dropout rate p ∈ {0.0, 0.02, 0.05}. Initial experiments indicated any larger p led to worse post-
CPT loss. For each p, we sweep the base CPT optimization grid described in Section 3.2 (learning
rate and batch size, with weight decay and warmup fixed), starting from both mixed and unmixed
Stage 1 checkpoints, and compare the resulting loss frontiers (Figure 4 and 9, left).

Results. Dropout improves the downstream–retention tradeoff for both mixed and unmixed base
models, shifting their frontiers outward; however, it does not fully close the gap between them. This
suggests that CPT-time regularization and pretraining-time mixing provide complementary benefits:
dropout improves robustness of Dspec acquisition within Stage 2, while mixing changes the base
model in a way that remains advantageous even with the same CPT intervention.

4.3.2 REPLAY DATA AND PRETRAINING MIXING ARE COMPLEMENTARY

Setup. We study rehearsal during CPT by injecting a small amount of pretraining data into Stage 2,
following Bethune et al. (2025). In this ablation (run for the 300M-token MusicPile setting), during
CPT on Dspec we either use no replay or interleave an additional 1% of Dgen tokens relative to the
Dspec CPT budget. We sweep the same base CPT optimization grid (Section 3.2) from both mixed
and unmixed Stage 1 checkpoints and compare loss frontiers (Figure 4, middle).

Results. Replay improves the downstream–retention tradeoff for both mixed and unmixed base
models (Figure 4, middle). At matched downstream loss Lft, replay yields lower retained loss Lret,
indicating improved resistance to forgetting under subsequent adaptation. However, replay does not
substitute for pretraining-time mixing: over most of the frontier, unmixed models with replay are still
dominated by mixed models without replay. Combining mixing and replay yields the best tradeoffs,
suggesting these interventions are complementary.

4.3.3 LORA PRODUCES A WORSE FRONTIER, WHILE AMPLIFYING MIXING EFFECTS

Setup. We study parameter-efficient CPT by replacing full-parameter updates in Stage 2 with
LoRA updates. We fix the LoRA configuration (rank r=64, scaling α=128) and sweep the base
CPT optimization grid (Section 3.2) starting from both mixed and unmixed Stage 1 checkpoints,
comparing the resulting loss frontiers to full-parameter CPT (Figure 4, right).

Result. LoRA traces a qualitatively different downstream–retention tradeoff from full-parameter
CPT. Relative to full-parameter CPT, LoRA tends to achieve lower downstream ChemPile loss Lft

but worse retained MusicPile loss Lret. Consequently, the LoRA frontiers are overall dominated
by the full-parameter (FFT) frontiers for both mixed and unmixed base models. At the same time,
the effect of pretraining-time mixing is amplified under LoRA: the separation between mixed and
unmixed LoRA frontiers is substantially larger than in the full-parameter setting, suggesting that
early exposure to Dspec becomes more important when Stage 2 adaptation is constrained to a low-rank
subspace. Interestingly, we also find that the change in loss on Dspec before and after finetuning is
much greater for LoRA compared to FFT (see Figure 6).

Takeaway: CPT methods that improve training without mixing during pretraining are comple-
mentary with mixed pretraining.

5 ANALYSIS OF DATA MIXING

In the previous section, we showed how mixing domain-specific data during pretraining can improve
its retention during further training stages. In this section, we study this phenomena in a simplified
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two-layer linear network. We consider a stylized version of the three-stage training setup that we
study empirically in Section 4.

Setup We study a series of regression problems to simulate general pre-training (Dgen), the specialized
domain (Dspec), and downstream finetuning (Dft), as we describe below. We train a two layer
linear network θ = W1W2 on these tasks sequentially using gradient descent on the squared loss:
L(θ;D) = E[||θx− y||2].
Each task that we consider is defined by an input distribution Dx and outputs are generated as
y = Atx. Following the setup in Springer et al. (2025), we consider that all tasks in the sequence
can be simultaneously diagonalized by matrices U,V, such that the singular value decomposition of
At = UΣ(t)V⊤. We consider the singular values of A(t) as features for the task task t. We discuss
the structure and relationship between the stages in the following.

Shared v.s. Specialized Dimensions We consider that the input space can be partitioned into a
set of shared n − k shared and k specialized dimensions. Concretely, the first n − k coordinates
correspond to shared dimensions (which are active across Dgen, Dspec,and Dft. On the other hand, the
last k dimensions take non-zero values only on the specialized domain Dspec. Similarly, we consider
that the singular vectors can be partitioned into V = [Vgen|Vspec] where Vgen spans the first n− k
dimensions.

Pretraining Task We consider that Dgen has inputs x ∼ N (0, In−k)– only taking non-zero values
on the shared features– and that targets as y = Agenx. We define the pre-training features (singular
values) as σgen

1 , ...., σgen
n−k (i.e. such that Σgen = diag(σgen

1 , ...., σgen
n−k,0k) and Agen = UΣgenV⊤.

Specialized Task The specialized task Dspec has inputs sampled x ∼ N (0, In) and has outputs
generated y = Aspecx. We define the specialized features as σspec

1 , ..., σspec
n . We can characterize the

relationship between the general and specialized domain by categorizing the first n− 2k features as
invariant (taking the same value between Agenand Aspec). We characterize the remaining k shared
features as shared-misaligned features Agen and Aspec. In particular, we have ∀i ∈ [n− 2k, n− k],
σspec
i = Cspecσ

gen
i .

Downstream Tuning Task We consider that the downstream tuning task is relatively more similar
to the pretraining task than the specialized task. As such, we consider that the inputs are sampled
according to x ∼ N (0, In−k) (i.e. it doesn’t not activate the specialized features). As previously, we
have that the singular values corresponding to the invariant features remain constant. However, the
we have that the shared-misaligned features are misaligned between Aspec and Aft, in particular that
σft
i = Cftσ

spec
i .

5.1 MIXED AND UNMIXED PRETRAINING LEARN DIFFERENT FEATURES

We first characterize the difference between mixed and unmixed pretraining in terms of the features
learned. We prove that given a sufficient mixing ratio α, θmixed learns the specialized feature, whereas
θunmixed does not.

Theorem 1 (Informal: Only Mixing Learns Specialized Features). Let θmixed = W(mixed)
1 W(mixed)

2 be
the the parameters learned by pretraining only on Dmixed and θunmixed = W(unmixed)

1 W
(unmixed)
2 until a

timestep tn−k. Then θmixed learns the specialized features, while θunmixed does not.

We provide a formal statement in Appendix C. Our result leverages the fact that linear networks
learn features in descending order of their singular value Gidel et al. (2019); Springer et al. (2025),
while the remaining features stay close to 0. Intuitively, without mixing Dspec, the n− k specialized
features have the lowest singular values and hence are not learned. On the other hand, a sufficient
amount of mixing increases the importance of specialized features such that they are learned.

5.2 CONTINUAL PRETRAINING PRIMARILY REUSES EXISTING FEATURES

In the previous section, we identified that mixed-pretraining learns domain-unique, specialized
features while unmixed pre-training does not. In this section, we study the impact of this initialization
on the updates during the continual pre-training stage. In particular, we show a crucial difference
between how continual pretraining reduces L(.;Dspec) in the unmixed and unmixed settings. Starting
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from θmixed, CPT minimizes the loss by leveraging the specialized features, whereas in the setting of
θunmixed, CPT primarily modifies the misaligned shared features.
Theorem 2 (Informal: CPT on θmixed versus θumixed). Consider performing CPT on Dspec starting from
the θmixed and θunmixed for K steps. The learned parameters after CPT θunmixed

cpt (K) ≈ UΣshared
CPT V⊤

while θmixed
cpt (K) ≈ UΣspec

cpt V
⊤.

Here, UΣshared
cpt V⊤ represent the optimal parameters under the constraint that only the invariant

and shared-misaligned features can be used, while UΣspec
cpt V

⊤represents the optimal parameters
when specialized features can be used. The crux of the argument relies on the fact that continual
pre-training primarily leverages features that are learned in the pre-trained initialization, rather than
learning new features. Intuitively, if a learned feature Σii = 0 during the beginning of CPT, then we
show that it remains 0 throughout the CPT process. Thus, while CPT on θmixed is able to update the
singular values of the specialized features (having learned them in pretraining), CPT on θunmixed only
has access to the shared mis-aligned features and thus only updates those. In the next subsection, we
examine the implication of this difference for the downstream forgetting behaviors.

5.3 CHARACTERIZING DOWNSTREAM FORGETTING BEHAVIOR

Previously, we showed that θmixed
cpt and θunmixed

cpt leverage different features to lower the loss on Dspec.
In this section, we demonstrate this difference has crucial implications relative to the amount of
catastrophic forgetting experienced by the models when undergoing further fine-tuning.
Theorem 3 (Informal: θunmixed

cpt experiences more forgetting than θmixed
cpt ). Let ∆mixed,∆ummixed denote

the difference in loss on Dspec before and after training on Dft, for the mixed and unmixed checkpoints,
respectively. Then we have that ∆unmixed ≥ ∆mixed.

We defer the proof of this theorem to Appendix C, but describe the intuition here. We show that
the downstream fine-tuning does not perturb the specialized features due to their orthogonality
with the downstream fine-tuning task. On the other hand, the shared-misaligned features are not
orthogonal and therefore get perturbed during the finetuning process on Dft. In the unmixed setting,
the loss reduction on Dspec achieved during CPT is concentrated in the shared-misaligned features,
making them susceptible to downstream erasure. On the other hand, in θmixed, the preservation of the
specialized features mitigates forgetting.

6 DISCUSSION

In this work, we study how upstream training choices impact the retention of specialized domain
knowledge during downstream training. We demonstrate that mixing specialized data into the initial
pre-training stage substantially improves its retention versus incorporating it in a subsequent training
stage. Future works can identify additional levers by which model-designers can pre-emptively
mitigate forgetting, as well as identifying new regularization techniques that enhance retention
without requiring data-mixing.

7 IMPACT STATEMENT

This paper presents work whose goal is to advance the field of machine learning. We hope that
this enables models to be finetuned more reliably without losing previously acquired capabilities.
Our findings on retention dynamics may also inform efforts to make safety training more robust to
subsequent finetuning.

10
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A TRAINING DETAILS

A.1 DATASET STATISTICS

Table 1: Dataset statistics. All token counts measured with SmolLM2 tokenizer. Subsampled from
HuggingFace.

Dataset Split Tokens Description
C4 Train 8.7B General web text pretraining corpus
MusicPile Train 300M Music-domain text corpus
ChemPile Train 300M Chemistry-domain text corpus
FLAN Train 300M Instruction-tuning dataset

A.2 OPTIMIZER CONFIGURATION

Table 2: Optimizer configuration used across all experiments.
Parameter Value
Optimizer AdamW
β1 0.9
β2 0.95
Gradient clipping 1.0 (max norm)
Precision bf16-mixed

A.3 FFT (FULL FINE-TUNING) CONFIGURATION

Table 3: FFT hyperparameter search space for Stage 2 continual pretraining.
Parameter Values Notes
Learning rate {1e-4, 2e-4, 5e-4, 1e-3, 5e-3} Peak LR
Minimum LR 5e-5 Cosine decay target
Dropout {0.0, 0.02, 0.05} embed/attn/resid/mlp
Weight decay 0.1 Fixed
Warmup steps 500 Fixed
Batch size {192, 480, 896} Global batch size
Max tokens 2B With early stopping

A.4 LORA CONFIGURATION

Table 4: LoRA hyperparameter configuration for Stage 2 continual pretraining.
Parameter Values Notes
LoRA rank (r) 64 Fixed
LoRA alpha (α) 128 Fixed, α/r = 2
LoRA dropout {0.0, 0.02, 0.05} Same as FFT dropout
LoRA targets projection, mlp, head Q/K/V excluded
Learning rate {1e-4, 2e-4, 5e-4, 1e-3, 5e-3} Same as FFT
Weight decay 0.1 Same as FFT
Other parameters Same as FFT (Table 3)
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B ADDITIONAL PLOTS

B.1 MIXING

Figure 5: Pairs of runs identical hyperparameter except for whether or not they started from a mixed
λ = 1.0 checkpoint.

B.2 LORA VS FFT DURING CPT

Figure 6: Stage 3 MusicPile loss vs Stage 2 Musicpile loss. We see a greater downward shift between
blue and orange points in the LoRA plotting, suggesting a greater resistance to forgetting from mixing.
Notably, the point clouds are mostly vertically stacked, indicating similar stage 2 perforamance across
hyperparameters.

14



756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809

Under review as a paper at DATA-FM workshop @ ICLR 2026

Figure 7: Similar to the figure above, but with delta loss on the y-axis

B.3 REPLAY AND DROPOUT

Figure 8: Comparison in frontier shift from baseline when using dropout vs replay.

Figure 9: Same as figure 4, but dropout % is displayed using opacity in (a).
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Figure 10: Pairs of hyperparameters, differing only by if they used replay.

C THEORETICAL ANALYSIS

C.1 PRELIMINARIES AND SETUP

Model We consider a two-layer linear network θ = W1W2x on a series of regression problems
using the squared loss. In particular, the problems take the form of Lt(θ) = Ex∼Dt [||θx−Atx||22].
We precisely define the problems encountered in the different stages below. Here, Dt denotes the
input distribution for the task t and the ground-truth outputs are generated as AtX.

General Pretraining Domain We define the input distribution as x ∼ N (0, Id−k). Intuitively, the
inputs for the general pre-training domain are supported on all but k of the features. Those remaining
features are “specialized features” and used only by the specialized domain task (as defined below).
We define the general task as Y = Agenx.

Specialized Domain We consider the specialized data as given by y = Aspx. Here the input
distribution Dspec is defined to be x ∼ N (0, Id). Intuitively, the isotropic nature of the specialized
domain means that the specialized task leverages both the general capabilities of the model, as well
as some ”domain-specific” features contained specialized to the domain.

Partially Shared Structure We consider the setting in which Apre and Asp can be simultaneously
diagonalized by matrices. In particular, Apre = UΣpreVT and Asp = UΣspVT . We will additionally
consider that V⊤ = [Vgen|Vsp], where the Vsp intuitively forms a basis for the final d− k features.
That is, . Intuitively, we can partition the features into the following structure. For some dinvariant
we have that for 1 ≤ i ≤ dinvariant, Σ

pre
ii = Σsp

ii . The remaining d − 1 − dinvariant are overlapping
features and we have that CspecΣ

pre
ii = Σspec

ii , where Cspec is a constant that determines the degree of
misalignment on these features between the general and specialized tasks. Finally, the final feature is
d, we have that Σpre

dd = 0 while Σsp
dd = β.

Downstream Tuning Task We consider that the downstream tuning task is relatively more similar
to the pretraining task than the specialized task. As such, we consider that the inputs are sampled
according to x ∼ N (0, In−k) (i.e. it doesn’t not activate the specialized features). As previously, we
have that the singular values corresponding to the invariant features remain constant. However, the
we have that the shared-misaligned features are misaligned between Aspec and Aft, in particular that
σft
i = Cftσ

spec
i .

Mixed Training We parameterize the mixed distribution by a parameter α and train on the distribu-
tion Dα,mixed = (1− α)Dpre + αDsp. As all distributions in our setting have mean zero, we have that
the covariance matrix of this Gaussian mixture model is (1− α)Σpre + αΣsp.
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[Invariant Features are High Magnitude]. We consider that the invariant features are higher magnitude
than the specialized features and the shared-misaligned features, concretely:

σpre
i > σpre

j

∀i ∈ [0, dinvariant] and ∀j ∈ (dinvariant, n). We make a similar assumption on the relationship between
the invariant features and the specialized features, concretely:

σpre
i > σspec

j

∀i ∈ [0, dinvariant] and ∀j ∈ (dinvariant, n). This intuitively encodes that the invariant features have the
highest salience in the data.

[Sufficient Specialized Mixing] We assume that there exists α > 0

αβ > (1− α)σpre
i + ασspec

i ∀i ∈ [dinvariant, dinvariant+k]

Intuitively, Assumption C.1 suggests that there exists a mixing ratio such that the mixing specialized
features become more salient than the shared-misaligned features.

C.2 ANALYSIS OF INITIAL PRETRAINING

Here, we will study the dynamics of the pretraining stage. We first introduce an important result on
the sequential learning dynamics of features in two layer linear networks Gidel et al. (2019). For a
given pretraining task where X,Y represent the inputs and outputs, respectively. For a given task,
we define that Σxy = 1

nX
⊤Y and Σx = 1

nX
⊤X. We will write that Σxy =

∑Rxy

i=1 σiuivi
T , where

Rxy is the rank of Σxy. We will also assume that

[Joint Decomposition] We assume that there exist orthogonal matrices U,V such that

Σxy = UDxyV
⊤,Σxx = UDxxU

⊤ (1)

and we will denote the singular values of Σxy as σ1, ..., σrxy
and that the diagonal entries of Dxx as

λ1, ..., λrx = 1. We will further assume

Initialization We define that W2(0) = W1(0) = exp(−T )Id.
Theorem 4 (Sequential Learning of Features Gidel et al. (2019); Springer et al. (2025)). Consider
W1,W2 be intialized as above. Then there exist times t1, ..., tr such that

||W1(ti)−U(Σ:i)
1
2 ||F ≤ exp(−Cτ)

||W2(ti)− (Σ:i)
1
2V⊤||F ≤ exp(−Cτ)

Where we define Σ:i to be diag(σ1, ...σi, 0, ...0).

The main intuition of Theorem 4 is that, during the pre-training process, W1W2 learn features in the
order of the singular value of Σxy. Next, we will apply this result in order to compare the features
learned during mixed and non-mixed pretraining.
Theorem 5 (Only Mixing Learns Specialized Features). Let θpre(t) = Wpre

1 (t)Wpre
2 (t) be the

parameters learned when pre-training only on Dgen and θmixed(t) = Wmixed
1 (t)Wmixed

2 (t). Denote
uspec,vspec to be the right and left singular values corresponding to the specialized feature. Then,
there exists a time t such that

||W(unmixed)
1 −U(Σ

(unmixed)
:n−k )

1
2 ||F ≤ exp(−Cτ)

||W(unmixed)
2 − (Σ

(unmixed)
:n−k )

1
2V⊤||F ≤ exp(−Cτ)

||W(unmixed)
1 −U(Σ

(unmixed)
:n−k )

1
2 ||F ≤ exp(−Cτ)

||W(unmixed)
2 − (Σ

(unmixed)
:n−k )

1
2V⊤||F ≤ exp(−Cτ)
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Proof. This is a relatively straightforward application of 4. Denote (X(mixed),Y(mixed)) as the data used
for mixed pretraining and Σ(mixed)

xy = 1
n (X

(mixed))⊤Y(mixed). We have that Σ(mixed)
xy = (1− α)Σpre

xy +

αΣspec
xy . By Theorem 4, we have that the features are learned in order of the singular values of Σxy.

By Assumptions C.1 and C.1, we have that the top n− k singular values of Σ(mixed)
xy are the n− 2k

shared features and the k specialized features. Define Σ
(mixed)
:n−k = diag(σinv

1 , ...σinv
k ,0k, αβ, ..., αβ).

Applying 4, we have that

||W(mixed)
1 −U(Σ

(mixed)
:n−k )

1
2 ||F ≤ exp(−Cτ)

||W(mixed)
2 − (Σ

(mixed)
:n−k )

1
2V⊤||F ≤ exp(−Cτ)

Repeating this analysis for unmixed training, we have that the top n − k singular values of Σ(gen)
xy

ae the n − 2k shared features are the k shared-misaligned features. We can define Σ(unmixed)
:n−k =

diag(σinv
1 , ...σinv

k , σshared-mis
1 , ..., σshared-mis

1 ,0k). Similarly, by applying 4, we have that

||W(unmixed)
1 −U(Σ

(unmixed)
:n−k )

1
2 ||F ≤ exp(−Cτ)

||W(unmixed)
2 − (Σ

(unmixed)
:n−k )

1
2V⊤||F ≤ exp(−Cτ)

Intuitively, our result in Theorem 4 demonstrates that mixing Dspec during pretraining results in a
pre-trained initialization that has different features. Mixing learns the specialized features, while not
mixing learns only the shared-misaligned features. In the following, we will examine the impact that
these different features have on the retention of Dspec during subsequent training.

C.3 ANALYSIS OF CONTINUAL PRE-TRAINING

Next, we study the dynamics of the continual pretraining process. To formalize the continual pretrain-
ing process, we first examine the dynamics beginning from the idealized pretraining initialization (as
performed by Springer et al. (2025)). We perform the continual-pretraining stage on the regularized
loss E[||θx − Aspx||2F ] + λ||θ − θ0||2F . Observe that because x ∼ N (0, Id), thisis equivalent to
||θ −Asp||F . We follow the assumptions on the regularity of fine-tuning established in Springer et al.
(2025)

[Bound on Parameters Throughout Training]

||Ŵ(mixed)
1 ||op ≤

√
Γ

||Ŵ(mixed)
1 ||op ≤

√
Γ

||Ŵ(unmixed)
1 ||op ≤

√
Γ

||Ŵ(unmixed)
1 ||op ≤

√
Γ

Moreover, we assume that the regularization strength and the learning rates are likewise bounded

[Bound on Learning Rate]
4η(λ+ 2)Γ < 1

Idealized Pretraining Initialization We denote the ideal initialization parameters for the mixed
and unmixed cases (Ŵ1(0),Ŵ2(0)). For the mixed ca

ˆ
W(mixed)

1 (0) = U(Σmixed
:n−k)

1
2

ˆ
W(mixed)

2 (0) = (Σmixed
:n−k)

1
2V⊤

Similarly, we have the following idealized initialization for the unmixed initialization
ˆ

W(unmixed)
1 (0) = U(Σunmixed

:n−k )
1
2

ˆ
W(unmixed)

2 (0) = (Σunmixed
:n−k )

1
2V⊤
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In the idealized setting, we can track the evolution of each singular value independently. In particular,
we have the following update rules as derived in Springer et al. (2025) (where we denote σspec

i as the
i-th singular value of Aspec and likewise for σ(un)mixed

i (t) as the i-th singular value at step t:

σ(un)mixed
i (t+1) = σ(un)mixed

i (t)+2ησ(un)mixed
i (t)(ησ(un)mixed

i (t)2−(σi
spec)

2)+2ηλ(σ(un)mixed
i (t)2−σ(un)mixed

i (0)2)
(2)

As a result, note that when σ(un)mixed
i = 0, σ(un)mixed

t (t) = 0 for all t.

Next,we observe the dynamics of the non-zero singular values (Lemma A.11 Springer et al. (2025)

When training on Dspec with infinite batch size from the ideal pretraining initialization and taking
sufficient number of steps K, for all i ∈ rank(θn(0)), we have that

|(U⊤θ̂(un)mixed(t)V)ii −ΣFT
ii | ≤ ϵ (3)

Across the settings, we assume that K is sufficiently large such that ϵ < (n−k)(α−1)mini σ
speci

4kβ+2(α−1)

Now, we will define the matrices Σshared,CPT = diag(σinv
1 , ...σinv

n−2k, σ
spec
dinvariant+1, ..σ

spec
dinvariant+k,0k) and

Σspec,CPT = diag(σinv
1 , ...σinv

n−2k,0k, σ
spec
dinvariant+k+1, ..σ

spec
dinvariant+2k), Intuitively, Σshared,CPT lowers loss on

Dspec by shifting the values on the shared features, while Σspec,CPT accomplishes this by modifying
the unique features. We are now ready to state the main theorem.
Theorem 6 (CPT on θmixed versus θunmixed). . Let θmixed(K) denote the parameters after training the
idealized unmixed initialization starting for K steps and let θmixed(K) be the same starting from the
idealized mixed checkpoint. Then we have

||U⊤θmixedV −Σspec,CPT||op ≤ ϵ

||U⊤θunmixedV −Σshared,CPT||op ≤ ϵ

Proof. This theorem follows by noting that under the idealized pre-training initialization any singular
value that is 0 at initialization remains that wsy during the entire optimization trajectory. Note that
the 0 singular values of U⊤θmixedV coincide with Σspec, CPT (the shared misaligned features) and
likwise U⊤θunmixedV coincide with Σshared, CPT (the shared misaligned features).

This implies that we have

max
i∈[1,n]

|(U⊤θmixedV)ii − (Σspec,CPT)ii| ≤ max
i∈rank(θ)

|(U⊤θmixedV)ii − (Σspec,CPT)ii|

max
i∈[1,n]

|(U⊤θunmixedV)ii − (Σshared,CPT)ii| ≤ max
i∈rank(θ)

|(U⊤θmixedV)ii − (Σshared,CPT)ii|

Now, applying the result from Lemma B.8 yields the desired claim.

C.4 ANALYSIS OF DOWNSTREAM ADAPTATION

We first establish that the singular values corresponding to directions in which there is no covariance
remain unchanged throughout the downstream fine-tuning stage. Consider performing downstream
unregularized fine-tuning on Dft. If x ∼ Dft has 0 covariance along a singular direction, the
corresponding singular value remains unchanged throughout downstream adaptation.

Proof. To see this, note that the gradient updates for W1 and W2 take the following form:

W1(k + 1) = W1(k)− 2η(W1(k)W2(k)−Aspec)ΣxW
⊤
2

W2(k + 1) = W2(k)− 2ηW1(k)Σx(W1(k)W2(k)−Aspec)

Here, we have that Σxdenotes the covariance of the input data x. Thus, along any singular direction
in which the data has 0 variance, the Σx term will project the gradient to 0. Thus, the singular values
on such directions must also remain unchanged.

We consider performing downstream adaptation by taking steps using unregularized gradient descent
on Dft and show the following result.
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Theorem 7. Consider performing K steps of gradient descent on the downstream finetuning dataset
beginning from the intializations θCPT, mixed(K) and let θFT,mixed(K), θFT,unmixed(K) θCPT, unmixed(K)
denote the final parameters. Let ∆unmixed = L(θFT, mixed;Dspec)−L(θCPT, mixed(K);Dspec) and likewise
∆mixed = L(θFT, unmixed;Dspec)− L(θCPT,unmixed(K);Dspec). Then we have that ∆unmixed > ∆mixed

Proof. As the invariant features take the same values, they will not move during the downstream
adaptation. Moreover, due to the Lemma C.4, we also have that the specialized features will
not change during the the downstream fine-tuning. This implies that ∆unmixed = 0. Next
we will examine the changes induced by downstream training on the unmixed models. Ob-
serve that due to the full-rankedness of covariance of Dspec, we have that the L(θ;Dspec) =

||θ −Aspec||2F –which is the . By applying Lemma C.3 We define the following matrices Σ(unmixed)
FT =

diag(σinvariant
1 , ...., σinvariant

dinvariant
, σft

dinvariant+1, ...σ
ft
dinvariant+k0k) and note that Lemma C.3 gives us that

||U⊤θ(unmixed)
FT V − Σ(unmixed)

FT ||op ≤ ϵ

Likewise, we have that

||U⊤θ(unmixed)
CPT V − Σ(unmixed)

FT ||op ≤ ϵ

The loss function we use here is simply the squared difference of the singular values. Thus,we can
upper bound:

L(θunmixed
cpt ;Dspec) ≤ k(β + ϵ)2 + (n− k)ϵ2

and likewise lower bound

L(θunmixed
ft ;Dspec) ≥ k(β − ϵ)2 + (n− k)((α− 1)− ϵ)2

Then,we can lower bound ∆unmixed ≥ k[(β + e)2 − (β − ϵ)2] + (n− k)[(α− 1− ϵ)2 − ϵ2]. From
the upper bound of ϵ, we have that this implies ∆mixed ≥ 0. Hence, we have ∆unmixed ≥ ∆mixed
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