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Abstract

Conventional community detection methods often
categorize all nodes into clusters. However, the
presumed community structure of interest may
only be valid for a subset of nodes (named as
“tight nodes”), while the rest of the network may
consist of noninformative “scattered nodes”. For
example, a protein-protein network often contains
proteins that do not belong to specific biological
functional modules but are involved in more gen-
eral processes, or act as bridges between different
functional modules. Forcing each of these pro-
teins into a single cluster introduces unwanted
biases and obscures the underlying biological im-
plication. To address this issue, we propose a
tight community detection (TCD) method to iden-
tify tight communities excluding scattered nodes.
The algorithm enjoys a strong theoretical guar-
antee of tight node identification accuracy and is
scalable for large networks. The superiority of
the proposed method is demonstrated by various
synthetic and real experiments.

1. Introduction

Community detection, a task pervasive in numerous scien-
tific realms, aims to extract coarse-grain community struc-
tures where nodes within each community are densely con-
nected, and nodes between communities are sparsely con-
nected. Community detection has been widely used in
many applications, including identifying allegiances in so-
cial networks (Cheng et al., 2021), elucidating biological
function in metabolic networks (Guimera & Nunes Amaral,
2005), and exploring homology in genetic similarity net-
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works (Haggerty et al., 2014). Over the years, the field of
community detection methods has witnessed a surge (You
etal., 2016; Liu et al., 2019), starting with greedy algorithms
(Clauset et al., 2004; Newman & Girvan, 2004), advancing
to probabilistic model-based methods (Celisse et al., 2012;
Bickel et al., 2013), and further to spectral clustering meth-
ods (Rohe et al., 2011; Jin, 2015; Deng et al., 2024).

One critical assumption in many community detection meth-
ods is that every node in the network can and should be
allocated to a community. However, real-world networks
often contain “scattered nodes” that do not fit into any spe-
cific community, thereby challenging this assumption. For
example, a protein-protein network often contains proteins
that do not belong to specific biological functional modules.
Such proteins may be involved in more general processes
such as system maintenance, or may act as bridges between
different functional modules. Assigning these non-specific
proteins to clusters can introduce biases and obscure un-
derlying biological implications. Another example is an
email network within a university, where each node rep-
resents an email address, and a connection between two
nodes indicates communication. Spam accounts scattered
unsolicited messages across groups, posing security threats
(Shrivastava et al., 2008). Isolating these uninformative scat-
tered nodes from tight communities mitigates privacy and
financial risks.
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Figure 1. (a) A network with 12 nodes. (b) Spectral clustering
results. (c) TCD results, where nodes 9-12 are flagged as scattered
nodes, while two tight communities are extracted: nodes 1-4 and
nodes 5-8.

Despite the urgent need, many conventional community de-
tection methods overlook the presence of scattered nodes,
yielding undesirable results. To illustrate, consider a toy
example in Figure 1(a), where two clear communities are
formed by nodes 1-4 and 5-8, while nodes 9-12 appear as
scattered entities without apparent community structures.
Without taking into account scattered nodes, conventional
methods such as the spectral clustering method tend to inap-
propriately force these scattered nodes into existing clusters,
as shown in Figure 1(b). This obscures the intrinsic com-



Network Tight Community Detection

munity structure of the network. To accurately model suchprotein-protein network.

networks, we assume a network lmtight nodes anan

scgttered nodes. T_|g_jht nodes preferentially connect vv.|t.h|r2_ Model Setup

their own communities rather than between communities.

Tight communities are community structures formed excluLetG = ( V; E) denote a random graph, whéferepresents
sively by these tight nodes. Scattered nodes do not shoer xed set of nodes, an&, a random set of edges. Let
any community structure, connecting with other nodes ilA = (a; )1 ij n denote the adjacency matrix of this graph,
the graph in an arbitrary way. wheren is the number of nodes, arsg =1 or 0if nodei

To take into account scattered nodes, Cai & Li (2015) profl ndj are or are not connected by an edge. We only consider

posed a robust community detection method. Howevef: network with no self-loops, so all diagonal entrieshof

this method focuses on minimizing the impact of scattered’j\re 0. In this paper, we present our idea based on undirected

i . o networks A is symmetric), but it can be easily extended to
nodes on the clustering process, without assigning labels t8irected networksA is not symmetric)

individual nodes to indicate whether they are scattered or
tight. A more recent work (Gaucher et al., 2021) identi es Stochastic block model (SBM)The stochastic block model
scattered nodes using optimization but relies on the assum(BBM) is a popular probabilistic framework for modeling
tion that these scattered nodes are hubs and their counts atee connectivity in random networks (Holland et al., 1983;
signi cantly lower than that of tight nodes. Additionally, Karrer & Newman, 2011; Rohe et al., 2011; Lei & Ri-
(Dey et al., 2023) proposed a node-based metric to identifjpaldo, 2015; Paul & Chen, 2020; Yang et al., 2024). In
scattered nodes. Another line of research related to our worEBM, nodes are assigned to speci ¢ latent groups, known
is outlier detection with statistical (Yamanishi & Takeuchi, as communities, and the probability of edge formation be-
2001; Rousseeuw & Hubert, 2011; 2018), proximity-basedween any two nodes is determined by their community
(Ramaswamy et al., 2000; Aggarwal & Aggarwal, 2017;membership. Let; 2 f 1, ; K g denote the community
Abuzaid, 2020), and neural network (Hawkins et al., 2002jabel of nodei, whereK is the number of communities.
Chen et al., 2017; Goodge et al., 2022) approaches. Outet 2f 0;1g” K denote the membership matrix, where
liers in the aforementioned literature are often seen as nodes;, = 1. For any node paifi;]j ), a; Bernoulli(p; ),
belonging to multiple communities or having weak connecwherep; = B, , andB,; is the connecting probabil-
tions (Xu et al., 2007; Dey et al., 2023). Our approachijty between any node in community and any node in
however, considers scattered nodes as those without ampmmunityz; . SBM usually assumes that the connectivity
community af liation. Other related topics include commu- probability within a community is larger than that between
nity extraction (Zhao et al., 2011; Gibbs et al., 2022) andcommunities, In sum, SBM is parameterized by

local clustering (Andersen et al., 2006; Kloster & Gleich,

2014; Mahoney et al., 2012; Li et al., 2018; Lai & Mcken- P=B T2@01)""; Q)

zie, 2020; Lai & Shen, 2023; Shen et al., 2023), however,

they either suffer from a lack of theoretical guarantee omwhereB = (By) 2 (0; 1)X X is the community connec-
computational ef ciency. tivity matrix. Extensions of SBM include degree-corrected

. . . . SBM (Karrer & Newman, 2011), the overlapping SBM (La-
In this work, we propose a tight community detectiaiCQ) touch(e et al., 2011), the mixeg membershpig S?BM (AiEoIdi

method, motivated by a tight clustering method for i.i.d : .
data (Tseng & Wong, 2005) and the network sub—samplinget al., 2008), and binary tree SBM (Li etal,, 2022).

based community detection method in (Mukherjee et al.General stochastic block model (GSBM)Despite their
2021). TCD rst employs a network sub-sampling ap-popularity, all aforementioned models do not consider the
proach to get multiple sub-networks, detects communityscenario where scattered nodes exist. Cai & Li (2015) pro-
structure for each sub-network, and constructs an averageses a general stochastic block model (GSBM) that takes
co-membership matrix with it§;j )th entry representing into account the presence of scattered nodes. Following the
the frequency of noddsandj being clustered in the same notation of GSBM (Cai & Li, 2015), we assume that our
community. Then, it uses a depth- rst search (DFS) methodhetworkG = (V; E) hasN := n+ m nodes, among which

to search for stable tight components in the co-membershighere aren tight nodeshaving community structures and
matrix, which will be treated as tight nodes. It nally ap- m scattered nodesaving no community structure. L&t
plies spectral clustering to the sub-network consisting ofienote the set of the tight nodes, édenote the set of the
only tight nodes to identify the tight community structure. scattered nodes, such that= T [S :

Th? computational cost aTCD s scalable aD(N ?), where The ordered probability matrix under GSBM is

N is the number of nodes. We demonstrate the excellent
empirical performance oFCD in comparison with existing

methods by both extensive simulation studies and a real P= P D

-1\N N.
p: pb 2ODN N @
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whereP 2 (0;1)" " is a block probability matrix in the
usual SBM, which models the connection between tight
nodesDi =(Dyj) 2 (0;1)" ™ models the connectivity
between tight nodes and scattered nodes~= (D »; ) 2

(0; )™ ™ models the connectivity between scattered nodes.
Scattered nodes do not admit community structure and do
not belong to any speci c community. Therefore, the con-
nection probability matridP should not exhibit block struc-
ture except within the tight community subsect®nHere,

we present three scenarios that adhere to this structure in
the order of increasing generality.

e Erdos—Fenyi (ER)-type scattered nodes.scattered
node connects to any other node with identical proba-

bility. Thatis,(P); = ifanyofiorjisinS. The  Figure 2.Column 1: SBM. Columns 2-4: GSBM with ER, IER,
ER-type connection is arguably the most basic form ofand HetD scattered nodes. (a)-(d) Ordered probability matrices.
non-informative structure. (e)-(h), (i)-(I) are averaged co-membership matrices for 3 and 4

« Inhomogeneous ER (IER)-type scattered nodAs. communities, respectively.

scattered node connects with any other node with ?Ssue, we employ an averaged co-membership matrix that

Brobgb!llty drav_;_/ﬂ_from ta unn;ﬁrm dlSt”bUtl??H l.e., guanti es the co-clustering frequency of node pairs. By
(min ; max ). This captures the essence of the NONSimulating 100 networks from the same underlying model
block structure of scattered nodes while permitting

o -~ : and applying spectral clustering to them, we obtain a set of
variability in edge probabilities across node pairs. Here pplying Sp 9

i co-membership matrices. Averaging these co-membership
:\r:? expefted d(;g_rzee of each scattered node s the Sanﬁ?atrices, we obtain a matrix whefiej )th entry represents
min max ) —&-

the proportion of nodesandj being grouped together.
« Heterogenous degree (HetD)-type scattered nodes.

scattered node2 S connects with any other node with
a probability drawn from its own uniform distribution,
i.e.,U( ' 1 Lo ). This can adopt arbitrary degree
distributions for the scattered nodes.

Figure 2(e)-(h) shows the co-membership matrix results
when setting the number of communities as three when
applying the spectral clustering method. In the case of an
SBM without scattered nodes, as depicted in Figure 2(e), the
averaged co-membership matrix demonstrates perfect com-
Examples of SBM and GSBM.Figure 2(a) shows an ex- munity recovery: the nodes within the prede ned clusters
ample of the ordered probability matrix under SBM. In (1-40, 41-80, and 81-120) are consistently grouped together
this example, there ane = 120 nodes partitioned into  with a co-membership frequency of one. Figure 2(f) shows
K = 3 communities, i.e., community 1 contains nodesthe result under a GSBM with additional ER-type scattered
1-40, community 2 contains nodes 41-80, and communityiodes, while the original communities of nodes 1-40, 41-80,
3 contains nodes 81-120. The within-group probability isand 81-120 remain intact, the scattered nodes do not display
set to 0.3, and the cross-group probability is 0.03. For thesuch consistent clustering behavior. The co-membership
GSBM example, all 120 nodes are considered tight node$equency between any scattered node and the rest of the
and the model includes 10 scattered nodes. These scattergettwork is similar, re ecting their random assignment rather
nodes are of different types: ER-typer 0:1; IER-type, than a systematically clustered status. We can reach sim-
mn = 0; max = 0:2; HetD-type, .. =0, and | ., ilar conclusions for GSBM with IER-type and HetD-type

is randomly generated from the inter@t1; 0:2), for all  scattered nodes, as illustrated in Figure 2(g)-(h). We further
i=1; ;m. The corresponding ordered probability ma-demonstrate that simply treating all scattered nodes as an
trices are shown in Figure 2(b)-(d), respectively. additional single community fails to mitigate this issue. As

shown in Figure 2(i)-(l), setting the number of communities

Given that scattered nodes lack community structure, appl){- . : : :
. . . - 0 4 in spectral clustering, tight nodes still show a tendency
ing spectral clustering directly to networks containing such

nodes may vield contaminated clustering results. Speci%—o co-cluster, albeit at a reduced frequency, while scattered

ically, spectral clustering tends to assign scattered noderlc,Odes remain randomly distributed.

to communities arbitrarily rather than leaving them unasThese results reveal a phenomenon that is seemingly trivial,
signed or clustering them together. This arbitrary assignyet extremely important: tight nodes within communities ex-

ment of scattered nodes makes it more dif cult to distin-hibit a strong tendency to co-cluster, while scattered nodes
guish them from tight nodes, as they are not consistentlgxhibit no such tendency. This suggests that properly esti-
associated with any speci c group. To demonstrate thisnated co-membership frequencies could enable distinguish-
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ing tight nodes from scattered nodes. However, in practicecomposition (SVD) to obtain its leading right singular

we observe only a single instance of a network, yieldingvectors, wheré& is pre-speci ed number of communities.
only one co-membership matrix from clustering rather thanWe then conduct k-means clustering on the rows of these
an averaged co-membership matrix which could captursingular vectors to g&k clusters, thus obtaining estimated
the frequency. To surmount this challenge, we show in theommunity labels for all nodes. For example, as shown in
following section how to employ a network sub-sampling column 3 of Figure 3, the clustering result based on each
approach to generate multiple sub-samples of the originadf the sub-adjacency matrices wih = 2 is indicated by
network, based on which we propose a tight communityblue (cluster 1) and orange (cluster 2) labels on the nodes.

detection (TCD) method. Based on the clustering results usifi§f’, we construct a
co-membership matri€ () = (Ci(j')) 210;1gN N, where
3. Tight Community Detection Ci(j') =1 if nodesi andj are grouped into the same cluster,

. . . (O ;
The main idea of TCD is to use a network sampling pro@ndCj” = 0 otherwise.

cedure to get multiple sub-networks and detect communityyerage co-membership matrix construction. To ag-
structure for each sub-network. If a pair of nodes are stablyregate the results across thereplications, we aver-

clustered together, they are more likely to be tight node%ge the obtained co-membership matrices to ok€am

from the same community. Figure 3 shows the work ow of :':1 c(W=L. Critically, an(i;j )th entryCj in C repre-

TCD, which works in the following steps. sents the frequency that nodeand]j are clustered into
the identical community ovdr replications. For example,
in Figure 3, nodes 5 and 7 are not clustered into the same
community based on the rst sub-adjacency matrix, so
their corresponding co-membership label is 0. However,
they do cluster together in the second iteration, giving a
co-membership value of 1. Averaging these, the nal co-
membership proportion is 0.5. Intuitively, two tight nodes
within the same latent community have a higher chance to
be consistently co-clustered together aclogesamples.
This motivates us to usg to search for tight nodes.

Distinguishing tight nodes from scattered nodesln this
step, we rst construct a weighted graph representation
of the average co-membership mat@x where the edge
f1;2;3;4;7,8gandf 3; 4; 7; 8;9; 10g, which give rise to two rect- weight between noddsand d_enotgs the res_,ampling fre-
angular sub-adjacency matrices. We apply SVD to each rectangulzguencyc i that.the two nodesandj are assigned to the
matrix to obtain its<” = 2 leading right singular vectors, and then S&Me community. We then employ the depth- rst search
conduct k-means clustering on the rows of these singular vectors tPFS) (Tarjan, 1972) to extract potential tight community
group all nodes int& = 2 clusters. We then construct an average candidates from this weighted graph. Speci cally, the DFS
co-membership matrix. DFS is utilized to differentiate tight from starts at a random nodeinitializing the visited node set
scattered nodes, with spectral clustering subsequently applied ¢ = fig. It then moves to an unvisited neighboring node
tight nodes to recover community structures. j, if its connection strength with all nodes in exceeds
Network sub-sampling. To use the network sub-sampling 1 ,where 2 (0;1)is a hyperparameter close to zero.
method in Chen & Lei (2018), we randomly select a setExpandV to includej . The search continues until no neigh-
of nodesV and then construct a rectangular sub-adjacencyoring unvisited nodes remain, marking the end of a path
matrix A 2 f 0;1g¥ N by selecting rows corresponding to and identifying all nodes iv as a tight component, which

v from the original adjacency matrik , whereN" = j¥j are then excluded from further search. The process restarts
is the number of selected nodes. We repeat this networfcom another unvisited node if any remain, iterating until
sub-sampling procedute times to obtairL rectangular €very node has been visited. If our method identi es a to-

Figure 3.Work ow of TCD demonstrated using a toy network
with ten nodes. TCD randomly seledts = 2 sets of nodes,

we obtain twoé 10 sub-adjacency matrices by randomly asVi; Vi, . The union of nodes encompassed within
selectingL = 2 subsets of nodes from a 10-node networkthese tight components is then labeled as the set of estimated
We then use each rectangular matrix to get an estimate @ight nodes, denoted b = [ £, Vi. The remaining nodes
community labels, as we will show below. are identi ed as scattered nodes, denotedby V nT : For
example, in Figure 3, we identifg\, = 2 tight components,

Intermediate community detection. For each rectangu- £1:2:3: 4g andf 7:8:9; 10g. So the output tight nodes in
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this example are nodds 4and7 10, and output scattered Assumption 4.1 allows the edge probability between tight
nodes aré 5; 69. nodes to decrease at a rafeasn increases, requiring,
to be no greater thalmgn=n. It ensures that the network

Tight community structure recovery. The nal step is to S .
X : . becomes sparser with increasimgat a controlled rate that
extract the submatrix between estimated tight ndties ; : L ; .
retains suf cient connectivity to obtain accurate community

subsequent spectral clustering onto this submatrix gives the e .
; : structure recovery. Similar conditions have been used by
community labels for tight nodes.

other community detection literature (Lei & Rinaldo, 2015;
Computational complexityThe pseudo-code ofCD is  Paul & Chen, 2020; Deng et al., 2024).

summarized in Algorithm 1. Under the assumption that theAssumption 4.2 (Edge probability involving scattered

number pf replicatipns is a constant, _the computational nodes) The connectivity of scattered nodes is uniformly
complexity of TCD is O(N ?), whereN is the number of upper bounded, satisfying

nodes. The speci c details for analyzing the computational

complexity can be found in Appendix D. We also note that 5% f P(aj =1):i2Sorj 2Sg= O(p h=m):

the L resampling replications are trivially parallelizable.

Details on the implementation of the parallel computingassumption 4.2 postulates that the edge probability involv-
variant are provided in Appendix D. Thus, our algorithm is jng scattered nodes is not arbitrary but is constrained by
scalable and ef cient for large-scale network analysis.  an ypper bound. For example, when= n=logn and
Algorithm 1 Tight Community Detection Algorithm (TCD) , = log n=n, the connectivity upper bound of scattered
nodes isogn=n. In this case, tight and scattered nodes
sub-sampling repetitionss, sub-sampling siz&t, and have mdmtmgwshab!e connectmty strength, indicating thgt
tightness hyperparameter brute-force identi cation of tight nodes solely based on their

Output: Scattered node$, tight nodesf', and the esti- degree centrality measure will be ineffective.

Input: Adjacency matrixA , number of communitiek,

mated community label vectdr Assumption 4.3(Number of scatter nodes)he number of
Stepl.Forl =1; ;L: scattered nodes is no greater than the minimum community
size.

« Step 1.1. Network sub-samplingRandomly select
N rows from the entire adjacency matrix, and obtain Assumption 4.3 requires to be no greater than the min-
a rectangular sub-adjacency mattix) = (ai(jl)). imum community size. In p_arUcuIar, for a n_etwork W|th_
_ _ _ the same number of nodes in each community, we require
* Step 1.2. Intermediate community detection.Per- - i 5 |ess restrictive condition compared with exist-

| L i .
form SVD onA, obtaining its leading< right ing literature (Cai & Li, 2015; Gaucher et al., 2021).
singular vectors. Apply k-means clustering on the _ ) ]
rows of the vectors to estimazé) . Assumption 4.4(Community Structure) The connection

} ] ) between tight nodes follows the the Stochastic Block Model
» Step 1.3. Co-membership matrix construction. (SBM).

Calculate the co-membership mat@x" based on
20 pyc® = 1820 = O Assumption 4.4 clearly states that the considered graph
y ij I | g . .
follows the SBM, which guarantees the existence of com-

Step 2. Get averageg co-membership matrix acoss ity structure among tight nodes. In this scenario, theo-

replications, i.e.C = ct )‘L_' , retical properties of eigenvalues and eigenvectors of tight
Step 3.Perform the DFS to obtain tight componéfit 4 scattered nodes are derived in the following lemma.
suchthatforany,j 2V,,Cj > 1 . Estimated tight 0 D,

nodesard = [ Vi, andscatterednodes &e= v 1. Lemma4d.s.LetD = . D, ’ whereD ; andD ; are

Step 4. Perform spectral clustering to the square subthe ordered probability matrix in Eq. (2). Under Assump-
adjacency matriXaj );; ,+ to obtain the tight commu-  tions 4.1-4.4, one has

nity label2 = (%), ¢
2t k(P) _
4. Theoretical Properties max (D)

To establish the theoretical propertiesi@D, we impose
the following assumptions.

(P

Due to this eigengap, the tdp-eigenvectors oP de ned
in Eq. (2) is captured by its upper left blo€k and thus can
Assumption 4.1(Edge probability between tight nodes) . R caqn Ko
The connectivity matrix between communities takes thebe approximated by = 0o - Here 21019 'S
formof B = ,Bo where , = (log n=n) andBg is the membership matrix oftight nodes, wheré; k )th entry
a xed matrix with distinct rows andK non-degenerate 5 one ifi belongs to the communikyand zero otherwise.

eigenvalues. K=nR 2 RX X is a rotation matrix, an®d 2 O™ X .
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The proof of Lemma 4.5 is given in Appendix B.1. Lemma in nity. Thus, there is a distinction in the co-membership
4.5 states that the ratio of tike-th largest eigenvalue of the patterns when comparing tight and scattered nodes. Lever-
probability matrixP and the largest eigenvalue of a matrix aging this distinction, we can employ the co-membership
D is at least on the order gfﬁ This eigenvalue gap patterns to differentiate between tight and scattered nodes.
indicates that the subspace spanned by the top-K eigenvethis explains why our algorithm works.

tors can be primarily characterized by the upper right block

P. Thu.s, these eigenvectors can be approximatedl by 5. Simulation Studies

The projection of the tight nodes onto the top-K eigenvector ) _ _ )

space isR , while the projection of the scattered nodes !N this section, we present the simulation setup and em-
is represented by the bottom rows of zeros. Thus, the pirical results fo_r synthetic datasets generated using the
distance from a sgattered node to any community centroi®SBM model with IER-type scattered nodes. In the ap-
is equivalent, i.e., 2K=n. The equidistance implies that P€ndix, we also show some results for the GSBM model
when the k-means algorithm is appliedUq a scattered with ER-type and HetD-type scattered nodes. For evaluation

node will be randomly assigned a community label. ThisPUrPoses, we consider the following two metrics. (1) To

lemma provides a theoretical explanation for the empiricafuantify the accuracy in identifying scattered nodes, we use
precision recall

nding, which observes that scattered nodes are assignedSCOT®= 2 precisionrecar - Whereprecisionis the ratio
random community labels in each resampling replicationc.’f the number of identi ed true scattered nodes over the

The following theorem derives some statistical properties ofotal number of identi ed scattered nodes, aedall is the
Cj for two tight nodes. ratio of the number of identi ed true scattered nodes over

) ) the total number of true scattered nodes. (2) To measure
Theorem 4'6_' U”?'ef Assumpnons 4.1-4.4, there exists 8the tight community detection accuracy, we adopt the mis-
constantC, with high probability oved  1=2N, we have clustering rate for all tight nodes, which is widely used in

2 X N C the community detection literature (Lei & Rinaldo, 2015).
nn 1) Cj 0 n ; For example, suppose we have 100 true tight nodes: nodes
1i6j n : 1-50 are community 1, and nodes 51-100 are community

2. We identify nodes 1-90 as tight nodes: nodes 1-50 as
community 1, and nodes 51-90 as community 2. Missed

3? : VaenndEr’];Vh'g:SISV\ﬁmy :gl:?;gﬁitt; thle:gzanesrsgﬂ gt]hF;rtogsstight nodes 91-100 are labeled as community 3. We then
P b ' compared(lsg; 2l 40; 3l10) With (I50; 2I50) to calculate mis-

peated sub-sampling greatly reduces conditional eSt'matlor(':Iustering rate, whers, is ann-length vector of ones. A

wherei; | are two distinct tight nodes. Moreover, there exists

variance, higher F-score and a lower misclustering rate indicate better
2 X . C results.
— Var(Cj jE) :
n(n 1) 1 i8] n Ln n We compare our method with Community Boundary Nodes

(CBNSs) (Dey et al., 2023) and also benchmark against three
“recent graph outlier detection methods. These methods,
RADAR (Li et al., 2017), ANOMALOUS (Peng et al.,

A proof of the theorem is given in Appendix B.2. Theo
rem 4.6 implies that differences between the average c

membership entrie€;; for tight npdes), obfnained using 2018), and ONE (Bandyopadhyay et al., 2019), have out-
TCD, and the true co-membership j 'S bqunded lier de nitions different from the scattered nodes de nition
by a term that decays to 0 as the number of tight nodeg, this paper. Following reviewers' suggestions, we incor-
n ! 0. Inaddition, performing sub-sampling multiple ,4ate six additional methods for comparison: Two local
t|m_es reduces f[he overall_ variance of the_ Co'memberSh'EIustering approaches, PageRank-Nibble (PRN) (Andersen
estimates, making the estimation more reliable. etal., 2006) and a heat kernel-based method (HK; Kloster &
We then analyze the behavior 6f; for scattered nodes. Gleich 2014); two community extraction techniques, Extrac-
From Lemma 4.5, we know that in the tép-eigenvector ~ tion (Zhao et al., 2011) and ECoHeN (Gibbs et al., 2022);
space oP, each scattered node has the same distance to a@nd two community detection methods, hierarchical com-
community centroid, thus will be assigned to each commumunity detection (HCD; Li et al. 2022), and robust com-
nity with probability 1=K . This theoretical underpinning Mmunity detection (RCD; Cai & Li 2015). Note that HCD

is substantiated by empirical evidence, where we observand RCD cannot detect scattered nodes, leading to non-
that, in practice, a scattered node is randomly assigned @pplicable (NA) F-scores. All numerical experiments were
a community in each resampling replication, as shown irimplemented in Python 3.10 on a Linux server consisting of
Figure 8. This implies tha€; is bounded away from 0 and @ 2.2 GHz 24-core Intel Xeon E5-2650 v4 CPU and 64GB

1, wherei orj is a scattered node. From Theorem 4.6, weof RAM memory capacity.

know thatCj for two tight nodes will converge to either HyperparametersThe TCD algorithm has four hyperpa-
one or zero when the number of replicatidnsonverges to
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Figure 4. The top panel illustrates the F-score for identifying scattered nodes. Meanwhile, the bottom panel shows the misclustering
rate of recovering community labels for tight nodes. The error bars in both panels represent the standard deviation calculated from 100
repetitions.

rameters. (1) The network sub-sampling procedure involve®:12; nax = 0:2;m = 0:1N, to examine asymptotic per-
the number of subsampled nodé&s, The sub-sampling formances. Scenario 2: We vamy from 20 to 200 while
proportion isN'=N . Empirical results, as depicted in Fig- xing N = 1000;p = 0:3;q = 0:12 nax = 0:2, to

ure 5, demonstrate th@tCD maintains stable accuracy for investigate the impact of the number of scattered nodes.
sub-sampling rates between 45% and 75%. (2) The count ddcenario 3: We varymax from 0.1 to 0.9, while xing
sub-sampling replications is also a hyperparameter. Our N =1000; m = 100;p = 0:3;q = 0:12, to investigate the
numerical results in Figure 5 suggest that the accuracy is stanpact of the scattered node connectivity strength. Scenario
ble forL 2 (10; 250). (3) The tight component search step 4: We introduce a new notationto control the overall
involves a hyperparameter, which controls the stricthess network density. We vary from 0.8 to 2, while xing

in identifying tight components. While the numerical resultsN = 1000;m = 100;p=0:3;9 =0:12; g =0:2,

in Figure 5 advocate for an value of 0.1 for optimal per- to investigate the impact of overall network density.
formance, the algorithm exhibits a commendable toleranc

. . L . %imulation results. Figure 4 shows the simulation results,
to variations around this value, indicating its robustness in

. T . L demonstrating thatCD outperformed other methods in
delineating tightly-knit communities. (4) The last hyperpa- : : .
) . . both F-score and misclustering rate across all scenarios. The
rameter is the number of communitiés, This hyperpa-

rameter is determined through a cross-validation techniquetzOp panel shows the F-score results and the bottom panel

) . . Shows the misclustering rate results over 100 replications.
as proposed in the studies by Chen & Lei (2018) and L . | .
et al. (2020). In all of our examples, we 8N = 0:7, 'The four columns represent Scenarios 1-4, respectively. In

-0:1 L =50 Scenario 1, as the network siXeincreases] CD's F-scores
R ' _ increase to one and its misclustering rates decay to zero, very
Simulation setup. We generated synthetic datasets aCtagt with low variance. CBNs performed the second best, but
cording to GSBM with IER-type scattered nodes. In Ap-th g high variance. In Scenario 2, as the number of scat-
pendix C.1, we also show simulation results for ER-typegred nodesn increases from 20 to 80, the F-score of TCD
and HetD-type scattered nodes. Speci cally, we generateghcreases from 0.8 to nearly 1 with decreasing variances.
an N -node network wittm scattered nodes ald M Tpig performance improvement is attributed to the stronger
tight nodes. We employed a three-community SBM t0gjgna| provided by the greater number of scattered nodes,
generate communities among the tight nodes. f.ée-  gnapjing more accurate detectiiCD demonstrate robust
note the intra-community connection probability aphe  herformance for both Scenario 3 and Scenario 4, with an F-
inter-community connection probability. A scattered nodegcore remaining close to one and a misclustering rate close
is connected randomly to all the other nodes in the nefg, zero. In contrast, CBNs exhibits inferior performance at
work with a probability drawn fromU(0; max). We con-  |ower ... and lower , due to its theoretical reliance on

sidered the following simulation scenarios. Scenario 1: Wehe presence of hub-like scattered nodes to enable effective
varyN 2 f 500,700 :::; 2000y, while xing p=0:3;q= detection.
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Table 1.Results (mean std) on benchmark datasets with scattered nodes scaled to one-fourth of original network size. NA indicates
non-applicable results.

Dataset Metric (%) TCD CBNs RADAR Anomalous ONE PRN
Football F-scor¢® 83.0 28 122 42 368 37 161 23 143 26 245 45
misclustering rat¢¢ 114 26 195 23 160 31 231 28 210 33 401 76
Polbooks F-score'" 68.7 32 187 52 206 32 154 29 190 37 302 80
misclustering rat¢¢ 310 32 340 42 277 39 288 32 310 40 509 95
Polbloas F-score® 547 23 104 30 122 32 144 21 196 1.6 100 32
9 misclustering rat¢¢ 13.3 26 371 42 329 29 355 22 339 37 368 50
BlogCata F-score' 436 32 166 42 112 28 134 39 126 33 189 02
9 misclusteringrat¢¢ 353 36 651 51 439 41 421 38 439 42 689 87
Dataset Metric (%) HK Extraction ECoHeN HCD RCD
Football F-score’ 264 65 397 53 77 42 NA NA
misclustering rat¢¢ 481 7:3 462 48 450 130 562 38 651 52
Polbooks F-score¢® 311 84 541 87 44 7.0 NA NA
misclustering rat¢¢ 51:3 166 567 53 534 1.1 560 37 211 33
Polblods F-score'" 289 138 226 1.2 11 06 NA NA
9 misclustering rat¢¢ 439 123 569 1.8 492 1.6 343 47 265 1.2
BlogCata F-score¢® 104 23 167 43 00 00 NA NA
9 misclustering rat¢¢ 641 394 703 132 823 00 569 62 641 62
6. Real Application Table 1 shows the results of adding scattered nodes with

In this section, we evaluate the performance of our algorithnjl€ Size one-fourth of the original network. As we can see,

on some constructed semi-real data sets and a real data setP outperforms the other methods in most cases. Ap-
pendix C.2 shows some results of adding scattered nodes

6.1. Semi-Real Data with the size one-sixth and one-half of the original network.
Since it is usually unknown to us which nodes are the groundy comparing Tables 1, 4, 5, we also observe that as the
truth scattered nodes in a real network data, we manuallproportion of the scattered nodes increases, the F-scores
generate some scattered nodes and add them to some rgaherally increase in most cases, while the misclustering
networks. In this way, we create some semi-real data antate does not exhibit a clear trending pattern.

we are able to evaluate the performanc@GD in detecting ¢ 5 ~3v|D-19 Protein-Protein Interaction Network

tight and scattered nodes in such data. Speci cally, we

consider four networks with ground truth community labels:"V& constructed a real-world COVID-19 protein-protein in-

(1) football (Girvan & Newman, 2002) with 115 nodes teraction network, where each node represents a protein

and 12 communities, (2) polbooks (Krebs, 2005) with 105"€lated to SARS_-CoV—Z inf_ection, and an edge is formed be—.
nodes and 3 communities, (3) polblogs (Adamic & Glancefween two proteins according to the String database (Varusai

2005) with 1222 nodes and 2 communities, (4) BIogCatanget al., 2020). This network has 291 nodes and 4,380 edges.

(Zafarani & Liu, 2009) with 5196 nodes and 6 communities\ve initially estimate the number of communities using a
These datasets, with sizes ranging from 100 to 5000 and goss-validation technique proposed by (Chen & Lei, 2018),
to 12 communities, enable a comprehensive analysis acrosgsulting ink = 2. Subsequently, we applieCD to this

diverse network scale and community granularity. network to identify scattered nodes and to partition tight

When simulating scattered nodes, we considered the IERJES into communities. We identi ed 37 scattered nodes,

type, i.e., each scattered node connects to any other nog@ad 254 tight nodes clustered into two communities. Further
with a probability drawn from a uniform distribution details are shown in Table 6 in the Appendix, which lists

U(0; n»), where , is the edge density of the original net- protein names of tight. nodgs and scattered nodes. Figure 9
work. To thoroughly assess our method, we added varyin the Appendix C.2 visualizes the protein _network, where
proportions of scattered nodes to each network, i.e., on&?€ detected scattered nodes are colored in red.The orange
eand blue dots represent the two communities, consisting of

sixth, one-fourth, and one-half of the original node siz - )
206 and 48 tight nodes, respectively.
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To elucidate the biological relevance of the identi ed node
clusters and .Scattered nOdeS.’ we further conducted ?‘ KEG Icate better performance. For HCD and RCD, the OEPR is NA
pathway enrichment analy3|§. Given ",’1 set of proteins, W%non-applicable), as they cannot identify scattered nodes.
employed the hypergeometric test (Rivals et al., 2007) to

determine if the representation of proteins within speci c TCD CBNs RADAR Anomalous
KEGG pathways is signi cantly greater than what random  Ncut 0.087 0.915 0.104 0.114
chance would predict. The enrichment analysis unveils that OEPR  0.000  0.286 0.667 0.167
the tight nodes within the orange community are signi - ONE PRN HK Extraction
cantly associated with pathways including “Coronavirus

ble 2.PPI network results. Lower Ncut and OEPR values in-

disease - COVID-19”, “Toll-like receptor signaling path- ~ Ncut 0.109  0.110 0.915 0.251
way”, and “Hepatitis B”. This suggests that proteins inthe OEPR ~ 0.833  0.000  0.667 0.667
orange community play an important role in directing vi- ECoHeN HCD RCD

ral pathogenesis, innate immune response, and potentially
shared response mechanisms across different viral infec- Neut 5.537 0.958 0.366
tions. The tight nodes within the blue community showed OEPR 0.028 NA NA
signi cant enrichment in “Nucleocytoplasmic transport”,

“Amyotrophic lateral sclerosis”, and “Spliceosome”, indi-

cating that these proteins play crucial roles in maintaining

cellular function, mediating stress or damage responses due )

to infection, and in uencing gene expression during thedistinct scattered proteins.

viral life cycle. Interestingly, the scattered nodes did not

exhibit signi cant enrichment in any of the aforementioned 7. Discussion
pathways. Despite the outstanding empirical performances of our

) i method, it has several limitations. First, similar to many
Furth(_arm.ore, to e_nhance our evgluatlon, we mtroduc_ed WOther spectral-based techniques, our approach may experi-
quantitative metrics. (1) Normalized Cut (Ncut): A widely o challenges when applied to extremely sparse graphs
adopted metric that evaluates the strength of the identi eq/vhere the connectivity scales &sn. In such extremely
community structure (Von Luxburg, 2007). A smaller Ncut sparse settings, the spectral properties of the graph may

value indicates the clusters are well separated from eaql;lot be as informative, and our co-membership-based ap-
other. (2) Overlapping enriched pathway ratio (OEPR)proach could fail to accurately capture the underlying com-

which is a novel metric proposed by us speci cally for the 1, ity structure. Second, although our empirical investiga-

biological context of PPI networks. In.particylar, for PPI tion showcases TCD's superior performances in both SBM
network, we aim to nd clutsers of proteins which share the ;4 hcsBM settings, our theoretical framework is currently
same biological function, and nd scattered proteins which e yricted to the SBM. Rigorous theoretical results under
do not share biological functions with tight nodes. OEPRpcgpM setting are still under investigation. Third, simi-

measures the overlap between e””C'PFE K;G\G‘Egathwa){gr to many other spectral clustering methods, our method
1 S Tk

of scattered and tight protein@EPR= —NW, requires a prede ned number of communities.

whereEPr, denotes the set of enriched KEGG pathways forrhgre are several possible extensions to pursue following
proteins in the identi ed tight community, k = 1;::: /K, e nronosed framework. One interesting direction is in-
EPs denotes the enriched pathways for scattered proteingegtigate how to generalize the current framework for the
Lower OEPR indicates less functional overlap between scakging in which additional node attributes are available. In

tered and tight proteins, suggesting successful identi cationy,q case, the notion of a tight community could be extended

Table 2 shows, TCD achieves the best (lowest) Ncut valuguch that nodes in the same community not only exhibit
of 0.087, outperforming all other methods. This indicatesdense internal connectivity but also share similar attributes.
that TCD is able to identify the tight and well-separatedAnother interesting direction is to employ SBM variations to
community structure in the PPI network. In addition, TCD model the tight community structure. In Appendix C.1, we
has the best (lowest) OEPR value of zero, validating it€mpirically found our current framework still achieves supe-
effectiveness in discerning functionally distinct proteins. Infior performance under degree-corrected SBM (DCSBM).
comparison, other methods either have high Ncut value olt would be interesting to investigate theoretical properties
high OEPR values. While the PRN method also reportginder DCSBM or other SBM variants. Finally, the idea of
an OEPR of zero, this is due to an artifact of the smalldistinguishing core and scattered structures could be general-
number of scattered proteins that are not enriched in aniged beyond community structures. For instance, exploring

KEGG pathway, rather than an ability to discern functionallyanalogous structure decomposition in nonparametric models
such as graphon poses an open question.
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Impact Statement Bickel, P., Choi, D., Chang, X., and Zhang, H. Asymp-

hi | h ity d . totic normality of maximum likelihood and its varia-
This paper explores a new approach to community detection 4~ annroximation for stochastic blockmodefshe

by strategically removing scattered nodes in observed net- Annals of Statistics41(4):1922 — 1943, 2013. doi:
works. This innovative methodology signi cantly enhances 1 1514/13-A051124. ’ ' '

the accuracy and interpretability of community structures

in complex networks, providing valuable insights for re-Cai, T. T. and Li, X. Robust and computationally feasible
searchers and practitioners in machine learning. Our work community detection in the presence of arbitrary outlier
has broad practical applications, from improving social net- nodes.The Annals of Statisticg3(3):1027—-1059, 2015.
work analysis to optimizing resource allocation in various ar- ] ] )

eas. By unveiling cohesive structures and eliminating nois€-€lisse, A., Daudin, J.-J., and Pierre, L. Consistency of
introduced by scattered nodes, our research contributes to Maximum-likelihood and variational estimators in the
more ef cient interventions and targeted decision-making, stochastic block modeElectronic Journal of Statisti¢s
ultimately advancing the eld of network science and ma- 6:1847-1899, 2012.

chine learning with tangible, real-world impact. Chen, J., Sathe, S., Aggarwal, C., and Turaga, D. Outlier
detection with autoencoder ensemblesPtoceedings of
Acknowledgements the 2017 SIAM International Conference on Data Mining

. 90-98. SIAM, 2017.
This work was supported in part by the National Institute PP

of Health of the USA (grant RO1 GM152814-01), the Na-Chen, K. and Lei, J. Network cross-validation for determin-
tional Natural Science Foundation of China (grant numbers ing the number of communities in network dasaurnal
12071477, 71873137, and 72271232), the MOE Project of of the American Statistical Associatioh13(521):241—
Key Research Institute of Humanities and Social Sciences 251, 2018.

(223JD110001), and the Beijing Municipal Natural Science . N
Foundation (grant number 1232019). The authors graté="eng, H., Wang, Y., Ma, P., and Murdie, A. Communities
fully acknowledge the support of Public Computing Cloud ~&nd brokers: How the transnational advocacy network
at Renmin University of China and the Beijing Institute of ~ Simultaneously provides social power and exacerbates

Technology Research Fund Program for Young Scholars. global inequalitiesinternational Studies Quarter)y¥s5
(3):724-738, 2021.

References Clauset, A., Newman, M. E., and Moore, C. Finding com-
munity structure in very large networkBhysical Review

Abuzaid, A. H. Identifying density-based local outliers in E, 70(6):066111, 2004,

medical multivariate circular dat&tatistics in Medicing

39(21):2793-2798, 2020. Deng, J., Huang, D., Ding, Y., Zhu, Y., Jing, B., and Zhang,

. . B. Subsampling spectral clustering for stochastic block
Adamic, L. A. and Glance, N. The political blogosphere and models in large-scale network€omputational Statistics

the 2004 u.s. election: divided they blog. Pmoceedings & Data Analysis 189:107835, 2024. ISSN 0167-9473.
of the 3rd International Workshop on Link Discovery .- hins./doi.org/10.1016/j.csda.2023.107835.
(LinkkDD), pp. 36—43, 2005.
o Dey, A., Kumar, B. R., Das, B., and Ghoshal, A. K. Out-
Aggarwal, C. C. and Aggarwal, C. C. Proximity-based |igr detection in social networks leveraging community

outlier detectionOutlier Analysis pp. 111-147, 2017. structure.Information Science$34:578-586, 2023.
Airoldi, E. M., Blei, D., Fienberg, S., and Xing, E. Mixed Feng, X., Yu, W., and Li, Y. Faster matrix completion
membership stochastic blockmode#glvances in Neural  ysing randomized svd. 12018 IEEE 30th International

Information Processing Systen2i, 2008. Conference on Tools with Arti cial Intelligence (ICTAI)

. 608-615. IEEE, 2018.
Andersen, R., Chung, F., and Lang, K. Local graph par- PP

titioning using pagerank vectors. #006 47th Annual Gaucher, S., Klopp, O., and Robin, G. Outlier detection in
IEEE Symposium on Foundations of Computer Science networks with missing linksComputational Statistics &
(FOCS'06) pp. 475-486. IEEE, 2006. Data Analysis164:107308, 2021.

Bandyopadhyay, S., Lokesh, N., and Murty, M. N. Outlier Gibbs, C. P., Fosdick, B. K., and Wilson, J. D. Eco-
aware network embedding for attributed networks. In hen: A hypothesis testing framework for extracting com-
Proceedings of the AAAI Conference on Arti cial Intelli-  munities from heterogeneous networlksXiv preprint
gencevolume 33, pp. 12-19, 2019. arXiv:2212.105132022.

10



Network Tight Community Detection

Girvan, M. and Newman, M. E. J. Community structure Lei, J. and Rinaldo, A. Consistency of spectral clustering
in social and biological networksProceedings of the in stochastic block model§.he Annals of Statisticgp.
National Academy of Science¥9(12):7821-7826, 2002.  215-237, 2015.

Good_gg, A., Hooi, B., Ng, S-K,, and Ng, W. S. Lunar:Lj, J., Dani, H., Hu, X., and Liu, H. Radar: Residual
Unifying local outlier detection methods via graph neural  analysis for anomaly detection in attributed networks. In
networks. InProceedings of the AAAI Conference on  |JCAI, volume 17, pp. 2152—-2158, 2017.

Arti cial Intelligence, pp. 6737-6745, 2022.
Li, T., Levina, E., and Zhu, J. Network cross-validation by
Guimera, R. and Nunes Amaral, L. A. Functional cartogra- edge samplingBiometrika 107(2):257-276, 2020.
phy of complex metabolic networkslature 433(7028):
895-900, 2005. Li, T., Lei, L., Bhattacharyya, S., Van den Berge, K., Sarkar,
. , _ P., Bickel, P. J., and Levina, E. Hierarchical community
Haggerty, L. S., Jachiet, P.-A., Hanage, W. P., Fitzpatrick, detection by recursive partitioningournal of the Ameri-

D.A., Lopez, P, O'Connell, M. J., Pisani, D., Wilkins_or}, can Statistical Associatiori17(538):951-968, 2022.
M., Bapteste, E., and Mclnerney, J. O. A pluralistic

account of homology: adapting the models to the data.j, Y., He, K., Kloster, K., Bindel, D., and Hopcroft, J. Local
Molecular Biology and Evolutior81(3):501-516, 2014.  spectral clustering for overlapping community detection.
Hawkins, S., He, H., Williams, G., and Baxter, R. Outlier ACM Transactions on Knowledge Discovery from Data

detection using replicator neural networks. lfterna- (TKDD), 12(2):1-27, 2018.

tional Conference on Data Warehousing and Knowledge,_jy, X., Cheng, H.-M., and Zhang, Z.-Y. Evaluation of com-

Discovery pp. 170-180. Springer, 2002. munity detection method$EEE Transactions on Knowl-
Holland, P. W., Laskey, K. B., and Leinhardt, S. Stochastic ©d9€ and Data Engineering2(9):1736-1746, 2019.

blockmodels: First stepsocial Networks5(2):109-137, Mahoney, M. W., Orecchia, L., and Vishnoi, N. K. A local

1983. spectral method for graphs: With applications to improv-
Jin, J. Fast community detection by scofdie Annals of ~ INg graph partitions and exploring data graphs locally.
Statistics 43(1):57—89, 2015. The Journal of Machine Learning Researd3(1):2339—

2365, 2012.

Karrer, B. and Newman, M. E. Stochastic blockmodels and
community structure in network®hysical Review B3 ~ Martin, L., Loukas, A., and Vandergheynst, P. Fast ap-
(1):016107, 2011. proximate spectral clustering for dynamic networks. In

) . International Conference on Machine Learnjigp. 3423—
Kloster, K. and Gleich, D. F. Heat kernel based community 3432. PMLR. 2018.

detection. InProceedings of the 20th ACM SIGKDD
International Conference on Knowledge Discovery andMukherjee, S. S., Sarkar, P., and Bickel, P. J. Two provably
Data Mining, pp. 1386-1395, 2014. consistent divide-and-conquer clustering algorithms for
Krebs, V. The political books network. 2005. g?eenZgéviligﬁi)r?ecgfg&%z;)flgjezol\l;f_onal Academy of
Kumar, A., Sabharwal, Y., and Sen, S. A simple linear time
(1+/spl epsiv/)-approximation algorithm for k-means clus-
tering in any dimensions. 45th Annual IEEE Sympo-
sium on Foundations of Computer Sciengp. 454—462.

Newman, M. E. and Girvan, M. Finding and evaluating
community structure in network&hysical Review 69
(2):026113, 2004.

IEEE, 2004. Paul, S. and Chen, Y. Spectral and matrix factorization
Lai, M.-J. and Mckenzie, D. Compressive sensing for cut methods for consistent commun.ity_ detection in multi-
improvement and local clusterin§IAM Journal on Math-  layer networks.The Annals of Statisticd8(1):230-250,

ematics of Data Scien¢@(2):368—-395, 2020. 2020.

Lai, M.-J. and Shen, Z. A compressed sensing based leaB€ng, Z., Luo, M., Li, J., Liu, H., Zheng, Q., et al. Anoma-
squares approach to semi-supervised local cluster extrac-lous: A joint modeling approach for anomaly detection
tion. Journal of Scienti c Computingd4(3):63, 2023. on attributed networks. IRICAI, pp. 3513-3519, 2018.

Latouche, P., Birmé, E., and Ambroise, C. Overlapping Ramaswamy, S., Rastogi, R., and Shim, K. Efcient al-
stochastic block models with application to the french gorithms for mining outliers from large data sets. In
political blogosphere. The Annals of Statisticss(1): Proceedings of the 2000 ACM SIGMOD International
309-336, 2011. Conference on Management of Dapgo. 427—-438, 2000.

11



Network Tight Community Detection

Rivals, 1., Personnaz, L., Taing, L., and Potier, M.-C. En-You, T., Cheng, H.-M., Ning, Y.-Z., Shia, B.-C., and Zhang,
richment or depletion of a go category within a class of Z.-Y. Community detection in complex networks using
genes: which testBioinformatics 23(4):401-407, 2007. density-based clustering algorithm and manifold learning.

Physica A: Statistical Mechanics and its Applicatipns

Rohe, K., Chatterjee, S., and Yu, B. Spectral clustering and 464:221-230, 2016.

the high-dimensional stochastic blockmodehe Annals
of Statistics 39(4):1878-1915, 2011. Zafarani, R. and Liu, H. Social computing data repository
at ASU, 2009. URLhttp://socialcomputing.

Rousseeuw, P. J. and Hubert, M. Robust statistics for outlier
asu.edu .

detection.Wiley interdisciplinary reviews: Data mining
and knowledge discoverg(1):73-79, 2011. Zhao, Y., Levina, E., and Zhu, J. Community extraction for

Rousseeuw, P. J. and Hubert, M. Anomaly detection by social networksProceedings of the National Academy
robust statisticswiley Interdisciplinary Reviews: Data  Of Sciences108(18):7321-7326, 2011.

Mining and Knowledge Discover$(2):e1236, 2018. Zhao, Y., Levina, E., and Zhu, J. Consistency of community

Shen, Z., Lai, M.-J., and Li, S. Graph-based semi-supervised detection in networks under degree-corrected stochastic
local clustering with few labeled nodes. Rtoceedings block models.The Annals of Statistic40(4):2266-2292,
of the Thirty-Second International Joint Conference on 2012.
Arti cial Intelligence, pp. 4190-4198, 2023.

Shrivastava, N., Majumder, A., and Rastogi, R. Mining
(social) network graphs to detect random link attacks.
In 2008 IEEE 24th International Conference on Data
Engineering pp. 486-495. IEEE, 2008.

Tarjan, R. Depth- rst search and linear graph algorithms.
SIAM journal on computingl(2):146-160, 1972.

Tseng, G. C. and Wong, W. H. Tight clustering: A
resampling-based approach for identifying stable and
tight patterns in dataBiometrics 61(1):10-16, 2005.

Varusai, T., Haw, R., D'Eustachio, P., Jassal, B., Senff-
Ribeiro, A., Orlic-Milacic, M., Stephan, R., Roth-
fels, K., and Gillespie, M. E. Sars-cov-2 infection,
Sep 2020. URLhttps://doi.org/10.3180/
R-HSA-9694516.1 . Provided by Reactome. Citation
Accessed on Wed Jan 24 2024.

Von Luxburg, U. A tutorial on spectral clusterin§tatistics
and computing17:395-416, 2007.

Xu, X., Yuruk, N., Feng, Z., and Schweiger, T. A. Scan: a
structural clustering algorithm for networks. Rtoceed-
ings of the 13th ACM SIGKDD international conference
on Knowledge discovery and data minjmgp. 824—833,
2007.

Yamanishi, K. and Takeuchi, J.-i. Discovering outlier Iter-
ing rules from unlabeled data: combining a supervised
learner with an unsupervised learner. Rroceedings
of the seventh ACM SIGKDD international conference
on Knowledge discovery and data minjmgp. 389-394,
2001.

Yang, X., Lin, B., and Sen, S. Fundamental limits of com-
munity detection from multi-view data: multi-layer, dy-
namic and partially labeled block modebsXiv preprint
arXiv:2401.081672024.

12



Network Tight Community Detection

A. Preliminary Notations and Lemmas

In this section, we rst provide a notation table to brie y introduce important notations in this manuscript. Then, we
introduce four useful lemmas to be used in the proofs in Appendices B.

A.1. Details of Notation

We present the detailed expressions of notations widely used in the proposed model and algorithm in Table 3.

Table 3.Notations

Notations Description

N entire network size

n number of tight nodes

m number of scattered nodes

\% entire node set

E entire edge set

T set of tight nodes

S set of scattered nodes

A 2f0;1g" N adjacency matrix of entire network

K underlying number of communities

K prede ned number of communities

z2 [K]" ground truth community label

B 2 (0;1)X K community connectivity matrix
connectivity probability of scattered nodes

max the upper bound of connectivity probability associated with scattered nodes

L subsampling times

N subsampling size

A 2f0;2g" N adjacency matrix of subnetwork

T set of estimated tight nodes

) set of estimated scattered nodes

it number of estimated tight nodes

22 [K]T] estimated community label

C2f0;1g" N co-membership matrix

C 2 (0;1)N N the averaged co-membership matrix
tightness hyperparameter

A.2. Useful Lemmas

The following Lemma A.1 identi es an approximate low-rank structure for the sub-mBtrixhich supports the use of
spectral clustering in our problem. We provide the detailed proofs in Appendix B.1.

Lemma A.1 (Structure of probability matrix) There existR 2 RK K with kR Rik= n, Ly n ! for all

1 k<l K, such thatthe eigen-decompositiorfotan be represented fyR )W (R )~ . Furthermore, we can

decompos® by
P = R W R> > 0k m +D; @)
Om «

. pP——— .
withkDk C ° m(m + n), whereC is a constant.
Below are three more useful lemmas in asserting the consistency of the spectral clustering algorithm. Lemma A.2 is a Wedin

sin theorem, addressing the error in right singular subspace when the matrix is perturbed. Readers can refer to Lemma 7 in
(Chen & Lei, 2018) for a formal proof.
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Lemma A.2 (Wedin sin theorem) LetM ; K! be two matrices of the same dimension, bd) be twon K orthonormal
matrices corresponding to the tdp right singular vectors respectively. Then there exisks a K orthonormal matrixQ
such that D

2 2Kk Mk

kO  UQk
Qs k (M)

Lemma A.3 is a graph concentration inequality, asserting the erdoh of Pk. This result rstly appeared as Theorem 5.2

in (Lei & Rinaldo, 2015) in the literature of network analysis. Here we are adopting a direct corollary where matrices are
rectangular.

Lemma A.3 (Graph concentration inequality).et A be the adjacency matrix generated from a (corrupted) block model
withE[A]= P and , :=max; Pj clogn=n for a positive constant. LetA () be an arbitrary subset of rows of A
andP () be the corresponding submatrixBf We have, for some constad

p—— 1
P kA Pk C N y 1 N
Lemma A.4 asserts that an approximitmeans solution yields an approximately reliable clustering result. It is the same as
Lemma 5.3 (Lei & Rinaldo, 2015) and Lemma 8 (Chen & Lei, 2018).

Lemma A.4 (Approximatek-means error bound)Let andU be twon K matrices. Let be the minimum distance
between two distinct rows &f, and  be the membership vector given by clustering the rovi$.ofet  be the output of
ak-means clustering algorithm dfi , with objective value no larger than a constant factor of the global optimum. Assume
thatkD Uke Cn for some small enough constadt Then” agrees with onallbutC k0 Uke ! nodes
after an appropriate label permutation.

B. Proof of Theoretical Guarantees

In Appendix B, we rst present the proof of Lemma 4.5 in Appendix B.1. Then, we provide the proof of Theorem 4.6 in
Appendices B.2, respectively.

B.1. Proof of Lemma 4.5

Proof. To prove the claims in Lemma 4.5, we rst provide detailed proofs for Lemma A.1. By the de nitionkof a
community stochastic bé)ock model, each entryPosatis esPj; = Bz 2 . Therefore, we nd® = B ~ isofrankK.
Let =diag ny; i ng L, then

P=B ~= ‘) 7
where L already has orthonormal column vectors. 8% 8> be the eigen-decomposition of8 . As a result,
orthonormah K matrixR := 18 serves as the eigenvector matrixgbf Taking
_ O n D1 .
D= D7 D,

we can arrive at the probability matrix decomposition (3). Moredielk C P m(m + n) directly follows from that
= max fk lel kD Zkl g.

To this end, we can use the conclusions in Lemma A.1 to demonstrate Lemma 4.5. Note that Lemma 4.5 is a direct corollary
of Lemma A.1 as long as rstly using ¢ (P) k (P D)j k Dkandthen there exists consta&it andC, such that

K(P) min (W) max(D) c Nn
max (D) Ci1 v m(m + n) 2 m(m + n)

1= ( P
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B.2. Proof of Theorem 4.6

Proof. Through%lt this proof, the probability, the expectation and the variance are all conditioned on the event E =
kA Pk C N n which happens with probability at least 1~ 1=(2N) by Lemma A.3.

During each repetition of our sub-sampling procedure, a spectral clustering algorithm is applied to a sub-rectangle matrix
A® 2 £0;1gN N with only N randomly selected rows. The first step is to extract the top-K right singular vectors
OO 2 RN K of AD. According to Lemma A.1, P = Py + D is decomposed into two components where the top-K
right singular vectors

R

U=
Om k

of P encodes all membership information of tight nodes. We are able to effectively control the discrepancy between U and
OO a5 shown below. Lemma A.2 yields,

. 2 2K
min kOO  UQke ——- AO PP
Q20 <)

2C 2K
— AO p®O 4 p® pgl) : @)
n

where we used K(Pg)) Cn n, for some constant C > 0. Subsequently, Lemma A.1 helps to bound
o M
PO P kDk C  m(m+n):

Conditioned on event E, P—
kA® POk kA Pk C (m+n)(n+ )

Equipped with these two upper bounds, continue from equation 4 to find a constant C; such that

pP_

C; K
in KOO k ——
Join KOO UQke  Br=

P
where we already adopt = O(" p=m)and m n. To this end, a clustering problem is posted on the row vectors of oo,
min HOR® 00 . stHO 2 Mk R 2 RK K,

F ;

where M:k denote a set of membership matrix. Although solving an exact solution is NP-hard in nature, it suffices to
obtain an (1 + )-approximate solution (AO; XM,

AOKO OO ° (14 ymin HORO (OO °
F H;R F
which is guaranteed to be feasible by (Kumar et al., 2004). Based on A®, define the estimated membership matrix for tight

nodes as ~ M = (I’—\lg) )1 i;j n. Lastly, applying Lemma A.4, we know that the K-means clustering algorithm misclusters
no more than C= , nodes, i.e.

1 X (i6& ’\_(')) Cc.
n ' ' nn
i=1 n
These estimated labels give reliable co-membership matrix estimates Cﬂ) = (A §') = AEI)) whose error is bounded by
2
2 c; ¢V 1 1 C -0 1t
ij
n(n l)1i<jn N n N n

This bound holds for any sub-sampled adjacency matrix A®M. Therefore, while averaging over all repetitions
1 X a0,
Cij = E Ci j
I=1

15
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the error of the averaged co-membership matrix estimator is given by

2 > C C

n(n ) L n 1] 1]

tle > cy ¥ =o 1 ;
=1 n(n )1 i<j n Non

therefore yielding the first assertion of Theorem 4.6. For the second assertion on conditional variance, we need to condition
on the event E,

n(nzl)l ~ nVar(Ciij)
“e L, e |
L<41> X nEn &P ECPiB
> h i
o D, ,, B O SniE=o o

C. Additional Experimental Results

In this section, we first conduct extensive synthetic studies on hyperparameter selection (see in Appendix C.1). Subsequently,
we evaluate the performance of the TCD algorithm for networks generated from GSBM with ER-type and HetD-type
scattered nodes. Additionally, we investigate the DCSBM in Appendix C.1. Finally, further results on real data analysis are
presented in Appendix C.2.

C.1. Experiments on Synthetic Datasets

We perform a sensitivity analysis on hyperparameters, including subsample size N, sub-sampling times L, and the tightness
parameter . The experimental settings align with Scenario 1, keeping the entire network size fixed at N = 1; 000 while
varying the corresponding hyperparameter. The results are shown in Figure 5. Moreover, we also examine the estimation
accuracy of the cross-validation method when applied to determine the number of clusters K. The identification results are
displayed in Figure 6.

Subsequently, we evaluate the performance of the proposed TCD algorithm concerning ER-type and HetD-type scattered
nodes. In the case of ER-type scattered nodes, we set P(aj; = 1) = = 0:1fori 2 S. For HetD-type scattered nodes,
we define P (ajj = 1) to follow a uniform distribution with U(0; ! .,), where i 2 S. Additionally, we specify (1., as
,inax =0:1+0:8(i 1)=(m 1). The other parameter settings are kept the same as Scenario 1. Then, we increase the
number of scattered nodes m from 20 to 200, while keeping the total number of network nodes fixed at N = 1;000. The
simulation results are shown in Figure 7. The results demonstrate that the proposed TCD algorithm can effectively identify
both ER-type and HetD-type scattered nodes, showcasing superior performance when compared with other approaches.

Additionally, to visually demonstrate the phenomenon of scattered nodes being randomly distributed across any community,
we present the averaged co-membership matrix obtained by generating 100 sub-adjacency matrices and applying spectral
clustering. The parameter settings align with those in the manuscript’s example section. The experimental results are
illustrated in Figure 8.

Based on existing literature (Lei & Rinaldo, 2015; Jin, 2015), the TCD algorithm can be easily extended to the degree-
corrected stochastic block model (DCSBM) by modifying Step 1.2 as follows:
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Figure 5. The performance of TCD under varying hyperparameters is presented. In the first column, results are displayed for varying
the proportion of sub-sampling size, i.e., N = Nprop, while keeping N fixed at 1,000. The second column illustrates the impact of
sub-sampling times L, which ranges from 10 to 250. The third column shows the variation in the tightness hyperparameter in TCD,

ranging from 0.05 to 0.5.

Estimation

® Cross-validation
/O
9.
¥
Y'
'/
6! ¥
/}/
'/
I
/¢
¢
2 4 6 8 10
K

Figure 6. Estimating the number of clusters using a cross-validation approach (Chen & Lei, 2018). The x-axis represents the true
underlying number of clusters, while the y-axis illustrates the results obtained through the cross-validation method. Error bars, derived
from 100 repetitions, are also incorporated to provide a measure of variability in the estimation process.
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Figure 7. Simulation results for networks generated from GSBM with ER-type scattered nodes (first column) and GSBM with HetD-type
scattered nodes (second column) are presented. The performance of each algorithm is further compared under DCSBM (third column).

Step 1.2. Intermediate community detection: Perform SVD on A® to acquire its leading K right singular vectors.
Normalize each row of these singular vectors to unit length. Subsequently, employ k-means clustering on the rows of the
normalized singular vectors to estimate (0.

Furthermore, the performance under DCSBM is further investigated. Consider a DCSBM for tight nodes, where each
tight node allows for a specific connectivity strength. Let ; denote the degree parameter. For each i;J 2 T, P (ajj =

1) = iBgzyz; j. We then investigate the performance of TCD algorithm in a DCSBM. Specifically, under the settings in
Scenario 1, we fix N = 1;000, m = 0:1N, p = 0:3,9 = 0:12, and max = 0:2. According to (Zhao et al., 2012), we define
P(i= xX)=P( i=x)=1=2, withx =2=( +1). Weset = 2 in this experiment. The other parameter settings

remain the same as in Scenario 1, while the network size varies from 1,000 to 2,000. The simulation results are shown in the
third columns of Figure 7.

C.2. Experiments on Real Data Analysis

Here, we present more detailed results from the real data analysis, as shown in Tables 4-6 and Figure 9. Specifically, Tables
4 and 5 show the performance of each compared algorithm on simi-real data with scattered nodes, with sizes one-sixth
and one-half of the original node size, respectively. Additionally, Figure 9 shows the identification results by TCD in the
Covid-19 protein-protein interaction network, and Table 6 presents the nodes in each community, along with details of the
scattered nodes.
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Figure 8. Averaged co-membership matrix for GSBM with ER (first column), IER (second column), and HetD (third column) scattered
nodes, with 100 repetition results.

Table 4. Results (mean  std) on benchmark datasets with scattered nodes scaled to one-sixth of original network size. NA indicates
non-applicable results.

Dataset Metric (%) TCD CBNs RADAR Anomalous ONE PRN
Football F-score™ 773 2.6 219 41 276 39 124 29 141 32 169 53
misclustering rate # 11.6 2:3 152 27 154 3.0 177 29 171 3.0 383 79
Polbooks F-score™ 60.6 4:1 202 49 345 42 139 39 133 33 237 69
misclustering rate # 28:0 2:9 31:3 422 250 36 26:2 41 252 39 459 091
Polbloes F-score" 487 3:2 1224 3.0 154 35 11:11 29 157 36 6:41 21
g misclustering rate # 199 3:2 391 35 316 42 349 39 323 45 36:2 6:2
BlooCata F-score™ 336 3:1 182 39 131 29 152 31 132 32 1.70 0:15
& misclustering rate # 342 3.7 682 4122 4619 42 40:1 52 459 39 662 79
Dataset Metric (%) HK Extraction ECoHeN HCD RCD
Football F-score™ 19:5 5:8 356 4.1 14:6 207 NA NA
misclustering rate # 38:3 7.5 43:2 37 37.0 141 5214 31 644 37
Polbooks F-score™ 17:4 619 32:6 89 1.8 3.0 NA NA
misclustering rate # 53:0 23:1 534 6:1 455 10:3 520 52 238 27
Polblogs F-score™ 16:1 6:9 17:3 14 3.6 1.9 NA NA
g misclustering rate # 39:2 1714 56:1 1:3 50:3 15 21:8 05 30:3 4:2
F-score"™ 1214 36 11:3 24 01 032 NA NA
BlogCata

misclustering rate # 67:4 28:6 692 98 823 0.0 5211 7:2 613 4:2
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Figure 9. Clustering results for the COVID-19 protein-protein interaction network. The scattered nodes are labeled in red, while the tight
nodes are partitioned into two clusters indicated by yellow and blue, respectively.
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Table 5. Results (mean  std) on benchmark datasets with scattered nodes scaled to one-half of original network size. NA indicates
non-applicable results.

Dataset Metric (%) TCD CBNs RADAR Anomalous ONE PRN
Football F-score™ 829 2:3 14:8 3.1 287 33 1677 32 179 32 242 38
000 misclustering rate # 104 22 18:8 209 135 35 210 37 184 2:9 397 6:1
Polbooks F-score™ 750 3:3 906 29 208 33 135 32 174 32 351 83
misclustering rate # 34:3  3:7 36:6 47 256 38 2614 35 282 44 473 65
Polblogs F-score™ 552 3:1 10:7 26 188 31 149 29 190 32 16:77 44
g misclustering rate # 133 2.6 349 43 3777 39 389 42 370 41 392 45
BloeCata F-score™ 504 3.5 206 4:2 16:2 4.8 164 46 176 41 3:69 0:3
g misclustering rate # 373 319 62:2 52 459 416 46:1 49 422 52 5713 64
Dataset Metric (%) HK Extraction ECoHeN HCD RCD
Football F-score™ 30:6 4.6 412 5.1 3.0 32 NA NA
misclustering rate # 43:3 6:3 458 49 537 143 605 21 642 43
Polbooks F-score™ 37:3 84 562 89 52 10:3 NA NA
misclustering rate # 54:6 11:8 53:3 7:9 487 83 60:9 51 244 98
Polbloes F-score ™ 34:5 20:1 25:7 08 1.4 1.0 NA NA
& misclustering rate # 429 80 570 15 50:7 1:8 351 88 2619 6:8
BlogCata F-score 8:38 59 19:8 6:2 05 04 NA NA

misclustering rate # 70:6 2914 73:2 16:3 823 0.0 59:2 91 665 85
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