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Abstract

The bisimulation metric (BSM) is a powerful tool for computing state similarities
within a Markov decision process (MDP), revealing that states closer in BSM have
more similar optimal value functions. While BSM has been successfully utilized in
reinforcement learning (RL) for tasks like state representation learning and policy
exploration, its application to multiple-MDP scenarios, such as policy transfer,
remains challenging. Prior work has attempted to generalize BSM to pairs of MDPs,
but a lack of rigorous analysis of its mathematical properties has limited further
theoretical progress. In this work, we formally establish a generalized bisimulation
metric (GBSM) between pairs of MDPs, which is rigorously proven with the
three fundamental properties: GBSM symmetry, inter-MDP triangle inequality,
and the distance bound on identical state spaces. Leveraging these properties,
we theoretically analyse policy transfer, state aggregation, and sampling-based
estimation in MDPs, obtaining explicit bounds that are strictly tighter than those
derived from the standard BSM. Additionally, GBSM provides a closed-form
sample complexity for estimation, improving upon existing asymptotic results
based on BSM. Numerical results validate our theoretical findings and demonstrate
the effectiveness of GBSM in multi-MDP scenarios.

1 Introduction

Markov decision processes (MDPs) serve as a foundational framework for modeling decision-making
problems in Reinforcement Learning (RL) [1]]. To enable efficient analysis of MDPs, Ferns et al.
[2]] proposed the bisimulation metric (BSM) based on the Wasserstein distance, also known as the
Kantorovich—Rubinstein metric, to quantify state similarity in a policy-independent manner. BSM
provides theoretical guarantees that states closer under this metric exhibit more similar optimal value
functions. Meanwhile, BSM is a pseudometric [3] satisfying: (1) Symmetry: d(s,s’) = d(s', s),
(2) Triangle inequality: d(s,s’) < d(s,s”) + d(s”,s’), and (3) Indiscernibility of identicals: s =
s’ = d(s,s") = 0. These three properties, combined with BSM’s measuring capability on optimal
value functions, have driven its applications across diverse RL applications. It has been successfully
employed in state aggregation [4), 5], representation learning [6, [7], policy exploration [, 9], goal-
conditioned RL [10], safe RL [[11]], etc.

However, since BSM is inherently defined over a single MDP, its application to theoretical anal-
yses involving multiple MDPs faces notable obstacles. For instance, Phillips [12]] applied BSM
to policy transfer by constructing a disjoint union of the source and target MDPs’ state spaces.
While this allows inter-MDP comparisons through BSM, the disjoint union enforces zero transi-
tion probabilities between states across the two MDPs. Consequently, this method fixes the total
variation distance between their transition probabilities at one, hindering further simplifications and
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analysis. It necessitates iterative calculation of distances across the entire state space, leading to
prohibitive computational costs in deep RL tasks as noted in [13]]. Also, in order to compute state
similarities in continuous or large-space discrete MDPs, Ferns et al. [14]] proposed a state similarity
approximation method through state aggregation and sampling-based estimation. Although they
proved the convergence of approximated state similarities to actual ones by leveraging properties of
BSM and the Wasserstein distance, their approach only derived a fairly loose approximation error
bound and failed to obtain an explicit sample complexity (i.e., the lower bound on the number of
samples required to achieve the specified level of accuracy) for the estimation error. Specifically, the
estimation error bound (see Eq. 7.1 in [[14]) depends on the former aggregation process, resulting in
an asymptotic sample complexity rather than a closed-form expression. In addition, for representation
learning, Zhang et al. [6] and Kemertas and Aumentado-Armstrong [15] leveraged BSM to establish
value function approximation bounds under optimal and non-optimal policies, respectively. However,
BSM-based analysis between the original and aggregated MDPs results in loose bounds, particularly
with large discount factors.

Several works have attempted to extend the definition of BSM for evaluating similarity between
multiple MDPs [[16-18]]. Notably, when extended to multi-MDP scenarios, this modified version
of BSM loses its pseudometric properties, as s and s’ in d(s, s’) represent states in different MDPs.
To the best of our knowledge, prior works have typically extended the single-MDP formulation
to two MDPs, without rigorously retaining the metric properties. Specifically, Castro and Precup
[L6] utilized its evaluation capability on optimal value functions to analyze policy transfer. Due to
the lack of metric properties, the derived theoretical performance bound is limited to transferring
the optimal policy within the source MDP, as it can only reflect the effect of one-step action rather
than the long-term impact of the transferred policy (see Theorem 5 in [16]). While Song et al.
[L7] successfully employed such a modified BSM in assessing MDP similarities and improving
the long-term reward in policy transfer, their investigation focused on empirical validation rather
than in-depth theoretical analysis. Furthermore, a comprehensive survey on various state similarity
measures between MDPs [18]], which highlighted the modified BSM as an effective approach, also
emphasized the limited theoretical guarantees in current methodologies. This raises the following
two questions:

Q1l. Does the modified BSM possess any metric properties when computing state similarities between
multiple MDPs, akin to the pseudometric properties of BSM within a single MDP?

Q2. If so, how can these properties facilitate the theoretical analysis involving multiple MDPs?

To answer Q1, we present a formal definition for the modified BSM in multi-MDP scenarios, which
we refer to as generalized BSM (GBSM), and rigorously establish three metric properties that align
with the pseudometric properties of BSM. These properties are summarized as (1) GBSM symmetry,
(2) inter-MDP triangle inequality, and (3) the distance bound on identical state spaces. To answer Q2,
we apply GBSM in the theoretical analyses of policy transfer, state aggregation, and sampling-based
estimation of MDPs, yielding explicit bounds for policy transfer performance, aggregation error, and
estimation error, respectively. Notably, when the compared MDPs are identical, the error bound of
GBSM reduces to the error bound of BSM for a single MDP. We prove that the GBSM-derived bound
is strictly tighter than the bound directly obtained from BSM, along with an explicit and closed-form
sample complexity for approximation that advances beyond the asymptotic results of [14]. Numerical
results corroborate our theoretical findings.

2 Background

Before describing the details of our contributions, we give a brief review of the required background
in reinforcement learning and the bisimulation metric.

Reinforcement Learning We consider an MDP (S, A, P, R, ~) defined by a finite state space S,
a finite action space A, transition probability P(3|s,a) (a € A, {5,s} € S, and 5 denotes the
next state), a reward function R(s, a), and a discount factor ~y. Policies 7 (+|s) are mappings from
states to distributions over actions, inducing a value function recursively defined by V7 (s) :=
Eomn(ls) [R(8,a) + YEsp(.|s,a) [V™(5)]]. In RL, we are concerned with finding the optimal policy

m* = arg max, V™, which induces the optimal value function denoted by V*.



Bisimulation Metric Different definitions of BSM exist in the literature 2|4} [14]. In this paper, we
adopt the formulation from [4], setting the weighting constant to its maximum value ¢ = 7. The
BSM is then defined as:

d™(s,s") = max {|R(s,a) — R(s',a)| + YW1 (P(|s,a), P(|s',a);d™)},Vs,s" € S. (1)

Here, W1 is the 1-Wasserstein distance, measuring the minimal transportation cost between distri-
butions P(-|s, a) to P(-|s’, a), with d~ as the cost function. Ferns et al. [2] showed that this metric
consistently bounds differences in the optimal value function, i.e., |[V*(s) — V*(s")| < d™ (s, s').

3 Generalized Bisimulation Metric

We now present a formal definition of the proposed GBSM and derive its key metric properties.

Definition 3.1 (Generalized bisimulation metric). Given two MDPs My = (81, A, Py, Ry,7) and
My = (82, A, Py, Ra, ), the GBSM between any state s € Sy and any state s' € S is defined as:

d((s, M1), (s, M3)) = max {|Ri(s,a) — Ra(s', a)| + YWi(P1(-]s,a),Pa(:|s',a);d"%)}. (2)

For notational simplicity, we use d'*2(s, s) to denote d((s, M1), (s’, Ms)), where the superscript
1-2 indicates the direction of GBSM from M to M. Before proving the existence of GBSM, we
first introduce the Wasserstein distance [[19], which is defined through the following primal linear
program (LP):

Wi (P,Q;d) = mmzjls1 Z‘Sﬂ d (s, 85),

subJecttOZ Xij=P(s )v@‘;Z'}_ll‘Ai,j:Q(sj),vg’;Ai,jzo,w,j.

3)

Here, P and () are distributions on &; and Ss, respectively, and s; € S1, 55 € So. It represents the
minimum transportation cost from P to @) under cost function d : §1 X So — R, and is equivalent
to the following dual LP according to the Kantorovich duality [20]:

[S1]

Wi(P,Qid) = max . piP(si) = Y~ %Q(s;),

subject to p; — v; < d(si,sj), Vi,j.

“

Then the existence of such a d'2 satisfying Eq. is established by the following theorem.

Theorem 3.2 (Existence and convergence of GBSM). Let dy? be a constant zero function and
define

dy? (s,8') = max {|Ri(s,a) — Ra(s',a)| + YW1 (P1(-[s,a), P2 (-|s',a); dp %))}, n €N (5)
Then d? converges to the fixed point d*2 uniformly with n — oco. Let R = max; g o |R1(s,a) —
Ra(s',a)|, and the convergence of d%? to d*2 satisfies

d'?(s,s') — dy?(s,8") <9"R/(1 =) (©)

Proof Sketch. The existence of d'-? is established through the fixed-point theorem [21]] and the
definition of the Wasserstein distance, similar to the proof of BSM in [2]. The convergence is proved
via the LP in (3) and induction. (See Appendix [A]for the complete proof.)

Similar to BSM, which evaluates the state similarity through the optimal value function, GBSM
naturally bounds differences in the optimal value function between two MDPs.

Theorem 3.3 (Optimal value difference bound between MDPs). Let V}* and V' denote the optimal
value functions in My and Mo, respectively. Then the GBSM provides an upper bound for the
difference between the optimal values for any state pair (s,s') € 8§ X Sa:

V' (s) = V5 (s)] < d"(s, ). )



Proof Sketch. We first construct a recursive form of the optimal value function by V(™ (s) =
max, { R(s,a) + YEzp(|s,a) [V "7V (3)] }, with base case V(O (s) = 0 and lim;,—,0c V(™ (s) =

V*. The proof proceeds by induction on n. The key insight is that (Vl(")(sk))til‘l and
(\@(”)(sk))lsjl form a feasible, but not necessarily the optimal, solution to the dual LP in (4)
for W1 (P1(-[s, a),P2(-|s', a); dr?). (See Appendixfor the complete proof.) O

Now, we start to establish the three fundamental metric properties of GBSM, which we term GBSM
symmetry, inter-MDP triangle inequality, and the distance bound on identical state spaces. These
properties are designed to align with pseudometric properties of BSM, including symmetry, triangle
inequality, and indiscernibility of identical.

Theorem 3.4 (GBSM symmetry). Let d'2 be the GBSM from M to My, and d**! be the GBSM
in the opposite direction, then we have

d'2(s,s") = d*1(s,s), ¥V (s,8) € S1 X Ss. (8)

Proof. This property can be readily proved through induction. We have |R;(s,a) — Ra(s',a
|Ro(s',a) — R1 s,a)| for the base case. With the assumption of dl?(s,s’) = d*'(s',s), we
have W1 (P1(:|s,a), Po(-|s',a); d5?) = Wi(Pa(|s',a),Pi(:|s,a);d%!), and from (5) we have
dr?,(s,s") = di}rl(s s). It is therefore concluded that d12(s,s’) = d%'(s',s) foralln € N
and (s,s") € 81 X Ss. Taking n — oo yields the desired result.

Theorem 3.5 (Inter-MDP triangle inequality of GBSM). Given MDPs M; = (S;, A, Py, Ry,7),
My = (82, A, Py, Ra, ), and M3 = (S3, A, Ps, R3, ), GBSMs between the three MDPs satisfy

d'2(s,s") < d"3(s,s") + d*%(s",5'), V (s,5",5") € Sy x Sy x Ss. 9)
Here, the GBSM between any two MDPs can be arbitrarily reversed according to its symmetry.
Proof. First, we need to prove the transitive property of inequality on the Wasserstein distance, that is,

the Wasserstein distance between the three distributions follows Wy (P!, P2; d'-2) <Wy (P!, P3; d'3) +
Wi (P3,P?; d*2) if @) holds, where P!, P2, and P? denote arbitrary distributions on S1, S, and Ss.

Let (5;,5;,5%) € S1 X Sy x S3. Define A*? as the optimal transportation plan for W, (P, P3; d'3)
in primal LP , with elements A satisfying Z'Sg‘ )\1 > — P!(s;) and Z‘Z‘illl )\115 = P3(sp).
Similarly define A*? for W, (P3, P?; d*?) with elements )\i? Construct A"*? with elements ;7

satisfying lez‘ Al ,:’]2 = )\1 5 and 321 All,ff = )\3 2. Such a A"*? does exist according to the

Gluing Lemma in [22] Then note that
|S2 |83‘ 1 372 ‘Sdl 173 1
S =y —pie,
|S1] |53 1 3,2 |Ss| 2
DONIND NSRS SV RS Sl Oh)

thus 25:3‘1 A1%? is a feasible, but not necessarily the optimal, solution to the primal LP in (3)) for
W1 (P, P2; d'%). Consequently, we have

Wl (Pl,P2;dl ) Z|51 Z‘Sz (Z‘S3| i7k7 )d1_2<8i,8j)
< lel Z (Z i7 ; )<d13(s,,sk)—|—d3 (sk,sj))
_ Z|51 Z‘Sdl )\Zlgdl 3 (5, 51) + Z|53\ Z\Sﬂ

= Wi (P, P d") + Wi (P, P2 ). (10)

|Sa| \33|

)\i?d”(sk7sj)

Here, step (a) stems from the assumption on d. We have now established the transitivity of the
inter-MDP triangle inequality on the Wasserstein distance.



Armed with (I0), we are ready to prove the inter-MDP triangle inequality of the GBSM through
induction. For the base case,

di?(s,s") < max,{|Ri(s,a) — R3(s”,a)| + |R3(s",a) — Ra(s',a)|}

< max,{|R1(s,a) — R3(s",a)|} + max,{|R3(s",a) — Ra(s",a)|}
=di3(s,8") +d32(s",8'), V (s,8,5") € S; x So x S3.

By the induction hypothesis, we assume that for an arbitrary n € N,

d2(s,s') < dB(s,s") + d>2(s",8'), V (s,8,5") € S1 x So x Ss.
The induction follows
diﬁ_l(s,s’)g mgx{|R1(s,a) — Rg(s”,a)| + |R3(s”,a) — Rg(s',a)|
+ AW (P1(:|s, @), Ps(-[s", a); dif) + W1 (Ps(-]s", a),Pa(:|s", a); d?ﬁ)}
max { |R1(s, a) — Rs(s”, a)‘ + Wy (IP>1(~|57 a),P3(:|s",a); diﬁ)}

IN

+ max{|R3 (s",a) — Rg(s’,a)| + W (]P’g(.\s”,a),]}”g(.\s’,a);di’z)}

= dn-‘rl(s $ ) dn+1( vsl)v v (S S/ S”) € 81 X 82 X 83

Here, the first inequality follows from (I0), i.e., the transitivity of the inequality. Now we have
dy 2(5 s") < d3(s,8") + d3?(s”, 8') for all n € N. Taking n — oo, we establish the inter-MDP
triangle 1nequahty of GBSM. O

Since the identical states only exist within the same state space, we establish the distance bound only
when M and M share the same state space S. This property is formulated as follows:

Theorem 3.6 (Distance bound on identical state spaces). When My and M share the same S,

1
mgxdlz(s s) < ﬁH;%X“Rl s,a) — Ry(s,a)| + ﬂTV(Pl('|s,a),P2(~\s,a)) }, (11)

where TV represents the total variation distance defined by TV(P7 Q) = 3.5 |P(s) — Q(s)].

Proof. Consider a special transportation plan between distributions P and ). This plan preserves all
mass shared between P and @, defined as min{ P(s), Q(s)} for all s. The remaining mass, where
P(s) > Q(s), is distributed to states where P(s) < Q(s). Then the total mass to be transported
is quantified by the total variation distance, where the transportation cost with the cost function d
is bounded by max; ¢ d(s, s'). The shared mass is given by 1 — TV (P, ), with the cost bounded
by max; d(s, s). While this plan adheres to the definition of Wasserstein distance, it can hardly be
optimal. Then we have

W1 (P, Q;d) < TV(P,Q) max, y d(s,s") + (1 — TV(P,Q)) max, d(s, s). (12)
According to its recursive definition, GBSM is a mapping bounded by [0, R/(1 — «)], then
max, d'(s, s)<max, 4 {|R1(s, a) — Ra(s,a)| + vTV(P1(:|s,a), P2(-|s, a)) max, o d'*(s,s") }
+ymaxgq { (1 = TV(Py(-[s,a), P2(-[s,a))) max, d'">(s, s) }

§rr;%x{|R1(s7a)—R2(s, G,)|+£TV(]P’1(-|S, a),Py(-|s, a))}—l—'y m;?o(dl-z(s7 5).

Rearranging the inequality yields the desired result. O

A direct consequence of Theorem [3.6]is that if My = My, where R = Ry and Py =Ps, the right-hand
side of the inequality becomes zero. It indicates that

d"(s, ) = d((s, M1), (s, M1)) =0, ¥s € &, (13)
confirming the indiscernibility of identicals of GBSM when the compared objects (state-MDP
pairs) are genuinely identical. We denote the maximization term max,{|R1(s,a) — Ra(s,a)| +
7R STV(P1(c[s,a),P2(:|s,a))} in Theoremﬁas d}(s, s) in the following.

We now have a formal definition of GBSM and have rigorously proved the metric properties. Notably,
when all compared MDPs are identical, GBSM reduces to the standard BSM. In this case, the three
fundamental properties of GBSM reduce to the corresponding pseudometric properties of BSM.



4 Applications of GBSM in Multi-MDP Analysis

To demonstrate the effectiveness of GBSM in multi-MDP scenarios, we apply it to theoretical analyses
of policy transfer, state aggregation, and sampling-based estimation of MDPs.

4.1 Performance Bound of Policy Transfer Using GBSM

Using GBSM, we analyze policy transfer from a source MDP M to a target MDP M and derive
a theoretical performance bound for the transferred policy. This bound takes the form of a regret
(defined as the expected discounted reward loss incurred by following the transferred policy instead
of the optimal one [23]]). Specifically, it is a weighted sum of the GBSM between the two MDPs and
the regret within the source MDP itself, formulated by the following.

Theorem 4.1 (Regret bound on policy transfer). Consider transferring a policy w from M1 to
M. The transferred policy acts as 7(-|f (")) for s’ € S, where [ : So — Sy is a mapping from
target states to source states. The regret of m in My is bounded by

. ﬂ 2 - gl * w
ex V5 (s") = V5 (s')] < 14 Jex d(f(s'),s") + 1—~ s Vi'(s) = Vi (s)]. (14

Proof Sketch. The proof of (I4) is similar to the proof in [12] and is conducted by replacing the BSM
by GBSM. (See Appendix |C|for the complete proof.) [

Special cases of Theorem[4.1]yield the following refined bounds:

Corollary 4.2 (Optimal mapping for policy transfer). When f(s') = argminges, d'(s,s’),
Vs’ € Sy, the bound tightens to:

* T 2 . - 1 + ry * s
max V5 (s") = Vi (s')] < T max { min d'(s,s")} + T—4 max [Vi"(s) = Vi"(s)]. (15)
Corollary 4.3 (Policy transfer with identical state space). When M1 and M share the same state
space S and f(s) = s, we have

max V5 (s) — V5" (s)] <

1
1 maxle’\%(s, s)+ # max |Vi*(s) — V" (s)|. (16)

(1 —7)? ses — ses
Proof Sketch. This corollary utilizes the distance bound on identical state spaces in Theorem[3.6] [J

In contrast to the approach of [12]], which constructs a disjoint union state space for analysis, we
provide a similar theoretical bound by directly analyzing the relationship between the source and
target MDPs. This method avoids a constant total variation distance, thereby enabling simplifications
such as the bound based on d}:2, as well as the approximation method in the following section.
Meanwhile, calculating BSM on the disjoint union of two MDPs renders a significant computational
complexity scaling with |S; +Sz|?. In contrast, our GBSM is directly computing between M/ and
M, with an reduced complexity scaling with |Sy|-|Sa|.

4.2 Approximation Methods and Corresponding Error Bounds

When the state space is extensive and actual transition probabilities are inaccessible, approxima-
tion methods are necessary for the efficient computation of state similarities. In the single MDP
scenario, Ferns et al. [14] proposed a state similarity approximation (SSA) method based on state
aggregation and sampling-based estimation. Let i/ C S be a set of selected representative states,
[-]:S — U an aggregation mapping, ¢ = maxscs{d™ (s, [s])} the maximum aggregation distance,
and K the number of samples used to empirically estimate each transition probability. The SSA error
satisfies
max |4 (s, ) = d5 s ([s], [5')| < 201(2_T) + 12_77 ma W (B[], o), [FC] 5], )5 ).
(17)

Here, d3 ), denotes the BSM on the approximated MDP, [P] denotes the transition probability

between aggregated states, and [P] represents its empirical counterparts estimated from K samples.



However, the BSM-based aggregation error bound 25(2 + v)/(1 — ) is fairly loose, while the
sample complexity for the estimation error is limited to asymptotic expressions.

Beyond approximating state similarities, it is crucial to quantify the difference between optimal value
functions within the original MDPs and their approximated counterparts in aggregated MDPs. Using
a BSM-based analysis, Zhang et al. [6] established a value function approximation (VFA) bound on
this difference, given by 25/(1 — ), but it also suffers from looseness when -y becomes large.

To address this, we apply the GBSM to directly compute state similarities between the original
MDPs and their aggregated/estimated counterparts. Beyond extending the approach in [[14] to the
multi-MDP setting, our GBSM-based analysis yields significantly tighter approximation bounds for
both SSA and VFA, and provides an explicit and closed-form expression for the sample complexity.

4.2.1 State Aggregation

Given the previously defined S, U, and |- ], the aggregated state space [S] is defined such that the
reward function and transition probability of each state are replaced by those of its representative state,
given by R(s,a) = R([s],a) and P(-|s,a) = P(-|[s], a) forall s € S. The aggregated transition prob-
ability is defined as [P](s'|s, a) = 3" e (5= P(5”|s, a). Note that [P](s[s,a) = 0 when s" ¢ U.
With this construction, we define the aggregated MDP for My as My = ([S1], A, [P1], Ry, 7).
First, we obtain the VFA bound directly from GBSM.

Theorem 4.4 (VFA error bound). Given MDP M and its aggregated counterpart My}, the VFA
bound is given by
maxses, [Vi'(s) = Vi) (s)| < o1 < 61/(1 =) (18)

where 01 = max,cs, d" (s, 5) and 51 = max,es, d™ (s, [s]).

Proof. The first inequality is a direct consequence of Theorem[3.3] For the second one, We construct
an intermediate MDP defined by M o, = ([S1], A, P1, Ry,~) and prove d' '8 (s, s) = d"M(s, s)
for all s € S; through induction. For the base case, di[s]'[l](s7 s) = max, |R1([s],a) — Ri([s],a)| =
0. By the induction hypothesis, we assume that dansi (s,s) = 0 for any n, then

=W (s, 5) = max, {|Ru([s], @) — Ru([s], a)| + yWi(P(-|[s], a), [P)(-|[s], @); dn® )}
< ymax, de& P(3|[3], a)ds M (3, [3]).

The inequality here follows from a transportation plan that moves the mass from each s to its
representative state [5]. Note that the reward function and transition probability of each state are the
same as its representative states in M g, thus ds s, [8]) = dpert ([8],[3]) = 0, and thereby
we have d7,+1[ ]( 5,5) = 0. Now we have established d,ll[slf[l](s, s)=0foralln € Nand s € S;.
Taking n — oo, we have d's1"1(s, s) = 0, Vs € S;. Using the inter-MDP triangle inequality in
Theorem [3.5] we derive d'"'s1 (s, 5) = d[!(s, s) forall s € S;.
Next, we prove the inequality between 7 and 1. For representative states s,, € U; C S1, we have
dl-l[s] (S’lm Su) =max, {|R1(Su7 ) - Rl(Su, Cl)| + 'YW1 (P(|Su7 CL), ]P)('|Sua Cl), dl-l[s] )}
=7y max, {W (P ISu, a),P(:|su, a);d'11e1) }
<ymax, { Z P(3|su, a)d"151(3,5) }

<y max, d* s (s, ) = ymax, d"s) (s, [s]).
Here, the first inequality follows from a straightforward transportation plan that keeps all the mass
at its position. The last equality is because s and [s] share the same reward function and transition
probability in M, 4 . Then, according to the inter-MDP triangle inequality in Theorem@, we have
d181 (s, [s]) < d" (s, [s]) + dHE ([s], [s]) < d' (s, [s]) + v maxg dT) (s, [5])
Taking the maximum of both sides, rearranging the inequality, and combining the established
d'11s1(s, s) = d11(s, s), we have
o1 = max, d"(s, s) = max, d"151 (s, s) = max, d*119) (s, [s])

< max,d' (s, [s])/(1—7) = max,d™ (s, [s])/(1 =) = 61/(1 =),



demonstrating significant tightness compared to the BSM-based bound 254 /(1 — «) in [6]. O

Then the aggregation error bound for SSA is established as follows.

Theorem 4.5 (SSA aggregation error bound). Given MDPs M, My and their aggregated
counterparts M1, Mg), the SSA error bound is given by

max, o |d"2(s,s') — dN (s, 8')| < oy + 09 < (51 4 52)/(1 — 7). (19)
Proof. This theorem is easily derived by combining Theorem [3.5]and Theorem 4.4 O

When the compared MDPs are identical, i.e., My = My = (S, A, P, R, ), Theoremreduces to
the aggregation error bound in the single-MDP scenario as
max, o |d" (s, 8") — AU (s ) < 200 < 26,/(1 —7),

indicating significant tightness of the GBSM-based bound 20, compared to the BSM-based one
201(2+7)/(1 —~) [14].

4.2.2 Sampling-based Estimation

To estimate a probability distribution P through statistical sampling, we define the empirical distribu-
tion based on K samples as P(z) = e Zf( 1 0x,(x), where { X1, Xo, ..., X}, are K independent
points sampled from P and § denotes the Dirac measure at X; such that 5 x;(x)=1ifz =X, and0
otherwise. Then the empmca] MDP for M is constructed by sampling K points for each Py (+|s, a),

defined by Mj = (51, A, IP’l, R1,~). The estimation error bound is derived as follows.

Theorem 4.6 (SSA estimation error bound). Given MDPs M, My and their empirically estimated
counterparts Mi, Ms, the SSA error bound is given by

max, o |d'"?(s,s") — di'é(s, s')| < max, dl’i(s, $) + maxy dQ’Q(sl, s'). (20)
To reach an error less than € with a probability of 1 — «, the sample complexity is given by
V2 R2|S.|?

K> —111(a/2) (1)

263(1 =)t
for each state-action pair in My (where |S.| = |S1]) and Mo (where |S.| = |S2|).

Proof. Inequality (20) is easily obtained from Theorem [3.5] In terms of the sample complexity, we
derive the following using Theorem [3.6]

max, o |d'"?(s,s") — di'é(s, s

R 5 .

< (177)2 (maXS@TV(Pl(-\s,a),]P’l(-|s,a)) + maxy TV(IPQ(-\S',LL),PQ(-|S’,a)))
— ,

R . .
_ ﬁ <ma {desl|]P1(§\3,a)—]P1(§\s,a) |}+r£1%x {deSQ\PQ(gSQ a)—Py (3]s, a) |}) :
To ensure the estimation error remains below ¢, we require [P (3]s, a) — Py (3]s, a)| < < %‘ < )I and
Py (3]s, a) — Py(3]s, a)| < ew(glgj . Next, by applying the Hoeffding’s inequality [[24] that is defined
by Pr{|P(s) — P(s)| > ¢} < 2¢72K<* we derive the desired sample complexity. O

When the compared MDPs are identical, the estimation SSA bound in Theorem @] reduces to
2max, a1 (s,s) for BSM. We now prove the tightness of this new sampling error bound compared
to the existing bound 2—7 — max, s Wi(P(|s,a),P(-|s,a);d™) in [14]. According to the transitive
property of inequality on the Wasserstein distance defined in (I0), we have

071 (s.8) = 3 W1 (B(]s, 0), B(|s, a); d'T) A
< AW (P(-|s,a), P(-|s,a), ; d*) + Wy (P (|3 a), B(-|s, a); d1)
g 5,9).

< AWi(P(-[s,a), P(-|s,a); d*") + v max, d*



Taking the maximum of both sides and rearranging the inequality yields
2 max, dl'i(s, s) < 2ymax, s Wi (P(-|s,a), P(:|s,a);d"")/(1 — 7).

Since d'"! £ d~, we have now proved the tightness of the new sampling error bound compared to the
one derived from BSM in [14]].

Furthermore, in case the approximation combines both state aggregation and sampling-based estima-
tion, where the approximated MDP is defined as M j; = ([S1], A, [1], R1, ), we have

d"(s, ") — - (s,8")| <2max, a+l (s,5) <2max, d"(s, s) + 2 max, al-i (s,8)

maXxs s

via the inter-MDP triangle inequality. It enables a decoupled analysis of error, and thus results in an
2p2 2
v R7|U|

2E(1=7)7 for an error below ¢

explicit and closed-formed sample complexity, i.e., K > — In(a/2)
with probability of 1 — a, where U/ is the set of representative states.

5 Extensions to BSM variants

The proposed GBSM framework is readily extendable to numerous variants of BSM to enhance its
applicability, such as lax BSM [25]] and on-policy BSM [26].

Lax GBSM enables the computation of state similarities between MDPs with different action spaces.
To relax GBSM to lax GBSM, we first adapt @) to

5(d)((s,a),(s',a")) = |R1(s,a) — Ra(s',a")| + yW1(P1(:|s,a),Pa(-|s',a’); d), (22)

and define the lax function as Fi(d|s,s’) = H(Xs, X.;6(d)), where X, = {(s,a)la € A1},

X!, = {(s',d)|a’ € A}, and H is the Hausdorff metric. Iterating from dj;2,(s,s’) = 0 and
dit i1 = Fax(diy2,ls,8"), di?, converges to a similar fixed point dj;? that satisfies |V;*(s) —
V5 (s'")| < di:2(s, s') in Theorem Next, the symmetry (Theorem and triangle inequality
(Theorem [3.5) can be readily established for dj-?. For MDPs sharing same S and A, we have
di;2 <d“2<dk? /(1 —+) (Theorem[3.6). Since these fundamental metric properties hold, the bounds
for state aggregation (Theorem [4.5]) and estimation (Theorem also follow directly. For policy
transfer, a similar regret bound (replacing d*2 in Theoremby di;2) can be established by defining
an additional action mapping g : A; — Ay for transfer. Due to the introduction of max-min term via
Hausdorff metric, the lax GBSM-based transfer bound requires an assumption on this action mapping,
i.e., g(a) = argming 6((f(s'),a), (s, a); dl;2) for each s and a. See Appendix D] for the proof.
On-policy GBSM computes state similarities between MDPs under non-optimal policies. To achieve
this, we rewrite (2) to

d;?(s,8") = |R{(s) = R (s')| + yW1(PT([5), P5 (]s"); dz%), (23)

where RT(s) = >, m(a|s)Ri(s,a) and PT(3|s) = > m(als)P1(]s,a),V5 € S; represent the
expected reward and transition probabilities for a non-optimal policy 7 in M, with corresponding
terms R3 and P7 defined similarly for My. Our theoretical properties are also preserved in this
setting: the value difference bound in Theorem [3.3| now applies to the on-policy value function
by |V (s) — V5 (s')| < dL2(s, s’). Then metric properties Theorem and follow directly,
and d}-2(s, s') is bounded by an on-policy TV-based metric div (s, s') = {|RT(s)— R3(s)|+
%TV(P?(- |s),P5(-|s))} as the Theorem for on-policy GBSM. As a direct consequence, we
have max; |V (s) — V[f](s)| < max; d}r_[l](s, s) < max, d.(s, [s])/(1 — ), a tighter bound for

VFA with non-optimal policy compared with the existing result 2d,. (s, [s])/(1 — 7) in [I3]]. See
Appendix [E]for the proof.

6 Numerical Results

In this section, we empirically validate the theoretical results derived from GBSM. To this end,
we construct MDPs with randomly generated reward functions and transition probabilities, along
with their aggregated and estimated counterparts. Specifically, we use random Garnet MDPs with



Experiments (y=0.1) xpe 5 Experiments (7=0.5)

(a) Policy transfer (b) SSA (aggregation) (c) SSA (estimation) (d) VFA

Figure 1: Experiments on random Garnet MDPs.

|S| = 20,|A| = 5, and a 50% branching factor. In the aggregated MDPs, the reward functions
and transition probabilities for half of the states are replaced by those of their representative states,
while the estimated MDPs are established by introducing a Gaussian noise with a standard deviation
ranging from 0.1 to 0.3 to the transition probabilities.

To demonstrate the application of policy transfer between MDPs, we calculate the bound in Theo-
rem[4.1] and the existing measure between MDPs in [17]], and calculate the ground-truth regret by
computing the precise value functions under a tabular Q-learning setting. Then, we calculate the aggre-
gation and estimation SSA bounds using BSM and GBSM, respectively. The BSM-based SSA bounds
are computed via (I7). Since the estimation error bound in depends on the aggregation process,
we decouple the two for clearer analysis. Specifically, the BSM-based aggregation SSA bound is given
by 261 (24+y)/(1—7), and the estimation SSA bound is % maxg s Wi(P(-|s,a), P(-|s,a);d™) [14].
The GBSM-based SSA bounds follow from Theorem (aggregation) and Theorem (estimation).
For VFA bounds comparison, we employ the GBSM-based bound in Theorem .4]and compare with
the BSM-based bound 25 /(1 — ) in [6]. We also compare them with the ground-truth error values
to assess their tightness.

We conduct 100 independent experiments for each v € {0.1,0.2,...,0.9}. The x-axis represents the
experiment index of 100 independent trials, while the y-axis plots the values of ground-truth error
and (G)BSM-based bounds in each trial. Figure[Ta]shows that the empirical metric in [17] fails to
bound the transfer regret, while our GBSM-based bound is consistently effective. In terms of the SSA
and VFA error, as depicted in Figure[Ib] [Ic| and[Id] the bounds based on GBSM are significantly
tighter than those derived from BSM, which corroborates our theoretical findings and highlights the
effectiveness of GBSM in multi-MDP analysis. Complete results are provided in Appendix [

7 Conslusion

Application and limitation The first application is the sim-to-real policy transfer, where GBSM can
be calculated between the simulated MDP and real-world MDP to predict transferred performance
and serve as a metric for improving the simulation environment. Meanwhile, the approximation
methods could be employed to address the inaccessibility of precise transition probabilities and reward
functions in the real world. Another potential application is in multi-task RL, where GBSM can
coordinate policy optimization across different MDPs, cluster similar tasks for efficient training, and
mitigate gradient interference issues. The limitation mainly lies in the discounted reward formulation
in GBSM. In real-world tasks, the goal is typically to maximize the long-term average reward.
However, most of the theoretical results in this paper are divided by 1—+, and taking ~ to 1 would
yield an infinite result. Investigating metrics tailored for the average-reward MDP is an important and
promising direction for future research.

Discussion In this paper, we have formally introduced GBSM and established its fundamental
theoretical properties, including GBSM symmetry, inter-MDP triangle inequality, and distance bound
on identical state spaces. Leveraging these properties, we provide tighter bounds for policy transfer,
state aggregation, and sampling-based estimation of MDPs, compared to the ones derived from
BSM. To our knowledge, this is the first rigorous theoretical investigation of GBSM beyond simple
definitional adaptation. We believe this work introduces a valuable new tool for multi-MDP analysis.
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A Proof of Theorem 3.2

This section provides a detailed proof of the existence and convergence of GBSM.

A.1 The Existence of d'-2

To prove the existence of d'2, we introduce the Knaster-Tarski fixed-point theorem. Let (X, <)
denote a partial order, which means certain pairs of elements within the set X are comparable under
the homogeneous relation < [21]]. If this partial order has least upper bounds and greatest lower
bounds for its arbitrary subsets, it is called a complete lattice. The Knaster-Tarski fixed-point theorem
asserts that for a continuous function on a complete lattice, the iterative application of this function to
the least element of the lattice converges to a fixed point Z, which satisfies = f(z). Formally, the
theorem is stated as follows.

Lemma A.1 (Knaster-Tarski fixed-point theorem [21]]). If the partial order (X, <) is a complete
lattice and f: X — X is a continuous function. Then, f has a least fixed point, given by

fix(f) = Unenf™ (20), (24)

where x is the least element of X, LI denotes the least upper bound, ™ (xq) = f(f™=1(x0)),
and fM)(xq) = f(xo). Here, the continuity of f is defined such that for any increasing sequence
{z,} in X, it satisfies

[ (Unen{zn}) = Unen {f (z4)} - (25)

Let D denote the set of all cost functions, which are defined as maps that satisfy S; x Sa — [0, %]

Equip D with the usual pointwise ordering: Consider two cost function, say d and d’ € D, denote
d < d'ifand only if d(s,s’) < d'(s,s’) forany s € S1 and s’ € So. Then D forms a complete lattice
with the least element d(l)'z, i.e., the constant zero function. Given s and s’, we regard the recursive
definition in (3)) as a function of d and accordingly define F': D — D by

F(d|s,s) = maax{|R1(s,a) — Rg(s’,a)‘ + Wy (Pl(.|37a),IP2(.|s’,a);d)}. (26)

Utilizing the Knaster-Tarski fixed-point theorem, the existence of d'2 is achieved if the continuity of
F holds on D.

We first prove the continuity of the second term in F'. Define Fyy, : D — D by
FWl (d | 5, S/) =W (P1(|S7 a)a PQ('|S/a CL); d) . 27

Lemma A.2. Fyy, is continuous on D.

Proof. We follow the definition of continuity defined in Lemma@ Lets; € S;and s; € Sy. Regard
Fw, (si,s;;d) as a function of d. Without loss of generality, we denote probability distributions
{P1(-|84,a),Pa(-|s;,a)} as { P, Q} for brevity, and let p < p’, {p, p'} € D. Considering the optimal
solution {p, v} for W1 (P, Q; p) in the dual LP in (4), we have

wi — v < p(siysj) < p'(si,85), Vi, j, (28)

which is derived from the pointwise ordering in D. Here, for the other W1 (P, Q; p’), {p, v} isa
feasible, though not necessarily optimal, solution to the dual LP in @) Thus, we have

|S1] |S2|
Wi(P,Qip) = D maP(s:) =Y~ viQls;)
< Wi(P,Q;p"), Vp < p'. (29)

By such a monotonicity, we have Wy (P, Q; p) < W1 (P, Q;Unen{pn}), ¥p € {pn} for any increas-
ing sequence {p,, } on D. This further implies that L,,en{W1 (P, Q; pn)} < W1 (P, Q; Unen{pn})-

We use the primal LP for the other side. Let A™ denote the optimal solution in (3) for Wy (P, Q; pn),
which also satisfies the conditions for Wi (P, Q;Unen{pn}). Define €'; = Unen{pn}(si,s;) —
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pn(Si, s;), then e" > 0 and lim,,— o e = 0 due to the monotonicity of the increasing sequence of
{pn}. Then, we have

(@)

IN

Wa(P.QiUnedonh) £ 3000 ST AL - Unerelonb(siv )
|Sa| \n

e 2'32 Epalsns) + Y 1'2 e

S|
=WiP.Qipn) ) M
< Unen {Wl(P7 Q7 pn)} + HZJ%X{G'L"]‘ . (30)

Here, step (a) follows from the fact that A" is the optimal solution for Wi (P, Q;p,)
rather than Wi (P, Q;Unen{pn}). Taking n — oo, we have U,en{W1i(P,Q;pn)} >
W1 (P, Q; Unen{pn}). Following from the above two inequalities from both directions, it is readily
to get Upen{W1 (P, Q; prn)} = W1(P, Q; Unen{pn})- Thus, for any i and j,

Fw, (Unen {pn}|si, ;) = Wi (P1(-]si,a), Pa(-]s5,a); Unen{pn})
Unen {W1(P1(:|si,a),P2(-|s;,a); pn) }
= Upen {FW1 (pn | si,55) } 31)
Now that the continuity of Fyy, in (27) on D is established. O

Armed with Lemma[A-2] we are ready to establish the continuity of F as follows.
Lemma A.3. F is continuous on D.

Proof. Considering an arbitrary increasing sequence {p, } on D, for any ¢ and j, we have

F (Unen{pn} |si,s5)
= max {|R1(si,a) — Ra(sj,a)| + Wi (P1(‘]si, @), Pa(]s;, a); Unen{pn})}

= maaX{‘Rl(Si,a) — R2(8j7a)| + v Unen {Wl (Pl('|5iaa)aP2("3j>a)§pn>}}
= Unen {mgx{|R1(8ma) — Ra(sj,a)| + W1 (Pl(‘|8i»a)aP2('\3j,a);Pn)}}
= Unen {F(pn|si,5;)} (32)

Now that the existence of d'-2 is established by using Lemma and Lemma

A.2 The Convergence of d.? to d'-

12, {d!?} forms an

Due to the continuity of F' and using the induction starting from d? < di
2> d1 2 for any n. Also,

increasing sequence on D. Given that d'? = L,y F'(™ (d}2), we have d'-
4" (si,5;) = max {|Ra(si, @) = Ra(s;, )| + W1 (1 ([si, 0), Pa( |5, ): ) }
< R+ ymax{d"?(s;,s;)}
Y

= maX{dl_z(si, Sj)} < R/(l — ’7), \ (57;7 Sj) €S xSs. 33)

2,

We begin with a simple inequality for the Wasserstein distance before proving the convergence of
GBSM. Let A" denote the optimal solution for W; (P, Q; d5?), then for any d}2

W (P ?) < 3 2'52 X2 d2(s;,55)

Z|81 Z (@ (si,85) — dy(siy 55) + dy2 (s, 85))
max {d (si, sj) —dX(si, sj)} + Wi (P, Q; d#’z). (34)
0.

|32

IN
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The first inequality follows from the fact that A" is the optimal solution for Wy (P, Q; d%?) rather
than W1 (P, Q; d'2).

Now we employ the mathematical induction. For the base case, we have
d'2(s,s") —di (s, s")
= mgx{|R1(s,a) — Ry(s',a)| + W1 (P1(~|s,a),]P>2(-|s',a);dw)}

—max {|Ry(s,a) = Ra(s', a)[}
m;ix{\Rl(s,a) — Ry(s',a)|} + 7 max {Wi (P1(-[s,a),Pa(-|s", a); d"2) }

~max {1 (5,) ~ Ry(s', )]}
= 7 max {W1 (P1(-]s,a),Pa(-|s",a);d"?) }
< 7ymax {d"2(s,s")} =yR/(1—7), V (5,8) € 81 x So. (35)

IN

By the induction hypothesis, we assume that for an arbitrary n,
d*2(s,s") —ds3(s, ') <A"R/(1 —7), ¥ (s,5") € Sy X Sa. (36)
Then we have
4725, 5) — i3, (s, )
= max {|R1(s,a) — Ro(s',a)| + Wy (Pl(-|s, a),Py(]s',a); dw)}
- mgx{\Rl(s, a) — Rao(s',a)| + W1 (Pi(|s, a), Pa(-|s', a); d?) }
max {(|R1(s,a) — Ra(s',a)| +yW1 (P1(:|s,a),P2(-|s, a); d'?))

— (|R1(s,a) — Ra(s',a)] + YW1 (P1(-]s, a), Po(-]s', a); d)?)) }
= ymax {W (P1(]s,a), P2(|s', a);d"?) — Wy (Pi(|s,a), Po(|s',a); d}?) }

(a)
< ymax { max {d"2(s,s") — d2(s,8") } + Wi (Pi(-]s,a), Pa(-]s, a); dy?) .

IN

- Wl (]P)l("sv (L), IP>2('|Sla a); d’}L_z) }
= ymax {d"?(s,s") — d)?(s,5")} <Y"T'R/(1—7), ¥ (5,5) € S1 x Sa. (37)

Here, step (a) uses . Following from -, d*2(s,s") — dL2(s,s') < 4" R/(1 — 7) holds
foralln € N.

B Proof of Theorem

This proves the optimal value difference bound between MDPs by induction. For the base case, we
have

Vi (s5) = V3 (s5)] = |max Ru (s, a) — max Ry(s;, )|
< max R (si,a) — Ra(s;, a)
=di?(si,55), ¥ (s:,87) € S1 X Sa. (38)
By the induction hypothesis, we assume that for an arbitrary n,
VI (i) = V3 () < IV (s0) = V3 (s9)
<dX?(si,85), ¥ (si,85) € S1 X Sa. (39)
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Then the induction follows
’V("-H) ) V(n-i-l)( )‘

‘ 1| n
‘max{Rl Si, @ +VZ Py (sklss, )V1( )(Sk)}
maX{RQ(S], +’yz Po(sklsj,a )Vz(")(sk)}‘
|S1] n
mgx{‘(Rl Si,a +’}/Z P(sk|si,a) V1( )(Sk))
|S2 | (n)
Ra(s;. ) +7 3 Pa(onls; V™ (s0)

IN

|S1] |S2|
< max ’R1(5i7a) — Ry(sj,a)| +~ ZH’H sk|si, a) 1 sz Sk|sj,a) 2 ( k)
k=1

(@) 1.2
< ml?x{|R1(si7a) — Ry(sj,a)| + YW1 (P1(-]ss,a), Pa(-s;,a); dy?) }

:d’}z_-?-l(siﬂsj)v V(Si,Sj) 681 XSQ. (40)

Here, steps (a) follows from the fact that (V(") (sk)), 1] , and (V(") (sk))LSj‘l form a feasible, but not
necessarily the optlmal solution to the dual LP in (4 for Wi (Py(-]si, a),Pa(:|sj, a); dL?).

Now from , we have |V(7' (s) — (")( N < di2(s,8'), ¥ (s,8") € S1 x Sz, Vn € N.
Taking n — oo ylelds the desired result.

C Proof of Theorem 4.1

This section provides a detailed proof of the regret bound for policy 7 transferred from M to Mo.
By the triangle inequality, for any state s; € Sy and s; = f(s;) € S1, we have

Vo (s5) = Vo' ()1 < V5 () = Vi (sa)| + V37 (s0) = Vi (sa) [+ [V (s0) = V5" ()] (41)
Within the right-hand side of this inequality, the first summation term |V5"(s;) — V;*(s;)]| is upper
bounded by d'%(s;, s;) according to Theorem and |Vi*(s;) — V{"(s;)| is upper bounded by
maxges, |Vi*(s) — V" (s)|. For the last term, we have

[V (si) = Vo' ()]

| Al |S1]

= 13 wlals) (a(osca) 49 3 Prlsulssa) V(o0 )
a=1 k=1
[ Al |Sa]
Z alf(s;) <R2(3j7a)+WZP2(Sk|Sj,G)V2”(Sk))
k=1
[Al [S1] |S2]
< Zﬂ(a|si) ’Rl(si,a)—Rg(s], +7 Z]P’l sk|si, a)V7" (sk) ZP2 sklsj,a)Vy' (sk)
a=1 k=1 k=1
[ Al [S1] |Sa|
< Zﬂ(a|si) ’Rl(si,a)—Rg(sj, + Z]P’l Sklsi, @) Vi (sk) Po(skls;, a)Vy (sk)
a=1 k=1 k=1
|Al |S1]

#93_ wlals) |3 Paloulos )V (51) = V7 (o)
a=1

Al Sz

+>  m(alsi) Z]P’z sklsj, @) (V5 (sk) — V3 (s))
a=1

16



[S1] |S2]

S Py (silsi, @)V (si) — S (Blsilsy, a) Vi (si)

k=1 k=1
+7£1é%>1(|V1 (s) — V7 (s)] +’Y§é%$>2<|vz (s) = V5 (s)]

S max Rl(si,a) — RQ(S]',&) +’}/

(a)
< max {|Ri(si, a) — Ra(s;, a)| + W1 (P1([si, a), Pa(-]sj,a);d") }
+ymax |Vy'(s) = Vi" (s)| + ymax|V3 (s) — V3 (s)]
=d"(si,85) + ymax [Vy'(s) = Vi" (s)] + ymax [V (s) — V2" (s)] - (42)

Here, step (a) stems from the fact that, according to Theorem L (Vi (s ))lsl‘

(V2 (sk))‘ 52! form a feasible, but not necessarily the optimal, solution to the dual LP in (EI) for

Wi (P ( |sl7 a),Ps(:|s;,a); d"%). Combining the above inequalities on all three summation terms in
and taking the maximum of both sides, we have

max [V (s') = V5 ()] < meagd”(f( '), ") +max |V’ (s) = Vi"(s)]

and

1st term 2nd term
+max d"2(f(s'), ') + ymax |Vy'(s) — V' (s)] + v max ‘V;(S') = V5 (s)
s'€Sy s'€Sy
3rd term
< 2maxd?(f(s), s) + (1 +~) max|V{'(s) — V{"(s)] + v max ‘VQ*(S/) = Vi) @)
SESs seS1 s'€Sy

Rearranging the inequality yields the desired result.

D Proofs of Lax GBSM-based transfer bound

To prove the policy transfer bound based on lax GBSM, apart from the state mapping f : So — S1,
we need to define an additional action mapping g : A; — As for policy transfer between different
action spaces. Then, we have

V() = Vi (s))
_‘Z‘ o (als) (Ra(siva +vz Py (sisi, )Vf’(szc))
_Z'Al (0l (5))(Ra(55, 9(a)) 4+ S0 Palsilss, o(a) V3 (50))|
< S (nlals:) |Rl<si,a>fR2<sj,g<a>>|
9130, Pl o)V () = 3, Paaelss oa) V3 ()
<> (w<a|si><|R1<si,a> ~ Ra(s;,9(a)|

|Z \ WV () = S0 Pasilsy, 0(a)) V3 (1))

k
Ty a|sz|z Py (s, @) (V7 (1) — V] (s5)|
+WZ|:| 50l S0 Ba(sels g @) (V3 (1) — V3 (s5)
< max {|Ri(s;.0 >—R2<sj,g<a>>|

A Y B el @)V (50) — 3 (Bl 0(a)) Vi (s0)]

k
+7§é§gl<|V1( )— (s )\+vggz<\Vz (5) = V5 (s)]
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Y ma min (R (51,0) = Ra(s,0') + 7 Wi (Ba (s, @) PalClsj, @); di2)}
+ymax|Vy'(s) — V()| + 7 max V5 (s) — V" (s)]
H(6(digd) (X, X5,) + ymax |Vy(s) — VI (s)] + v max [V5'(s) = V' (s)]
= d%;f(si, 8;) +ymax [V (s) = Vi'(s)| +ymax V5 (s) — V5" (s)]

Due to the introduction of max-min term via Hausdorff metric, step (a) requires that action mapping
satisfies g(a) = argming §((f(s'),a), (s',a’); dj;2) for each s’ and a.

lax

E Proofs of on-policy GBSM-based Bound

Theorem E.1 (On-policy GBSM optimal value difference bound). Let V" and V5 denote the
value functions with policy 7 in M1 and M, respectively. Then on-policy GBSM provides an upper
bound for the difference between the value functions for any state pair (s,s') € 81 X Sa:

VT (s) = V5" (s)] < d (s, ). (44)
Proof. For the base case, we have
VO (s0) = V3O ()] = dif(s0:57) = 0.V (s1,55) € 51 x S (45)
By the induction hypothesis, we assume that for an arbitrary n,
V) (s) = Voo™ ()] < db2 (s4,85), ¥ (si,85) € S1 X Sa. (46)
The induction follows

|V17r,(n+1)( ) - Vw,(n+1)(sj)|

— ’{RT +'YZ Pﬂ' Sk\Sz ﬂ" n) Sk } {Rﬂ' s +,YZ IP)TF sk:|sg W(n)(sk)}’

‘31| ISQ
< {‘Rf(sz R2 S \—s—'y]ZPl Sk‘sz ol ZPQ 5k|sj ol ( )|}
k=1
< {|RT(s:) = R (s;)| + W (PT('ISi),PS('ISj);diQ)}
= d331(50,85), ¥ (si,85) € S1 X Sa. 47)
Taking n — oo yields the desired result. O

Theorem E.2 (VFA error bound with non-optimal policy).
max [Vi"(s) — V[jj(s)| < max d-M (s, s) < maxd, (s, [s])/(1 —~) (48)

Proof. The first inequality follows directly from Theorem [E.1] while the second is established using
a derivation analogous to the proof of Theorem[.4] O

F Additional Numerical Results
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Figure 2: Experiments on random Garnet MDPs (policy transfer, v = 0.1 to 0.3).
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+  GBSM-based bound - + GBSM-based bound + GBSM-based bound
10 G [ - " e L I
20
5 8 B 5
2 2 260
g &1s g
£ £ g4
e 2" 7
< < <
z z z
) 5 20
0 0 e
0 20 40 60 80 100 0 20 40 60 80 100 0 20 40 60 80 100
Experiments (7=0.7) Experiments (y=0.8) Experiments (7=0.9)
(@) = 0.7 (b)y = 0.8 ©)v=09
Figure 4: Experiments on random Garnet MDPs (policy transfer, v = 0.7 to 0.9).
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Figure 5: Experiments on random Garnet MDPs (SSA with aggregation, v = 0.1 to 0.3).
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Figure 6: Experiments on random Garnet MDPs (SSA with aggregation, v = 0.4 to 0.6).
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Figure 7: Experiments on random Garnet MDPs (SSA aggregation, v = 0.7 to 0.9).
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Figure 8: Experiments on random Garnet MDPs (SSA with estimation, v = 0.1 to 0.3).
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Figure 9: Experiments on random Garnet MDPs (SSA with aggregation, v = 0.4 to 0.6).
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Figure 10: Experiments on random Garnet MDPs (SSA with aggregation, v = 0.7 to 0.9).
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Figure 11: Experiments on random Garnet MDPs (VFA, v = 0.1 to 0.3).
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Figure 12: Experiments on random Garnet MDPs (VFA, v = 0.4 to 0.6).
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Figure 13: Experiments on random Garnet MDPs (VFA, v = 0.7 to 0.9).
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