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AMS 2020 subject classifications: with the disproportional regime, where the matrix is either “tall and narrow” or “short
60B20 and wide”: we study sequences of matrices of size n x m,, with aspect ratio n/m,, — 0
or n/m, — oo as n — oo. This regime has important “big data” applications.

Theory derived here shows that the displacement of the empirical singular values
and vectors from their noise-free counterparts and the associated phase transitions—
Singular vector well-known under proportional growth asymptotics—still occur in the disproportionate
Spiked covariance setting. They must be quantified, however, on a novel scale of measurement that
Spiked model adjusts with the changing aspect ratio as the matrix size increases. In this setting,
the top singular vectors corresponding to the longer of the two matrix dimensions are
asymptotically uncorrelated with the noise-free signal.
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1. Introduction

The low-rank signal-plus-noise model is a simple statistical model of data with latent low-rank structure. Data )7,1 is
the sum of a low-rank matrix and white noise:
1 : 1
—X, =Y Gup] + —X 1
K ; v+ =X (1)

where 6; € R are signal strengths, u; € R" and v; € R™ are the left and right signal vectors, and the noise matrix
X, € R™™ contains independent and identically distributed (i.i.d.) entries with mean zero and variance one. The noise
matrix is normalized so that rows are asymptotically unit norm.

1.1. Proportionate growth asymptotic

Recent work studies this model in the high-dimensional setting where n and m, are large, in particular, where n and
m, are of comparable magnitude. Such analyses derive limiting behavior of sequences X, as

n
nm, > oo — — 8>0.
n
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Here, the parameter 8 > 0 is the limiting aspect ratio of the data; thus for § = 1, the matrices are effectively square for all
large n. Baik, Ben Arous, and Péché [6], Baik and Silverstein [7], and Paul [16] study eigenvalues of the spiked covariance
model, which is closely related to model (1). Benaych-Georges and Nadakuditi [9] derive asymptotic properties of the
singular value decomposition of X, (details of model (1) are provided in Section 1.3). Two phenomena arise not present
in classical fixed-n asymptotics: _ _ -

Leading eigenvalue displacement. Let A; > --- > A, denote the eigenvalues of S, = - XnX the sample covariance
matrix. We assume signal strengths 6; > - -- > 6, are constant and distinct. The leading elgenvalues of Sn are inconsistent
estimators of the eigenvalues of ES,: for fixed i > 1,

(1+62)(B+67)
L,
1

(14++/B)*, otherwise.

i<r, 6> p

a.s.
Ai —

The singular values of Lmn)?n are of course determined by the eigenvalues of §n, and vice versa. We will occasionally
switch between the two without comment.

Leading singular vector inconsistency. Let iy, ..., i, and 91, ..., U, denote the left and right singular vectors of )?n.
The leading singular vectors iy, ..., i, and vy, ..., D, are inconsistent estimators of the left and right signal vectors. For
l1<i<nand1<j<r,

N as, B(1+67) s B+ 67 .
i u))? =3 1— S (G = 1— 5 ——1—, i=j, 6>p"

6767 +B) 0767 +1)°

and [(ii;, w)], (3, vj)| —> O otherwise.
1.2. Disproportionate growth asymptotic

Contrary to the proportionate growth asymptotic, the dimensions of many large data matrices are not comparable.
For example, Novembre et al. [ 15] demonstrate a genetic dataset with 3,000 rows (people) and 250,000 columns (genetic
measurements) has low-rank structure. Here the aspect ratio is 8 ~ 3/250.

This paper considers the signal-plus-noise model under disproportional growth:

n,m, - oo B,=n/my, — 0.

Transposing )?,, if necessary, our results also apply to 8, — oo. Substitution of 8 = 0 into the above proportional-limit
.. as. 2 ~ 2 as. . . .

formulas heuristically suggests A; — 14 6 and |(&i;, u;)|]° —> 1 (right signal vectors are partially recovered). Indeed,

these formulas are corollaries of Theorems 2. 9 and 2.10 of [9]. Thus, under B, — 0 and constant signal strengths, leading

eigenvalues of S consistently estimate those of ESn, and left singular vectors ii;, corresponding to the shorter matrix

dimension, consistently estimate left signal vectors u;. In particular, leading eigenvalue displacement and (left) singular

vector inconsistency no longer occur, and seemingly no phase transition exists.

Our main contribution is the discovery of a vanishingly small phase transition located at ,8,3/ 4 Signal strengths 6; = 6;
hitherto fixed, now vanish. For signal strengths above this “microscopic” threshold, left singular vectors partially recover
their signal counterparts—enabling signal estimation at signal-to-noise ratios previously thought insufficiently strong.
Right singular vectors, corresponding to the longer matrix dimension, are asymptotically uncorrelated with the signal.

We introduce a particular calibration 6, = t - ,6,3/ * between signal strength 6, and B, depending on a new (constant)
formal parameter t. Under this calibration, we rigorously establish a new set of formulas for the limiting displacement
of singular values and inconsistency of singular vectors, in explicit terms of the parameter t. These results may be
heuristically derived by substitution of 6, = 7 - ,3,3/ * into proportional formulas and taking limits. Many important applica-
tions previously made under proportional growth may in parallel fashion now be rigorously made under disproportional
growth. For example, in the high-dimensional Gaussian mixture model with many more parameters m than samples n, our
theory gives a phase transition for recovery of length-n signal vectors (encoding cluster membership). The optimal singular
value hard-thresholding level for low-rank matrix recovery as 8, — 0 may be calculated, analogous to proportional results
of Donoho and Gavish [12]. Furthermore, there are new potential uses. Spiked tensors closely relate to the disproportionate
asymptotic: Montanari and Richard propose a tensor unfolding algorithm [14] that produces noisy low-rank matrices of
size n x n¥, k > 2 (equivalently, 8, = n~*~1), Precise asymptotic analysis of tensor unfolding is made possible by our
results.

The related spiked covariance model is studied in the disproportionate asymptotic by Bloemendal, Knowles, Yau, and
Yin [10]. An advantage of this work is that §, is permitted to vanish or diverge at any rate, while [ 10] requires the existence
of a constant k > 0 such that n'/* < m, < nk.

1.3. Assumptions and notation

We make the following assumptions:
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(A1. Noise) The entries of X, = (xj : 1 <i <n, 1 <j < m,)are i.id. with Ex;; = 0, Ex3; = 1, and Ex}, < oc.
(A2. Signal vectors) The signal rank r is fixed. Let u; and v; be the ith columns of U, € R™ and V,, € R™*",
respectively. The entries of \/nU, and ,/m,V, are i.i.d. with mean zero, variance one, and finite eighth moment.
(A3. Signal Strength) The signal strengths 6; = 6; , obey

0 = 1By *(1+ &in)

n

for distinct constants 7; > --- > 7, > 0 and (nonrandom) sequences &;, — 0.
Alternatively, A1 and A2 may be replaced with

(B1. Noise) The entries of X, = (x; : 1 <i <n,1<j < m,) are independent standard Gaussians.
(B2. Signal vectors) The signal rank r is fixed. Let u; and v; be the ith columns of U, € R™ and V,, € R™*",
respectively. U, and V,, have orthonormal columns: UnT U, = VnT Vo =1..

Henceforth, we suppress the subscript n of m,. Unless explicitly stated otherwise, all results and lemmas in this
paper hold simultaneously under (A1, A2, A3) and (B1, B2, A3). These assumptions are similar to those of [9]. The
primary difference is [9] permits anisotropic noise X, provided two key conditions are satisfied: (1) the empirical spectral
distribution (ESD) of S, = m‘1X,1X,1T converges almost surely weakly to a deterministic, compactly supported measure
n and (2) the maximum eigenvalue of S, converges almost surely to the supremum of the support of w. This paper
considers isotropic noise for the following reasons: firstly, the extension from proportionate growth to disproportionate
growth and vanishing signals is most clear in the fundamental, isotropic case. Secondly, the anisotropic extension requires
disproportionate analogs of (1) and (2), such as (3) convergence of the ESD of /3;1/2(m*12n”2XanT2,3/2 — X, toa
deterministic, compactly supported measure p and (4) convergence of the maximum eigenvalue of this matrix to the
supremum of the support of w. While (3) is established by Wang and Paul [17], (4) is proven only in the isotropic case, by
Chen and Pan [11] (see Lemma 14). Assumption A2 is a relaxation of assumption 2.4 of [9], which requires sub-Gaussian
moments of the entries of \/nU, and ,/m,V,. The assumption of distinct signal strengths (A3) is for simplicity.

In this paper, “almost surely eventually” means with probability one, a sequence of events indexed by n occurs for
all sufficiently large n. The notation a, < b, means eventually a, < Cb, for some universal constant C; a, =< b, means

~

b, < a, < by; and a, = O(b,) means |a,| < b,. For a parameter ¢, a, <; b, means a, < C({)b,,.

~

1.4. Results

As stated above, we study vanishing signal strengths 6, = 1 ,}/ 4(1 + ¢&ipn). The formal parameter t describes the
signal strength on a refined scale of analysis, with a phase transition occurring at ¢ = 1. While for ¢ < 1, both left
and right singular vectors are asymptotically uncorrelated with the underlying signal vectors, for t > 1, left singular
vectors correlate with left signal vectors. Define the following useful index:

p=max{l <i<r:g>1}.
Theorem 1. Let )N(n denote a sequence of signal-plus-noise models satisfying the above assumptions. As n — oo and 8, — 0,
for any fixed i > 1,

~ 2 i . .
Mol YT TSR @)

N 2 i>ip

For 1 <i,j <,

(i, up* = 8- (1 =77, (B, w)l? = 0. (3)
Theorem 1 is a consequence of the following stronger result: for i < iy, define

2 2
A= % = ]+(Ti2+fi_2)\/E+'Bn' )

Theorem 2. Adopt the setting of Theorem 1. For 1 <i,j <1y, i # j, and £ < 1/4, almost surely,

i = il S (7 + leial)W/Ba s (5)
i, u))> = 1— 1,74 4+ 0™ + |eiul + v/Bu), i, )| S, (6)
(@i, vi) 1> S /B s (@1, o) 2 S 02/ Ba. 7)
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2. Preliminaries
2.1. Overview

This section reviews the framework developed in Benaych-Georges and Nadakuditi’s work [8,9] addressing the 8, —
B > 0, fixed signal setting, followed by a discussion of adaptations required to study the 8, — 0, vanishing signal setting.

As before, let S, = %XHX,[T be the sample covariance matrix of noise. Let F, denote the ESD of S, and F,, the Marchenko-
Pastur law with parameter B,. s;(z) and s,(z) will denote the corresponding Stieltjes transforms, defined as follows:

(2= f Ly = L2t {;;ﬂn — 27 - 4p,

1 -1
(A) = —tr(Sy —zl) ™, , (8)
n

sn(z) =

A —

defined for z outside the support of F,, F,. The square root is the principal branch.

Let ®, = diag(0y,...,6;). Recall that U, and V,, defined in Section 1.3, contain as columns the left and right
signal vectors. The following 2r x 2r matrices will be the central objects of study, providing insight into the spectral
decomposition of S,:

h.c2) VzU, (Sn — 2I2)"'Uy Uy (Sn = 2In) " XaVa + 0 o)
zZ)= ,
" | RV X Su =) U+ O V2V (X X — 2) Vi
[V/zZsn(2)I; ;!
M z)= - —Pn ’ 10
D=0, (BuvEsi@) - ), (10)
— [VZ8n(2)l; ;!
My(z) = = 11
n(z) i @n 1 (,ansn(z 1- fn)[r ( )

Pivotal to their utility is this essential observation:

Lemma 1 (Lemma 4.1 of [9]). The eigenvalues of En that are not eigenvalues of S, are the real values z such Mn(z) is
non-invertible.

Lemma 1 focuses the study of the leading eigenvalues of Sn—those resulting from the signal component of X,,—away
from the increasing-dimensional sequence S, to the fixed-dimensional sequence M and its associates, M,, and M. The
roots of det M,(z) will be shown to localize near the roots of det M,(z). Using the closed form (8) of the Stieltjes transform
5., det M, has explicitly known roots. As [9] shows, these roots are precisely A, .. A,O, introduced in Section 1.4
(assuming ¢; , = 0):

Lemma 2 (Section 3.1 of [9]). Define

2) = v (e) (B Einr) - L) P2 B 2 4

(12)
vz 2pn
As the blocks of M,(z) commute,
;
det M, (z) = det(Dy(2)l; =] |(Du(z (13)
i=1
On the real axis, Dy(z) maps ((1+ /B, )2, 00) in a one-to-one fashion onto (0, By 1/2). The compositional inverse ﬁn_l)(t) exists
on the real interval (O, ,8,;1/ ) and is glven in closed form by
- t+1)(Bat+ 1
ﬁn U(t) — %! 0<t<p 2 (14)

=1

Thus, assuming &;, = 0, hi= D, (9[2) is a root of det M,(z) provided that 9{2 < ﬂ,f]/z, ori < ij.

The singular vectors of )N(n are related to U, and V, via the next lemma.

Lemma 3 (Lemma 5.1 of [9]). Let 6 = f be a singular value of fX that is not a singular value of IX and let i, v be
the corresponding singular vectors. Then the column vector

(OMTANY
(OMIART!
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belongs to the kernel of My(X.). Moreover, for P, = Yo Gyt

1' ’
. . 1. - .
1=A0"P] (Sq — Alp) 2Pad + EUTP”X”T (Sn — Aly) 2X,P, i
& . Y. 2 . 3
+ ﬁuTPanT(Sn — X)) 2P0 + ﬁﬂpj(sn — )X P (15)

The results quoted above lie at the heart of the strategy of [8,9] for proportionate growth and fixed signals. That
strategy is able to employ convenient convergence arguments. Indeed, as g, — B > 0, almost surely, the ESD of noise
eigenvalues F, converges weakly to Fg, the Marchenko-Pastur law with parameter 8. Moreover, the top noise eigenvalue

A 5 (1 4 4/B)?, the upper edge of the bulk (the support of fﬂ). Let [a, b] be a compact interval outside the bulk:
(14 +/B)? < a. By the Arzela-Ascoli theorem, the Stieltjes transform of the noise eigenvalues s,(z) converges uniformly
on [a, b] to sg(z), the Stieltjes transform of F g. The implications of this key observation include the uniform convergence of
M, (z) to a non-random matrix Mﬁ(z) (the fixed-p analog of M,(z)). From the uniform convergence of M,(z), convergence
of the roots of det M,,(z) to those of det Mﬂ(z) is established.

Now, consider the disproportionate asymptotic. Leading eigenvalue displacement and singular vector inconsistency no
longer occur under fixed signals. Rather, the regime of interest is one where signal strengths vanish as ﬂ,}/ 4 mandating
study of M,(z) and M,(z) very near one. The convergences which were previously so helpful under 8, — 8 > 0 and fixed
signals are not useful as 8, — 0. The limits of F, and M,(z) are degenerate, as all noise eigenvalues converge to one. The
upper edge of the support of F, lies approximately at (1 + /B,)%. Theorem 1 tells us the leading eigenvalues of S, may
still emerge from the bulk, but only by a multiple of /B,. Phenomena of interest are no longer made visible by taking
limits, but must be captured by detailed finite-n analysis. This will require bounds on the convergence rate of s,(z) to
Sn(z), developed in Section 5, as well as careful tracking of the precise size of remainders, where previously it sufficed to
know that such remainders tended to zero. The proofs of Theorems 1 and 2 are refinements of the proofs of Theorems
2.9 and 2.10 of [9] and Lemma 6.1 of [8].

2.2. Preliminary lemmas
This section contains lemmas used in the proof of Theorem 2.

Lemma 4. Let Y, be the matrix obtained by entrywise truncation and normalization of X, as in Lemma 15 and Y, =
VmY i, 6y + Yo For 1 <i <n, almost surely,

- Ryop. N/:
A — Mm™ 1YY, )] < =

Moreover, if |)\,-(m‘17n?nT) - )»M(m‘l?n?rfﬂ = Bn for 1 <i,j<ip,
i, w) |* = [y i, u)|* 4+ Oas(n™1)  [(Biy vj) 2 = [y, v;)|* + Ogs(n™1)

where iy q, .. .Uy, and Vy 1, ..., Vy , are the leading left and right singular vectors of Yn, respectively.

Proof. This follows from Lemma 16. O

By Lemma 4, without loss of generality, we henceforth assume the entries of X, are truncated and normalized in
accordance with Lemma 15. Comparing Lemma 4 and Theorem 2, the errors induced by truncation and normalization are

negligible; it therefore suffices to prove Theorem 2 in this modified setting. By Lemma 15, A4, ..., Xio emerge from the
ESD of S, with high probability, a fact we shall use repeatedly: for any 7, £ > 0,

Pr(A = 14 (2 +n/2)y/Ba) = o(n”"). (16)

The following lemma bounds s,(z) and 5,(z) on a region containing A, . . ., )_\,b. The first point is a standard result. See,

for example, Lemma 8.17 of [4]. The second point relies on (16).
Lemma 5. Letn > 0and Z,, = {z: R(z) > 1+ (2 4+ n)/Ba}. Then,

< -1/2
sup [5q(2)] < B, 2. sup
zZ€2Zyn Z€2Zpn

d. :
5| A

Furthermore, almost surely,

-1/2
sup [sq(2)l < B, 2. sup
z€2Zyn zZ€2Zyn

d :
@] S B

The implied coefficients depend on n only.
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Proof. As the upper edge of the support of the Marchenko-Pastur law lies at (1 4 /B,)%,
inf inf A —z| > /Ba, inf inf A —z]*>2 Ba. (17)

2€Zn.n resuppFy 2€Zn.n resuppFy

The first claims of the lemma now follow from the integral representations

1 d 1 _
)= [ a0, L= [ ),

By (16), almost surely eventually,

a 2
inf min |A, —z| > Lﬂ", inf min A, —z> > 2 Pn .
z€Zyn 1<a<n 2 2€Zyn 1<a<n 4

Together with

n

1 1 d 1
sn(z)zﬁzka_z, —snl(2) = EZ S

a=1 a=1

we obtain the second group of claims. O

The follow lemmas bound the deviation of Mn( z) (defined in (9)) and its entryw1se derivative dzM”( ) from My(z)
(defined in (10)) and d (z) respectlvely Under assumption A2, Mn(z) and My(z) are precisely the entrywise
conditional expectatlons of Mn( ) and Mn( ) given X,.

Lemma 6. Leta, > 1+ (2 + n)«/Bn be a bounded sequence. For any £ < 1/4 and 1 <1i,j < r, almost surely,

sup  |(Ma(2) — Ma(2))ij| S B2, (19)
|z—ap|<n=1/4/Bn

sup |(Ma(2) — Ma(2))ij4r| S 17°, (20)
|z—an|<n=1/4{/Ba

sup |(Ma(2) = Ma(2)ir jir | S 075/ (21)

lz—an|<n=1/4 /By

Proof. The argument is presented under assumptions (A1, A2, A3) for the diagonal of I\N/In(z) M,(z) only; the off-diagonal
argument or argument assuming (B1, B2, A3) is similar and omitted. Consider z satisfying |z — a,| < n~V4\/B, and
7' = a, + in" 4 /B,. We will decompose M;,(z) — M,(z) as

Mn(z - Mn(z = (Mn(z) - Mn(z )) + ( n(z/) - Mn(z/)) + (Mn(z/) - Mn(z))

and bound (the diagonal entries of) each term. Relation (19): the upper left block. For 1 < « < n, by the almost-sure
eventual spacing bound (18) and |z — Z/| < 2n~4,/B,,

1 1 |z — 2| 8
— = < ) (22)
Ao —2Z Ao — 2 Ao —2[|Ae — 2| 772111/4\/ Bn
Hence, almost surely,
1 ~ 1 ~ _ _
(Emn(z)—ﬁmn(z/))iyi = ] (Sn — 2l i — (S — 2'In) M wi] < il | (S BT G
1 1
2
= |ly; — < 23
lluill; M=z m—7|~ niAgE, (23)
1 1 1 1 1 1
—Mz——Mz/) = Isp(z) — sp(2')| < — - < . 24
(M@ = =Ma@)), [ =1sn@) = s EED M o e e v (24)

Next, consider Mn(z’) — My(z). Applying Lemma 17 conditional on X,

. 4 1 P g2 1 _ e _10\2
Elu (Sp — 2'In) i — sa(2)] S —ZEltr(Sy — 2'h) W(Su —Z'1n)7" +n—4Etr((sn—z’ln) W(Sa—2'1)7")

2 (< 1 2
<ZE(Yy —— ) .
<ot (X7)
a=1
By (16), |Aq — 2| = n+/Bn/2 with probability at least 1 — o(n~!), while with probability one, |A, — z'| > J(z'):

T Sy e 11 1
Elu; (Sp —2'I)" ui — sp(2)] S ﬁ(l?nz'i‘m .
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This yields the tail probability bound

_ —l e _ 4 1
Pr(juf (S = 2'l)™ i = sn(2)| = 0~ B2) < ¥ BREN (Sh — 2T) i = sal@N S gy

which is summable. Thus, by the Borel-Cantelli lemma,
1

— M, ‘ < — 25

f | S (25)
almost surely. (19) follows from (23)-(25), |,/z’/z| < 2, and IWZ' — z| < n= V4 /B,

Relation (2 ) the lower right block Let Sn = fXTXn denote the “companion” matrix to S,, so-called because the

eigenvalues of S, are the n (possibly repeated) eigenvalues of S, joined by a zero eigenvalue with multiplicity m — n.
Let W be an orthogonal matrix such that WTS,W is diagonal. By Lemma 21, we have an almost-sure bound on the
magnitude of the component of v; orthogonal to the nullspace of Su:

I(W Tvi)1:nll3 < Bnlog(n). (26)
Consider first 1\71,1(2) - 1\71,1(2/).

1 ~ 1~/ |, TS _ -1 _ (& _ 1 1),
(5@ = @), = (o= 2™ = o = 2

. 1 1 " 1 1
T 2 TN |-
< E (W' ), PO + E (W) > 7
a=1 a=n+1
1 1 1
< (W T )10 |12 - W'y, b ——
< I( Vi)t 2 M —z N —2 + I( v;) ”

The first term above is bounded using (22) and (26) and the second using |1/z — 1/Z'| < 2n~Y4,/B,: almost surely,

|I(M”(Z (z/))H»r,H»r‘ ~ {1’?7' (27)
Next, consider M,,(z) — My(z'). By (24),
1 1 ) B 1— By 1=,
(M@ = M), = o) = =7 = pasi@) + =
1 1 n
< Bnlsa(z) — sn(z )|+(1—,3n)*—; < m\/}i (28)

Mn(z/) — My(z') is bounded similarly to (25): applying Lemma 17 conditional on X, and (16),

1-8 1 1 1 1 [ 1 m—n\>
— Pnjg 4 , -1, - -1, 1 —
—= gwEhr(Sn—zIm) (Sn—ZIw) " | _m4E<X_; IAa—z’|2+ |Z,|2>
1 <n +m)2

Bn ’

4¢ 1

E va(S-n - Z/Im)ilvi - ﬂnSn(Z/) +

Z/\

Thus,

- Mn(z/))i+r,i+r

1 ~ ¢ n
Pr(‘ﬁ(M,,(z >n \/ﬂn) IS mT/S,f = Al
Summability of the right-hand side, together with (27) and (28), yields (21). The analysis of the off-diagonal entries of
M;(z) — My(z) uses Lemma 18 rather than 17. Under assumptions B1, B2, the proof uses that the left and right singular
vectors of X, are independent and each Haar-distributed. O

(29)

Lemma 7. Leta, > 1+ (2 + n)</Bn be a bounded sequence. For any £ < 1/4 and 1 <1i,j < r, almost surely,

d ~
sup | (W@~ Mu@| S0, (30)
lz—an|<n~1/4/By
d ~
sup | (Wa(2) — Myl e | S 1B (31)
lz—an|<n=1/4/Bn
sup \— (2) = Ma@isrir| S0 (32)
le—anl<n=1/4 /| 42
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Furthermore, for i # j, almost surely,

1
sup — v XT(Sn — z1) " Xqv;i — tr(Sy — zI,) S, St (33)
lz—an|<n=1/4 /By T

1
sup — o X] (Sn — zIy) 2 Xpvjl Sn7° (34)
lz—anl sn=1/4 B T

Proof. The proof is similar to that of Lemma 6 and is omitted. O

3. Proof of singular value results: (2) and (5)

The follov_ving len}mas, which we shall use to bound |detMn(z) — det M,(z)| and ‘d%(detlﬁn(z) - detMn(z))| in the
vicinities of A4, ..., A;,, are critical to the proof of the theorem.

Lemma 8. Leta, > 1+ (2 + n)/Bn be a bounded sequence. For any £ < 1/4, almost surely,

sup | det M, (z) — det M, (z)| < n ;772 (35)
‘Z_an|5”71/4\/ﬁin

Proof. Partition A7In(z) into four blocks of size r x r:

~ [My My,
My(z)= |~ ~ .
() | Ma1 M2
Let M 2(z) denote the matrix containing the above four submatrices individually rescaled:

_ ~ 1/ar

~ M M

W,(z) = \/52"11 Bn_ 12:| . (36)
L Bn' Mo My,

Let M, (z) and Mn(z) denote M;,(z) and M,(z) similarly partitioned and rescaled. This rescaling simplifies comparison of
determinants as all blocks are of similar size. Indeed, as consequences of Lemma 5, Lemma 6, and Theorem 3 (stated in
Section 5), we have the following almost-sure results:

sup M, (2)llo S 1 sup M, (2) = My(2)lloo S 1
lz—an|<n=1/4/Bn lz—an|<n=1/4/Bn
sup 1M, (2) = My(@)lloo S1°° (37)
|Z_an\5”71/4m
where || - || is the maximum-magnitude entry of the input. Applying Lemma 19, we obtain
sup  |detM,(z) — detM,(z) <n",

|lz—an|<n=1/4/Bn

which is equivalent to (35) as det 1\71,1(7.) = n—r/2 det Mn(z). a
Lemma 9. Leta, > 1+ (2 + n)/Bn be a bounded sequence. For any £ < 1/8, almost surely,

d ~ — d ~
sup ‘—(detMn(z) — detMy(z2))| S ntp, V2 sup ‘— detM,,(z)‘ < B U2,
le—anl<n-1/4 By | 42 le—apl<n=1/A/py | 42

Proof. The proof is similar to that of Lemma 8. By Lemma 5, Lemma 7, and Corollary 1,

d— _ d ~ e
sup | =M@ <8 sup || (@, (2) - My st
lz—an|<n—1/4/Bn dz 00 lz—an|<n—1/4./Bn dz 00
d — —t o
sup |, 2) M, @) sn B (38)
v4 00

|z—an|<n=1/4 /By
The claim follows from Lemma 20, (37), and (38):

9 (det i (2) — det, @) < |

iz < | &ty o - W,z)| +| %Mn(z)HwHMn(z) ~ M@l S8 D

dz
8
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Proof of (2) and (5). We initially assume ¢;, = 0, 1 < i < r. Fix £ < 1/4 and let y;, denote a circular contour with
center A; and radius n—¢,/B,. We divide the proof into four claims:

(i) yi.n eventually encircles a single root of det Mo(z).
(ii) Almost surely eventually, there exists a unique root X(i) of det 1\71,1(2) encircled by y; ;.
(iii) A1y - - 5‘(!’0) are real and therefore eigenvalues of S, by Lemma 1.
(iv) Almost surely eventually, §n has no eigenvalues other than 5\(1), e, X(io) larger than 1+ (2 + 1)+/B,, where > 0
is arbitrary.
Notice that y;, eventually encircles a single real root of det M,(z): as i, ..., 7;, are distinct, |Ai — Xj| > B, i #J.

We now argue y;, eventually encircles no complex roots of det M,,(z). For £ € C such that |&] < n=¢/Ba,

£+ — B — 12 —4B(1 — VTFY)

En()_\i + 5) - 91'_2 = 2,311
yoo Q=B NE+E AT+ e B
()“i - ﬂn - 1)2 - 4,311 (.L.l_Z + Ti72)2 —4
Using |1 —/1+2z+2z/2| < |z|?/8 forz € {R(z) > 0, |z| < 1}, |&€] < n~ /By, and |y| <n~¢,
IDa(hi + &) — 67 < €18, (39)
For j # i, almost surely,
IDn(Ai + &) — 672 = Da(hi + &) — 6, + (6,77 — 67%) =< B, /2. (40)

Recalling the formula det M, (z) = [T,_,(Dx(z) — 6, %), (39) and (40) imply
| det My (i + &) < €8, +/2. (41)

Consequently, y;, eventually encircles no root of det Mn(j) other than i (and no roots occur on ¥in)- Otherwise, there
exists a sequence of perturbations &, # 0 such that det M,(A; + &,) = 0, contradicting (41). This proves Claim (i). As a

consequence, by the winding number theorem,
1 4 det M,(z
2z )y, detMy(z)

To prove Claim (ii), it suffices to show that almost surely eventually,
1 f 4 detMn(z)dz 1 4 detMp(2)
v det My(2) 27i ), detM,(z)

in

dz| <1

)

27

as the above integrals are integer-valued. Writing % - 3 = %(dc;ca +a-— b), an upper bound on the left-hand side is
d ~ d v v ~
= det M, (z = det My(z 1 detM, —detM, d ~ d ~ —
n~t/B, sup | E——= ) _ & — n(2) =n"*/B, sup — T _ . — detM, + — (det M, — detM,)| .
zeyin | detMy(z) det M,(z) zeyin | det M, det M, dz dz

(43)

Below, the almost-sure bounds we have developed on the terms of (43) are summarized. Let £’ € (£, 1/4)and £” € (0, 1/8).
By Lemmas 8 and 9 (applied to a, = 4; and n € (0, 72 + 7,2 — 2)),

sup |det M,(z) — det M,(z2)| < n~ 8,772, (44)
Z€Yin

d ~ = —t a—(r4+1)/2
sup |—(det Mn(z) — detMn(z))‘ <n B, (45)
Z€Yin

d ~ —(r1)2
sup |— detMn(z)‘ < B, ) (46)
Z€Yin

As (41) depends on & only through |&],

| det M(z)| < n~*B,"/2. (47)
Finally, (44), (47), and £ < ¢’ imply,
| det My(z)| < n~“B;"/% . (48)
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Thus, from (43)-(48), almost surely,
d det My(z) £ detMy(2)

/By sup | E— "

zeyin | det My(z) det M,(z)

,g ,g/ —r/2
V ( ﬂ—(r+1)/2 + n—(”ﬁ—(H—l)/Z)
n n

_513—r/2 _eﬂ—r/z

<n~ 4+ —o0. (49)

This completes the proof of Claim (ii): almost surely eventually, there exist roots km, . )L(IO) respectively enc1rcled
by Y11, -+, Vi,n- Claim (iii)—that k(l), e A( y are eigenvalues of 5 —follows from Lemma 1 and the fact that M, w(z) is
invertible for z ¢ R (Lemma A.1 of [9]). B _ N _

It remains to prove Claim (iv): A1 = AU ., Aip = A(jy)- Suppose det My(z) has a sequence of roots A € [14 (2 +
1)/Bn, C, for some n > 0, C > 1, such that 1nﬁnitely often, |A — Aj| > n~t\/B, for all i < iy. Let y, denote a sequence of

circular contours of radius n—¢,/B, centered at i. Then, eventually,
1 2 det My(z 1 £ detM,(z
1 [ dethh) 7/ )iy — (50)

2t ), “dethinz) detiiy(2)

n

2mi

Note that on y,, (44)—(47) hold while (48) becomes ﬂ;r/z.NThus, similarly to (49), the left integral in (50) converges to

the right integral, a contradiction. Furthermore, eventually S, has no eigenvalues greater than C:

1Rl = Y Ozl + — Xl = C.
N Zl zlivlz + —=

the last inequality holding almost surely eventually. This establishes Claim (iv). We conclude that almost surely eventually,
the leading eigenvalues of S, satisfy

i — Ail <n8/Ba,i<io

which is (5) in the case ¢, = 0.
For general signal strengths 6; = ‘L'ﬂ]/ 1+ &in), the above argument may be used to show that X; localizes about
(0- 2y and that Claim (iv) holds. Recalling that ﬁ;])(t) = (t + 1)(But + 1)/t (Lemma 2), for i < iy,

D5 672 = | = By 672 = B (@Bl )| = (72 + 72 + ein) Deinl2 + 0V Ba
< leinlv/Bn - (51)

Thus, almost surely eventually,

o T P 1, - 7 -
ki — Ml < [Ai =D, (67°)|+|Dy (67%) = Ai| < (07 + leinl ) Ba

establishing (5). (2) is a consequence of (5) and Claim (iv). O
4. Proof of singular vector results: (3), (6), and (7)

We prove (6) and (7), from which (3) immediately follows. For notational lightness, this section assumes ¢;, = 0. All
bounds are understood to hold only almost surely.

Lemma 10. Leti <iy, j <r, and £ < 1/4. Let ui;, v; be the singular vectors corresponding to &; = \/5: Almost surely,

1G33a(A0)0; (B, vj) + (@i, up)| < n=8 B VAV, Billa + B4 (52)
and for i # j,
(@1, v < (@B, vi)] 4+ v/Ba) - (53)

Proof. Recall Lemma 3: the column vector
OV, b
[@nUTﬂi (54)
belongs to the kernel ofM (%:). As (54) is orthogonal to the jth row ofM (A1),

- - - _ 1 ~ -
ZGinT(Sn — ki) w1, vi) + Z(Qk My + ﬁUJ-T(Sn — Ailn) 1XnUk)Qk(Uu ug) = 0.
- k=1
10



M,J. Feldman Journal of Multivariate Analysis 196 (2023) 105187

Isolating the jth term, by Lemma 6,

16114 (Sn — Ril) ™ w3 (Bi, ) + (I, )| < &7 ) Oklu) (Sp— Aaln) ™t | (i, i) + Zekw
ket
St BTN (@, v+ 0By
k]

|Gisn(A)6; (B, vj) + (Ti, w)| < 16 (Sn — Ail) ™ w6y (B, vj) + (Ti, )| + 6l (Sn — Aila) ™15 —

]
SnTBTVAY (B v + 0Bl

iln) ™ Xn vk

(55)

sn(A0)I1 (@1, vj) |

(56)
k=1
Note that eventually, I5a(hi) = Sa(2)] < Mlﬁwﬁ By an application of (5) and Theorem 3,
|Gisn(2i) — GiSa(Ai)| < 167 — Gillsa(A0)| + 1GilIsa(As) — Sa(A0)] + 1GilISn(Ai) — Sa(Ai)]
s nfl +n7£/3;]/2 +n7(,3’]71/2. (57)
(52) follows from (56) and (57). By a similar argument for row j + r of Mn(ii),
- =t 1-8 ~ _
i)+ 63 (BaSalho) =~ )64 )| < ™ OBV, Bl + 7). (58)
i
Substitution of (52) into (58) yields
- s ¢ . -p
(31 = T (Bt =~ )62 | < -Vl + /o
i
Recall that Dy(z) = Bnz5n(z)* — (1 — Bu)sa(2) and A; is defined by Dn(k;) = 6, 2. Thus, for j # i,
(B, vi)| < 0~ UV, Billa + v/ Bn) -
Rewriting this as (1 — Cn=“)(|V,] Bill1 — (D1, vi)|) < n= (| (D1, vi)| + +/Bn), We recover (53):
(B vi)| < 0~ (D, vid)| + v/ Bn) -
Proof of (6) and (7). Let i < iy and £ < 1/8. By (15), a, + b, + 2¢, = 1 with
r
an = AiD; Py (Sn — Ai) 2Padi = Aq Z 0i6k(vi, vj) vy, Uk)U]T(Sn — hiln)ug,
k=1
T o1 71 \-2y pTs
b, = E iPan (Sn — Aly) XnPn U= — Zeek i, u])(”h uk>U X (Sn — Ailn)™ Xvks
]k 1
~ r
oi ar 1 \-2p =~ Oi ~ ~ TyT 5 y=2
Cn = —=11] PoX, (Sn — Aln) *Putii = —= > 06k, u)) (Bi, vi)v X (Sp — Aili) (59)
vm vm o
By (5) and Corollary 1,
~d - - d -d, - - I
000 = 0| = 1 = Rl| sG] 4+ 0] 500 = a0 12l (50 — 53
dz "dz dz dz
722,311 1/2 + n72[:81171 + nflﬁnf]
Together with (30) of Lemma 7,
: d
an = Y 0T v (@1, ) (i Sa(4) + O(n ;1)
k=1
. d
= 01(@, v,»>|2AiE§n(x,-) +0(n~ B 2V, ). (60)

Similarly, using

1 ~
—tr(Sp — M) %S, =
m m
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(31), (33), and (34), it may be shown that

b, = Z Qjek i, U])(”l, uk)( jkﬁn(sn( )"")‘l a5

dz
1k1

—Ze i, ) 2B (5200 + T80 + 00~ Bo)

(7)) + 0(n ™))

lcal S n70B 2 Z O30k, wy) (B, vi)| S " (61)
jk=1
Thus,
d d d d
> 02, vj>|zxf£§n(x,-)+Zofuai,uﬁfﬂn(sn( ) RS )) =1+0(n‘(1+ 8,21V, BilID) - (62)
j=1 j=1

Terms on the left-hand side with j # i are negligible: by (53),

s do o]
207D v PR 5| < B (@ v P + v/ Bn)

i#i
d -
> 021wl B (Sa0) + K50 | < VB
J#
implying

eflw,-,v,->|zx,-£§n(ii)+93|<u,, DB (5002 R+ ds W30) = 1+ 0(n™ (1 + B, 21V, 5 + V) (63)

dz
Substitution of (52) into (63) yields

01,00 (6715000 + 0380 i (520 + T 5000

— s o2 g2 A 45 < (7 )2 / t = )
i w27 [ e+ o [ iR
=1+0(n"“(14 8,21V, 0ill1) + v/Bn) - (64)

(64) is included to facilitate comparison with Theorem 2.10 of [9]. In the regime where 8, — B8 > 0 and 6; > 1 is
constant, the term multiplying |(7;, v;)|* converges to a positive limit, and |(%;, v;)|* converges to the limit's inverse. Here,

since

21, w2 (52000 + T 50| <

(53) and (63) imply
. - d_ - _
671, v)*AiSa(h) = 14 0(n ™" (1 + B IV 5D + V) (65)
Evaluated at z = X;, Lemma 5 is tight up to constants: i;£5,(%;) < B . Thus, for j # i,

(1= Cn @ ) > SVBas 1@l S B4, (v Sn 2pl4. (66)

The third inequality follows from (53). We have established (7): right singular vectors asymptotically do not correlate
with right signal vectors.
Now, by (52), (65), and (66), we obtain

En()_‘i)z

%gn(}_‘l)

(T, u)|* = (5:3a(2i)60: (i, vi))? 4+ O(n~4) = o~ +/Ba). (67)

12
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Direct calculation yields

(R + )+ J(E+ TR -4

Sn }_\i = + 0(1

Sn(Ai) N (1)

d_ - 1 2 4+ 172 > .
—Sp(Ai) = — = L ! + 0 n /2
o, 50 Zﬂnki( @+ 24 (B, %)

from which we conclude (6):

Wiy, u)|* =1 -t + 0(n™" + /Ba) . (68)

Therefore, |(i;, u)|> —> 1 — T % For j # i, |{ily, uj)| < n~% follows from (52). O

5. Convergence rate of the Stieltjes transform

This section develops bounds on |s,(z) — 5,(z)| and |d%(5n(2) — sn(2))| based on the work of Zhidong Bai, Jack Silverstein,
Jiang Hu, and Wang Zhou, in particular, Section 4.1 of [2] and Section 8 of [4].

Theorem 3. Letn > 0 and u, > 1+ (2 + n)/Bn be a bounded sequence. For any £ < 1/4, almost surely,

sup Isn(z) = Sa(2)l S 0BV (69)
jz—un|<n~V/4 /B

Corollary 1. Let n > 0 and u, > 1+ (2 + n)+/Bn be a bounded sequence. For any £ < 1/8, almost surely,

sp [ su2) — 5.2) | < By (70)
‘Z_uﬂlsnil/s\/ﬁin dz
These bounds are novel in that (1) dependence on B, is more carefully tracked and (2) the bound applies to
z > 14 (2 4+ n)/Ba (rather than to z with 3(z) > 1/4/m). (2) is critical since the proof of Theorem 2 requires
bounding |s,(z) — s,(z)| and |£(sn(z) — 5a(2))| along a contour centered on the real line. Furthermore, (2) above enables
improvement of previous bounds using the concentration of the maximum eigenvalue of S,. For example, in place of
deterministic bounds such as

1
E tr(S, — ZIn)71(Sn - Z'In)71 = 3(2)72

we will argue using Lemma 15 that tr(S, —zI,)™'(Sy —zI,)~" < B, ' with high probability. As set forth in Section 2.2, the
entries of X, are assumed truncated and normalized as in Lemma 15. For sake of completeness, we note that Theorem 3
and Corollary 1 hold for non-truncated noise as well; the effects of truncation and normalization may be shown to be
negligible using Lemma 16.

Let x; denote the kth-row of X, X, consist of the remaining n — 1 rows, and E,(-) denote the conditional expectation
given {x;, i <k, j < m}. Additionally, we define

1 — 1
2 T
Skk = E Zl |ij| Snk = axnkxnk ,
=
o = XnXx ox = tr(Sp — Zln)_1 — tr(Spk — ZIn—])_1 s
1

= (Ex — Ex_1)o by = ,
Yk = (Ex — Ex-1)ok S By = ZtGm =)
~ 1 - 1
bk = n

Skk —Z — #a,{T(Snk — ZIn,1)7lolk B 1-z- /3n - ﬂansn(z) '
1 _ 1 _ 1
€& =Sk — 1 — jalzr(snk —2ly_4) 1Olk + —tr(Sp — zlp—1) lsnk +—,
m m m

_ 1 _
€ = Skk — 1+ Bn + BuzEsa(2) — W“J(Snk —zlp1) o (71)

Standard properties of these definitions are stated below (see Theorem A.5, Lemma 8.18, and (8.4.19) of [4]).

13
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Lemma 11. Forz e CT,

T4 oy (Suk — 2ln—1) o 1 - 1 _ 1
oy = - okl < - \ .
Skk — Z — 0] Sk — 2ln—1) e S(z) S(z) Bnlz|

Furthermore, for 3(z) > ﬁ |bi| < (Balz])~V2.

In the following lemmas, we will use u, and v, to refer to the real and imaginary parts of a complex sequence z,.
The subscripts will be suppressed for notational lightness. Lemmas 12 and 13 respectively bound |s,;(z) — Es,(z)| and
|Esn(z) — $n(z)| for z with imaginary part at least 1/./m. The proof of Theorem 3 extends the bound to the real axis.
Lemma 12. Let z = u + iv be a bounded sequence where u > 1+ (2 + n)/B, and v > 1//m. Then,

Elsn(z) — Esa(2) < l(é 42 )

Proof. Begin with a standard decomposition of s,(z) — Es,(z):

sn(z) — Esp(z) = % Z(Ek - Ekfl)(tr(sn —zl) ™! — (S — Zlnf1)71)

l n
- Z Yk -
n
k=1
As {yk}—, forms a martingale difference sequence, the Burkholder inequality (Lemma 2.12 of [4]) yields

S ZEm

This martingale decomposmon, together with the bound |y,| < 2/v, appear in proofs of convergence to the Marchenko-
Pastur distribution as 8, — B > 0 [1,5]. Such proofs consider z fixed. Here and in [2,4], as v may decay rapidly, a tighter
bound on the moments of y; is needed. Using the identity

E|sn(z) — Esu(z

Suk(Snkc — 2In—1)"" = (Snk — ZIn—1)" 'Sk = In—1 + 2(Smic — 2ln—1) ", (72)
we obtain
b'—bl=e b= %;kfk.
Thus,
o = L@ + LT (S — z1n_1)—2ak) = —oubrex + bk<1 + LT (S — z1n_1)—2ak)
1+ byex m2 m2
and

1 _
Yk = —(Ex — Ex—1)orbiex + — (Ex — Ex— Dbioy (S — zIn—1) %ok
—(Ex — Ex_1)oxbrex + Ekbk[ak (Snic — ZIn—1) " 2ete = (X3 (Snk — Zhn—1)"*Xme)] - (73)
Here, we have used that b, does not depend on xy, so (Ex — Ex_1)b,y = 0. By Lemmas 11 and 17,

1 _ 2 1 _ - -
WEbﬂakT(snk - ZIn—l) (643 tr(xnk(snk — 2y 1) zxnk)’ ~m ,3 Etrxnk(snk —zly 1) 2Xnk(xr;]r<(snk =zl ) ank)T

1 1 /120 a2
= —Er SulSnk — Zln—1) 2S(Se — Zln—1) 2 = —E( = > —=1 ), 24
nm nk( nk n 1) nk( nk n 1) m (n ] |)\k$i_z|4 ( )

where Ay > -+ > Ay p—1 denote the eigenvalues of Sy. By (16) and a union bound,
1
Pr(i1 > 1+ (24 n/2)y/ By for some k) < -

On the complement of this event, the integrand of (74) is bounded by 16|z|/(n+/B:)*. In addition,

2 2 2 2
A u A - |z|

e = L
Ak — z|? v? [Ai —z* — vt
14
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herefore,
—Eb2|o[ (S —zl ) o —II(X (S — 2zl ) X )’ S—\—=+— (;5)
2 =Pk [ (Onk n—1 k nk\2nk n—1 nk ~ /32 it/

Note that [4] bounds terms such as (74) deterministically. Similarly,

_ _ 2
E|€k| S Elsie — 1| + - + E|0‘k (Snk — 2ln—1) 105k - tr(X,;l;(Snk —zlh1) ]Xnk)|

1 1 _ 1 1
< —+ —zEtrsnk(snk —zfn_l)—lsnk(snk —2h) s (14 ). (76)
m m m mv
By Lemma 11 and (76),
1
E|obier|? Ps—. (77)
nv

Thus, using (73)-(77) and v > 1/4/m,
1
Elsu(2) — Esu(2) £ — ZEIWI swlz+z)- o

Lemma 13. Let z = u + iv be a bounded sequence where u > 1+ (2 + n)/B, and v > 1/./m. Then,

1

|Esn(z) —sn(2)l £ —
TH)

Proof. Recall definitions (71). We have
Bk_l — 51;1 =€ Bk - Bn = —Bﬁgk + E%Ekg,?.
Together with Theorem A.4 of [4], this leads to the following decomposition of s,(z):
n
Z b =

Z(—Bﬁék +bybié}). (78)
(8.3.12) of [4] proves the moment bound |E€x| < 1/(mv). The second moment of €, is bounded as follows:

B‘ 1

k 1

E|é|* < Elé — E(éklXuk)|® + E|E(Ex|Xu) — Eéxl® + [E&y|? (79)
A bound on E|&; — E(€)Xu)|? = Elex — m~1|? < 2(E|e|> + m~2) is given by (76). By (72) and Lemma 11,

_ _ 1 _ _ |z|? _ 112
E|E(&k|Xn) — E&k|* = WE|tr(snk — ZIn_1)""Spk — Etr(Spe — 2ln—1)”'Sw|* = WE!tr(snk — Zlp_1) "' = Etr(Spx — 2ly—1)""|

202 2|z
< |2*B2EIsa(z) — Esn(2)|* + el (80)
By (78)-(80) and Lemma 12,
1 < 1 < 1 /1 1 1
Esp(z) — bl S — 3 [E&l + —— 3 E 2<— —(— Els Esz2)<—. 81
|Esn(2) n|~nﬂn;|ek|+nvﬁn;|ek| 5T op i g ArElSi@) — Esi@)P) < (81)
The above bound describes an equation that is quadratic in Es,(z):
1
Esn(z) — =4 82
e s " (82
where 8, := Esu(z) — b, obeys [8,] < 1/(nv) < 1//np, (note that 5,(z) is a solution of the related equation

s=(1—2z— Bpzs)~1). By (3.3.8)-(3.3.13) of [4], the unique solution satisfying the requirement that J(Es,(z)) > 0 (recall
that z € C*) is given by

Esy(z) = — - (1 — 2 = Bu+ Buzn + V(2 + o — 1+ Buzn)? — 4ﬂn2)~
Thus,
i 1 2z + Bn — 1)8n + Baz8?
Es, —Sn = =60 +
[Bse(2) = Sul2) = 5 V@ + Bn— 17 = 4Buz + /(2 + o — 1+ Baz6n)* — 4Baz

|8nl< 12(z + Bn — 1) + Bnzénl ) 1
<21+ <—. O 83
2 IW(z+ Bn— 102 — 4Bnz + /(2 + Bn — 1+ Buzdn )2 — 42| nv (83

15
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Proof of Theorem 3. Let z satisfy |z — u| < n~ 4/, and Z/ = u + in~/4/B,. We will decompose |s,(z) — 5,(z)| as

Isn(z) = $a(2)| < Isn(2) — sn(Z")] + I5n(2") — 3a(2")] + [Sn(2) — Sa(2")].
and bound each term. [s,(z) — s,(z’)| is bounded in the proof of Lemma 6. By Lemmas 12 and 13,

! = / l
Isn(z') — sa(2)] S VR (84)

almost surely. As u is bounded away from the support of F, by a constant multiple of /B,(17),

zZ—z —
[Sn(2) — 3a(2")] < /‘ r— / | | dFn(A)
A—z —z/ A —2z||A —2Z|

S n1/4 ﬁn

Proof of Corollary 1. Consider z satisfying |z — u| < n~1/8,/B,. Let v = n=1/8,/B, and z’ = u + iv. We will decompose
| L (sn(2) — 5(2))] as

(85)

_ d d _ d _ _
‘E(sn(z) _Sn(z))‘ < ‘E(sn(Z) _Sn(zl))‘ + ’E(sn(Z’) —sn(z/))‘ + ‘E(Sn(z) —sn(z/))‘
and bound each term. For 1 < « < n, by the spacing bound (18),
1 1 _lz=Z12h —2 = Z'| 32
()\a_z)Z ()\a_zr)z |)La —Z|2|)La _Z/|2 - anl/ngn.
Thus, almost surely,
d ) 1w 1 1 1
— — < - — 86
‘dz (sn(2) = sn(z ))‘ ~n ; (hg =22 (Ag =2/ |~ nl/8B, (86)
Note that
1 1 - 2v 1 m( 1 )
— , =3 .
A=z'P (—uP+v| " |r—up (A —u)2+02 v(A — 2)
Hence,
d _ 1 1 —
‘E(Sn(z/) _Sn(z/))‘ = ’/,an()\,) — / ()L—Z/)Zan()L)‘
/ ! (dF, — dF,)(\)| + ! / ! (dF, — dF,)(2)
A—22  (h—uP402 " " v| ) a=z"" "
1 _
<o | ﬁ(dF FAFO) 4 I52) — 5.
We bound the first term above as in Lemma 5 and the second using Theorem 3: almost surely,
/ = ! v 1
‘E(SH(Z)_SH(Z))‘SW—FW. (87)
Finally, by (17),
d _ - 1 1 — 1
| 6@ -5)| < / ‘(A —7 gy WS g O (88)

Acknowledgments

The author is grateful to David Donoho for continuous encouragement and detailed comments on drafts of this paper.
The author would also like to thank the anonymous referees for their insightful suggestions and comments. This work
was partially supported by NSF DMS grants 1407813, 1418362, and 1811614.

16



M,J. Feldman Journal of Multivariate Analysis 196 (2023) 105187

Appendix

Lemma 14 (Theorem 1 of [11]). Let X, = (x; : 1 <i <n, 1 < j < m) be an array of i.i.d. real-valued random variables with
Ex;; = 0, Ex3, = 1, and Ex%, < oo. Suppose that as n — oo, B, = n/my, — 0. Define

A, = 1 ( ! XnX, I )
" Za/ﬂn m o ")
lhen,

Amax(An) =31,

where Amax(An) represents the largest eigenvalue of Ay.

Lemma 15 (Theorem 2 of [11]). In the setting of Lemma 14, let 5(\,1 =@F:l<i<nl<j<mandY,=(y:1<i<
n, 1 <j < m) denote X, after truncation and normalization, respectively:

. Xii — EXq1

Ry = xgl(xgl < Salnm)"%), - yy = =——,

1/4

where v2 = E(X11 — E&11)? and 8, is a sequence constructed in Section 2 of [11], satisfying 8, — 0 and 8,(nm)/4 — oo. Define

A ( Lyt —i )
SEEN AT
Then, for any n, £ > 0,
Pr(Amax(An) = 1+ 1) = o(n™").
Furthermore, Pr(X, # )?n i.o.)=0,

Bl £ v =1 =of

)

Lemma 16. In the setting of Lemma 15, let P, € R™™ have bounded operator norm and consider the singular value
decompositions

1
(nm)3/4”

1 . 1 e
Py —=Xy =UAVT P+ —Y, = UAV
m

Vm vm
where A = diag(oy, ..., on) and A= diag(s1, ..., 0n). Almost surely,
1
2 =2
sup |of — 0| < —.
15;21' ' is J/nm

Moreover, for fixed i < n, if min(o? — 02, 6% — 62,) < «/Bn Where og := 0o and o, := —o0, then

~ 1 ~ 1
1—|UTUl S 5 1=I(VTV)l S .
n n

Proof. By Lemmas 14 and 15, almost surely eventually, ||X, |l < 2/m, |Yull2 < 2+/m, and

1 1 ~ 1 -~
ﬁ”xn —Yal2 = ﬁ”xn =Yl = ﬁ”xn —vY, — (1 =Yyl
< BT + S Yl € —— (89)
= \/m 11)n 4012 \/ﬁ nil2 < nm .
The first claim of the lemma follows from (89) and Weyl's inequality:
~ - ~ 1 ~
lo7 — 671 = loi — Gilloi + 61l < 1% = Yallalo 4611
The second claim follows from the Davis-Kahan theorem (Corollary 3 of [18]). O
Lemma 17 (Lemma 2.7 of [3]). Let A be an n x n nonrandom matrix and X = (X1, ..., %) be a random vector of independent

entries. Assume that Ex; = 0, E|x;|* = 1, and E|x;|* < v;. Then, for any € > 1,
E|x*Ax — trA|" <, (vatrA*A)Y? + vy tr(A*A)Y2.
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Lemma 18. Let A be an n x m nonrandom matrix and x € C", y € C™ random vectors. Assume x and y are independent with
entries satisfying the moment conditions of Lemma 17. Then, for any £ > 2,

Elx“Ayl" e (14 vg™ 4+ vo)(vatr(A*A)1)/% 4 vetr(A*A)2 + (trA*A)2).
Proof. Condition on y and apply Lemma 17. O

Lemmas 19 and 20 are elementary, following from the Leibniz determinant formula.

Lemma 19. For any n x n matrices A and B,

| detA — detB| <n ([Allco + I1Blloo)" "4 — Bllco.
Lemma 20. For any n x n matrices A(z) and B(z),

| £ (deta—det) <y 141" 4= B+ (Al + 18172 8] 14— B,
where & ;B denotes the entrywise derivative of the matrix. Additionally,

detA| <, Al 24|

= |z

The remaining lemmas pertain to the right singular vectors of the noise matrix. Consider an array X, satisfying
assumption Al and a vector v satisfying assumptions A2 places on right signal vectors. Let W be a matrix containing
as columns the first n (normalized) eigenvectors of XnTXn.

Lemma 21. Let S, = %annT and Ay = X, S X, = WW . Almost surely,
v Aw = W3 < By log(n).

The proof requires the following two lemmas:

Lemma 22. Letn/m < B for some § € (0, 1]. There exist constants cy, c1, ¢, depending only on Ex‘ll1 such that with probability
at least 1 — co log(e/B) exp(—ciBm),

\Lﬁamin(xn) >1- CZ\/,E~

Proof. This is one case of Theorem 1.3 of [13]. O
Lemma 23. Let Zn = %XJ(Sn + %In)‘1Xn. The fourth moment condition on the entries of «/mv implies

E(v Aw) < Bn Var(v Agv) < ﬁ“ .

Proof of Lemma 21. Let SD denote standard deviation. By Lemma 23, eventually,

~ 1
Pr(v Ay > By log(n)) < Pr(v Ay > E(v"Ayw) + /1 log(n) - SD(v " Agv)) < ———
nlog’(n)
Summability of the right-hand-side gives vTK,,v < Bnlog(n) almost surely eventually.
Let Ay > --- > A, denote the eigenvalues of S, and A = diag(Aq, ..., Ay). Observe that the eigenvalues of

An = WAVX(A + LI AY2WT are A/(A; 4+ 1), j = 1,...,n, joined by a zero eigenvalue with multiplicity m — n.
A first consequence of Lemma 22 is A, 2 1 almost surely. Hence

~

~ ~ ~ llvli3
UTAnU = UTAnU + ”v”%)\max(An —Ap) < UTAnU + Tmz)w
< Bnlog(n)
almost surely. O
Proof of Lemma 23. As X, and v are independent,
m
E(UTAnU)2 = Z E(Ujl vj2 vj3 vj4)E(Aj1j2Aj3j4) . (90)
J1:J2:3.Ja=1
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Any term E(vj, vj,vj,vj,) containing a singleton index vanishes, leaving the following terms:

L V4 A2
hi=h=j3=ja: EZEAﬂ
i

L 1 ~ o~
hr=heis=iei #ist — Y ERyA).

i1s (91)
Jiv=Js 2 =Jjsj1 #FJ2: m2 Z 12 °

J1:J2
L 1 52
1 =Jaja =Js.j1 #J2: m ZEAhJ‘z’

J1.J2

where vy = m?Ev} < oc. Let x; denote the jth column of X, and B; = S, + %(In —xjij). By the Sherman-Morrison formula,

(X}I'ijlxj)Z )2

Tp—1,,.
m+x; B; X

~ 1 2 _ 1
2 T 1ry-1 TB!
EAj = —SE( (S + 5h) %)" = mZE<Xj B =

Tp— 2
1 X; B X 1 1
—E(*) < —E(XTB»_lx-)Z < —E||x-||4Ek (B»_l)2

2 1,Tp-1 = 2 V) ) = J12 =/-maxity
m 1+ X Bj Xj m m

where the final inequality follows from the independence of x; and B;. Lemma 22 and the almost-sure lower bound
Amin(B;j) = 1/m imply EAmaX(B 12 < 1. Moreover, E||xj||2 =nvy + (n® — n)v2 Thus,

EIA1° < B2 (92)

Next, consider terms of the third and fourth types. Let Bj, j, = Sy + (I — xhx“ Xj,X; ) By the Woodbury formula,

Tp—1 2
A - 1 2
EA? . = —E(x (Sn + 1 ) Ty. 2 _ E( J170102 )
J1:02 m2 ( n m'n 12) m2 (1+ XTB Xh)(l—i- XTB ij) ( TB sz)

mj17J1.J2 m*~j2"j1.J2 m Jl J1:d2
! — E(x; B, 2 | E EAmax(B
= (x;, B}, szh) = m2 (X1 %) EAmax( i ]2) :

The second-to-last inequality follows from the Cauchy-Schwarz inequality. The final step uses the independence of B;, ;,
from x;, and x;,. We have that EAmax(B},)* < 1 and E(x;,, x;,)* = n. Therefore,

>v) ﬂn
B S 4 (93)

As the non-zero eigenvalues of A, = W A/2(A + LI)TAVEWT are oj/(A + £).j € {1, ... n},

~ 1.~ 1 A ~ -
B Aw) = A, = — ZE( ) Bu, E|trA, — n| < ZE‘
j=1 j=1

A+t 1+ ma,

n
~ 1+ m(A; + A

E|(trA,)* — n’| < Z E‘ (%1 + ) ’

< (1+mA]1)(1+mAJ )
J1:2=1
We have used that by Lemma 22, there exists ¢ > 0 such that with high probability, A,, > c. On this event,

—1q—1 —1 -1 _ _

)le )‘jz + m()"jl + )\jz ) c?+2c'm

1+ m(Ajl + )sz) -
—14 -1 -1 -1 2 — 2 -1 2"
)Lh )‘J'z + m()‘h + )\12 )+m cf42cTim+m

‘(1 + m)»h )(l + mAjz)

Thus,

Var(trA 1 ~ 1 ~ 2
= Yot e, — )+ (Bt — 7] < P (94)
m m m m

\ZEAMAM) R
J1.J3

Var(vTAgv) < n~1p2 follows from (90)-(94). O
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