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Abstract001

Fine-tuning large language models for math-002
ematical reasoning is often done using large003
training sets, despite that many training ex-004
amples are redundant once a model is already005
instruction-tuned. Under practical compute and006
time constraints, it is therefore important to un-007
derstand which training examples actually mat-008
ter. We investigate this problem on GSM8K by009
fine-tuning Gemma-2-2B-it with LoRA under a010
fixed data budget. We compare uniform random011
sampling with two structured data selection012
methods. A taxonomy-based method, Skill-013
Balanced Sampling (SBS), enforces balanced014
coverage across predefined skill categories but015
shows only modest and inconsistent gains. We016
then propose Hardness-Weighted Diversity017
(HWD), which explicitly controls the propor-018
tion of easy, medium, and hard examples while019
promoting semantic diversity. Our empirical020
results indicate clear performance saturation021
well before the full dataset is utilized. More-022
over, HWD reaches the best performance using023
only 9% of the GSM8K training data, outper-024
forming both random sampling and SBS with025
substantially fewer training examples.026

1 Introduction027

Fine-tuning large language models for mathemati-028

cal reasoning is often approached as a “more data029

is better” problem. However, as datasets grow, so030

do training costs. For many practitioners operating031

under tight compute or time constraints, the linear032

scaling of training time becomes a significant bot-033

tleneck. This raises a practical but underexplored034

question: how much data is actually necessary, and035

which examples contribute most to performance036

gains?037

We study this question from a fixed-budget per-038

spective. When only a small fraction of the avail-039

able data (K ≪ N ) can be used, the composi-040

tion of the training subset becomes critical. Re-041

dundant examples waste limited capacity, while042

highly skewed subsets risk over-specialization and 043

degraded generalization. 044

GSM8K provides a natural testbed for this analy- 045

sis. Despite covering a wide range of mathematical 046

skills, the dataset contains substantial redundancy: 047

many problems share similar underlying solution 048

structure with minor surface-level changes. For an 049

already instruction-tuned model such as Gemma-2- 050

2B-it, fine-tuning on the full dataset may therefore 051

be inefficient. 052

To address this challenge, we first show that 053

uniform random sampling is a strong baseline 054

and performs well when data is abundant. How- 055

ever, its reliability degrades as the training budget 056

shrinks. We then show that a simple taxonomy- 057

based approach, Skill-Balanced Sampling (SBS), 058

yields inconsistent improvements. This motivates 059

Hardness-Weighted Diversity (HWD), a novel 060

data selection method designed to construct a sin- 061

gle high-quality subset prior to training. HWD 062

explicitly controls the mixture of difficulty levels 063

in the training data while leveraging semantic em- 064

beddings to reduce redundancy. 065

Our results lead to three main observations. First, 066

reasoning performance on GSM8K saturates early, 067

with limited gains from additional training data. 068

Second, while random sampling remains competi- 069

tive at larger budgets, it becomes unreliable in low- 070

data regimes. Finally, our proposed HWD achieves 071

the best performance using less than 10% of the 072

training data, outperforming both random and skill- 073

based sampling approaches. Overall, these findings 074

suggest that for mathematical reasoning, careful 075

control over data difficulty and diversity coverage 076

is more important than dataset size alone. 077

2 Related Work 078

2.1 Data Selection for Efficient Training 079

Selecting informative subsets for efficient train- 080

ing has a long history in machine learning. Clas- 081
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sical approaches include active learning and sub-082

modular optimization, which aim to construct rep-083

resentative subsets that preserve coverage of the084

full dataset (Wei et al., 2015; Mirzasoleiman et al.,085

2020). While effective for representativeness, these086

methods typically treat all selected examples as087

equally useful, ignoring variation in example dif-088

ficulty—an issue that becomes critical under tight089

data budgets for reasoning tasks.090

More recent work explores model-dependent sig-091

nals to estimate example importance. Gradient-092

based influence methods trace the effect of indi-093

vidual training points on model predictions (Koh094

and Liang, 2017; Pruthi et al., 2020), while early-095

training loss and gradient norms have been shown096

to identify influential examples early in training097

(Paul et al., 2021). Related work studies long-tail098

effects and memorization through influence estima-099

tion (Feldman and Zhang, 2020). Although effec-100

tive, these approaches generally require partial or101

repeated training runs, making them expensive for102

large models. In contrast, our method operates in a103

static selection regime, where the subset is chosen104

once prior to fine-tuning.105

2.2 Training Dynamics and Difficulty106

Several studies analyze training dynamics to107

estimate dataset difficulty or example utility.108

Forgetting-based analyses identify examples that109

are learned and later misclassified as particularly110

influential for generalization (Toneva et al., 2019),111

while information-theoretic perspectives character-112

ize dataset difficulty through usable information113

(Ethayarajh et al., 2021). Recent work on data val-114

uation explicitly studies which examples are most115

useful for fine-tuning large language models (Xia116

et al., 2024).117

Despite their insights, these methods typically118

rely on dynamic signals obtained during training.119

Our work instead focuses on low-cost, static hard-120

ness signals that can be computed without repeated121

optimization, making them suitable for parameter-122

efficient fine-tuning with LoRA.123

2.3 Curriculum Learning under Fixed Budget124

Curriculum learning studies how ordering train-125

ing examples from easy to hard can improve opti-126

mization and generalization (Bengio et al., 2009).127

Extensions such as self-paced learning adaptively128

expand the training set based on model competence129

(Kumar et al., 2010). Recent work demonstrates130

the effectiveness of difficulty-aware curricula for131

mathematical reasoning with large language mod- 132

els (Zhou et al., 2023b; Liu et al., 2023). 133

Unlike curriculum learning, which assumes ac- 134

cess to the full dataset and focuses on example or- 135

dering, our setting considers fixed-budget selection, 136

where only a small subset of the data can be used. 137

In this regime, difficulty alone is insufficient, as re- 138

dundancy across similar problems can significantly 139

reduce the effective diversity of the subset. 140

2.4 Redundancy and Scaling in Reasoning 141

Datasets 142

Scaling laws predict diminishing returns as dataset 143

size increases (Hestness et al., 2017; Kaplan et al., 144

2020), motivating careful data selection when train- 145

ing compute is limited. For language models, 146

compute-optimal training further emphasizes the 147

importance of efficient data usage (Hoffmann et al., 148

2022). In reasoning benchmarks such as GSM8K 149

(Cobbe et al., 2021), structural redundancy across 150

problems exacerbates this effect, making uniform 151

random sampling a strong and surprisingly compet- 152

itive baseline (Chung et al., 2024). 153

At the same time, recent work such as LIMA 154

shows that small, carefully curated datasets can 155

outperform much larger ones (Zhou et al., 2023a). 156

Our results build on these insights by demonstrat- 157

ing that explicitly controlling both difficulty and 158

semantic diversity enables more data-efficient fine- 159

tuning under fixed budgets. 160

3 Problem Setup 161

Our goal is to identify effective ways to select a 162

small training subset for mathematical reasoning 163

tasks. Given a large dataset D = {xi}Ni=1 and a 164

budget K ≪ N , we aim to choose a subset S ⊂ D 165

with |S| = K such that fine-tuning on S leads to 166

the best possible performance on the test set. 167

Formally, this can be written as 168

S∗ = arg max
S⊂D, |S|=K

Acc(MS), 169

whereMS denotes the model fine-tuned on subset 170

S. Since it is infeasible to evaluate all possible 171

subsets of size K, we rely on proxy signals to guide 172

subset construction. 173

Experimental framework. We use GSM8K as 174

our primary benchmark and fine-tune Gemma-2- 175

2B-it using Low-Rank Adaptation (LoRA). To en- 176

sure that differences in performance reflect the data 177
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selection strategy rather than changes in optimiza-178

tion, we keep the model architecture and training179

configuration fixed across all experiments. This180

includes the LoRA setup, batch size, number of181

epochs, and learning-rate schedule. Performance182

is evaluated using strict pass@1 accuracy on the183

GSM8K test split.184

Selection signals. To guide subset selection, each185

training example is annotated with three auxiliary186

signals. These signals are computed offline and are187

used only during subset construction; they are not188

accessed during fine-tuning or evaluation. Details189

on how these signals are computed are provided in190

Appendix A.191

• Hardness (Hi): A scalar difficulty score in192

[0, 1], where higher values indicate harder193

problems. We estimate hardness using a fixed,194

unfine-tuned reference model by evaluating195

each example over multiple independent de-196

coding attempts. Specifically, each problem is197

queried M times under stochastic decoding,198

and Hi is defined as one minus the fraction of199

correct model outputs.200

• Semantic embeddings (Ei): Vector represen-201

tations of each problem statement obtained202

from a frozen sentence encoder. All embed-203

dings are ℓ2-normalized so that cosine simi-204

larity can be used to measure redundancy and205

semantic novelty.206

• Skill labels (s(i)): Discrete categories de-207

rived from the standard GSM8K skill taxon-208

omy (e.g., arithmetic, geometry, proportions).209

Problems may be associated with multiple210

skills.211

Evaluation protocol. We evaluate each subset212

selection method across multiple budget sizes K.213

To account for variability in low-data fine-tuning,214

we average results over multiple random seeds215

and learning rates. For each (method,K) pair,216

we report performance under the learning rate that217

achieves the highest mean accuracy across seeds.218

This protocol helps separate the effect of data se-219

lection from noise introduced by optimization.220

4 Method221

We study two structured data selection methods222

under a fixed training budget: a taxonomy-based223

baseline, Skill-Balanced Sampling (SBS), and our224

proposed method, Hardness-Weighted Diversity225

(HWD). SBS serves as a simple skill-coverage226

baseline, while HWD explicitly balances difficulty, 227

semantic diversity, and skill coverage. 228

4.1 Skill-Balanced Sampling (SBS) 229

SBS is a taxonomy-driven method that aims to 230

ensure balanced coverage over a predefined set 231

of skills. In this work, we consider a taxon- 232

omy consisting of seventeen skill categories (Ap- 233

pendix A.3). Each training example i is annotated 234

with a (possibly multi-valued) skill label s(i) drawn 235

from a fixed skill taxonomy. 236

Per-skill targets. Let fs denote the number of 237

training examples associated with skill s in the 238

full dataset. Given a budget K, SBS assigns a 239

target count Ks to each skill s via a fixed global 240

sampling rate ρ, chosen such that the expected total 241

number of selected examples is approximately K. 242

Specifically, we define 243

Ks =

{
0, fs = 0,

clip(⌈ρ fs⌉; 1, fs) , fs > 0.
244

Here ρ ∈ (0, 1) is a fixed sampling rate (set to 245

ρ = 0.1 in our experiments), and clip(x; a, b) = 246

min(max(x, a), b). In practice, if
∑

sKs ̸= K, 247

we uniformly subsample or pad across skills to 248

match the exact budget. 249

Greedy multi-cover selection. Let Cs(S) denote 250

the number of selected examples in subset S that 251

contain skill s. Starting from S = ∅, SBS itera- 252

tively adds one example at a time by selecting 253

i⋆ = argmax
i/∈S

key(i | S), 254

where the greedy key is the lexicographic tuple 255

key(i | S) =
(
gain(i), rarity(i), |s(i)|, −i

)
. 256

Here 257

gain(i) =
∑
s∈s(i)

1s, 1s =

{
1, Cs(S) < Ks,

0, otherwise.
258

Ties are broken deterministically by the smallest 259

example index (captured by −i). After selecting i⋆, 260

the counts Cs(S) are updated for all s ∈ s(i⋆). 261

Stopping criterion. The procedure terminates 262

when either all skill targets are met (Cs(S) ≥ Ks 263

for all s) or the budget |S| = K is reached. SBS 264

does not incorporate example difficulty or semantic 265

similarity, and treats all examples within a skill 266

category as equally informative. We use SBS as an 267

interpretable baseline to assess the benefits of data 268

selection based solely on skill diversity. 269
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4.2 Hardness-Weighted Diversity (HWD)270

4.2.1 Overview271

Figure 1 gives an overview of the proposed HWD272

pipeline, showing how hardness control, semantic273

novelty, and soft constraints interact during subset274

construction for data-efficient fine-tuning. Given275

a budget K ≪ N , HWD aims to select a subset S276

that maximizes downstream performance by bal-277

ancing difficulty, coverage, and redundancy.278

HWD jointly considers two forms of diversity:279

semantic diversity, enforced through embedding-280

based novelty to reduce redundancy, and skill di-281

versity, encouraged via soft coverage constraints282

over discrete skill labels. Both are important in283

low-data settings, where redundant examples or284

skill collapse can severely limit generalization.285

HWD builds the subset using a greedy selection286

with soft regularization, followed by a local refine-287

ment step. This refinement consistently improves288

stability by correcting early greedy decisions.289

The overall HWD procedure is as follows:290

1. Normalize embeddings and estimate global291

skill priors.292

2. Track subset composition using the hardness293

bins.294

3. Greedily construct a size-K subset by trad-295

ing off difficulty and semantic novelty, while296

applying soft penalties for skill coverage and297

hardness balance.298

4. Apply swap-based refinement to improve the299

objective without changing the subset size.300

Notations. Each training example i is annotated301

with three auxiliary signals used only for subset se-302

lection: a hardness score Hi ∈ [0, 1], a normalized303

semantic embedding Ei ∈ Rd, and a discrete skill304

label s(i). These signals are not accessed during305

fine-tuning. We denote by Ub = {i : b(i) = b} the306

set of items in hardness bin b. The method uses307

weights λH , λD, λS , λMix, a slack parameter δ, and308

a skill margin α. Throughout the paper, semantic309

diversity refers to embedding-based novelty, while310

skill diversity denotes balanced coverage over dis-311

crete skill labels.312

4.2.2 Preprocessing313

We first normalize embeddings so dot products314

correspond to cosine similarity:315

Ei ←
Ei

∥Ei∥2
.316

We also estimate the global skill prior ps from the 317

full dataset and define a soft per-skill target count: 318

Ts = K · ps. 319

This target is not treated as a hard constraint; in- 320

stead it anchors a penalty that discourages extreme 321

concentration in any single skill. 322

4.2.3 Hardness discretization 323

We discretize hardness levels using a set of thresh- 324

olds τ = (τ0, τ1, τ2, τ3), where 0 = τ0 < τ1 < 325

τ2 < τ3 = 1. For example, setting (τ1, τ2) = 326

(0.5, 0.8) partitions the data into three bins cor- 327

responding to easy, medium, and hard examples, 328

spanning hardness score ranges [0, 0.5), [0.5, 0.8), 329

and [0.8, 1], respectively. 330

Additionally, we associate each hardness bin 331

with a target proportion t. For example, setting 332

t = [0.10, 0.60, 0.30] allocates 10%, 60%, and 333

30% of the budget K for the easy, medium, and 334

hard bins, respectively. 335

4.2.4 Top-M Candidate Pool 336

After hardness discretization, the next step is to 337

construct the training subset by using the hardness 338

bins. However, performing a full greedy scan over 339

all N items at each selection step is unnecessary 340

and inefficient. Therefore, we restrict selection to 341

a candidate pool of size M : 342

M = clamp(multiplier ·K, Mmin, Mmax), 343

with fixed hyperparameters multiplier > 1, Mmin, 344

and Mmax. 345

The candidate pool is constructed by globally 346

sorting all eligible items by hardness score and 347

retaining the top M examples with successfully 348

computed hardness scores and embeddings (i.e., 349

excluding items with missing or undefined values). 350

The resulting Top-M set serves only as a search- 351

space restriction and does not impose any ordering 352

during greedy selection. 353

Hardness bins are not used to stratify the candi- 354

date pool; they are instead used during greedy con- 355

struction to compute soft penalties that discourage 356

early dominance of any single difficulty regime. 357

4.2.5 Diversity-Aware Greedy Selection 358

We construct the subset S iteratively, starting from 359

a single anchor item and adding one element at a 360

time until |S| = K. 361
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Swap-Based Polishing
(Local Refinement of J(S))

Accept swap if
J(S) improves

Easy
[0, 0.5)

Medium
[0.5, 0.8)

Hard
[0.8, 1.0)

Target mix t

Hardness Bins

Subset K

Score ( i | S )

Φ_mix(S)

GSM8K Dataset

Problem + Solution

Hardness Hᵢ

Embedding Eᵢ

Skill s(i)

hardness-mix tracking
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Global Top-M
Candidate Pool

Select M hardest
examples by Hᵢ

Score ( i  |  S )

+ λ_H · Hardness
+ λ_D · Novelty
− Skill penalty
− Hardness-mix penalty

Greedy HWD
Selection

Figure 1: The HWD Selection Pipeline. Selection is restricted to the Top-M hardest examples, from which a
size-K subset is greedily constructed by balancing hardness and semantic novelty under soft skill and difficulty
penalties. An optional swap-based step further improves the objective J(S).

Initialization. We initialize the selection with the362

single hardest item:363

S =

{
argmax

i
Hi

}
.364

Novelty score. At each step, every candidate item365

i /∈ S receives a novelty score relative to the current366

set:367

Di(S) = 1−max
j∈S
⟨Ei, Ej⟩.368

This conservative max-similarity formulation pe-369

nalizes the closest near-duplicate in S, encouraging370

coverage of distinct semantic regions.371

Skill handling. Although a problem may be an-372

notated with multiple skills, HWD assigns each373

example a single primary skill and counts only this374

label during greedy selection. This avoids over-375

weighting multi-skill examples in the objective and376

leads to more stable skill-coverage penalties.377

Skill coverage penalty. Let Cs denote the num-378

ber of selected items in S with skill s. To encourage379

skill diversity and prevent the subset from collaps-380

ing into a small number of dominant skills, we381

impose a soft coverage constraint based on the em-382

pirical skill prior. If selecting item i would cause383

the count of its skill s(i) to exceed the tolerated384

budget αTs(i), we apply the asymmetric penalty:385

penS(i) =

[
Cs(i) + 1− αTs(i)

]
+

max(1, Ts(i))
.386

Hardness-mix penalty. Let Cb denote the num- 387

ber of selected items in hardness bin b. At itera- 388

tion t = |S| + 1, the expected count for bin b is 389

τ
(t)
b = t tb. We define 390

dev(i) =
(Cb(i) + 1)− τ

(t)
b(i)

max(1, τ
(t)
b(i))

. 391

Deviations within a slack band δ are tolerated; 392

larger deviations incur a quadratic penalty: 393

penM (i) =
[
|dev(i)| − δ

]2
+
. 394

Selection score. The per-step selection score is: 395

Score(i | S) = λHHi + λDDi(S) 396

− λSpenS(i)− λMixpenM (i). 397

At each iteration we select 398

i⋆ = argmax
i/∈S

Score(i | S) 399

that maximizes the overall score. We then update S 400

and all associated counts, and repeat until |S| = K. 401

4.2.6 Swap-Based Refinement 402

Greedy selection is order-dependent: once an item 403

is chosen early, it affects all future novelty computa- 404

tions. To reduce sensitivity to these early decisions, 405

we perform up to Nswaps random one-for-one swaps 406

between the current set S and the candidate pool. 407
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Leave-one-out novelty. For an item i ∈ S, we408

define the leave-one-out novelty:409

DLOO
i (S) = 1− max

j∈S\{i}
⟨Ei, Ej⟩,410

with DLOO
i (S) = 1 when |S| = 1.411

Global objective. Using [x]+ = max(0, x) and412

m(x) = max(1, x), we define:413

J(S) = λH

∑
i∈S

Hi + λD

∑
i∈S

DLOO
i (S)

− λS

∑
s∈S

[
Cs(S)− αTs

]
+

m(Ts)

− λMix Φmix(S).

414

Mix penalty term. Let it be the t-th selected415

item and C
(t)
b the number of items from bin b after416

t steps. With τ
(t)
b = t tb, we penalize overshoot417

beyond a slack band:418

ϕover(c, τ) =

( [
c− (1 + δ)τ

]
+

max(1, (1 + δ)τ)

)2

,419

and accumulate:420

Φmix(S) =

|S|∑
t=1

ϕover

(
C

(t)
b(it)

, τ
(t)
b(it)

)
.421

5 Performance Evaluation422

5.1 Experimental Setup423

Training and Hyperparameters. We fine-tune424

Gemma-2-2B-it on GSM8K using LoRA. GSM8K425

consists of 7,500 training samples and 1,000 test426

samples. All runs share the same optimizer, batch427

size, sequence length, and LoRA settings. Models428

are trained for a single epoch, which we found429

sufficient for convergence; longer training often430

led to overfitting at small subset sizes. For HWD,431

we evaluate three hardness composition targets t:432

a medium-dominant setting (0.10, 0.60, 0.30), a433

hard-heavy setting (0.05, 0.45, 0.50), and a near-434

uniform setting (0.34, 0.33, 0.33).435

Because LoRA is sensitive to learning rate, each436

subset is evaluated over five learning rates, while all437

other hyperparameters remain fixed. The five learn-438

ing rates are derived from a size-specific anchor439

multiplied by {0.7, 0.9, 1.0, 1.2, 1.5}. The subset440

selection seed is fixed (42), while fine-tuning is re-441

peated with five random seeds. We use a mini-batch442

size of 8, sequence length 1024, and bf16 training.443

LoRA uses rank r=16, α=32, dropout 0.1, and 444

targets q/k/v/o proj. We use strict GSM8K 445

pass@1 with a decoding limit of 512 tokens for 446

performance comparison. The full hyperparame- 447

ters are reported in Appendix B.3. 448

Baselines. We compare our method with three 449

baselines: (1) pretrained Gemma-2-2B-it without 450

fine-tuning, (2) uniform random sampling, and (3) 451

skill-based sampling. The pretrained Gemma-2-2B- 452

it baseline without any fine-tuning yields 62.02% 453

pass@1 accuracy on GSM8K. 454

Subset Sizes. We vary the training budget K ∈ 455

{690, 960, 1200, 1600, 2400, 3200, 4800, 7473}, 456

covering low-data to full-data regimes and enabling 457

analysis of saturation and data efficiency. 458

5.2 Performance Results 459

Tables 1 to 4 provide detailed results, and Figure 2 460

illustrates the overall performance trends. 461

We first observe that the performance of Uni- 462

form Random Sampling saturates early. Accu- 463

racy improves slightly up to K = 1200 (peaking at 464

63.97%) and then remains nearly flat around 64%, 465

even when using the full dataset. This indicates 466

substantial redundancy in GSM8K for fine-tuning. 467

We also observe that Skill-Based Sampling 468

yields modest but inconsistent gains. Its best re- 469

sult occurs at K = 2400 with 64.41% accuracy, 470

with performance closely matching uniform ran- 471

dom sampling at smaller budgets and converging 472

at larger budgets. Skill balancing alone is therefore 473

insufficient for reliable data efficiency. 474

In contrast, HWD consistently achieves strong 475

performance with fewer training examples by ex- 476

plicitly controlling difficulty and redundancy. For 477

medium-dominant setting (0.1, 0.6, 0.3), HWD 478

reaches its best result at K = 690, achieving 479

64.47% accuracy using under 10% of the training 480

data. For the hard-heavy setting (0.05, 0.45, 0.50), 481

peak performance shifts to K = 1600 (64.44%), 482

suggesting harder subsets require more data for sta- 483

bility. The near-uniform setting (0.34, 0.33, 0.33) 484

behaves as a middle ground, reaching approxi- 485

mately 64.3% at moderate subset sizes. 486

Across all settings, HWD peaks at smaller K 487

than the baselines, producing a clear leftward shift 488

in the accuracy curves shown in Figure 2. 489

5.3 Stability 490

All methods exhibit low variance across random 491

seeds, ranging from 0.1% to 0.6%. Notably, 492
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HWD (0.05, 0.45, 0.50) HWD (0.34, 0.33, 0.33) Full GSM8K (K = 7473, best baseline)

Figure 2: Accuracy trends across subset sizes K. Curves show performance up to K = 4800. The single marker
indicates performance using the full GSM8K training set (K = 7473), highlighting early saturation and the data
efficiency of HWD.

HWD exhibits more stable performance in low-493

data regimes compared with the uniform sampling494

method.495

5.4 Summary496

Overall, our findings indicate that:497

• Fine-tuning on GSM8K exhibits clear per-498

formance saturation before the full training499

dataset is utilized, reinforcing that small, care-500

fully selected datasets can outperform much501

larger ones.502

• Uniform random sampling performs competi-503

tively at larger data budgets but is unreliable504

in low-data regimes.505

• The skill-based sampling method yields oc-506

casional improvements but lacks consistent507

performance gains.508

• Our data selection method guided by hardness-509

weighted diversity achieves comparable or su-510

perior performance while requiring substan-511

tially fewer training examples.512

6 Analysis and Discussion513

We examine why Hardness-Weighted Diversity514

outperforms random sampling by analyzing diffi-515

culty control, coverage, and stability.516

Difficulty control. GSM8K is skewed toward517

medium-difficulty problems. HWD closely518

matches its target hardness distributions, prevent-519

ing early over-concentration in dominant difficulty520

ranges—a common issue with uniform sampling.521

Coverage and diversity. Ablations show that nei- 522

ther skill balancing nor semantic diversity alone is 523

sufficient. Skill-only selection produces redundant 524

reasoning patterns, while diversity-only selection 525

underrepresents important skills. Effective perfor- 526

mance requires controlling both. 527

Refinement and stability. Swap-based refine- 528

ment yields small but consistent gains, suggesting 529

that greedy selection benefits from lightweight lo- 530

cal correction. HWD also exhibits lower variance 531

across seeds, particularly in low-data regimes. 532

7 Conclusion and Future Work 533

This work studies data-efficient fine-tuning for 534

mathematical reasoning and shows that perfor- 535

mance on GSM8K saturates well before using the 536

full dataset. In low-data regimes, subset composi- 537

tion plays a critical role. We introduce Hardness- 538

Weighted Diversity (HWD), an effective data se- 539

lection method that jointly controls difficulty and 540

semantic redundancy while preserving skill cover- 541

age. Across multiple subset sizes, learning rates, 542

and random seeds, HWD matches or exceeds base- 543

line performance using far fewer training examples. 544

Several directions remain open. More powerful 545

search strategies, such as evolutionary or structured 546

local methods, may further improve subset quality 547

under fixed budgets. Another promising direction 548

is adaptive hardness targeting, where the difficulty 549

mixture evolves based on training dynamics rather 550

than being fixed in advance. 551
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Table 1: GSM8K fine-tuning accuracy under Uniform Random Sampling and Skill-Based Sampling. For each K,
we report the best-performing learning rate averaged over five random seeds.

Strategy K Best LR Mean Acc. Std Dev. Seeds

Uniform Random Sampling 690 6e-6 63.85% 0.40% 5/5
Uniform Random Sampling 960 3.6e-6 63.87% 0.11% 5/5
Uniform Random Sampling 1200 3e-6 63.97% 0.55% 5/5
Uniform Random Sampling 1600 2.4e-6 63.79% 0.33% 5/5
Uniform Random Sampling 2400 1.5e-6 63.87% 0.33% 5/5
Uniform Random Sampling 3200 1.1e-6 64.03% 0.31% 5/5
Uniform Random Sampling 4800 7.2e-7 64.05% 0.11% 5/5
Uniform Random Sampling 7473 4.5e-7 63.90% 0.23% 5/5

Skill-Based Sampling 690 6e-6 63.88% 0.31% 5/5
Skill-Based Sampling 960 3.6e-6 63.73% 0.38% 5/5
Skill-Based Sampling 1200 3e-6 64.11% 0.34% 5/5
Skill-Based Sampling 1600 1.8e-6 63.78% 0.28% 5/5
Skill-Based Sampling 2400 1.5e-6 64.41% 0.31% 5/5
Skill-Based Sampling 3200 1.1e-6 64.03% 0.39% 5/5
Skill-Based Sampling 4800 7.2e-7 64.35% 0.51% 5/5
Skill-Based Sampling 7473 4.5e-7 64.03% 0.27% 5/5

Table 2: Best-performing HWD configurations for the medium-dominant hardness mix (0.1, 0.6, 0.3). For each
subset size K, we report the best mean accuracy across learning rates and (λH , λD) values.

HWD Mix K (λH , λD) Best LR Mean Acc. Std

(0.1,0.6,0.3) 690 (0.8, 1.6) 6e-6 64.47% 0.46%
(0.1,0.6,0.3) 960 (0.8, 1.0) 3e-6 63.79% 0.37%
(0.1,0.6,0.3) 1200 (1.2, 1.0) 3.3e-6 64.31% 0.68%
(0.1,0.6,0.3) 1600 (0.8, 2.20) 2.2e-6 64.29% 0.30%
(0.1,0.6,0.3) 2400 (1.2, 1.6) 1.4e-6 64.02% 0.32%
(0.1,0.6,0.3) 3200 (1.2, 1.6) 1.2e-6 63.78% 0.39%
(0.1,0.6,0.3) 4800 (1.0, 2.20) 8e-7 63.65% 0.23%

Table 3: Best-performing HWD configurations for the hard-heavy hardness mix (0.05, 0.45, 0.50). Peak perfor-
mance shifts to a larger subset size compared to the medium-dominant mix.

HWD Mix K (λH , λD) Best LR Mean Acc. Std

(0.05,0.45,0.50) 690 (1.0, 1.0) 3.6e-6 63.44% 0.64%
(0.05,0.45,0.50) 960 (1.0, 1.6) 3e-6 63.84% 0.48%
(0.05,0.45,0.50) 1200 (1.2, 1.6) 3e-6 64.34% 0.39%
(0.05,0.45,0.50) 1600 (0.8, 1.0) 2.2e-6 64.44% 0.47%
(0.05,0.45,0.50) 2400 (1.2, 1.0) 1.4e-6 64.15% 0.26%
(0.05,0.45,0.50) 3200 (0.8, 1.0) 1e-6 63.76% 0.17%
(0.05,0.45,0.50) 4800 (1.2, 1.0) 8e-7 63.76% 0.34%

Table 4: Best-performing HWD configurations for the near-uniform hardness mix (0.34, 0.33, 0.33). For each
subset size K, we report the best mean accuracy across learning rates and (λH , λD) values.

HWD Mix K (λH , λD) Best LR Mean Acc. Std

(0.34,0.33,0.33) 690 (0.8, 2.20) 6e-6 64.17% 0.24%
(0.34,0.33,0.33) 960 (0.8, 1.6) 3.6e-6 63.87% 0.20%
(0.34,0.33,0.33) 1200 (1.2, 1.0) 3e-6 64.22% 0.43%
(0.34,0.33,0.33) 1600 (0.8, 2.20) 2.2e-6 64.29% 0.26%
(0.34,0.33,0.33) 2400 (1.0, 2.20) 1.4e-6 64.29% 0.35%
(0.34,0.33,0.33) 3200 (1.2, 2.20) 1e-6 63.81% 0.45%
(0.34,0.33,0.33) 4800 (0.8, 1.0) 8e-7 63.67% 0.19%
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Limitations552

Our proposed HWD approach relies on precom-553

puted hardness scores and embeddings, which may554

be noisy or imperfect estimates of true example dif-555

ficulty. In addition, the subset selection objective556

is optimized only approximately via greedy con-557

struction and lightweight refinement, rather than558

exact global optimization. Finally, difficulty is dis-559

cretized into a fixed set of bins, which improves560

interpretability but limits flexibility for dynamic or561

continuously evolving settings.562
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A Selection Signals671

This appendix documents the auxiliary signals used672

exclusively for subset construction in Hardness–673

Weighted Diversity (HWD). These signals are674

used only during data selection and are not accessed675

during fine-tuning or evaluation.676

A.1 Hardness Score Computation677

We define a per-example hardness score from re-678

peated evaluation of each training problem un-679

der a strict numeric-answer rule. For each680

GSM8K training item i, we query a fixed refer-681

ence model (teacher) for M independent attempts682

using stochastic decoding (enabled when M > 1),683

and mark an attempt as correct only if the model’s684

output ends with a line matching the exact for-685

mat #### <number> and the extracted number686

equals the ground-truth numeric answer.687

Let wini ∈ [0, 1] denote the winning rate (frac-688

tion of correct attempts) across the M trials. We689

convert this success rate into hardness690

Hi = 1− wini,691

so that larger values correspond to harder prob-692

lems. The resulting hardness file stores, for each693

example id, the winning rate acc and/or hardness694

hardness, together with the number of trials695

n=M .696

All values are clamped to [0, 1]. If a percentage697

scale is detected, values are rescaled by dividing698

by 100.699

A.2 Semantic Embedding Computation700

We precompute semantic embeddings for all701

GSM8K training problems using a frozen702

sentence encoder. Specifically, we use703

BAAI/bge-small-en-v1.5 to encode704

each problem statement independently. For each705

input, we extract the hidden state of the first token706

from the final encoder layer (CLS-style pooling)707

and apply ℓ2 normalization to obtain a unit-length708

vector.709

Embeddings are computed in batches and stored 710

as a dense matrix E ∈ RN×d in NumPy format. 711

A separate JSON file records the mapping from 712

example ids to embedding rows. During subset 713

selection, these embeddings are used exclusively 714

to compute cosine-based novelty scores. The em- 715

bedding model remains frozen throughout and is 716

never updated or fine-tuned. 717

A.3 Skill Taxonomy and Labeling 718

We annotate each GSM8K problem with one or 719

more skills drawn from a fixed taxonomy of 17 720

mathematical reasoning categories. Each skill 721

captures a distinct type of reasoning or computa- 722

tion pattern, and problems may belong to multiple 723

skills. 724

Skill definitions. The 17 skills are defined as 725

follows (IDs shown in parentheses): 726

1. Basic Arithmetic (1): Single-operation or short- 727

chain arithmetic. 728

2. Multi-step Arithmetic (2): Sequential depen- 729

dent computations. 730

3. Fractions & Ratios (3): Fractional and ratio 731

reasoning. 732

4. Algebraic Reasoning (4): Equation-based rea- 733

soning with variables. 734

5. Unit Conversion (5): Measurement or currency 735

conversion. 736

6. Counting / Combinatorics (6): Counting and 737

simple combinatorics. 738

7. Proportional Reasoning (7): Rates, scaling, 739

and proportionality. 740

8. Geometry / Spatial Reasoning (8): Shapes, 741

areas, and volumes. 742

9. Logical Deduction / Constraints (9): 743

Constraint-based deduction. 744

10. Temporal Reasoning (10): Time intervals and 745

schedules. 746

11. Money / Cost Calculations (11): Prices, dis- 747

counts, and costs. 748

12. Table Lookup / Structured Data (12): Reason- 749

ing over tables. 750
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13. Common Sense / World Knowledge (13): Ev-751

eryday factual knowledge.752

14. Multi-hop Chain-of-Thought Reasoning (14):753

Multi-step inference.754

15. Comparison / Difference Finding (15): Rela-755

tive quantity reasoning.756

16. Estimation / Rounding (16): Approximate nu-757

meric reasoning.758

17. Nested Reasoning (17): Hierarchically struc-759

tured reasoning.760

Annotation source. Skill labels are obtained via761

automatic annotation using a large language model762

(GPT), which assigns one or more skills from the763

predefined taxonomy to each problem based on764

its problem statement. These annotations are used765

solely as a weak supervisory signal for regulariza-766

tion during subset selection and are not treated as767

ground-truth labels.768

Empirical distribution. The resulting skill dis-769

tribution on GSM8K is highly imbalanced: multi-770

step arithmetic dominates as the primary skill for771

the majority of problems, while other skills occur772

infrequently and often only as secondary labels.773

Consequently, HWD applies a soft, asymmetric774

skill regularization rather than enforcing uniform775

per-skill coverage.776

B Experimental Protocol777

B.1 Subset Construction Procedure778

Candidate universe. We retain only items that779

have both (i) a valid hardness value Hi and (ii) a780

valid embedding row mapping. All other items are781

excluded from selection.782

Top-M restriction. To reduce computation, se-783

lection is restricted to a Top-M pool formed by784

sorting eligible items in descending hardness and785

retaining786

M = clamp(mult ·K, Mmin, Mmax),787

with mult, Mmin, and Mmax controlled by788

--v1-topM-mult, --v1-topM-min, and789

--v1-topM-max. This restriction limits the790

search space only; within Top-M , greedy selec-791

tion uses the full scoring function.792

Soft hardness-mix control. We encourage a tar- 793

get hardness composition t = [t1, t2, t3] (passed 794

via --v1-hard-targets). At step m+1, the 795

running target for bin b is τ
(m+1)
b = (m+1)tb. 796

With slack δ (--v1-hard-slack), we apply an 797

overshoot-only quadratic penalty if adding a candi- 798

date would exceed (1+δ)τ
(m+1)
b : 799

penMix(i) =

[Cb(i) + 1− (1 + δ)τ
(m+1)
b(i)

]
+

max(1, (1 + δ)τ
(m+1)
b(i) )

2

. 800

Greedy score. At each iteration, we select the 801

candidate maximizing: 802

Score(i | S) = λHHi + λDDi(S)

− λS penS(i)− λMix penMix(i).
803

where (λH , λD, λS , λMix) correspond 804

to --v1-lambda-h, --v1-lambda-d, 805

--v1-lambda-s, and --v1-hard-weight. 806

The greedy procedure initializes with the single 807

hardest item in Top-M . 808

Swap polishing. After greedy selection, we per- 809

form up to Nswaps random one-for-one swaps 810

(--v1-swaps). A proposed swap is accepted 811

if it improves the global objective computed on the 812

full set. 813

B.2 Fine-Tuning and Evaluation 814

Training. We fine-tune Gemma-2-2B-it with 815

LoRA under a fixed configuration (batch size, se- 816

quence length, epochs, and LoRA hyperparam- 817

eters), held constant across all subset strategies. 818

Each run is performed for a single epoch. 819

Learning-rate sweep and seeds. For each 820

(method,K) pair, we sweep five learning rates and 821

evaluate five random seeds. We select the learning 822

rate that maximizes the mean accuracy across seeds 823

and report the mean and standard deviation under 824

that learning rate. 825

Metric. We report strict pass@1 accuracy on 826

GSM8K, where a prediction is counted correct only 827

if the final numeric answer exactly matches the 828

ground truth under a strict formatting rule. 829

B.3 Reproducibility Details 830

Fine-tuning. We fine-tune Gemma-2-2B-it with 831

LoRA for one epoch under a fixed setup across 832

all runs. We use batch size 1, mixed precision 833

(bf16), and evaluate five random seeds (41–45) 834

for each configuration. 835
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Budgets and learning rates.836

We evaluate subset sizes K ∈837

{690, 960, 1200, 1600, 2400, 3200, 4800} (and838

K = 7473 for the full set). For each (method,K)839

pair we sweep five learning rates and report the840

learning rate that maximizes mean accuracy across841

seeds. The per-K learning-rate grids are:842

• K=690: {3.5, 4.5, 5.0, 6.0, 7.5} × 10−6843

• K=960, 1200: {2.1, 2.7, 3.0, 3.6, 4.5} × 10−6844

• K=1600: {1.4, 1.6, 1.8, 2.0, 2.2} × 10−6845

• K=2400: {1.0, 1.2, 1.4, 1.6, 1.8} × 10−6846

• K=3200: {0.8, 1.0, 1.2, 1.4, 1.6} × 10−6847

• K=4800: {0.4, 0.5, 0.6, 0.8, 1.0} × 10−6848

HWD selection hyperparameters. Unless849

stated otherwise, HWD uses hardness bins850

(0.0, 0.5, 0.8, 1.0) and the target mix t speci-851

fied in each experiment. We set Top-M via852

M = clamp(4K, 2000, 10000), use slack853

δ = 0.01, and apply swap polishing with854

Nswaps = 300. We use λS = 0.10 and skill855

tolerance α = 1.5, and sweep (λH , λD) as856

reported in the main tables.857

C Additional Analyses858

C.1 Stability Across Random Seeds859

Confidence interval computation. For all re-860

ported confidence intervals, we compute a two-861

sided 95% confidence interval over five indepen-862

dent runs as863

x̄± t0.975,4 ·
s√
n
,864

where x̄ is the mean accuracy, s is the sample stan-865

dard deviation, n = 5, and t0.975,4 = 2.776 is866

the Student-t critical value with four degrees of867

freedom. Narrower intervals indicate more stable868

performance across random seeds.869
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Table 5: 95% confidence intervals (5 seeds) for baseline sampling strategies.

Uniform Random Sampling
K Mean Std 95% CI

690 63.85 0.40 [63.50, 64.20]
960 63.87 0.11 [63.77, 63.97]
1200 63.97 0.55 [63.49, 64.45]
1600 63.79 0.33 [63.50, 64.08]
2400 63.87 0.33 [63.58, 64.16]
3200 64.03 0.31 [63.76, 64.30]
4800 64.05 0.11 [63.95, 64.15]
7473 63.90 0.23 [63.70, 64.10]

Skill-Based Sampling
K Mean Std 95% CI

690 63.88 0.31 [63.61, 64.15]
960 63.73 0.38 [63.40, 64.06]
1200 64.11 0.34 [63.81, 64.41]
1600 63.78 0.28 [63.53, 64.03]
2400 64.41 0.31 [64.14, 64.68]
3200 64.03 0.39 [63.69, 64.37]
4800 64.35 0.51 [63.90, 64.80]
7473 64.03 0.27 [63.79, 64.27]

Table 6: 95% confidence intervals (5 seeds) for selected HWD configurations under three hardness mixes.

Mix (0.1, 0.6, 0.3)

K Mean Std 95% CI

690 64.47 0.46 [64.06, 64.88]
960 63.79 0.37 [63.47, 64.12]
1200 64.31 0.68 [63.71, 64.91]
1600 64.29 0.30 [64.03, 64.55]
2400 64.02 0.32 [63.74, 64.30]
3200 63.78 0.39 [63.44, 64.12]
4800 63.65 0.23 [63.45, 63.85]

Mix (0.05, 0.45, 0.50)

K Mean Std 95% CI

690 63.44 0.64 [62.65, 64.23]
960 63.84 0.48 [63.24, 64.43]
1200 64.34 0.39 [63.85, 64.82]
1600 64.44 0.47 [63.86, 65.03]
2400 64.15 0.26 [63.83, 64.48]
3200 63.76 0.17 [63.55, 63.98]
4800 63.76 0.34 [63.34, 64.19]

Mix (0.34, 0.33, 0.33)

K Mean Std 95% CI

690 64.17 0.24 [63.87, 64.47]
960 63.87 0.20 [63.62, 64.12]
1200 64.22 0.43 [63.68, 64.76]
1600 64.29 0.26 [63.97, 64.61]
2400 64.29 0.35 [63.86, 64.72]
3200 63.81 0.45 [63.25, 64.37]
4800 63.67 0.19 [63.44, 63.90]
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