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Abstract

Causal Bayesian Optimization (CBO) integrates causal inference with Bayesian optimiza-
tion to enable sample-efficient intervention selection in systems governed by causal structure.
This survey provides a comprehensive and systematic review of the CBO landscape, orga-
nizing the growing literature through a unified BO-loop perspective that reveals how causal
assumptions shape four core components: intervention search spaces, surrogate construc-
tion, acquisition design, and decision policies. We classify methods along recurring design
axes, i.e., graph knowledge, intervention representation, uncertainty source, and budget
allocation, and establish formal connections between CBO and adjacent fields, including
causal bandits, Bayesian experimental design, safe optimization, and policy search. To ad-
dress the lack of standardized evaluation in the field, we introduce a reproducibility-oriented
benchmark that covers hard- and soft-intervention settings, implements both the standard
GAP metric and a new trajectory-aware Path-Aware GAP (PA-GAP) metric, and evaluates
seven CBO methods alongside a non-causal BO baseline under a common scoring protocol.
Our empirical study across thirteen datasets, three budget levels, and two metrics reveals
that no single method dominates uniformly: rankings depend critically on the dataset, bud-
get, and metric, and strong non-causal baselines remain competitive in several settings.
We conclude by identifying six open challenges, including robustness to hidden confound-
ing, scalable unknown-graph optimization, mixed intervention types, realistic cost models,
tighter theoretical guarantees, and integration with modern representation learning, that
must be addressed for CBO to transition from proof-of-concept demonstrations to reliable
real-world deployment.

1 Introduction

Many scientific and engineering problems require the selection of interventions in systems whose variables are
causally coupled. A clinician chooses a drug dosage that propagates through metabolic pathways to affect
a clinical endpoint; an engineer tunes process parameters that cascade through a manufacturing pipeline; a
policymaker adjusts economic levers whose effects depend on the causal structure of the economy. In each
case, the key challenge is the same: the system’s response to an intervention is not governed by statistical
association but by a causal mechanism, and purely correlational optimization can recommend actions that
appear promising in observational data, yet fail or even cause harm when deployed (Pearl, 2009; Peters et al.,
2017).

Bayesian Optimization (BO) offers a basic framework for sample-efficient optimization when evaluations
are expensive, noisy, or constrained (Jones et al., 1998; Shahriari et al., 2016). By iteratively fitting a
probabilistic surrogate and selecting queries via an acquisition function that balances exploitation against
exploration, BO can identify near-optimal solutions with far fewer evaluations than grid or random search.
However, standard BO treats the objective as a black box: it is agnostic to the causal relationships among
the variables it manipulates. Causal Bayesian Optimization (CBO) closes this gap by embedding structural
causal knowledge into the BO loop, enabling the optimizer to reason about which variables to intervene
on, how observational data relate to interventional effects, and where the experimental budget is best spent
(Aglietti et al., 2020).
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Since its introduction, CBO has rapidly expanded into a diverse family of methods. These developments can
be organized around a small number of recurring design choices: (i) what is assumed known about the causal
graph, (ii) whether the surrogate models the intervention-to-outcome mapping directly or instead models
individual causal mechanisms and propagates uncertainty through the graph, (iii) what form interventions
take (hard clamps, soft mechanism modifications or context-dependent policies), and (iv) how the method
allocates its budget across competing sources of uncertainty. Representative extensions include dynamic
environments (Aglietti et al., 2021), safety constraints (Aglietti et al., 2023), mechanism-level surrogates
with regret guaranties (Sussex et al., 2023), functional and policy interventions (Gultchin et al., 2023),
contextual scope selection (Arsenyan et al., 2026), adversarial non-stationarity (Sussex et al., 2024), high-
dimensional scaling (Wu et al., 2024), unknown-graph optimization via information-theoretic exploration
(Branchini et al., 2023) or optimistic model selection (Mukherjee et al., 2024), and noise-robust acquisition
with learned priors (Li et al., 2023).

Despite this progress, the field lacks two critical ingredients for maturation. First, a unified conceptual
framework that reveals the shared structure across CBO variants and connects them to adjacent fields, such
as causal bandits, Bayesian experimental design, active causal discovery, and safe reinforcement learning, is
missing. Individual papers typically position their contributions relative to the original CBO formulation,
but rarely articulate how different notions of uncertainty (effect, mechanism, and graph uncertainty) lead
to fundamentally different acquisition principles, or how contextual and functional intervention methods
are instances of a common policy-search abstraction. Second, standardized evaluation infrastructure is
absent. Existing papers use different datasets, incompatible codebases, inconsistent intervention conventions,
and different metrics, making cross-paper comparisons unreliable. A method that excels when the graph is
known and interventions are low-dimensional may behave very differently under soft interventions, unknown
graphs, or context-dependent policies, yet these distinctions are obscured when each paper evaluates in
isolation.

This survey addresses both gaps. We provide a systematic, technically detailed review of the CBO landscape
organized through a unified BO-loop perspective, and we introduce a reproducibility-oriented benchmark
with standardized evaluation. In terms of concreteness, our contributions are as follows.

• A unified design-space perspective. We decompose CBO methods into four interacting design axes,
including intervention representation, surrogate architecture, decision rule, and dominant uncertainty
source, and show how each published method instantiates specific choices along these axes (Section 3).
This reveals which components are interchangeable and which are tightly coupled to specific identifiability
or structural assumptions.

• Formal connections to adjacent fields. We establish explicit links between CBO and causal bandits,
Bayesian experimental design, active causal discovery, safe optimization, and policy search, clarifying
what CBO inherits from these fields and where it introduces genuinely new challenges (Section 3.7).

• A reproducibility-oriented benchmark. We release a benchmark covering eight hard-intervention
and five soft-intervention scenarios, with standardized GAP and a new trajectory-aware PA-GAP metric,
and a common best-so-far trajectory interface that enables fair re-scoring of outputs from heterogeneous
implementations (Section 4).

• A unified empirical comparison. We evaluate seven CBO methods and a non-causal BO baseline
across thirteen datasets, three budget levels, and two metrics, revealing that no method dominates uni-
formly, that rankings depend critically on dataset–budget-metric interactions, and that strong non-causal
baselines remain competitive in several settings (Section 4.4–4.5).

• Structured open problems. We identify six concrete research directions (robustness to causal assump-
tions, scalability, richer intervention models, realistic evaluation, theoretical foundations, and integration
with representation learning) that must be addressed for CBO to achieve reliable real-world deployment
(Section 5).

Paper outline. Section 1 places this survey relative to existing reviews. Section 2 establishes the the-
oretical foundations in causal inference and Bayesian optimization. Section 3 presents the methodological
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frameworks organized by design axes. Section 4 describes the benchmark, metrics, datasets, and empirical
results. Section 5 discusses open problems, and Section 6 concludes.

Related Surveys and Scope

Several surveys cover topics adjacent to CBO, but none provides the unified treatment of causal optimization
methods and standardized empirical evaluation that we pursue here.

Bayesian optimization surveys. Comprehensive reviews of BO cover surrogate modeling, acquisition
functions, and scalability (Shahriari et al., 2016; Frazier, 2018; Garnett, 2023), but treat the objective as a
black box and do not address causal structure, intervention design, or the observation-intervention trade-off
central to CBO.

Causal inference and causal discovery. Textbooks and surveys on causal inference (Pearl, 2009; Peters
et al., 2017; Hernán & Robins, 2020; Glymour et al., 2019) provide the framework of the structural causal
model that underlies CBO, but focus on the identification and estimation of causal effects rather than on
sequential optimization of interventions under budget constraints. Causal discovery surveys (Spirtes et al.,
2000; Chickering, 2002; Glymour et al., 2019) address the learning of the graph from data, which is a
component of unknown-graph CBO but not its main goal.

Causal bandits. The causal bandit literature (Lattimore et al., 2016; Lu et al., 2021; Nair et al., 2021)
shares CBO’s goal of selecting interventions using causal structure, but operates under different modeling
assumptions: bandits typically assume discrete action sets with parametric reward models, whereas CBO
handles continuous intervention domains with nonparametric (GP-based) surrogates. We discuss the rela-
tionship between CBO and causal bandits in detail in Section 3.7.

Bayesian experimental design. The Bayesian optimal experimental design (Chaloner & Verdinelli, 1995;
Foster et al., 2021) selects experiments to maximize the information about the model parameters, which
overlaps with the structure-learning component of the CBO’s in the context of unknown-graphs. However,
experimental design typically does not include an optimization objective beyond parameter estimation.

Scope of this survey. We focus on methods that explicitly combine (i) a structural causal model or
causal graph with (ii) a sequential Bayesian optimization loop to select interventions. We exclude pure
causal effect estimation without an optimization loop, causal bandits without GP-based surrogates (except
when contrasting with CBO), and reinforcement learning methods that learn policies through environment
interaction without an explicit causal model. We include both known- and unknown-graph settings, hard
and soft interventions, and single- and multi-objective formulations.

Survey protocol and inclusion criteria. To make the construction of the review corpus explicit, we
followed a targeted search-and-screening protocol. We searched OpenReview, PMLR, arXiv, Google Scholar,
and the proceedings of major machine learning and causality venues using keyword combinations such as
“causal Bayesian optimization,” “causal global optimization,” “Bayesian optimization with interventions,”
“causal optimization,” and “optimization under causal structure.” Candidate papers were first screened by
title and abstract, and then by their methodological formulation. A work was included if its central contri-
bution couples an explicit causal model, such as an SCM, causal graph, or distribution over graphs, with a
sequential Bayesian-optimization-style procedure for intervention selection. We further used backward and
forward citation tracing from the original CBO paper and subsequent representative extensions to identify
closely related work. Papers whose primary objective is only causal effect estimation, graph recovery, bandit
learning, experimental design, or reinforcement learning were excluded from the main corpus unless they
directly clarify the boundary between CBO and adjacent fields. This protocol yields a focused corpus of
methods in which causal assumptions actively modify the Bayesian optimization loop, rather than a broad
survey of causal decision-making methods.
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Table 1: Summary of notation used throughout this survey.
Symbol Meaning

M = ⟨U, V, F, P (U)⟩ Structural Causal Model
V = {V1, . . . , Vn} Endogenous (observed) variables
U Exogenous (unmodeled) variables
Pai Parents of Vi in the causal graph G
G Causal directed acyclic graph (DAG)
do(X=x) Hard intervention setting X to value x
X, C, Y Manipulable variables, context variables, target outcome
Xs ⊆ X Intervention scope (subset of manipulable variables)
xs ∈ D(Xs) Intervention value in the feasible domain
f(Xs, xs) Interventional objective: E[Y | do(Xs=xs), C]
GP(m, k) Gaussian process with mean m and kernel k

µt(·), σ2
t (·) GP posterior mean and variance after t observations

α(·) Acquisition function
T Total number of interventional trials (budget)
y∗ Reference optimum (for metric computation)
Rt Best-so-far improvement ratio at trial t

2 Theoretical Foundations

This section establishes the conceptual and mathematical foundations underlying Causal Bayesian Opti-
mization. We first review structural causal models, interventions, and identifiability (Section 2.1). We then
summarize classical Bayesian optimization with an emphasis on components that CBO modifies (Section 2.2).
Finally, we formulate the CBO problem and highlight the key ways in which causality reshapes the BO loop
(Section 2.3). Table 1 consolidates the notation used throughout the paper.

2.1 Causal Inference

Most CBO methods adopt the framework of Structural Causal Models (SCMs) (Pearl, 2009), which provide
a compact, modular representation of how variables are generated and how they respond to interventions.
Definition 1 (Structural Causal Model (SCM)). An SCM is a tuple M = ⟨U, V, F, P (U)⟩ where U is a set of
exogenous variables, V = {V1, . . . , Vn} is a set of endogenous variables, and F = {f1, . . . , fn} is a collection
of structural assignments

Vi := fi(Pai, Ui), i = 1, . . . , n, (1)
where Pai ⊆ V \{Vi} denotes the direct causes (parents) of Vi in the causal graph and Ui ⊆ U is the exogenous
noise that affects Vi. The distribution P (U) completes the model and, together with F , induces a unique joint
distribution on V .

Causal graphs, assumptions, and the causal Markov property. An SCM induces a causal graph
G, commonly represented as a directed acyclic graph (DAG), with a node for each endogenous variable and
an edge Vj → Vi whenever Vj ∈ Pai. The graph encodes a qualitative causal structure in which variables
are direct causes of others but does not, by itself, specify functional forms or effect magnitudes. That
quantitative information resides in the structural equations F .

Two standard assumptions link the graph to the distribution. The causal Markov condition states that
each variable is conditionally independent of its non-descendants given its parents (Pearl, 2009; Spirtes
et al., 2000). Under the additional assumption that exogenous variables are mutually independent (causal
sufficiency), the observational distribution factorizes according to the graph.

P (V1, . . . , Vn) =
n∏

i=1
P (Vi | Pai). (2)
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The faithfulness assumption further requires that all conditional independencies in P are entailed by the
Markov condition applied to G, ruling out cancelations that could hide edges. Together, these assumptions
enable structure learning from observational data and underpin the identifiability results that CBO exploits.

Hard interventions. In Pearl’s framework, a hard (or perfect) intervention do(X=x) replaces the struc-
tural equation for X with the constant x, severing all incoming edges to X while leaving other mechanisms
unchanged. This produces a modified SCM Mdo(X=x) and an interventional distribution that admits a
truncated factorization:

P (V1, . . . , Vn | do(X=x)) =
∏

Vi /∈X

P (Vi | Pai)
∣∣∣∣
X=x

. (3)

Hard interventions are the default in the original CBO formulation and in most Hard intervention bench-
marks.

Soft interventions. A soft (or imperfect) intervention modifies the structural mechanism of a variable
without completely severing its incoming edges. Formally, a soft intervention on Vi replaces fi with a new
mechanism f̃i(Pai, Ui; θ) parameterized by an intervention parameter θ. This is important in several CBO
variants, notably MCBO (Sussex et al., 2023) and fCBO (Gultchin et al., 2023), that model mechanism
modifications rather than variable clamping. Soft interventions yield a richer action space but require
modeling how the intervention parameter interacts with the existing mechanism.

Counterfactuals. SCMs also define counterfactual quantities that describe outcomes under hypothetical
actions in a specific latent world (indexed by u ∈ U), typically written as Yx(u) (Pearl, 2009). Although
most CBO methods optimize interventional expectations, counterfactual reasoning becomes relevant when
personalizing interventions or reasoning about alternative actions given historical data.

Identifiability and the do-calculus. In practice, the full SCM is rarely known, so CBO relies on identi-
fiability: whether an interventional quantity such as E[Y | do(X = x)] can be expressed purely in terms of
the observational distribution given assumptions about the graph. Pearl’s do-calculus provides three general
inference rules for transforming interventional expressions into observational quantities when identification
is possible (Pearl, 2009; 2012). A common special case is the backdoor adjustment: if a set Z satisfies the
backdoor criterion relative to (X, Y ), then

E[Y | do(X=x)] =
∑

z

E[Y | X=x, Z=z] P (Z=z). (4)

When identification holds but closed-form evaluation is difficult, one can approximate the required expecta-
tions via Monte Carlo integration of the identified estimand.

Identifiability as an algorithmic assumption in CBO. In CBO, identifiability is not merely a causal
inference condition; it directly shapes the optimizer’s behavior. When an intervention effect is identifiable
from observational data, the observational sample can be used to construct informative GP priors, initialize
surrogates, or eliminate dominated intervention scopes before any costly intervention is performed. When
identifiability fails, for example, due to hidden confounding, the same procedure can produce overconfident
and biased priors that mislead the acquisition function. This asymmetry means that empirical comparisons
should carefully distinguish methods that assume correct identifiable priors from those that rely primarily
on interventional data or explicitly model graph and identification uncertainty. Throughout this survey, we
follow the common CBO assumption of causal sufficiency and perfect interventions unless otherwise stated.

2.2 Classical Bayesian Optimization

Bayesian Optimization (BO) is a sequential strategy for optimizing an expensive black-box objective
f : X → R on a bounded domain X ⊂ Rd (Kushner, 1964; Zhilinskas, 1975; Mockus et al., 1978; Mockus,
1989; Jones et al., 1998; Shahriari et al., 2016). At each iteration t, BO selects a query xt, observes
yt = f(xt) + ϵt with noise ϵt, and updates a probabilistic model to guide future queries. BO is characterized
by two interacting components.
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Probabilistic surrogate. The most common surrogate is a Gaussian Process (GP) (Rasmussen &
Williams, 2006), specified by a prior mean function m0(·) and a kernel (covariance function) k(·, ·). Given t
observations Dt = {(xi, yi)}t

i=1, the GP posterior of any candidate input x is available in closed form:

µt(x) = m0(x) + kt(x)⊤(Kt + σ2
ϵ I)−1(yt − m0), (5)

σ2
t (x) = k(x, x) − kt(x)⊤(Kt + σ2

ϵ I)−1kt(x), (6)

where kt(x) is the vector of covariances between x and the observed inputs, Kt is the kernel matrix over
the observed inputs, and σ2

ϵ is the variance of the observation noise. The posterior mean µt provides a point
estimate, while σ2

t quantifies the predictive uncertainty, enabling the acquisition function to distinguish
well-explored from poorly-understood regions.

Acquisition functions. The acquisition function α(x; Dt) scores candidate inputs by balancing exploita-
tion (questioning where µt is favorable) against exploration (questioning where σt is large). Two widely used
choices are Expected Improvement (EI) and the Upper Confidence Bound (UCB):

αEI(x) = E
[

max(f(x) − f+, 0) | Dt

]
, (7)

αUCB(x) = µt(x) + β
1/2
t σt(x), (8)

where f+ is the best observed value and βt > 0 is a schedule parameter that controls the exploration–
exploitation trade-off (Jones et al., 1998; Srinivas et al., 2010). The BO loop iterates: maximize α to select
xt+1, evaluate f , and update the GP posterior.

Regret and sample efficiency. Under regularity conditions in the kernel and the appropriate choice
of βt, GP-UCB achieves a sublinear cumulative regret

∑T
t=1[f(x∗) − f(xt)] = O(

√
TγT ), where γT is the

maximum information gain of the kernel (Srinivas et al., 2010; Chowdhury & Gopalan, 2017). This theoretical
grounding is relevant to CBO because MCBO (Sussex et al., 2023) and ACBO (Sussex et al., 2024) extend
GP-UCB-style regret analysis to causal settings, obtaining bounds that can improve over the non-causal case
when the causal graph induces a factored reward structure.

Beyond standard GPs. Although GPs remain the dominant surrogate in CBO, the broader literature
on BO also uses random forests, Bayesian neural networks, and deep kernel learning (Shahriari et al., 2016;
Garnett, 2023). These alternatives are relevant when mechanism functions are high-dimensional or exhibit
non-stationary structure, though their integration with causal priors remains largely unexplored.

2.3 Causal Bayesian Optimization

Causal Bayesian Optimization (CBO) extends standard BO to settings where the decision variable includes
not only the intervention level but also the intervention scope, which variables to intervene on, and where
observational data can inform the optimizer through causal identification. This coupling of combinatorial
scope selection with continuous value optimization, guided by a causal graph, is the defining feature that
distinguishes CBO from black-box BO.

CBO introduces three innovations relative to standard BO. First, graph-based scope reduction uses the
causal graph to prune intervention scopes that are structurally redundant or observationally dominated,
concentrating the budget on scopes that the graph predicts can meaningfully move the outcome. Second,
observationally informed priors convert abundant observational data into prior beliefs about interventional
effects when identifiability holds, giving the surrogate a reasonable global shape before costly interventions
begin. Third, CBO explicitly models an observation–intervention trade-off, allowing the algorithm to decide
whether additional observational or interventional data is more valuable at each step.

Section 3.1 formalizes the CBO problem, defines the key concepts of minimal and possibly-optimal inter-
vention sets, presents the surrogate and acquisition design, and identifies the limitations that motivate the
extensions reviewed in the remainder of Section 3.
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3 Methodological Frameworks

Causal Bayesian Optimization (CBO) is best viewed as a design space rather than a single algorithm. All
CBO methods instantiate a common loop: choose an intervention (what to manipulate and how), predict its
causal effect using a probabilistic model, select the next data-collection action via an acquisition rule, and
update beliefs using newly obtained observational and/or interventional data. What differentiates methods
is where the causal structure is injected into this loop and which uncertainty sources are modeled.

A unifying lens: four design axes. In the literature, most variants can be understood through the
following axes (Figure 1):

1. Representation of the intervention. Hard interventions vs. soft interventions; static actions vs.
functional policies; context-dependent actions; or adversarial interventions.

2. Surrogate modeling choice. Modeling the intervention-to-outcome effect directly versus modeling
mechanisms on the causal graph and propagating uncertainty to the outcome.

3. Decision rule and budget allocation. EI-/UCB-style BO, information-gain search, bandit-style
allocation across scopes, or online-learning strategies in non-stationary settings.

4. What uncertainty dominates. Effect uncertainty, structure uncertainty, and robustness uncer-
tainty.

We use these axes to highlight what each method adds, when it helps, and what it costs in terms of
computational or statistical resources.

Original CBO
(Aglietti et al., 2020)

Modeling extensions
dynamics / constraints / high-dim /
multi-objective

Intervention representations
mechanism / policy / context /
adversary

Unknown causal structure
learn / average graphs

Robustness to noise & priors
noise-aware acquisition / learned
priors

DCBO (Aglietti et al., 2021)
cCBO (Aglietti et al., 2023)
HCBO (Wu et al., 2024)
MO-CBO (Bhatija et al., 2025)

MCBO (Sussex et al., 2023)
fCBO (Gultchin et al., 2023)
CoCaBO (Arsenyan et al., 2026)
ACBO (Sussex et al., 2024)

CEO (Branchini et al., 2023)
GACBO (Mukherjee et al., 2024)

CNEI / learned priors (Li et al.,
2023)

Figure 1: Causal Bayesian Optimization development map organized by the primary bottleneck addressed.

How we summarize methods. For each approach, we emphasize: (i) assumptions (graph knowledge,
intervention type, observed variables); (ii) the main algorithmic lever (search-space reduction, surrogate
design, acquisition/decision policy); and (iii) failure modes and scaling constraints. This avoids re-stating
paper narratives verbatim and instead clarifies how the methods relate at the level of design choices in the
CBO loop.
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3.1 Causal Bayesian Optimization: Core Framework

The original CBO framework (Aglietti et al., 2020) formalizes causal optimization as a search over interven-
tions in a known causal graph. Let X denote manipulable variables, C non-manipulable context variables,
and Y the target outcome. An action consists of an intervention scope Xs ⊆ X and an assignment xs in the
feasible intervention domain D(Xs).
Definition 2 (CBO objective and action space). A CBO action is a pair (Xs, xs) where Xs ⊆ X is an
intervention scope and xs ∈ D(Xs) is an assignment in the feasible intervention domain. The interventional
objective is

f(Xs, xs) = E[ Y | do(Xs = xs), C ] . (9)
The global causal optimization problem is

(X⋆
s , x⋆

s) ∈ arg min
Xs⊆X, xs∈D(Xs)

f(Xs, xs), (10)

with arg min replaced by arg max for maximization tasks.

The key point is that the optimizer is free to choose the scope of the intervention, not only the level.
This yields a mixed discrete–continuous search problem and motivates two core ideas in CBO: graph-based
pruning of candidate scopes and observationally informed priors over interventional effects.

Why causality changes the BO problem. A naive approach would flatten (Xs, xs) into a single input
vector and run the standard BO on the interventional objective. This ignores the structural information
encoded in the causal graph. Causal knowledge enables two advantages that standard BO cannot exploit:
(i) scope reduction: identifying which variables need to be manipulated at all, thereby shrinking the combi-
natorial search; and (ii) informative priors: converting plentiful observational data into prior beliefs about
interventional effects, which is possible only when identifiability holds (Section 2.1).

Scope reduction: minimal intervention sets. A central insight of CBO is that the causal graph can
prune intervention scopes that are structurally redundant. Two key notions formalize this:
Definition 3 (Minimal Intervention Set (MIS)). An intervention scope Xs ⊆ X is a minimal intervention
set for the target Y if (i) intervention in Xs can affect the distribution of Y , and (ii) no proper subset of Xs

achieves the same interventional coverage of causal pathways to Y .
Definition 4 (Possibly-Optimal MIS (POMIS)). A MIS Xs is possibly optimal if observational evidence
does not allow its optimal value to be dominated by another MIS. That is, the best achievable interventional
objective under Xs is not provably worse than under another scope, given the available data.

By restricting the search to POMIS, the CBO avoids wasting budget on scopes that are causally irrelevant
(no path to Y ) or observationally dominated (another scope provably achieves a better objective). This
reduction is not merely computational; it changes the statistical problem by concentrating evaluations on
scopes that the graph predicts can meaningfully move the outcome.

Surrogate modeling: effect-level GPs with causal priors. The CBO models the interventional ob-
jective for each candidate scope with an effect-level GP. The key innovation is the prior construction: when
the interventional effect is identifiable, observational data are used to build an initial estimate of the inter-
ventional mean and its uncertainty:

fs(xs) := E[Y | do(Xs = xs), C], (11)
fs(·) ∼ GP(ms(·), ks(·, ·)) , (12)

ms(xs) ≈ Ê[Y | do(Xs = xs), C] , (13)
ks(xs, x′

s) = kRBF(xs, x′
s) + σ̂s(xs) σ̂s(x′

s), (14)

where kRBF(x, x′) = exp
(

− ∥x − x′∥2/(2ℓ2)
)

and σ̂s(xs) is the uncertainty in the observationally-derived
effect estimate. The observational data thus serve as prior information, not as additional labels, giving the
surrogate a reasonable global shape before costly interventions begin.
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Algorithm 1 Generic Causal Bayesian Optimization Loop
Require: Causal graph G (or prior over graphs), observational data Dobs, budget T
Ensure: Best intervention (X⋆

s , x⋆
s)

1: Scope reduction [causal]: Use G to identify candidate scopes (MIS/POMIS)
2: Prior construction [causal]: Use Dobs and identifiability to set GP prior means {ms}
3: for t = 1, . . . , T do
4: Surrogate update: Update GP posteriors {µ

(s)
t , σ

(s)
t } for each scope s

5: Acquisition [causal]: Select (Xs, xs) = arg maxs,x αs(x; Dt) across scopes
6: Evaluate: Observe yt = f(Xs, xs) + ϵt via intervention
7: Update: Add (Xs, xs, yt) to interventional dataset Dt

8: end for
9: return (X⋆

s , x⋆
s) with best observed objective

Acquisition and the observation–intervention trade-off. CBO uses a cost-aware expected improve-
ment to choose between pairs (scope, value):

CEIs(xs) =
E

[
(y⋆ − fs(xs))+

]
Co(Xs, xs) , (15)

where y⋆ is the best value observed so far and Co(·) is an intervention cost. Beyond the standard exploration–
exploitation trade-off, CBO introduces an observation–intervention trade-off : the algorithm can decide
whether to allocate budget to additional observational samples (cheap but potentially biased for interven-
tional decisions) or to new interventions (expensive but causally informative). This framing is foundational:
many later variants can be interpreted as changing what is uncertain and therefore changing which data is
worth acquiring.

The generic CBO loop. The Algorithm 1 summarizes the generic CBO procedure, highlighting where
causal knowledge enters. Steps 1–2 exploit the graph before the optimization loop; Steps 4–5 use a causal
structure within each iteration. This template applies, with variations, to all methods reviewed in the
remainder of this section.

Limitations that motivate extensions. The modularity of CBO’s also exposes its bottlenecks: (i) re-
liance on a correctly known graph and identifiable observational priors; (ii) limited robustness to noise and
prior misspecification; and (iii) scaling challenges due to exponentially many candidate scopes and sepa-
rate surrogates per scope. The remainder of this section can be read as a sequence of responses to these
bottlenecks, organized by the design axis, each method primarily addressing.

3.2 Modeling Extensions

The original CBO formulation assumes a static causal system, a single objective, and an intervention space
that remains tractable after graph-based pruning. Modeling extensions relax these assumptions by changing
what the optimizer must represent: time variation that renders the objective non-stationary, feasibility that
restricts attention to a safe set, dimensionality that enlarges the scope of the space, or multiple competing
goals that shift the target from a single optimum to a Pareto set. A useful way to read this branch of the
literature is that it keeps the same BO loop based on a surrogate, an acquisition rule, and iterative updates,
but introduces an additional structure that preserves sample efficiency by decomposing the problem into
smaller subproblems and sharing information across them.

Time-evolving causal systems (DCBO). Dynamic Causal Bayesian Optimization (DCBO) addresses
environments where the best intervention is non-stationary, typically because mechanisms drift or the system
state evolves (Aglietti et al., 2021). The main contribution is not a new acquisition rule, but a transfer
mechanism. Under invariance assumptions such as a fixed graph and additive-noise structure, interventional
knowledge from earlier time steps can be mapped into an informative prior for the current step. This treats
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time as a source of reusable evidence so that exploration can be amortized rather than restarted. The
trade-off is the sensitivity of the assumption. If the graph or key mechanisms shift in ways not captured by
the transfer recursion, the prior can become overconfident and bias the search, so DCBO is strongest when
temporal variation is structured and not adversarial.

Constraints and safe causal optimization (cCBO). Constrained Causal Bayesian Optimization
(cCBO) targets settings where interventions must satisfy safety or feasibility constraints (Aglietti et al.,
2023). The key insight from the modeling is that constraints change the definition of a useful intervention
scope. A scope that can move the objective but cannot maintain feasibility is effectively irrelevant; cCBO
therefore extends graph-based pruning to constraint-relevant pathways through constrained minimal inter-
vention sets, and it couples objective and constraints through multi-output surrogates so evidence about
feasibility shapes where the objective surrogate should be trusted. In practice, this often acts as a regu-
larizer that prevents spending the budget in regions that look promising under the objective surrogate but
are unlikely to be deployable. The main limitation is scaling with the number of constraints and candidate
scopes, although structural pruning mitigates this in graphs with sparse causal connectivity.

High-dimensional intervention spaces (HCBO). High-Dimensional Causal Bayesian Optimization
(HCBO) addresses the combinatorial bottleneck of scope selection in large graphs (Wu et al., 2024). Its
central move is to replace exact enumeration of minimal or possibly-optimal scopes with an efficient coverage-
based approximation. Rather than asking which scopes are minimal, HCBO constructs a small candidate
family of scopes that jointly cover causal influence on the outcome well enough to support optimization.
This reframes high-dimensional CBO as a hierarchical problem: select a promising scope family, then run
continuous BO within the chosen scopes. HCBO also introduces normalized cross-scope scoring so that
surrogates trained on different scopes can be compared in a meaningful way despite scale and data imbalance.
The cost of scalability is that any coverage proxy can miss narrow, high-impact pathways, so HCBO is most
reliable when the system exhibits causal sparsity or a low intrinsic causal dimension.

Multiple outcomes and Pareto structure (MO-CBO). Multi-Objective Causal Bayesian Optimiza-
tion (MO-CBO) generalizes CBO to settings with multiple targets, where the goal is to approximate a Pareto
front rather than a single optimum (Bhatija et al., 2025). The key observation is that causal structure is
especially valuable when objectives compete. Intervening on everything can obscure trade-offs by coupling
variables that need not be coupled. MO-CBO uses the graph to reduce the search to a minimal collection
of local multi-objective subproblems and then allocates evaluation budget across them using a cross-scope
criterion based on relative hypervolume improvement. Within each local problem, standard multi-objective
BO components can be used, for example, DGEMO (Konakovic Lukovic et al., 2020). The main challenge
remaining is combinatorial. The number of local subproblems can still grow quickly with dense graphs or
many objectives, motivating stronger cross-scope sharing and joint surrogates that exploit causal factoriza-
tion across objectives.

Summary. Across DCBO, cCBO, HCBO, and MO-CBO, a recurring pattern is that causal graphs function
as a decomposition tool. They identify which parts of the intervention space matter, which tasks, such as
objectives, constraints, or time steps, can share statistical strength, and which comparisons must be made
across heterogeneous subproblems. These extensions are therefore less about inventing new acquisition rules
and more about engineering representations so that acquisition decisions remain meaningful under time
variation, feasibility restrictions, high dimensionality, or multi-objective trade-offs.

3.3 Intervention Strategy Developments

Beyond modeling extensions, another major line of work changes what an intervention looks like and how
decisions are made during optimization. The common motivation is that treating each intervention as a
single black-box query can waste information. These methods modify the BO loop so it can reuse causal
structure inside the system, express richer actions such as policies, and stay meaningful under contextual
variation or non-stationarity.
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Mechanism-level modeling with guarantees (MCBO). Model-based Causal Bayesian Optimization
(MCBO) models the causal system at the level of structural mechanisms rather than only the intervention-
to-outcome effect (Sussex et al., 2023). It places Gaussian process priors on individual structural equations
and propagates uncertainty through the known causal graph to obtain uncertainty over the target outcome.
This changes data reuse. Observations of intermediate variables update upstream mechanisms and therefore
tighten uncertainty about downstream outcomes, which can reduce the number of costly interventions needed
to identify good actions. MCBO then uses an optimism-based decision rule in the spirit of UCB and
provides regret guaranties, connecting CBO to theoretical results from Gaussian process bandits. The main
limitations are practical. Mechanism posteriors must be maintained for multiple equations, uncertainty
propagation increases computational cost, and acquisition optimization can be challenging. MCBO also
assumes a known graph and a mechanism model class that is expressive enough for the system at hand.

Policies as interventions (fCBO). Functional Causal Bayesian Optimization (fCBO) expands the action
space from selecting a value to selecting a policy that maps the observed context to an action (Gultchin et al.,
2023). This is motivated by domains such as personalized treatment, where a single fixed intervention is rarely
optimal for all individuals. fCBO makes policy search tractable by defining a kernel over policies using RKHS
tools and running Bayesian optimization in this function space with a functional expected improvement rule.
The key contribution is that it unifies causal optimization and policy learning within a single sequential
procedure, where the surrogate models policy-to-outcome effects and the acquisition balances exploration
across qualitatively different decision rules. The main challenge is representation. Because the policy space
is large, empirical performance depends strongly on the chosen parameterization and on whether the kernel
captures a meaningful similarity between policies.

Context-dependent scope selection (CoCaBO). Contextual Causal Bayesian Optimization (Co-
CaBO) targets settings where the exogenous context affects outcomes and where the best intervention
depends on the realized context (Arsenyan et al., 2026). The additional difficulty is that one must de-
cide not only which action to take, but also which contextual variables should be used to condition decisions.
CoCaBO addresses this by separating the problem into two levels. At the outer level, it allocates the bud-
get across candidate mixed policy scopes using a bandit-style UCB rule. At the inner level, it optimizes
interventions within the selected scope using a mixed-variate Bayesian optimization routine such as HEBO
(Cowen-Rivers et al., 2022). This architecture makes explicit that context introduces a discrete model selec-
tion problem on top of continuous optimization. The main limitations are derived from the hierarchy. The
outer allocation must spend trials to distinguish scopes, and improvements learned within one scope do not
necessarily transfer to others.

Non-stationarity and adversarial environments (ACBO). Adversarial Causal Bayesian Optimiza-
tion (ACBO) addresses cases where the system response changes over time or is influenced by an adversary
that can also intervene in the system (Sussex et al., 2024). This shifts the objective from identifying a single
best intervention to achieving low regret over a series of rounds. ACBO combines multiplicative weight up-
date from adversarial online learning (Littlestone & Warmuth, 1994; Freund & Schapire, 1997) with causal
modeling to construct calibrated optimistic reward estimates via a causal UCB oracle. A central benefit of
using the causal graph is that it can reduce regret dependence on the nominal action dimension when re-
wards factor through causal compositions, improving over non-causal analogs such as GP-MW (Sessa et al.,
2019). The main challenges are computational and statistical. The oracle can be expensive to optimize, and
in non-stationary regimes, the method relies on uncertainty sets that must track drift accurately to avoid
misleading optimism.

Summary. These methods broaden the CBO in two directions. They expand the intervention language,
from values to mechanisms and policies, and refine uncertainty modeling, from effect uncertainty to mech-
anism uncertainty, scope uncertainty, and adversarial uncertainty. The resulting algorithms are often more
reliable in complex environments, but they typically require stronger modeling choices and heavier compu-
tation than effect-level CBO.
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3.4 Unknown causal structure

A major practical barrier for Causal Bayesian Optimization is that many applications do not provide a
trusted causal graph in advance. In this regime, the optimization loop must allocate a limited intervention
budget across two coupled goals: improving the outcome and reducing the ambiguity about which causal
explanations remain consistent with the data. This introduces an additional uncertainty source, structure
uncertainty, on top of uncertainty about causal mechanisms and observation noise. Existing approaches
mainly differ in how they represent uncertainty over candidate graphs and in whether they explicitly target
the decision-relevant structure, that is, the parts of the graph that materially change which intervention
should be selected.

Information-seeking joint learning and optimization (CEO). Causal Entropy Optimization, CEO,
couples structure learning and optimization using an explicitly information-seeking decision rule (Branchini
et al., 2023). The method maintains a posterior distribution over the candidate graphs and predicts the
interventional outcomes by averaging across this posterior, producing a surrogate that reflects both the
mechanism uncertainty and the graph uncertainty. The next intervention is then chosen to maximize the
expected information gain about the identity of the best intervention, rather than to maximize the predicted
reward alone. This focus has an important practical consequence. CEO is not optimized to recover a globally
accurate graph. It spends budget on experiments that resolve the structural ambiguities that matter to decide
how to act so that it can focus on a decision-relevant subgraph for the target Y .

The main limitation is computational overhead. Approximating a posterior over graphs typically requires
sampling in a large discrete space, and estimating information gain must be repeated across many candidate
interventions. As a result, CEO is most practical when the graph is small to medium or when strong
structural priors substantially narrow the set of plausible graphs.

Optimism over plausible models (GACBO). Graph-Agnostic Causal Bayesian Optimization,
GACBO, follows a more algorithmic route that emphasizes scalability (Mukherjee et al., 2024). Rather
than choosing interventions by entropy reduction, it maintains a confidence set of causal models that remain
statistically plausible given the data and selects interventions that could be optimal under at least one model
in this set. This implements optimism in the face of uncertainty and replaces posterior averaging with best-
case evaluation over models consistent with the observations. The benefit is that GACBO avoids explicit
entropy computations and aligns closely with optimistic bandit and Bayesian optimization principles, which
can make it easier to implement and scale.

The main risk is over-optimism early in the learning process. When the confidence set is wide, the method
may conduct trials on interventions that look good only under structural hypotheses that have not yet been
ruled out. Performance, therefore, depends on the calibration of the confidence set and on how quickly
interventional evidence eliminates incorrect graphs and mechanisms. Recent work extends this direction by
exploring alternative uncertainty decompositions, including approaches that emphasize learning exogenous
distributions and broader formulations of unknown-graph problems (Ren et al., 2026; Durand et al., 2025).

Summary. Unknown-graph CBO turns intervention design into an adaptive experimental design problem
in which structure learning is not a preprocessing step but part of the optimization loop. The CEO and
GACBO represent two complementary ways to couple these goals. The CEO prioritizes information gain
about the best intervention under a Bayesian posterior, while GACBO prioritizes optimistic improvement
under a frequentist-style set of plausible models. The choice between them largely reflects an information-
versus-optimism trade-off and the computational budget available for representing and updating uncertainty
over graphs.

3.5 Robustness to noise and priors

Even with a known graph, practical CBO pipelines face two recurring robustness issues. First, interven-
tional outcomes can be noisy, heteroscedastic, or affected by unmodeled disturbances, which can destabilize
improvement-based acquisitions. Second, observationally derived priors may be misspecified, either because
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Table 2: Classification of major CBO methods by key dimensions. Each row lists a representative method
with its causal assumption (graph knowledge), surrogate model type, optimization strategy, and distinctive
intervention features.

Method Causal graph Surrogate model Acquisition / strategy Intervention features

CBO (2020) Known DAG Effect-level GP for Y
with causal prior

Causal EI; cost-aware;
observe vs. intervene

Scope + value, hard
interventions

DCBO (2021) Known DAG Dynamic effect-level
GP Time-aware causal EI Intervention sequences

over time

MCBO (2023) Known DAG Mechanism-level GPs,
full SCM

UCB / optimism,
regret bounds

Hard/soft interventions;
mechanism modeling

cCBO (2023) Known DAG
Multi-output GP,

objective and
constraints

Constrained EI,
feasibility-weighted

Safety and feasibility
constraints

fCBO (2023) Known DAG GP over policies,
RKHS function space Functional EI Functional and policy

interventions

CoCaBO (2026) Known DAG BO within scope plus
bandit over scopes

Two-layer, MAB-UCB
then BO within scope

Contextual mixed
interventions

ACBO (2024) Known DAG Mechanism-level
modeling, full SCM

MW-style online
learning plus causal

UCB oracle

Adversarial and
non-stationary
environments

MO-CBO (2025) Known DAG GP per objective, local
MOBO subproblems

Relative hypervolume
improvement

Multi-objective Pareto
optimization

HCBO (2024) Known DAG Multiple effect-level
GPs, selected scopes

Normalized UCB-style
scope scoring

High-dimensional scope
selection

CEO (2023) Unknown DAG
Bayesian model

average over graphs,
mixture

Entropy and
information gain

Learns graph structure
during optimization

GACBO (2024) Unknown DAG
Confidence set over

graphs and
mechanisms

Optimism / UCB over
plausible models

Structure discovery via
optimistic exploration

CNEI (2023) Known DAG GP for Y with learned
supervised prior Counter-noise EI Noise-robust acquisition;

learned priors

identifiability assumptions fail, or because the estimand is hard to estimate accurately from finite data, or
because observational correlations leak confounding into a prior mean.

Counter-noise Expected Improvement (CNEI) (Li et al., 2023) targets both issues through a noise-aware
acquisition and a learned prior construction. CNEI modifies EI-style selection to account for the noise level
so that the acquisition does not reward an apparent improvement dominated by measurement variance. In
parallel, it estimates a surrogate prior mean by fitting predictive models to observational data and using the
resulting predictor as a warm-start mean for the GP. This can improve the early-stage search by giving the
surrogate a reasonable global shape before sufficient interventional data accumulate.

A key caveat is that observationally learned priors are not inherently causal. They can encode spurious
associations when confounding is present, so their role should be weak guidance with appropriately inflated
uncertainty rather than a substitute for interventional evidence. This motivates a broader open direction: ro-
bust CBO procedures that explicitly control how strongly observational information can influence acquisition
decisions under noise, misspecification, and possible hidden confounding.
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Table 3: Datasets used in empirical evaluations across CBO variants (as reported in the corresponding
papers). We add a category column to make the dataset’s family structure explicit and use light grid lines
to improve readability. The dataset-usage table is restricted to single-objective CBO evaluations.

Category Dataset CBO cCBO fCBO MCBO HCBO CEO GACBO CNEI ACBO CoCaBO

Synthetic
(hard)

ToyGraph ✓ ✓ ✓ ✓ ✓ ✓
Synthetic ✓ ✓

Synthetic-2 ✓
Chain-hard ✓

Synthetic
(soft)

Ackley ✓ ✓ ✓
Rosenbrock ✓ ✓ ✓
Dropwave ✓ ✓ ✓
Alpine2 ✓ ✓ ✓

Chain-soft ✓

Real / fitted
SCMs
(hard)

Ecology ✓ ✓
Healthcare ✓ ✓ ✓ ✓ ✓ ✓ ✓

Protein-reconstructed ✓
Epidemiology ✓ ✓

Summary. Robustness to noise and prior misspecification is a cross-cutting concern for all CBO methods,
not only for CNEI. Any pipeline that constructs observational priors or learns surrogate hyperparameters
from finite data faces the risk that estimation error or unmodeled confounding will mislead the acquisition
function. The core open question is how to design CBO procedures that adaptively control the influence
of observational information, treating it as useful guidance when identification is strong and discounting it
when evidence of misspecification accumulates.

3.6 Comparison tables and unifying observations

Tables 2 and 3 summarize the field from two complementary angles. Table 2 organizes methods by key design
dimensions: assumptions about the causal graph, the surrogate modeling target (effect-level, mechanism-
level, or graph-uncertainty) and the acquisition or decision strategy. Table 3 maps empirical coverage and
reveals substantial fragmentation: beyond a small core of shared benchmarks (ToyGraph, Healthcare), many
datasets appear in only one or two papers, which complicates cross-paper performance comparison.

Together, these tables highlight two orthogonal axes of variation. The modeling axis ranges from effect-level
surrogates (CBO, DCBO, cCBO, HCBO, CNEI) through mechanism-level models with uncertainty propaga-
tion (MCBO, ACBO) to explicit graph-uncertainty methods (CEO, GACBO). The action axis ranges from
scope-and-value selection (CBO, DCBO, HCBO) through policy- or context-dependent decisions (fCBO,
CoCaBO) to adversarial interaction (ACBO). These axes interact: mechanism-level models naturally sup-
port soft interventions but require maintaining multiple GPs, whereas effect-level models are lighter but
cannot reuse intermediate observations. Recognizing this interaction is important for practitioners choosing
a method and for researchers identifying gaps in the design space.

3.7 Connections to Adjacent Fields

CBO does not exist in isolation. Several established research areas share overlapping goals, tools, or as-
sumptions. Understanding these connections clarifies what the CBO inherits, where it innovates, and what
cross-pollination opportunities remain.

Causal bandits. The causal bandit literature (Lattimore et al., 2016; Lu et al., 2021; Nair et al., 2021)
also selects interventions using causal structure, but typically assumes discrete action sets, parametric reward
models, and focuses on cumulative regret in stationary environments. CBO extends this setting in three
directions: (i) continuous intervention domains requiring nonparametric surrogates, (ii) mixed discrete–
continuous action spaces (scope value + and (iii) more robust uncertainty modeling through GP. Conversely,
causal bandits offer tighter finite-sample regret bounds and principled treatments of partial graph knowledge
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that CBO methods have only begun to adopt (e.g., MCBO’s regret analysis draws on GP-bandit theory). A
promising direction is to unify the two frameworks by developing CBO methods with bandit-style theoretical
guaranties for continuous domains.

Bayesian experimental design. The Bayesian optimal experimental design (BOED) (Chaloner &
Verdinelli, 1995; Foster et al., 2021) selects experiments to maximize information about the model pa-
rameters. CEO (Branchini et al., 2023) can be viewed as a BOED method applied to intervention selection:
choose experiments to maximize the information gained about the identity of the best intervention. The key
distinction is that standard BOED targets parameter estimation without an optimization objective, whereas
CEO jointly optimizes information and reward. This connection suggests that advances in amortized BOED
(Foster et al., 2021) could accelerate information-seeking CBO methods.

Active causal discovery. Active structure learning (Spirtes et al., 2000; Chickering, 2002; Eberhardt
& Scheines, 2007) selects interventions to learn the causal graph itself, while CBO selects interventions to
optimize an outcome. Unknown-graph CBO methods (CEO, GACBO) bridge these goals by learning graph
structure as a means to better optimization. The distinction is that active discovery aims for global graph
accuracy, whereas CBO needs only decision-relevant structure, the parts of the graph that change which
intervention is optimal. This focus on decision-relevant learning is a truly novel aspect of unknown-graph
CBO.

Safe and constrained optimization. Safe Bayesian optimization (Sui et al., 2015; Berkenkamp et al.,
2023) maintains feasibility during optimization, which is closely related to cCBO’s (Aglietti et al., 2023)
constrained causal optimization. The causal contribution is that safety constraints can be analyzed through
the graph: a scope that cannot affect a constraint variable need not model constraint feasibility, reducing
the multi-output modeling burden. Future work could combine safe BO’s theoretical safety guaranties with
CBO’s causal constraint analysis.

Policy search and reinforcement learning. Functional CBO (fCBO) (Gultchin et al., 2023) and con-
textual CBO (CoCaBO) (Arsenyan et al., 2026) can be viewed as policy search methods operating within an
explicit causal model. Unlike model-free reinforcement learning, these methods exploit the known graph to
decompose the policy-to-outcome mapping and to construct informative priors from observational data. The
main limitation relative to RL is the assumption of a single-step (or few-step) decision problem; extending
CBO to sequential multi-stage intervention policies remains an open challenge.

4 Experiments

Although this paper is primarily a survey, we include a benchmark study to support two of the survey’s main
claims. First, existing CBO papers are often evaluated in heterogeneous codebases and on only partially
overlapping datasets, making cross-paper comparison difficult. Second, commonly reported efficiency metrics
can be sensitive to how optimization trajectories are summarized, especially when improvements occur late in
the evaluation budget. Our benchmark is therefore designed to separate algorithm execution from evaluation:
methods can run in their native implementations, but their outputs are exported into a common best-so-far
trajectory format and re-scored with identical metric code.

4.1 CBO benchmark and evaluation protocol

We release a CBO benchmark at https://anonymous.4open.science/status/CausalBO_Benchmark. The
benchmark includes eight curated hard-intervention scenarios and a separate set of soft-intervention bench-
marks. It provides standardized implementations of GAP and PA-GAP. Because existing CBO methods
often rely on incompatible software environments, the benchmark does not force all algorithms into a single
execution stack. Instead, each method is run in its native or vendored implementation, and its trajectory
is exported and re-scored using the same evaluation pipeline. This design enables reproducible comparisons
across heterogeneous implementations and makes it easy to add new methods, datasets, or metrics.
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Execution protocol. For each data set, method, and trial limit, we run 20 random seeds. A seed fixes the
observational sample, the initial interventional design, and the stochastic components of the optimizer. All
methods are evaluated under the same trial limits, intervention domains, optimization direction, and scoring
code. An interventional evaluation counts as one trial. Observational data used to construct priors, learn
graphs, or initialize surrogates are fixed before the optimization loop and are not counted as interventional
trials unless otherwise stated. Each method is run with its released default hyperparameters unless explicitly
stated in Appendix A.2; we do not tune hyperparameters separately for each data set.

Trajectory export and scoring. The output of each method is converted to a common trajectory format
with two required fields: trial number and best-so-far objective value in the natural optimization direction
of the task. For minimization tasks, this is the minimum value observed up to the trial t; for maximization
tasks, it is the maximum value observed up to the trial t. The trajectory includes an initial value followed by
interventional trials. Thus, if the budget is B interventions, the exported trajectory contains B + 1 entries:
one initial best value and B post-intervention best-so-far values. GAP and PA-GAP are then computed
from these exported trajectories using the same evaluation script for all methods.

Reference optimum. Both GAP and PA-GAP require a reference optimum y∗. In our benchmark, y∗ is
computed offline with oracle access to the benchmark SCM, function generator, or precomputed interven-
tional data. This value is used only for scoring and is never provided to any optimizer. For low-dimensional
or discrete intervention domains, we enumerate or densely evaluate admissible intervention scopes and val-
ues. For continuous domains, we use high-budget offline search with multi-start optimization or stored oracle
intervention sets. The exact offline budgets, grids, restarts, and dataset-specific procedures are reported in
the Appendix A.3.

Failure handling. When a method proposes an infeasible or out-of-domain intervention, we follow the
behavior of the released implementation. If the implementation projects the proposals back to the admissible
domain, the projected intervention is evaluated. Otherwise, the trial is marked as a failed proposal, and the
trajectory records the current best-so-far value. Runs with numerical errors, missing outputs, or non-finite
objective values are logged and are not silently removed. Runtime is not used as a primary metric because
implementations differ substantially in language, hardware support, and dependency stacks.

Cost model. Unless otherwise stated, each intervention has a unit cost. This choice isolates the efficiency
of the sample but does not evaluate the full cost-aware behavior of the CBO acquisition functions. In
real applications, the cost of the intervention can depend on the target variable, the number of variables
manipulated, the magnitude of the intervention, safety constraints, or whether the action is observational or
experimental. We therefore report the current results as unit-cost benchmarks and treat realistic intervention-
cost modeling as a separate evaluation dimension.

4.2 Performance metrics

We evaluated each run using two numerical efficiency metrics, GAP and PA-GAP, and one visualization
metric based on the best-so-far objective trajectory. All scalar metrics are computed from the same exported
trajectories described above.

GAP. GAP was introduced in DCBO to quantify the efficiency of optimization by combining the final
improvement with the speed with which the best value is discovered (Aglietti et al., 2021). Let Rt denote
the best improvement ratio so far in the trial t, computed in the natural optimization direction of the task.
For maximization tasks,

Rt = min
{

y(x∗
t ) − y(xinit)

y∗ − y(xinit)
, 1

}
, (16)

and for minimization tasks,

Rt = min
{

y(xinit) − y(x∗
t )

y(xinit) − y∗ , 1
}

. (17)
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Here, x∗
t denotes the best point so far in the trial t. The clipping prevents numerical artifacts when an

observed value exceeds the offline reference optimum. Let RT be the final improvement ratio and let t∗ be
the first trial in which RT is achieved. If no improvement occurs, we set t∗ = T . GAP is then

GAP =

 RT︸︷︷︸
Final improvement

+ T − t∗

T︸ ︷︷ ︸
Discovery efficiency


/ (

1 + T − 1
T

)
︸ ︷︷ ︸

Normalization

. (18)

Under this convention, GAP lies in [0, 1], with larger values indicating larger final improvement and earlier
discovery.

Path-Aware GAP (PA-GAP). GAP depends only on the final best value and the first trial at which it
is reached. This can under-value runs that improve late or make steady progress over the full budget. To
better reflect the full optimization trajectory, we use Path-Aware GAP:

PA-GAP = 1
T

T∑
t=1

 Rt︸︷︷︸
Improvement ratio

· T − (t − 1)
T︸ ︷︷ ︸

Efficiency weight

 . (19)

PA-GAP multiplies the best-so-far improvement by a time-dependent efficiency weight, so later improvements
are down-weighted but not discarded, and averages these weighted improvements over the full trajectory.
Since Rt ∈ [0, 1], raw PA-GAP lies in [

0,
T + 1

2T

]
.

The upper bound is attained when the reference optimum is found in the first trial and remains the best value
so far thereafter. Thus, PA-GAP is a raw trajectory-weighted efficiency score rather than a unit-normalized
metric. Larger values indicate faster and stronger trajectory-level improvement, and raw PA-GAP values
should be compared directly only under the same trial budget. Appendix A.1.2 gives a counterexample
where GAP ranks a worse final trajectory above a better late-improving one, while PA-GAP resolves the
ordering.

Trajectory visualization. In addition to scalar metrics, we plot the best-so-far trajectories over trials,
reported as mean ± standard deviation over seeds. We do not emphasize average-reward trajectories because
they are sensitive to the acquisition rule. For example, UCB-style methods may intentionally sample high-
uncertainty points, reducing the running mean while improving long-term search (Srinivas et al., 2010;
Brochu et al., 2010).

4.3 Datasets and task conventions

Table 3 summarizes the datasets used in the CBO literature. Most evaluations rely on SCM-generated
data, where observational samples are drawn from the unintervened SCM and interventional samples are
generated by applying hard or soft interventions to the SCM mechanisms. The optimization direction is data-
dependent. For hard-intervention SCM benchmarks, we follow the standard CGO/CBO convention and treat
the target as a minimization objective unless explicitly stated otherwise. ToyGraph, Synthetic, Synthetic-2,
Chain-hard, Healthcare, Protein-reconstructed, and Epidemiology are minimization tasks, while Ecology is
a maximization task. For the soft-intervention benchmarks for the function-network, Ackley, Rosenbrock,
Dropwave, and Alpine2 are treated as reward-maximization tasks following the convention used in the BO,
MCBO, and ACBO function-network. Chain-soft is a minimization task because the objective is to reduce
the target variable Y .

4.3.1 Hard-intervention SCM benchmarks

Hard-intervention benchmarks evaluate optimization when intervened variables are clamped to fixed values.
They include small synthetic SCMs, a reconstructed protein-signaling SCM, and real-world-inspired SCMs
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from ecology, healthcare, and epidemiology. The benchmark also provides optional high-dimensional gen-
erators, but the main cross-method comparison focuses on the eight curated scenarios for which multiple
implementations can be evaluated under the same protocol.

ToyGraph. ToyGraph was introduced in the original CBO work (Aglietti et al., 2020). It is a minimal
three-node chain-structured SCM with variables X → Z → Y , where X and Z are manipulable and Y is the
target. The task is to minimize Y . The benchmark uses a simple nonlinear mechanism in which Z depends
exponentially on X and Y is generated from a nonlinear transformation of Z. Its small size makes it a useful
sanity-check benchmark for hard-intervention methods. Detailed equations and visualization are provided
in the Appendix A.5.1.

Synthetic. Synthetic was also introduced in the original CBO work (Aglietti et al., 2020). It contains seven
observed variables, A, B, C, D, E, F, Y and two latent variables, U1 and U2. The variables B, D, and E are
manipulable, while Y is the target. The task is to minimize Y . The SCM combines nonlinear dependencies,
latent variables, and multiple intervention options, making it a richer testbed than ToyGraph for structured
causal optimization. Detailed equations and visualization are provided in the Appendix A.5.2.

Synthetic-2. Synthetic-2 was introduced into the cCBO line of work (Aglietti et al., 2023). It is a
lightweight three-node SCM with variables X → Z → Y , where X and Z are manipulable and Y is the
target. The task is to minimize Y . It follows a nonlinear chain structure similar to ToyGraph but uses
explicitly Gaussian exogenous noise and is generated directly from the specified SCM. Detailed equations
and visualization are provided in the Appendix A.5.3.

Chain-hard. Chain-hard is the hard-intervention version of the Chain benchmark introduced in fCBO
(Gultchin et al., 2023). It consists of four observed variables X, W, Z, Y , where W and Z are manipulable,
X is a non-manipulable context variable and Y is the target. The task is to minimize Y . In the setting
of hard-interventions, interventions in W and Z replace the corresponding structural equations with fixed
constants in [−1, 1]. Because the result depends on the interaction between Z and X, this benchmark is
more expressive than the simple chain benchmarks while remaining low-dimensional. Detailed equations and
visualization are provided in the Appendix A.5.4.

Ecology. The Ecology benchmark was introduced in the CBO (Aglietti et al., 2020) and is based on a
Bermuda reef ecosystem model (Courtney et al., 2017). The task is to maximize net ecosystem calcification
under environmental interventions. The SCM includes variables such as chlorophyll on the surface of the sea
a, salinity, total alkalinity, dissolved inorganic carbon, seawater pCO2, bottom temperature, bottom light,
availability of nutrients, seawater pH, saturation state of aragonite, and the target variable NEC. We follow
the CBO setup and use the available SCM and the data released in the public CBO repository. Detailed
equations and visualization are provided in the Appendix A.6.1.

Protein-reconstructed. The Protein benchmark is based on the protein-signaling data of Sachs et al.
(2005) and the graph used in cCBO (Aglietti et al., 2023). The target is the extracellular signal-regulated
kinases 1 and 2, Erk, and the task is to minimize Erk by perturbing Mek, PKC, PKA. and Akt while
respecting biological constraints on PKC and PKA. Because the fitted SCM used in the original cCBO
Protein experiments is not released, our benchmark is a reconstruction rather than an exact reproduction.
We retain the connected subgraph used in cCBO, consisting of Raf, Erk, P38, Jnk, Akt, Mek, PKA, and
PKC, and fit structural mechanisms using 852 observational samples from Sachs et al. (2005). We label
this data set as Protein-reconstructed in the benchmark files to make it clear that it tests transparent SCM
reconstruction rather than bitwise replication of cCBO. Appendix A.6.2 reports the retained variables, parent
sets, preprocessing, functional model class, fitting procedure, constraints, intervention domains, equations,
and visualization.

Healthcare. Healthcare was introduced in CBO (Aglietti et al., 2020). It is based on a causal graph over
age, BMI, cancer status, statin use, aspirin use, and PSA level (Thompson & Yung, 2019; Ferro et al., 2015).
The objective is to minimize PSA through interventions with statin and aspirin. Although the original
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data template specifies several variables as binary, existing CBO implementations commonly relax aspirin
and statin to continuous variables in (0, 1) for BO-style optimization. We follow this convention to remain
comparable to the prior work. Detailed equations and visualization are provided in the Appendix A.6.3.

Epidemiology. Epidemiology was introduced in CEO (Branchini et al., 2023). The task is to minimize the
viral load of HIV by selecting doses for two possible treatments, denoted by T and R (Havercroft & Didelez,
2012). In the CEO benchmark, Y is the target viral load, B is a baseline or background non-manipulable
variable, and L is an intermediate non-manipulable health variable. Since CEO uses a modified HIV SCM,
more specific clinical interpretations of B and L are not provided in the original article. We follow CEO
and use the given SCM to generate both observational and interventional datasets. Detailed equations and
visualization are provided in the Appendix A.6.4.

4.3.2 Soft-intervention function-network benchmarks

Soft-intervention benchmarks evaluate settings where interventions modify structural mechanisms rather
than simply clamping variables to fixed values. Ackley, Rosenbrock, Dropwave and Alpine2 are classical
global optimization benchmarks (Jamil & Yang, 2013) reformulated as BO tasks of the function-network
and adopted in MCBO and ACBO (Sussex et al., 2023; 2024). In these tasks, the output node is treated as
a reward to be maximized, even when this corresponds to a sign-flipped version of a standard minimization
benchmark. Chain-soft is instead a minimization task because the objective is to reduce the target variable
Y .

Ackley. Ackley is a continuous, differentiable, non-separable, scalable, and multimodal benchmark. In its
function-network form, the task is to maximize the output node. The network decomposes the objective
into two intermediate components: one for the average squared magnitude of the inputs and one for the
average cosine term. These components are combined at the output node to recover the Ackley objective in
reward-maximization form. We use the domain [−2, 2]D with D = 6. Detailed equations and visualization
are provided in the Appendix A.7.1.

Rosenbrock. Rosenbrock is a continuous, differentiable, non-separable, scalable, and unimodal benchmark
known for its narrow curved valley. In the function-network formulation, the task is to maximize the
output node. The network is chain-structured: the first node computes the first Rosenbrock term, and each
subsequent node recursively adds the contribution of an adjacent variable pair to the accumulated output.
We use the domain [−2, 2]D and consider D ∈ {3, 5, 7}. Detailed equations and visualization are provided
in the Appendix A.7.2.

Dropwave. Dropwave is a highly multimodal two-dimensional benchmark. In function-network form, the
task is to maximize the output node. An intermediate node first computes the radial quantity

√
x2

1 + x2
2,

and then the output node applies the oscillatory Dropwave transformation. We use the standard domain
[−5.12, 5.12]2. Detailed equations and visualization are provided in the Appendix A.7.3.

Alpine2. Alpine2 is a continuous, differentiable, separable, scalable, and multimodal benchmark. In
function-network form, the task is to maximize the output node. It is represented as a chain graph in
which each node combines its own decision variable with the previous node through the multiplicative struc-
ture of Alpine2. We use the domain [0, 10]K with K = 6. Detailed equations and visualization are provided
in the Appendix A.7.4.

Chain-soft. Chain-soft extends Chain-hard by allowing the mechanism of Z to be modified through a
context-dependent policy, rather than restricting interventions to fixed clamped values (Gultchin et al.,
2023). The task is to minimize Y . In this setting, Z can depend on the upstream context X through a
policy π0(X), while W remains subject to standard hard interventions on [−1, 1]. The target depends on the
interaction between Z and X, so the optimal intervention in Z generally varies with X. This makes Chain-
soft a richer benchmark for context-adaptive intervention strategies. Detailed equations, policy specification,
and visualization are provided in the Appendix A.7.5.
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Figure 2: Best-so-far trajectories on four synthetic hard-intervention datasets: ToyGraph, Synthetic,
Synthetic-2, and Chain-hard. Solid lines show the mean across 20 seeds and shaded regions show the
standard deviation. Lower values indicate better objective values for these minimization tasks.

Figure 3: Best-so-far trajectories on four real or fitted-SCM hard-intervention datasets: Ecology, Protein-
reconstructed, Healthcare, and Epidemiology. Solid lines show the mean across 20 seeds and shaded regions
show the standard deviation. Ecology is a maximization task, while Protein-reconstructed, Healthcare, and
Epidemiology are minimization tasks.

4.4 Hard-intervention benchmark

Compared methods. We compare a non-causal baseline, BO, with seven CBO-family methods: CBO,
cCBO, DCBO, MCBO, HCBO, CoCaBO, and CEO (Aglietti et al., 2020; 2023; 2021; Sussex et al., 2023; Wu
et al., 2024; Arsenyan et al., 2026; Branchini et al., 2023). This comparison is designed to evaluate whether
the use of causal structure improves the search for the intervention relative to a standard black-box BO
baseline under a shared scoring protocol. We exclude fCBO, CNEI, and GACBO because we did not obtain
compatible public implementations of the benchmark protocol. We exclude ACBO and MO-CBO from this
hard-intervention benchmark because their released implementations or task settings are not aligned with the
single-objective hard-intervention protocol considered here. CEO is included as an unknown-graph method
and therefore spends part of its budget resolving structure uncertainty, whereas known-graph methods receive
the benchmark graph.
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Table 4: Hard-intervention performance across different trial limits and datasets. Each value is the average ±
standard deviation across 20 random seeds and different initializations of the observational and interventional
data. Higher is better for both GAP and PA-GAP. Best mean values in each row are in bold.
Trial limit Metric Dataset BO CBO cCBO DCBO MCBO HCBO CoCaBO CEO

100

GAP

ToyGraph 0.346±.204 0.810±.198 0.730±.102 0.949±.213 0.547±.142 0.727±.136 0.625±.241 0.654±.178
Synthetic 0.401±.172 0.658±.104 0.691±.123 0.482±.032 0.652±.132 0.559±.106 0.757±.219 0.565±.172

Synthetic-2 0.000±.000 0.544±.092 0.549±.078 0.485±.012 0.000±.000 0.174±.071 0.562±.202 0.378±.172
Chain-hard 0.721±.142 0.688±.061 0.734±.114 0.542±.121 0.502±.205 0.135±.108 0.205±.081 0.502±.152

Ecology 0.799±.184 0.511±.078 0.697±.121 0.637±.115 0.000±.000 0.334±.132 0.000±.000 0.336±.142
Protein-reconstructed 0.751±.132 0.449±.194 0.000±.000 0.000±.000 0.878±.284 0.412±.142 0.664±.231 0.275±.092

Healthcare 0.310±.089 0.577±.108 0.842±.132 0.487±.004 0.510±.104 0.335±.032 0.964±.195 0.696±.294
Epidemiology 0.634±.218 0.844±.128 0.000±.000 0.375±.125 0.000±.000 0.557±.109 0.898±.262 0.308±.092

PA-GAP

ToyGraph 0.224±.139 0.069±.039 0.235±.135 0.337±.193 0.071±.045 0.285±.162 0.087±.053 0.295±.167
Synthetic 0.198±.155 0.172±.124 0.184±.119 0.036±.020 0.162±.103 0.107±.091 0.411±.013 0.358±.200

Synthetic-2 0.000±.000 0.055±.037 0.065±.037 0.002±.001 0.000±.000 0.099±.054 0.129±.094 0.035±.021
Chain-hard 0.495±.009 0.280±.189 0.244±.144 0.049±.028 0.111±.065 0.026±.022 0.038±.017 0.002±.001

Ecology 0.303±.173 0.117±.026 0.204±.122 0.144±.086 0.000±.000 0.210±.115 0.000±.000 0.016±.008
Protein-reconstructed 0.407±.195 0.254±.162 0.000±.000 0.000±.000 0.045±.026 0.000±.000 0.240±.132 0.014±.018

Healthcare 0.125±.064 0.175±.088 0.170±.099 0.000±.000 0.100±.093 0.010±.005 0.329±.201 0.200±.114
Epidemiology 0.299±.169 0.346±.092 0.000±.000 0.175±.098 0.000±.000 0.138±.075 0.392±.212 0.005±.005

50

GAP

ToyGraph 0.296±.192 0.676±.201 0.723±.098 0.896±.183 0.513±.106 0.643±.132 0.629±.216 0.690±.162
Synthetic 0.531±.082 0.597±.108 0.565±.103 0.422±.012 0.630±.099 0.432±.087 0.793±.251 0.372±.152

Synthetic-2 0.000±.000 0.459±.093 0.531±.061 0.467±.032 0.000±.000 0.160±.091 0.438±.103 0.213±.192
Chain-hard 0.919±.081 0.462±.041 0.712±.102 0.535±.109 0.215±.120 0.302±.071 0.106±.072 0.505±.142

Ecology 0.798±.165 0.363±.065 0.680±.102 0.624±.094 0.000±.000 0.246±.071 0.000±.000 0.151±.082
Protein-reconstructed 0.656±.121 0.553±.172 0.000±.000 0.000±.000 0.752±.184 0.320±.078 0.731±.182 0.377±.113

Healthcare 0.366±.086 0.598±.087 0.758±.121 0.474±.002 0.315±.087 0.155±.010 0.927±.162 0.694±.204
Epidemiology 0.750±.194 0.644±.109 0.000±.000 0.596±.092 0.000±.000 0.461±.082 0.793±.182 0.096±.003

PA-GAP

ToyGraph 0.177±.129 0.068±.038 0.233±.134 0.316±.180 0.063±.044 0.262±.147 0.357±.225 0.296±.164
Synthetic 0.130±.095 0.131±.113 0.191±.074 0.033±.018 0.150±.099 0.050±.060 0.349±.181 0.357±.141

Synthetic-2 0.000±.000 0.043±.035 0.063±.035 0.002±.001 0.000±.000 0.091±.049 0.051±.063 0.033±.020
Chain-hard 0.500±.009 0.178±.135 0.233±.140 0.049±.028 0.078±.060 0.012±.015 0.034±.016 0.002±.001

Ecology 0.306±.173 0.085±.058 0.194±.120 0.140±.085 0.000±.000 0.208±.111 0.000±.000 0.015±.008
Protein-reconstructed 0.339±.140 0.192±.150 0.000±.000 0.000±.000 0.045±.026 0.000±.000 0.157±.098 0.003±.003

Healthcare 0.120±.064 0.131±.082 0.263±.170 0.000±.000 0.034±.049 0.009±.005 0.295±.190 0.202±.114
Epidemiology 0.247±.175 0.222±.088 0.000±.000 0.169±.093 0.000±.000 0.127±.065 0.354±.182 0.000±.001

20

GAP

ToyGraph 0.383±.098 0.510±.198 0.702±.103 0.729±.172 0.406±.089 0.372±.098 0.539±.194 0.508±.124
Synthetic 0.239±.062 0.392±.089 0.367±.098 0.231±.011 0.558±.072 0.166±.010 0.756±.231 0.390±.123

Synthetic-2 0.000±.000 0.285±.076 0.474±.081 0.408±.009 0.000±.000 0.186±.078 0.000±.000 0.282±.102
Chain-hard 0.819±.063 0.136±.014 0.641±.098 0.510±.082 0.360±.103 0.000±.000 0.065±.051 0.513±.125

Ecology 0.795±.176 0.208±.015 0.625±.091 0.585±.071 0.000±.000 0.271±.054 0.000±.000 0.340±.192
Protein-reconstructed 0.503±.098 0.508±.152 0.000±.000 0.000±.000 0.540±.162 0.028±.073 0.648±.183 0.168±.071

Healthcare 0.604±.069 0.392±.092 0.490±.083 0.432±.001 0.000±.000 0.172±.003 0.810±.076 0.689±.162
Epidemiology 0.646±.135 0.452±.098 0.000±.000 0.457±.078 0.000±.000 0.154±.065 0.791±.126 0.000±.000

PA-GAP

ToyGraph 0.088±.096 0.392±.228 0.227±.131 0.260±.151 0.040±.037 0.200±.177 0.190±.130 0.300±.160
Synthetic 0.026±.035 0.034±.053 0.147±.077 0.024±.013 0.116±.092 0.000±.001 0.334±.157 0.361±.190

Synthetic-2 0.000±.000 0.016±.021 0.057±.030 0.002±.001 0.000±.000 0.074±.037 0.000±.000 0.027±.018
Chain-hard 0.357±.158 0.032±.030 0.200±.128 0.047±.028 0.034±.041 0.000±.000 0.031±.016 0.002±.001

Ecology 0.316±.173 0.030±.034 0.166±.112 0.126±.084 0.000±.000 0.205±.106 0.000±.000 0.015±.007
Protein-reconstructed 0.250±.107 0.070±.091 0.000±.000 0.290±.159 0.047±.026 0.000±.000 0.182±.200 0.001±.001

Healthcare 0.121±.064 0.034±.081 0.143±.030 0.000±.000 0.000±.000 0.008±.004 0.268±.199 0.208±.114
Epidemiology 0.158±.148 0.078±.093 0.000±.000 0.152±.083 0.000±.000 0.102±.050 0.331±.151 0.000±.000

Selected datasets. We evaluated eight hard-intervention datasets: ToyGraph, Synthetic, Synthetic-2,
Chain-hard, Ecology, Protein-reconstructed, Healthcare, and Epidemiology. These datasets cover small syn-
thetic SCMs, real or fitted-SCM benchmarks, and settings that are unevenly shared across prior CBO papers.
Protein-reconstructed is included as a transparent reconstruction of the cCBO Protein benchmark, rather
than as an exact reproduction of the unreleased fitted SCM used in the original cCBO experiments. Ecology
is treated as a maximization task; the remaining hard-intervention datasets are treated as minimization
tasks.

Results summary. The hard-intervention benchmark shows that no method dominates uniformly across
datasets, budgets, and metrics. CoCaBO has the strongest overall rank, followed by cCBO, CBO, and BO,
but this ranking is not explained by GAP alone. GAP emphasizes the final best value and the time at which
that final value is first found, so methods that quickly reach a strong final solution are rewarded. In this
regard, CoCaBO performs especially well in Synthetics, Healthcare, and Epidemiology, DCBO performs well
in ToyGraph, and MCBO performs well in Protein-reconstructed. In contrast, PA-GAP rewards the entire
best-so-far trajectory, so methods that make early or steady progress can rank well even when they are not
the best final performer. This explains why CBO has a strong aggregate rank despite not being the dominant
GAP winner, and why BO remains competitive: on datasets such as Chain-hard, Ecology, and Healthcare, it
often finds useful interventions early enough to receive favorable trajectory-level scores. These results show
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Mean ± s.d. over 48 settings; lower rank is better.
Hard Intervention Ranking

3.56 ± 2.70

3.82 ± 2.22

3.92 ± 1.40

3.96 ± 2.62

4.64 ± 1.87

4.65 ± 2.21

5.55 ± 1.95

5.91 ± 1.99

Figure 4: Average rank across 48 hard-intervention settings, covering eight datasets, three trial limits, and
two metrics. Ranks are computed within each dataset-budget-metric setting before averaging. Lower rank
is better; error bars show standard deviation across settings.

that causal structure can improve optimization, but its benefit depends on how the method’s assumptions
match the dataset and on whether performance is measured by final discovery or by the full optimization
path.

Trajectory-level behavior. Figures 2 and 3 complement the scalar table by showing how the methods
reach their final scores. In synthetic datasets, many methods improve through a few large drops followed by
long plateaus, suggesting that much of the gain comes from identifying a useful intervention scope rather
than from gradual local refinement. This also explains why GAP and PA-GAP can disagree. A method
that reaches a moderate value early can receive a high GAP if that value is its final best, while PA-GAP
gives more credit to trajectories that continue moving toward the reference optimum. In Synthetic, CoCaBO
shows strong path-level progress, consistent with its high scores under both metrics. On ToyGraph, DCBO is
strong under GAP, while PA-GAP shows that early progress with CBO and HCBO-style can also matter. In
Chain-hard, BO is highly competitive, indicating that a flexible black-box optimizer can perform well when
the effective intervention landscape is simple or when the causal prior does not provide a decisive advantage.

The real or fitted-SCM datasets show even stronger metric dependence. Some methods remain nearly flat on
particular datasets, which explains the zero or near-zero metric values in Table 4. Ecology and Healthcare
also show that strong performance can arise through different paths: some methods improve early and
then plateau, while others discover a better intervention only after many trials. Reporting both GAP and
PA-GAP is therefore important. GAP captures the final improvement and discovery time, while PA-GAP
captures whether the optimizer makes meaningful progress throughout the budget.

Aggregate ranking across settings. Figure 4 summarizes the benchmark from a rank-based perspective.
CoCaBO has the best average rank, followed by cCBO, CBO, and BO. The ordering highlights two points.
First, causal methods can provide an advantage when their structural assumptions match the benchmark, as
seen for CoCaBO and cCBO. Second, the advantage is not automatic: BO remains close to the CBO-family
methods because PA-GAP rewards reliable early progress, and BO often performs well on datasets with
simple or smooth effective intervention landscapes. The ranking therefore reinforces the main benchmark
message: CBO methods should be compared using scalar tables, trajectory plots, and rank summaries,
because a single final-value metric can hide important differences in how methods make progress.
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Figure 5: Best-so-far trajectories on five soft-intervention datasets: Ackley, Rosenbrock, Dropwave, Alpine2,
and Chain-soft. Solid lines show the mean over 20 random seeds and shaded regions denote the standard
deviation across runs.

4.5 Soft-intervention benchmark

For soft interventions, we compare BO, MCBO, and ACBO in Ackley, Rosenbrock, Dropwave, Alpine2
and Chain-soft (Sussex et al., 2023; 2024). BO serves as a non-causal baseline, while MCBO and ACBO
represent mechanism-level and adversarial CBO-style approaches. fCBO also supports policy interventions,
but it is excluded from the comparison because we did not obtain a compatible reference implementation
(Gultchin et al., 2023). Ackley, Rosenbrock, Dropwave, and Alpine2 are treated as reward-maximization
tasks; Chain-soft is a minimization task.

Results summary. The soft-intervention benchmark shows that ACBO has the strongest overall rank,
followed by BO and then MCBO, but the table also shows that this ordering is not due to uniform dominance.
ACBO is especially strong on Ackley and Chain-soft, where it obtains the best GAP across budgets and often
achieves strong PA-GAP values, indicating fast and sustained progress. BO remains a highly competitive
baseline on Rosenbrock and Alpine2. In these landscapes, standard black-box optimization often reaches
strong final values and also receives favorable PA-GAP scores when it improves early and then maintains
its best-so-far value. MCBO is most competitive on Dropwave, where it achieves the best GAP at 50 and
20 trials and the best PA-GAP at 50 and 20 trials. This pattern highlights the role of metric choice: GAP
rewards the final best value and its discovery time, while PA-GAP rewards the whole best-so-far trajectory.
As a result, methods such as BO can rank well when they make reliable early progress, even if they are not
always the best final performer. Overall, the soft-intervention results reinforce the main conclusion from the
hard-intervention benchmark: causal modeling can improve optimization, but its advantage depends on how
well the method’s assumptions match the intervention type, objective landscape, and evaluation metric.

Trajectory-level behavior. Figure 5 shows that the three methods behave differently in objective land-
scapes. ACBO improves quickly on Ackley and Chain-soft, which explains its strong scalar scores on these
datasets. BO remains highly competitive in Rosenbrock and Alpine2, where its best-so-far trajectory often
improves early enough to receive strong PA-GAP values as well as strong GAP values. Dropwave shows a
complementary pattern: MCBO and ACBO both improve substantially, but MCBO is stronger under tighter
budgets after the corrected PA-GAP value for ACBO at 50 trials. These trajectory patterns explain why the
aggregate rank is not determined only by the number of final GAP wins. PA-GAP gives additional credit to
methods that improve early and maintain progress, which is why BO remains close to ACBO overall despite
being a non-causal baseline.

Aggregate ranking across settings. Figure 6 summarizes performance in all soft-intervention settings.
ACBO has the best average rank, followed by BO and then MCBO. This ranking supports the interpretation

23



Under review as submission to TMLR

Table 5: Soft-intervention performance across different trial limits and datasets. Each value is the average ±
standard deviation across 20 random seeds and initializations of the observational and interventional data.
Higher is better; best mean values per row are in bold.

Trial limit Metric Dataset BO MCBO ACBO

100

GAP

Ackley 0.328±.098 0.310±.013 0.922±.367
Rosenbrock 0.825±.245 0.507±.184 0.623±.210
Dropwave 0.024±.024 0.558±.292 0.690±.419
Alpine2 0.536±.207 0.522±.231 0.178±.061

Chain-soft 0.634±.124 0.512±.097 0.693±.234

PA-GAP

Ackley 0.033±.020 0.012±.014 0.403±.027
Rosenbrock 0.308±.207 0.217±.020 0.412±.033
Dropwave 0.008±.004 0.355±.184 0.379±.024
Alpine2 0.120±.063 0.076±.085 0.015±.024

Chain-soft 0.290±.051 0.000±.003 0.205±.126

50

GAP

Ackley 0.090±.024 0.072±.007 0.843±.318
Rosenbrock 0.761±.189 0.515±.219 0.631±.234
Dropwave 0.235±.107 0.803±.381 0.318±.180
Alpine2 0.403±.153 0.085±.032 0.175±.041

Chain-soft 0.515±.104 0.000±.000 0.655±.148

PA-GAP

Ackley 0.018±.014 0.000±.001 0.320±.186
Rosenbrock 0.239±.182 0.053±.078 0.344±.208
Dropwave 0.008±.004 0.318±.180 0.171±.107
Alpine2 0.085±.035 0.003±.005 0.000±.000

Chain-soft 0.135±.169 0.000±.000 0.181±.118

20

GAP

Ackley 0.166±.057 0.000±.000 0.593±.219
Rosenbrock 0.559±.157 0.000±.000 0.499±.210
Dropwave 0.252±.105 0.701±.301 0.293±.184
Alpine2 0.142±.058 0.000±.000 0.000±.000

Chain-soft 0.000±.000 0.000±.000 0.534±.109

PA-GAP

Ackley 0.003±.006 0.000±.000 0.151±.076
Rosenbrock 0.082±.082 0.000±.000 0.216±.168
Dropwave 0.007±.004 0.253±.134 0.130±.094
Alpine2 0.049±.025 0.000±.000 0.000±.000

Chain-soft 0.000±.000 0.000±.000 0.116±.086

123
Rank

ACBO

BO

MCBO

Mean ± s.d. over 30 settings; lower rank is better.
Soft Intervention Ranking

1.60 ± 0.71

1.90 ± 0.75

2.50 ± 0.71

Figure 6: Average rank across 30 soft-intervention settings, covering five datasets, three trial limits, and two
metrics. Ranks are computed within each dataset-budget-metric setting before averaging. Lower rank is
better; error bars show standard deviation across settings.

that ACBO is the most reliable of the three methods in this benchmark, but it also shows that the advantage
of causal or adversarial modeling is not automatic. BO obtains a strong rank because it is competitive in
Rosenbrock and Alpine2 and because PA-GAP rewards its early trajectory quality in several settings. MCBO
is more data set dependent: it is strong on Dropwave, where the mechanism-level structure appears useful,
but weaker on Ackley, Alpine2, and Chain-soft. As in the hard-intervention benchmark, the combination of
scalar tables, trajectory plots, and rank summaries gives a more balanced comparison than a single final-value
metric.

4.6 Cross-cutting analysis

The hard and soft-intervention benchmarks together span 78 dataset–budget-metric settings. Rather than
summarizing each setting individually, we distill the main patterns into four cross-sectional observations.
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When does causal structure help? Causal methods provide the clearest advantage when the graph
enables effective scope reduction or when observational priors are well-calibrated. In the hard-intervention
setting, CoCaBO and cCBO benefit from structured scope selection on datasets with multiple intervenable
variables and clear causal pathways (Synthetic, Healthcare, Epidemiology). In the soft-intervention setting,
ACBO benefits from mechanism-level modeling on datasets with complex intermediate structure (Ackley,
Chain-soft). Conversely, causal structure provides little or no advantage on datasets where the effective
intervention landscape is simple (Chain-hard) or where causal priors are poorly calibrated (Ecology under
some methods). BO remains competitive precisely in these settings, suggesting that the value of causal
modeling is conditional on the alignment between the method’s structural assumptions and the problem’s
actual causal complexity.

Budget sensitivity. Rankings are moderately sensitive to budget. At tight budgets (T = 20), methods
that rely on observational priors or scope reduction (CBO, cCBO, DCBO) tend to perform relatively better
because their prior information is most valuable when interventional data are scarce. At larger budgets (T =
100), methods with richer exploration mechanisms (CoCaBO, ACBO) can overtake prior-driven methods by
accumulating sufficient interventional evidence to overcome initial advantages from prior information.

Metric sensitivity. GAP and PA-GAP can produce different rankings for the same dataset and budget.
GAP rewards the final best value and its discovery time, so methods that make a single large improvement
early are favored. PA-GAP rewards steady trajectory-level progress, so methods that gradually improve
throughout the budget can rank well even without the best final value. This discrepancy is most pronounced
when comparing methods that plateau early (e.g., DCBO on Synthetic-2) versus methods that improve late
(e.g., HCBO on Synthetic-2). We recommend that future CBO evaluations report both metrics, as well as
trajectory plots, to avoid misleading conclusions from any single scalar summary.

Threats to validity. Several factors limit the generalizability of our benchmark findings. First, the
benchmark uses unit-cost interventions, which does not capture realistic cost heterogeneity. Second, all
hard-intervention datasets assume known graphs and causal sufficiency; results may differ under graph
misspecification or hidden confounding. Third, we use released default hyperparameters for all methods; per-
dataset tuning could change relative rankings. Fourth, the benchmark covers only single-objective settings
(except for MO-CBO, which is excluded from the cross-method comparison). Finally, the set of compared
methods is limited by the availability of compatible public implementations; fCBO, CNEI, GACBO and
ACBO (for hard interventions) are not included in the hard intervention comparison.

5 Open Problems and Future Directions

The benchmark results and methodological analysis presented in this survey reveal that CBO is a maturing
but incomplete field. No single method dominates across settings, and the value of causal structure depends
critically on the alignment between a method’s assumptions and the problem’s actual causal complexity. In
the following, we organize the most important open challenges into six concrete research directions.

5.1 Robustness to causal assumptions

Most CBO methods assume a correctly known graph, causal sufficiency (no hidden confounders), and iden-
tifiable interventional effects. In practice, each of these assumptions can fail.

Hidden confounding. When unobserved confounders are present, observational priors constructed via
backdoor adjustment or the g-formula can be systematically biased, leading the acquisition function to favor
interventions that appear promising under confounded associations but fail under true causal effects. Devel-
oping CBO methods that explicitly model sensitivity to hidden confounding, for example, by propagating
bounds on the causal effect under varying degrees of unmeasured confounding (Pearl, 2009), is an important
open direction.
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Graph misspecification. Even when a graph is provided, edges may be missing, spurious, or incorrectly
oriented. The impact of such errors on CBO performance has been largely unexplored. Future work should
characterize how graph misspecification degrades scope reduction and prior quality and develop methods
that are robust to bounded graph errors.

Prior misspecification. CNEI (Li et al., 2023) addresses noise robustness, but the broader problem of
controlling how strongly observational information influences acquisition decisions under potential misspec-
ification remains open. Methods that adaptively downweight observational priors as interventional data
accumulate, analogous to Bayesian robustness techniques in other domains, would be valuable.

5.2 Scalability

Current CBO methods are mainly demonstrated on graphs with tens of variables and a handful of intervention
scopes. Scaling to realistic systems requires advances on multiple fronts.

High-dimensional graphs. HCBO (Wu et al., 2024) addresses the selection of the scope in larger graphs,
but the combinatorial explosion of candidate scopes remains a fundamental bottleneck. Future methods
should take advantage of causal sparsity, hierarchical decomposition, or learned embeddings of the interven-
tion scopes to avoid exhaustive enumeration.

Unknown-graph scalability. CEO (Branchini et al., 2023) and GACBO (Mukherjee et al., 2024) demon-
strate unknown-graph CBO on small graphs, but maintaining a posterior or confidence set over graphs
becomes intractable as the number of variables grows. Scalable alternatives might include local structure
learning focused on the decision-relevant subgraph, amortized inference over graph posteriors, or graph neural
network-based surrogates that learn causal structure implicitly.

Computational cost. Mechanism-level methods (MCBO, ACBO) require maintaining and updating mul-
tiple GPs and propagating uncertainty through the graph at each iteration. The per-iteration cost scales
with the number of mechanism models and the depth of the graph. Sparse GP approximations, variational
inference, or neural process surrogates could reduce this computational burden.

5.3 Richer intervention models

The current CBO literature mainly addresses either pure hard interventions or pure soft interventions. Real-
world intervention settings are often more complex.

Mixed intervention types. Many practical systems involve a mix of hard interventions (e.g. turning a
device on or off), soft interventions (e.g., adjusting a controller’s parameters) and stochastic interventions
(e.g., randomizing a treatment assignment probability). No existing CBO method handles arbitrary mixtures
of these types within a single optimization loop.

Multi-agent and sequential interventions. ACBO (Sussex et al., 2024) considers adversarial environ-
ments, but the more general setting of multi-agent intervention, where multiple decision-makers intervene
in the same system, possibly with conflicting objectives, remains unexplored. Similarly, extending CBO to
sequential multi-stage intervention policies, where the intervention at each stage depends on the outcomes
of previous stages, would bridge CBO and causal reinforcement learning.

Intervention cost heterogeneity. Our benchmark uses unit-cost interventions to isolate sample effi-
ciency, but real interventions differ substantially in cost. The cost may depend on the target variable, the
magnitude of the intervention, the safety requirements, or the logistics of implementation. Future CBO
benchmarks should incorporate explicit cost models and future methods should optimize cost-adjusted effi-
ciency rather than pure sample efficiency.
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5.4 Realistic evaluation

Our benchmark study reveals that the evaluation design significantly affects conclusions about the quality
of the method. Several aspects of the CBO evaluation require further development.

Standardized benchmarks. The fragmentation of the data set documented in Table 3 makes the com-
parison between papers unreliable. The community would benefit from a shared and versioned benchmark
suite with standardized SCMs, intervention domains, observational datasets, and evaluation code, analogous
to established benchmarks in reinforcement learning or supervised learning.

Evaluation under distribution shift. Most benchmarks assume that the test-time SCM matches the
training-time SCM. In practice, the system can change between the observational data collection phase and
the intervention deployment phase. Evaluating CBO under a controlled distribution shift would test the
robustness of observational priors and structure assumptions.

Trajectory-aware metrics. Our analysis shows that GAP and PA-GAP can produce different rankings,
highlighting the need for trajectory-aware evaluation. Future work should develop principled metrics that
capture the full optimization trajectory, potentially incorporating cost, risk, and constraint satisfaction
alongside objective improvement.

5.5 Theoretical foundations

The theoretical understanding of CBO lags behind its empirical development. Several foundational questions
remain open.

Finite-sample regret bounds. MCBO (Sussex et al., 2023) provides regret bounds under mechanism-
level GP models, and ACBO (Sussex et al., 2024) extends these to adversarial settings. However, regret
bounds for effect-level CBO with observational priors, for unknown-graph CBO, and for constrained CBO
are largely missing. Developing such bounds would clarify when causal structure provably improves over
black-box BO and under what conditions.

Identifiability-aware acquisition. Current methods either assume full identifiability or ignore identi-
fiability entirely. An intermediate approach would design acquisition functions that explicitly account for
the degree of identifiability: using observational information aggressively when identification is strong and
falling back to interventional exploration when it is weak. This would connect CBO to the literature on
partial identification and sensitivity analysis in causal inference.

Sample complexity of scope reduction. The POMIS-based scope reduction in CBO eliminates dom-
inated scopes using observational evidence, but the sample complexity of this elimination, i.e., how many
observational samples are needed to reliably identify the correct POMIS, has not been analyzed. Such an
analysis would clarify when scope reduction is reliable and when it may prematurely discard useful scopes.

5.6 Integration with modern representation learning

Recent advances in foundation models and causal representation learning suggest new directions for CBO.

Causal representation learning. Methods for learning causal variables and structure from high-
dimensional observations (Schölkopf et al., 2021) could enable CBO in settings where the causal graph
operates over latent variables rather than directly observed quantities. This would extend CBO to image-
or text-based intervention settings.

Large language models for causal reasoning. Large language models (LLMs) have shown preliminary
ability to reason about causal relationships from text descriptions. An intriguing direction is to use LLMs
to elicit or refine causal graphs from domain experts, providing CBO with better structural priors without
requiring formal causal discovery from data.
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Neural surrogates. Replacing GP-based surrogates with neural network-based models (e.g., neural pro-
cesses, transformers) could improve scalability and flexibility, particularly for high-dimensional mechanism
functions or non-stationary environments. The challenge is maintaining the well-calibrated uncertainty
quantification that makes GP-based CBO effective.

6 Conclusion

This survey has provided a comprehensive review of Causal Bayesian Optimization, organizing the growing
literature through a unified design-space perspective that decomposes methods into four interacting axes:
intervention representation, surrogate architecture, decision rule, and dominant uncertainty source. By ana-
lyzing each major CBO variant through this lens, we have shown that the field’s diversity reflects systematic
responses to specific bottlenecks of the original CBO framework (temporal dynamics, safety constraints, high
dimensionality, unknown graphs, soft interventions, context dependence, and adversarial non-stationarity)
rather than ad hoc extensions.

Our benchmark study reinforces a central finding: the value of causal structure in optimization is conditional.
Causal methods provide clear advantages when their structural assumptions align with the problem, when
scope reduction eliminates irrelevant interventions, when observational priors are well-calibrated, or when
mechanism-level modeling captures the system’s compositional structure. However, when these conditions
are not met, strong non-causal BO baselines remain competitive, and method rankings depend substantially
on the choice of dataset, budget, and evaluation metric. The introduction of PA-GAP as a trajectory-aware
complement to GAP highlights that even the definition of “good performance” in CBO is not straightforward:
final-value metrics and trajectory-level metrics can favor different methods.

Looking ahead, the most pressing challenges are not purely algorithmic. Robustness to violated causal
assumptions, scalable structure learning integrated with optimization, realistic intervention cost models, and
standardized evaluation infrastructure are all prerequisites for CBO to move from controlled benchmarks to
real-world deployment. We hope that the unified perspective, benchmark, and structured open problems
presented in this survey will help researchers navigate the CBO landscape and focus their efforts on the
directions most likely to have a practical impact.
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A Technical Appendix

This appendix provides the complete supplementary material needed to reproduce, interpret, and extend
the benchmark study presented in Section 4. Each sub-appendix is self-contained but cross-referenced to the
relevant parts of the main text, and together they specify every detail required for independent replication.

• Appendix A.1: Metrics analysis. We formally analyze the value ranges of GAP and PA-GAP, state
key properties of PA-GAP (trajectory monotonicity, budget dependence), and provide both a synthetic
counterexample and an empirical case study from the Synthetic-2 benchmark showing how PA-GAP
resolves a ranking bias present in GAP.
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• Appendix A.2: Implementation protocol. We document all benchmark-controlled settings, wrapper
design choices, software environment details, and trajectory normalization procedures used to ensure fair
cross-method comparison.

• Appendix A.3: Reference optima. We list the reference optimum y∗ for each data set, the offline
computation protocol used to obtain it, and a discussion of how reference quality affects the reliability of
the metric.

• Appendix A.4: Summary of the consolidated dataset Table 9 provides a single-table overview of all
13 benchmark datasets, including structural properties, intervention types, domains, and task directions.

• Appendix A.5: Synthetic dataset SCMs. Complete structural equations, noise distributions, inter-
vention domains, and causal graph diagrams for ToyGraph, Synthetic, Synthetic-2 and Chain-hard.

• Appendix A.6: Real dataset SCMs. Complete structural equations, fitting procedures, and causal
graphs for Ecology, Protein-reconstructed, Healthcare, and Epidemiology.

• Appendix A.7: Soft-intervention datasets. Function-network specifications and equations for Ack-
ley, Rosenbrock, Dropwave, Alpine2, and the Chain-soft policy-intervention benchmark.

A.1 Metrics analysis

DCBO introduced the GAP metric as a scalar that combines how much an optimizer improves on its initial
value with how early it reaches its best value (Aglietti et al., 2021). For a minimization problem, let
y(x) = E[Y | do(X = x)], let y∗ denote the reference optimum (see Appendix A.3), let xinit be the initial
best point, and let x∗

t be the best point found up to trial t. Let T be the total number of trials, and let t∗

be the first trial at which the final best value y(x∗
T ) is reached. GAP is

GAP =

y(x∗
T ) − y(xinit)

y∗ − y(xinit)︸ ︷︷ ︸
Improvement term

+ T − t∗

T︸ ︷︷ ︸
Efficiency term


/ (

1 + T − 1
T

)
︸ ︷︷ ︸

Normalization

. (20)

A.1.1 GAP value range

When the global optimum is found in the first trial (t∗ = 1), the efficiency term is equal to T −1
T , and

normalization makes the maximum GAP equal to 1. However, DCBO sets t∗ = 0 when no improvement
is observed. In that case, the improvement term is 0, but the efficiency term becomes 1, which produces a
nonzero GAP even without improvement. Specifically, GAP is then lower-bounded by

1
1 + T −1

T

= T

2T − 1 . (21)

To correct for this, we set t∗ = T when no improvement occurs. Then both the improvement term and the
efficiency term are 0, so the GAP ranges over [0, 1] as intended.

A.1.2 Why PA-GAP can rank trajectories more consistently

GAP depends only on the final best value and the trial in which that final best value is first reached. This can
bias the rankings when two optimization runs share the same early progress but differ in later improvements.
Figure 7 illustrates this issue with a simple two-model example. Both models start from the same initial
value y(xinit) = 10 and reach an improved value y(x∗

t ) = 5 at the trial t = 10. Model 1 does not make
further progress, while Model 2 later reaches the global optimum y∗ = 1 at trial t = 30. With T = 40,
GAP assigns Model 1 a higher score than Model 2, although Model 2 achieves the better final solution. This
occurs because GAP adds an improvement term and an efficiency term and then evaluates only the final
best value and its discovery time, rather than the full optimization path.
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Figure 7: Demo comparison illustrating the ranking bias of GAP. The left panel shows best-so-far trajectories,
while the right panel shows the corresponding per-trial PA-GAP (PA-GAP@t) contributions. The two models
share the same early improvement, but Model 2 later reaches the global optimum. GAP can favor the earlier
but worse final trajectory, while PA-GAP assigns credit to later improvement by averaging weighted best-
so-far progress across the full path.
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Figure 8: HCBO and DCBO on Synthetic-2. The left panel shows best-so-far trajectories, while the right
panel shows the corresponding per-trial PA-GAP (PA-GAP@t) contributions. DCBO reaches its own best-
so-far value early, which gives it a higher GAP score, but HCBO reaches better objective values over the
trajectory and receives the higher PA-GAP score.

To better reflect the full optimization process, PA-GAP computes a weighted improvement value at each
trial and then averages these values over the trajectory. For minimization tasks, the best-so-far improvement
ratio in the trial t is

Rt = min
{

y(xinit) − y(x∗
t )

y(xinit) − y∗ , 1
}

, (22)

and for maximization tasks, the numerator and denominator are reversed:

Rt = min
{

y(x∗
t ) − y(xinit)

y∗ − y(xinit)
, 1

}
. (23)

The clipping prevents numerical artifacts when an observed best value exceeds the offline reference optimum.
The PA-GAP score used in our benchmark is then

PA-GAP = 1
T

T∑
t=1

 Rt︸︷︷︸
Improvement ratio

· T − (t − 1)
T︸ ︷︷ ︸

Efficiency weight

 . (24)

Here T denotes the number of interventional trials, excluding the initial value in the best-so far trajectory.
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Table 6: Formal comparison of GAP and PA-GAP evaluation properties.
Property GAP PA-GAP

What is evaluated Final best value + discovery time Full best-so-far trajectory
Value range [0, 1] (after correction) [0, T +1

2T
]

Normalization Unit-normalized Raw; budget-dependent upper bound
Sensitivity to late improve-
ment

Low: only the time of the final best
matters

High: all improvements contribute

Sensitivity to budget T Moderate: efficiency term scales with
T

Strong: values not comparable across
different T

Plateau handling Rewards early plateau at good value Penalizes early plateau if further im-
provement is possible

Computational cost O(T ) O(T )

This definition is not normalized to have a maximum value 1. Since Rt ∈ [0, 1] and the efficiency weight
decreases linearly from 1 at the first trial to 1/T at the last trial, the raw PA-GAP range is

0 ≤ PA-GAP ≤ 1
T

T∑
t=1

T − (t − 1)
T

= T + 1
2T

. (25)

The upper bound is attained when the global optimum is found in the first trial and remains the best value
so far for the rest of the budget. Thus, PA-GAP should be interpreted as a raw trajectory-weighted efficiency
score, not as a unit-normalized score. Larger values indicate faster and stronger best-so-far progress, but
raw PA-GAP values should be compared directly only within the same trial budget.

Figure 7 shows why this trajectory-aware averaging can produce a more intuitive ranking than GAP: Model
2 receives additional credit for its late improvement instead of being judged only by the delayed discovery
time of its final best value. Figure 8 shows the same issue in the Synthetic-2 benchmark by comparing
HCBO and DCBO. DCBO quickly reaches a stable best-so-far value, so GAP rewards its early discovery
and assigns it a higher score (0.485 ± .012) than HCBO (0.174 ± .071). However, this early DCBO value is
much worse than the values eventually reached by HCBO. PA-GAP reverses the ranking: DCBO receives
only 0.002 ± .001, while HCBO receives 0.099 ± .054. This better reflects the fact that HCBO makes more
meaningful progress toward the reference optimum over the optimization path, even if its improvement is
not captured well by GAP’s final-discovery-time summary.

Summary and formal properties. GAP is simple and interpretable, but can produce counterintuitive
rankings when methods differ primarily in their late-stage behavior or trajectory shape. PA-GAP comple-
ments GAP by rewarding sustained progress throughout the budget. Table 6 contrasts the two metrics along
key evaluation dimensions.

We state two key properties of PA-GAP that justify its use as a trajectory-aware complement to GAP.
Lemma 1 (Trajectory monotonicity of PA-GAP). Let {Rt}T

t=1 and {R̃t}T
t=1 be two sequences of the best

improvement ratios so far satisfying Rt ≥ R̃t for all t ∈ {1, . . . , T}. Then PA-GAP({Rt}) ≥ PA-GAP({R̃t}),
with equality if and only if Rt = R̃t for all t.

Proof. Since the efficiency weights wt = T −(t−1)
T > 0 for all t, the PA-GAP functional 1

T

∑T
t=1 Rt · wt is a

positively weighted average of the improvement ratios. The conclusion follows from the strict positivity of
the weights.

This property ensures that if one trajectory Pareto-dominates another at every trial, PA-GAP reflects this
dominance. GAP does not satisfy this property in general: a trajectory with uniformly higher Rt can receive
a lower GAP score if its final best is reached later.
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Table 7: Implementation settings used in the benchmark. Method-specific defaults are preserved unless a
wrapper override is needed for shared evaluation.

Method Benchmark-controlled settings Method-specific notes

MCBO Trial budget and seed fixed by wrapper;
noise scale set to 0; β = 10.

Uses GP networks with MC acquisition. Acquisi-
tion optimization follows the released implemen-
tation defaults, including restart and raw-sample
rules.

ACBO Trial budget and seed fixed by wrapper;
noise scale set to 0; β = 10; default dis-
crete action cardinality 4.

Used only for soft-intervention function-network
tasks. Runs CBO-MW with multiplicative-
weights updates.

cCBO Trial budget fixed by wrapper; dataset con-
figs determine observational samples, inter-
vention sets, and constraints.

Uses the single-task cCBO setting in our bench-
mark. Protein uses an internal offset so that the
exported trajectory contains the intended num-
ber of evaluated trials.

DCBO Trial budget and seed fixed by wrapper;
dataset YAML files specify the SCM and
intervention domain.

Benchmark uses a single-time setting to make
DCBO comparable with static hard-intervention
tasks.

CEO Trial budget and seed fixed by wrapper;
small candidate graph and anchor-point
settings follow the benchmark runner.

Uses the benchmark-native CEO runner by de-
fault. The original vendored CEO implementa-
tion can be enabled separately.

CoCaBO Trial budget, seed, and objective direction
fixed by wrapper.

Uses UCB over active policy scopes and HEBO-
style inner optimization. Benchmark configs do
not include additional contextual variables unless
specified.

HCBO Seed and trial settings fixed by wrapper
when supported.

Used for compatible hard-intervention settings.
Acquisition and initialization constants follow the
released HCBO-style implementation.

Lemma 2 (Budget dependence of PA-GAP). The maximum attainable PA-GAP value is T +1
2T , which is

strictly decreasing in T and approaches 1
2 as T → ∞. Consequently, raw PA-GAP values are comparable

only within the same budget T .

Proof. The maximum is achieved when Rt = 1 for all t, giving PA-GAP = 1
T

∑T
t=1

T −(t−1)
T = T +1

2T . Since
d

dT

(
T +1
2T

)
= − 1

2T 2 < 0, the upper bound is strictly decreasing in T .

Practical recommendation. We recommend reporting both metrics alongside trajectory plots to obtain
a balanced view of optimizer performance. GAP is appropriate for identifying methods that quickly find
a strong final solution, while PA-GAP is appropriate for evaluating whether a method makes sustained,
meaningful progress throughout the available budget.

A.2 Implementation protocol

Reproducibility philosophy. All methods run with their default hyperparameters released, unless noted
in Table 7. We deliberately avoid per-dataset hyperparameter tuning to ensure that the benchmark reflects
each method’s out-of-the-box behavior. This choice prioritizes reproducibility and fairness over per-method
optimization, but it means that individual methods may underperform relative to what a practitioner could
achieve with careful tuning. The trade-off is intentional: our goal is to compare algorithmic design choices,
not implementation engineering.

Software environment. All experiments are conducted in Python 3.10 using PyTorch 2.0 and GPy-
Torch 1.11 as the primary GP backend for methods that depend on Gaussian process surrogates. Each
CBO method is run in its own isolated virtual environment to prevent dependency conflicts. The bench-
mark evaluation pipeline–including trajectory export, GAP/PA-GAP computation, and figure generation–is
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implemented in a shared codebase that is independent of any individual method’s software stack. This sep-
aration ensures that scoring differences reflect algorithmic behavior rather than library version effects. The
exact package versions for each method are documented in the benchmark repository.

Computational resources. All experiments were conducted on a single-GPU CUDA workstation
equipped with one NVIDIA A100 GPU with 40 GiB of VRAM, Intel Xeon Platinum 8481C CPUs, and
754 GiB of system memory. Most methods complete 100 trials on a single dataset within 5–30 minutes. The
main exceptions are CEO, which incurs additional overhead from graph posterior sampling, and MCBO,
which propagates uncertainty through multiple mechanism-level GPs. GPU acceleration is used when sup-
ported by the corresponding implementation; otherwise, experiments are executed on the CPU.

Wrapper design. Wrapper-level overrides are limited to shared experimental controls: trial budget, ran-
dom seed, dataset mapping, objective direction (minimization or maximization), and trajectory export for-
mat. The Method-internal choices—including the selection of the GP kernel, the acquisition optimization
strategy, the restart schedules, the scope enumeration, and the internal noise models—are left at their de-
faults released. Each wrapper converts the method’s internal output into the common trajectory format
described below. Wrappers do not modify the optimization loop itself; they only control initialization and
output extraction.

Trajectory normalization. To make results comparable across heterogeneous codebases, every method’s
output is converted to a common trajectory format with two fields: trial number and best-so-far objective
value. For minimization tasks, this value is the running minimum observed up to the trial t; for maximization
tasks, the running maximum. The trajectory includes an initial best-of-so-far value (before any interventional
trial), followed by one entry per interventional trial. Thus, a budget of B interventions produces a trajectory
of B + 1 entries. GAP and PA-GAP are then computed from these exported trajectories using a single
evaluation script shared by all methods, ensuring that scoring differences reflect algorithmic behavior rather
than implementation artifacts. This design also makes it easy to add new methods or metrics without
modifying existing implementations.

A.3 Reference optima

The reference optimum y∗ used by GAP and PA-GAP is computed offline from the SCM benchmark, function
generator or oracle interventional data, as detailed in Table 8. It is used only for scoring and is never provided
to any optimizer during a run. At evaluation time, all methods on a given data set are compared against
the same fixed reference value using the same task direction.

Reliability categories. The reference optima fall into two reliability classes. For datasets with analyt-
ically known optima (Dropwave, Alpine2, Ackley, Rosenbrock), the reference is exact and introduces no
scoring uncertainty. For SCM-based datasets, the reference is obtained by dense grid search or large-sample
uniform random search over the admissible intervention domain. In these cases, y∗ represents the best known
achievable outcome, not necessarily the true global optimum. This distinction is important for datasets with
complex, potentially multimodal objective landscapes: if the reference underestimates the true optimum,
both GAP and PA-GAP will overestimate the improvement ratios Rt, potentially making all methods ap-
pear closer to optimal than they actually are. In the opposite direction, an overestimated reference (which
cannot occur by construction in our protocol, since we use oracle SCM access) would inflate the denominator
and deflate all scores. To mitigate this risk, we use high-budget offline search (10,000 samples for Ecology
and Epidemiology, 200 × 200 grids for Protein-reconstructed, and 1,000-point grids for Synthetic-2) and
cross-validate against known interventional datasets where available.

Impact on metric comparisons. Because both GAP and PA-GAP normalize the improvement relative
to y∗ − y(xinit), the quality of y∗ affects the absolute metric values, but does not affect the relative rankings
between methods in the same dataset, provided that all methods are scored against the same reference.
Cross data set comparisons of absolute GAP or PA-GAP values should therefore be made with caution, as
differences in reference quality across datasets can introduce systematic biases.
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Table 8: Reference optima used for GAP and PA-GAP scoring. Analytic optima are exact; grid/random-
search references represent the best known achievable value.

Dataset Task y∗ Offline computation protocol

Dropwave Max 1.0000 Analytic optimum from the known function generator.

Alpine2 Max 400.0000 Analytic optimum from the known function generator.

Ackley Max 0.0000 Analytic optimum of the negated Ackley objective.

Rosenbrock Max 0.0000 Analytic optimum of the negated Rosenbrock objective.

Chain-soft Min −3.3936 Reference value from the Chain-soft function generator.

Protein-recon. Min −240.0234 Reconstructed linear SEM; 200 × 200 grid over PKC
and PKA; minimum Erk.

Synthetic-2 Min −3.9690 Best offline oracle outcome; 1000-point grids on X and
Z.

Synthetic Min −4.4474 Best value across BO and CBO oracle interventional
datasets.

ToyGraph Min −2.5718 Best value across BO and CBO oracle interventional
datasets.

Chain-hard Min −15.8060 Best value across BO and CBO oracle interventional
datasets.

Ecology Max 9.2652 10,000-sample uniform search over the
manipulative-variable domain.

Epidemiology Min −3.3906 10,000-sample uniform search over the
manipulative-variable domain.

Healthcare Min 4.0401 Reference value from the distributed real-data
benchmark artifact.

Table 9: Consolidated summary of all thirteen benchmark datasets. For each dataset, we list the category,
number of observed nodes, manipulable variables, intervention type, admissible domain per variable, opti-
mization direction, and source reference. Latent variables (if any) are noted in parentheses.

Dataset Category #Nodes Manipulable vars Intervention type Domain Task Source

ToyGraph Synthetic (hard) 3 X, Z Hard X∈[−5, 5]; Z∈[−5, 20] Min Y Aglietti et al. (2020)
Synthetic Synthetic (hard) 7 (+2 latent) B, D, E Hard B∈[−5, 4]; D∈[−5, 5]; E∈[−6, 3] Min Y Aglietti et al. (2020)

Synthetic-2 Synthetic (hard) 3 X, Z Hard X∈[−3, 2]; Z∈[−1, 1] Min Y Aglietti et al. (2023)
Chain-hard Synthetic (hard) 4 W, Z Hard [−1, 1] each Min Y Gultchin et al. (2023)

Ecology Real/fitted (hard) 11 N, O, C, T, D Hard N∈[−2, 5]; O∈[2, 4]; C∈[0, 1]; T ∈[2200, 2500]; D∈[1950, 2100] Max Y Aglietti et al. (2020)
Protein-recon. Real/fitted (hard) 8 PKC, PKA, Mek, Akt Hard PKC∈[0.5, 106.5]; PKA∈[1.45, 4491.5]; Mek∈[0.5, 389.5]; Akt∈[1.2, 3555.5] Min Erk Aglietti et al. (2023)

Healthcare Real/fitted (hard) 6 Aspirin, Statin Hard [0, 1] each Min PSA Aglietti et al. (2020)
Epidemiology Real/fitted (hard) 5 T, R Hard T ∈[0.48, 801.79]; R∈[−0.99, 1.0] Min Y Branchini et al. (2023)

Ackley Synthetic (soft) 9 a0, . . . , a5 Soft (function network) [−2, 2] each Max Y Sussex et al. (2023)
Rosenbrock Synthetic (soft) D+D−1 a0, . . . , aD−1 Soft (function network) [−2, 2] each Max Y Sussex et al. (2023)
Dropwave Synthetic (soft) 4 a0, a1 Soft (function network) [−5.12, 5.12] each Max Y Sussex et al. (2023)
Alpine2 Synthetic (soft) 12 a0, . . . , a5 Soft (function network) [0, 10] each Max Y Sussex et al. (2023)

Chain-soft Synthetic (soft) 4 W (hard), Z (policy) Mixed hard/soft W ∈[−1, 1]; Z=π(X) with coeffs. ∈[−0.27, 0.27] Min Y Gultchin et al. (2023)

A.4 Consolidated dataset summary

Table 9 provides a unified overview of all 13 benchmark datasets, consolidating key structural and exper-
imental properties in a single reference. This table complements the SCM specifications per-dataset in
Appendices A.5–A.7 and the usage-coverage table (Table 3) in the main text. The column “#Nodes” counts
endogenous (observed) variables only; latent variables are listed separately where applicable. The column
“Intervention domain” specifies the admissible range per manipulable variable as used in the benchmark.
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A.5 Synthetic dataset SCMs

This section provides the full structural equations, noise distributions, intervention domains, and causal graph
diagrams for the four synthetic hard-intervention datasets used in our benchmark. For each data set, we
follow a standardized format: (i) a brief description including the source reference, the number of nodes, and
the direction of the task; (ii) the exogenous variables and their distributions; (iii) the endogenous structural
equations; (iv) the noise model with explicit distributional parameters; (v) the intervention domain; and
(vi) a figure of the causal graph with a consistent color scheme (green = manipulable, red = target, light-
gray = non-manipulable, dark-gray = latent).

A.5.1 ToyGraph

A minimal three-node chain-structured SCM introduced by Aglietti et al. (2020), consisting of variables X,
Z, and Y . Both X and Z are manipulable (intervenable); Y is the target. The task is to minimize Y .
Figure 9 shows the causal graph.

Exogenous variable.

X ∼ PX (input variable, exogenous)

Endogenous variables.

Z = e−X + εZ ,

Y = cos Z − e−Z/20 + εY .

Noise model. All noise terms εZ , εY are mutually independent. In the original CBO implementation,
these are drawn from N (0, σ2) with a small variance σ2.

Intervention domain. Hard interventions on X and Z use dataset-specific domains:

X ∈ [−5, 5], Z ∈ [−5, 20].

The admissible scopes are {X}, {Z}, and {X, Z}.

X Z Y

Figure 9: ToyGraph SCM. Green nodes represent manipulable variables; the red node is the target variable
Y .

A.5.2 Synthetic

A seven-node SCM with two latent variables, introduced by Aglietti et al. (2020). The observed nodes
are A, B, C, D, E, F, Y , with latent confounders U1 and U2. Among the observed nodes, B, D, and E are
manipulable; A, C, and F are not manipulable; and Y is the target. The task is to minimize Y . Figure 10
shows the causal graph.

Latent variables.

U1 = εY A ∼ N (0, 1),

U2 = εY B ∼ N (0, 1).
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Exogenous variable.

F = εF ∼ N (0, 1).

Endogenous variables.

A = F 2 + U1 + εA,

B = U2 + εB ,

C = e−B + εC ,

D = e−C

10 + εD,

E = cos A + C

10 + εE ,

Y = cos D + sin E + U1 + U2 εY .

Noise model. Each ε• is an independent noise term. In the original CBO implementation, the endogenous
noise terms are drawn from N (0, σ2) with small variance σ2.

Intervention domain. Hard interventions on B, D, and E use dataset-specific domains:

B ∈ [−5, 4], D ∈ [−5, 5], E ∈ [−6, 3].

The admissible scopes include all non-empty subsets of {B, D, E} considered by the benchmark intervention-
set construction.

A E

Y

F

B

D
𝑈! 

𝑈" C

Figure 10: Synthetic SCM. Light-gray nodes are non-manipulable variables; dark-gray nodes are latent
confounders; green nodes are manipulable variables; the red node is the target variable Y .

A.5.3 Synthetic-2

A three-node SCM introduced in the cCBO line of work (Aglietti et al., 2023), consisting of variables X, Z,
and Y . Both X and Z are manipulable; Y is the target. The task is to minimize Y . The structure is similar
to ToyGraph but uses explicitly specified Gaussian noise. Figure 11 shows the causal graph.

Exogenous variable.

X = εX , εX ∼ N (0, 1).

Endogenous variables.

Z = e−X + εZ ,

Y = cos Z − e−Z/20 + εY .
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Noise model. εX ∼ N (0, 1), εZ ∼ N (0, 1), and εY ∼ N (0, 1). All noise terms are mutually independent.

Intervention domain. Hard interventions on X and Z are each drawn from [−3, 3]. The admissible
scopes are {X}, {Z}, and {X, Z}.

A
E

YB
D

C

Synthetic-2
Figure 11: Synthetic-2 SCM. Green nodes represent manipulable variables; the red node is the target variable
Y .

A.5.4 Chain-hard

A four-node SCM introduced by Gultchin et al. (2023) as the hard-intervention version of the Chain bench-
mark. The observed variables are X, W , Z, and Y . Among them, W and Z are manipulable; X is a
non-manipulable context variable; and Y is the target. The task is to minimize Y . Figure 12 illustrates the
causal graph.

Structural equations.

X = UX ,

W = UW ,

Z = −0.5X + UZ ,

Y = −W − 3ZX + UY .

Noise model. UX , UW , UZ , UY ∼ N (0, 1), mutually independent.

Intervention domain. Hard interventions in W and Z are each restricted to [−1, 1]. A hard intervention
replaces the corresponding structural equation with a fixed constant. The admissible scopes are {W}, {Z},
and {W, Z}.

X Z Y

Chain

W

Figure 12: Chain-hard SCM. Light-gray nodes are non-manipulable variables; green nodes are manipulable
variables; the red node is the target variable Y .

A.6 Real dataset SCMs

This section provides the full structural equations, noise distributions, fitting details, and intervention do-
mains for the four real or fitted-SCM hard-intervention datasets. Unlike the synthetic datasets above, these
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SCMs are either fitted to real observational data or derived from domain-specific causal models. We follow
the same standardized format as in the Appendix A.5. For protein reconstruction, we additionally document
the fitting procedure to ensure transparent reproducibility.

A.6.1 Ecology

An 11-node SCM based on the Bermuda reef calcification model of Courtney et al. (2017), introduced in CBO
(Aglietti et al., 2020). The manipulable variables are Nut, Chlα, TA, DIC, and ΩA. The non-manipulable
variables are Tem, Sal, Pco2 , Light, and pHsw. The target is NEC (net ecosystem calcification). The task is
to maximize NEC. Figure 13 shows the causal graph.

Exogenous variables.

Tem = UTem ∼ N (24.184130, 3.2204052),

Sal = USal ∼ N (36.591624, 0.1491972),

Nut = UNut ∼ N (0.492065, 1.5924082),

TA = UTA ∼ N (2357.893696, 27.6093552).

Endogenous variables.

Pco2 = 18.798174 + 15.797384 Tem + UPco2
,

Chlα = 0.373420 − 0.002400 Nut + UChlα,

Light = 6665.081996 − 10737.462582 Chlα + ULight,

pHsw = 8.427706 − 0.000966 Pco2 + UpHsw,

DIC = 2131.672107 − 0.216560 Pco2 + UDIC,

ΩA = 3.245248 + 0.094332 Tem + 0.006754 Sal − 0.005737 Pco2 + UΩA
,

NEC = 211.422555 − 0.000030 Light + 0.016680 Nut − 25.719277 pHsw − 0.500403 ΩA + UNEC.

Noise model. UPco2
∼ N (0, 28.8966392), UChlα ∼ N (0, 0.0392952), ULight ∼ N (0, 1546.9130342), UpHsw ∼

N (0, 0.0052582), UDIC ∼ N (0, 18.4121002), UΩA
∼ N (0, 0.0369582), and UNEC ∼ N (0, 1.0733402). All noise

terms are mutually independent.

Intervention domain. Hard interventions in Nut, Chlα, TA, DIC, and ΩA are applied in domain-specific
ranges corresponding to the natural variability reported in Courtney et al. (2017). The benchmark uses the
intervention domains specified in the public CBO repository.

A.6.2 Protein-reconstructed

An eight-node SCM reconstructed from protein-signaling data from Sachs et al. (2005), following the DAG
used in cCBO (Aglietti et al., 2023). The manipulable variables are PKC, PKA, Mek, and Akt. The non-
manipulable variables are Raf, P38, and Jnk. The target is Erk (extracellular signal-regulated kinase). The
task is to minimize Erk. Figure 14 shows the causal graph.

Fitting procedure. This is a transparent reconstruction, not an exact reproduction of the unreleased fitted
SCM from the original cCBO experiments. We retain the connected subgraph used in cCBO and fit linear
structural mechanisms using ordinary least squares on 852 observational samples from Sachs et al. (2005).
The parent sets are determined by the cCBO DAG. The linear model class was chosen for reproducibility
and interpretability; nonlinear alternatives (e.g. kernel regression) were not explored.
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Figure 13: Ecology SCM. Light-gray nodes are non-manipulable variables; green nodes are manipulable
variables; the red node is the target variable NEC.

Exogenous variable.

PKC = UPKC ∼ Uniform(1, 106).

Endogenous variables.

PKA = 554.390731 + 0.841153 PKC + UPKA,

Raf = 62.199046 − 0.177745 PKC − 0.000379 PKA + URaf ,

Mek = −1.090275 + 0.039662 PKC − 0.000652 PKA + 0.520845 Raf + UMek,

P38 = 15.144328 + 1.234783 PKC + 0.000591 PKA + UP38,

Jnk = 52.953603 − 0.764801 PKC − 0.005306 PKA + UJnk,

Akt = −31.110747 + 0.128905 PKA + UAkt,

Erk = −23.248743 + 0.081707 PKA − 0.029886 Mek + UErk.

Noise model. UPKA ∼ N (0, 427.4379962), URaf ∼ N (0, 41.7687822), UMek ∼ N (0, 16.6958652), UP38 ∼
N (0, 13.1111642), UJnk ∼ N (0, 42.0747152), UAkt ∼ N (0, 113.9585042), and UErk ∼ N (0, 82.7601982). All
noise terms are mutually independent.

Intervention domain and constraints. Hard interventions in PKC and PKA are drawn from the range
[0.5, 106.5] and [1.45, 4491.5], respectively. The interventions in Mek and Akt use the domains observed in
the Sachs data, which are [0.5, 389.5] and [1.2, 3555.5]. Biological plausibility constraints on PKC and PKA
are enforced by clamping the proposed values to their observed ranges.

A.6.3 Healthcare

A six-node SCM derived from a real-world clinical setting (Thompson & Yung, 2019), involving Age, BMI,
Aspirin, Statin, Cancer, and PSA. The manipulable variables are Aspirin and Statin. Non-manipulable
variables are Age, BMI, and Cancer. The target is PSA (prostate-specific antigen). The task is to minimize
PSA. Figure 15 shows the causal graph.

Exogenous variable.

Age ∼ Uniform(55, 75).
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Figure 14: Protein-signaling SCM (reconstructed). Light-gray nodes are non-manipulable variables; green
nodes are manipulable variables; the red node is the target variable Erk.

Endogenous variables.

BMI = 27.0 − 0.01 Age + εBMI,

Aspirin = σ
(
−8.0 + 0.10 Age + 0.03 BMI

)
+ εAspirin,

Statin = σ
(
−13.0 + 0.10 Age + 0.20 BMI

)
+ εStatin,

Cancer = σ
(
2.2 − 0.05 Age + 0.01 BMI − 0.04 Statin + 0.02 Aspirin

)
+ εCancer,

PSA = 6.8 + 0.04 Age − 0.15 BMI − 0.60 Statin + 0.55 Aspirin + 1.00 Cancer + εPSA,

where σ(x) = 1
1+e−x denotes the sigmoid function.

Noise model. εBMI ∼ N (0, 0.72), εPSA ∼ N (0, 0.42). Each remaining ε• is an independent noise term
with small variance.

Intervention domain. Although the original data template specifies Aspirin and Statin as binary vari-
ables, existing CBO implementations commonly relax them to continuous values in (0, 1) for BO-style op-
timization. We follow this convention to remain comparable to the prior work. The admissible scopes are
{Aspirin}, {Statin}, and {Aspirin, Statin}.

age

BMI

aspirin

statin

cancerPSA

Figure 15: Healthcare SCM. Light-gray nodes are non-manipulable variables; green nodes are manipulable
variables; the red node is the target variable PSA.

A.6.4 Epidemiology

A five-node SCM introduced in CEO (Branchini et al., 2023), modeling an HIV treatment scenario based
on Havercroft & Didelez (2012). The observed variables are B, T , L, R, and Y . The manipulable variables
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are T (treatment dose) and R (second treatment). The non-manipulable variables are B (baseline) and L
(intermediate health indicator). The target is Y (viral load). The task is to minimize Y . Figure 16 shows
the causal graph.

Exogenous variables.

B ∼ Uniform(−1, 1),

T ∼ Uniform(4, 8).

Endogenous variables.

L = exp(0.5 T + U), U ∼ N (0, 1),

R = 4 + L T,

Y = 0.5 + cos(4T ) + sin(−L + 2R) + B + ε, ε ∼ N (0, 1).

Noise model. U ∼ N (0, 1) and ε ∼ N (0, 1). All noise terms are mutually independent.

Intervention domain. Hard interventions in T are drawn from [4, 8] and in R from [4, 8]. The admissible
scopes are {T}, {R}, and {T, R}. Since CEO uses a modified HIV SCM, more specific clinical interpretations
of B and L are not provided in the original article.

R

B

T

L

Y

Epidemiology

Figure 16: Epidemiology SCM. Light-gray nodes are non-manipulable variables; green nodes are manipulable
variables; the red node is the target variable Y (viral load).

A.7 Soft-intervention datasets

This section details the five soft-intervention datasets used in the benchmark. These datasets fall into two
categories:

1. Function network benchmarks (Ackley, Rosenbrock, Dropwave, Alpine2): Classical global optimiza-
tion benchmarks reformulated as deterministic function networks, where each action variable propagates
through intermediate nodes to the target. Interventions correspond to setting action variables, and the
network structure defines soft causal relationships. These are maximization tasks.

2. SCM-based policy benchmark (Chain-soft): A full structural causal model in which a soft intervention
replaces the structural equation of one variable with a context-dependent policy. This is a minimization
task.

For each data set, we specify the network architecture, all structural equations, the action domains, and the
target computation. Figures use a consistent color scheme: blue = intermediate variables, orange squares =
action (intervention) variables, red = target.
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Figure 17: Ackley function network (D = 6). Blue nodes indicate intermediate variables; orange squares
represent action (intervention) variables; the red node is the target variable Y .

A.7.1 Ackley

A multimodal, non-separable function-network benchmark with six action variables a0, . . . , a5, two intermedi-
ate nodes X0 and X1, and target node Y . The task is to maximize Y . Following the standard configuration
in the BO function-network (Sussex et al., 2023; 2024), we use the domain ai ∈ [−2, 2] for i = 0, . . . , 5,
corresponding to D = 6. Figure 17 shows the function network.

Action variables. ai ∈ [−2, 2], i = 0, . . . , 5.

Intermediate variables.

X0 = 1
D

5∑
i=0

a2
i ,

X1 = 1
D

5∑
i=0

cos(2πai),

where D = 6.

Target variable.

Y = 20 exp
(

−0.2
√

X0

)
+ exp(X1) − 20 − e.

Interpretation. X0 aggregates the average squared magnitude of the action variables, while X1 aggregates
the average cosine term. The target Y combines these two intermediate quantities to recover the Ackley
objective in the form of maximum reward. The observational (unintervened) setting corresponds to ai = 0
for all i.

A.7.2 Rosenbrock

A unimodal, non-separable function-network benchmark with a narrow curved valley. The network has action
variables a0, . . . , aD−1, intermediate nodes X0, . . . , XD−2, and target node Y . The task is to maximize Y .
We use the domain ai ∈ [−2, 2] and consider D ∈ {3, 5, 7}. Figure 18 shows the chain-structured function
network.

Action variables. ai ∈ [−2, 2], i = 0, . . . , D − 1.
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Figure 18: Rosenbrock function network (shown for D = 3). Blue nodes indicate intermediate variables;
orange squares represent action (intervention) variables; the red node is the target variable Y .

Intermediate variables. The first intermediate node computes the first Rosenbrock term:

X0 = −100
(
a1 − a2

0
)2 − (1 − a0)2.

Each subsequent node recursively accumulates the next pairwise contribution:

Xk = −100
(
ak+1 − a2

k

)2 − (1 − ak)2 + Xk−1, k = 1, . . . , D − 2.

Target variable.

Y = XD−2.

Interpretation. The Rosenbrock function network forms a causal chain in which the first node computes
the initial Rosenbrock component, and each later node adds one additional pairwise contribution to the
accumulated objective. The target Y recovers the Rosenbrock objective in the form of maximum reward.
The observational setting corresponds to ai = 0 for all i.

A.7.3 Dropwave
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Figure 19: Dropwave function network. Blue nodes indicate intermediate variables; orange squares represent
action (intervention) variables; the red node is the target variable Y .

A highly multimodal two-dimensional function-network benchmark with two action variables a0 and a1, an
intermediate node X0 and a target node Y . The task is to maximize Y . Following the BO setup of the
standard function-network (Sussex et al., 2023; 2024), we use the domain a0, a1 ∈ [−5.12, 5.12]. Figure 19
shows the function network.

Action variables. a0, a1 ∈ [−5.12, 5.12].

Intermediate variable.

X0 =
√

a2
0 + a2

1 + ϵ0.
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Target variable.

Y = 1 + cos(12X0)
2 + 0.5X2

0
+ ϵY .

Interpretation. The intermediate node X0 computes the radial distance from the origin induced by the
two action variables. The target Y applies the oscillatory Dropwave transformation to this radial value.
Following MCBO and related function-network BO settings, this benchmark can also be evaluated in a noisy
setting by choosing non-zero ϵ0 and ϵY .

A.7.4 Alpine2
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Figure 20: Alpine2 function network (K = 6). Blue nodes indicate intermediate variables; orange squares
represent action (intervention) variables; the red node is the target variable Y .

A multimodal, separable chain-structured function-network benchmark with action variables a0, . . . , a5, in-
termediate nodes X0, . . . , X4, and target node Y . The task is to maximize Y . We use the setting K = 6
with the action domain ai ∈ [0, 10] for i = 0, . . . , 5. Figure 20 shows the function network.

Action variables. ai ∈ [0, 10], i = 0, . . . , 5.

Intermediate variables. The first intermediate node is defined as

X0 = −
√

a0 sin(a0).

Each subsequent node combines its own action variable with the output of the previous node through the
Alpine2 multiplicative structure:

Xk =
√

ak sin(ak) Xk−1, k = 1, . . . , 4.

Target variable.

Y =
√

a5 sin(a5) X4.

Interpretation. Alpine2 forms a causal chain in which each stage combines its own decision variable
with the output of the previous stage through a multiplicative structure. The analytical global maximum
is

∏5
i=0

√
a∗

i sin(a∗
i ) = 2.8086 ≈ 400 at a∗

i ≈ 7.917 for all i. This subsection corresponds to the K = 6
configuration used in our experiments.

A.7.5 Chain-soft

The soft-intervention Chain benchmark uses the same base SCM as Chain-hard (Appendix A.5.4), with
observed nodes X, W, Z, Y . Here, X is a non-manipulable context variable, W is hard-intervenable, Z is
soft-intervenable via a context-dependent policy, and Y is the target. The task is to minimize Y . Figure 21
illustrates the SCM with the intervention policy.
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Figure 21: Chain SCM under soft intervention. Light-gray nodes are non-manipulable variables; green nodes
indicate hard-intervenable variables; blue nodes indicate intermediate variables; the orange rectangle denotes
the intervention policy π0; the red node is the target variable Y .

Exogenous variables.

X = UX ∼ N (0, 1),

W = UW ∼ N (0, 1).

Endogenous variables (unintervened).

Z = −0.5X + UZ ,

Y = −W − 3ZX + UY ,

where UZ ∼ N (0, 1) and UY ∼ N (0, 1), all mutually independent.

Intervention policy. Under soft intervention, the structural mechanism of Z is replaced by a context-
dependent policy π0:

Z := π0(X),

so that the intervened SCM becomes:

X = UX ,

W = UW or W := w, w ∈ [−1, 1],

Z = π0(X),

Y = −W − 3ZX + UY .

Intervention domain and policy parameterization. The admissible scopes include a purely functional
intervention in Z (through the policy π0) and a mixed intervention combining the functional intervention in
Z with a hard intervention in W over [−1, 1]. Following Gultchin et al. (2023), each functional intervention
is represented using samples GridSize = 10 and Nα = Nβ = 10 for the context variable, with coefficients αi

and βj uniformly sampled from [−0.27, 0.27]. This parameterization keeps the induced intervention values
comparable to the hard-intervention range [−1, 1].

Interpretation. Because the target Y = −W − 3ZX + UY depends on the interaction between Z and the
context X, the optimal intervention in Z generally varies with X. This makes Chain-soft a key benchmark
for evaluating context-adaptive intervention strategies. In the figure, the dashed arrows X 99K π0 99K Z
indicate that the policy takes X as input and determines the intervened value of Z.
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