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Abstract

Non-linear state-space models, also known as
general hidden Markov models (HMM), are
ubiquitous in statistical machine learning, being
the most classical generative models for serial
data and sequences. Learning in HMM, either
via Maximum Likelihood Estimation (MLE) or
Markov Score Climbing (MSC) requires the es-
timation of the smoothing expectation of some
additive functionals. Controlling the bias and
the variance of this estimation is crucial to es-
tablish the convergence of learning algorithms.
Our first contribution is to design a novel additive
smoothing algorithm, the Parisian particle Gibbs
(PPG) sampler, which can be viewed as a PARIS
(Olsson & Westerbornl |2017) algorithm driven
by conditional SMC moves, resulting in bias-
reduced estimates of the targeted quantities. We
substantiate the PPG algorithm with theoretical
results, including new bounds on bias and vari-
ance as well as deviation inequalities. We then
establish, in the learning context, and under stan-
dard assumptions, non-asymptotic bounds high-
lighting the value of bias reduction and the im-
plicit Rao-Blackwellization of PPG. These are
the first non-asymptotic results of this kind in this
setting. We illustrate our theoretical results with
numerical experiments supporting our claims.
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1. Introduction

Sequential Monte Carlo (SMC) methods, or particle fil-
ters, are simulation-based approaches used for the online
approximation of posterior distributions in the context of
Bayesian inference in state space models. In nonlinear hid-
den Markov models (HMM), they have been successfully
applied for approximating online the typically intractable
posterior distributions of sequences of unobserved states
(Xsy,-..,Xs,) given observations (Y;,,...,Y:,) for 0 <
s1 < sgand 0 < t; < to. Standard SMC methods use
Monte Carlo samples generated recursively by means of
sequential importance sampling and resampling steps. A
particle filter approximates the flow of marginal posteriors
by a sequence of occupation measures associated with a
sequence {&}Y |, ¢ € N, of Monte Carlo samples, each
particle £ being a random draw in the state space of the
hidden process. Particle filters revolve around two opera-
tions: a selection step duplicating/discarding particles with
large/small importance weights, respectively, and a muta-
tion step evolving randomly the selected particles in the
state space. Applying alternatingly and iteratively selec-
tion and mutation results in swarms of particles being both
temporally and spatially dependent. The joint state posteri-
ors of an HMM can also be interpreted as laws associated
with a Markovian backward dynamics; this interpretation is
useful, for instance, when designing backward-sampling-
based particle algorithms for nonlinear smoothing (Douc
et al.,[2011; | Del Moral et al.,|2010).

Throughout the years, several convergence results as the
number N of particles tends to infinity have been estab-
lished; see, e.g., (Del Moral, 2004; Douc & Moulines)
2008; [Cappé et al., 2005) and the references therein. In
addition, a number of non-asymptotic results have been
established, including time-uniform bounds on the SMC
L, error and bias as well as bounds describing the prop-
agation of chaos among the particles. Extensions to the
backward-sampling-based particle algorithms can also be
found for instance in (Douc et al., 2011; |Del Moral et al.,
2010; Dubarry & Le Corff], 2013).

In this paper, we consider the problem of parameter learn-
ing with stochastic gradient algorithms. We set the focus on
learning the parameter of a function whose gradient is the
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smoothed expectation of an additive functional, i.e. can be
written 1g.;hy = E[h(Xo.¢) | Yo for additive functionals
h; in the form

t—1
ht(xO:t) = Z ﬁs(xs:s+1)a (1)

s=0

where Xj.,, and Yj.,, denote vectors of states and observa-
tions (see below for precise definitions). Such expectations
appear frequently in the context of maximum-likelihood
parameter estimation in nonlinear HMMs, for instance,
when computing the score function (the gradient of the log-
likelihood function) or the Expectation Maximization in-
termediate quantity; see (Cappél 2001; |Andrieu & Doucet,
2003} [Poyiadjis et al., [2005; |Cappé, [2011}; Poyiadjis et al.,
2011; |[Le Corff & Fort, [2013). In this specific context,
where a smoothing estimator is employed repeatedly to
produce mean-field estimates, controlling the bias and the
MSE of the estimator becomes critical (see (Karimi et al.,
2019)). This learning problem is usually tackled using ei-
ther the Particle Gibbs (Lindholm & Lindsten, 2018), or
classical smoothing algorithms such as the FFBSi or the
PARIS (Olsson & Westerborn, 2017). While the former
has exponentially decreasing bias (w.r.t the number of iter-
ates) under standard assumptions, it usually results in high
variance and a huge waste of the particle cloud generated.
The latter is biased, since it is self normalised but results
in smaller variance that the particle Gibbs. Recently, zero
bias estimators (see (Jacob et al., |2020; [Lee et al., [2020))
have been proposed based on the coupling of the particle
Gibbs that could be used in this framework, but they suffer
from having a random computational complexity and high
variance.

‘We propose a new algorithm combining the PARIS and the
particle Gibbs algorithms. The conditional particle cloud
resulting from the particle Gibbs is now used not only to
generate the next conditioning trajectory as in the usual par-
ticle Gibbs but it is also used to generate a smoothing esti-
mate, reducing waste of computational work. This leads to
a batch mode PARIS particle Gibbs (PPG) sampler, which
we furnish with an upper bound on the bias that decreases
inversely proportionally to the number IV of particles and
exponentially fast with the particle Gibbs iteration index
(under the assumption that the particle Gibbs sampler is
uniformly ergodic), while keeping the MSE comparable to
that of the underlying backward smoother. Furthermore,
in the context of score ascent with the PPG we provide a
non-asymptotic bound for the expectation of the squared
gradient in terms of bias and MSE of the PPG. This bound
establishes an O(log(n)/+/n) convergence of the learning
procedure. This paper and its contributions are structured
as follows.

* In Section [3| we lay out the methodology of our Par-

ticle Gibbs within smoothing algorithm, coined the
PPG algorithm. We then provide an upper bound on
its bias and MSE as a function of the number of par-
ticles and the iteration index of the Gibbs algorithm,
see Theorem 1]

* In Section ] we undertake the learning problem
and present the second result of this paper, a
O(log(n)/+/n) non-asymptotic bound on the expec-
tation of the squared gradient norm taken at a random
index K, see Theorem 2}

* In Section[5.1] we illustrate our results through numer-
ical experiments, showing that our algorithm is empir-
ically grounded.

Notation. For a given measurable space (X, X), where
X is a countably generated o-algebra, we denote by F(X)
the set of bounded X'/B(R)-measurable functions on X.
For any h € F(X), we let ||h]|oc = sup,ex |h(z)| and
osc(h) = sup(, znexz |M(x) — h(z’)| denote the supre-
mum and oscillator norms of h, respectively. Let M(X) be
the set of o-finite measures on (X, X) and M, (X) C M(X)
the probability measures. For any i € F(X) and p € M(X)
we write p(h) = [ h(z)u(dz). For a Markov kernel K
from (X, X) to another measurable space (Y, ))), we define
the measurable function Kh : X 5 z — [ h(y)K (z,dy).
The composition pK is a probability measure on (Y,))
such that uK : X 3 A — [ p(dz)K (x,dy)1a(y). For all
sequences {ay }yez and {b"},ez, and all s < ¢ we write
as:t = {as,...,a;} and b5t = {b% ... b'}.

2. Background

2.1. Hidden Markov models

Hidden Markov models consist of an unobserved state pro-
cess {X;}ien and observations {Y;}icn, where, at each
time ¢ € N, the unobserved state X; and the observation
Y, are assumed to take values in some general measur-
able spaces (X¢, X;) and (Yy,):), respectively. It is as-
sumed that { X; }+¢n is a Markov chain with transition ker-
nels {M; },en and initial distribution 79. Given the states
{X:}+en, the observations {Y; }:cn are assumed to be in-
dependent and such that for all ¢ € N, the conditional dis-
tribution of the observation Y; depends only on the cur-
rent state X;. This distribution is assumed to admit a
density g;(X;,-) with respect to some reference measure.
In the following we assume that we are given a fixed se-
quence {y; }+en Of observations and define, abusing nota-
tions, g¢+(-) = g:(-,y:) for each t € N. We denote, for
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0< s <t X = [],_, Xy and Xy = &;,_, X,. Con-
sider the unnormalized transition kernel

Qs Xs X Xsy1 2 (2, A) = gs(x)Ms(x, 4)  (2)

and let

t—1

Yo:t - XO:t > A = /]lA(xO:t) nO(de) H Qs(xsy dxs+1)-

s=0

3)

Using these quantities, we may define the joint-smoothing
and predictor distributions at time ¢ € N as

Mot : Xo:t D A M, 4)
’70:t(X0:t>
ne X 2 A o (Kow—1 x A), )

respectively. It can be shown (see (Cappé et al., 2005,
Section 3)) that 7)9.; and 7, are the conditional distribu-
tions of Xy.; and X, given Yy, respectively, evaluated at
Yo:t—1. Unfortunately, these distributions, which are vital
in Bayesian smoothing and filtering as they enable the es-
timation of hidden states through the observed data stream,
are available in a closed form only in the cases of linear
Gaussian models or models with finite state spaces; see
(Cappé et al.} [2009) for a comprehensive coverage.

2.2. Particle filters

For most models of interest in practice, the joint smoothing
and predictor distributions are intractable, and so are also
any expectation associated with these distributions. Still,
such expectations can typically be efficiently estimated us-
ing particle methods, which are based on the predictor re-
cursion 741 = Q¢ /m1g:. At time ¢, if we assume that
we have at hand a consistent particle approximation of 7,
formed by N random draws {&;}Y |, so-called particles,
in X; and given by Y = N1 Zf\il d¢i, plugging n¥ into
the recursion tying 7,11 and 7; yields the mixture 7V Q;,
from which a sample of /N new particles can be drawn in or-
der to construct nﬁ_l. To do so, we sample, forall 1 < i <
N, ancestor indices of ~ Categorical({g(&f)}5,) and
then propagate &} 11~ M (¢*,-). This procedure, which
is initialized by sampling the initial particles {¢}} | inde-
pendently from 7, describes the particle filter with multi-
nomial resampling and produces consistent estimators such
that for every h € F(X;), ¥ (h) converges almost surely
to 77:(h) as the number N of particles tends to infinity.

This procedure can also be extended to produce parti-
cle approximations of the joint-smoothing distributions
{no.t }+en. Note that the successive ancestor selection steps
described previously generates an ancestor line for each
terminal particle £!, which we denote by &}.,. It can then

be easily shown that 7}, = N1 Zf;l 656’:z forms a parti-
cle approximation of the joint-smoothing distribution 7).;.
However, it is well known that the same selection operation
also depletes the ancestor lines, since, at each step, two dif-
ferent particles are likely to originate from the same ances-
tor from the previous generation. Thus, eventually, all the
particles end up having a large portion of their initial an-
cestry in common. This means that in practice, this naive
approach, which we refer to as the poor man’s smoother,
suffers generally from high variance when used for esti-
mating joint-smoothing expectations of objective function-
als depending on the whole state trajectory.

2.3. Backward smoothing and the PARIS al-
gorithm

We now discuss how to avoid the problem of particle de-
generacy relative to the smoothing problem by means of
so-called backward sampling. While this line of research
has broader applicability, we restrict ourselves for the sake
of simplicity to the case of additive state functionals in the
form

t

hi(zo.t) =

S

1

Bs(l's:s—i-l)a To € X0zt~ (6)

I
=)

Appealingly, using the poor man’s smoother described in
the previous section, smoothing of additive functionals can
be performed online alongside the particle filter by letting,
for each s,

N
N o -1 :
nO:shS =N ZB; (7)
i=1
where the statistics {3¢}%; satisfy the recursion

; ot 7 ai ;

5;+1 = Bs* +h5(58‘7 ;+1)7 (8)

where ai is, as described, the ancestor at time s of particle
L

As mentioned above, the previous estimator suffers from
high variance when s is relatively large with respect to V.
However, assume now that the model is fully dominated in
the sense that each state process kernel M has a transition
density m, with respect to some reference measure; then,
interestingly, it is easily seen that the conditional probabil-
ity that of = j given the offspring £;, ; and the ancestors
{€63 Y is given by

A(i, ) = gs(fﬁ)ms(@@éﬂ) '
D)= o ema e )

Here A, forms a backward Markov transition kernel on
[1,N] x [1,N]. Using this observation, we may avoid

©))
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completely the particle-path degeneracy of the poor man’s
smoother by simply replacing the naive update (8) by the
Rao-Blackwellized counterpart

N
=) A8+ (€6 )Y (10)
j=1

This approach, proposed in (Del Moral et al.,|2010), avoids
elegantly the path degeneracy as it eliminates the ances-
tral connection between the particles by means of averag-
ing. Furthermore, it is entirely online since at step s only
the particle populations £} and ¢L/Y are needed to per-
form the update. Still, a significant drawback is the overall
O(N?) complexity for the computation of 3}V, since the
calculation of each %, in (T0) involves the computation
of N2 terms, which can be prohibitive when the number N
of particles is large. Thus, in (Olsson & Westerborn, [2017),
the authors propose to sample M < N conditionally in-
dependent indices {.J37}22, from the distribution A (i, )
and to update the statistics according to

= 12(/% +ha(€ L) an

The key aspect of this approach is that the number M of
sampled indices at each step can be very small; indeed, for
any fixed M > 2, the algorithm, which is referred to as the
PARIS, can be shown to be stochastically stable with an
O(t) variance (see (Olsson & Westerbornl, 2017, Section 1)
for details), and setting M to 2 or 3 yields typically fully
satisfying results.

Let us end this section by mentioning that the PARIS
estimator can be viewed as an alternative to the FFBSm
(Doucet et al., 2000), rather than the FFBSi (Godsill et al.|
2004). Even if the PARIS and FFBSi are both randomised
versions of the FFBSm estimator, the PARIS is of a dif-
ferent nature than the FFBSi. The PARIS approximates
the forward-only FFBSm online in the context of additive
functionals by approximating each updating step by addi-
tional Monte Carlo sampling. The sample size M is an
accuracy parameter that determines the precision of this
approximation, and by increasing M the statistical prop-
erties of the PARIS approaches those of the forward-only
FFBSm (see (Olsson & Westerborn, 2017, Theorem 8)).
On the other hand, as shown in (Douc et al., 2011, Corol-
lary 9), the asymptotic variance of FFBSi is always larger
than that of the FFBSm, with a gap given by the variance of
the state functional under the joint-smoothing distribution.
Thus, we expect, especially in the case of a low signal-to-
noise ratio, the PARIS estimator to be more accurate than
the FFBSi for a given computational budget. The method-
ology we develop next can be seamlessly extended to the
FFBSm and FFBSi algorithms but since the PARIS has a

practical edge w.r.t. the FFBSi, we chose to center our con-
tribution around it although the main idea behind our paper
is more general.

3. PARIS particle Gibbs

3.1. Particle Gibbs methods

The conditional particle filter (CPF) introduced in (An-
drieu et al., [2010a) serves the basis of a particle-based
MCMC algorithm targeting the joint-smoothing distribu-
tion 7o.;. Let £ € N* be an iteration index and (o.+[{]
a conditional path used at iteration ¢ of the CPF to con-
struct a particle approximation of 7.; as follows. At step
s € [1,¢] of the CPF, a randomly selected particle, with
uniform probability 1/N, is set to ([¢], whereas the re-
maining N — 1 particles are all drawn from the mixture
7N 1Qs_1. At the final step, a new particle path o.+[¢ + 1]
is drawn either:

* by selecting randomly, again with uniform probability
1/N, a genealogical trace from the ancestral tree of
the particles {5V}t _, produced by the CPF, as in
the vanilla particle Gibbs sampler;

* or by generating the path by means of backward sam-
pling, i.e., by drawing indices Jy.; backwards in time
according to .J; ~ Categorical({1/N}¥ ) and, con-
ditionally to Jsy1, Js ~ As(Js41,), s € [0, — 1],
and letting Co.¢ [0 + 1] = (£]°, ... &), where the tran-
sition kernels {A}t_,, defined by (9), are induced
by the particles produced by the CPF, as proposed in
(Whiteleyl, [2010).

The theoretical properties of the different versions of the
particle Gibbs sampler are well studied (Singh et al. 2017}
Chopin & Singhl 2015a; |Andrieu et al., |2018). In short,
the produced conditional paths ({o.¢[¢])¢en form a Markov
chain whose marginal law converges geometrically fast in
total variation to the target distribution 7)9.;. As it is the
case for smoothing algorithms, the vanilla particle Gibbs
sampler suffers from bad mixing due to particle path de-
generacy while its backward-sampling counterpart exhibits
superior performance as ¢ increases (Lee et al., 2020).

3.2. The PPG algorithm

Remarkably, for the standard particle Gibbs samplers to
output a single conditional path, a whole particle cloud
{€1:N}t_ is generated and then discarded, resulting in sig-
nificant waste of computational work. Thus, we now intro-
duce a variant of the PARIS algorithm, coined the PARIS
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particle Gibbs (PPG), in which the conditional path of par-
ticle Gibbs with backward sampling is merged with the in-
termediate particles, ensuring less computational waste and
reduced bias with respect to the vanilla PARIS.

In the following we let ¢ € N be a fixed time horizon,
and describe in detail how the PPG approximates itera-
tively no.tht, where h; is an additive functional in the form
(6). Using a given conditional path (y.+[¢ — 1] as input,
the /-th iteration of the PPG outputs a many-body sys-
tem ((&3.,,51),. (fo V., BN)) comprising N backward
partlcle paths {50 t} —, with associated PARIS statistics
{Bi}X., (TI). This is the so-called conditional PARTS up-
date detalled in Algorithm[I] After this, an updated condi-
tional path is selected with probability 1/N among the N
particle paths {&5,}%Y | and used as input in the next con-
ditional PART S operation. At each iteration, the produced
statistics {3{}~_; provide an approximation of 7.;h; ac-
cording to (7). The overall algorithm is summarized in Al-
gorithm 2] The function CPF describes one internal step
of the conditional particle filter and is given in Algorithm 6
of the supplementary material. In addition, the PPG algo-
rithm defines a Markov chain with Markov transition kernel
denoted by K; and detailed in (39).

Algorithm 1 One conditional PARIS update (cPaRIS)

Input: {(53:_8,52) s Ce+1’
Result: {(50;54_17 ﬂs—i—l) i=1
draw &N ~ CPF o1 (Csq1)
fori < 1to N do
draw {JO M~ A(i,

) i . e
set By M_l E?ﬂ (ﬁ;j + hs(fgls ’§;+1))

set &, 4q < (§0 s >€s+1)

oM

Algorithm 2 One iteration of PPG
Input: Initial path Coitr {hs }ib
Result: {Bt is1s Cout
drawf ~ CPFo(Co)
set 5y «— 0 fori € [1, N]
for s < 0tot —1do
L set {(&6.5415BL41) i]i} A
CPaRIS({(&i):M B;) f\;b CS+17 hS)
draw ¢, ~ N1 Oei .

As performing k steps of the PPG results in k£ many-body
systems, it is natural to consider the following roll-out es-
timator which combines the backward statistics from step
ko < k to k:

k N

S S sl

t=ko+1 j=1

(kg ), (he) = [N (k = ko)] ™ (12)

The total number of particles used in this estimator is C' =
(N — 1)k per time step. We denote by v = (k — ko) /k the
ratio of the number of particles used in the estimator to the
total number of sampled particles.

We now state the first main results of the present paper,
in the form of theoretical bounds on the bias and mean-
squared error (MSE) of the roll-out estimator (I2)). These
results are obtained under the following strong mixing as-
sumptions, which are now standard in the literature (see
(Del Moral, 2004; Douc & Moulines, 2008; |Del Morall,
2013; \Del Moral et al., [2016))). It is crucial for obtaining
quantitative bounds for particle smoothing algorithms, see
(Olsson & Westerbornl 2017) or (Gloaguen et al.|[2022) but
also for the coupled conditional backward sampling parti-
cle filter (Lee et al., [2020).

A 3.1 (strong mixing). For every s € N there exist 75, 75,
gs, and 7, in R} such that

(1) 75 < gs(xs) < 75 forevery x5 € X,
(i) g5 < mg(xs,x541) < 05 for every (x5,2541) €
xs:s+1-

Under A define, for every s € N, p, =
MaX,,e[0,s] TmOm (Tm0m) " and, for every N € N* and
t € Nsuchthat N > N; := (1 +5p7/2) vV 2t(1 + p?),

1— (14 5tp2/2)/N
KNt =1—
: 1+4t(1+2p2)/N

13)

Note that x; € (0,1) for all N and ¢ as above.

Theorem 1. Assume AB.1} Then for everyt € N, M € N*,
§ € Ml(X():t), ko € N*, k > kg and N € N* such that
N> Ny,

|E& [W(kg i), 5 (he)] = no:the| < ovias (1)
2
Ee [(H(ko,k),zv(ht) — 10:¢ht) ] <o,
where
B iy ' ey 1) 9
bias ~— ,
(k kO)(l — R, N)N
2= Do lonlloc)? (e, 26"
mse * N(k k()) t N1/2(1 — /»{,t,N)
and b c¢ and ¢S are constants that do not depend

on N and E¢ denotes the expectation under the law of the
Markov chain formed by the PPG when initialized accord-
ing to &.

The proof is provided in the supplementary material. One
of the important ingredients for the proof is that under the
smoothing distribution 7)y.¢, the PPG estimates are unbiased
(see Theorem|5)). Importantly, (I4) provides a bound on the
bias of the roll-out estimator that decreases exponentially
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with the burn-in period k( and is inversely proportional to
the number N of particles. This means that we can improve
the bias of the PARIS estimator with a better allocation of
the computational resources.

4. Parameter learning with PPG

‘We now turn to parameter learning using PPG and gradient-
based methods. We set the focus on learning the parameter
0 of a function V' (#) whose gradient is the smoothed expec-
tation of an additive functional s¢.; ¢ in the form (6). Al-
gorithm [4] defines a stochastic approximation (SA) scheme
where the noise forms a parameter dependent Markov
chain with associated invariant measure mg. We follow
the approach of (Karimi et al.| 2019) to establish a non-
asymptotic bound over the mean field h(0) = mpSo.t.0.
Such a setting encompasses for instance the following esti-
mation procedures.

(1) Score ascent. In the case of fully dominated HMMs, we
are often interested in optimizing the log-likelihood of
the observations given by V() = log [ vo.t,0(dzo.¢).
By applying Fisher’s identity, we may express its gradi-
ent as a smoothed expectation of an additive functional
according to

VoV (0) = / Vo 10810 (20:) Moo (o),

t—1
= [ 3 stateren) muo(daos),
£=0

where (x,2") —

50,0 Xeo+1 >
-1
Vo log{ge,o(z)mee(z, ')} and so.e0 == Y gy Se.6-

(2) Backward KL surrogates. Inspired by (Naesseth
et al., 2020), we may consider the problem of learn-
ing a surrogate model for 7.; ¢ in the form gy (xo.:) =
4o (20) [11=0 46 (we41,2¢) by minimizing V()
KL(nO:t,av Q¢)’

Algorithm 3 Gradient estimation with roll-out PPG (ai)
Input: 0, (o.+[0], So.¢,9, number k of PPG iterations, burn-
in k(].

Result: 51N [ko @ k], Co.t[k]
for{ < O0tok —1do

( th[f + 1]) CO:t[g + 1]) A PPG(H’ CO:t[E]a 50:t,0)

if £ > kg — 1 then

| set BEN[+1] = BEN[L + 1]

Note that Algorithm
Markov kernel P,

B defines
defining for

a (collapsed)
each path (o

14
15

1

=

Algorithm 4 Score ascent with PPG.

Input: 6, (o.+[0], number & of PPG iterations, burn-in ko,
number of SA iterations n, learning-rate sequence
{W}eeN-

Result: 6,

fori < Oton —1do .

tl:N[k‘O : k], CU:t[Z' + 1] — Gd(@l, C():t[i], 50:t,0; 5 k, ]{70)

k=1 <N i
set ko k), N (S0:2,0,) = N(kl—ko) Dtmry 21 Bl

set 011 < 0; + Yir 11 (1o, 1), N (50:2,0,)

a  measure P (Cot, d(Coit, BN ko : K]))  over
the extended space of paths and sufficient statis-
tics. Note that by evaluating the function

. —1«k N 4

bi N [ko K] = [N(k — ko)™ 3¢ 11 22— bi14]

at a realisation of this kernel gives the roll-out estimator
whose properties are analysed in Theorem [I] The Markov
kernel Py, is detailed in (70).

The following assumptions, are vital when analysing the
convergence of Algorithm 4]

A 4.1. (i) The function § — V(#) is LY -smooth.

(ii) The function 8 — 1. ¢ is L"-Lipschitz in total vari-
ation distance.

(iii) For each path (p.; € Xp., the function § +—
Ko +(Costs dEO:t) is Lf -Lipschitz in total variation dis-
tance, where Kpy ; is the path-marginalized Markov
transition kernel associated with the PPG algorithm
when the model is parameterized by 6, see (39).

(iv) For each path (p.; € Xg.¢, the function

0 — Py Il —1.5,n5(S0:4,0) (Co:t) (15)

is LY -Lipschitz in total variation distance.

In the case of score ascent we check, in Appendix (B} that
these assumptions hold if the strong mixing assumption
A@] is satisfied uniformly in #, and with additional as-
sumptions on the model. We are now ready to state a bound
on the mean field h(6) for Algorithm[4]

Theorem 2. Assume A[.1| uniformly in 6 and AH.1] and

suppose that the stepsizes {Yo41}ec[o,n] Satisfy yes1 < Ve
Yo < aves1, Ve — Yeyr < a'yf and vy < 0.5(LY 4+ C)
for some a >0, a’ > 0 and all n € N. Then,

5 Vo + Con + Coy D k=0 Vhs1
ZZ:O Vk+1

)

(16)

E [|Ih(6=)[*] <
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where Vi ,, = E[V(0) — V(6,)] and

Com = 11h(00)Co + Opias(11 — Y41 + )0y, » (A7)

COKY = U},QML,LV + U];lsecl + UbiasLV(Sk_jV,t (18)
Cy
mseO bias Lv F 6_1
+ OpuseOb ( + 11— liN,t) k,N,t >
Cp= (LY +d + l)Ubias5k_,}v,t (19)
ObiasC2 a+1
C mse | >
" ( - ﬁN«,t)fsk,N,t) { 2 "7 }
c, =LP [1 + ﬁﬂ“vyté,;}vyt} +LY 20)
Cy = Lf‘sl;}\/,t + Ln”’f\ﬂt : D

where Cy is independent of Opiss,Omse, N and where
_ k
5k,N,t =1- K:N,t‘

Theorem [2] establishes not only the convergence of Algo-
rithm [] but also illustrates the impact of the bias and the
variance of the PPG on the convergence rate.

Remark 1. Under additional assumptions on the model
(cf Appendix [B), if we consider v, < 0.5(LY +
Chr)s v 1€~ for all £ € [l1,n], then
o Vw1 Dm0 Ykt logn/y/n, showing that
E [[|M(0=)]?] is O(log n/+/n), where the leading constant
depends on op;,s and oy

~

Remark [I] establishes the rate of convergence of Algo-
rithm {] In principle we could try to optimize the pa-
rameters k, kg and IV of the algorithm using these bounds,
but one of the main challenges with this approach is the
determination of the mixing rate, which is crudely upper
bounded by ;. Still, our bound provides interesting in-
formation of the role of both bias and MSE.

5. Numerics

In this section, we focus on the numerical analysis of the
two main results of the paper, namely the bias and MSE
bounds of the roll-out estimator established in Theorem [I]
and the efficiency of using PPG for learning in the frame-
work developed in SectionE} For the latter, we will restrict
ourselves to the case of parameter learning via score ascent.
The code used in this section is available[ﬂ Throughout this
section, we set M = 2 for the PPG algorithm. In this set-
ting, the competing method that corresponds most closely
to the one presented here consists of using, as presented in
Algorithm 3] a standard particle Gibbs sampler I1y instead
of the PPG. One of the most common such samplers is the
particle Gibbs with ancestor sampling (PGAS) presented
in (Lindsten et al.l[2014). In (Lindholm & Lindsten, |2018)),

"https://anonymous.4open.science/r/ppg/

18

19

20

21

22

the PGAS is used for parameter learning in HMMs via the
Expectation Maximization (EM) algorithm.

Algorithm 5 Score ascent with particle Gibbs kernel.

Data: ((.+[0], 6y, number k of paths per trajectory, burn-
in kg, number n of SA iterations, learning-rate se-
quence {7¢}een, Ip(Co:t,dCo.t) a Markov kernel
targeting 7o.¢.

Result: 6,

fori < Oton —1do

for j <~ Oto k —1do )
L sample Co.¢[j + 1] ~ Iy (Co.t[4], )
set 0i+1 —0; + ];Yiz,lo Z§=k0+1 50:t,0; (501&[6])

set CO:t[i + 1] = EO:t[k]

5.1. PPG

Linear Gaussian state-space model (LGSSM). We first

consider a linear Gaussian HMM

X7n+1 = AX77L+Q6m+1, Y, = BX77L+R<77L7 m € N,
(22)

where {€,, } men+ and {(n bmen are sequences of indepen-
dent standard normally distributed random variables, inde-
pendent of X,. The coefficients A, @), B, and R are as-
sumed to be known and equal to 0.97, 0.60, 0.54, and 0.33,
respectively. Using this parameterisation, we generate, by
simulation, a record of ¢ = 999 observations.

In this setting, we aim at computing smoothed ex-
pectations of the state one-lag covariance h:(2o.¢)
Zf;zlo TmTm+1- In the linear Gaussian case, the dis-
turbance smoother (see (Cappé et al.l 2005, Algorithm
5.2.15)) provides the exact values of the smoothed suffi-
cient statistics, which allows us to study the bias of the
estimator for a given computational budget C. Figure [I]
displays, for three different total budgets C, the distribu-
tion of estimates of 7g.,h, using the PARIS as well as
three different configurations of the PPG corresponding
to k € {2,4,10} (and N = C/k) with kg = k/2 and
ko = k/4. The reference value is shown as a red-dashed
line and the mean value of each distribution is shown as a
black-dashed line. Each boxplot is based on 1000 indepen-
dent replicates of the corresponding estimator. We observe
that in this example, all configurations of the PPG are less
biased than the equivalent PARIS estimator while main-
taining comparable variance. The illustration of the bounds
from Theorem []is postponed to Appendix [D.1]


https://anonymous.4open.science/r/ppg/
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Figure 1: PARIS and PPG outputs for the LGSSM for C' =
500, yellow boxes correspond to PPG outputs produced us-
ing N € {10, 25,50, 100} iterations and ¥ = C/N parti-
cles with ko = k/2.

5.2. Score ascent

LGSSM. We consider the LGSSM with state and obser-
vation spaces being R®. We assume that the parameters R
and @ are known and consider the inference of § = (A, B)
on the basis of a simulated sequence of n = 999 observa-
tions. In this setting, the M-step of the EM algorithm can be
solved exactly with the disturbance smoother (Cappé et al.,
2005, Chapter 11). The parameter obtained by this proce-
dure (denoted 6,,,) is the reference value for any likelihood
maximization algorithm. Table[T]shows the Ly distance be-
tween the singular values of 6,,,, and those of the parame-
ters obtained by Algorithm [4] and Algorithm [5| The CLT
confidence intervals were obtained on the basis of 25 repli-
cates. The configurations of the PPG estimators respect a
given particle budget kN = C' = 1024. For a fair compar-
ison, for each configuration of the PPG estimator, we run
an equivalent w.r.t. clock time PGAS estimator. The time
needed for one gradient step for each estimator averaged
over 100 replicates is reported in Table [I The choice of
keeping ko = k/2 is a heuristic rule to achieve a good bias—
variance trade-off, but other combinations of ky and k& may
lead to better performance for different problems. We anal-
yse the impact of the different settings for the LGSMM in
Appendix [D.2] All settings are the same for both algorithms
and are described in Appendix[D.2] The PPG achieves con-
sistently a smaller distance to 6,,,. Figure [2] displays, for
each estimator and configuration, the evolution of the dis-
tance to the MLE estimator as a function of the iteration
index.

2 x10°

10°

—— PGAS(N=64, k=48)
PGAS(N=128, k=24)

Dwie

6x 107 PGAS(N=256, k=12)
PPG(N=64, k=32)

4x107 PPG(N=128, k=16)

3x10-1|— PPG(N=256, k=8)

100 10! 102 103 104
i

Figure 2: Distance to the MLE estimator as a function of
the iteration step for the PGAS and PPG configurations
from Table|l] The solid lines and the shaded region repre-
sent the mean and CLT confidence intervals obtained with
25 replications.

Table 1: Distance to Oyir,g (D) for each configuration in
the LGSSM case. dt(s) represents the average running time
for each configuration.

Algorithm | N | ko | k De 0t(s)
PGAS 64 | 24 | 48 | 0.72+0.04 | 5.66
PGAS 128 | 12 | 24 | 0.59+0.04 | 2.84
PGAS 256 | 6 | 12| 0.59+£0.05 | 142

PPG 64 | 16 | 32 | 0.37+0.03 | 4.56
PPG 128 | 8 | 16 | 0.36£0.04 | 2.37
PPG 256 | 4 | 8 | 0.35+£0.04 | 1.57

CRNN. We consider now the problem of inference in
a non-linear HMM and in particular the chaotic recurrent
neural network introduced by (Zhao et al., 2021). We use
the same setting as in the original paper. The state and ob-
servation equations are

X1 = X + 7 A (=X + YW tanh (X)) + €yt
Y, = BX,, + Cm, m e N,

where {€,, }men+ is a sequence of 20-dimensional inde-
pendent multivariate Gaussian random variables with zero
mean and covariance 0.01I and {(, }men is a sequence
of independent random variables where each component
is distributed independently according to a Student’s t-
distribution with scale 0.1 and 2 degrees of freedom. We
consider § = (W, B).

In this case, the natural metric used to evaluate the different
estimators is the negative log likelihood (NLL). We use the
unbiased estimator of the likelihood given by the mean of
the log weights produced by a particle filter (Douc et al.,
2014, Section 12.1) using N = 10% particles. Table
shows the results obtained for 25 different replications for
several different configurations of PPG while keeping to-
tal budget of particles fixed. As for the LGSSM, for each
configuration of the PPG we run the time-equivalent PGAS
estimator. Further numerical details and the system config-
uration used in the experiments are given in Appendix [D.2]
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Table 2: Per configuration negative loglikelihood for the
CRNN model.

Algorithm | N | ko | & NLL ot(s)
PGAS 32 | 32| 64 | 31887 +£128 | 3.90
PGAS 64 | 16 | 32 | 31269 +£254 | 1.99
PGAS 128 | 8 | 16 | 30994 +288 | 1.16

PPG 32 | 16 | 32 | 22292+48 | 2.79
PPG 64 8 | 16 | 22315+£25 | 1.39
PPG 128 | 4 8 22353 £39 | 0.92

We observe that PPG achieves the a considerably lower
NLL than PGAS in all configurations.

6. Conclusion

We have presented a new algorithm, referred to as PPG as
well as bounds on its bias and MSE in Theorem[Il We then
propose a way of using PPG in a learning framework and
derive a non-asymptotic bound over the gradient of the up-
dates when doing score ascent with the PPG with explicit
dependence on the bias and MSE of the estimator. We pro-
vide numerical simulations to support our claims, and we
show that our algorithm outperforms the current competi-
tors in the two different examples analysed.
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In this section, we develop the theoretical framework necessary to establish Theorem[I] We recall the notions of Feynman—
Kac models, many-body Feynman—Kac models, backward interpretations, and conditional dual processes. Our presentation
follows closely (Del Moral et al 2016) but with a different and hopefully more transparent definition of the many-body
extensions. We restate (in Theorem [3] below) a duality formula of (Del Moral et al., 2016) relating these concepts. This
formula provides a foundation for the particle Gibbs sampler described in Algorithm 2]

Notations. Let (Z, Z) be a measurable space and L another possibly unnormalised transition kernel on Y x Z. Define,
with K as above,

KL:XxZ5> (m,A)H/L(y,A)K(m,dy)

and
K®L:Xx(Y®2Z)> (z,A) — //JIA(y,Z)K(x,dy)L(y,dZ),

whenever these are well defined. This also defines the ® products of a kernel K on X x ) and a measure v on X" as well
as of akernel L on Y x & and a measure x on ) as the measures

V®K:X®y9AH//EA(xvy)K(%dZU)V(dx)v

L®u:X®y9AH//JIA(Ly)L(y,dw)u(dy)-

A.1. Many-body Feynman-Kac models

In the following, we assume that all random variables are defined on a common probability space (€2, F,P). The dis-
tribution flow {7, }men defined in Equation is intractable in general, but can be approximated by random samples
€, = {€ YN |, m € N, referred to as particles, where N € N* is a fixed Monte Carlo sample size and each particle ¢!,
is an X,,,-valued random variable. Such particle approximation is based on the recursion 7,,+1 = @, (7)), m € N, where
®,,, denotes the mapping

By s My (X)) 5 7 s 1M (23)
Ngm
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taking on values in M;(X,,11). In order to describe recursively the evolution of the particle population, let m € N
and assume that the particles £, form a consistent approximation of 7,, in the sense that u(&,,)h, where u(€,,) =
N1t Zf\; d¢i , with d,; denotes the Dirac measure located at z, is the occupation measure formed by &,,,, which serves as
a proxy for 7, h for all n,,-integrable test functions k. Under general conditions, 1(€,,,)h converges in probability to 7,,
with N — oo; see (Del Moral, [2004; |Chopin & Papaspiliopoulos, |2020) and references therein. Then, in order to generate
an updated particle sample approximating 7,41, new particles §,,, . | = {&, 11 } | are drawn conditionally independently
given §,,, according to

N

:n 17 (I)m m)) = gm(ge )
+ (1(€:m)) ;Zw o)

Since this process of particle updating involves sampling from the mixture distribution ®,,,(1(£,,,)), it can be naturally
decomposed into two substeps: selectzon and mutation. The selection step consists of randomly choosing the ¢-th mixture
stratum with probability g, (€£,)/ SN g,,(€%) and the mutation step consists of drawing a new particle £/, 41 from the
selected stratum M,,, (£L,, -). In (Del Moral et al., 2016), the term many-body Feynman—Kac models is related to the law of
process {&,, }men. Forall m € N, let X,,, == X]rvn and X, = XN then {€,, }.men is an inhomogeneous Markov chain
on {X;, }men with transition kernels

M, (€5.,-), iell,N].

m?

M, Xy X X1 2 (€, A) = O, () 2N (A)

and initial distribution 1, = n(?N . Now, denote Xg.,, := H:;:O X,, and Xg.,, = ®n _og Xm. In the following, we use

m=0

a bold symbol to stress that a quantity is related to the many-body process. The many-body Feynman—Kac path model
refers to the flows {+,,, }men and {n,,, } men of the unnormalised and normalised, respectively, probability distributions on
{X0:m }men generated by (@) and (@) for the Markov kernels { M ,,, } ., en, the initial distribution 7),, the potential functions

N
a.m: XTn STy [L :Bm Im = ng m € N7

and the corresponding unnormalised transition kernels

Q.. Xy X X i1 D (@, A) = g (@) M (T, A), m €N

A.2. Backward interpretation of Feynman—Kac path flows

Suppose that each kernel @,,, n € N, defined in (2), has a transition density ¢,, with respect to some dominating measure
An+1 € M(X,,4+1). Then for n € Nand n € M;(X,,) we may define the backward kernel

— f ]lA xna$n+1) (dl‘n)
Qn, : Xn x Xn 9 In 7A (24)
n X @arn, )= =7 T zn,xnm (dz})
Now, denoting, for n € N*,
n—1 (_
By, Xy, X Xoip—1 2 (In,A) = / : '/]]-A(xo:n—l) H Qm,nm (xm+1,d:17m), (25)
m=0

we may state the following—now classical—backward decomposition of the Feynman—Kac path measures, a result that
plays a pivotal role in this paper.

Proposition 1. For every n € N* it holds that vo., = Vn ® By, and ng., = 1, ® Bi,.

Although the decomposition in Proposition E] is well known (see, e.g., (Del Moral et al., 2010; [Del Moral et al., 2016)),
we provide a proof in Appendix[A.6.T|for completeness. Using the backward decomposition, a particle approximation of a
given Feynman—Kac path measure 7)., is obtained by first sampling, in an initial forward pass, particle clouds {¢,,}" _,
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fromn,® M(®---® M, and then sampling, in a subsequent backward pass, for instance N conditionally independent
paths {&8.,,} Y, from B,, (&, ..., &,,, ), where

n—1
IB%n : XO:n X XO:n 2> (:CO:n,A) = / . '/]]-A(x():n) (H <@m,u(acm)(‘Tm-‘rladxm)) ,LL(.’Bn)(dl‘n) (26)

m=0

is a Markov kernel describing the time-reversed dynamics induced by the particle approximations generated in the forward
pass. Here and in the following we use blackboard notation to denote kernels related to many-body path spaces. Finally,
u({fg)m}f\;l)h is returned as an estimator of 7)., i for any 7.,,-integrable test function h. This algorithm is in the literature
referred to as the forward—filtering backward—simulation (FFBSi) algorithm and was introduced in (Godsill et al., [2004);
see also (Cappé et al., 2007; Douc et al., 2011). More precisely, given the forward particles {€,}7 _, each path £}, is
generated by first drawing f}l uniformly among the particles £, in the last generation and then drawing, recursively,

N R
i < =i qn (ggn’ g’fn )
§m ~ Qm,u(ﬁm)(gm—ﬁ-la ) = Z - =

N ~.
7j=1 28:1 %’ﬂ(fﬂw wln—i-l)

3ei (), 27

i.e., given &1, € is picked at random among the &,, according to weights proportional to {g,, (&7, &%, +1)}72,. Note
that in this basic formulation of the FFBSi algorithm, each backward-sampling operation requires the computation of
the normalising constant Zévzl qm (&L, ~£n 1), which implies an overall quadratic complexity of the algorithm. Still, this
heavy computational burden can eased by means of an effective accept—reject technique discussed in Appendix [A.4]

A.3. Conditional dual processes and particle Gibbs

The dual process associated with a given Feynman—Kac model (H3) and a given trajectory {z, }necn, Where z,, € X,, for
every n € N, is defined as the canonical Markov chain with kernels

N-1

1 i —i—
M, (zng1) : Xn X Xpg1 D (T, A) = N Z (CI)n(M(fl’n))® ® 5Zn+1 ® (pn(ﬂ(wn))®(N 1)) (A), (28)
i=0
for n € N, and initial distribution
| Nl
i N—i—

mo(z0) =~ > (0§ @8, @y ). (29)

i=0

As clear from , given {z, }nen, a realisation {£,, }nen of the dual process is generated as follows. At time zero,
the process is initialised by inserting 2o at a randomly selected position in the vector §, while drawing independently the
remaining components from 7. Then, given £, at step n, 2,41 is inserted at a randomly selected position in £, ; while
drawing independently the remaining components from ®,, (1(&,,))-

In order to describe compactly the law of the conditional dual process, we define the Markov kernel
(Cn . xO:n X XO:n > (ZO:n7A) = 770(20) ® MO<Z1> ®---Q Mn,1<2n>(14)

The following result elegantly combines the underlying model (#H3), the many-body Feynman—Kac model, the backward
decomposition, and the conditional dual process.

Theorem 3 ((Del Moral et al., [2016)). Forall n € N,

Bn ® Yo:n = Y0:n ® (Cn (30)

In (Del Moral et al.l [2016)), each state &,, of the many-body process maps an outcome w of the sample space € into an
unordered set of N elements in X,,. However, we have chosen to let each &, take on values in the standard product space
Xﬁ’ for two reasons: first, the construction of (Del Moral et al., [2016) requires sophisticated measure-theoretic arguments
to endow such unordered sets with suitable o-fields and appropriate measures; second, we see no need to ignore the index
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order of the particles as long as the Markovian dynamics (28H29) of the conditional dual process is symmetrised over the
particle cloud. Therefore, in Appendix [A.6.2] we include our own proof of duality (30) for completeness. Note that the
measure (30) on Xp.,, ® X., is unnormalised, but since the kernels B,, and C,, are both Markovian, normalising the
identity with v9.,,(X0.n) = Yo.n(Xo:n) yields immediately

]Rn ® Mo:n = No:n & Cn (31)

Since the two sides of provide the full conditionals, it is natural to choose a data-augmentation approach and sample
the target using a two-stage deterministic-scan Gibbs sampler (Andrieu et al.,[2010b; |Chopin & Singh} |2015b). More
specifically, assume that we have generated a state (&,.,,[¢], o:n[¢]) comprising a dual process with associated path on the
basis of £ € N iterations of the sampler; then the next state (&.,,[¢ + 1], o.n[¢ + 1]) is generated in a Markovian fashion by
sampling first €., [¢ + 1] ~ C,,(Co:n[¢], -) and then sampling Co.., [¢ + 1] ~ B, (&g.,,[¢ + 1], -). After arbitrary initialisation
(and the discard of possible burn-in iterations), this procedure produces a Markov trajectory {(&,.,,[¢], Co:n[€]) } ecn, and
under weak additional technical conditions this Markov chain admits as its unique invariant distribution. In such a
case, the Markov chain is ergodic (Douc et al.l 2018, Chapter 5), and the marginal distribution of the conditioning path
Co:n [€] converges to the target distribution 7)g.,,. Therefore, for every h € F(Xp.,,),

lim 7Zh<0n = nNomh, P-as.

L—oo L

A.4. The PARIS algorithm

In the following, we assume that we are given a sequence {hy, },ecn of additive state functionals as in (6). This problem
is particularly relevant in the context of maximum-likelihood-based parameter estimation in general state-space models,
e.g., when computing the score-function, i.e. the gradient of the log-likelihood function, via the Fisher identity or when
computing the intermediate quantity of the Expectation Maximization (EM) algorithm, in which case 7)j.,, and h,, corre-
spond to the joint state posterior and an element of some sufficient statistic, respectively; see (Cappé & Moulines} |2005;
Douc et al.l 2011} [Del Moral et al., 2010; |[Poyiadjis et al.l 2011} |Olsson & Westerborn, [2017) and the references therein.
Interestingly, as noted in (Cappél 2011} |Del Moral et al., [2010), the backward decomposition allows, when applied to
additive state functionals, a forward recursion for the expectations {no.n,hn, }nen. More specifically, using the forward
decomposition hy,+1(Zo.n+1) = hn(Tom) + ﬁn(xn, Zp+1) and the backward kernel B, 11 defined in (23), we may write,
for z,,+1 € Xp41,

— ~
Bn+1hn+1(xn+1) = / Qn,nn (xn+la dxn)/ (hn(xOn) + hn(xnvanrl)) Bn(xna de:nfl)

% ~
= Qunn. (Bnhy + ha)(Tn1), (32)
which by Proposition[T]implies that

— ~
770:n+1hn+1 = Mn+1 Qn,nn (Bnhn + hn) (33)

Since the marginal flow {7, },en can be expressed recursively via the mappings {®,, }en, (33) provides, in principle, a
basis for online computation of {7g.,,/,, }nen. To handle the fact that the marénals are generally intractable we may, fol-
lowing (Del Moral et al., [2010), plug particle approximations (&, 1) and @, (e, ) (see @7)) of 41 and Qn#(n”

respectively, into the recurswn (33). More precisely, we proceed recursively and assume that at time n we have at
hand a sample {(¢%, 82)}Y, of particles with associated statistics, where each statistic 3% serves as an approximation
of Bph,,(&L); then evolvmg the particle cloud according to §,, | ~ M, (&,,,-) and updating the statistics using (32)), with

Qn.n, replaced by @, (¢, ), yields the particle-wise recursion

N

YA N )
=3 Nqn(ﬁn,ﬁnH) ) (5g+hn( g,g;+1)), i e [1,N], (34)

/=1 Zglzl qn( g? ;L—‘rl

and, finally, the estimator

w(B,,)(id) =N Z B (35)
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of 9., hin, where B3,, := (BL,...,8N),i € [1, N]. The procedure is initialised by simply letting 35 = 0 for all i € [[1, N].
Note that (33)) provides a particle interpretation of the backward decomposition in Proposition[i] This algorithm is a special
case of the forward—filtering backward—smoothing (FFBSm) algorithm (see (Andrieu & Doucet, 2003} |Godsill et al., 2004;
Douc et all, 2011}, [Sarkkdl, [2013)) for additive functionals satisfying (6). It allows for online processing of the sequence
{N0:nhn }nen, but has also the appealing property that only the current particles £, and statistics 3,, need to be stored.
However, since each update requires the summation of /N terms, the scheme has an overall quadratic complexity in
the number of particles, leading to a computational bottleneck in applications to complex models that require large particle

sample sizes N.

In order to detour the computational burden of this forward-only implementation of FFBSm, the PARIS algorithm (Olsson
& Westerborn, [2017) updates the statistics 3,, by replacing each sum by a Monte Carlo estimate

M
el = ]\14; (B +ha(€ €hn)) . i € [LN], (36)

where {(£59, B57)}M, are drawn randomly among { (&, 3%)}L, with replacement, by assigning (¢3,7, 5%7) the value of
(&, %) with probability g, (5, &%)/ Zé\f:l an (€8 €0 +1)» and the Monte Carlo sample size M € N* is supposed to be

much smaller than N (say, less than 5). Formally,

al q (54 §i +1) o
c1.71 D '7 1 M n n»sSn .
(&8 M5~ (D == 0.8 , i€[LN].
=1 =1 (&5 Engr)
The resulting procedure, summarised in Algorithm [I] allows for online processing with constant memory requirements,
since it only needs to store the current particle cloud and the estimated auxiliary statistics at each iteration. Moreover, in
the case where the Markov transition densities of the model can be uniformly bounded, i.e. when there exists, for every
n € N, an upper bound &, > 0 such that for all (2, Zn11) € Xy X Xpy1, Mp(Tn, Tny1) < 7y (a weak assumption
satisfied for most models of interest), a sample (&;,7, 3,;7) can be generated by drawing, with replacement and until accep-
tance, candidates (£5*, 85*) from {(&%, 3%)}Y , according to the normalised particle weights {g,(£5)/ >, gn (€)Y,

obtained as a by-product in the generation of &, ;, and accepting the same with probability m,, (£5*, 52_5_1) /Tn. As this

sampling procedure bypasses completely the calculation of the normalising constant Z?,le Gn (ffll, £ +1) of the targeted
categorical distribution, it yields an overall O(M N) complexity of the algorithm as a whole; see (Douc et al., [2011) for
details.

Increasing M improves the accuracy of the algorithm at the cost of additional computational complexity. As shown in
(Olsson & Westerbornl 2017)), there is a qualitative difference between the cases M = 1 and M > 2, and it turns out that
the latter is required to keep PARIS numerically stable. More precisely, in the latter case, it can be shown that the PARIS
estimator 1((3,,) satisfies, as N tends to infinity while M is held fixed, a central limit theorem (CLT) at the rate v/N and
with an n-normalised asymptotic variance of order O(1 — 1/(M — 1)). As clear from this bound, using a large M only
yields a waste of computational work, and setting M to 2 or 3 typically works well in practice.

We now introduce the Parisian particle Gibbs (PPG) algorithm. For all t € N*,let Y; := Xo.x x Rand Y} = Xp.: ® B(R).
Moreover, let Yq := Xg x {0} and ) = X, ® {{0},0}. An element of Y; will always be denoted by y; = (2¢.¢¢, b+). The
Parisian particle Gibbs sampler comprises, as a key ingredient, a conditional PARIS step, which updates recursively a set
of Y¢-valued random variables vy := (&, e BY), i € [1,N]. Let (v¢)ien denote the corresponding many-body process,
each v, := {(&,,;- Bf)}iL; taking on values in the space Y, := Y;", which we furnish with a o-field Y, := ON  The
space Yo and the corresponding o-field Yy are defined accordingly. For every ¢ € N, we write £, for the collection
{{é:t‘t}f\le of paths in vy, and &, for the collection {ftilt}i]\il of end points of the same.

In the following, we let ¢ € N be a fixed time horizon, and describe in detail how the PPG approximates 7. h; iteratively.
In short, at each iteration ¢, the PPG produces, given an input conditional path (y.+[¢], a many-body system v:[¢ + 1] by
means of a series of conditional PARIS operations; then, an updated path (p..[¢ + 1], serving as input at the next iteration,
is generated by picking one of the paths £, [ + 1] in v [¢ + 1] at random. At each iteration, the produced statistics 3, in
v, provides an approximation of 7g.;h; according to (33).

More precisely, given the path (o.:[¢], the conditional PARIS operations are executed as follows. In the initial step,
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&ojol¢ + 1] are drawn from 14 (Co[¢]) defined in @9) and v§[¢ + 1] (58‘0[8 + 1],0) for all 4 € [1, NJ; then, recursively
for m € [0, t], assuming access to v, [¢ + 1],

(1) we generate an updated particle cloud §,,, 1 [£ + 1] ~ My (Gn1[€]) (€ [€ + 1], 2),

(2) we pick at random, for each i € [1, N], an ancestor path with associated statistics (£, [¢ + 1], 821[¢ 4 1]) among
U [¢ + 1] by drawing

o+ 11, 850+ 1
(go.m[ 1L A+ ~ s= 12’ 1(Jm(§s Im[é_"” WL-i-l[é_'—lD

5vfn[€+1]7 i€ HLN]L

(3) we draw, with replacement, M — 1 ancestor particles and associated statistics { (€57 [( + 1], 829 [¢ + 1])}}L, at random
from {(¢2 [0+ 1],85)[¢ + 1]} according to

m|m

N ®(M—1)
(@10 +1), B2 [0+ 1)}, ~ <Z Ber (ex1),p, [141) :
’ s=1 Zi\/;l @ (3 [0+ 1] € +1])

(4) we set, for all i € [[]-7 N]]’ gé;n,+1‘m,+1[£ + 1] (E(Z) 1n[€ + ]‘} §m+1[£ + 1]) and Ufn—‘,—l[g + 1] — (Sé:nz—&-l\mﬂ—l[z +
1], 8L, 1[¢ + 1]), where

[l +1) M~ 12( 1+ 1]+ R €10+ 1, € [0 +1]))
j=1

This conditional PARTS procedure is summarised in Algorithm[Tand step (1) is summarized in Algorithm [6]below.

Algorithm 6 One conditional particle filter step CPF, 4

Input: (14
Result: £, ., = (§;+17 e 75?—71-1)
draw I ~ Uniform(1/N)
set §e+1 Cst1
fori < 1to N do
if i £ I then
L draw o’ ~ Categorlcal({w M)

draw £s+1 ~ MS(§S ) )

Once the set of trajectories and associated statistics v;[¢+ 1] is formed by means of n recursive conditional PARI S updates,
an updated path (o.[¢ + 1] is drawn from (&g, ¢[¢ + 1]). A full sweep of the PPG is summarised in Algorithm

The following Markov kernels will play an instrumental role in the following. For a given path {z;, }men, the conditional
PARIS update in Algorithmdeﬁnes an inhomogeneous Markov chain on the spaces {(Y,, Vi) }men with kernels

Yo X YVing1 (?JWA) = / Mm<zm+1>($m|madwm+1) Sm<ym7$m+17A>7 m €N,
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where

Sm : Ym X Xm+1 X ym+1 > (ym7$m+1;A) (37)

N L A N
N

) .
% (Z Qm(xm‘m7$}m+1)

Sye (A(EGay, b))
N / ; Y 0:m> “m
=1 2= Qm(xfn\m» Ty i1)

i m|mOm

N (@ ) sy
X <Z Nm mlmei m+1. O(at bt )) (d(zh2, INJZ}}LQ, o EeM l;i;lM))
=1 =1 Qm(xm|mv Trt1)

In addition, we introduce the joint law

t—1

St : Xoit X Y 3 (@out, A) = /"'/ILA(yt) So(Jxo, @1,dy,) H S (Y Tm+1, WY y1) (38)

m=1
where we have defined J := Idy ®(0,1)T.

The kernel S; can be viewed as a superincumbent sampling kernel describing the distribution of the output v; generated
by a sequence of PARIS iterates when the many-body process {£,,}%, _, associated with the underlying SMC algorithm
is given. This allows us to describe alternatively the PPG as follows: given (o.¢[¢], draw &, [¢ + 1] ~ C¢({o.£[¢], -); then,
draw v [0 + 1] ~ S¢(&0.,[¢ + 1], -) and pick a trajectory Co.¢[€ + 1] from &, [¢ + 1] at random. The following proposition,
which will be instrumental in the coming developments, establishes that the conditional distribution of (o.¢[¢ + 1] given
&,.+[¢ + 1] coincides, as expected, with the particle-induced backward dynamics B;.

Proposition 2. Forallt € N*, N € N*, g, € Xo.t, and h € F(Xp.1),

/St(wO:ta dy,) U(wo:t\t)h = Bih(xo:)-
Finally, we define the Markov kernel induced by the PPG as well as the extended probability distribution targeted by the
same. For this purpose, we introduce the extended measurable space (E;, £,) with
E; =Yy x Xot, &=V ® Xoy.

The PPG described in Algorithm defines a Markov chain on (E;, £;) with Markov transition kernel

Ky By x E¢ 2 (Y, 20:4, A) > /// 14("y, Z0:t) Ci(20:6, do:1) Se(Zo:¢, dYy) (Xo:41¢) (dZo0:¢ ) (39

Note that the values of K; defined above do not depend on y,, but only on (zp.;, A). For any given initial distribution
& e Mi(Xpt), let P £ be the distribution of the canonical Markov chain induced by the kernel K; and the initial distribution
&. In the special case where & = d,,,, for some given path zp.; € Xo.¢, we use the short-hand notation ]Pézo-t =P, In
addition, denote by '

Ky : Xo:t X Xowt 2 (204, A) = /// 14(Z0:t) Ce(20:4, d®o:t) Se(To:t, Yy ) (X011 ) (dZ0:¢) (40)

the path-marginalised version of K;. By Proposition 2]it holds that K; = C;B;, which shows that K; coincides with the
Markov transition kernel of the backward-sampling-based particle Gibbs sampler discussed in Appendix It is also
possible to specify the invariant distribution of K.

Proposition 3. For allt € N*, it holds that
10::CeSi Ky = 10::Ci Sy . (41)
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Proof. Let f € M(E?(k_k[))).
/f(flt»50:t)7lo:t(d20:t)(ct§t(ZO:t,d(’ytaZé:t))Kt(Zf):t,yt,d(@m50:t))
= / F (@25 Z0:6)10:4(d20:6) TSt (20:2, A(Yys 20:0)) CeSt (20,05 A(Yys Z0:2))
= /f(:’:/ta Z0:6)10:¢(d20:¢) Kt (20:¢, 20,0 ) CeSe (200, A(Yys Z0:¢))
= /f(f/t,Zo:t)UO:t(dZ{);t)CtSt(Zé;tad(@t,io:t))-
O

Finally, in order prepare for the statement of our theoretical results on the PPG we need to introduce the following
Feynman—Kac path model with a frozen path. More precisely, for a given path zg.; € Xo.¢, define, for every m € [0,¢—1],
the unnormalised kernel

1 1
Qm <Zm+1> : Xy X Xm—&-l =] (xm; A) — <1 - N) Q’m(xva) + Ngm(xm) 5zm+1 (A)
and the initial distribution n9(z9) : Xy > A — (1 — 1/N)no(A) + 0,,(A)/N. Given these quantities, de-

fine, for m € [0,t], Vi {z0:m) = 10{20)Qo{z1) - - - Qm—1{2m) along with the normalised counterpart 7,,{20.;m) =
Ym{20:m ) /Ym (z0:m ) 1x,,,, - Finally, we introduce, for m € [0, ¢], the kernels

t—1
—
Bm<ZO:m71> :Xm X XO:mfl > (xmaA) — / : '/]]-A(xO:mfl) H Qm,nm<zo:m>(xm+1vdxm)v
m=0

as well as the path model 7g.,, (20.m) = Bm{(20:m—1) ® Nm{20:m)-

A.5. Proof of Theorem /1]

We start by establishing bias, MSE and covariance bounds for a fixed iteration of the PPG estimator.

Theorem 4. Assume A. Then for every t € N there exist c?®, ¢™¢, and ¢ in R such that for every M € N¥,
& e Mi(Xpt), £ € N*, s € N*, and N € N* such that N > Ny,

ﬁaWUﬂWXMH—nmhﬂ<CM"<§:W%Mm>N’%%w @)
m=0

B [(1(B.10)() — noehe)?] < me(}jmmum> @3)
[Ee [(1(B:[0)(id) = mo:the) (1(By[€ + s])(id) — no:ehe)]| < i (Z hm”oo) N72R3 4 (44)

The constants ¢, ¢, and c*” are explicitly given in the proof. Since the focus of this paper is on the dependence on
N and the index ¢, we have made no attempt to optimise the dependence of these constants on ¢ in our proofs; still, we
believe that it is possible to prove, under the stated assumptions, that this dependence is linear. The proof of the bound
in Theorem {4 is based on four key ingredients. The first is the following unbiasedness property of the PARIS under the
many-body Feynman—Kac path model.

Theorem 5. Foreveryt € N, N € N*, and ¢ € N*,
By (08 10) )] = [ 04Ci8u(dbi) (b)) = [ 10,81(dbr) () i) = o
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The proof of Theorem [3]is postponed to Appendix [A.6.3] The second ingredient of the proof of Theorem []is the uniform
geometric ergodicity of the particle Gibbs with backward sampling established in (Del Moral & Jasral [2018).

Theorem 6. Assume A3.1| Then, for everyt € N, (u,v) € M1(Xo.)?, ¢ € N*, and N € N* such that N > 1 + 5p?t/2,
|lnKf — vKf||Tv < ”,t’ where k4 is defined in (13).

As a third ingredient, we require the following uniform exponential concentration inequality of the conditional PARIS
with respect to the frozen-path Feynman—Kac model defined in the previous section.

Theorem 7. For everyt € N there exist c; > 0 and d; > 0 such that for every M € N*, zo.; € Xo.t, N € N*, and e > 0,

/CtSt(ZO:tadbt)]l {l(be) (id) — mo:¢(20:0)he| > €} < cpexp <_2(Et—d1t]\|122 I )2) ‘
m=0 mifeo

Theorem [7] whose proof is postponed to Appendix [A.6.5] implies, in turn, the following conditional variance bound.

Proposition 4. For everyt € N, M € N*, zg.; € Xo.4, and N € N¥,
/(CtSt Z0:t, dby) [11(by) (i) — moce (20 e |* < <Z hmlloo)

Using Proposition [d] we deduce, in turn, the following bias bound, whose proof is postponed to Appendix
Proposition 5. For every t € N there exists cb’“s > 0 such that for every M € N*, z9.4 € Xg.4, and N € N*¥,

t—1
<N (Z IIhmlloo> :
m=0

‘/CtSt(ZO:t,dbt) p(by)(id) — 10:¢(20:) Pt

A fourth and last ingredient in the proof of Theorem[d]is the following bound on the discrepancy between additive expecta-
tions under the original and frozen-path Feynman—Kac models. This bound is established using novel results in (Gloaguen
et al.} 2022). More precisely, since for every m € N, (z,z) € X2,, N € N*, and h € F(X,,11), using A

1
Qm(2)h(z) = @mh(z)| < *Hgm\lololloc < § Tmllfllos,

applying (Gloaguen et al., 2022, Theorem 4.3) yields the following.
Proposition 6. Assume AB.1| Then there exists ¢ > 0 such that for everyt € N, N € N, and zo.x € Xo.t,

t—1
|770:t<20:t>ht - nO:tht| S CN_l Z HhmHoo

m=0

Note that assuming, in addition, that sup,cy ||t]|sc < 00 yields an O(n/N) bound in Proposition@

Finally, by combining these ingredients we are now ready to present a proof of Theorem 4]

Proof of Theorem{d] Write, using the tower property,

Ee [1n(B, [€])(id)] = Ee [Eq,, (g [1(B; [0])(id / EK{C:Se(dby) pu(by)(id).

Thus, by the unbiasedness property in Theorem [3]
Ee [1(8, [0) ()] — mosthe] = ‘ [ ereisiab) utb)ia) - / 104 CiS4 (dby) M(bt)(id)‘

< [l = oo [ €t o i) )
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where, by Theorem |§|, IEK, f —no:t|lrv < nf\, ;- Moreover, to derive an upper bound on the oscillation, we consider the
decomposition

osc (/ (CtSt(-,dbt)u(bt)(id)> <2 (H/CtSt(~,dbt) p(be)(id) — no.¢ () by

+ [1m0:(-) e — nO:tht”OO) ,

o

where the two terms on the right-hand side can be bounded using Proposition [6] and Proposition [5] respectively. This
completes the proof of (2)). We now consider the proof of {@3)). Writing

3 {(N(ﬁt[@)(id) — no:ehy)’ /EK (d20:t)CeSt(20:¢, dby) (u(by) (id) — nothe)?

we may establish (@3) using Proposition 4] and Proposition [f} We finally consider (#4). Using the Markov property we
obtain

Eg [(n(B.10)(d) — mo:che) ((BL€ + s])(id) — no:the)]
= E¢ [(u(B:[0)(d) — no:the) (B, 1o [1(B[s]) (id)] — noehe)]

from which (@4) follows by [@2)) and @3). O

We are finally equipped to prove Theorem [I]

Proof of Theorem|I] We first consider the bias, which can be bounded according to

k
Bt Wi iy, (£)] = mosehe| < (= ko)™ Y [Bep(B[€])(id) — nosehel
t=ko+1
=1 k
< (k— ko) N (Z Ilhmlloo> > v
m=0 l=ko+1
from which the bound (T4) follows immediately.
We turn to the MSE. Using the decomposition
k
Ee [(W(ko, k), (f) = m0:6he)?] < (k — ko)~ { D Eel(u(B[)(d) — noiche)?]
l=ko+1
23S BBl — o) (B () — much)] b
b=ko+1j=L+1
the MSE bound in Theorem [d]implies that
k
S Eel(n(B,10)id) — mahe)?] < (Z ||hmoo> ko).
t=ko+1

Moreover, using the covariance bound in Theorem [ we deduce that

Z Z Ee [(11(8,[]) (id) —nocehs) (1(B,[4]) (id) — 0.t )] <cw‘<2||hm||m> N2 Z Z K5

= ko+1 j= +1 = ko+1 j= 41

Thus, the proof is concluded by noting that Ze kot 1 SOk (] E) < (k—Fko)/(1 —Kny). O

j= €+1
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A.6. Proofs of intermediate results
A.6.1. Proof of Proposition I]
Using the identity -
Qo+ Qialx, = [ mmQ@mlx,...
m=0

and the fact that each kernel @,,, has a transition density, write, for h € F(Xp.¢),

ﬂo:ch/'“/h(ffo:t)??o(dxo) tﬁ (nm[qm(-7xm+1)] Am“(dmefl)) ( G (Tms Trmt1) )

m=0 anm]lmerl nnL[Q’m('aan—l)]
TIm dfvm) qm(xmvmerl)
$0t 77t dft 45)
/ / "];[0 Im [Qm( xm-&-l )]

(Qono ®Qn 1nt1®77t)h

which was to be established.

A.6.2. Proof of Theorem[3]

Lemma 1. Forallt € N, Ty € Xt, and h € F(Xt+1 ® Xt+1),

// h(ii1s 2e401) Qp®e, dmyyr) pu(@er1)(dzegr) = // h(@iy1; 2e01) (20) Qe (dze11) My (2e41) (2o, dTiy1). (46)

In addition, for all h € F(X o ® Xp),
// (20, 20) Mo (do) p(x0)(d2o) = // X0, 20) Mo(20) (dxo) Mo (dzo). 47

Proof. Since p(x) Qi(dziy1) = gy () Pe(p(y))(dzi41), we may rewrite the right-hand side of (46) according to

// $t+1,2’t+1 (iBt)Qt(dthrl)Mt<Zt+1>(iUt7diBt+1)

N—-1
mt Z// $t+172t+1 ‘I)t( ($t))(d2’t+1)
X (@2((@0)® @ ..., ® Pu(p(20)* V) (A1)

N
1 - .
:gt(mt)ﬁi /"'/h((m%—kl"'"xiJri?Zt-‘rlax;i}’"'71.1{\—[4-1)7275-"-1)
=1

x @y (p(@)) (dzesr) [ [ @elpn(@e))(datyy)
i

N
1 )
= gu(xe) > / h@eq1, wq) My(2, dagq).
On the other hand, note that the left-hand side of (@6)) can be expressed as

N
1 _
// (@1, ze41) Qu(@e, d@egr) p(@er1)(dze1) = go(@e) 1 Z/h(ﬂﬂtﬂaﬂ?iﬂ) M (2, dw 1),
i=1
which establishes the identity. The identity is established along similar lines. O
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We establish Theoremby induction; thus, assume that the claim holds true for n and show that for all h € F(Xg.141 ®
XO:tJr 1 ) s

// h(wO:t+1aZO:t+1)70;t+1(dw0:t+1)Bt+1(330:t+17d30:t+1)

://h(iﬂo;t+17Zo:t+1)’Yo:t+1(d20:t+1)(Ct+1(20:t+1,d$0:t+1)- (48)

To prove this, we process, using definition (§3), the left-hand side of (@8] according to
// h(Z0:t+15 20:4+1) Vo1 (AT0:64+1) Bet1 (®0:041, d20:041)
= // Yo.¢(dxo.t) Be(xo.¢, d2o:1) (49)
<[ [ B@osir.z0.00) Qe deven) i) (dansa),

where we have defined the function

_ h . .
h(mO:t+1>ZO:t+1) — Qt(zt»thrl) (wo.t+1,Zo.t+1)
w(@e)[ge (-, ze41)]

Now, applying Lemma |I|to the inner integral and using that

(@) Qi (dzer1) = p(@e)[qe (-, 2e41)] A1 (dzi41)

yields, for every x¢.; and z.¢,
// 77/(3'30:#,-1-17 Zo:t+1) Qt(-’Bu daiqq) M($t+1)(dzt+1)
:// h(@o:t415 20:041) (@) Qe (dz41) Mi(ze41) (20, dTp41)

:// (@041, 20:t41) Qe (2, dzeg1) My (zeq1) (e, dyt1).

Inserting the previous identity into (@9) and using the induction hypothesis provides

// h(®o.t41, 20:041) Yopr1 (Axo:t41) Bey1 (o241, d2o:e41)
- //'YO:t(dZO:t) (Ct(ZO:t;dmO:t)
X //h(ﬂfo:t+1,20:t+1)Qt(Zt,dZt+1)Mt<Zt+1>(wt,dﬂ?f,+1)

= // h(mO:t+l>ZO:t+l)70:t+1(d20:t+1)(Ct+1(20:t+17d330:t+1),

which establishes (48).

A.6.3. Proof of Theorem 3
First, define, for m € N,
Py Yoy X Ymg1 2 (ym7A) = / Mm(wm\madmerl) Sm(ymva+17A)' (50)

For any given initial distribution 1, € M1(Yy), let ]P’f;o be the distribution of the canonical Markov chain induced by the
Markov kernels { P,, }.men and the initial distribution 1),,. By abuse of notation we write, for 5, € M1 (X)), IP’,I;O instead

of IE”f;O (el where we have defined the extension ¥,[n,](4) = f 1a(Jxo) ny(deg), A € Yo. We preface the proof of
Theorem [5|by some technical lemmas and a proposition.
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Lemma 2. Forallt € Nand (fiy1, fir1) € F(Xig1)?
Yer1 (fea1Bisihest + fre1) = %{Qefra1Bihe + Qu(heferr + frs1)}-

Proof. Pick arbitrarily ¢ € F(X;.;11) and write, using definition (23)) and the fact that @; has a transition density,
// P(@r41) Ve(dwe) Qulae, dwegr)
= // (1) vl (s wegn)] Aepr (daesn)

Y (dwe)qe (e, To41)
Yelqe (5 Tq1)]

= // sﬂ(xt:tﬂ)%ﬂ(dfﬂtﬂ)5n,nt($t+17d$t)- (51)

Now, by (32) it holds that

E ~
Bit1hip1(zi41) = / Qnn, (Te41,day) (ht(xt:t-',-l) + /ht(xO:t)Bt(xtvde:t—l)) ;

therefore, by applying (51)) with

@(xt:t—o—l) = ft+1(33t+1) <}~lt($t:t+1) +/ht(330:t) Bt(wt,dxom—l))
we obtain that

e
Ye+1(fi1Bis1hit1) = // O(Tp:41) Vo1 (dxi41) Q o, (Te41, day)

= // O(@rpv1) Ve(dwy) Qi (e, dzey1)
= v(Qt frr1Bihs + Qihy frin).

Now the proof is concluded by noting that since v;11 = V:Q+, %+1ft+1 = ’YtQtﬁ+1. O
Lemma 3. Foreveryt € N*, hy € F();), and ny € M1(X ) it holds that

Erl;jo [he(ve) | 50\07 oo 7€t\t] = Stht(§0|07 e 7€t\t)7 Pi]'a-&
Proof. Pick arbitrarily v; € F(X{.;). We show that
Ep [wi(€opor - - -+ &) hi(0i)] = By [0i(€opor - - - €41)Sthe(€ojos - - > &) (52)

from which the claim follows. Using the definition (50), the left-hand side of the previous identity may be rewritten as

t—1
[+ [ ooty I Postwe g hulwvetag. )
m=0
t—1
= / T /no(dwmo) H Mm(wm\m d$m+1) SO(JCEO\O, Ty, dy1)
m=0
i—1
X H Sm(Yums Tm1, dym+l) ht(yt)vt(a?o\o; ) 93t|t)
m=0
t—1
= [+ [ mofaao) [T M@ denss) So(Iza. e,y
m=0
t—1
X H S (Ypms Tt 1, Y1) e (Y )ve (o, - .. xe).
m=0
Thus, we may conclude the proof by using the definition (38) of S; together with Fubini’s theorem. O
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Lemma 4. For every t € N* and hy € F()}),
t—1
Eqp, [(H gm(€m|m)> ht(”t)] = /’Yo:tSt(dyt)ht(yt)~
m=0

Proof. The claim of the lemma is a direct implication of Lemma [3} indeed, by applying the tower property and the latter

we obtain
t—1
m=0
t—1
( H gm('ﬁmm)> Stht(éom, . ’gtlt)‘|
m=0

t—1
_ /"'/no(dwo) H gm(:l:m) Mm(a:m,diL‘erl)Stht(wO:t)
m=0

_mwP
- Eno

B /'70:7:St(dyt) he(yy)-

Proposition 7. Forallt € N*, (N, M) € (N*)2 and (f, f:) € F(X)?,
/’YOtSt dy,) ( Z{blft 4.) +ft(l“tt)}> =% (feBihe + fo).

Proof. Applying Lemma ] yields

[ roasutan,) <}V > ifilei) + ft<m;’t>})

In the following we will use repeatedly the following filtrations. Let F; := o({vm}h,—o) be the o-field generated by the
output of the PARTS (Algorithm during the first ¢ iterations. In addition, let 7 := Fy—1 V o (&)

(H I (&mim ) NZ{Btft ft\t +ft(£t\t)} . (583

m=0

We proceed by induction. Thus, assume that the statement of the proposition holds true for a given ¢ € N* and consider,
for arbitrarily chosen (fi11, frr1) € F(Xi11)?,

t 1 N ‘ ‘ ~ _ _
( I1 gm<£mm>> ¥ 2B fer ) + e (€} ft]
m=0 i=1

t
= (H gm(&mm)) E:;DO [ﬁtl+1ft+1(£t1+1\t+1) + ft+1(ft1+1|t+1) | ﬁt] )

m=0

where we used that the variables {3}, fr+1(&],1,11) + ﬁ+1(£z+1‘t+1)}i]\;1 are conditionally i.i.d. given F,. Note that,
by symmetry,

Eso [ﬁtl.u |«7:t+1] = /St(vt7£t+1\t+1adyt+1)b%—&-l

Ett’§t+1t+1) 11
= [ [ ey (st i)

j=1¢=1 Zé’ 1qt ft\t’§t+1|t+1)

M

1 pLi g (pld
i Z (bi’] + ht(x%’]’§t1+1|t+1)>
j=1
N g L& ) 7
Z t Se1je41 (ﬂf + ht(gflt,§§+1|t+1)> . (54)

Ze' 1 qt(gt\f’ €f+1|t+1)
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Thus, using the tower property,

En |81 fer1 (Epajesn) | ]:"t}

= f T
= /(I)t(/‘j’(éﬂt))(dx“rl)ft+1($t+1)Z qt(gﬂtv —+ )

’ ﬁf + Bt(ffu»xwﬂ) )
=1 25:1 qt(£f|t7xt+1) ( )

and consequently, using definition 23)),

t
(H gm(£m|m)> E'rI]DO |:ﬁtl+1ft+1(€tl+1|t+l) | ]:-t:|

m=0
t—1 N

— (H gm(&mm)) /%th(§§|t7$t+l)
m=0 i=1

N £
Qt(€t|taxt+1)
X fry1(Te1) Z < ,
=1 D=1 Qt(ff”’ Tiy1)

t—1 N
= (H gm(£mm)> %Z <6thtft+1(€f|t) + Qt(iltft-l-l)(gf\t)) :
m=0 =1

(ﬁf + Bt(ff|tv$t+1)) Aty1(dzesr)

Thus, applying the induction hypothesis,

t N
(H gm(fmm)> ;Zﬁéﬂftﬂ(féﬂtﬂ)]

=E, K Hogm Emim) ) N Z (ﬁf@tftﬂ(ft\t) + Qt(htft+1)(§t|t)>]

=% (Qtft+1Btht + Qt(htftJrl)) . (55)

In the same manner, it can be shown that

1 & N
(H gm (€ m\m ) Nz t+1 §t+1|t+1 1 = Q¢ fe+1- (56)
m=0

Now, by (55}{36) and Lemma 2}

¢ LN _ i _
< 1T gm(ﬁmm)> N > B fira(Eap) + ft+1(§§+1t+1)}]
m=0 i=1
=" (Qtft+1Btht + Qi (he fer1 + Qtftﬂ))

= Y1 (fe41Beg1hes1 + ft+1)7

which shows that the claim of the proposition holds at time n + 1.

It remains to check the base case n = 0, which holds trivially true as 3, = 0, Boho = 0 by convention, and the initial
particles &, are drawn from 7). This completes the proof. O

Proof of Theorem[3] The identity [ 1y.,(d@o..) St(xo.t, dbe) pu(by)(id) = no.che follows immediately by letting f; = 1
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and f, = 0in Propositionand using that v, (Xo:t) = 70:t(Xo:t). Moreover, applying Theoremyields
/ 10 CeSa(dby) a(by) (id) = / / 0t (dz0:e) Co (201, o) / Su(@our, dby) p(by) (id)
= // Mo:¢(d%o:¢) Be(@o:¢, dz0:¢) / St(@o:¢, dbe) 11(b)(id)
— [ moSelabi) (b)),
Finally, the first identity holds true since K leaves 1g.; invariant.
A.6.4. Proof of Proposition 2]
First, note that, by definitions (37) and (38),

Hi(xo.t) = /St(wo;t,dyt) w(x[0 : nin])h

]t Jt
/ / Lo:t—1t> Tt )

Jtl

im+1)

t—1 N q (l‘jm T
m 1 im
x H H Z N Oym (daghti 1),
Jm, 7’7”+1) Lo:m|m m‘er

m=0imi1=1" jm=1 245 71 dm (-Tm » T+1

where xé:—uo = (foralli € [1, N] by convention. We will show that for every k € [0,t], Hy; = H;, where

N N t-—1 je  _Je+1
1 (7 ,xé ) .
— +1 Jk J
Hyn(ot) = — E E | I appn(To, .., Trp—1, 277, ..., @)
N 2 (a7, )
Je=1 Je=1lt=k 2ij,=1 qe xz y Ly
with
Jk J
agpn(To, .., Tr—1, 277, .. xtt)
x“”jr’ll) ) ) )
m »¥m Tm+41 Jk Jk Jt
H H Z o Ogim (d%:m\mﬂ)h(mo;kqka SERRE A
(.’I; T + ) 0m|m
m= 07fm,+1 1jm=1 ] 71 qm m oy fm+1
Since, by convention, [[,_, ... = 1, Hy n(x0:t) = N thzl ann(To, ..., &m—1],2{"), and we note that H; = H,, ,.

We now show that Hy, ,, = Hy_1 ,, for every k € [1,¢]; for this purpose, note that

akn(Tos -+ s Th—1, sz’, .. mi')
Gl
I | E ‘rm—i-l) i N
H 5 Jm, (dxom,’:]: )
m |m—+1
/m 02m+1 1jm=1 Z] =1 qm( :7714?:11) Om\m

qk— 1(5”1@‘7 xk) i i
/ L —0 jp_1 (d%k 1|k)h(zg)€k—1|k7:r?ek7" zgt)’
k= 1]k 1=1 Z

ko1 ik Loik—1]k—1
g, =1 9k— 1(% 1) ‘

. Jk—1 Jk
and since 7y = (zoet olk— 1»% 7). it holds that

k-1 xk o 'rk) i i i i
/ H 3 S8 (dafy ) R e ndt el

k=1 iKY Tose_tlk1
1jk—1= 1zjk =19k~ 1($k 17xk) |

N
Z qk— 1(1‘% 117‘%?:) h( Jk—1 Jk—1 .k

Jt
T s Wok—2pk—1 Th—1 T oo T ).
Jr—1=1 Zj =1 qk— l(xk 17xk)
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Therefore, we obtain

Jk J
apn(To, .., Tp—1,27F, ..., x]")
k=2 N N j Imt1
[T TS el @)
- Z ( gl im+1) xéf’;n‘ 0:m|m+1
Mm=0iy41=1 jm=1 225/ =1 dm\Tm > Ty 1
k—1
qk— 1(xk l’mk) Jk—1 Jk—1 j
Jt
X E Rz~ olk—17 T 1,:1ck,...,:z:t ).

Jr—1=1 ij =1 9k— l(xkk 11?'T‘]]<;k)

Now, changing the order of summation with respect to ji_; and integration on the right hand side of the previous display
yields

agn(To, ..., Trp_1, a:i’“, .. x{’)
N
qk— 1(37?: 117xk ) 1 g
Z - ak—1.n(To, - -, Th— 2,£Ck 1oyt
Jk—1=1 Zj’ =1 qk— l(xk 1 7$k )
Thus,
Hk,n(m() f)

Jz+1)

1 N Qg(.%‘ T
:NZZH - 4 Hlﬂﬂ

Je=1  je=1t=k ZJ 1 ey Sy

N Jk—1 kK
Qr—1(23 2, 2") o
X Z k= 1’g,€k1 ak_l’n($0,...,ﬂ)k_g,l'ik_ll,.. xit)
Jr—1=1 Z]l/c =1 qr— 1(-Tk 1 ,{L‘k )
N N t—1 Jet1
(), 2)7)) -
= Z Z H g ’ é+1”+1 ak—l,n(fco,-~-’ﬂ3k—273«"3f,f,-- xi’)
]t: Jr-o1=10=k—1 Z] r=1 QE(xe 7xe+1>
= Hk}flﬂ’L(:L‘O:t)a

which establishes the recursion. Therefore, H; = Hj , and we may now conclude the proof by noting that B;h = Hy ,,.

A.6.5. Proof of Theorem 7|

In order to establish Theorem [7] we will prove the following more general result, of which Theorem [7]is a direct conse-
quence.

Proposition 8. For everyt € N and M € N* there exist ¢, > 0 and d; > 0 such that for every N € N*, z0.4 € Xo.,
(f, f1) € F(X)?% and e > 0,

N
/(CtSt(ZO:t»dbt)]l %Z{bift(ﬁi\t) + ];t(l"fqt)} - 77t<20:t>(ftBt<Zo:t—1>ht + ﬁ)

i=1

CltNEQ)

< crexp (— 92
t

where
t—1

Ke = || filloo Z ||]~lmHoo + ||ft||oo (57)
m=0

To prove Proposition [§| we need the following technical lemma.
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Lemma 5. For every te N, (ft+1, ﬁ+1) S F(Xt+1)2, 20:t+1 S X01t+1, and N € N*,

Yer1(20:0401) (Frr1 Ber1 (2ot) Perr + frrn)

— (1 — ]:\l[) ’Yt<ZO:t>{Qt,ft+1Bt<ZO:t—1>ht + Qt(ﬁtft+1 + f~t+1)}

+ %7t<20:t>gt (ft+1(zt+1)Bt+1<ZO:t>ht+1(Zt+1) + ft+1(2t+1)> .

Proof. Since Lemma 2] holds also for the Feynman—Kac model with a frozen path, we obtain

Yer1(20:041) (fra1Besa(20:0) g1 + ft+1) = Yi(20:0){ Qe (2t+1) fr+1Bi(20:4) bt + Qt<zt+1>(iltft+1 + ft+1)}~
Thus, the proof is concluded by noting that for every ; € X; and h € F(Xy141),

1

Qulaesa)hlan) = (1= 1) Qi) + oleh(en, o).

O

Finally, before proceeding to the proof of Proposition 8] we introduce the law of the PARIS evolving conditionally on a
frozen path z = {2, } men. Define, for m € Nand 2., 11 € Xint1,

Pm<2m+1> t Y X ym+1 > (yva) = / Mm<zm+1>(mm\m7dwm+l)Sm(ymamm+1vA)'

For any given initial distribution 1, € M(Yy), let IP’f;[’)Z be the distribution of the canonical Markov chain induced by

the Markov kernels {P,,,(2zm+1)}men and the initial distribution 1,. By abuse of notation we write IP’,’;O’Z instead of
P, . . . .

P woz[no (0)]> Where the extension ¥, [1o] is defined in Appendix

Proof of Proposition[§] We proceed by forward induction over ¢. Let the o-fields F and F, be defined as in the proof of
Theorem but for the conditional PARIS dual process. Then, under the law ]P,I;O*Z, reusing (54),

En | BLAED + Tuleh) | Fia

=B [BR (811 7] e + ) | P
N

%—1(5?—1751) 7 7 ~
Al) ; Y1 ‘Jt—fl(ﬁf/_tpftl) (ﬂf_l i ht_l(ff_l,gtl)) ) ft_l] .

_ Pz
- IE:”lo

Using (28), we get

EF [811€D) + Fulel) | Ficd]
= (1 _ 1) Z?:1{5571Qt71ft(§f,1) + Qi1 (he—1fe + f)(EL )}
N 2521 gi—1(&F4)

RS f(z)fj 0161 ) (B + hulor2)) + i) | 659)
N t\~t ) t—1 t\St—1~t t\~t .

N
1= D=1 G (&1, 2

In order to apply the induction hypothesis to each term on the right-hand side of the previous identity, note that

~ e—1{z0—1)[qe—1 (5 2 ) {Be—1(z0:4—2)he—1(-) + heaa( 2)}]
Bt<Z0:t—1>ht(zt> - 77t_1<20;t_1>[q15—1('azt)] .
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Therefore, using Lemma and noting that y;(20.+) 1x, /Y¢—1(20:t) Ix,_, = Mt—1{20:t—1)g¢—1 yields

77t<2’0:t>(ftBt<Z0:t—1>ht + ft) = % (ft(Zt)Bt<ZO:t—1>ht(Zt) + ft(zt))

n <1 B 1> -1 (20:4—1){Qe—1 fe Bi—1{20:0—2)he + Qe_1(he_1.f¢ + f})} (59)
N Ne—1(20:6-1)gt—1
By combining (58)) with (39), we decompose the error according to
Ln s ~
N Z{ﬂzft(%t) + fe(&e) Y — ne (o) (feBe(zo:e—1) bt + ft)
i=1
Lo Qg (i i Pz glyp el Forely | T
=~ DABHFE) + Ful&h)} —BRF | BLA(E + Fileh) | Fion
i=1
+ Erl;po’z [@ft(fb + (&) | ]}t—l] — e (20:) (fe Be(Zo:t—1 ) e + f2)
= Ig\l,) + <1 — Zif) 15\2,) +% Iﬁ), (60)
where
LS, s i ~
IV = 5 Do UBAED + o€} ~ER7 [BLAEN + Fuled) | P
i=1
1@ S B Queafi ) + Qe (e fit F)(E1))
" ooy g1 (§)
B Ne—1(20:—1){ Q-1 ft Be (20t —1)hs + Qtfl(iltflft + ft)} 61)
Ne—1(20:4—1)gt—1 ’
and
19 = )y itn =) (B + healels, =)
v =1 25:1 qe—1(& 1, 2t) o o
_ ft(zt)77t71<20:t71>[Qt71('> 2){Be—1(20:4—2)ht—1(-) + iltfl(', Zt)}] (62)

-1 <20:t—1> [Qt—l (', Zt)]

The proof is now completed by treating the terms Ig\}), Ig\?), and Ig\?) separately, using Hoeffding’s inequality and its
generalisation in (Douc et al, 2011, Lemma 4). Choose € > 0; then, by Hoeffding’s inequality,

2

1
PP (| 1V > g) < 2exp (—QiQN) . (63)
t

To treat 15\3), we apply the induction hypothesis to the numerator and denominator, each normalised by 1/N, yielding,
since [|Q¢—1h|oo < Te—1||h||oc forall h € F(X—1 @ &),

P,z
P’Io (

N
% Z{Bf-l@t—lft(gf—l) + Qt—l(ilt—lft + ﬁt)(ff—l)}
=1

—M—1{20:4—1){ Q-1 ft Be (z0:1—1) Iy + Qt—l(ilt—lft + ]Ft)}

o)

22
< ct—1€xp (_dtl 2N>

—3
Ti—1Ki
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&2
>e| <ci1exp (_dtl — N> .
Ti—1

Combining the previous two bounds with the generalised Hoeffding inequality in (Douc et al.|l 2011, Lemma 4) yields,
using also the bounds

and

N
IP)P,Z < i
Mo N

D gi1(E1) = -1 (Z0u-1)ge1
=1

Ze 1{61: 1Qt 1ft(§t 1>+Qt 1(ht 1ft+ft)(§t 1)}
Zz' 19t— 1(&21)

< K¢

and 7;—1(20:4—1)gt—1 > Ty—1, the inequality

7_2 E2
PP (|1§§> | > g) < ¢y qexp ( d;_ 1;12N> . (64)

—1K%
The last term IS\B;) is treated along similar lines; indeed, by the induction hypothesis, since ||gt—1||co < Tt—1F¢—1,

1 N ~
P ( EOIICRISI CRPR NICRNS)

— =1 (20:—1)[@r—1 (-, 20 ) { Bi—1(20:t—1) he—1 () + Btfl('a 2¢)}]

-]

2
<cpo1exp | —d¢—1 N
Tt lat 1 Z ||hm||oo

2
> 6) < ci—1exp <_dt—1 <5> N) .
Tt—10t—1

)(ﬁt LR (g 7)) < Z||hmuoo

and

N
1
Pr? (‘N > a1(&-1,2) — -1z 1)@ (- 20)]
=1

Thus, since
N
qt—l(gf—la Zt)

N
—1 Ze':1 Qt—l(ff/_p Zt

¢
and 7;—1(z0.¢—1)[qt—1(+, 2¢)] > T¢—1, the generalised Hoeffding inequality provides

2
P? (\ 1Y | > 5) <cipexp | —diy S N|. (65)
o 27_—1£715t71||ft||oo Zm 0 ”hm”oo
Finally, combining the bounds (63H65) completes the proof. O

A.6.6. Proof of Proposition ]

The statement of Proposition[]is implied by the following more general result, which we will prove below.
Proposition 9. For everyt € N, M € N*, N € N*, 2., € Xo.4, (f¢, ft) € F(X)? and p > 2, it holds that

p

N
/CtSt(Zo:tv dby) % D A fi@h) + fi@h)} = mlzoa) (fiBilzoa—1)hu + f)| < culp/di)?> NP2,
1=1

where ¢, > 0, d; > 0 and «; are defined in Proposition[Sland (57), respectively.

Before proving Proposition 9] we establish the following result.
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Lemma 6. Let X be an R%-valued random variable, defined on some probability space (), F,P), satisfying P(|X| >
t) < cexp(—t?/(202)) for every t > 0 and some ¢ > 0 and o > 0. Then for every p > 2 it holds that E[| X |P] < cpP/?aP.

Proof. Using Fubini’s theorem and the change of variable formula,
BIXP) = [ g7 B(X] 2 1) dt = 22 107 2),
0

where I is the Gamma function. It remains to apply the bound I'(p/2) < (p/2)P/?~! (see (Anderson & Qiu,[1997)), which
holds for p > 2 by [2, Theorem 1.5]. O

Proof of Proposition[9) By combining Proposition [§|and Lemma 6] we obtain

2

N /(CtSt(ZO:ta dbt) % le{bift(xi\t) + ft(xi\t)} - ﬂt(ZO:t>(ftBt<Zo:t—1>ht + J;t)

t—1 p
< ci(p/d)PP NP2 (IIftloo D Mmoo + IIftloo> ,

m=0

which was to be established. O

A.6.7. Proof of Proposition 5]

Like previously, we establish Proposition [5] via a more general result, namely the following.

Proposition 10. For every t € N, the exists ¢/ < oo such that for every M € N*, N € N*, zp; € Xou, and

(fi, o) € F(&)%,
1N _ _ .
‘/(CtSt(ZO:ta dbt)ﬁ Z{bzlfft(xat) + fi(@h )} = mez0:) (fiBilzo:—1) e + f1)| < €7k N7
i=1
where Ky is defined in (7).

We preface the proof of Proposition [I0]by a technical lemma providing a bound on the bias of ratios of random variables.

Lemma 7. Let & and (3 be (possibly dependent) random variables defined on some probability space (Q, F,P) and such
that E[o®] < oo and E[B?] < oo. Moreover, assume that there exist ¢ > 0 and d > 0 such that |«/B| < ¢, P-a.s.,
la/b] < ¢, E[(a — a)?] < c*d? and E[(B — b)?] < d. Then

[Eloc/B] — a/b] < 2¢(d/b)* + c[E[B — b]|/[b] + [E[ex — a]|/[b]- (66)

Proof. Using the identity
Eloe/B] — a/b=E[(a/)(d — B)*]/b* + E[(ex — a)(b — B)]/b* + aE[b — B]/b* + E[ex — a] /b,
the claim is established by applying the Cauchy—Schwarz inequality and the assumptions of the lemma according to

[Eloc/B] — a/bl
< cE[(B — 0)*]/b" + {E[(oc — a)’|E[(B — 0)*]}!/2 /0% + |al [E[B — 0]|/b + |E[ox — a| /07
< 2¢(d/b)* + c|E[ — 0]|/[b] + [E[x — a]l/[B].
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Proof of Proposition|5} We proceed by induction and assume that the claim holds true for n — 1. Reusing the error decom-
position (60), it is enough to bound the expectations of the terms 153) and I given in (6I) and (62)), respectively (since

]E,I;f [IS\P] = 0). This will be done using the induction hypothesis, Lemma , and Proposition@ More precisely, to bound

)

the expectation of 1(2 , WE use Lemmawith & o4, B < Pt a < ag, and b < by, where

N N
oy = %Z{Bfletflft(gté—l) + Qur(hu—rfe+ f)(E1)} Be= %thq(&el%
=1 =1

ar = Nt—1{204-1){Qt—1fi Bt (z0:t—1)ht + Qe—1(hu—1fe + )}, bt == me—1{20:4—1) Gt 1.

For this purpose, note that o /B+| < k; and |a;/b| < k¢, where k; is defined in (57). On the other hand, using Proposi-
tion[9] (applied with p = 2), we obtain

Ep*[(on — ar)?) < djx; and  ED*[(By — )] < dF,
where d? = ¢;72 ,/(d;N). Using the induction assumption, we get
|Eﬁo’z[06t] — at| < E?ifSlN_lft_l K¢ and |E50’z“5t] — btl < (_:?iimlN_lft_l.

Hence, the conditions of Lemmal[7]are satisfied and we deduce that

72 —
P21 _ P, Ct Ty 1 _bias Tt—1
|E"70 [IN H = |Enoz[(xt/[5t] — at/bt| < 2tht7NIt271 + 2Cti”1 KtIt—lN.
The bound on |Eﬁo’z [IE\Q,)H is obtained along the same lines. O

B. Learning with PPG

This section is divided into three subsections. Appendix E] establishes, following closely (Karimi et al.,[2019), a non-
asymptotic bound for stochastic approximation schemes under general assumptions. Appendix[B.2]shows how assumptions
A[.T]and A[3.T]imply the assumptions provided in Appendix and therefore allow to establish Theorem [2| Finally,
Appendix provides sufficient assumptions on the model ensuring that A4.T|holds.

B.1. Non-asymptotic bound
We follow closely (Karimi et al., 2019). Consider the recursion

Ont1 =0n — Ynt1Ho, (Xn+1), neN,

where 0,, € © C R for some d € N* and {X,, },.en is a state-dependent Markov chain on some measurable space (X, X)
in the sense that X, 11 ~ Py, (X, ) with Py being some Markov kernel on (X, X). Let h(0) = [ Hg(x) mg(dz), where

7 is the invariant measure of Py and e,,11 = Hy, (X,,+1) — h(6,). As all norms are equivalent in finite dimensional
vector spaces, we use || - || to denote a generic norm. We denote by {F,, }nen the natural filtration of the Markov chain
{X n}nEN .

A B.1. There exists a Borel measurable function V' : © — R such that for every § € ©, VV (0) = h(0).
A B.2. There exists LY € R such that for every (0,0') € ©2,

IVV(0) = VV (0| < LYV|6 - 0|
A B.3. There exists a Borel measurable function H : © x X — © such that for every § € © and x € X,
Hy(z) — PeHy(x) = Ho(x) — h(0) .

34



State and parameter learning with PARIS particle Gibbs

A B.4. There exists LF7 € R such that for every (6o, 61) € ©2,

sup 1Po, Ho, () — Po, Ho, (2)]| < L¥7 (16 — 61| -
e

A B.5. There exists LEF € R such that
sup [Py Hy|| < ngﬁ .
6O
A B.6. There exists 0, € R>( such that forevery z € X and 6 € O,
[ 1#0) = 1O Po(a,as') < 2.
A B.7. There exists Lﬁ € R> such that for every z € X,
sup / | Hy || Po(x,da’) < LT .
6cO

Theorem 8. Assume that A@A@ hold. In addition, assume that there exist a > 0 and o’ > 0 such that for alln € N,

Yn+1 S Tn S AYn41 5  Yn — Yntl S alﬁyg y M < (LV + Ch)il/Q .

Moreover, for any n € N*, let w be a [0, n]-valued random variable, independent of {Fy}e>0 and such that P(w = k) =
Vit1/ D po Ye41 for k € [0,n]. Then,

Vo + Com + (62, LV +C no2
E [[h(0)])7] < 220 Com T Omel” ¥ C2) 2 ko i

ZZ:O V41 ,
where Vo, = E [V (0) — V(0,,)] and
Con = 71h(00) L™ + Lg" (11 — i1 + 1), (67)
C’Y = UmseL]PH + (1 + Ume)LVL]gH ) (68)
Ch = LM ((a +1)/2 + aome) + (LY +a + 1)LEA . (69)

Proof. We follow closely the proof of (Karimi et al., 2019} Theorem 2) and adapt it to our setting. First, note that by
assumptions A1l and A2 of (Karimi et al.| 2019, Theorem 2) hold with ¢g = dy = 0 and ¢; = d; = 1. In addition, the
claim in (Karimi et al.,|2019, Lemma 1) holds true since by A A3 holds. Moreover, (Karimi et al., 2019, Equation 17)
can also be established under A[B.6] as we may rewrite it as

n n n
Z%?HE [||€é+1||2} = Z’Yc?HE [E [||3€+1||2 | ]:f” < Ugnsezwgﬂ .
£=0 £=0 £=0

Following the proof of (Karimi et al.,|2019, Lemma 2), consider the decomposition

n

E | =Y s (VV(00),e0i1) | = E[A1 + As + Az + Ay + 43],
=0
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where

A= — ZW—H < V(00), Ho, (Xes1) = Po,Ho, (XK)>’

Ay :=‘ZW+1< V(60), Py, Ho, (X0) — ngﬁgg,l(Xe)%
Ay =3 (V100 - TV, P Bl (),

Ay == Z (ver1 —e) <VV(92—1),Pa[,lﬁaz,l(Xe» :
(=1

A5Z

31 (VV(00), Hay(X0)) + Y1 (VV(62). Pa, Ho, (Xos1))

As I?Iek (Xot1) — Py, ﬁga (X¢) is a martingale difference, it holds that E [A;] = 0. The upper bounds on the expectations

of Ay, A3 and A4 are obtained similarly as in (Karimi et al., 2019). Using A

Ay < LPH (Umse Z'—Yk + 1 + 2a0mse + a Z%HHh(ak)H >

k=0
By AB.2Jand[B 5]
ho< LV L ((1 rom) S r+ Zvillh(Gk)||2)> |
k=1 k=1
On the other hand,

Ay < LHH (71 Vnt1 +a Z%Hh = 1)|2>

k=1

We now focus on As. As in the proof of (Karimi et al.,[2019, Lemma 2), the expectation of the first term can be straight-
\E

forwardly bounded by 71 ||~ (6p) ||Lﬁ using the Cauchy—Schwarz inequality and A The second term can, using

and v, 41||R(0n)]] <14 +2,,]|h(6,)]%, be bounded in the same way according to

it (VV (6, B, o, (Xi)) < I [0 < TEF (142311162 %)

< rLg! (1 IR LCAl

The rest of the proof follows that of (Karimi et al., 2019, Theorem 2).

B.2. Application to Theorem 2|

The goal of this section is to establish that the assumptions of Theorem [2| ensure all the assumptions in Appendix
which in turn allows Theorem [8| to be applied. First, we start by explicitly defining the kernel Py and the function % in
terms of the kernels presented in Appendix @ We write [Py ; instead of Py to explicit the dependence of the kernel on the

fixed number of observations ¢.

B.2.1. Verification of the assumptions of Theorem [§]

For (ko, k) € (N*)? such that kg < k, define

Py : EF R0 x €207 5 (y, (ko : k], z0u[ko : K], A) > KE, @ KG ") (20, [K], A),
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where Ky ; is the PPG kernel defined in @) Note that Py ; depends only on the last frozen path, namely z0.¢[k]. Note
also that, since Ky ; depends only on the paths, there is no dependence between y, ,[ko : k| and y, 4,1 [ko : k. The score
ascent algorithm (Algorithm ) can be formulated as follows.

1. Sample (ZO:tyg[ko : k]ayt_j[k() : kD ~ Pel,t((ZO:t,l—l[kO : k]?yt,i—l[ko : k]), )
2. Update the parameter according to 7¢41 = ¢ + Yer1H (20:4,[ko : K],y o[ko : k]), where

k

Z w(By[i])(id) = M (ky—1,1),n5 (he),

i=ko

H(20:¢.0ko0 : K], Yy olko - K]) = F—ko+1

where I3, _1 1,5 (h¢) is defined in (T2). We denote by g ; the invariant distribution of Py ;, which, by Proposition is
given by g s = (10 ® C,Sy )@k —ko),

We also require the strong mixing assumption to hold uniformly in 6.

A B.8 (Strong mixing uniformly in 0). For every s € N there exist 75, 7, g5, and & in R7} such that forall € ©,

(i) 7s < gs.0(xs) < 75 forevery x5 € X,
(11) Os S ms,@(xsaxs—i-l) S 55 fOI‘ every (ms; xs-&-l) S Xs:s+1-

Note that the assumption above implies that & + is also uniform in 6.

Proof that AB.1lholds.
Proposition 11. Forall § € ©, h(0) = VV (0), where V (8) = log Yo.1,0 (Xo:¢) is the log-likelihood function.

Proof. By Theorem 3]

h(8) = /H(g}t[ko s k], Zowt[ko : k) o (d(F, ko : k], Zost[ko = k]))
= m i;;ﬂ / [Mo:t.0 ® Ct,6¢,6] (d(ytwmwt[’]))ﬂ(ﬂt,é[ﬂ)@@

= To:t,0 (SO:t,G) = VV(G)

O
Proof that AB.2Jholds. AB.2)is trivially implied by AF-T[i).
Proof that A [B.3|and[B.5|hold. Let Hj be given by
Hy : Ef % 5 (y,[ko : k], z0:[ko : k]) = i{PZ,tH(yt[ko L k], z0:e[ko : k) — h(6)}. (71)

r=0

Then the following holds true.
Lemma 8. Assume A[B.8| Then for all § € © and t € N*,

Po.cHolloo < Tpias(1 — Kk )7L
Proof. By Theorem[I] we have for any r > 0
1)k

[P o H (g, ko K], 20.lko = k1) = h(0)] < oSy
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and thus
R (o] o0
[Po.sHolloo <D |IPg H — h(O)|| . < ias D K5+ < Ovias(1 — K )7
r=1 r=0
where Ky € (0,1). O
Lemmaproves Aandwith ngﬁ = Opigs(1 — n’f\,’t)_l.
Proof that AB.4 holds.

Theorem 9. Assume A@ and A Then for everyt € N, € © and N € N* such that N > 1 + 5p?t/2,

H]P)91,tH91 - Pez,tHez

< LPH 10, — 6y,
o0
where

LPH = |18 oo [1 + /e (1 — WA )] + LV +
Ovias(1 = i) 11 = 15 )T LY oo (1 = WA ) + LK) . (72)

Proof. We establish the claim by adapting the proof of (Karimi et al., {2019, Lemma 7). First, recall that the kernel Ky ;
defined in is the path marginalized version of Ky ; given in (39). Note that for every = € Ef %,

P, .+ Ho, (x Za Po, . {Py, H — h(61)} = Za Ky {Po, o H — 10,0, P, +H}
n=0 n=0

where we have used (i) the fact that the backward statistics output by Py , are independent of the input backward statistics
and (ii) the penultimate line in the computation of h(#) above. We follow the proof of (Fort et al., 2011, Lemma 4.2) and
consider the following decomposition: for n € N*,

JxKé“fft (]P)el,tH - 770:t,01P91,tH) - 5.@K¢§£t (PQQ,tH - Uo:t,QQPOQ,tH) (73)
n—1
j k(n—j—
= Z (61K§1J,t - 770:15,91) (Kglj ngj t) (Keg(,t ! 1)P91,tH - 7701t792HD917tH)
7=0
- (5zK§£tP92,tH - no:t,azpeg,tH) + (5ngZtP01,tH - 770:t,02]ID91,tH)

— 10,0, (K47 Poy o H — 10:4,0,Po,  H)

Applying Theorem|§|with i = 6 and v = 7.+ ¢ and using the fact that 79.¢ ¢ K, g + = No:t,e for all £ € N, we obtain that for
all/ e Nandall § € ©,
by Lemma. 18 K7, is LlpSChltZ with constant | LY |00 (1 — k)~ L. Combining all this together, we obtain

9 + — T0:t,0 H < Kb Nt Note that by Alm) Ky 4 is Lipschitz; therefore, for all » € N*,

‘(%Kgit — 770:t,91> (Kﬁf Kg;t) (Kﬁjz‘j‘”ml,tH — 770:t,92IP’317tH)’
= |(0:K8, ~ moco, ) (K Jo= K3 {0 oy = h(61)] = noo, [Po, o H — h(61)]}|
<N floo (1 = hin ) 5 NV IR, o H — R(01)]oo| 61 — B2
< Opias|[ LY [l oo (1 — siv.e) " iy V[161 — 62

where the last inequality is due to Theorem [I] Therefore, the first term of the right side of (73) is upper bounded by

Obias || LY oo (1 — Kint) ™ 17mN f 16, — 65]|. The second term of (73) can be written

— (0 K47 Poy o H — 0o:t,0,Pos o H) + (5557 Po, e H — 10:¢,0,Po, .« H)
= (657, — no:,0,) (Po, e H — P, H) |
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and using again the ergodicity of K 9715 and the fact that 0 — Py . H is uniformly Lipschitz by Al4.1(iv), we may conclude
that it is upper bounded by || LL|| oo k57 t||61 — 02||. Finally, for the last term, using the facts that K , is 1o.¢,-invariant and
geometrically ergodic and that 6 — 7., ¢ is Lipschitz by AR T[iv) yields

|770:t,01 (Kg,f,tIP’ol,tH - Wo:t,ezpal,tHH
= |(no:t.0, — Most,0,) {6 Poy o H — 1(01)] — n0:,0, [Py e H — h(61)] }
< LR Poy o H — h(01) ]| [161 — 62
< L"0pias(1 — £ne) ™ 1/@5“\,"75”01 — 0o -
Therefore, we have that

5. K57, (P, o H — 10.1,0,Po, 1 H) — 6o K57y (Poy o H — 0o:t,0,Po, . H)
k(n—1)

< {oas L lloo (1 = i) " by 4 (125 oo + L70hia (1= i) ] 657} 161 = 6]
Therefore, we obtain
’]P)elytﬁ—el (LE) - Pﬁzytﬁﬁz (.’E)
<|6,Po, 1 H — 8P, t H| + |10:1,0, Poy 1 H — 1M0:,0,Po, + H|

+ | 0K, (Po, +H — nocto,Po, o H) — 6, K57, (Poy e H — 110:4,0,Po, 1 H >’

n=1

< |02Po, t H — 6,Pg, 1 H| + [10:4,0, Po, t H — 10:4,6, P05+ H |

+ {abm||Lf||oo<1 ) (1 W)

+ [”Lglloo + L0 pias (1 — HN,t>_1] H?V,t(l - Hl]if,t)_l}nel — 0o .

To conclude, note that by AllV) 10:Pg, + H — 6P, 1 H|| < ||LP lloo||@1 — 62]|. Furthermore, note that by Theo-
rem I we obtain that for all 8 € O, 1. ePoH = mo.05000 = VV(8). Therefore, by Ai) we obtain that
1m0:t,0, Py + H — Mo:t,0,Pop 1 H|| < LV |01 — 92|| concluding the proof. O

Proof that AB.6 holds. A[B.6|is simply a bound on the MSE of the roll-out PPG estimator, given by Theorem I}

Proof that A[B.7 holds.
Proposition 12. Forall§ € © and all { € [1,t — 1]

E | Holl | Fe| < 2lisoslloc + onias (1 = Ko )"
Proof. Note that for all z € EF "% and all § € ©,

Hy(z) = H(z) — h(0) + Py Hy(z) . (74)

Lemmashows that H]Pg’tﬁeHoo < Opias(1 — m’fv’t)_l. Note that 2(0) < ||50:1,6]/cc We write

k N
E (1| ) < Gy 2 D0 F (I8l 7] -

i=ko j=1
By Proposmon {Hﬂt RolE: Fg] < 1150:t,6 || 0» concluding the proof. O
AB.7]follows directly by Proposition|12]and by considering supyeg |[50:1,6 [l oo-

39



State and parameter learning with PARIS particle Gibbs

B.2.2. Proof of Theorem

We have shown in Appendix that under A [.T)and [B-8] it is possible to apply Theorem [8] To conclude the proof of
Theorem [2] we just have to rearrange the constants. We start by rewriting the constant in Theorem 9]

L = O + 0pias(1 — ki) T (1 = K5 )71 Co,

with
Cr= L5 [+ sl (1= mi )]+ LY
Co = |17 |l (0= BR) ™!+ L7 -
By (68) and Lemmalg]
C’y = UmseLPH + (1 + Umse)LVLIgH
= Omse [Cl + Uhias(l — liNvt)il(l — Hi]c\]’t)flcﬂ + (1 + O—mse)LVO'hias(l _ H?V,t)71
= Umsecl + o—mseo—bius(]- - "{ch\[,t)il [LV -+ (]. — HN,t)ilcﬂ —+ UbiasLV(l _ H?\’,t)71 .
Therefore,

Co =0 LV +C,

mse

=02 LY + 01p5eCl + OmseOpias(1 — mlfv7t)_1 [LY + (1= kne) ' Co] + opias LY (1 — H?V,t)_l .

mse

In the same way, we can rewrite (69) as

Ch = LPH [(a+1)/2 + aoume] + (LY +d’ + 1)LEH
- [Cl + Opias(1 — /iN’t)_l(l — K;]]‘;,’t)_l(}'g] [(a4+1)/2 4 aomse] + (LV +a’ + 1)0pias(1 — K;]f\,’t)_l .

The constant Cy from Theoremis LA—29 SUPgeg |150:¢,0]|00 + Thias(1 — I{I;V’t)_l which completes the proof.

B.3. Conditions on the model to verify A4.1]

In our specific application to score ascent, we work with the following assumptions.

A B.9 (Lipschitz). (i) For all ¢ € N, there exists L € M(Xt.t+1) such that for all (z¢,z¢41) € Xte41, the function
0 — so(xy, Tet1) 18 LY (2, £441)-Lipschitz and Xe.p41 3 (24, T441) > St,0(2¢, 2441) is bounded by ||s;(8)]| o for
all § € ©. Furthermore, || L ||oc < o0.

(i) Forallt € N, there exists L] € X111 such that || L{||c < oo and that for all (¢, 2¢41) € Xetr1, 0 — qro(xt, Teg1)
is L¥(x¢, x441)-Lipschitz.

Lemma9 (i) holds). Assume A@ and A There exists a constant LY such that the Lyapunov function V. satisfies,
forall (6, 65) € ©2,

IVV(61) = VV ()] < LY[|61 — 65

Proof. For all 01, 65,

va(el) - VV(92)|| = ||770:t,01(80:t,91) - 770:t,02(80:t,02)||

< [[70:t,6, (S0:t,0,) — M0:t,01 (50:4,02) || + [[70:,0, (S0:t,65) — T0:t,05 (S0:2,0,) || -
By (3.1) and by (Gloaguen et al.,[2022] Theorem 4.10) there exists a constant ¢ such that
170:1,61 (80:t,65) = 710:1,6 (80:1,00) || < ct[|01 — 2| supg supy, [[35(0) |
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Using A3.T|and AE.T]i], we can write:

t—1

170:,0, (50:0,0,) = M0:t,6: (S0:2,0) | <D M0:,0, 152,01 (Tuutr) = S0, (Tusur1) ],
u=0

< ZnOtél xu u+1)} Hol - GQH’

O'+ s
< 75 Supegoy 1131 161 — o],

O
Theorem 10 (Lipschitz continuity of Particle Gibbs with Backward Sampling). Assume A[B.9 For everyt € N, § € ©
and N € N*
sup  ||Ko, +(0:t5-) — Koy t(T0ut, ) llpy < Lin 11 — 62,
Z0:4€Xo0:1
where

thZn (o, — D] IL{]lso - (75)

£=0

Proof. We know that Ky ; = C,;, ¢B; 9. Therefore, by Lemmas|[14} [16|and[T9] we have that Ky ; is Lipschitz with constant
equals LY + sup,y C; o L?. O

Corollary 1 (Amiii) holds.). Assume A@ Foreveryt €N, 0 € ©,r € N* and N € N* such that N > 1 + 5p?t/2

sSup Htht(xO:t’ ) - Kgg,t(xO:t’ ')HTV < LENHHI - 92“

20:¢€X0:¢

where
Lin = (1= ren) I Linlloo (76)

where L{y is defined in (T3).

Proof. Under@ the Particle Gibbs with backward sampling is geometrically ergodic with contraction rate x; y and thus
L;K 18 bounded and the result follows from Lemma O

Corollary 2 (Al.1(i)). Assume A[B.8land AB.9| For allt € N*, (6, 61) € ©2,

110:¢,60 — M0:t,0, |7y < L7[00 — 01,

where
L":=L{ . 7

and L}y is defined in (76) and N* = [1 4 5p7 /2].
Proof. Consider the following decomposition, valid for all K € N* and N > 1 + 5,0,?/ 2, and all zg.; € Xg.4,

M0:t,0, — N0:t,05 lpyy < ||70:0,00 — Kgl, HTV + |m0:¢,6. — K92 (o HTV + HKZ;“ht(xo:t, ) - ngyt(xom ')HTV
< ||mo:t,0, — Kgl,t( 0ty " HTV + |m0:¢,0, — Kez,t( 0t ° HTV L{n|161 = 62]]

where we applied Corollary E Since the Lipschitz constant of Ky ; is independent of k, and Ky ; is geometrically ergodic
for all 6, we obtain by taking the limit when k goes to infinity with N fixed,

1Ly lloo
1M0:¢,6, — M0:t,65 ||y < 17\\91 02,

t,N

forall N > 1+5p7 /2, where the dependence in N is hidden in L{ . The result follows by choosing N = [1+5p7/2]. O
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Remark 2. As noted by (Lindholm & Lindsten| 2018), the Lipschitz constant appearing in Corollary [I] possesses an
unexpected dependence on N — 1. One would expect it not to be true, in that we know that Ky ; converges geometrically
fast and uniformly to 7., and this is faster as N gets bigger. Therefore, for large N the Lipschitz constant is expected to
converge to that of 1. whose Lipschitz constant is independent of V.

Proposition 13 (Lipschitz continuity of 6 — Kg ;4(8,)(id)). Assume A[B.9 For everyt € N, § € © and N € N*,
Koy ,e1(8) (id) — Koy e1(By) (id) |, < Li(161 — 2]

where
t—1 m - m—1 m
D= (V-1 S 7l + 3010 [z ]3I )
=0 j=1 =0 j=1

Proof. Consider e = (z0.1,Yo,) € Er and fy(e) = [ Sm.o(x0:t,dY,)p(br)(id). Then Ky ;pu(bs)(id) = Cpryg fo(20:t) is
a composition of a Markov kernel and a Lipschitz function, therefore Lipschitz. O

Corollary 3 (A4.1|iv) holds.). Assume A[B.9 For everyt € N, § € © and N € N*
sup [Py, o H — Po, HI|| < L[101 — 02,

20:¢ €Xo0:¢

where
LY =Ly +Lf, (79)

with LY and L¥ are defined in and (76).
Proof. Let f : E¥% 5 (zo.4[ko : K, @o.sye[ko = K], be[ko = K]) = (k — ko)™ z’;ﬁko 1 #(be[0])(id). As Kg,; depends
only on the path, with a slight abuse of notation, we can define fy(x.;) == K?f ko (f)(z0.4). By Proposition we have

that fy is Lipschitz with Lf = LK. Note that Py +H(x0:t,y,) = K, g“t fo(zo.t), therefore, by Lemma |19 Lipschitz with
constant L + L¥. O

C. Lipschitz properties

C.1. Lipschitz continuity of Py

In this section we prove the following items:

* Cyn.0(20:m, -) is Lipschitz, see Appendix
* By, 0(xo:m, ) is Lipschitz, see Appendix
* [ Sm,0(20:m, dby, ) pu(br, ) (1d) is Lipschitz, see Appendix

The following technical lemma will be useful.

Lemma 10. Ler o €]0,1], x € R>g and £ € N. Then for all \; € R>q, i € [0, ], such that o > Hfzo(l — A\iz) it holds
thata>1—x Zf:(] Ai.

Proof. Consider first the case where x\; < 1 for all ¢ € [0, ¢]. We prove the result by induction. The case £ = 0 is
straightforward. Assume now that the result holds for some r € [0, ¢ — 1]. Then,

r+1 r r
[T = Xz) =@ = X [JO = Xiz) = (1= Aaz) (1 =2 > \)
=0 =0 i=0

r+1 T r+1

:1—$Z)\i+$22)\i)\r+1 > 1—%‘2)\1‘.
i=0 i=0 i=0
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Consider now the case where there is a index j € [0, ¢] such that zA\; > 1. Thena > 0> 1 — (Zf:o Ai)x. O

We begin with some important definitions. Let P and () be probability distributions on some common measurable space
(X, &), and assume that these distributions admit densities p and ¢ w.r.t some common reference measure A. Let M [P, Q]
denote a maximal coupling between P and (). As in (Lindholm & Lindsten) |2018| Theorem 2), it is possible to explicitly
construct one such maximal coupling by

MIP, Q] (d(z,y)) = min{p(x), g(x) }\(dx)d. (dy)+
[P(dz) — min{p(x), g(x) }A(dz)] [Q(dy) — min{p(y), g(y) } M (dy)]
1-— /\(min{p, q}) ’

From this definition it follows that for continuous and discrete dominating measures A,

/ 1oy M[P,Q]d(z,y) = / min{p(x), g(x)}A(de).

Moreover, for two Markov transition kernels K7 and K on (X, X), which are assumed to admit transition densities with
respect to some common dominating measure, we let, for (z1,73) € X2, M [K1, K] ((1,2),) denote the maximal
coupling between the measures Kj(x1,-) and Ky(z9,-). Defined in this way, M [K, K5] defines a Markov transition
kernel on the product space (X2, X'®?)

(80)

The following Lemma will be crucial in what follows.

Lemma 11. (i) Let (u1,u2) be two probability measures admitting a density with respect to a common dominating
measure and let (K1, K3) two Markov transition kernels also admitting transition densities with respect to some
dominating measure. Then the probability measure

M ] M K ) (A1,2)) = [ MG ] (e 2)) M K Ko (51,22), e, 22),
is a coupling of (111 K1, pua Ks), and it holds that
[ Lol K iz o] (A1, )
Z//1212221m1iI2M[u17#2] (d(zh’ZQ))M [K17K2} ((21722),d(l‘1,I2)).

(ii) Let (t1,- - , pn) and (v, -+ ,vy) be probability measures such that for all i € [1,n], p; and v; admit densities with
respect to the same dominating measure. Then @), M [u1;, v;] is a coupling of @, p; and Q- v;, and thus

/H]]-L:ylM [®ﬂ27®yl‘| (d($1,--.,xn,y1,-..,yn))
=1 =1 =1
n n
> [Tt @Ml i) e,
=1 =1

Proof. 1t is enough to show that IM [p1, po] M [K71, K3| admits i K and pe Ko as marginal distributions. This follows
immediately from the fact that M [, 11] and M [K, K5 admit the right marginal distributions; indeed,

M [p1, p2] M [K, K] (X x A)

B / M [, p12] (dz1,d2) M [K7, K] (21, 29, d(1, 72)) Txc a (21, 2) Ixe (21, 22)
= /M[’u,l,ﬂg] (dZ1,d2)K2(225A)

://,Lz(dZQ)KQ(ZQaA)
= poKo(A).
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The derivation for the first marginal distribution follows similarly. For the second point, since M [p1, po] M [K1, K5] is a
coupling of (u1 K71, poKs) and M [uq K1, pue Ko is the maximal coupling, we have that

/Ilm:mM[MlKthﬂ (d(z1,22))
// i M i1, 12] (A1, 22)) MK, K] (21, 22; (2, 22)
> / / L,y Loy M [, ] (d(21, 22)) MK, K] (21, 20; (1, ).

The proof of the second item follows similarly. O

C.1.1. § — C,, ¢ is Lipschitz.

We proceed by a coupling method that is inspired by (Lindholm & Lindsten, 2018, Theorem 2). The coupling we consider
is that where the selection and mutation steps of the particle filter are respectively coupled maximally.

Algorithm 7 Coupling C,,, ¢
Data: 64, 05, (o.m
Result: xg.,, 1, To:m,1
29 draw g 1, 20,2 ~ M [14(C0), 10(C0)]
30 for s +— 1totdo
a | draw (21, @s2) ~ M[M_16, (C)(@s1,1, ) Mo—1,6,(Cs) (@12, )]

First, let us prove that the one step selection—mutation kernel is Lipschitz.

Lemma 12. Forallt € N, x;_; € X;_1 and (61,03) € 62,

S (L (2 .))
N7,

/1{x1=x2}M (@i—1,0, ((Ti-1)), Pr—1,0, ((T1—1))] (d(21,22)) > 1 — 01 — 62|  (81)

Proof. By ABI{i) and AF-T[ii),

/1{951:@}]1\/1[‘1%1,91 ((@r-1)), ®ro1,0, (@1 -1))] (d(21, 72))

ZN G—1,0,(T)_1, ) ZN t—1,0,(T)_1, )
. t—1,01 t—1> t—1,0: —1»
= /mlﬂ( N t=1 ; s N 2 izd - )) )\t(dZL’)

i=1 Zj—l ge-1,0, (1) i Zj:l 911,60, (T)_1
> Z/mln ( qt—1,0, (mt 17$) qt—1,64 ($i71,x) > )\t(df)
- ) N ¥
=1 Z] 19t-1,61 (mg 1) Zj:l 9t—1,0, (xi,l)
1

v

>Z/In1n qi— 101(% 1), Qe 102(% T )) A (dx)

~ ,
Z_j:l max <9t—1,91 (T7_1), Gt—1,05 xt 1)

N j i
> j—1max (gtflxel(xi—l) gt—1,0,(x]_, ) iy A (LE g (f_1,)) 161 — 62
N
=1 max (gt 102 (@] 1), ge—1,0, (2] 1))

N i
>1_ Zi:l At (Lg—l(xt—lv ))
- NT,

101 — 62l
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where we have used that

[ s o) st (o) 2 mae ([ s on(@0). [ ool o))

2> maX(Qt—l,Gl (zi—l)v Jt—1,0, (I;—l))

Lemma 13. Forallt € N, x;_ 1 € X;_1, 2 € X; and (01,6,) € ©2,
1M 16, (2) (-1, ) = Mi1,6,(2) (@1, ) | py < Ly (we-1)]|01 — 02
where LM, (1) = (1= N"D7 3 500 A (B (3, 0))-
Proof. Let us denote by U[1, n] the uniform distribution on [1, n]. By definition of the kernel M;_1 ¢(z), we have that

M 10(2)(xs—1,dxy) = /U[[l,n]](dj){@t—l(ﬂ(wt—ﬁ)@j ®6,® @t—1(u($t—1))®(N7j71)}(dict)

and thus, applying the two items of Lemma combined with the fact that M [p, 1] (d(z1,22)) = p(day)d,, (dxs) for
any probability measure u, we get that

/ ]]‘{wt@:fct,z}M [Mtflﬁl <Z> (513,5,1, ')v Mt71,92 <Z> (:1?,5,17 )] d(xt,lv wtﬂ)

> / Lo.s—a 2.5s—ia M UL, 1], ULL, ] (d(ir, i2))

X M (@10, (j(®e-1)), Pro1,0, (pe(xe-1))] " @ M6, 0]
® M (D10, (1(@t-1)), Pe1,0, (1e(@e—1))] " d(@e1, 1 2)

N n
= Z H I]-xt 1=k, [@tflyé‘l (N(mtfl))aq)tfl,ez (:u‘(mtfl»] (d(xi,lvmiﬂ))
i=1 k=1,k#1

Y

) N-1

Zi:l Ay (Lgfl(ngl, ))

1- N7 61 — 62|
Tt—1

ZAt t—1 xt 17'))||91—92||~

Tt1

where we have applied Lemma[I2]in the penultimate line and Lemma[I0]in the last one. O

Lemma 14. For every t € N*, there exists LY € M(Xy.;) such that
IC¢,0, (20:¢) = Ct0 (20:0) | oy < L (204161 = 2] (82)

where LS (20.1) = sup, Cyg [Zt : LM} (z0:t). UnderA@ri), we obtain that | LY || < (N — 1) Z;é 70| L} | oo-

Proof. This is a direct application of Lemma [20] O

C.1.2. 0 — B, g(x0.., -) is Lipschitz

We start by recalling the definition of B,
t—1
<_
Big : Xo:e X Xo:t 2 (zo:t, A) > /"'/]lA($0:t) <H Qs,#(ms)($s+17d$s)> M(wt)(dft) . (33)
s=0
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Lemma 15. Forall s € [[0,t], 2441 € X441, ¢ € Xy and (01, 02) € O3
< < =
HQS,}L(ES),Gl (:Cerl» ) - Qs,,u(ms).,(‘)g (strl? .)HTV S LSQ ($8+1’w5)”91 - 92” . (84)
— . —
with L (2441, 2,) = (NT:55) " Zfil L2, xsq1)- UnderA@i), we have ||LE oo = (FmGm) | LL, | co-

Y Ty ,T L.
Proof. Note that Q ,(a,) (Tt41,-) = Sy th(“—t“)éxf. Therefore, similarly to the proof of Lemma ,
¢ g

1 Qt(ﬂit VTe41)

< <
/]]-{th‘lzxtg}M Qt,p(w,)ﬂl (xt—O—la ')a Qt,u(wt),eg (mt—‘rla ):| d(xt,lvxt,Q)

Ze L max(qe o, (2, Te11), 4.0, (), 2e41)) — L (), 2041)[161 = 62|
ZZ 1 max(qt 01 (va .’Et+1) qt,0, (‘rfa xt+1))
N
ZZ:I Lt (mt7$t+1) H9
1

>1- — 0] .
= N75 2l
O
Lemma 16. Forallt € N, xo; € Xo.; and (61,6;) € ©2
[Bto, (To:t, ) — Brgs (Tot, )|y < L (o) |01 — 602 (85)
—
where LE(x0.) = supy By [Zf;é LIQ} (zo:t). UnderA@i), we have that || LE|| .. = Zf é( i) I L] sc-
Proof. Apply Lemma[I9)and Lemma T3] O
C.1.3. 0 = [ S p(x0:t,dby)u(by)(id) is Lipschitz
Define the backward ancestors kernel
= Y Qt(l“e Tiy1) =
Bg7t th_;,_l th XU([[l,N]])l—)/]lA(J) Z ~ t - (5[(d]) .
=1 Zé’:l at (g 5 Tet1)
Lemma 17. (By ; is Lipschitz) For every m € [0, ], there exists LEX € M(X p,.0n41) such that
HBOl,m(xm-‘rly m'rn) - Baz, (xm—i-lv mm)”TV L ($m+13 mm)Hal - 92“ 5 (86)
—
where LY is defined in Lemma
Proof. By s is the index version of the kernel (83)) and thus it is Lipschitz with the same constant. O
Proposition 14. For every m € [0, ], we have that
| [ CaSmatanmsdbailbn)1)] < T (87)
£=0
and
‘ / S0, (@0 by )b ) (1) = [ Sy (i, dbmm(bm)ad)‘ < (o) — ol . (8)
where LSH (xg.,) = N1 Zz L LB (2%, xo.m) and LE is defined recursively as
—
Lﬁ-ﬁ-l(xfn-&-l)w&m) = Lr%( Tt1sLm Zse + /BG m m+17wmadJ) {LS ($m7 m+1) + LB (l'm,mOm 1)}
=0
(89)

+—
In particular, underA we have that LB < Z;”:l ||LJQ lloo {Zgb 01 3;0] + E;":l 15 |l o
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Proof. Consider the following kernels,

m N
S i i3\ N, . S M
S0 @01, d(T57, o T 20) = [T T Seo(@hir @e,d(357);2) (90)
=0 k=1
M
Seo(ahiy e, dIFI)) = T Bo.e(akyy, e, dIf7) . (91)
j=1

Define for all k € [1 : N], m € Ny,

Bt 0 / S0 (@01, d(I57, . TN V0E (@0, (J57, . T

i=1,5=1 1=1,j=1

i CANM .
where b¥, 1 (Zo.m1, (J57, - - -, J}#)i:l’j:l) is defined recursively as
bE ij i\ oMy -t ZM pin’ i.j ij \N.M Itk
m+1 (w01m+17 (JO e d )121,3:1) - m (w()i"“ (JO 1o ’Jmfl)z':l,j:1) + Sm.o (T Tyngr)-
=1

For notational convenience, we henceforth drop the arguments and simply write b, 11
We herebelow show that B, 1 x is Lipschitz with constant L3 (xF, 41> Tm) and bounded by ZZ;BI s5°. Form > 2 and
kell:N],

Bm+1,k(9) = /gmﬂ(w&m-‘rla d(Jé’ja ceey J:‘;zj)'f\iﬁzl)bfn+l

Q 1,7 1,7 N,M = i
= / e /Sm—l,e(xo:ma d(Joja ey ij_l)izl,jzl)sm,a(mfn_t,_la Lm, d(an])Jjwzl)

M
—1 JEt Ik
X {M E bt 4 Smo (o @y, 1)

{=1

M
~ . B gkt
— /.../Sm79(g;fn+1,:cm,d{J’:ﬁJ}éVil) [M 12 {sm,é)(:cn{n ,xfn+1)
(=1
~ i i Jk.£
+ /Sm—lﬂ(mo:ma d(JO’]a cey J#jfl)ﬁ%:l)bnﬁr }:|

~ . M k.2
- /-.-/sm,e(x’;+1,mm,d(J’;;ﬂ)yil) [Mlz{sm,e(mn kL) +Bmmg(9)}

{=1

= /39,m(xlfn+17wmad‘]) {Smﬁ(x;]nvxlﬁn—i-l) + Bm,,J (0)}

k.2
Applying the induction hypothesis conditionally on JJ¢, B, k. is Lipschitz with constant LB (23 @o.m—1) and thus
the Lipschitz constant of B, 11 is

2] o . s /. d J
LB a(ehyirs@om) = LR(ehy1s@m) 3 57+ [ Buanehrsis dD) { Lo ab) + L8 (eh o)}
£=0
92)
where we have used the fact that By ,,, and s,,, ¢ are also Lipschitz. Again by induction B, 11 i is bounded uniformly by

Z;’;O s3°. The induction is concluded by noting that for the base case m = 0, Bk =0 forall k € N and thus the result
holds.

It now remains to check that forall # € ©, m € [0,t] and k € [1: N],
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Again, we proceed by induction.

/ (@0 by B,

/ / m—1 mOm, 17dbm 1)Sm(bm—1>wm—1:madb )bfn

:/-n/Smfl(fBO:mfl?dbm*l)

st a Gm—1 (), 1 ) ) k 7k
X Z N - = 5"35)” 17bpm 1 (d(xmj 1 bmj 1))
j=1

p=1 22:1 Qm—l(xfn_l, Jilfn)
M
X [M‘l Z {bfn" 1+ Sme( f};"l,arfn)}]
n=1

:/.‘./S _1(®o:m—1,dbym_1)

N k
<Z Zeqn:q;( 1772 ;7 mi,k )51)((1‘1];77,] ) [ - Z {b " 11 +8m 9( n:n 117 En)}‘|

p=1 Tm—1:Tm

- / o [ Bty e, d@)M )

k£ ké

M
X ]\,4_1 Z {smﬂ (.'L';]nm_711 5 x;) + Sm—l(mO:m—l, dbm—l)b"yl 11 }]

[ [ Buateh s wena@iity
M Tk Tk
X MIZ{Sm,H(zmmllvxfn)"’_/Sml(wO:m1adbm1)b i 1}
e, d(J57) [ 12{‘9’”9 ";n 11’ )+Bm—1,J’ffl(9)}]

I
\
\

I
U:J

The proof is finalized by noting that

N
/ S (T0:m Abyn ) (b ) (Id) = N7 " By, 4(6)
k=1
and thus it is Lipschitz with constant L3 (z.,,) = N~} Zz VLB (k@ ). O

C.2. Lipschitz properties of Markov Kernels

Lemma 18 (Composition of ergodic Lipschitz kernels is lipschitz). Let Py be a Markov kernel over X x Y that is uniformly
mw-geometrically ergodic for any 0 with contraction constant p independent of 0 and such that there exists L, > 0 such that
for every z € X

Then, forallk > 0
||P9]€0( ) P91

||TV = 1 = 0]
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Proof. We use the following decomposition borrowed from (Fort et al.,2011). For any k£ > 1,

k—1
: : j k—j—1
P f =P f =Y P (Po — Po)(Py, "' f =f).

=0
Then, for any f s.t. || f]leo < 1and z € X,

-1

7

| P, f () — Py f(z)| <

[ P anysup P ) — )| 2ol — )
: z€

J

k—1
<Lp < ZPMI> 160 — 64l
j=0

Lp
1—-p

Il
<)

<

100 — 61

O

Lemma 19 (Composition of Lipschitz kernels is lipschitz). Let Py, Qg be two kernels defined over X x Y and Y x Z
such that for ever x € X, y € Y there are L, € M(X), L, € M(Y') that satisfy

1P (2, ) = Poy () | oy < Ly(2)][60 — 64|

and
HQ% (ya ) - Q91 (yv ')HTV < Lq(y)HGO - 01” .

Then
HP‘%QGO (J), ) - P91Q91 (xa ')HTV < qu(m)||00 - olH )

where Ly (x) = (supy PpLq(z) + Lp(x) sup, supy Qo (y, Z)).
Proof. Let f € M such that || f||le < 1.
1Py, Qo, f — Po, Qoo f1| < | Po, [Qo, f — Qoo f1 1| + 1| (Poy — Po,) Qo [l
< (Po, Lg(x) + Lp(2)[|Qo, flloo) (101 — 2] -
O

Corollary 4. Let Py, Qg be two Markov kernels defined over X x Y and'Y x Z such that for ever x € X, y € Y there
are L, € M(X), L, € M(Y) that satisfy

1P (2, ) = Poy () | oy < Ly (2)][60 — 64|

and
1Qo0 (y:+) — Qo, (¥, )y < La(y)lI60 — 01 -
Then
1 Po, Qoo (5 +) — Po, Qo, ()|l py < Lpg() |60 — 61|,
where Ly, (x) = (supy PoLy(z) + Ly(x)).

Lemma 20 (Product of Lipschitz kernels is lipschitz). Let Py, Qg be two Markov kernels that are uniformly Lipschitz with
constants Lp, Lg. Then Py @ Qg is uniformly Lipschitz with constant Lp + L.

Proof. Lethg : y — [ Qo(y,dz)f(y,z). Then (Py, ® Qp,)(f) = Py, (hy,) and the proof is similar to that of the previous
Lemma since hy is Lipschitz with constant Lg and [|hg|eo < 1. O
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D. Additional numerical results

D.1. PPG

All the experiments were performed on a server equipped with 7 A40 Nvidia GPUs. The algorithms were implemented in
Python with the JAX Python package (Bradbury et al.,[2018) and run on GPU.
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Figure 3: Output of the PPG roll-out estimator for the LGSSM. The curves describe the evolution of the bias with increasing
k for different particle sample sizes N. The left and right panels correspond to kg = k — 1 and kg = | k/2], respectively.

D.2. Learning

For both experiments, all the parameters were initialized by sampling from a centered multivariate gaussian distribution
with covariance matrix of 0.01/. We have used the ADAM optimizer (Kingma & Bal 2014) with a learning rate decay of
1/ /€ where ¢ is the iteration index, with a starting learning rate of 0.2. We rescale the gradients by 7.

LGSSM For LGSSM we evaluated for fixed number of particles (N = 64) and number of gibbs iterations (k = 8)
the influence of the burn-in phase (kg) over the final distance obtained to the MLE estimator. Table 3| indicates that
configurations with smaller ky perform better. A possible interpretation of this phenomenon is that, since between two
gradient ascent iterates the conditioning path is being passed on, this conditioning path from a moment on makes the
estimates less biased, so the importance of having kg high to have less bias vanishes, but the effect of augmenting the
variance with k is still shown, since the fact of having a conditioning particle from the right marginal does not affect the
variance of the estimator, only it’s bias.
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Table 3: Distance to 01 for each configuration in the LGSSM case.

Algorithm | N | ko | k D,
PPG 64| 0 | 8| 0.205+0.013
PPG 64| 1 | 8] 0.213+£0.016
PPG 64 | 2 | 8| 0.201 £0.010
PPG 64 | 3 | 8| 0.201 £0.010
PPG 64 | 4 | 8| 0.207+0.012
PPG 64| 5 | 8] 0.212+0.015
PPG 64| 6 | 8| 0.210+0.017
PPG 64 | 7 | 8] 0.211+0.018
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