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Abstract

Length generalization asks whether a model can
reuse a learned computation beyond the lengths
seen in training. Arithmetic makes this test pre-
cise because a model trained on short additions
should apply the same digit-wise rule for more
steps, rather than fit patterns tied to the training
range. Many strong extrapolation results, how-
ever, rely on explicit aids that tell the model how
digits should be aligned. We ask whether a model
can length-generalize without such aids. We
train small looped transformers with adaptive halt-
ing on a controlled decimal-addition task, with-
out positional encodings or arithmetic-specific
side information. The models extrapolate be-
yond the training range across multiple training
regimes. To understand why, we analyze their
internal dynamics and find that recurrent depth be-
comes organized as algorithmic time: later answer
positions are resolved at later recurrent phases.
These results suggest that adaptive recurrence can
turn repeated latent computation into a less hand-
engineered route for applying a digit-wise rule
beyond the training length.

1. Introduction

Length generalization is a concrete test of whether a neural
model has learned a reusable computation rather than a sur-
face pattern tied to the training range. It is closely related to
compositional generalization and productivity: the ability to
extend a learned rule to larger structures than those observed
during training (Lake & Baroni, 2018; Hupkes et al., 2020).
Arithmetic is a useful setting for this question because the
target algorithm is known, correctness is unambiguous, and
intermediate variables such as digit position and carry have
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Figure 1. Mid-regime operand-length generalization. The red
guide marks the training boundary. Panel (a) shows exact-match
accuracy for each operand-length pair. The model is trained on
up to 20-digit operands and extrapolates to substantially longer
additions; digit-accuracy, halt-step, and answer-length diagnostics
are in Appendix E.

clear meanings. A model trained on short additions should
not merely fit the observed input lengths; it should apply the
same digit-wise rule for more steps.

This remains difficult for transformers. Small transformers
can learn arithmetic in distribution, yet fail sharply when
evaluated on longer inputs (Lee et al., 2023; Jelassi et al.,
2023; Zhou et al., 2024). Prior work also shows that posi-
tional choices themselves matter for extrapolation, including
methods that bias, randomize, or remove positional encod-
ings (Press et al., 2021; Ruoss et al., 2023; Kazemnejad et al.,
2023). In arithmetic, many of the strongest results add fur-
ther task structure, such as digit indices, same-significance
position IDs, task hints, or custom encodings of arithmetic
structure (McLeish et al., 2024; Cho et al., 2024; Awasthi &
Gupta, 2023; Sabbaghi et al., 2024; Cho et al., 2025).

In this paper, we ask whether a model can length-generalize
without explicit aids that tell the model how the digits should
be aligned. Prior work shows that recurrence and depth-
wise weight sharing can improve compositional and length
generalization (Dehghani et al., 2019; Csordas et al., 2021;
Ontafion et al., 2022; Fan et al., 2025; Soulos et al., 2024).
Even for addition, however, existing looped-transformer
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results rely on structured training or decoding protocols, so
they do not settle whether looped transformers address the
length-generalization problem in an autoregressive addition
setting without explicit arithmetic coordinates.

To answer the question above, we train small looped trans-
formers with tokenwise halting on a controlled decimal-
addition task (Section 4). Across three training regimes, the
models retain greater than 99% mean exact-match accuracy
up to 1.8 x the maximum trained operand length. A fixed-
loop ablation solves the training-length distribution but fails
under length extrapolation, showing that adaptive halting is
not just an implementation detail in this setup.

We then ask why the halting model extrapolates (Section 5).
We find that recurrent depth becomes organized as algorith-
mic time, with a computation frontier moving across digit
positions as recurrent time increases. Halt depth grows with
answer length, and independent observables align along the
same diagonal frontier over recurrent iteration and answer
digit position. Taken together, the behavioral and mechanis-
tic evidence support the same contribution: adaptive recur-
rence can turn extra depth into algorithmic time, giving an
inspectable route by which a model applies a digit-wise rule
beyond the training length without explicit digit-alignment
aids.

2. Related Work and Background

Length generalization is a concrete form of compositional
generalization: a model must apply the same rule for more
steps than it saw in training (Lake & Baroni, 2018; Hup-
kes et al., 2020). In arithmetic, small transformers often
learn the training distribution but fail on longer inputs (Lee
et al., 2023; Jelassi et al., 2023; Zhou et al., 2024). Many
stronger arithmetic systems improve extrapolation by sup-
plying task structure, such as digit-position embeddings,
same-significance position IDs, task hints, or symmetry-
based encodings (McLeish et al., 2024; Cho et al., 2024;
Awasthi & Gupta, 2023; Sabbaghi et al., 2024; Cho et al.,
2025). NoPE is relevant context because it removes posi-
tional embeddings rather than adding arithmetic coordinates;
our setting asks whether recurrence and learned halting can
make such a coordinate emerge internally.

Our architectural motivation comes from adaptive compu-
tation and recurrent-depth transformers (Graves, 2016; De-
hghani et al., 2019; Banino et al., 2021; Fan et al., 2025;
Soulos et al., 2024). PonderNet is especially useful for our
setting because it was proposed as a probabilistic succes-
sor to ACT: it replaces ACT’s heuristic computation-cost
objective and thresholded accumulated halting with a dis-
tribution over stopping times, an expected prediction loss,
and a KL prior over halt depths (Banino et al., 2021). Prior
work shows that recurrence, weight sharing, and other de-

sign choices can affect systematic or length generalization
(Csordas et al., 2021; Ontafién et al., 2022), but our focus is
mechanistic: whether the learned recurrent dynamics form
a readable computation schedule over digit positions. This
connects to mechanistic analyses of arithmetic and recurrent
models (Quirke & Barez, 2024; Lu et al., 2025; Blayney
et al., 2026), while using a controlled setting where interme-
diate variables can be probed directly. Appendices B and C
provide a more comprehensive related work discussion and
baseline-context table.

Adaptive recurrent computation. Adaptive Computa-
tion Time introduced learned halting for recurrent models:
instead of applying a fixed number of transition steps, a
model can learn how long to keep refining a state before
producing an output (Graves, 2016). The Universal Trans-
former brought this idea to transformer architectures by
repeatedly applying a shared transition block across recur-
rent depth, with optional adaptive halting at each position
(Dehghani et al., 2019). Modern looped transformers use
the same weight-sharing principle for transformer blocks,
turning depth into a recurrent computation axis (Fan et al.,
2025; Soulos et al., 2024).

Let 2t € R? be the residual state at token position 7 after
loop iteration ¢t. A looped transformer applies the same
block Fy repeatedly,

' = Fy(ah), t=0,....,T—1. 1))

Because Fy is shared, a useful update can in principle be
reused on inputs that require more recurrent steps. For
addition, this is the relevant inductive bias: a digit-wise
update learned on short examples might be applied for more
positions by running the loop longer.

PonderNet halting. PonderNet turns learned halting into
a distribution over stopping times (Banino et al., 2021). It
was introduced to address two practical issues with ACT:
sensitivity to the trade-off between accuracy and compute,
and a biased computation-cost gradient that only flows
through the final ponder step. PonderNet instead makes the
halt depth probabilistic and trains on the expected loss over
possible stopping times. Index loop stepsbyn =1,...,T.
At token ¢ and step n, the halting head predicts a conditional
halt probability

AP = o(wy 2} + by). )

This induces a distribution p;(n) over stopping steps, so the
model learns both what prediction to make at each recurrent
step and how much computation to spend before using that
prediction. We use PonderNet as a generic differentiable
halting mechanism; we do not assume that its geometric
prior is an ideal model of computation time for addition.
The finite-cap implementation used in our experiments is
given in Appendix A.
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Figure 2. Mid-regime training curves and no-halting ablation. Panels show accuracy and loss for PonderNet mid-regime runs and the
fixed-loop mid ablation. The fixed-loop ablation uses 40 recurrent iterations, matching the mid-regime checkpoint loop cap. The legend
entries are ID and OOD for the PonderNet runs, and no-halt ID and no-halt OOD for the ablation; ID curves are solid and OOD curves are
dashed. The PonderNet curves show the mean over three seeds with one-standard-deviation bands, while the ablation is a single run. The
OOD stream samples the ten held-out operand lengths immediately above training, 21-30 digits for this regime. The PonderNet runs
acquire high OOD accuracy after fitting the training lengths, whereas the no-halting ablation fits ID examples but generalizes much less

reliably.

3. Experimental Setup

Task. Examples are character-level addition strings. We
use $ as both the start delimiter and the answer-end delim-
iter, and ; as the example separator. Both operands and the
answer are written least-significant digit first, so the ordinary
equation 23 4 18 = 41 is represented as $32+81=145;.
This format is intentionally task-aligned: left-to-right gen-
eration in the token sequence follows the ordinary carry
direction from least to most significant digit, so the task is
cleaner than standard most-significant-digit-first addition.
The model is trained autoregressively, with loss applied only
on the answer span after =, including the closing $; prompt
tokens and the example separator are masked out. We use
k for the answer digit position, with £ = 0 denoting the
least-significant answer digit. When discussing the internal
dynamics, ¢ denotes the recurrent loop iteration.

Model and objective. All PonderNet experiments use
one-layer adaptive looped transformers with embedding di-
mension 128, 2 attention heads, dropout 0.1, and tokenwise
halting. Let ¢]" be the cross-entropy loss for supervised
answer-span position ¢ when read out after step n. The
training objective over supervised answer-span positions A
is

1 T
L= g X | X + 5L ar,) | ©)

€A Ln=1

where p; is the learned finite-cap halt distribution and g,
is the corresponding geometric prior distribution, obtained
by replacing the learned conditional halt probabilities with
the prior parameter A,; see Appendix A. At evaluation time
we decode with a thresholded halt rule on cumulative halt
probability, using threshold 0.2. The training objective does

not depend on this inference threshold. The model uses
no positional encodings. Token embeddings are injected
only before the first recurrent step, not re-injected at every
loop iteration. We train short, mid, and long regimes with
three seeds each. The fixed-loop baseline uses the same mid-
regime data and 40-step loop cap but removes the halting
head and PonderNet objective. Appendix H gives the full
configuration summary.

4. Length Generalization Without Explicit
Coordinates

Evaluation protocol. For an operand-length grid with
maximum length L, we evaluate every pair ({y,¢,) €
{1,..., L}%. Exact match requires every generated digit,
over the ground-truth answer length, to equal the target
digit; delimiter prediction is not included in these behav-
ioral metrics. Digit accuracy pools correctness over answer
positions. For a sample, the reported selected halt step is
the maximum selected step over generated answer digits.
For Table 2, we report the largest number of digits cov-
ered with exact-match accuracy above 99%. The table’s
Mean EM column reports mean exact-match accuracy on
that boundary ring. The training curves show the ID and
OOD evaluations, OOD covering the ten held-out operand
lengths immediately above the training range.

Main behavioral result. Figure 1 shows the main exact-
match evaluation for the mid regime, trained on operands
of length 1-20. The model remains accurate well beyond
the training square, then fails gradually. The extrapolation
is not a consequence of an explicit coordinate system: the
model receives no absolute or relative positional encodings,
no digit-index hints, no same-significance position IDs, no
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Figure 3. Main mechanistic evidence for algorithmic time. Mid-regime diagnostics at answer-token predictor states, red dashed lines
mark the maximum trained length. From left to right: stepwise answer-position probe accuracy, correct-token probability under the
model’s own readout, residual-state change between consecutive loop iterations, and phase-aligned metrics after shifting each digit by its
correct-token frontier time. The four views show the same moving computation frontier; halting rises after the answer digit becomes

readable.

carry labels, and no scratchpad supervision. The plots in
Figures 4 and 5 show that the selected halt step grows with
answer length, rather than remaining fixed after training
lengths. This is the first behavioral sign that the model is
not merely applying a shallow in-distribution heuristic. It
has learned to spend more recurrent computation on later
answer positions, and that schedule continues beyond the
trained operand lengths.

Figure 2 shows that this OOD behavior appears during train-
ing across seeds in the mid regime. The no-halting ablation
reaches high ID accuracy, but its OOD curve stays far below
the PonderNet runs. This suggests that, in this setup, the
learned halting distribution is not just a reporting device
for compute usage; it is part of the mechanism that lets
recurrence scale to held-out lengths.

The across-regime summary and behavioral length-
generalization table are in Appendix D.

5. Recurrent Depth Becomes Algorithmic
Time

The behavioral result raises a mechanistic question: what is
the recurrence doing? For answer digit &, a serial addition
rule must use the aligned operand digits and carry-in cy,
produce the answer digit, and pass carry information to later
positions. If recurrent depth is acting as algorithmic time,
these subcomputations should not become available for all
answer positions at once. They should sweep across k as
loop iteration ¢ increases. Because the answer is reversed,
this sweep is ordinary right-to-left addition in numerical
notation, but left-to-right in the generated token sequence.

We call this moving boundary the computation frontier. The
main diagnostic is whether independent observables agree
on the same diagonal frontier in (¢, k) space. For this anal-
ysis, we collect residual states at the predictor position im-
mediately before each answer digit and train stepwise linear

probes for answer position and carry-in; additional probe
details and the frontier-fitting definition are in Appendix G.

Figure 3 shows the resulting frontier. First, answer-position
information is phase-specific: it is not linearly decodable at
all recurrent steps, but becomes decodable near the active
phase for that digit. Second, the same diagonal appears
through the model’s own language-model head: before the
frontier, the correct answer digit is usually not readable, and
after it the correct-token probability rises sharply. Third,
residual-state change concentrates in the same narrow band,
showing that the recurrent update is doing most of its work
where the digit is becoming readable, rather than uniformly
refining all positions. Fourth, after aligning digits by their
correct-token frontier time, position decodability, correct-
token probability, state change, and halting align on a com-
mon phase profile.

The model first moves the residual state for a digit into a
phase where its position and answer become readable, then
the halting probability rises after the prediction has become
available. Thus halting behaves like a learned stopping rule
attached to an ordered recurrent computation over answer
positions. This is the sense in which recurrence becomes
algorithmic time: loop iteration supplies an internal axis
along which the digit-wise addition rule is computed.

6. Discussion and Limitations

The result should be read as a mechanistic and architectural
claim, not as a new state-of-the-art arithmetic system. Re-
versed least-significant-digit-first notation is a task-aligned
simplification, an adaptive looped transformer is overkill
for addition, and we test one-layer PonderNet models on
two-operand decimal addition only. Standard notation, mul-
tiplication, multi-operand arithmetic, and non-arithmetic
algorithmic tasks remain open.

The evidence for the computation frontier is convergent but



Adaptive Recurrence as Algorithmic Time

observational: probes, readout, state change, phase align-
ment, and halting agree, but causal interventions are needed
to show that the frontier is necessary, and more fixed-loop
seeds would strengthen the negative-control evidence. The
failure boundary should also not be read as a hard 2 limit.
Halt depth grows roughly linearly, but finite loop caps, the
KL prior toward shorter computation, and frontier or readout
drift can make extrapolation fail before available recurrent
depth is exhausted.

Adaptive recurrence gives a transformer a reusable transi-
tion and a learned stopping rule. On least-significant-digit-
first addition, this is enough to obtain moderate but clear
length generalization without explicit positional encodings
or arithmetic-specific side information. The internal dy-
namics explain why: recurrent depth becomes a learned
time axis, and answer digits are computed along a diagonal
frontier over loop iteration and digit position. Looped trans-
formers can therefore sometimes internalize the coordinate
structure that other length-generalization methods provide
explicitly. This study focuses on reversed addition, leaving
other arithmetic formats, broader algorithmic tasks, deeper
causal circuit analysis, and alternative halting mechanisms
as natural next steps.
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A. Finite-Cap PonderNet Implementation

In the experiments, looped computation is capped at 71" re-
current steps. For token ¢ and step n, the halting head
produces the conditional halt probability A}'. The finite-cap
halt distribution used in the objective is

. — )\?Hs<n(1_)‘f)7 n<T,
pl(”){nwa—m n=r P

The final case assigns any remaining unhalted probability
mass to the last allowed recurrent step. The prior gy, in
Equation (3) uses the same finite-cap form with every condi-
tional halt probability set to the geometric-prior parameter
Ap-

B. Extended Related Work

Compositional and length generalization. Composi-
tional generalization asks whether neural models learn
reusable rules rather than correlations tied to a training distri-
bution (Lake & Baroni, 2018; Hupkes et al., 2020). Length
generalization is a direct version of this question because
the model must apply the same computation more times.
Formal and empirical work studies which algorithms trans-
formers can learn under length shift, and how failures relate
to position, sparsity, or formal-language structure (Zhou
et al., 2023; Huang et al., 2024; Golowich et al., 2025). In
arithmetic, this becomes the question of whether a model
trained on short additions has learned the digit-wise rule
productively enough to apply it to longer numbers.

Task coordinates for length extrapolation. Many suc-
cessful length-generalization methods can be viewed as sup-
plying or improving a coordinate system. General-purpose
approaches modify, randomize, or remove positional en-
codings through ALiBi, randomized positional encodings,
NoPE, or temperature and architectural changes to posi-
tional extrapolation (Press et al., 2021; Ruoss et al., 2023;
Kazemnejad et al., 2023; Wang et al., 2024; Zhao et al.,
2024). Arithmetic-specific approaches expose more task
structure. Abacus embeddings provide digit-position in-
formation (McLeish et al., 2024); position coupling shares
IDs among same-significance digits (Cho et al., 2024); task
hinting supplies auxiliary subproblems (Awasthi & Gupta,
2023); and symmetry-based encodings build arithmetic
structure into the representation (Sabbaghi et al., 2024).
These methods can be very effective, including for extrap-
olating over both operand length and operand count (Cho
et al., 2025). NoPE is used here in this literal sense, as
the absence of positional embeddings, not as an additional
coordinate. Our experiment removes explicit positional en-
codings, digit-index hints, scratchpad targets, carry labels,
input injection, and long-length priming, and asks whether

a useful coordinate can emerge from recurrence. Table 1
summarizes representative addition settings.

Algorithmic formats and program simplicity. Another
line of work explains length generalization through the sim-
plicity of the algorithm a transformer must implement. Zhou
et al. (2023) relate length generalization to short RASP-L
programs and show that scratchpad formats can help or hurt
depending on whether they simplify the underlying program.
Task hinting similarly makes intermediate structure more
available to the model (Awasthi & Gupta, 2023). Looped
transformers provide a different way to create intermediate
computation. Fan et al. (2025) show strong length general-
ization on tasks with n-RASP-L solutions, including binary
addition, using looped transformers with step-dependent
training and adaptive inference. Our setting differs by using
autoregressive decimal addition with a learned tokenwise
halting policy and without explicit arithmetic coordinates.
The computation frontier can therefore be viewed as a latent,
recurrent analogue of an ordered scratchpad. Intermediate
structure is not written as tokens, but appears over loop
iterations.

Recurrence, halting, and latent computation. Adaptive
Computation Time, Universal Transformers, and Ponder-
Net introduced or developed learned recurrence and halting
mechanisms (Graves, 2016; Dehghani et al., 2019; Banino
et al., 2021). PonderNet is not merely another halting head
in this lineage: Banino et al. explicitly present it as a proba-
bilistic reformulation of ACT, motivated by ACT’s instabil-
ity, hyperparameter sensitivity, and biased computation-cost
gradient. Its expected-loss objective and KL prior over halt-
ing depth give us a simple way to train tokenwise stopping
distributions while keeping the recurrent block itself generic.
Prior work gives evidence that recurrence, weight sharing,
and other architectural details can help systematic or length
generalization, while also showing that details matter (De-
hghani et al., 2019; Csordas et al., 2021; Ontan6n et al.,
2022; Fan et al., 2025; Soulos et al., 2024). Recent looped
or recurrent models further motivate latent depth as a reason-
ing axis (Saunshi et al., 2025; Geiping et al., 2025). At the
same time, dynamic-compute analyses caution that spend-
ing more computation on difficult tokens is not sufficient
evidence for algorithmic extrapolation (Moosa et al., 2026).
Our contribution is to connect recurrent depth to a specific
internal schedule over digit positions.

Mechanistic analysis of arithmetic and recurrent models.
Prior mechanistic work has found structured digit-wise
mechanisms in fixed-depth addition transformers (Quirke
& Barez, 2024). TunedLens asks when intermediate states
become readable by a model’s own output head (Belrose
et al., 2023). Recent work probes recurrent language mod-
els for latent reasoning and loop dynamics (Lu et al., 2025;
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Blayney et al., 2026). Our analysis follows this spirit in
a controlled arithmetic setting where the central object is
not only final accuracy, but the emergence of a readable
computation frontier in recurrent time.

C. Representative Addition Baselines

Table 1 contextualizes the behavioral result against repre-
sentative addition baselines. The cited systems differ in
architecture, data format, supervision, positional informa-
tion, and evaluation protocol. The main point is that higher
extrapolation factors in prior arithmetic work often come
with stronger task-specific structure, whereas our setting re-
moves explicit arithmetic coordinates and uses the baseline
table to make those assumptions visible.

D. Across Training Regimes

Table 2 summarizes the length-generalization result. The
table reports operand lengths; answer lengths can be one
digit longer because of a final carry. All three PonderNet
regimes extrapolate beyond the maximum trained operand
length, and the largest trained regime gives the largest ab-
solute extrapolation range. The short- and long-regime
training curves in Appendix F show the same qualitative
OOD learning pattern. The result is moderate compared
with highly engineered arithmetic systems, but strong for a
model trained from scratch without explicit digit-alignment
aids.

E. Additional Behavioral Figures

Figures 4 and 5 show the mid-regime diagnostics omit-
ted from the main text: digit accuracy, selected halt steps,
answer-length accuracy, and carry-stratified accuracy. Fig-
ures 6 and 7 show the corresponding behavioral evaluations
for the short and long regimes. Together, these figures
support the same qualitative conclusion as the mid-regime
exact-match heatmap in Figure 1: accuracy remains high be-
yond the training boundary, selected halt steps increase with
answer length, and carry-stratified accuracy declines near
the same failure region rather than collapsing immediately
out of distribution.

F. Additional Training Curves

Figure 8 shows the training dynamics for the short and long
PonderNet regimes. Together with the mid-regime curves
in Figure 2, these runs show the same qualitative pattern
across operand-length ranges: in-distribution accuracy rises
first, OOD accuracy on the held-out length band follows,
and the trained PonderNet models generalize out of distri-
bution. The fixed-loop no-halting ablation in Figure 2 is the
exception among these training-curve evaluations.

G. Frontier Analysis Details

For the frontier analysis we collect residual states at the
predictor position for each answer digit, namely the token
position immediately before that digit. We use 500 probe-
train examples and 400 disjoint probe-evaluation examples,
sampled uniformly. Answer-position probes predict k£ with
multinomial logistic regression, and carry probes predict
the carry-in bit ¢, computed from the ground-truth operand
digits. Classifiers are trained separately for each recurrent
step, using class-balanced subsampling. For probe target z;
and step n, the fitted classifier is

- = i E(sof ™), %) -
w argmwl/nzi:C (softmax(Wxl'), z;) ®)

For a scalar observable m(t, k), such as correct-token prob-
ability or halt probability, we define a frontier time 7(k)
as the first loop iteration at which the observable crosses a
threshold or reaches a fixed fraction of its dynamic range.
A roughly linear relation

T(k) = ak + By 6)

means that later answer digits become active later in recur-
rent time. The important point is not the exact fitted slope,
but the agreement among independent observables. A single
shared answer-position probe trained on states pooled across
all recurrent steps did not yield a useful position decoder, so
the reported probe frontiers should be read as phase-specific
decodability rather than as a stable absolute position code.

H. Configuration and Evaluation Summary

Table 3 lists the active checkpoint settings and
paper-evaluation caps for the three PonderNet length-
generalization regimes. The behavioral grids, answer-length
diagnostics, and frontier plots use one final checkpoint
per regime; the training-curve figures aggregate the three
seeds. All runs use answer-span-only loss, pad sequences to
the configured block size, use cumulative halting for the
paper evaluations with threshold 0.2, and train with gradient
accumulation 1, AdamW weight decay 0.1, 52 = 0.99, 500
warmup iterations, and cosine decay to Nmin = 7/10.
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Table 1. Representative arithmetic length-generalization settings. Reported extrapolation factors are not directly comparable
because the tasks, formats, architectures, reporting conventions, and externally supplied task information differ. The table is intended to

contextualize our stricter no-explicit-coordinate setting rather than to define a leaderboard.

Work Setup

Reported addition result

Coordinate / side in-
formation

Lee et al. (2023) Decoder-only small transformers trained
from scratch with next-token predic-
tion; studies plain, reversed-output, and
scratchpad formats.

Jelassi et al. (2023) Encoder-only transformer and Universal
Transformer models trained from scratch
as supervised output-position classifiers;
uses padded operands and outputs with
relative position embeddings.
Decoder-only transformer with reversed
format, index hints, FIRE position encod-
ings, randomized positional encodings,
and best-of-10 reporting.

Decoder-only models with Abacus digit-
position embeddings; experiments also
use input injection and recurrent or
looped variants.

Decoder-only transformers with position
coupling, where same-significance digits
receive shared position IDs; uses reversed
format and zero padding.

Zhou et al. (2024)

McLeish et al. (2024)

Cho et al. (2024)

Reverse and scratchpad formats improve
in-distribution learning, but the paper re-
ports failures to generalize to unseen digit
lengths, such as training on 1-7 digit ad-
dition and failing on 8-digit addition.
Training on up to 5-digit addition reaches
high accuracy at 15 digits, but perfor-
mance drops strongly by 20 digits.

Training on 1-40 digit addition reaches
more than 98% exact match at 100 digits,
a 2.5 factor, but with high seed and data-
order sensitivity.

Training on up to 20-digit operands
reaches 99% exact match on 100-digit
addition, and the paper reports generaliza-
tion to 120 digits in some settings.
Training on 1-30 digit addition reaches
more than 95% exact match up to 200
digits, a 6.67 x factor.

Formatting and

scratchpads.

Relative position em-
beddings; encoder-
style output classifi-
cation.

Index hints and posi-
tional recipe.

Digit-position em-
beddings; often
input injection and
recurrence.
Same-significance
position IDs.

Sabbaghi et al. (2024)  Transformer with modified number for- Training on at most 5-digit numbers gen- Custom  structural
matting and custom positional encodings eralizes up to 50-digit addition and multi- encodings.
designed to encode arithmetic symme- plication.
tries.

Cho et al. (2025) Multi-operand addition and multiplica- Approximately 2—-3 x length generaliza- Scratchpads and

tion with task-specific scratchpads and
multi-level position coupling.

tion over operand length and operand
count tasks.

multi-level position
coupling.

Table 3. Configuration summary. All models are one-layer
adaptive looped transformers with 2 attention heads, embedding
dimension 128, dropout 0.1, NoPE attention, no input injection,
no loop embeddings, zero-initialized residual projections, and

L tokenwise PonderNet halting.
Table 2. Behavioral length generalization. Each model is trained okenwise Fondertet haling

only on the operand-length range shown. We report the longest

max-operand-length ring for which all rings up to that length retain Setting Short Mid Long
greater than 99% mean exact-match accuracy. Train operands 1-10 1-20 1-40
Context size 70 100 160
Regime Train OOD Factor Mean EM Batch size 512 512 256
Max iters 80k 80k 150k
Shprt 1-10 13 1.3x 100.0% Checkpoint loop cap 50 40 55
Ili/hd 1:4218 ;g }gx gg;gg Behavioral eval loop cap 60 120 200
ong ox D Probe trace loop cap 30 60 120
Learning rate n 3x107* 3x107* 3x107*
Min LR 7jmin 3x107% 3x1075% 3x107°
PonderNet A\, 0.5 0.25 0.125
PonderNet 8 0.01 0.01 0.01
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Figure 4. Mid-regime supplemental operand-length diagnostics. Panels (b) and (c) continue Figure 1: digit accuracy and average
maximum selected halt step over the same operand-length grid. The red guides mark the training boundary.
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Figure 5. Mid-regime answer-length accuracy, carry robustness, and computation growth. Panels show exact-match accuracy by
answer length, carry-stratified exact-match accuracy, and mean selected halt step. Long-carry examples remain close to the other carry
groups until the model approaches its failure boundary. The halt-step curve shows that the model uses more recurrent computation on
longer generated answers.
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Figure 6. Short-regime behavioral evaluation. Top: exact-match accuracy over operand lengths. Middle: digit accuracy and average
maximum selected halt step. Bottom: answer-length and carry-stratified diagnostics. The model is trained on operands up to 10 digits.
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Figure 7. Long-regime behavioral evaluation. Top: exact-match accuracy over operand lengths. Middle: digit accuracy and average
maximum selected halt step. Bottom: answer-length and carry-stratified diagnostics. The model is trained on operands up to 40 digits.
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Figure 8. Short- and long-regime training curves. The panels use the same accuracy and loss metrics as Figure 2; only PonderNet runs
are shown here. Each curve is the mean over three PonderNet seeds and error bars show one standard deviation across seeds. The OOD
validation stream samples the ten held-out operand lengths immediately above training: 11-20 digits for the short regime and 41-50 digits
for the long regime. Both regimes acquire OOD accuracy during training; Table 2 reports the broader operand-grid evaluation used for the
final length-generalization summary.
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