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Abstract

Many machine learning tasks can be formulated
as a stochastic compositional optimization (SCO)
problem such as reinforcement learning, AUC
maximization and meta-learning, where the ob-
jective function involves a nested composition
associated with an expectation. Although many
studies have been devoted to studying the conver-
gence behavior of SCO algorithms, there is little
work on understanding their generalization, that
is, how these learning algorithms built from train-
ing data would behave on future test examples.
In this paper, we provide the stability and gen-
eralization analysis of stochastic compositional
gradient descent algorithms in the framework of
statistical learning theory. Firstly, we introduce
a stability concept called compositional uniform
stability and establish its quantitative relation with
generalization for SCO problems. Then, we es-
tablish the compositional uniform stability results
for two notable stochastic compositional gradi-
ent descent algorithms, namely SCGD and SCSC.
Finally, we derive dimension-independent excess
risk bounds for SCGD and SCSC by balancing
stability results and optimization errors. To the
best of our knowledge, these are the first-ever
known results on stability and generalization anal-
ysis of stochastic compositional gradient descent
algorithms.
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1. Introduction

Recently, stochastic compositional optimization (SCO)
has attracted considerable interest (Chen et al., 2021a;b;
Dentcheva et al., 2017; Ghadimi et al., 2020; Hu et al.,
2020; Tolstaya et al., 2018; Wang et al., 2017; 2016; Zhang
& Lan, 2020) in machine learning. It has the following form:

min{ F(z) = f 0 g(x) = B, [f, (Eufgu(@)]]}, (D
where fog(xz) = f(g(z)) denotes the function composition,
f:RY = Rand g : R? — R? are differentiable functions,
v, w are random variables, and X is a convex domain in RP.
SCO generalizes the classic (non-compositional) stochas-
tic optimization where its objective function F'(-) involves
nested compositions of functions and each composition is
associated with an expectation.

SCO problem (1) instantiates various learning problems.
For example, reinforcement learning (Sutton & Barto, 2018;
Szepesvari, 2010) aims to obtain a value function of the
given policy that can be considered as an SCO problem
(Wang et al., 2017). Model-agnostic meta-learning (MAML)
(Finn et al., 2017) finds a common initialization for rapid
adaptation to new tasks, which was essentially a SCO prob-
lem, as pointed out by Chen et al. (2021a). Portfolio op-
timization with risk aversion (Shapiro et al., 2021), bias-
variance issues in supervised learning (Dentcheva et al.,
2017; Tolstaya et al., 2018), and robust group distributional
optimization (Qi et al., 2021a; Jiang et al., 2022b) can also
be formulated in similar SCO forms. Likewise, other learn-
ing tasks, such as maximization of the area under precision-
recall curves (AUCPRC), and other compositional perfor-
mance measures, can be cast in a similar way (Yang, 2022).

There are a substantial number of studies devoted to study-
ing the convergence behavior of stochastic compositional op-
timization algorithms for solving (1). Wang et al. (2017) pio-
neered the non-asymptotic analysis of the so-called stochas-
tic compositional gradient decent algorithms (SCGD) which
employed two-time scales with a slower stepsize to update
the variable and a faster one used in the moving average
sequence Y41 to track the inner function g(x;). An acceler-
ated version of SCGD was analyzed by Wang et al. (2016)
and its adapted variant was studied by Tutunov et al. (2020).
In particular, Chen et al. (2021a) proposed the stochasti-
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cally corrected SCGD called SCSC which was shown to
enjoy the same convergence rate as that of standard SGD in
the non-compositional setting. Further extensions and their
convergence analysis were investigated in different settings
such as single timescale (Ghadimi et al., 2020; Ruszczyn-
ski, 2021), variance reduction techniques (Hu et al., 2019;
Devraj & Chen, 2019; Lin et al., 2018), and applications to
nonstandard learning tasks (Yang, 2022).

On the other important front, one crucial aspect of machine
learning is the development of learning algorithms that can
achieve strong generalization performance. Generalization
refers to the ability of a learning algorithm to perform well
on unseen or future test data, despite being trained on a lim-
ited set of historical training data. In the last couple of years,
we have witnessed a large amount of work on addressing
the generalization analysis of the vanilla stochastic gradient
descent (SGD) with focus on the classical ERM formulation
in the non-compositional setting. In particular, the stabil-
ity and generalization of SGD have been studied using the
uniform argument stability (Bassily et al., 2020; Charles
& Papailiopoulos, 2018; Hardt et al., 2016; Kuzborskij &
Lampert, 2018) and the on-average model stability (Lei &
Ying, 2020). In Farnia & Ozdaglar (2021); Lei et al. (2021);
Zhang et al. (2021), different stability and generalization
measures are investigated for minimax optimization algo-
rithms. However, to our knowledge, there is no work to
understand the important stability and generalization prop-
erties of stochastic compositional optimization algorithms
despite their increasing popularity in solving many machine
learning tasks (Chen et al., 2021a; Dentcheva et al., 2017;
Jiang et al., 2022b; Wang et al., 2017; Yang & Ying, 2022;
Yang, 2022).

Our Contributions. In this paper, we are mainly interested

in the stability and generalization of stochastic composi-

tional optimization algorithms in the framework of Statisti-

cal Learning Theory(Vapnik, 1999; Bousquet et al., 2004).

Our main contributions are summarized below.

* We introduce a stability concept called compositional
uniform stability which is tailored to handle the composi-
tion structure in SCO problems. Furthermore, we show
the qualitative connection between this stability concept
and the generalization error for randomized SCO algo-
rithms. Regarding technical contributions, we show that
this connection can mainly be derived by estimating the
stability terms involving the outer function f,, and the
vector-valued generalization term of the inner function
J.,» which will be further estimated using the sample split-
ting argument (Bousquet et al., 2020; Lei, 2022).

* More specifically, we establish the compositional uniform
stability of SCGD and SCSC in the convex and smooth
case. Our stability bound mainly involves two terms,
that is, the empirical variance associated with the inner
function g, and the convergence of the moving average

sequence to track gs(z;). Then we establish the excess
risk bounds O(1//n+1/+/m) for both SCGD and SCSC
by balancing the stability results and optimization errors,
where n and m denote the numbers of training data involv-
ing v and w, respectively. Our results demonstrate that to
achieve the same excess risk rate of O(1/y/n + 1/y/m),
SCGD requires a larger number of iterations, approxi-
mately 7' < max(n3®, m?>?®), while SCSC only needs
T < max(n?5, m?5).

* We further extend the analysis of stability and general-
ization for SCGD and SCSC in the strongly convex and
smooth case. Specifically, we show that SCGD requires
approximately 7' < max(n'%/3, m!0/3) iterations, while
SCSC only needs 7' =< max(n"/3,m"/3) iterations to
achieve the excess risk rate of O(1/n + 1/y/m).

1.1. Related Work

In this section, we review related work on algorithmic sta-
bility and generalization analysis of stochastic optimization
algorithms and algorithms for compositional problems.

Stochastic Compositional Optimization. The seminal
work of Wang et al. (2017) introduced SCGD with two time
scales, and Wang et al. (2016) presented an accelerated ver-
sion. Lian et al. (2017) incorporated variance reduction,
while Ghadimi et al. (2020) proposed a modified SCGD
with a single timescale. Chen et al. (2021a) introduced
SCSC, a stochastically corrected version with the same con-
vergence rate as vanilla SGD. Ruszczynski (2021); Zhang
& Lan (2020) explored problems with multiple levels of
composition, and Wang & Yang (2022) proposed SOX for
compositional problems. Recently, there has been a growing
interest in applying stochastic compositional optimization
algorithms to optimize performance measures in machine
learning, such as AUC scores (Qi et al., 2021b; Lei & Ying,
2021; Yang, 2022). Most of these studies have focused
mainly on convergence analysis.

Algorithmic Stability and Generalization for the Non-
Compositional Setting. Uniform stability and generaliza-
tion of ERM were established by Bousquet & Elisseeff
(2002) in a strongly convex setting. Elisseeff et al. (2005)
studied stability of randomized algorithms, and Feldman
& Vondrak (2019); Bousquet et al. (2020) derived high-
probability generalization bounds for uniformly stable algo-
rithms. Hardt et al. (2016) established uniform argument sta-
bility and generalization of SGD in expectation for smooth
convex functions. Kuzborskij & Lampert (2018) established
data-dependent stability results for SGD. On-average model
stability and generalization of SGD were derived in Lei
& Ying (2020) for convex objectives in smooth and non-
smooth settings. The stability and generalization of SGD
with continuous convex and Lipschitz objectives were stud-
ied in Bassily et al. (2020). For the non-convex and smooth
cases, the stability of SGD was investigated in Charles &
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Papailiopoulos (2018); Lei & Ying (2020); Lei et al. (2022).
Further extensions were made for SGD in pairwise learning
(Shen et al., 2019; Yang et al., 2021), Markov chain SGD
(Wang et al., 2022), and minimax optimization algorithms
(Farnia & Ozdaglar, 2021; Lei et al., 2021). However, ex-
isting studies have primarily focused on SGD algorithms
and their variants for the standard ERM problem in the
noncompositional setting.

Recently, Hu et al. (2020) studied the generalization and
uniform stability of the exact minimizer of the ERM coun-
terpart for the SCO problem using the uniform convergence
approach (Bartlett & Mendelson, 2002; Vapnik, 2013; Zhou,
2002). They also showed uniform stability of its ERM min-
imizer under the assumption of a Holderian error bound
condition that instantiates strong convexity. Their bounds
are algorithm-independent. To the best of our knowledge,
there is no existing work on stability and generalization for
stochastic compositional optimization algorithms, despite
their popularity in solving machine learning tasks.

Organization of the Paper. The paper is organized as
follows. Section 2 formulates the learning problem and
introduces the necessary stability concepts. Two popular
stochastic compositional optimization algorithms, SCGD
(Wang et al., 2017) and SCSC (Chen et al., 2021a), are
presented to solve (1). The main results on stability and gen-
eralization for SCGD and SCSC algorithms are illustrated
in Section 3. Finally, Section 4 concludes the article.

2. Problem Setting

In this section, we illustrate the objective of generalization
analysis and the stability concept used in the framework
of Statistical Learning Theory (Vapnik, 2013; Bousquet
et al., 2004). Then, we describe two popular optimization
schemes, i.e. SCGD and SCSC, for solving the SCO prob-
lems, as well as other necessary notation.

2.1. Target of Generalization Analysis

For simplicity, we are mainly concerned with the case that
the random variables v and w are independent, which means
that g(x) = E[g.(x)] = E[g,(x)|v] for any v. This is the
case that was considered in Wang et al. (2017). In particu-
lar, important learning tasks such as group distributionally
robust optimization (DRO) (Qi et al., 2021a) and AUC maxi-
mization (Kar et al., 2013; Liu et al., 2018; Ying et al., 2016;
Yang & Ying, 2022; Zhao et al., 2011) are two notable
examples described below.

Specifically, DRO formulations are capable of handling
noisy data, adversarial data, and imbalanced classification
data and have received considerable attention in machine
learning. In Qi et al. (2021a), a class of group DRO is

formulated as

f)\log( ZeXP z"a;,b )//\))’

in
min Fs(v)

which can be reduced to SCO problem with f,,(y) =
Mog(y) for any v;, gu, () = exp({(zTa;,b;)/\) with
w; = {a;,b;} being an input/output pair. For AUC maxi-
mization, Lei & Ying (2021); Yang & Ying (2022) showed
that maximizing the AUC score with the least squares loss
can be considered an SCO problem:

min E[(hv(x)) = a(w)))’ |y = 1]

weRd

+E[((x') = b(w))" [y = 1] + (1~ a (w) +b(w))”,
where hy, (+) is the decision function, a(w) = E[hw (x)|y =
1], and b(w) = E[hw(x')|y’ = —1]. The above two exam-
ples fall into the setting where v and w are independent.
Lastly, it is worth mentioning that in Appendix E we briefly
discuss the case where the random variables v and w depend
on each other.

In practice, we do not know the population distributions for
v and w for SCO problem (1) but only have access to a set
of training data S = S, U S, where both S, = {I/i 1=

.,n} and S, = {wj g =1,. ..m} are distributed
independently and identically (i.i.d.). As such, SCO prob-
lem (1) is reduced to the following nested empirical risk for
SCO:

Eg{l{Fg(z) = fs(gs(z))
1 n m
a2l Zgwa C

where gg : R? — R? and fg : R? — R are the empirical
versions of f and ¢ in (1) and are defined, respectively,
by gs(z) = % Z;nzl Juw; (z) and fs(y) = % Z?:l T (y)-
We refer to F'(z) and Fg(z) as the (nested) true risk and
empirical risk, respectively, in this stochastic compositional
setting.

Denote the least (nested) true and empirical risks, re-
spectively, by F(z,) = inf,ex F(z) and F(z?) =
inf,cx Fs(x). For a randomized algorithm A, denote
by A(S) its output model based on the training data S.
Then, our ultimate goal is to analyze the excess general-
ization error (i.e., excess risk) of A(S) which is given by
F(A(S)) — F(z4). It can be decomposed as follows:

Es,a[F(A(S)) — F(z.)]
= Esa[F(A(S)) — Fs(A(9)] + Es,a[Fs(A(S)) — Fs(z.)]
< Es,a[F(A(S)) - Fs(A(S5))]

+Es,a[Fs(A(S)) - Fs(a?)], ©)

where we have used the fact that F(z7) < Fg(z.) by the
definition of x¥. The first term on the right hand side of
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(3) is called the generalization (error) gap (i.e., estimation
error) and the second term is the optimization error. The
optimization error (convergence analysis) in our study builds
upon the analysis conducted in previous works such as Wang
et al. (2017); Chen et al. (2021a). However, our main focus
is on estimating the generalization gap using the algorithmic
stability approach (Bousquet & Elisseeff, 2002; Hardt et al.,
2016; Lei & Ying, 2020). In order to achieve this, we
introduce a proper definition of stability in the compositional
setting, which will be outlined below.

2.2. Uniform Stability for SCO

Existing work of stability analysis (Hardt et al., 2016;
Kuzborskij & Lampert, 2018; Lei & Ying, 2020) focused on
SGD algorithms in the non-compositional ERM setting. We
will extend the algorithmic stability analysis to estimate the
estimation error (i.e., generalization gap) for SCO problems.

In our new setting, when we consider neighboring training
data sets differing in one single data point, the change of
one data point can happen in either S, or S,,. In particular,
forany i € [1,n] and j € [1,m], let S*” be the neighboring
set of S where only i-th data point v; in .S, is changed to
v} while S,, remains the same. Likewise, denote by 57 be
the neighboring set of S where only j-th data point wy in S,
is changed to w; while S, remains unchanged. Throughout
the paper, we also denote by S’ = S/, U S/, the i.i.d. copy
of S where S), = {vq,...,v,}and S/, = {w},...,w},}.
Definition 2.1 (Compositional Uniform Stability). We say
that a randomized algorithm A is (e,, €,,)-uniformly stable
for SCO problem (1) if, any ¢ € [1,n], j € [1,m], there
holds

EA[lA(S) — A(S"")] < e,
and E[[|A(S) — A(S7)]]] < ew, )

where the expectation E 4[] is taken w.r.t. the internal ran-
domness of A not the data points.

We will show the relationship between the compositional
uniform stability (i.e., Definition 2.1) and the generalization
error (gap) which holds for any randomized algorithm. To
do this, we need the following assumption.

Assumption 2.2. We assume that f,, and g, are Lipschitz
continuous with parameters Ly and L, respectively, i.e.,

(i) sup, [/, (y) -

(ii) sup,, [|g., () -

Fo@II < Lylly = | forall y, g € R,

9o(@)|| < Lgllz—2|| forall z, & € RP.

The Lipschitz continuous assumption on f,, and g,, is widely
used in existing work (Wang et al., 2017; Chen et al., 2021a;
Jiang et al., 2022b; Wang & Yang, 2022) on optimization
error analysis. It is also imposed in Hu et al. (2020) on the
generalization analysis of the exact risk minimizer of SCO.

The following theorem establishes the relationship between
the stability of SCGD and its generalization.

Theorem 2.3. If Assumption 2.2 is true and the randomized
algorithm A is e-uniformly stable then

Es, [F(A(S)) - FS(A(S))] < LyLye, +4L;Lye,

+Ly \/mflES,A[Varw(gw(A(S)))]v

where the variance term Var,(g,(A(S5))) =
. [ll9.(A(S)) — g(A(S))IIP]-

Remark 2.4. Theorem 1 describes the relationship between
the compositional uniform stability and generalization (gap)
for any randomized algorithm for SCO problems. It can
be regarded as an extension of the counterpart for the
non-compositional setting (Hardt et al., 2016). Indeed,
if we let g, (z) = x, then gs(x) = go(x) = x for any
w and S, the SCO problem is reduced to the standard
non-compositional setting, i.e., F(z) = E,[f,(x)] and
Fs(z) = 3" | fu. (). In this case, our result in The-
orem 1 indicates, since there is no randomness w.r.t. w, that
Es.a[F(A(S)) — Fs(A(S))] < Lye, which is exactly the
case in the non-compositional setting (Hardt et al., 2016).
Remark 2.5. There are major technical challenges to de-
riving the relation between stability and generalization for
SCO algorithms. First, it is not obvious to relate the gener-
alization error to the compositional uniform stability as we
defined. The decoupling between inner random variables
and outer random variables is a key that allows us to conduct
the analysis. Second, recall that, in the classical (noncompo-
sitional) setting, given the i.i.d. data S = {z1,..., 2, }, the
empirical and population risks are given by Fs(A(S)) =
LS F(A(S);2) and F(A(S)) = E.[f(A(S); 2], re-
spectively. Let S* = {z1,...,2i-1, 2}, Zi+1,. ., 2n | be the
neighboring set of .S, but differ in the -th data point. Using
the symmetry between the i.i.d. datasets S = {z1,...,2,}

and S" = {z1,25,..., 2]}, one can observe that
1 n

Es,alF(A(S)) = Fs(A(S))] = Es.a.s [ Z

- = Zf | < LAY = AS)II-

However, due to the compositional structure in our setting,
one can see that

Es.a[F(A(S)) — Fs(A(9))]

_7Zf1/,

"FES’,A[:LZ(fm( ( ( fm

i=1

=Esa[Eu[f(9(A

Zgwﬂ ]
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Algorithm 1 (Stochastically Corrected) Stochastic Compo-
sitional Gradient Descent
1: Inputs: Training data S, = {y : i =
1,...,n}, S, = {wj T j o= 1,...,m}; Number
of iterations T', parameters {n; }, {3: }
2: Initialize zop € X and yo € R?
fort =0toT — 1do
4: Randomly sample j; € [1,m], obtain g, (z:) and
v.gw,-t (xt) € Rde
5. SCGD update: y; 1 = (1 — B¢)ys + Bigw;, (74)
6:  SCSC update: y; 1 = (1 — Bi)yt + Bigu,, (v:) +
(1 = B)(Guy, (Tt) = Gu;, (Te-1))
7. Randomly sample i; € [1,n], obtain V£, (yi11) €
Rd
8:  Update:
9 w1 = My (ze — Vg, (2)V fu,, (Y111))
10: end for
11: Outputs: A(S) = z7 orz, ~ Unif({z;}L ;)

ol

The first term on the right-hand side of the above equality
can be handled similarly as the non-compositional setting.
The main challenge comes from the second term which,
by the Lipschitz property of f,, involves a vector-valued
generalization Es 4 [||g(A(S))— 1 Y7 gu; (A(S))][] be-
cause one can not interchange the expectation and the norm.
We will overcome this obstacle using the sample-splitting

argument (Bousquet et al., 2020; Lei, 2022).
2.3. SCO Optimization Algorithms

We will study two popular optimization algorithms for solv-
ing (2), i.e., SCGD (Wang et al., 2017) and SCSC (Chen
et al., 2021a). Their pseudo-code is given in Algorithm 1.
For SCGD, the updating sequence in Line 5 of Algorithm 1

Y1 = (1 = Be) yt + Brgu;, (z¢)

is used to track the expectation of gg(z;) =
By, (g, (@] = £ 37, g, (). As shown in Wang
et al. (2017), SCGD needs to choose a smaller stepsize
7, than the stepsize f; to be convergent. This prevents the
SCGD from choosing the same stepsize as SGD for the
non-compositional stochastic problems. To address this is-
sue, Chen et al. (2021a) proposed a stochastically corrected
version of SCGD which is referred to as SCSC. In particular,
the sequence ;1 is given in Line 6 of Algorithm 1:

Yrr1 = (L= B) (Wt + Guy, (1) = Guj, (Te-1)) + BeGu;, (x1)-

With ;41 as an approximator for g(z;), the model parame-
ter x is updated using the stochastic gradient descent step
as given in Line 9 of Algorithm 1.

Below we list definitions about strong convexity and smooth-
ness which will be used in subsequent sections.

Definition 2.6. A function F' : RP — R is o-strongly
convex with some o > 0 if, for any u,v € RP, we have
F(u) > F(v) +(VF(v),u—v) + %|lu—v|?Ifo =0,
we say that F'is convex.

Definition 2.7. A function F' : RP — R is L-smooth if, for
any u,v € RP, we have ||VF (u) — VF (v)| < Ljju—v].

In general, smoothness implies the gradient update of F
cannot be overly expansive. Also the convexity and L-
smooth of F implies that the gradients are co-coercive, hence
we have

(VE(u) = VF(v),u—v) > T|VF(a) ~ VF ()|
5)

Note that if F'is o strongly convex, then ¢(z) = F(z) —
2 ||||? is convex with (L — o)-smooth. Then, applying (5)
to ¢ yields the following inequality:

(VF (u) — VF(v),u —v) > 1o
1

—i—mHVF(u) — VF()|?.

Lo
lu —l|®

Q)

3. Stability and Generalization

In this section, we will present our main results on esti-
mating the stability bounds for SCGD and SCSC which
subsequently can lead to estimation of their generalization
gaps from Theorem 2.3. Then, we start from the error de-
composition (3) to derive the bounds for their excess risks by
trade-offing the bounds for the above generalization (error)
gaps and optimization errors. We will present results in two
different cases, i.e., convex and strongly convex settings, in
different subsections. For brevity, we summarize our results
for the excess risks for SCGD and SCSC in Table 1. Before
illustrating our main results, we list some assumptions.

Assumption 3.1. We assume that the following conditions
hold.

(i) With probability 1 wrt S, there
SUDgex 77 2ot (19w, (2) — g5 (2) 7] < V5.

(i1) With probability 1 w.I.t. S,
SUPgex 2ot IV 0w, (2) — Vgs(2)]?] < Cy.

(iii) With probability 1 w.r.t. v, f, () has Lipschitz continu-
ous gradients, i.e. |V f,(y) — V£, (§)l| < Cylly — 7|
for all y, 5y € R%.

holds

(iv) With probability 1 w.r.t.
is  L-smooth, ie.,

Vs (@)V fu(gs(z"))||
r,r' € X.

v and S, fi(gs("))
IVgs(2)V f.(9s(x))  —
< L|lz — 2'|| for any

Remark 3.2. There are many practical applications aligning
with our SCO problem and meeting Assumptions 2.2 and
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3.1. In particular, for the distributionally robust optimization
(Qi et al., 2021a) mentioned in Section 2.1, the loss £(-, b)
being convex and smooth for any b. Since exp and log are
non-decreasing functions, from the fact that the composi-
tion of a nondecreasing function and a convex function is
convex, we conclude that Fg(-) is convex, a case that we
focus mainly on in our paper. If A" is a bounded domain,
Lipschitz continuity and smoothness conditions hold true.
The smoothness asusmptions are standard in the literature
of stochastic compositional optimization, e.g., Wang et al.
(2017); Chen et al. (2021a).

3.1. Convex Setting

In this subsection, we present our main results for SCGD
and SCSC in the convex setting.

Stability Results. The following theorem establishes the
compositional uniform Stability (See Definition 2.1) for
SCGD and SCSC in the convex setting.

Theorem 3.3 (Stability, Convex). Suppose that Assumption
2.2 and 3.1 hold true and f,(gs(+)) is convex. Consider
Algorithm [ withn, =n < ﬁ, and By = € (0, 1) for any
t € [0,T — 1. Then, the outputs A(S) = x of both SCGD
and SCSC at iteration T are compositionally uniform stable
with

L¢L L¢L
€, +€w:O(%TIT+ #UT+ \/CgLfn\/f

T—

+CsLysup Y- n(Ealllyzer — g5(x)I?)*). @)
j=0

=

<

The proof for Theorem 3.3 is deferred to Appendix C.1.

Remark 3.4. In this remark, we discuss how the function
composition plays a role in the stability analysis for SCGD
and SCSC and then compare our results with that for SGD
in the non-compositional setting (Hardt et al., 2016). To this
end, considering the step sizes 7, = 1 and n = m, then (7)
is reduced to the following estimation:

€, + €, :O(% + \/anﬁ
T-1

s 3 (Eally - as()2)?). @
=0

It was shown in Hardt et al. (2016) that the uniform stability
for SGD with convex and smooth losses is of the order
@ ( %) . By comparing these two results, we can see how the
compositional structure plays a role in the stability analysis.
Indeed, in contrast to the result for SGD, there are two
extra terms in (8) for SCGD and SCSC, i.e., @nﬁ

T—1 3 .
and nsupg 3_; g (Ealllyj1 — gs(@;)|%]) . Here, Cy is
the (empirical) variance of the gradient of inner function,

i-e" SUPg;ecx # Z;nzl ||v9w] ((E) - VQS(x)“2 S CQ given
in Assumption 3.1 and the other extra term arises when

the moving-average sequence y;41 is used to track gg ().
More importantly, our stability results indicate that, in order
to boost generalization, it’s vital to decrease the variance
bound C, (e.g., via larger minibatches for w) and ensuring
fast convergence of E4[||y;4+1 — gs(x;)||?]. Notice that, if
we let g, (z) = z, then gs(x) = g, (z) = x for any w and
S, then SCGD and SCSC reduce to the classical SGD, and
our stability result (8) is the same as that of SGD since two
extra terms mentioned above will be all zeros due to the fact
that y; 11 = gs(x;) = z; and C,; = 0 in this case.

Combining (7) with the estimation for E4[|lyj+1 —
gs(z;)|%] (Wang et al., 2017; Chen et al., 2021a) (see also
Lemma A.1 and its self-contained proof in Appendix A),
one can get the following explicit stability results.

Corollary 3.5. Let Assumption 2.2 and 3.1 hold true and
fu(gs(+)) be convex. Consider Algorithm I withn, =n <
S and By = B € (0,1) for any t € [0,T — 1] and the
output A(S) = xr. Let c be an arbitrary constant. Then,
we have the following results:

* SCGD is compositional uniformly stable with
€, + €, = (’)(nTn_l +nTm™ '+ nT%
T/ gme/2 2t 4 nﬁl/QT).
* SCSC is compositional uniformly stable with

€+ €y = O(nTn_l +nTm~ ' + nT%
+ UT_C/QHB_C/Q + ngﬁ_%T + 7751/2T)-

Generalization results. Using the error decomposition (3),
Corollary 3.5 and Theorem 2.3, we can derive the excess
risk rates. To this end, we need the following results to
estimate the optimization error, i.e., Fis(A(S)) — Fs(z%).

Theorem 3.6 (Optimization, Convex). Suppose Assumption
2.2 and 3.1 (i), (iii) hold for the empirical risk Fs and
Fs is convex, Ellx; — x7||? is bounded by D, for all
t € [0,T—1] and E 4||y1 — gs(w0)||* is bounded by D,,. Let

A(S) = % ZZ;I x; be the solution produced by Algorithm

1 with SCGD or SCSC update, n, = n and 3; = ( for some
a,b € (0,1]. Let c be an arbitrary constant.

» For SCGD update, there holds
Ea[Fs(A(S))~Fs(a7)]
= O(Da(nT) ™" + L3L2y + C; Dy (BT)'(nT) "
O+ Oy D).
* For SCSC update, there holds
E4[Fs(A(S))~Fs(a?)]
= O(Da(nT) ™" + L3L2y + C; Dy (8T) 6~

g9

+CVyBh + CL3 L8~ + Cy 12D, BY).
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Table 1. Number of Iterations T that Achieves Excess Risk for SCGD And SCSC Algorithm

. algorithm SCGD scsc
setting
#Iterations | 7 < max(n3°, m3°) | T =< max(n?®° m??°)
Convex Fg ; 1o, 1 1o, 1
Excess risk (’)(\/ﬁ+\/m O(ﬁ+m)
#Tterations | T =< max(n'0/3, m!0/3) | T =< max(n"/3,m7/?)
Strongly Convex F’ ; 1 1 14 1
gly S | Excess risk (’)(n+ W) (’)(n+ \/E)

The boundedness assumptions are satisfied if the domain X
is bounded in R?. The detailed proofs are given in Appendix
C.2 and C.3. Note that the upper-bounds for the optimization
error given in the above theorem hold true uniformly for any
training data S.

Combining the above results with the stability bounds in
Corollary 3.5 and Theorem 2.3, we can derive the following
excess risk bounds for SCGD and SCSC.

Theorem 3.7 (Excess Risk Bound, Convex). Suppose As-
sumptions 2.2 and 3.1 hold true and f,(gs(+)) is convex,
Ea[l|z: — x7?] is bounded by D, for all t € [0,T — 1]
and E4[||ly1 — gs(z0)||%] is bounded by D,. Let A(S) =
% Zle x; be a solution produced by Algorithm 1 with
SCGD or SCSC update and n = T~ and 3 = T~ for
some a,b € (0,1].
o If we select T =< max(n®5, m3%), n = T°7 and
b = Tfé, then, for the SCGD update, we have that

Es.a[F(A(S)) — F(x.)] = O(Z= + o).
o If we select T = max(n2.57m245)’ = Tt and

8 = T_%, then, for the SCSC update, there holds
Es.4 [F(A(S)) - F(z,)| = O(Z + ).

Remark 3.8. In the appealing work (Hu et al., 2020), the uni-
form convergence using concentration inequalities and the
number of coverage is used to study the generalization gap
(estimation error) of the ERM minimizer related to the SCO
problems. Applying their results to our case, they proved
the following results: assuming that X is a bounded domain,
fv and g, are both Lipschitz continuous and bounded, there
holds, with high probability,

F(A(S)) = Fs(A(9)) < sup |F(z) — Fs(x)]

=0(\/mra)

which is highly dependent on the dimension of the domain
X C RP. Comparing with their bounds, we can get excess
risk bounds which is dimension independent of the optimiza-
tion domain X C RP. Dimension-independent generaliza-
tion bounds were also provided in Hu et al. (2020) which
requires the Holder error bound condition (e.g., strong con-
vexity). The proof there depends heavily on the property of

the ERM minimizer of the SCO problem and does not apply
to SCGD and SCSC.

Remark 3.9. Theorem 3.7 shows that the generalization
error for SCGD can be achieved by the rate (9(1 /v/n +
1/ \/ﬁ) in the convex case after appropriately selecting the
iteration number 7" and step sizes 7 and /3. Recall that in the
noncompositional setting, Hardt et al. (2016); Lei & Ying
(2020) established generalization error bounds O(1/+/n)
by choosing T" < n for SGD in the convex and smooth case.
To achieve a similar rate, our results indicate that SCGD
and SCSC need more iterations to do that. The reason may
be due to the usage of the moving average sequence y;1 to
track gs () and the (empirical) variance term for the inner
function g, as mentioned in Remark 3.4.

Remark 3.10. Note that in Theorem 3.3 we present the
stability result of the last iterate A(S) = zp. While
in Theorem 3.7 we present the generalization bound of
A(S) = L 32/, x4, which is the average of the interme-
diate iterates x1,...,xp. This stems from the fact that
generalization is a combination of stability and optimiza-
tion, and the main focus of optimization is the average of
intermediate iterates in the convex setting (see e.g. Wang
et al. (2017)).

3.2. Strongly Convex Setting

Stability Results. The following theorem establishes the
compositional uniform Stability (See Definition 2.1) for
SCGD and SCSC in the strongly convex setting.

Theorem 3.11 (Stability, Strongly Convex). Suppose that
Assumption 2.2 and 3.1 hold true and f,(gs(-)) is o-
strongly convex. Consider Algorithm I with n, = n <
1/(2L + 20) and B, = B € (0,1) for t € [0,T — 1] and
the output A(S) = x. Then, SCGD and SCSC are compo-
sitional uniform stable with

€ + €y
_O(LgLf(L+U) +L9Lf(L+‘7)+Lf\/Cg(L+U)77
B oLm oln VoL
T-1 Io
CyL 1- T=j-1
+Cy gnsup{go( o)

X (Ealllyj+1 —gs(xj)HQD%)}' (€
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The proof for Theorem 3.11 is given in Appendix D.1.

Remark 3.12. The stability for SGD with o-strongly con-
vex and smooth losses is of the order C’)(#) which was
established in Hardt et al. (2016). Comparing the result of
SGD with our SCGD and SCSC, we have two extra terms if
n=m,ie,nsups 31 (1—nE) T~ (Balllyj11 —

1 g .
gs(x;)[?])* and %\/‘LLLJFM, where C, is the (em-

pirical) variance of the gradient of inner function,
Lesup,cy & 0 [V, (@) — Vas@)|? < C, . We
can see that if g, (z) = =z, then gs(z) = g, (z) for any
w and S. In this case, E4[||ly;+1 — gs(z;)|?] and C;, will
be zeros. Therefore, our stability results in Theorem 3.11
match that of SGD in the non-compositional setting (Hardt
et al., 2016).

Combining Theorem 3.11 with the estimation for
Ea[llyj+1 —gs(x;)]|?] in Lemma A.1 and using the Lemma
A.4 which is given in Appendix A, we can derive the explicit
stability bounds in the following corollary. Its detailed proof
is given at the end of Section D.1 in the appendix.
Corollary 3.13. Let Assumption 2.2 and 3.1 hold true and
fu(gs(+)) be o-strongly convex. Consider Algorithm 1 with
m=mn<1/(2L+20) and By = B € (0,1) fort €
[0, T — 1] and the output A(S) = 1. Let ¢ be an arbitrary
constant. Then, we have the following results:

* SCGD is compositional uniformly stable with

e tew = O™ +m™ 42 4987 4 B2 4T 557,
* SCSC is compositional uniformly stable with

€, +ew =0~ +m i 4nB 2 4B +T5575).

Generalization results. Using the error decomposition (3),
Corollary 3.13 and Theorem 3.11, we can derive the excess
risk rates. To this end, we need the following results to
estimate the optimization error, i.e., F5(A(S)) — Fs(x%).

Theorem 3.14 (Optimization, Strongly Convex). Suppose
Assumption 2.2 and 3.1 (i), (iii) hold for the empiri-

cal risk Fs, and Fs is o-strongly convex, and n,T is

chosen such that (n(T — 1))~' < . Letr A(S) =

(a0 —on/2) ) / (S = an/2)T)  be
the solution produced by Algorithm 1 with SCGD or SCSC
update and n; = 1 and 8, = j3 for some a,b € (0, 1].

» For SCGD update, there holds
E4[Fs(A(S)) — Fs(x)]

C?L%D
= O(Dy(nT)~¢ + L3L2y + %(w)*c
C2L2V,  C3AL]
+ f~79"9 f=f 97725—2)_

» For SCSC update, there holds
Ea[Fs(A(S)) — Fs(a7)]
C%I2D
= O(D,(nT)~¢ + LAL2p + L2222 (pT)

o
272 27275
C’ngVQB N C7L3L

9772571).

Theorem 3.15 (Excess Risk Bound, Strongly Convex).
Suppose Assumption 2.2 and 3.1 hold true, f,(gs(-)) is
o-strongly convex, and n,T is chosen such that (n(T —
1))~' < %. Denote D, := Ea[Fs(zo) — Fs(a?
and Dy = Eally — gs(zo)|?] . Let A(S) =
(a0 =on/2)7 ) / (S1( = on/2)7) bea
solution produced by Algorithm I with SCGD or SCSC up-
date and n = T~ and B = T~ for some a,b € (0,1].

* If we select T < max(n®,m%), n = T10 and
8 = T_%, then, for the SCGD update, we have that
Esa[F(A(S)) — F(z.)] = O(; + =)

o Ifwe select T < max(n%,m%), n=p= T3, then, for
the SCSC update, there holds Eg 4 [F(A(S))—F(x*)} =

Ok + ).

Remark 3.16. Theorem 3.15 shows that the generalization
error for SCGD can be achieved the rate O(1/n + 1/1/m)
in the strongly convex case after carefully selecting the itera-
tion number 7" and constant stepsize 1 and (. It is worthy of
noting that, for achieving the rate O(1/n + 1/y/m), SCGD
needs iteration 7 < max(n'%/3, m!%/3) in the strongly
convex case while Theorem 3.7 shows that it needs more
iterations, i.e., T < max(n35 m3®) in the convex case.
SCSC further improves the results as it only needs iteration
T = max(n"/3,m7/3) in the strongly convex case.

Notice that our work focus on the challenge for convex and
strongly convex problems first. It would be difficult to an-
alyze non-convex objective without imposing conditions
about the objective since we aim to analyze both the gener-
alization error and optimization error to derive the excess
risk bound. Some future work on stability analysis in the
nonconvex case may be done under some assumption of
Holderian error bound condition as in the appealing work
of Hu et al. (2020) or in the setting of shallow neural net-
work structure for the inner function g, () (e.g. Richards
& Kuzborskij (2021)) where the convexity is relaxed to the
weak convexity with enough large width for the neural net-
work or in the setting of neural tagent kernel regime (e.g.
Jacot et al. (2018); Nitanda & Suzuki (2020) ). Also as a
starting point, we only focus on the smooth setting in this
work. Existing results showed that it is possible to extend
our analysis to the non-smooth setting e.g., Lei & Ying
(2020) removed the smoothness assumption in the stability
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and generalization analysis of SGD for convex objectives
using the approximate non-expansiveness of the gradient
mapping. Hu et al. (2020) studied the generalization gap
(estimation error) with high probability in the non-smooth
setting for the minimizers of the ERM problem.

4. Conclusion

In this paper, we conduct a comprehensive study on the
stability and generalization analysis of stochastic compo-
sitional optimization (SCO) algorithms. We introduce the
concept of compositional uniform stability to handle the
function composition structure inherent in SCO problems.
By establishing the connection between stability and gener-
alization error, we provide stability bounds for two popular
SCO algorithms: SCGD and SCSC. In the convex case with
standard smooth assumptions, we demonstrate that both
SCGD and SCSC achieve an excess generalization error
rate of O(1/y/n + 1/+/m), with SCSC requiring fewer it-
erations than SCGD. Furthermore, we extend our analysis
to the strongly convex case, where we show that SCGD and
SCSC achieve the same rate of O(1/y/n + 1//m) with
even fewer iterations than in the convex case.

There are several directions for future research. Firstly,
while our analysis only considers the convex and smooth
cases, an interesting avenue for future research is to con-
sider the case where the inner function and/or outer func-
tion are non-smooth and non-convex, e.g., neural networks
with Rectified Linear Unit (ReLU) activation function.
Secondly, it would be interesting to get optimal excess
risk rates O(1/y/n + 1/4/m) with linear time complex-
ity T = O(max(n, m)) for SCGD and SCSC. Thirdly, an
important and interesting direction is multi-level analysis.
In this setting, the stability result could involve the term
Zﬁ:ll llyl — fn(yt_1)||* where N is the number of levels

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none of which we feel must be
specifically highlighted here.
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A. Technical Lemmas

Table 2. Notations

notations meaning mathematical language

I L -Lipschitz continuous of 7,,() sup, 17, () — Jo @Il < Lylly — g1, ¥9.9 € R
Cy C'y-Lipschitz continuous of V f, () sup, [IVf, (y) = VL@ < Cilly —gll,Vy,g € R
L, L ,-Lipschitz continuous of g, (-) sup,, ||gw () — g (Z)|| < Ly ||l — 2|, Yz, 2 € X
V, the empirical variance of the g(-) SUP e v 1y D 9w, () — gs(@)[* <V,
C, the empirical variance of the Vg(-) SUPLex 1y 2ot | V9w, () = Vgs(@)[* < Cy
1 1 smooth of 7, (g5 () [95(@)V 1, (g5 (@) — 95(0)V o (g5 ()] < L Ju — o]

€us € (€y, €4 )-uniform stability

n,m n, m: the numbers of S, and S, respectively

First, we list some signal notations in Table 2 for our paper setting. To derive the stability and generalization bounds, we
give the following lemmas.

The following lemma is directly adapted from Wang et al. (2017); Chen et al. (2021a) where both the population distribution
for the random variables v and w are the uniform distributions over S, = {v1,...,v,} and S, = {w1,...,wy}. It states
that y;11 behaves similarly to gs(x¢)

Lemma A.1. Letr Assumption 2.2 and 3.1 (i) hold and (x4, yi) be generated by Algorithm 1. Let n, = n, and By = (3 for
1,8 > 0. Let ¢ > 0 be an arbitrary constant.

» With SCGD update, we have

c 2
Ealllyers —9s(e) 7] < (T) (08)Balln — gs(wo)lP) + L3555 +2V,5.
» With SCSC update we have
2 c\° —c 2 5 31
Eallyers —gs(@)lI?] < (3) 08 Balllyn = gs (o) IP] + LFL5 5 +2V,6.

The next lemma was established in Schmidt et al. (2011) and this lemma was used in Wang et al. (2022).
Lemma A.2. Assume that the non-negative sequence u; : t € N satisfies the following recursive inequality for allt € N,

t—1
uf < S+ E Qrtly.
T=1

where {S, : T € N} is an increasing sequence, Sy > u? and o, for any T € N. Then, the following inequality holds true:

t—1
up < \/§t+ ZO‘T'
=1

Lemma A.3. Forany v,c > 0, we have
c

e "< (;)C:cfc (10)

Lemma A4. Ler {a; ?:1, {bi}iT=1 be two sequences of positive real numbers such that a; < a;+1 and b; > b;41 for all 1.

Then we have " r
Dimg @ibi < dim1 bi_

ZiT:l ai T

Y

Proof. To show (11), it suffices to show
T T T

T
Zaﬂ%Zl S ZCLJ‘Z()Z‘.
i=1 Jj=1 Jj=1 i=1

12
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Rearranging the summation, it suffices to show
T T T T
D) I 3) ST
i=1 j=1 i=1 j=1
The above inequality can be rewritten as
T T
023 Y - = 3 Y (o )by
=1 j=1 i=1 j=i+1

where the last equality holds due to the symmetry between ¢ and j. Since for ¢ < j we have a; < a; and b; > b;, we know
the above inequality holds, and thus (11) holds. Then we complete the proof. O

A.1. Proof of Lemma A.1

The proof of Lemma A.1 leverages the following results.

Lemma A.5 (Lemma 2 in Wang et al. (2017)). Suppose Assumption 2.2 (ii) and 3.1 (i) hold for the empirical risk F's. By
running Algorithm 1 with SCGD update, we have

L2
Ealllyes1 — gs(@)l[Fe) < (1= Bo)llye — gs(@e—1)||* + ﬁ*fﬂft —z 4| + 2V, 87 (12)

Lemma A.6 (Lemma 1 in Chen et al. (2021a)). Suppose Assumption 2.2 (ii) and 3.1 (i) hold for the empirical risk Fs. By
running Algorithm 1 with SCSC update, we have

Ealllyt+1 — gs(zt)||2|}—t] <=8y — gs(%t—l)”2 + L?;HIt - xt—1||2 + 2V95t2 (13)
Now we are ready to prove Lemma A.1.

Proof of Lemma A.1. We first present the proof for the SCGD update. Taking the expectation with respect to the internal
randomness of the algorithm over (12) and noting that E 4 [||z; — z;—1(]*] < L}L2n7_,, we get

L3Lgni

5, + 2V, 2.

Ealllyess — gs(@o)ll’] < (1 = B)Ealllye — gs(@-1) %] +
Telescoping the above inequality from 1 to ¢ yields

(llyer1 — gs(l"t)” ]

A
t
Hl— JEAlllyr — g5(z0)])? +L2L3Z H (1-5) ”’ﬁwzvz H (1— 8;)B2.

=1 j=1i+1 1=1 j=1+1

Note that Hi\[:K(l — Bi) < exp(— Zf\;K B;) for all K < N and f3; > 0, then setting 1, = 7, 5; = [, thus we have

t

Ealllyess — gs(@)l|?] < exp(=Bt)Eallyr — gs(zo) %] + Y (1 — B) (L3 L3 5 - 2V,5%).
i=1

Using Lemma A.3 with v = 1, we get

Ealllyes1 — gs(z)|?] < (g)c (tB) " “Ealllyr — gs(xo)|*] + LSLf 52 + 2V, B,

where the inequality holds for Z£=1 (1-p)< % Then we get the desired result for the SCGD update. Next we present
the proof for the SCSC update. Taking the total expectation with respect to the internal randomness of the algorithm over
(13) and noting that E 4[|z — ;—1]|?] < LyLyn?_,, we get

Ealllyess — gs(@)l’] < (1 = B)Balllye — gs (@) "] + LFLgni 4 + 2V, 5.

13
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Telescoping the above inequality from 1 to ¢ yields

Eallys+1 — gs(e)lI’]

t
<10 - 9l - astao)l? b T st 2> [0 pe

1=1 j=14+1 1=1 j=1+1
Note that Hi]\iK(l — Bi) < exp(— Zf\iK B;) for all K < N and f3; > 0, then setting n; = 7, 8 = j3, thus we have

Ealllyesr — gs(ao)]?]
t
< exp(—tB)Ballyr — gs(xo)l*] + (1 = B) T (LyLin* + 2V, 5%).
i=1

Using Lemma A.3 with v = 1, we get

c\°¢ _ n?
Eallyess —gs@l’) < (7)) 68)Eallly — gs(@o)l’] + LL3 +2V,5,
where the inequality holds for t.: 1— )7 < 1. Then we get the desired result for the SCSC update. Then we complete
i=1 ]
the proof. O

B. Proof for Section 2

Proof of Theorem 2.3. Write

B4 [F(A(S)) ~ Fs(A(S))] = Bsa [ (600)] ~ 3 (o D, (09)]

= Es.a B, [, (9(4 ——wa s))]

+ES,A|::L§:fU (9(A(9))) — :Lifu, Z:gwj }
< Esa [Ef (9(A(S)) - 5 Z fuu(9(A(S))]
VEsa[ ij (Fun(90A(D) = fu - igwj (A))]- (14)

Now we estimate the two terms on the right-hand side of (14). Define S"* = {v}, v}, ..
we have that

W1, Wa, ..., W, }. In particular,

ana

IES,A[ [fV( _7Zfl/l

Fuo(g(A(S™)) ——ny

=Es.a,5|

S|

s
Il
_

S|
M=

(foi (9(A(S™)) = fui (9(A(S5)))]

= ES,A,S/vV [

I
—

7

< Ly Y Esasello(AGS™) - g(AGS)I]

i=1

1 — ,
<Lyl ZES,A,S,,V [JA(S™) — A(S)||] < LyLge,. (15)

=1

14
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Furthermore,
Bsaly - (oA9) = 1 Do
S, A n . v; Vi m =~
< LEs al|lg(A(S)) - fZng (16)
Now it is sufficient to estimate the term Eg 4 [||g(A(S)) — £ 37 | gu, (A(S))||]. Note that, in general, g is a mapping

from R? to R?. To this end, we will use some ideas from Bousquet et al. (2020). To this end, we write

) = 22 38, (A(S))

B [0 (A ~ 0 (A7) + 3 BB (4 (57))] - g, (4 ()
F LS B [, (A(57)) 0, (AS))].

lo(A(S)) ~ Zgwj I < %me,w;ngwws» ~ 9 (AS™))]

—HZE A(S7))] = g, (A(ST))]|| + — ZEw 19, (A (57)) = g, (A

Note S and S/ differ by a single example. By the assumption on stability and Definition 2.1, we further get

m

EsAllo(A(S)) - % > e, (A

<Es,al *II ZE AS7N] = guo, (AT + 2L g (17)

Next step, we need to estimate || 37"} Er [Ee, [g0 (A (57))] — g, (A (87¢))]]I-
Using a similar proof technique in paper (Lei, 2022), we can set £;(5) as a function of S as follows

&(8) = Euy B [0 (A (57))] = gy (A (57))):

Notice that:

ESAHZ@ ESAZH& P+ Y Esallg(S).&(S)) (18)

Jri€lml:j#i

According to the definition of £;(.S) and the Cauchy-Schwarz inequality, we know
Es al)_I1€()IP] = D EsallEo; [Eolg (AS7))] = g, (A(S™ )]
j=1 j=1

< D EsallEulgu(A(S™))] = gu, (A(S))|I?)

.

<
I
—

I
NE

Es,llEu[g(A(S))] = gus (A(S))]1*] = mEs 4 [Vare, (9., (A(S)] (19)

<.
I
—

15
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where the variance term Var, (g, (A(S))) = E,, [Hg(A(S)) — gw(A(S))Hﬂ
Next, we will estimate the second term on the right-hand side of (18). To this end, we define

S5 = LWy, Wi 1, W Wit 1y Wiy V1o ey Un b s
Shiw = {wl, e Wi, W Wik 1y ,wj_l,w;,wj_,_l, e Wiy VT, e e e I/n} .
Due to the symmetry between w and w;, we can have
]ij [gj(s)} =0,Vje [m] (20)
If j # i,we have

Es.a [(§ (57°),&6(9))] = Es.aBu, [(§ (57°) , &(9))]
=Es,a [(& (5") ,Eu, [6(S)])] =0,

where the second equality holds since the &; (S*) is independent of w; and the last identity follows from E,,, [£;(S)] =
due to (20) . In a similar way, we can get the following equations for j # 4

ES’A [<£J(S)7£1 (Sj,w)>] = ]ES7AEUJJ [<§J(S)v
=Esa [<ij [€;(9)

& (57))]
& (87))] =0,

and

Es.a [(& (57) .6 (57%))) = EsaBu, [(& (5™)

& (S7)]
= Es,4 [(Eo, [ (5™)]

& (574))] = 0.
Combining the above identities, we have j # i
Es,a [(&(5), 5@( N =Es,.a [(€(5) =& (57%),&(S) — & (87¢))]
< Esa [[1605) = & (5%) || - [|&:(S) = & (57)]]
SEs [ny & (5] + 3Es.a () & (%) F] e

IN

where the third inequality use ab < % (a2 + bz). With the definition of £;(S), S** and S%7, we can have the following
identity for j # i

Es.a [[l6(5) - & (5°)|°]
= Esa [|IBu [Eu [0 (A (57%))] = g, (4 (57))] = Euy, [Eu [0 (A (57))] = g, (A(57%))] 1]
= Es.a [|Eus o [g (A (57)) = g (A (S"7%))] +Euy [0, (A(S%%)) = g, (4 (57))] 7]
Then using the elementary inequality (a + b)? < 2 (a2 + bz) and the Cauchy-Schwarz inequality, we get
Es.a {H@'(S) —¢ (Si’w)HQ}

< 2Es.4 [[l90 (A (57%)) = g (A (S™7)) IP] + 2Es,a [|lge, (A (S™7)) = gu, (A (57)) |I7]
<2y q [L2]|A (57%) — A (599)["] + 20 [L2]|4 (579) — 4 (57) ]

Since S%¢ and S*/* differ by one example, it follows from the definition of stability, we can have
Es.a [||&(S) - & (5] < 4L3e2, V5 # 1.

16
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In a similar way, we can have
; 2 .,
Esa |[6:(8) = & (579)|] <4z, ¥) #i.
Combining above two inequalities into (21), we get

> Esal(6(8),6(8)] < 4m(m —1)LZe2,Vj # . (22)
J,i€[m]:j#i

Then combining the (22) and (19) into (18), we can have
Esall Y &(S)?] = mEs a [Var, (g (A(S)))] + 4m(m — 1) L3e:

Then we get

ES,AU|Z£J(S)|| IESA Z || 1/2 < \/m]ESA [Var, (9., (A(S)))] +2mLgey,

plugging the above inequality back into (17), we get

Es.a[llg(A(S)) — — Zgw, SNI] < y/m=1Es 4 [Vary (9. (A(9))] + 4Lge,. 23)

Using the result (23) into (16) and then combining with the result (15) into (14), we get final result

IES,A [F(A(S)) - FS(A(S))} < Lngeu + 4Lng€w + Lf \/milES,A [Varw(gw(A(S)))]
where Var,,(g.,(A(S))) = E,, {HQ(A(S)) - gw(A(S))||2]~ -

C. Proof for the Convex Setting
C.1. Stability

Proof of Theorem 3.3. For any k € [n], define S¥ = {11, ..., Uk_1, V), Vki1, ooy Vny W1, - Wiy | as formed from S, by
replacing the k-th element. For any [ € [m], define S"“ = {11, ..., U, W1, ooy W—1, W), Wi 41, .., Win } s formed from S,, by
replacing the I-th element. Let {z.1} and {y;+1} be produced by Algorithm 1 based on S, {}}", } and {y; 7", } be produced
by Algorithm 1 based on S*¥, {zifl} and {yifl} be produced by Algorithm 1 based on S“. Let 29 = " and xg = 5%
be starting points in X'. Since changing one sample data can happen in either S, or S,,, we estimate E 4 [||xt+1 — xffl ||]
and E 4 [[|z¢41 — 21, ||] as follows.

Estimation of E 4 [th+1 — xffl ||]

We begin with the estimation of the term E 4 [||z¢41 — xfjryl ||]. For this purpose, we will consider two cases, i.e., i, # k and
it == k

Case 1 (i; # k). Ifi; # k, we have

|zer = 27507 < we = mVaw,, (@) Vi, Wep1) = 287 + 1V g, (2 )Vfu,t (wr)II?
= |lze — 27" |12 = 206(V g, (20) V fu, Wr41) — ngu (@)Y fo, (i), w0 — )
+ 02V u,, (@) Y for, (Yes1) = Vau,, (@)Y for, DI (24)

Taking the expectation w.r.t j; on the both sides of (24) implies that

Ej, [||17t+1 - 17?4’:1”2]
<Ej, [lwe — 27" I1%] = 2005, [(Vgu,, (20)V fu, Wes1) = Vau, (@ )V o, (i), 0 — 21)]
+n: Ejt [Hvyw“(mt)vfw,, (yt+1) VQth (*Tt )valt(yt-',-l)” ] (25)

17
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We first estimate the second term on the right hand side of (25). It can be decomposed as

~20Ej, (V9 (20 fo, 1) = Vi, (05 )V o, (417, 20 — 27)]
= = 2E;, [(Vau,, (@) V fr, (W1) = Vi, (20)V for, (95 () 0 — )]
— 205, [(Vgu,, @)V fo,, (95(24)) — Vs (@)Y fo,, (g5(24)), 24 — ) "]
= 20¢E;, (Vs (@0)V i, (g5(20) = Vgs (2" )V i, (gs(ay) 2 — )]
— 20, (Vs () V fu, (95(277)) = Vs, (117)V o, (95 (7)), 00 — 2]
= 2, [(Vu,, (277)V fir, (95 (") = Vi, (23 )V for, (041), 20 = 277)]. (26)
Now we estimate the terms on the right hand side of (26) one by one. To this end, noticing that j, is independent of i; and
zy, then B, Vo, (2¢)V fu,, (95(2¢))] = Vgs(24)V f,,, (gs(x¢)) holds true. Consequently,
—20¢E;, [(Vgu,, (2)V 1, (Qs(xt)) = Vygs(x)Vfu,, (9s(x1)), © zp")] =0,
— 21, [(Vas (@t )V f,, (9s(@t")) = Vg, (@ )V fi, (gs( M)),x —apt)] = 0. (27)

Then by Part (iv) of Assumption 3.1, we know f,(gs(+)) is L-smooth. Combining this with the convexity of f, (gs(-)) and
inequality (5), we get

(Vgs ()Y fu,, (g95(x1)) = Vs (@™ )V fo,, (gs (@), me — 217)
1
2 7IVgs(@e)V fu,, (9s(xe)) — Vas(@t" )V fur, (g5 (@) (28)
Furthermore, noticing that x; is independent of j,, we get

— 2005, [(Vu,, @)V fo,, Wes1) — Vi, (@)Y fo,, (95 (x4)), m¢ — )]

< 20485, [[(V g, (@) (V o, Wer1) = V o, (g5(24))), z¢ — ) V>|]

< 2n:E;, [Hngjt (xt)(Vf,,” (Y1) — Vfu” (gs(@))lllze — iUt H]

< 200, [V 9w, @IV for, Wes1) = Vo, (95 (@e)) |z — 28]

< CrLg2mEj, [[lye1 — gs(@e)||] |z — a |, (29)

where the last inequality holds by L, Lipschitz continuity of g,, in Assumption 2.2(ii) and the C'; Lipschitz continuous
gradients of f,, in Assumption 3.1(iii). Analogous to (29), we get

= 2B, [(Vau,, (107")V fir, (95 (21)) = Vg, () V Fu, (W) 20 = 277)]
< 205 LyneEy, [llyeys — g5 (2t llwe — 2. (30)
Putting (27), (28), (29) and (30) into (26), we get that
— 2045, [(Vau,, @)V fu,, (e1) — ngjt @)V fun, (W) e — a1
< 205 LyniEy, [[lyer1 — gs(@o)l|] e — 27" || + 2C; Ly, [Ilym gs (@) llze — |
201 Vs (#)V fo, (95(00)) — Vs (i) fo, (g DI G
We estimate the third term on the right hand side of (25) as follows:
1V 9uw,, @)V fu., (Y1) — Vu,, (y° IV fu, W)l
< NIV, @)V fo, (Y1) = Vu,, (€0)V fu,, (g5 (@)
T IVu,, (€)Y fu,, (95(2)) — Vgs(z)V fu,, (g5(z0)) |
+|Vgs(@)V fu, (g5 (@) = Vas(@™)V fu, (95 (z™))|
+Vgs(@t™)V fu,, (g5(@5™") = Vgu,, (7)Y fo, (95 (2™))]
1V 8, (257 V o, (95 (257)) = Vg, (@)Y o, DI

18
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Taking square on both sides of the above inequality, we have that

121V 9w, (@)Y for, Wes1) — Vi, (@)Y for, )12
<A?CHIV g, (20) (Wer1 — gs (@) |I” + 407 CF |V g, (1) (95 (™) — yh)
+ 807 (V gy, (21) = Vgs(20))V fo,, (95 (20) |12
+ 802 (Vg (2") — Vgs @)V fo,, (gs(z))]1?
+ 402V gs () V fo,, (g9s(20)) — Vgs(z")V £, (gs(z")I?, (32)

I?

where we have used the fact that (Zle a;)? < 4a? + 4a3 + 4a3 + 8aj + 8a2 and part (iii) of Assumption 3.1, i.e.,
C's-Lipschitz continuity of V f,,. Taking the expectation w.r.t. j; on both sides of (32), there holds
Ej, [0V 9y, @)V for, We1) = Vo, (@)Y o, (i)
<An; CFE; [V 9wy, ()P lyer — 95 (@) 7] + 40f CFE, [V gy, (20) P llgs (@) = w31 17]
+ 807, [V 9w, (20) = Vs (@) PV fus, (gs(l‘t))IIQ]
+ 807y, [V gy, (27) = Vas (@)Y fur, (95 (2 )1
+ 407V gs(z)V fo,, (9s(2e)) — Vs (a) IVt (gs(xf’ )
<4 CFLRE;, [llyess — gs(x0)|I°] + 4nf CFLIES, [llyry — gs
+ 4171V g5 (2)V £, (95 (x0)) = Vgs(t™)V fi,, (g5(a1™)

o)) + 1602 13C,
?

(33)

)

]

)l
gs(

)

where the second inequality follows from the Lipschitz continuity of f,, and g,, according to Assumption 2.2 as well as part
(i1) of Assumption 3.1.

Putting (31) and (33) back into (25) implies that

Ej, [lzi1 — xfﬁ” ]

<l — &)1 + 2Cs LgmBy, [lyerr — gsl] o — 2|

+ QCngﬁtEjt ety — gs @) e — 27|

+ (4n} — 2m— )IIVgs(wt)ny” (9s(x)) = Vs (@ )V fu,, (g5 ()|

+ A CFLIE;, (g1 — gs (w)|*] + 4nPCFLIE,, [llyity — gs(x™) %] + 1607 L3C,

k,v k,
<oy — 2|1 + 20 LaneBy, [lye11 — gs (o) ] [l — 27|

kv k,v
+2C¢LgnEj, [Hyt+1 gS(fEf )”] |zt — "]

k,v k,v
+ 4, CFLIES, [lyess — gs () |1*] + 407 CFLIE,, [llyiy — gs (™) 1] + 1607 L7 Cy,
where in the second inequality we have used the fact that 7, < ﬁ
Case 2 (i; = k). Ifi; = k, we have

w1 — 2l = lloe — MtV 9w;, (@)Y fur, (Y1) — zp + MV G, (2} IV fur (yfiﬁ)ﬂ
< lwe = 2|+ el Vg, @0V fon, (We41) = Vo, (277)V fuy (yt+1)||

<l = 2|+ 0l V gy, @Y o, Gen) || + 7|V sy, (27 IV for, W)l

< [l — 2| + 2Ly Lyn,

where in the third inequality we have used Assumption 2.2, i.e., the Lipschitz continuity of f,, and g,,. Taking the square of
the terms on both sides of the above inequality and taking the expectation w.r.t. 7, yield that

Ej, w1 — 212 < llwe — 2p |1 + 4L Lpmellwe — 25 2L (34

19
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Combining Case 1 and Case 2 together, we have that
k,v k,v
Ej, [lzers — 2t 7] < e — 2517 + 205 LoneEy, [llyeer — g5 (@o)l] e — 25|
k,v k,v
+ 205 Ly, [lyeiy — 95 (2] 12 — 25|
+ dnFCRL2E;, [lyer1 — gs (@) ||?] + 47 CELZE,, [|lyiy — gs(ay™))1?] + 1607 L3C
Ne Crlgls, [[|1Yt+1 — s (Tt NGy it yt+1 gs(Ty Ny Lylg

k,v
+ AL Lynellwy — 2 s, —k) + 4LE L5307 T = - (35)
Taking the expectation w.r.t. A on both sides of (35), we get that

Ealllzet1 — xfﬁHQ]

<Ea[llze — 2" |°] + 2C; LymBa [Bj, lyer1 — gs (@)l — 25" |]
+20fL977tEA[ JtH|yt+1 gS(xt e _xfy ]
+ A CFLIEA [|lyesr — g5 (@) |1*] + 47 CFLIEA |l — gs(f™) %] + 1607 L3C,
+ 4Lng77tEAH|33t — 2 ||Tgs, =] + 4L2 L3P E AT, — )

<Ea[llze — 2t [|1?] + 2Cr Lgne(Ba[lyrs1 — gs(@) 1) Ba ||z — 2"
+2C Ly (Ba[llyfts — 9s(@ )PV (Ba[llze — 2 |[?])1/2
+ A0 CFLIEA [lyesr — g5 (@) |1*] + 47 CFLIE A |l — gs(af™) 1] + 1607 L3C,
+ 4L Ly Ball|lze — 2y [Limr)] + 4L2L30PE A [T, i), (36)

| ])1/2

where the second inequality holds by the Cauchy-Schwarz inequality. Observe that

] = 2Balle — 1) < L(Ball - b )

Ealllze — 2 [T, =] = Eallloe — a7

k,v

Note that ||zg — z"”||> = 0. Combining above observation with (36) implies that

A[||33t+1 - xfﬁ”z]

t
<2C;Ly Y 0 (Ballly e — g5 ()22 (Ba [y — 5 2])
j=1
t
+2C5Lg 1 Ea [y — g5 @ )IP) 2 Ea[le; — 23)17])
jfl
t
+403L2 Z’UQEA 51 = a5 (@) I°] +4CFLG > i Eallly;iy — gs(5™)I]
=0 J=0
t t 272 1
AL L 4L Ly
+16L3C, Y 7 + %f Yo niEallley = IPDYE+ =2 k. 37)
j=0 j=1 =0

For notational convenience, we denote by u; = (Ea[||z¢ — Do 2])1/2. Using this notation, from (37) we get that

t—1 t—1
k,v
uf <2C5Ly Y ni(Ealllyjsr — gs(x)1?])?u; +2CLg Y i Eallly) — PP P,

Jj=1 j=1

t—1 t—1

k,v
+4CfLQZ77JEA yj+1 — gs(z))|l }+4CfLQZ77j2EA ||1/J+1 ('rj )”2]
j=0 7=0
i1 ALAL

+16LCZ] 4LLfZ”+

t7
DY
n;.
7=0
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We will apply Lemma A.2 to get the desired estimation from the above recursive inequality. To this end, we define
t—1

Sy =4C3L; Z EA[llyj1 — gs (x;)|°] +4C3L2 Z AN [||yff1 - gs(xf’u)ﬂz]
=0 =0

4L§ 2 =l
QZ”J+16L20 ZUJ’

» AL, L
aj = 2CsLn;(Ea[llys1 — gs(@;)|I?])/? + 2C Lyn; (EA[IIyJH gs(z;)l IR %m
Now applying Lemma A.2 with u;, S and o; defined above, we get
t—1
(7 S \V St + Z Q
j=1
t—1 1/2 t—1 12
2 kv k
< (4C3L5 Y i Balllysen — gs ()I7]) " + (ACFLE > miEalllyfy — 9s(=y)])
j=0 j=0
L2L2 = 1/2 2 = 2\1/2 = 27\1/2
Z + (16L5C, > )2 +2C¢ Ly Y ni(Ba[llyjrr — gs(2)11°])
j=0 j=1
i1 AL L
+201Lg Y ni Ealllyh — gs(ay™) |72 + —L=2 Z n;
j=1 j=1
t—1 t—1
<4CsLy > i (Ealllyien — gs(@)|PD)? +4Cs Ly > ni(Eallly;ty — gs(@f™)?)?
J=0 §=0
t—1 2712 t— t—1
4L L? 1 o AL:L
+AL/Co(Y )2 + Z / +—7J; 2N s, (38)
j=0 =0 j=0

where the second inequality uses the fact that (3°7_ a;)'/2 < 37*_ (a;)'/? and the last inequality holds by the fact that

t—1

t—1

(4CFL2 > P Ea(llys1 — gs (2;)]] )2 <2041, > i (Ealllyir — gs(@)P])?,
=0 =0
t—1 1/2 t—1

(4C3L2> nBalllyfy — 9s(@y)IP]) " <25y > myBalllyfh — gs(@)IIP])V2.
j=0 7=0

Furthermore, if 7, = 1, itis easy to see that 37 5 (Ea[lly;+1—gs(25)|2]) /2 < supg n 3] 25 (Ballly1—gs(w;)|2])*2

and 3270 (Ealllyjiy — gs(@f™) |22 < supsn 32525 (Ealllyj+1 — gs(2;)[2])*/?. Consequently, with T iterations,

we obtain that

T-1 T-1 2T

4L 1 5

ur <8CfLy, supnz Ealllyjs1 — gs(x;)|?)Y? +4Ls+/C 2772)1/2 f g /
7=0

T
:O
— 21\1/2 6Ly Ly
<8CsLysupn > (Ealllyj+1 - gs(x)II*) +4Lp/CaVT + 0T,
§=0

2)1/2 = %n\/f < %nT because often we have

where the last inequality holds by the fact that (—L=2 3 =0
T>n.
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Since E [||lzr — 25" |]] < ur = (Ea[llzr — 25"|?])"/2, we further get

T-1

L;L
Ea[llor — 257||] < 8CyL, sgpnz (Balllyj1 — gs(a;)|I’)? + 4L /C ConVT + 2 gnT~ (39)
7=0

We got the following desired result for Case 1:

T-1

alllor = 1] = O(LsLy " + Liv/CoVT + CsLysup Y- n(Eallzor - gs(a) ) ).

7=0

. . 1,
Next we move on to the estimation of E[||z1 — 2} [|].
Estimation of E4[||z141 — xifl |l]- We will estimate it by considering two cases, i.e., j; # [ and j; = [.
Case 1 (j; #1). 1If j; # 1, we have

et — 2yt 2 < o = 10eVw,, @)V for, (Yer1) — 20 + Vg, (@ l’w)vfzat ()2
= llze — 27 )|? = 206(V g, (@)Y fur, Wer1) — Vi, @)V o, () e — 24)
+ 071V u,, (@)Y fon, Yes1) = Vi, @)V for, (i)l (40)

We will estimate the second term and the third one on the right hand side of (40) as follows. First, we estimate the second
term. To this end, using similar arguments in (26), it can be decomposed as

—200(V gy, (@)Y fun, (W141) = Vs, (1) for, (W), 0 — 1)
= = 20¢(Vu;, () (V fu, (Yr41) = V fur, (95 (22))), 22 — wi “)
— 20t (V gy, ()Y for, (95 (2¢)) — Vgs(z)V fo, (g5 (@2)), 7 — 25
— 20:(Vgs(z)V fo,, (g5 (@) — Vgs(zp“)V fi,, (9s(2p)), ¢ — 25
— 20 (Vgs(2;)V fu, (95(24)) = Vgu, (7)Y fo, (95 (1)), 4 — )
= 200 (Vgu,, @)V fur, (95(21)) = ¥V for, (1)) 00 — ). @1

Using the convexity of f,(gs(+)), part (iv) of Assumption 3.1 and inequality (5), we have

(Vs (2) V1o, (95(22)) ~ Vas(at)V Lo, (o5(2h)), 20 - a1)
> £ IVgs(@0V fu, (95(r0)) — Vas(eh)V fu, (g5 @2)

Furthermore, using part (ii) of Assumption 2.2 and part (iii) of Assumption 3.1, we get

— 20V gy, (@) (V fur, Wes1) — Vo, (95(20))), 20 — 27)

< 20| Vg, () (V o, Wes1) = Vi, (95(@0)) |12 — 27
< 20|V g, @)1V for, (wr41) — V o, (95 (@) [l — 25
< 20,C s Lgllyesr — gs(ao)|l||ze — b (43)

Likewise,

— 20(V g, (@) (V fu,, (95(7“)) = Vo, (1)), 30 — 21°)
< 2nthLgHyt+1 gs(xt Mlze — xiw” 44)
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Putting (42), (43) and (44) into (41) yields that

—204(V g, (@) V fu, (We1) — Vo, @)V o, (), w1 — 27)
<2000 Lygllysv1 — gs (@) ||| — ay CyLgy ||Z/t+1 gs(@y) |z — 4
— 201(Vgu,, (@)Y for, (95(20)) — Vs (x)V £, (g5(x0)), 7 — )
20 [Vgs(@)V o, (95(2) ~ Vas(ai)V s, (g5 )P
— 2(Vgs(2y°)V fu, (95(27)) = Vau,, (27°)V f,, (95(27“)), 20 — 2. (45)

Next we will estimate the third term on the right hand side of (40). In analogy to the argument in (32), one can show that

IV Gy, (@)Y for, (Wi41) = Vo, (0)V for, (i) |1

< 47 CHIV g, (@) (yes1 — gs(@2))|* + 407 CF IV gy, () (g5 () =y

+ 807 (V gy, (21) = Vgs(20))V fu,, (95 (20) |17

+ 8021 (Vau, (@4) — Vgs(@r“)V fo,, (g5 (x1)||?

+ 42| Vgs(x)V fo,, (g5 (24)) — Vgs(zp® )Vfu”(gs( NI

< AFCFL2lyer1 — gs(zo)l|® + 47 CFLE||Vgs (1) — vyt |12

+ 8L}V gy, (1) — Vgs(@o)l* + 8L} || Vg, (1) — Vs ()|

+ 40|V gs(20)V fo,, (95(20)) — Vs (x1“)V fo,, (95 () |1%, (46)

where, in the second inequality, we have used Assumption 2.2.

Putting the results (45) and (46) into (40) implies that
241 — 253 |I°

< Jlwe — 2p°)1” + 2mCrLyllyer1 — gs(@o)llllze — 20| + 2mCrLgllypts — gs(xp) e — 2|

— 20(Vgu,, (2:)V fo,, (gs(xt» — Vgs(x)V fu, (g5(20)), 2e — )

—2nt<Vgs(fvt WV fu, (95(7)) = Vg, (@)Y for, (g5 (), 20 — 27)
+ (47 — 2m— )IIVgs(:ct)VfV”(gs(xt)) Vgs(xp“)V fu,, (9s(zp)) |12
+4meL2Hyt+1 gs(@)|* + 47 CF L2 lgs(20*) — yiii II?
+ 8LV gy, (1) — Vgs(@o)l* + 8L3N7 |V, (1) — Vs (2)|>
<l — 24l + 2mCy Lgllyers — gs(@)lllze — 24| + 20 Cr Lyllypy — g5 (27l — 2
= 20(V g, (€)Y fur, (95 (1)) = Vs @)V fo,, (95 (1)), 0 — 27)
= 20 (Vs (2,”)V fu, (95(27)) = Vg, (a7 qu”(gs( ) xe — 2y
+ A CFL2yer1 — gs (@)1 + 4n7CFL2gs (x4) — vy |
+8LINE Vg, (1) — Vs (@) + 8L307 IV gy, (27) — Vs (@)%, (47)

where we have used the fact that 7, < i in the second inequality.
Case 2 (j; = 1). If j; = [, from Assumption 2.2 we have that
lzers — 25 )| = llae — NtV 9os, (T0)V for, (Yt41) — zp” + Ve, (xi’“’)Vfl,” (W)l
< e — 2| + 1V Gy, (@)Y fun, Ger1) + Vur (@5)V s, (552

< N — 4 961, I o )]+l T, IV o (552
<l — 4| + 200 Ly Ly.
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Therefore,
lzer — a2 1> < Ml — 2|1 + AL Lymy |l — || + A0 L3 LG, (48)
Combining Case 1 and Case 2 together, we obtain

241 — xif1||2

+2C Ly yeer — gs (@) |z — 24| + QCngmHytH gs(@ )z — 27|

— 201(Vgu,, (1) Vo, (95 (21)) — Vs (20) Vo, (g5 (20)) 20 — 20V, 0

— (Vs (2y*)V fu,, (95(24)) = Vg, (x1)V fo,, (95 (@), 0 — o),z

+ 8L ||V, (1) — Vs (z0)||” + L2302 | Vg, (¢h) — Vgs(zy®)||?

+ 47 CFL2 lye 1 — gs(xo)lI® + 407 CFL2lgs (27) -y |12

+dmLgLy||zy — 2y I, + 40P L2L3T}, ). (49)

<@ — xt

Taking the expectation w.r.t. A on both sides of (49) yields that

Ea[llzis1 — fft+1H ]

<Ea[llze — 2p)1*] + 2C, LymBa[lyecs — gs(@)|[lwe — 2]
+20ng77tEA[||yt+1 QS(It M e _xffw ]
— 20 EA[(Vow,, (21) Vi, (95 (xt)) — Vs (2) V fu,, (95 (xt)) Ty — xi’w>]:[[jt¢l]:|

— 24 EA[(Vgs(zy)V fo,, (95(27%)) = Vau,, (24 )Vfult(!JS( “V), 2 — @) ]

+8LINEA [V, (21) — Vgs(@)|”) + 8LITEA[| Vg, (1) — Vs (7))

+ A7 CFLIE A [lyrsr — gs(0) ] + 40P CFLIEA[llgs (21) — vt [1°]

+ 4Ly LyEa|loe — 2 |Ty,—] + 407 L2L3E A [}, )] (50)

We will estimate the terms on the right hand side of the above inequality. To this end, denote

=<ngﬂ< A (gs(xt>>—Vgs(:ct>Vfu” (g5 (), me — 2*),
= (Vgs(@y*)V fur, (95(27%)) = Vgu,, (@)Y for, (g5(27*)), ¢ — 7).

Taking the expectation w.r.t. A on both sides of the above identity, we have

EalT)] = Ea[(Vau,, (€0) Vi, (g5 (21)) = Vs (20) Vo, (g5 (21)) , 70 — 27)]
=Eal(E}, [V, (1) Vv, (95 (@))] = Vas (1) Vo, (g5 (21)) 2 — 27)]
=Ea[(Vgs (z:) Vo, (g5 (1)) — Vgs (2:) Vo, (g5 (21)) , 21 — 27°)]
_o, (51)

where the second identity holds true since j; is independent of ¢; and x;. Therefore,

=20 BA[T1 15, 20] = —20Ba[T11}, 2] + 20 E [T, =] — 20:Ea[T11}j,—p]
= (727]¢EA[T1]IUH§”] QHtEA[Tl]I[Jt_”]) + ZUtEA[Tl]I[jt:”]
= —2mEA[T1] + 2 EA[T1 15, =]
=2nE 4 [Tlﬂ[jt:l]]- (52)
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We further get the following estimation

—2nE4[( ngj 20) Vo, (g5 (1)) = Vs (20) Vo, (95 (@) 20 — 2790}, 2]
=24 E 4 [(Vgu,, (21) Vs, (gs (z¢)) — Vs (21) Vo, (g5 (z4)) 2z — 2V
< QntEA[Hng“ 2¢) Vi, (95 (2¢)) — Vs (x1) Vo, (95 (1)) HHl"t — 2| gt_z]]

< 2B A[(IVgu;, (@) [V frn, (95 (@) | + 1Vgs (@) IV fur, (95 (@) ) lze — 24 1 15,=11]
< ALy LBa[llze — 27 |,y ], Y

where the last inequality holds true due to Assumption 2.2. Similar to estimations of (51) , (52) and (53), one can show that

— 2B A (T30}, 4]

= 2B a[(Vgs(x”)V fun, (95(21)) = Vgu,, @)V fur, (95 (%)), 21 _xmb,#]]
:277tEARVQS(&U{w)Vfu”(gs(xiw)) ng]t(a:t )valt(gs(xt ))swe — 2y )]

<A LgLiEa|||x: — xy “| =] oY

Substituting (53) and (54) into (50) and noting that C; represents the empirical variance associated with the gradient of the
inner function as given in part (ii) of Assumption 3.1, we obtain

Ea[ll@1 — xi’rln?]

<Ea[llze — 27°|°] +2Cr LgmBa[llyer1 — gs(@o) || o — 2]
+2C LgniBa [l — 95 (27|l — 2]
+ 4 CFLIE A [|[ye+1 — gs (20) | ]+477 CILZEA [yt — 9s(20)|]
+ 1602 L3Cy + 120, Ly LyE 4[|z — 24 |1y, =] + 407 L2L3EA [T}, -]

<Ea[llze — 27“|%] + 2Cs Lgne(Ba[llye1 — gs (a0 ])1/2(EA [lle — 2 [?))"/>
+2C; Ly (Ba[llypsy — 9s(2e)P) 2 (Ba [l — 2¢)?])"/?
+ AnFCILZE A [|lyes1 — gs (@) %] + 47 CFLZEA [|lypg) — 95 (x0)]I?]
+1607L3C, + 120, LyLsEa[||2¢ — 24| Ij,—y] + 402 L2L3EA [T,y ], (55)

where the second inequality holds by the Cauchy-Schwarz inequality. Observe that

alllze = 20T,y ] = Ea[llze — 25|, [I,—g]]
1 1 "
EEA[II»% -] < E(EA[IIM — 2|22

Note that ||z¢ — xé’” | = 0. Combining the above two estimations together implies that

t

B[l — 22 01%] < 2C5Lg D mi(Balllyier — 9s(@a)lIP]) /2 (Ballzi — a3|?])"?
i=1

t
+2C5Ly Y ni(Ea iy — gs @) IPD Y2 (Balllas — 2¢)2])12
=1
t t
+ 427730}%L§]EA[||%+1 —gs (z:) |I’] + 42771-20,20L3EA[||ZJ§’ —9s ( lw) 112]
i—0 =0
4L2L2 i

t t
12L,L w
F16L3C, Y nf + LY (B [l — )Y +
i=0 i=1

fZQ
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Again, for notational convenience, let u; = (E[||z; — Pl | 2])1/2. The above estimation can be rewritten as

t—1 t—1

uf <2CsLg > mi(Ealllyiv1 — g9s(@i)?])?u; +2C5 Ly Y ni(Ea llyesy = gs @y )I1PD) Y ?u;
=1 =1
t—1 t—1
lw lw
+4Z77¢20,20L§EA[H%+1 — gs (i) II’] + 4ZU120J%L3]EA[H%+1 = gs(x*)?]
1=0 1=0
t—1 t—1 272 t—1
12L+L 4L L
F16LC, i + T2y i+ — LY T (56)
=0 1=1

We will use Lemma A.2 to get the desired estimation. For this purpose, define

t—1 t—1
St = 4ZH?C,%L§EA g1 — gs (@) II?] + 4277120,%L_(2;EA [y — gs(@y))?]
i=0 1=0

t—1 272 t—1
AL2L
+16L3C, Y n? + —2

i=0 =0

2
7

y 121,
ai = 205 Lyni(Ba [[yiv1 — 9s(@a)1?])Y? + 20 Lgni(Ba[llyisy — gs(279)11P])Y? + Tgfn

Now applying Lemma A.2 with u;, S; and «; define as above to (56), we get

t—1
up < \/STt + Zai
i=1

t—1 i—1
<2C1Lg Y mi(Balllyiyr — gs(@)IPDY? +2Cr Ly Y mi(Ba[llypsy — gs(27)[7])"?
=1 1=1
t—1 t—1
+ (4 nPCFLIEA[lyisr — gs () [IP))? + 4Zﬁ?CfL2EA[Hyz+1 — gs(=p) 1?2
=0 1=0

t—1 t—1
12L L 4L L
2 1/2 f g Fhglby 2\1/2
+ (16L3C, g g - E n;)
=0 =1 1=0

t—1 t—1
lw lw
<4CsLg Y i (Eallyicr — gs@)IIP])'? +4CrLy Y mi(Ealllyiss — gs(@i)*)V?
=0 =0
t—1 4L2L2 t—1

16LQC Z 1/2 121 Lf Z Z 1/2 (57)

where the second inequality uses the fact that (Zle a;)'? < 24 ((a;)'/? and the last inequality holds
1/2
by the fact that (4CfL2 i OUQEA[”%H —Ys (xz)HQ]) 7 < 20sL, ST m(Eallyi — gs(@)]?])Y/? and
lw
(4320 B OFLAEA llyirty — 95 (@i )IP))Y? < 205 Ly 3o mi(Ba[llyyy — g5 (2)|P]) 2.

T-1 —
If no= ln0te that ;7Zl o Ealllyj+1 — 9;(?)”2])1/2 < supgn iy (Ealllyisr — gs(@)|?])/? and
nY>iso EBalllyity — gs(@)IP)Y? < supgnd;_y (Ealllyis1 — gs(z:)][?])'/2. Consequently, with 7" iterations,
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we further obtain that

S = 121,
ur <8Cngbgan Eallyirr = gs(@)l*)"? + (A6L3C, Y o)!/? + =222 Z
1=0 i=0 i—o
272 T—1
A Lf Z?? ”
T-1

14L,L
<8CsLgsupn Y (Ballyiss — gs(@)|?DY? + 4Ly /ConyV'T + —2=Lyy.,

i=0
)1/2 = %n\/f < %nT because often we have
T > m. Noting that E4 [|lzr — 25|]] < ur = (E [||xT — 2%[1?])"/2, we further get

where the last inequality holds by the fact that ( ALILy Z

T-—1
Ealllor — 2%°|] < 8CL, Sl;pﬁz Ealllyi+1 — gs(@:)|?])*?
=0
+4L\/CoVT + 14LfL iT. (58)
Equivalently,
Balor 4] = O(ZLE4T + Ly /OuVT + sup oL, 3 n(Eallrs - g5l ).
=0

Now we combine the above results for estimating E4 [||z7 — 25"|]] and E4 [[|z7 — 25||] and conclude that

T—1
L¢L, L,L 1
6V+€w:(9( Iy + =L g77T+Lf\/ VT +Cs L, SUp > n(Ealllyser — gs(x)| DZ) (59)
3=0
The proof is completed. O
Next we move on to the proof of Corollary 3.5

Proof of Corollary 3.5. Considering the constant step size 1; = 7, and with the result of the SCGD update in Lemma A.1,
we have

T-1
€+ =0Tn  +nTm ™ + Tt + 0> (7872 +9/B + BY/?))
j=1
= (9(77Tn_1 + r]Tm_1 + nT% + nT_C/Q'Hﬁ—C/? + nQﬁ_lT + Wﬁl/QT)-

With the result of the SCSC update in Lemma A.1, we have

T-1
v+ €0 =0T +nTm™" +nT> —|—772 —el2gmel? a4 g/2))
J=1

= O(?’]Tn—l + 'r]Tm—l 4 WT% + 'f]T_C/2+1/8_C/2 + ,'726—%71 + nﬂl/QT)
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C.2. Optimization
Lemma C.1. Suppose Assumptions 2.2 and 3.1 (iii) holds for the empirical risk Fs, By running Algorithm 1, we have for

any ¢ > 0
CfLZWt
Ealllziyr — 22 [I°|1F) <(1+ Wig) lwe — @ |1” + LELIn? — 2m(Fs (1) — Fs(x)))
t
+ 7 CrmBalllgs (@) = yerr || F]- (60)
where Fy is the o-field generated by {wj,, ..., wj, |, Vigs-- -, Vi, }-

The proof of Lemma C.1 is deferred to the end of this subsection. Now we are ready to prove the convergence of Algorithm
1 for the convex case.

Proof of Theorem 3.6. We first present the proof for the SCGD update. Taking the total expectation with respect to the
internal randomness of A on both sides of (60), we get

Ealllzesr — 22 1?] <Ealllwe — a311] + LTL2n; — 2niBalFs(a:) — Fs(af)]

CfL277t
+%CrmuEalllgs(@e) — yesall?] + %‘q alllze — 25 ]]. (61)

Setting n; =1, By = B and vy, = % = %, plugging Lemma A.1 into (61), we have
Eallleers — 271?] <Ealllz — «3|1%) + LELon® — QTI]EA[Fs(wt) Fs(z)]

2

C.e n
+ 008 (Crpyeo e+ 3 + 2Vgﬁ) +CyLZEAllee ~ 2571
Setting = T~%, 8 = T~°, telescoping the above inequality for t = 1,--- , T, and noting that E 4[||x; — =7 ||?] is bounded
by D,, we get

T T
20y EalFs(z:) — Fs(a)] <D, + L}Lon’T + (E)CCnyﬁl’c Dot 20,V BT
t=1 t=1
+ CfLIL* BT + Cy L D,n* ' T. (62)

From the choice of A(S) and the convexity of F, noting that 23:1 t=% = O(T*#) for z € (0,1) U (1,00) and
S 71 = O(logT), as long as ¢ # 1 we get
E4[Fs(A(S)) - Fs(a?)]
—O(DanT) ™ + L3 Lin + Oy Dy (ST)' 1) + CpV,8 ™+ O L3L3D,n ).

Then we get the desired result for the SCGD update. Next we present the proof for the SCSC update. Setting ; = n, 8; = 8
and v, = f f’ plugging Lemma A.1 into (61), we have

Ealllzesr — a3 |%] <Ealllee — 2711 + LELG0* — QUEA[FS(%) Fs(z?)]

e f(< D)+ L5 +2v95)+ch31EA[xt—mfnﬂnﬂ.

Setting = T~%, 3 = T?, telescoping the above inequality for t = 1,--- , T, and noting that E 4[||z; — x?|?] is bounded
by D,, we get

T T
2> EalFs(xi) — Fs(2f)] <D, + L7L 2T+(g)cchyng—%—CZt—c+2Cfvgnﬁ%T

t=1 t=1

+ CRLALEB 3T + C;L2D, B3 T. (63)
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From the choice of A(S) and the convexity of Fj, noting that Zle t=* = O(T*~#) for z € (0,1) U (1,00) and
St = O(logT), as long as ¢ > 2 we get
EA[Fs(A(S)) — Fs(a?)]
=O(Do(nT) ™" + L3L20 + CyDy(BT) 54 + CyV, B85 + C L3 L3n?B~% + C4 12D, B%).

We have completed the proof. O

Proof of Lemma C.1. From Algorithm 1 we have
41 — 2|12
<Nz — Vg, @)V fo,, (Werr) — 25|
=llee = 221 + 1711V gy, @)V frn, W )IIP = 20620 — 27, Vg, (20)V for, (r41))
=[lze — 2 (1” + 071V gy, (@)Y for, We) 1> = 20e{ae — 23, Vg, (20)V fo,, (g5 (20))) + e,

where

wp = 2w — 3, Ve, (@)Y for, (95(21)) = Vu,, (€0)V fu,, (Ye11))-
Let F; be the o-field generated by {wj,,...,wj, ,,Vi,---,Vi,_, }. Taking the expectation with respect to the internal
randomness of the algorithm and using Assumption 2.2, we have

Ealllzer1 — 27 |%|F]
e — @ ||* + LFLon7 — 2nBal(we — 23, Vg, (€)Y fo,, (95(@0) )| Fe] + Eafug| F]
=[lze — af||* + LTLIn7 — 2ne(wy — 23, VFs(x4)) + Ealug| F]
ey — a||* + LFLIn7 — 2ne(Fs(20) — Fs(7)) + Ealu| F],
(64)

where the last inequality comes from the convexity of Fs. From the Cauchy-Schwarz inequality, Young’s inequality,
Assumption 2.2 (ii) and 3.1 (iii) we have, for all 7, > 0, that

2 (e — 23, Vi, @)V o, (95(21) = Vg, (@)Y fr,, (Yes1))
<oz — 22|V gw,, @IV for, (95(20)) = V for, (yes1) |
<2Cme||we — 23|IV, (o) llllgs (e) — yesall

[zt = 2 [PV gy, ()|
<2Cm: 2 4 2 gs () — e |?)
2% 2
CyLin:

<= = P + 2 Cpmllgs () = v | (65)

t

Substituting (65) into (64), we get

O T]t
Eallecss — of1217] < (14+ =50 oy — 212 + L3L207 = 200(Fo (1) - Fo(af))

+%CfmIEA[Ilgs(xt> =y [*17]. (66)
The proof is completed. O

C.3. Excess Generalization
Proof of Theorem 3.7. We first present the proof for the SCGD update. Setting 17, = n, 5 = 3 for n, 8 > 0, from (39) and
(58) we get for all ¢

t—1

6L+L
Ealllze — z"||] < 8CyL, sgpnz (Ealllyj+r — gs(@)|IP)Y2 + 4L /Conv/t + f — Lt (67)
7=0
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and

t—1

“I) < 8CrLysupn y_(allyies = g(0) )2 +4L; O/t +
1=0

14LfL

Ealllze — ay nt. (68)

Plugging Lemma A.1 with SCGD update into (67) and (68), then we have

Ealla: — 2] <80ngnZ ()Dyum “+ L3l a8

952
+4Lf\ﬁmf+

nt +8CrLyDyn.

and

t— .
Ealllee — o] <8chgnZ () Disy< + Loz L +2v,8

962
141 ng

+ AL \/ConVt +

From the fact that v/a + b < v/a + v/b we get

Ea[llze — 2] <8CL, ’/( ) Dynp~2 Z] 2 +8Cs/L L2n—t+80fL V2V Bt

————=nt +8CyLyDyn.

+4Ls/C 77\/+ nt+8C’fL D).
and
Ealllz: — 24|l <8C;L, ,/( ) DynB~% Z] 5 480 /Ly L2 t+8CfL V2V /Bt
+4Ly/C 7)\[—1— f It + 8C Ly Dyn.
Thus we get

Ealllze — = ||] + 4EA[||$t — ]

§4ochg,/( ) DB 3 Z; 5 4400 \/L;L2 —t+4och V2V /Bt

56L ;L

6L,
/ 9t + 40C; Ly Dyn.
m

gnt+
n

+20L;+/CynvV't +

Using Theorem 2.3, we have

Eg a [F(x) — Fs(x)]

c c t c 2
<400} L, mLngngz 3 E 4+ 400 /LfoLf;%t +40C;\/2V, Ly L2/t
j=1

6L;L, . 56L;L Es.4[Varo (g,
+20/Cu Ly L/t + =220 4 =2 gnt+4ochgDyn+Lf\/ .41 arm(g @)l (69)

From (62) we get

T
c _ — _ _
> EsalFs(a) — Fs(@f)] <Dan™ + LyLnT + (2)°CrDyn " 6170 Y47 4+ 20, V™ B°T

t=1 t=1

+ CyLfLinB~'T + CyLyDynB~'T. (70)
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Setting n = T~% and 8 = T~? in (69) with a,b € (0, 1] and telescoping from ¢ = 1,..., T, then adding the result with
(70), and using the fact Fg(x?) < Fs(z.), we get

ZES,A[F(xt) — F(l'*)}

T t T
T O 3 SRR N o]

L22

+400f\/2VLfL2T—a—*Zt+20\/ CyL2L,T~ Z\f f —J e - Zt

56L2L2 \/E [Var,,
U fg 1—a SA w gw xt))]
+ T t+40CyLyD,T + Ly
m tzl f Z

+ DT + LpLgT' ™" + (g)chDnybOcha Z e
t=1
+ 2CngT1—2b+CL —+ CfoLng-‘rb—u + CngDITlJ’_b_a_ (71)

Noting that Zle t=* = O(T'~*) for z € (—1,0) U (—o0, —1) and 23:1 t=1 = O(log T'), we have

T T
Z z]*% = <Z t17% (log t)HC2> =0 (Tzfg(log T)'=2).

t=1 j=1 t=1

With the same derivation we can get the bounds on other terms on the right hand side of (71). Then we get

Z Eg alF(z:) — F(x4)]

=0 (T2 a—=< (10gT)C 2+T2+b 2a+T2 a_§+T§_a

+n—1T2—a +m—1T2—a +T1—a +m—§T+Ta +T1—a +T(1—b)(1—c)+a(10gT)]Ic=1
+T1—2b+a + T1+b—a) )

Dividing both sides of (71) with T, then from the choice of A(S) we get
EﬁqﬂAw»—F@u}
=0 (Tl a—2<

(IOgT)C 2+T1+b 2a+T1 a77+T27a

1

+n_1T1_a +m—lT1—(l +T_a +m—§ +T(l—l _|_T—(1 +T(l—b)(l—c)-‘,—(z—l(logT)]Iczl
+T—2b+a _|_ Tb—a) .
Since a,b € (0, 1], as long as we have ¢ > 2, the dominating terms are
(/)(Tl—a,—g)7 (/)(Tl—&-b—2a)7 O(n_lTl_a), O(m_lTl_a), O(Ta_l), O(Ta_Qb).

Setting a = & and b = 2 yields

. Tr Tt 1
Bo.a [FIA(S)) = Fla)] = 0 4 254 b0,
Setting 7' = O(max{n3-5, m3-}) yields the following bound
1 1
Es.a[F(A(S) - F(z,)] = 0(—= + —=).
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Then we get the desired result for the SCGD update. Next we present the proof for the SCSC update. Plugging Lemma A.1
with SCSC update into (67) and (68), then we have

Ealllze — 2" <80ngnZ ()Dy(jﬁ) ¢4 L;127 5 +2Vgﬁ

+4L/C mf+ f 2229 0t 4 8C ¢ Ly Dyn.

and

& .
Ealllee — o] <8chan (5) Doty + Lo o 2v,6
L
+4L;\/C n\f+ f 290t 4 8C Ly Dy

From the fact that v/a + b < v/a + v/b we get

Ealllze — 2] <8CsL, ,/( ) DB~ % Z] § 4 8C; /L L2 —t+SCfL V2V /Bt

ALy O+ e 8o Dy,
and
Ealllz — o) <8Cs Ly [ (£) Dyns=5 Z; § 4 8C;/LyL2 ] t+80fL V2Vyn/Bt
ALy /Ty/i + fL-"nt+80fL Dyn.
Thus we get

“l
<4004 L, 1/( ) Dynp~% Z; § +40Cs\/I L2 t+400fL V2V Bt

56L ;L
m

Ealla, — 2] + 4]EA[Hwt —ap

6L fL

+20Ls+/Cynv't + Lot +

Using Theorem 2.3, we have

Lt + 40C s Ly Dyn.

Es a [F(z¢) — Fs(xy)]

§4ochg,/( ) DyL;Lys~% Zg § +40C;/LyLL} ft+4OCf\/2VLng77\/t

6LsL

56L ¢ L
g nt f
n

E
20t 4 40C; Ly Dyn + L f\/ S’A[Var;(g“(xt))] . (72)

+20\/Cy L3 Lynvt +

From (63) we get

T T
> EsalFs(er) = Fs(@f)] <Dan™ + LyLynT + (5)°C;D, 873 Y 47420V, 63T

t=1 t=1

+CfoL n ﬂ 2T+CfL D162T (73)
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Setting n = T~% and 8 = T~? in (69) with a,b € (0, 1] and telescoping from ¢ = 1,..., T, then adding the result with
(70), and using the fact Fg(x?) < Fs(z.), we get

T T t
> EsalF(e) = Fa.)] <40C;Lyy[(£) DyLyL, 07533778
t=1

t=1 j=1

T T
+40C;\/Ly Ly L3T3720 Z t+40C/2V, L L2773 ) ¢
t=1

6L3L2 I 56L3L2 d
+20y/CyL3L, T~ Z\f+ i gT—"Z f =S p- Zt+4OCfLDT1 a

E
+L Z\/ S,A Varw(gw(xt))] +D, Ta—l—LfL Tl-a (g)chDyTb(%-&-c)zt—c

m
t=1 t=1

+ 204V, TV % + Oy Ly L2T3%720 4 Oy L, D, T 5. (74)

Noting that 31, t7% = O(T'~#) for z € (—1,0) U (=00, —1) and 3_;_, ¢~ = O(log T), we have

> Yii=o0 (Ztléaogt)ﬂw) = O(1* F log T)==2)..

t=1

With the same derivation for estimating other terms on the right hand side of (74), we get

T
Y EsalF(a:) — F(a.)] = O (THJ“;“

20 T2 Pl s T T T Tl (mblet s (Jgg Ty le=

(log T)le=2 + T3 720 4 T2-0=3 L 75—

eSS +T1+gb72a+T1fg>_

Dividing both sides of (74) with T, then from the choice of A(S) we get

Es.a|F(A(S)) - F(a:*)] -0 (T1 a= U5 (og T)le=z 4 T1+5-2 | pla—$ 4 pi-a

T T T L T s T T T (0)e S (1o T e

+T7% 4 T3b-2a 4 T—%) . (75)
Since a,b S (0, 1], as long as we have ¢ > 4, the dominating terms are
O(T'-=%), OTY™:=22)  Om~'T'=%), O(m T, O(T° '), and O(T2>-29), Setting a = b = 3
yields
Es.a[F(A(S)) ~ F(z.)| = O(T% + LT L (76)
— F(z,)| = — —).
5,4 m Jm
Choosing T' = O(max{n?® m??®}) yields the following bound
1 1
E [FAS —F *}z(f)— —).
Therefore, we get the desired result for the SCSC update. The proof is complete. [

D. Proof for the Strongly Convex Setting
D.1. Stability

Proof of Theorem 3.11. The proof is analogous to the convex case. For any k& € [n], define S*" =
{V1, ooy V1, V) Vkt 1y oy Ui, W1, -y Wiy a8 formed from S, by replacing the k-th element. For any [ € [m], define
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Sb = Uy, e Uy W1y ey w1, Wy, Wi, - wm} as formed from S, by replacing the I-th element. Let {x¢11} and {y;+1}
be produced by Algorithm 1 based on S, {x} 1} and {yr ey be produced by Algorlthm 1 based on S*, {z!} 1} and
{yt 1} be produced by Algorithm 1 based on S bw Letxg = xo Y and xo = xO “ be startlng points in X. Since changing
one sample data can happen in either S, or S.,, we need to consider the E 4 [||z¢1 — ;74 ]|] and B [[|ze1 — b2 |]].

Estimation of E 4 [||z,+1 — 77 |]

We begin with the estimation of the term E 4 [||z;11 — xffl ||]. For this purpose, we will consider two cases, i.e., i; # k and
iy = k.

Case 1 (i; # k). Ifi; # k, we have

[e41 — xfjrul ”2 < lze — nthw“ (xt)vft/” (Yt41) — ‘Tt Y+ nthw]t (z k’u)vau( e )”2
= |l — 2 1* = 200(V g, @)V for, We1) = Vi, (@)Y For, (W) w0 — 21
+ 77? Hng]'t (xt)vfl/it (Ye41) — va,t (:Et )vfuzt (yt+1)||2' )

Taking the expectation w.r.t. j; on the both sides of (77) implies that

Ej, [llze41 — fﬂf’+y1|| ]
< E.jt [th - xt H ] - Qnt]Ejt [<v9wjt (xt)vfl/” (yt+1) ng” (xt )vfult (yt-i-l) xf7y>]
+n; E]t [vaw,, (mt)vfm, (Yts1) — ngh ('rt )vfmf (yt+1)|H' (78)

We first estimate the second term on the right hand side of (78). It can be decomposed as

—20¢R, [(Vgu,, ()Y fo, (Wes1) = Vu,, (@0)V fo, (W), 20 — 27)]
=—2nE;, [(ngjt (%)Vfuit (Yts1) — Vi, (xt)vfuit (gs(xt)), xe — xt’ >]
— 205, [(Vgu,, (20)V fo,, (95 (1)) — Vs (@)Y fo,, (95 (21)), 21 — o))
— 2B, [(Vgs(20)V fu, (95(x0) = Vas(@i™)V fo, (g5 (@), 20 — 277)]
— 20,5, [(Vgs(zp vfu,t(gS(xt ") = V., (zp )Vfu7t(gs($t ), e — )]
— 2By, [(Vgu,, @)V fur, (95(25) = Vi, (7)Y fo, (WE5)s 0 — 2] (79)

We will estimate the terms on the right hand side of the above equality. Indeed, from part (iv) of Assumption 3.1, we know
that f,,(gs(+)) is L-smooth. This combined with the strongly convexity of f, (gs(-)) and inequality (6) implied that

(Vgs(@e)V fu,, (gs(2)) — Vgs( WV f, (gs (@), — 2
Lo
o L+ IVgs @)V fur, (95 (x0) = VstV fo, (g5 (™)) (80)
Substituting (27), (29), (30) and (80) into (79), we get that

—2nE5, Rvywjt (¢) vait (Yet1) — ng“ (mt )ny” (yf-;—yl)> Lt — xf Vﬂ

lze — 2|1 + 7——

vy 2Lmo v
< 25 LgniEj, [lge+1 — gs (@] llwe — 23| — T th [
1
2 IVgs () V fo,, (g5 (z0)) — Vas(@” )V fu, (9s(@)|1?
+2Cs Lyn:Ej, [Hyt+1 gs(xt )H] |z — mf “I- 81

Furthermore, similar to the argument for (33), we take the expectation w.r.t. j; of the third term on the right hand side of
(77) and then obtain that

Ej, 021V 9w, (20) V fu, Ws1) — Vi, (@)Y for, ()1
< dfC3L2E;, [lyes1 — gs ()] + 4nfC3L2E,, [Ilym gs(xy)|I?] + 1607 L3C,
+ 42|V gs () V fo,, (95 (20)) — Vas @)V fo,, (gs (@) (82)
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Putting (81) and (82) back into (78) implies that

k,v
]Ejt “|It+1 - zt+1||2]
( 2L0'77t
- L+o
k, 1/”

+2Cy Ly Ej, [Hyt+1 QS(fEt )H] |zt — x;
1
+ (47 — QHm)llvgs (2) Vo, (g5 (@0) = Vas(@ )V fo,, (gs(@™)]?

+477t20]2”L52;Ejt [”yt+1 gs (1) || ] +477t20fL2 it [||yt+1 gS(xt Bl } + 1677:52L?Cg

2L0'?7t
<(1-
= L+o
k,v
|

o
+ 2Cr LyniEj, [Hyt-u gs(mt )H] |zt —
+ 47 CFL2E;, [lyerr — g5 (xo)lI°] + 40P CFLIE,, [[lyriy — 9s(z™)|?] + 160 L3 C,,

k,v k,v
lwe — 12 4+ 2C5 Ly, [lyesn — gs(@e) ]z — 22

e — 2" |12 + 20 Ly, [[ye41 — gs (@) ll] llze — 2|

where in the second inequality we have used the fact that 7, < m.

Case 2 (iy = k). Ifi; = k, in analogy to the argument in (34), we have

+ ALy Lyml|ze — ;™

Ej, [llzesr — 2471017 < lloe — f +4L2L%n7. (83)

Combining the results of Case 1 and Case 2 and taking the expectation w.r.t. A, we have that

]EA[H-TtJrl xt+1|| }

Lo 2n: Lo
<(1-2
< ntL+cr+n(L+cr)

+2C Lane(Ea[llyr1 — g5 (xe)|12])1/2 (B [lze — 2§(1%])) "

+2C; Ly (Ba ks — g5 (@t )12 Y2 (Ba [ — 2 )2])

+ 47 CFLIE A [[lye41 — gs ()| ]+4m0fL2EA[IIyt+1 gs(xt)|I°]

+ 16097 L3Cy + 4m Ly LyEa [ ||y — 2 Ui =r] + 477 FLFL2EA [T, =g (84)

JEallze —at|I?]

Note that n, 2% > f&f; asn > 2. We further get that 1 — 21, 2% + :&ffg) <1 — 1% . Observe that Ex [||z; —

xf’””]l[it:k]] =1E[||z: — - “Il < L(Ealllze — a2 )¥/2.1f ; = n, combining the above observations with (84)
implies that

[lem—xt 1117
< 2C:L (1 At—j E . NIZHY2(F ) k,v21\1/2
30 1) I Ea e - gs(a)IP) Y2 (Ealla; - 27)

j=1
t Lo t—j k,vyp27y1/2 kv 21\1/2

+2C¢Ly Y (1=np——)"In(E allyih = gs@ )P Y2 (Ballz; — 257)?))
j=1
é Lo )

FACRLE D (1= ) P g — 9s(a;) 7]
j—O

j k,v ky
+4Cf Z 77L+ t jWQEA[HyJ‘+1 QS( )H }

t

Lo 4Ly Ly
9 B b 2 _ t— kv 1/2
+16Lng;)(1 nL+a) —ip z:: nL+ ) InEalllz; — 2 I17])
4L2L2 i Lo ,
t —J 2. 85
Z 77L+0 " ®



Stability and Generalization of Stochastic Compositional Gradient Descent Algorithms

Again, for notatioanl convenience, let u; = (B 4[|z — 27"||2])1/2. The above estimation can be equivalently rewritten as

t—1
Lo
uf <2051y Y (1= =) I (Eallyser = gs(ap) ) 2,
Jj=1

t—1
Lo _,_.
#20eLy Y0 =) Al — oste IF])

+4C3L Z 77LJr ) TP E Ay — gs(z)|1?]

t—1 t—1
Lo

Lo ) )
402[/2 1— t—j—1 2]E ]?7 16L2 2 t—j—1
+4C} g;o( g PRAlly - g9s(@V")?] + 16L3Cyn ZO ;)
—1 2712 t—1
AL,L; S Lo .,  AL3L Lo i1
et 1 — )ity 79 (1— i= 86
2y S gt e g &)

. 2
Note that 165 Cyn Z] o(1—nte Lo )i=i—t < IGL?an2LL—;g :16L2CgLL‘t,_‘717and 7722] o(1—nte Lo )i=i—1 <

41212 4L?
itgp2Lto o Lo Furthermore, define

n Lno " n Lo n

Sy =4C3L Z nL+ )T IPEallyie — 9s(x)]1?]

Lo . L +o ALALYL 4o
4C2L2 1— t—j—1 ZE If?,l’ 16L2 g
+4C} ggo( g PEAllly - gs(@V)1?] + T S,

Lo ,_._
0 = 2Cs Ly (1 = =) n(Ea [l — g () )2
Lo - 4L,L Lo ;
20:L (1 — t=i—1 kv k,vy121\1/2 gt f 1 t—jp
+2CsLg(1 = )"0 alllyh = gs @ )IPDYE + —=( )
Now applying Lemma A.2 with u;, S; and «; defined above to (86), we get
t—1
(7 S vV St +ZO£]‘
j=1
= Lo ;1 9 27y1/2
<20 Ly(Y_ (1= 17 =) B [l — 95 (@)I])
j=0
t—1
20, 1— Lo ;4 2R kv k,vy27y\1/2
+2Cy Q(Z( 77L+0) n A[Hyj+1 95(33]‘ )| ])
j=0
- Lo\ ;4 2711/2
+2C% L, Z(l —ﬁﬁ) N(Ea[llyj+1 — gs(z;)]1%])
j=1
t—1
Lo ,_._ L+o
+2C5Lg 3 (=0 )" nBalllyfyy — gs @ )IPDY + 4Lsy [Co ==/
j=1
L+o [n 4L,Li(L+0)
2L,L e
+alels Lo n nLo

where the last inequality uses the fact that (3)_, a;)"/? < S°7_(a;)"/? and we use the fact that Mn Zt -

4L L¢(L+o
e )it < Halilio) - Note that Ea[|lyjo1 — g9s(2)]?] < supgEalllyjer — gs(z)l|?) and Ea[llyf —
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gs(x;?’")HQ] < supgEalllyj+1 — gs(;)||?]. Consequently, with T iterations, since E4[||zr — x;ﬁ"H] < up =

(Ea[[Jzr — 25"]1])1/2, we further obtain
T-1 Io
k,v —j— 2
alller = 27"||] <4C¢Lgn SgP(Z(l - Wm)T T Ealllys — gs ()17
=0
— Lo 1/2 L+o
AL 34 =) Eallage —as(e) ) 4Ly, T

L AL L (L
+2LsLg1/ +"\/> ALyLi(L+ o) (87)
nLo

Estimation of E 4 [||z;+1 — 207, ]
Likewise, we will estimate E 4 [||x¢11 — xifl |l] by considering two cases, i.e., j; # [ and j; = I.
Case 1 (j; #1). 1If j; # I, we have
lzerr = 21 IP < e = 10V g, (20 V for, Wes1) = 25 + 0V g, (@ l’w)Vfuit (eI
= llze = 2 I* = 20 (Vgu,, (@0) Vo, Wes1) = Vo, (7)Y for, (051), 20 — )
11V 9wy, (20) Y for, Ges1) = Vo, (7)Y Fo, )1 (88)
We first estimate the second term on the right hand side of (88). It can be decomposed as
~20(V gy, (20)V fur, (Y1) = Vo, (@) o, (i), 2 = 1)
= = 20V, (@) (V i, Wr1) = Vo, (95 (1)), 20 — 2p)
= 20:(Vgu;, (26)V fu,, (95(21)) — Vgs(z)V fu,, (gs($t>) )
— 20 (Vgs(2)V fo, (95(21)) = Vgs (@t )V fu, (95 (@), xe — 2)
= 20(Vgs (1) fu, (g5 (21 )= Va, C qu” (95 (21)), 20 — 27*)
= 206(V g, (7)Y o, (95(25)) = V for, (1)) 0 — 7). (89)

From the strongly convexity of f,(gs(+)), part (iv) of Assumption 3.1 and inequality (6), we have
(Vgs (x0) Vv, (95 (1)) — Vgs( IV foi, (95 (x7)), w0 — 21)

> T IVgs (@) Vi, (g5 (@1)) — Vas(a} )V, (g5t )P ©90)

Plugging (43), (44) and (90) into (89) implies that
=200V, (2)V fir, 1) = Vi, (@) fu, (052), 20 = 2)
<2 CyLyllyer1 — gs (@)l — CrLllyeiy — g5 (@) |l —
— 20(V gy, (@)Y for, (95(x1)) — Vgs(x)V fu, (95 (x2)), 21 — 24)
T e~ N~ 207 Vs @)V i, (95(0) ~ Vs (@) Vi, g5 2D

= 20(Vgs (@ )V o, (95(21)) = Vo, (@) fi, (95(2y ), w0 — 7). o1
Next we estimate the last term on the right hand side of (88). Using arguments similar to that for (46), we have
121V ey, (@)Y for, Wes1) — Vi, (@0 fo, (W) |1
< 47 CFL; lyesr — gs(@)l” + 4Lgni CFllgs (2v™) =y 17
+8LIN; [V, (20) = Vgs(@)|® + 8L |V, (1) = Vgs ()|
+ 417 |V gs(@)V fu,, (95(x0)) = Vs (x,°)V fun, (g5 () |- (92)

e — 2| + ——

— 21%
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Putting (91) and (92) into (88) and noting that 7, we get

1
< 2(L+0)’

2LO”I7t l,w
e — 25117 < (1 - L+ Mwe = wr|* + 20 CrLylyer1 — gs (@)l — a4

+ 20 Cr Lyllyyty — gs ()|l — 2|

= 20:(Vgw,, (21) Vfu,, (95 (9Ct)) = Vgs (zt) Vfu, (9s (xt)) we — 2y

— (Vs (1) fo,, (95(20)) = Vi, (7)Y fu,, (95(x7“)), 24 — 27).

+ 407 CFLY yesr — gs (z)|” + 407 CF L lgs (20%) =y |I?

+8L307 IV gy, (20) = Vgs(@)l* + 8L307 | Vg, (27) = Vs ()% (93)

Case 2 (j; = 1). If j; =, using the argument similar to (48), it is easy to see that
a1 — 22 lIP < lwe — 2y ®|® + ALg Lpmyl|wy — 2| + 407 L L3 (94)

Combining Case 1 and Case 2 and taking the expectation w.r.t. A on both sides and together with part (ii) of Assumption
3.1, we have

lw
A [||$t+1 - xt’+1||2]
2Lon; 2n: Lo
<- Ly VEalllee = 2] + 20s LymEalyess — os o) llee — |

L+o
+ 20 LymBa [l — gs (@) e — 20 |] + 407 CFLIE [l g1 — g5 (z0) |17]
+ 477 CFLYE A [||3/t+1 gs(ay)|? | +16C, Lin;
— 20 B A [(Vau,, (1) Vo, (95 (21)) — Vs (@) Vo, (g5 (20)) 20 — 27 >H[gt¢l]]
— 2B [(Vgs (2 )Vfu,t (95(27“)) = Vu,, (@)Y fo,, (g5(x7“)), 20 — 27 ) L, 1]
+dne Ly LB a[l|lwe — 27T, =] + 407 L2L3E A [1,—y) (95)
Note that 7, 2% > nf("gi") as m > 2. We further get that 1 — 21, 2 + m?("gf;; ; <1 - 7-2. Plugging (53) and (54)

into (95) implies that

A[Hﬂﬁt+1 —xfsf1‘|2]

Lon
S Z_)EA e — &t 1%] +2Cs LonEa[llyesr — gs(xo) |z — 2]

L

+2CrLgniEa |y — gs (@)l — 2t “I] +477t20fL2EA[||yt+1 gs () [I?]
+ An2C3L2EA [y, — 9s(24)|%] + 16C, L3}

+ 120 Ly LoBa[llze — 2y gy, + 407 LILIEA [Tgj,—]

LO”I] w
0= B ([l — 24 (17] +2C Lym(Ba [lyrsr — gs(@)[P])*(Ba[llee — 20 ?])?

l,w
+2C; Lym (Ea[llypiy — g5 ()] (Baa [[lz — 2% )7])1/?
+ 4n? CfLQEA[Hym 9 (@) [1”] + 407 CF LB A [|lygsy — gs(xp)[1*] + 16C4 Lin;
+ 12 Ly LB [[loy — 20 |Tj,—y] + 407 L3 L3EA [T, -]

where the second inequality holds by the Cauchy-Schwarz inequality. In addition, observe that

|, [, =q]]
1 1 w
= EEA[H% -] < E(EA[HM — 2|22,

Eallze — 21| Ty=y] = Ea[|lze — 2
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If n; = 0, using the above observations, noting ||zg — xé’w |2 = 0, we can obtain

Ealze: — xf;fllﬂ
L w
< 204L, Z Un in(Ea [y — g5 (@)X Ealllz: — p)2])

L 3 w w W
o0y, Y- %)Hnam[nyﬁ;l = g5 (@l )P Y2 (Ea[llos — 2f)12]) 2
i=1

Lon

I+o —) " Ea [lyis1 — gs(@i)|]

t
+4C3L2 Z(

=0

LO’?’] i lw lw
+407L Z ) PEa [l — gs (@)

Lon i 12L,L Lan w
+ 16L§0g2(1 R Z T lllzs - )P
i=0

L+o
41212 ¢ L ,
fg 01 \t—i_ 2
+ 2N - —— : 96
m i:O( L—i—a) " (06)

For notional convenience, let uy = (E 4[|z — 7 |2])!/2. Therefore, (96) can be equivalently rewritten as

t—1
Lon i
up <2C¢L Z(l “Iio U)t "(Eallyisr — gs(@)?]) P
i=1

t—1
LUU —i— l,w l,w
#3205k 30 - ) Bl g

L .
+4C3L Z o) Ay — g

t—1

LUT] i— l,w LU77 —f—
+4C7L Z IR Ayl — gs(a )I\2}+16L?ng<1—m)t n?
1=0
2L Lf Lon it ALFLY N Lo iy o
Z Tl =Y (1= ) 97
1=0

We will use Lemma A.2 to get the desired result. To this end, notice that

t—1
Lo . L+o L+o
2 2 t—i—1 2 2 _ 2
16L C gl 2:0(1 - nm) S 16LngT) —_ = 16LngTO_77,
272 t-1 272 272
4Lng772 1-1n Lo it < ALYLG 4L+o _ 4LngL“‘U77
m — L+o -~ m Lno m Lo "
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Moreover, we define

t—1
LO'T} =
Se=ACREE ) (1= )T T Bl — gs ()]
=0

t—1
Lon _;_ w
+ACFLE Y (1= =) T T Rl — as(2i) ]

1=0
L+o +4L§L§L+a

2
+16Lng Lo n m Lo )
LO"'? =
ai = 2C;Ly(1 = )" n(Ba[lyier — gs(@a)*])'/
LUT] —i— l,w l,w 12L4L LU?? t—i—
+205Ly(1 = 7o) T (Bl - os(a )P+ =@ - )

Applying Lemma A.2 with u;, S; and «; defined as above to (97), we get

t—1
up < @"‘Z%‘

Lon i
< (4C7L Z )T Ea [llyisr — gs(xa)|])Y?

t—1

Lon i w
+(@CFLG Y (1= T ) T T A i) — g5 ()P
i=0 g
Lan i
+2CngZ ZIL Y g [y — g () |2])2

LO""] —i— w w
+2C¢L, Z o T I (Ea [[lyhs — gs(@)]2])1?

o bt L+ L 12L,Ly(L +
AL, J\f+2LfL\/ ”,/ mng 12LyLy(L+ o)

where we have used the fact that (3%, a;)%/2 < 3% (a;)"/? and 2% Lf Y- fj'r’;)t =lp < %L(JLM

lw
Note that Ex [[[yi+1 — gs(@i)?] < supsEalllyirs — gs(@i)]?] and Ea[lly;yy — gs(27)P) < supgBalllyirr —
gs(x;)||*]. Consequently, with 7" iterations, since E 4 [||z — xlT’“’ 1] <ur=Ealllzr - :ET “[[2])'/2, we further obtain

T-1
Lon \p_i_
<40 Lyysup(Y (1= 22Ty s — gs(0)]2])
R —, to
T-1 Lon ‘
HACsLynsup 30 (1= )T Bl - gs(e)|7)
i=0

L+o 12LL (L+o
+4Ly/C, L f+2LfL\/ 1/ WZ”LO ). (98)

40



Stability and Generalization of Stochastic Compositional Gradient Descent Algorithms

Combining the estimations for E 4 ||z — xT “II] and Ep [[|lzr — xT “|1], we obtain

T-1
Lo i

v+ € S 80 Lansup(Y_ (1 = n =)™ Ealllyra — g5 (@) 7]
7=0
T-1

Lo )Tt 21\1/2

+80ng77su Z nL+ (EA[H%'H *QS(IJ')” D

=0

/L—i—a 4L Lf (L+0)
+8Lsy/Cy L \f+2LfL \/> o
L 12L4L4(L
MLM\/? 7 12,0+ o)
mLo

Lo
"T+o

/L—i—a 4L 4L,Lf(L +0)
8L 2LsL,
L 12L4L (L
+ 2Ly L, W,/ 12LyLy(L +0) (99)
mLo

Next we will verify why the second inequality of (99) holds true. With the result of SCGD update in Lemma A.1, we have

M

< 1GCngnsup Z 1-— )T i I(EA[HZJJ'H —gs(wj)||2])

-« Lo \r i 27\1/2
n()_( —Uﬁ) Ea[lyj+1 — 95 (z)]°])
7=0
T-1
< |yt 7=z °E - L2L377 2V, 3))1/2
<03 (=T NGO Eallon — gstoo) )+ L +27,5)
j=1
T-1
< 1— Lo \p_;q LZLS— oV 1/2 cD T J=1(:a\—c\1/2
(3 =np—) (L3 Lo gz +2VaB)Y? +(( yz nL+ (B)~°)
j=1
LiLg\/Ly(L+0)n’/? 2V, (L + o) e ﬁ/L+an e
< - D, 7T 1
< T 3 + I \/7754—(6)2\/ y = 2f7 2, (100)
where the last inequality holds by the fact thatz (1 -7 _f yI—i-1t < L+a and Lemma A.4. To see this, (25711(1 -
- o _ j=1 (1= Z T=i-1 =1 (JB C'H o o
B Pl S e ilte < (T sty 28 ST g
T-1
Lo i 1
n (1—77m)T I Ealllyjsr — gs(x5)]1%]) 2
j=0
T-1
< | Lo yr-i1 Ealllyr — L2L37’— 2V, 8)"/2
<0 Y (= n )T (G Eallon — gs(eo)l?) + LT L +2V,0)
=1
T-1 Io c T-1
<0 (L=n) " VLL, iLig T V2VB) + (2)3/Dyn Y (1 =no) 771 (jp) "%
Jj=1 j=1
,/ gLgL¢(L+0) ﬁ-l— \/m(L—i—a)\/B_‘_(E)%,/Dy(L—i—a)T_%B_% (101)
Lo 8 Lo e Lo ’

where the last inequality holds by the fact that ZT:_(Jl (1- Lf VT=i-1 < L+U and Lemma A.4. To see this ZT_ll (1-

Lo \T—j—1<~T—1/.,\—%<
ngES) T8 < < T Oongs) L= UF) 2 17 LI L2(L+U) Comparing the result (100) and (101), the
dominating terms are (101). We can show that with result of SCSC update in Lemma A.1, the dominating term is
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T-1 o \NT—i— 1
13— L=n755)" 7 (Ealllyjer — gs (@)l ])2
Since often we have n < mm(f —) then \\? < ... Consequently, we get that /= Lio VIS (Lto) Apd VL < L

nLo vm — m’
L+to < (L-‘ro)
Lo m — “mL

SCSC in Theorem 3.11

. We further get the final stablhty result for o-strongly convex setting which holds for SCGD and

_ LyLi(L+0) LgLf(L+0) Lf\/Cy(L+o0)n
vt ew = O( ocLm + oLn + Vol
Lg‘ o 1
+ chgnsupZ L= =) Balllygen - gs(@) ). (102)
Jj=1 to
This completes the proof. O

Next we move on to the Corollary 3.13

Proof of Corollary 3.13. Putting the result (101) to (102), we get stability result of SCGD for strongly convex problems
€+ e, = (’)(n_1 +m 4 77% +n87t + B% + T—%g—%).

With SCSC update in Lemma A.1, with a same progress, we have stability result of SCSC for strongly convex problems

e te=0n"+m 424 s 4 g2 L TTEpTE),

D.2. Optimization

Lemma D.1. Suppose Assumptions 2.2 (ii) and 3.1 (iii) holds and Fg is o-strongly convex. By running Algorithm 1, we
have for any x € X

g
Ealllzess = alP1F] <1 = 2w — 2l + 0P EAlIV g, (@) V fo, (i) 17

—2n(Fs(z¢) — Fs(x)) + 20,20L§%EA[||95(1’0 — Y1 IP| 7).
(103)

where E 4 denotes the expectation taken with respect to the randomness of the algorithm, and F; is the o-field generated by

{wjo,.. .7wj't71,l/7;0,...,l/it71}.

The proof of Lemma D.1 is deferred to the end of this subsection. Now we are ready to prove the convergence of Algorithm
1 for strongly convex problems.

Proof of Theorem 3.14. We first present the proof for the SCGD update. Taking full expectation over (103) with z = z7
and using Assumption 2.2, we get

o
Eall|lzes: — )% <(1 — nt)EA[”-Tt — 23?1 + L2Lg77t — 2 EA[Fs () — Fg(2)]
+ 20202 B4 (|lgs (@) — yera|I?)- (104)
o
Setting 7+ = n and 3; = f3, plugging Lemma A.1 into (104), and letting Dy, := E[|ly1 — gs(w0)||?], we have

g
Ealllwess — 1% (= SDEallae — 251 + L3L20? — 27Ba[Fs () — Fs(a)]

202172
4 ((Z)CDy(tﬁ) +D‘Lfﬁ2 + 2Vg5> .
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Multiplying the above inequality with (1 — %)T_t and telescoping fort = 1,...,7T, we get

T—t

2772 (1 - —) Ea[Fs(z:) — Fs(a7})]

T
on on T—t
(1 - ?) Ealllzy — 23] + LiLon’ Z (1 - 7)

t=1

) ey ()

T
O- j—

~
J

07)) ~, 203L3LS —t

2 % T T

g

Lty (1= ~ [322(1—*)
t=1 t=1

Note that we have

Ealller = 23|%] < Ealllwo — 23 = nVgu,, (20)V fu, (1) |°] < 2Balllzo — 271 + 2L Lgn?

Combining the above two inequalities yields
znz (1= 20" EalFs(a) — Fs()

2(17%”) Eall|lzo — 2% + 2L3L%n Z( )

T Y s ()

~~
Il
—

aczr2v, L —t  203L3L5 3 & Tt
ZONSIR Ld T
crUmn) ey |
From Lemma A.3 we know (1— ) <ex ‘”’T 2cye —c T (q_en\T—t _ 1=(0-F)"""
. p(— ) < (Z£)¢(nT) . Alsowe have ), (1—-%1) = 2o <
2
U%]. Dividing both sides of the above inequality by 2n, and letting D, := E4[||zg — 27 ||%], we get
T T—t
S (1-F)  EalFs(@) - Fs(@?)
t=1
2¢\° 21312 c LD, L
< (C) Dmn*cflec_i_ f f ( ) 6 CZ<1_7> t=¢
eo o o —
4C2L2V, 2021215
I e A e R (105)

o2 9 o2 @

Dividing both sides of (105) by 3/_,(1 — %2)7~*, noting that for (n(T — 1))~" < < we have (1 — Z)7~! <

exp(_an(g—l)) < %’ and thus ZtT:l(l _ %)T—t - 17*1(_1(’1%5)_1 > %7’ from the choice of A(S) and convexity
2

of Fs we get

% C3L2D, S =y e

EAlFs(A(S)) = Fs(af)] <(20)" Dy nT) ¢ + =222 (£) gre &=l -
eo o e T—t
Zt:l ( - *)
4C? L2V, QCQLQ‘L
+2L2 P+ 903 Lo (106)
g p pu B2
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T—t . . . . . . .
Note that (1 — %) is non-decreasing with respect to ¢ and for ¢ > 0, ¢~ is non-increasing with respect to ¢. Then from

Lemma A.4 we have
Y 1( e MR Yy
T—t = T
t= 1( - 7)

Thus (106) simplifies to

S 2c c—1 —c 2712 C?L.‘ZJDy c\¢ —crp—1 d —c
EAIFS(A(S)) - Fs(af)] <(22)1D, (47) + 213120 + L820 (€) gep-1 37

4C212%V, 202215 p2
+ g 9ﬂ+ Vb 9%.

Note that 31, t7% = O(T'~#) for z € (0,1) U (1,00) and 3, ¢~ = O(log T). As long as ¢ # 1 we get

E4[F5(A(S)) - Fs(a2)]

C3L2D C2L2V, C2L2L5
=0 (Dx<nT)‘C+2L?vL§n+fj H(BT) T+ g )

Then we get the desired result for the SCGD update. Next we present the proof for the SCSC update. Setting 1, = 7 and
B¢ = 3. Plugging Lemma A.1 into (104), and letting Dy, := E[|ly1 — gs(x0)||?], we have

g
Ealllzesr — 2512 <(1 = ZOEAlllze — 25| + L3L20? — 20 a[Fs(z,) — Fs(25)]

)
20212y
f™g Cie 3
=)D, (t Ly L 2V,B8 .
+— ((e) y(B) 7+ ﬂ+ gﬁ>
Telescoping the above inequality for ¢ = 1,--- ,7T, and rearranging the terms, we get

3 (1- %) matrstn) - Fs(a)

(1_7”) Ealller — a7 [|*] + L}L3n Z( )

2C2L2D c T Tt

f=9~y (E) —c (1 _ ﬂ) t¢

o e np ; 2

40;L§vgnﬁ§:( - Ol?)T—t 2CL3LY n* 3 (1 - (17>T_t

o 2 o B8 2

t=1 t=1
—t
2(17(1’) Eall|lzo — 2% + 2L3L%n Z( )

fed T—-1
From Lemma A.3 we know (1— %) < exp(—#) < (26)¢(nT)~¢. Also we have Zle(l—%’)T*t = % <
s 2
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U%]. Dividing both sides of the above inequality by 27, and letting D,, := E4[||zo — 27 ||?], we get

i (1 - ﬂ)Tﬂsﬂ‘jA[Fs(l}) — Fs(a7)]

2¢\ ¢ 21212 C?%L2D c T T—t
< (C) O =l ) I Y () R
eo o o e — 2
4C2L2%V, 2021213
4 f29 g@_i_ f 2f gﬁ. (107)
o N o I}
Dividing both sides of (107) by 3°/_,(1 — %1)7~, noting that for (n(T' — 1))~' < ¢ we have (1 — )7~ <
on\T—1

exp(—@) < 1, and thus ZtT:l(l — amT-t — % > %77’ from the choice of A(S) and convexity
of Fis we get

EA[Fs(A(S)) = Fs(a?)]

T on\T—t ,_
2.1 —c 22, CHGDy rene 3 (L-%) " t7°
<(E) D, ()¢ + 203 L3y + L (8] presial s
D=1 (1 o 7)
2712 272715
ACILYY, 2CTLIL
B
2c c— —c CQLQD?/ C\€ Heq— d —c
()DL )+ 2L Ly + L (5] g Y
t=1

272 27275

AC3LAV, | 2C3LALY 2

+ B+ .
g

where the last inequality comes from Lemma A.4. Noting that Zthl t=% = O(T**) for z € (0,1) U (1,00) and

S 71 = O(logT), as long as ¢ # 1 we get

EA[Fs(A(S)) = Fs(a?)]
C%L%D C2L2%V, C2I2L5
:O< /B — fJg 964_ faf 977251).

Dy (nT)~¢ +2L3 L%y + %( T)=° +

Then we get the desired result for the SCSC update. Then we complete the proof. O
Proof of Lemma D.1. From Algorithm 1 we have for any x € X
|es1 — |

e = 1V g, (20)V fo,, (Yr41) — x|

=llwe = @l* + 071V g, (@) V o, s ) 1* = 2020 — 2, Vg, (2)V fi,, (Ye41))

=llze — 21> + 07V g, @)V for, 1) |* = 20z — 2, Vgu,, (26)V fu,, (95 (24))) + e,
where

up = 2z — Vi, (xt)vfl/it (gs(z)) — Vi, (xt)vfl/it (Yt+1))-

Let F; be the o-field generated by {wj,,...,wj,_,,Vi,--.,Vi,_, ;. Taking expectation with respect to the randomness of
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the algorithm conditioned on F;, we have

Ealllzis1 — 2|?|F]
<zt — 21> + n7EalllVgu,, @)V fur, (yer1) 1% F]

= 2mEa[(re — 2, Vgu,, @)V fu,, (9s(@0)) | Fe] + Ealue|Fe]
=[lz; — 2||* + PEalllV 9wy, (€)Y for, Wes )P Fe] = 20e(xe — 2, VFs (1)) + Ealug| F]
we = )* + P B all Vg, @)V for, (e 1P| F2) = 20¢(Fs () — Fs(2) + %th —z|?)

+ EA[’LLtLFt]?
(108)

where the last inequality comes from the strong convexity of Fs. Note that from Cauchy-Schwartz inequality, Young’s
inequality, Assumption 2.2 (ii) and 3.1 (iii) we have

we <2nller — 2|V gu,, @IV fu, (95(20)) =V fur, (Y1) |
<2Cpne||ze — 2V ey, (2)lllgs (21) = yera |

2: — ]|V gy, (x )||2
SZCN“( Hgs(fct) yt+1H2

2y

CrLymn:
< fj 2 — @[> + 7Cymillgs (@e) — yiga | (109)

for any v > 0. Substituting (109) into (108), we get

CfLQT]t
Ealllzesr — 2|*|F] < <1 + % —one | lze = 2l* + EEAlV g, (@) V fo,, (ges) 1P| F]

= 2 (Fs(20) = Fs(2)) +1CpmElllgs (1) — yesr || Fi]-

2
Setting v = 2C£Lg , we have
i 2
Ealleis —2lP1F7] <1 = Z5)llze = 2l + nfBalllVow,, (20)V fu, (Wesn) 1P| 7]
=2 (Fs(2e) — Fs(x)) + QC?ngEA[||QS($t) — vl Fe).
Then we complete the proof. O

D.3. Generalization

Proof of Theorem 3.15. We first present the proof for the SCGD update. From the stability results (87), (98) and (99) we get

Eallee — 2] + 4Bl — 2f

“II

t—1
Lo ,_ . 1 L+o
<4OCng775upZ L=n m)t ! I(H'EA[Hijrl—gS(gﬁj)HQ])2 +20Ly 097\/5
=0

L+o [n  ALgLf(L+o0) L+o 48L oLy L+a)
2L¢L — 8LyLy,
b\ Ty \/;+ nLo tobrte\ L \/ mLo
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Plugging (101) into the above inequality, we get

Ealllze — 27 []] + 4Ea[l|lz: — 2]
VI LoL(L V2V (L
<400, L, Lf +a>ﬂ +40C; L %ﬂj)\/ﬁ
g g

. D,(L L
+40C; L, (gﬁ%t"ﬂ*f +20L; f+2LfL \/ +”\/>
AL, Ls(L /L [0, 48LyL(L
n 4LyLy(L +0) L SIL, +U 48LyLy(L + o) +U)
nLo mLo

Using Theorem 2.3, we have

Eg a [F(zt) — Fs(24)]

/LJL3LA(L + 0o 2V, (L +
<400, ¥ ”Lf( )Z+4och§LfgL( G)JB
g g

. D,(L . L L
+40C5 L2 Lf(f)awt—fﬁ—uz(m% C, +Uf+2L2L2\/ ;J,/
€ g

4L2L2 L+ 48L2L2 L+
é o) 8L2L2 /L+a / J) vy IES7A[Var:l(gw(xt))]. (110)

From (105) we get

5 (1= )" EsalPs(e) ~ Fs ()

t=1

2¢\ ¢ oL L C?L,D c T T—t
< <C> Dyyetre 4 e | 2P0 (9) By (1 - U—") te
g e

eo o

4C32L,V, 202 L3
4 .f99f8+ Lrly n

= —. 111
o2 n o2 32 (111

Multiplying both sides of (110) with ( - %)T_t, telescoping from ¢ = 1,..., T, then adding the result with (111), and
using the fact Fg(x?) < Fg(x.), we get

XT: (1 - ?) Eg a[F(z:) — F(z.)]

t=1

VI LELA(L +0) n & T—t WAL + o T Tt
<400, Y2 gL(fT( >ZZ(1—"2”) +400fL§Lf7vyL(U)\/§Z(1—%)
t=1 t=1
w0012 Cys Do+ o) o a A ALZLA(L+ o) & Loy T
-_)2 —- 2 _ — 2 - s - —
+ fgf(e) Lo b tz;( 2) + Lon ;( 2)
T
L+a on\T—t L+o [n on\T-t
+20L3 Lo\ G Ty (1= T0) 2132 /2 52(1_7)

T
+LZ(1—”—"T_ +8L2L2 Lto Z 1_7
Lom 2 Lo

s Z (1 B 7) \/Es,A[Varw(gw(xt)ﬂ + (20) Dyye-17¢ 4 %

m (o)

C3L,D c T 4C2L,V, 207LyL3
P e () e R
o e P 2 o 77 o ﬁ
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Dividing both sides of the above inequality by >, (1 — %)T_t, and setting n = T~ and 3 = T~ with a, b € (0, 1],
then from the choice of A(S) and convexity of ' and Lemma A.4, noting that ZtT:l( — Tt = % > #
2
for (n(T —1))~' < g, we get
Es a[F(A(S)) — F(x.)]
VL, L3L2(L + o v/ 2V, (L + AI2L2(L+o
<400, Y079 FEH) pay zl()chQLfMT*g erichill
Lo Lo nLo
2 CQD(L"_O- 771 259 L+U ]. 7&
+A0C LG Ly(2)s =T Zt 2L o =T
P L+a 1, . ABLILF(L+0)
2 — 2712 — g f
+20L L Cg Io 2+8Lng TT 2+T
a1 Es,a[Vare (9o (1) on
e (303 Pl (5 (-3
t=1 t=1
2¢.. 1 o _ C’LgDy _ 4C’LV _
e lp,T c(l—a) OL+L. T ¢ f (7) Tbc 1 t f T b
+(2) + 2Ly LT+ = (2 Z
27 .73
4 205Ls Ly T2b—2a
g
Noting that Zthl t=* = O(T'~%) for z € (—1,0) U (—o0, —1) and Zthl t=1 = O(log T'), we have
Es.a|F(A(S) = F(a.)]
=0 (T'=* 4+ T4 + TE0 D (log 1= 40! 4 n T8 4 775 =7
tml L o pela=) pea Tc(b71)(10g T)e=1 4 7% 4 T2b72a) .
Since a, b € (0, 1], setting ¢ = 3, the dominating terms are
O(—=), OT™), OT%), oTitD), or%), OTie)
ﬁ ) 7 ) ) ) *
Setting a = % and b = % yields
_3 1
Es.a | F(A(S)) = F(z.)| = 0T + =) (112)
Setting T = O(max{ns,m™ }) yields the following bound
1 1
Es [F(A(S) - F(z,)| = O + —=).
sa[FAS) - F)] = 06 +—=)

Then we get the desired result for the SCGD update. Next we present the proof for the SCSC update. With the same
derivation as the SCGD case, we get

VIaLoLs(L
< 40C;L, ACRIN

|l + 4Ballze - 4] -

Ealllz: — xt

%\

+40C; L @fwoc L ( )5 Mt—gﬁ—;

AL,L(L I
+20L; f+2LfL,/ +”\/> f “T) +8L;Lgn +”,/1

48L Lf(L + O’)
mLo
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Using Theorem 2.3, we have

3r2
Esa [F(z:) — Fs(x,)] < 40C; ngig L+9) \;% +40CyL2L 7”‘/(“")\/5

c D L . L L
+4OCfL2Lf(E)§7( +U)t—§6"+2OL2 Lgy/Cy +U\[+2L2L2,/ LJ”’\[
€ o
4L2L2 L—l—a L 48L2L2 L+U E
é 8L2L2 \/?\/> ) Lf SyA[Varw(gw(xt))} . (113)
m

From (107) we get

ZT: (1 - *) _tEs,A[Fs(xt) — Fs(2?)]

t=1
2¢\ ¢ 2LL C%L,D c T Tt
§<C) Dypemime =20y 1 ”(E> chz(lfﬂw 4—c
eog o o e — 9

AC2L,V, 3 2C3L, I3
I AN B et e

2 7B (114)

g

Multiplying both sides of (113) with ( - %")Tﬁt, telescoping from ¢t = 1, ..., T, then adding the result with (114), and
using the fact Fs(2?9) < Fg(x.), we get

ZT: (1= 2 EsalF () — Pl

t=1

372 _ T -
<400megLf(L+g)nZ(l—?)T t+4och2LfM\/BZ(l_‘L’7)T t

Lo VB = g Lo — 2
T 272 T
c.eDy(L+0) . o\T—t . A4L3LY(L+ o) on\T-t
FAOC L Ly Q) =8 22(1‘7) N 7DD 1‘7)

L+o T ¢ L+J o
2 _ 272
+20L3 L€~ fE (1-3)  +er3zzy \/> &
48L2L2 L+0‘ T—t [T ¥o
E — 8I2[72 A ( —
( TN Lo \/mtzz1

+sz(1_i) \/ES,AWarw(gwm))] +(20_) e 4 2Ll

m o

B ey e 1 1) ey T2 T

o a2 7 o2 B

Dividing both sides of the above inequality by 1, (1 — %)T_t, and setting n = T~ and 3 = T~ with a, b € (0, 1],
o T—-1
then from the choice of A(S) and convexity of F' and Lemma A.4, noting that Zszl (1-)Tt= % > #
Y 2
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for (n(T —1))~! S% we get
s.a[F(A(S)) = F(z.)]
/LJL2LA(L + o \/ 2V, (L + AI2I%2(L+ o
<400, Y070 il )T%—a+4och2Lf79( 9 p-y 4 ettt 9) il )
Lo Lo nLo
2 CQD(LJ’_O- 7_1 279 L"‘U 1 _a
+400ngLf(;)27T Zt +2L3L} 7T
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2
+ (—C)c_leT_c(l_a) +2LngT_a +
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CngDy (C ¢ $ 40‘72‘LgV9T—b
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g) Tbc—l Zt—c +

t=1

—2a

2 3
2L,
g

Noting that Zle t=* = O(T'~ %) for z € (—1,0) U (—o0, —1) and Z;‘FZI t=1 = O(log T), we have
Es.a|F(A()) - Fla.)]
=0 (T%*“ 4T3+ 50 D(logT)e=> 4 n ™t 40 3T 5 4 T-5 4 375
am e o pela=) fpa Tc(b—l)(logT)chl T Tb—2a> _

Since a, b € (0, 1], setting ¢ = 6, the dominating terms are

(S]]

O( ), O(T=27%), O(T 2), (’)(113(5—1))7 O(T— %), O(T(S(a—l))'

Settinga = b = g yields

Es.4 {F(A(S)) - F(m*)} —O(T 7 + —). (115)

Setting T' = (’)(max{n% ,m3 1) yields the following bound

1 1
Esa |[F(A(S) - F(z,)| = 0 + —=).
s.a|F(A(S)) = F(z.) (n+m)
Then we get the desired result for the SCSC update. We have completed the proof. O

E. Stability and Generalization of Coupled Compositional Stochastic Optimization Algorithms

This Appendix explores extensions of the dependent case, where the random variables v and w exhibit interdependence.
We provide an intuitive approach to achieving stability and generalization results for Coupled Compositional Stochastic
Optimization Algorithms. Detailed technical proofs are deferred to future research.

Coupled Stochastic Optimization(CSO) problems which has gained more general interest (Qi et al., 2021b; Jiang et al.,
2022a; Wang & Yang, 2022). The CSO problems can be represented as:

min{ F(@) = f o g(@) = B, [fy (Euplgu (o, )]} (116)
Similarity to the independent case, with the training data S = S, |JS, where S, = {v; : i = 1,...,i = n} and

S, = {wij i=1,...,n,5=1,... m}, CSO problem (116) can be reduced to the following nested empirical risk for
CSO:
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m

min{Fs(z) = fs(gs( nyl Zgw” z,v;)) (117)

where gg : RP — R? and fg : RY — R are the empirical versions of f and g in (116) and are defined, respectively,
by gs(z) = = Z ! G, (@,v) and fs(y) = 2370 | £, (y). We refer to F(z) and Fg(x) as the (nested) true risk and
empirical rzsk respectlvely, in this stochastic compositional setting.

To analyze the excess generalization error (that is, excess risk) of A(S) given by F(A(S)) — F(z.), we still focus on the
estimation error and the optimization error from (3).

Estimation Error. We introduce uniform stability for CSO problems to study the estimation error. Unlike the independent

case, for any k € [n], let S* = S* U S. When we replace the k-th sample vy, in {r;}?_; to v}, the corresponding sample
{wk;}7Ly in S, changes to {wy; } . From this, we can introduce the following uniform stability concept in the following
way.

Definition E.1. We say that a randomized algorithm A is e-uniformly stable for CSO problems (116) if, any & € [1,n],
there holds

E[J A(S) - A(SM)|] < e

where the expectation E 4[] is taken w.r.t. the internal randomness of A not the data points.

On the basis of our stability concept, we can build the connection between the uniform stability and the generalization error
for CSO problems. One can show that,

EAs[F(A(S)) — Fs(A(S)] = EaslF(AS) =+ Y %Z o 14)
= B4 s[F(A(S)) = 3" fu (B lou(AGST), )]
i=1

FEASL D o Bl A1) = -3 i (o D 0, (A7), 1)

=1

# sl 30 o G 3, (A9 = 3 3, (AS)00) (118)
j=1 i= j=

It is easy to estimate the first term on the right-hand side of (118) and the third term can be bounded using the Lipschitz
continuity of f, () and g, (). The main challenge comes from the second term. We can use some ideas from (Hu et al.,
2020) to estimate this term, where the key step is to use the independence between {w;; };”:1 being independent with A(S?)
and L smoothing of f,(+).

Optimization Error. Based on the independent case, to analyze the optimization error for CSO problems, we can extend
the SCGD update (line 5 in Algorithm 1) and the SCSC update (line 6 in Algorithm 1) to the dependent cases that were
studied in the two latest algorithms (SOX (Wang & Yang, 2022), MSVR (Jiang et al., 2022a)). We list the main updates of
these two algorithms in the following.

The update of estimator yt+1 which estimates the inner empirical risk of gg(x¢;v;,) is shown below for SOX:

yztfl (1 - B)yft + B : gwitjt (xt; Vit)'

As mentioned in (Jiang et al., 2022a), with y'”rl the gradient estimator computed by exponential moving average. A
useful technique for achieving a better optlmlzation error is by using a variance reduction techniques which given as

following(MSVR):
yffl (1 - ﬁ)yft + 8- Gws, j, (wt; Vit) + 7(9%‘”,, (xt; Vit) = Guwi,;, (xt_l; Vit))'
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For the update of model parameter, SOX and MSVR use yft instead of 't

i in V£, () to get better optimization errors due
to the independence between y}, and the random variable v, :

't = Iy (mt - nvgwi,,j,, ('rt; Vit)vfyi‘ (yft)) :

From the above update of the model parameter, we can use a similar technique in Appendix C to get the sta-
bility results of SOX and MSVR(without momentum update). Since we use yft here, we will estimate the term
Supg 2]7.:01 (Ea[2 30 ly! — gs(27;14)]?])*/? in the dependent case compared to the independent case in Theorem 3.3.
Then we can combine the estimation error and the optimization error of the existing optimization paper to get the final
excess risk.
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