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Abstract

Locally stationary time series (LSTS) repre-
sent an essential modeling paradigm for cap-
turing the nuanced dynamics inherent in time
series data, whose statistical characteristics,
including mean and variance, evolve smoothly
over time. In this paper, we propose a condi-
tional probability distribution estimator for
LSTS through Nadaraya–Watson (NW) ker-
nel smoothing. NW estimator leverages local
kernel smoothing to approximate the condi-
tional distribution of a response variable given
its covariates. Under mild conditions, we es-
tablish optimal transport convergence guar-
antees to the proposed NW-based conditional
probability estimator. These guarantees are
initially proven in the univariate setting using
the Wasserstein distance, and subsequently
in a multivariate setting employing the sliced
Wasserstein distance. To corroborate our the-
oretical findings, we conduct a wide range of
numerical experiments to assess the conver-
gence rates and showcase the practical rele-
vance of the estimator in capturing intricate
temporal dependencies in complex nonstation-
ary phenomena.

1 INTRODUCTION

Time series analysis (TSA) aims to study the historical
and current behavior of certain variables to predict
future patterns. Such analysis is pivotal to forecast
and control potential future scenarios, for instance
in predicting inflation rates, stock prices, unemploy-
ment rates (Weng et al., 2018; Dadashova et al., 2021),
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and meteorological factors (Jiang et al., 2020; Kol-
luru et al., 2021), among many others. While classical
TSA operates under the assumption of stationarity,
it is important to note that many time series display
nonstationarity (Aue et al., 2015; Chen et al., 2016;
Amato et al., 2020). One approach to model this non-
stationarity is through LSTS, where these processes are
locally approximated by a strictly stationary process
in a finer-grid time interval (Dahlhaus, 1996; Dahlhaus
and Subba Rao, 2006; Dahlhaus, 2012). Most of the
statistical theoretical guarantees on LSTS in the lit-
erature are proposed for both the conditional mean
and the variance functions. In a parametric frame-
work, Dahlhaus (1996) obtained estimates by mini-
mizing the generalized Whittle function using local
periodograms. Nonparametric approaches rely on NW
(Nadaraya, 1964; Watson, 1964) estimation procedure,
that is a widely used local averaging method for es-
timating the conditional mean function (Kristensen,
2009; Vogt, 2012; Truquet, 2019; Kurisu, 2022).

To deviate from estimation of conditional mean func-
tion, various works have already been proposed for
conditional distribution estimation (Hall et al., 1999;
Ferraty and Vieu, 2006). Hall et al. (1999) considered
strictly stationary processes and proposed two esti-
mation methods: a local logistic distribution method
and an adjusted NW estimation procedure. Ahmed
et al. (2020) introduced an adaptive NW estimator for
strictly stationary processes using varying bandwidth
and proved asymptotic normality of the proposed esti-
mator. In Bouanani and Bouzebda (2024), they devel-
oped a local polynomial estimator for the conditional
cumulative distribution function (CDF) of a scalar Yt

given a functional Xt. For distributional regression,
Dombry et al. (2024) extended Stone’s theorem using
Wasserstein distance and showed that the conditional
CDF estimator with local probability weights is a uni-
versally consistent estimator of the true conditional
CDF.

It is worthy to note that in conditional distribution esti-
mation, we have to carefully choose a metric measuring
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the distance between these distributions. In this work,
we consider optimal transport (OT) metrics that have
been recognized as effective tools in comparing probabil-
ity distributions. OT solves problems centered around
the shortest path principle (Peyré and Cuturi, 2020).
One of the prominent metrics in OT is Wasserstein dis-
tance (Villani, 2009). It has gained many applications
compared to Total Variation, Hellinger, and Kullback-
Leibler divergence since it can be optimally estimated
from samples under mild assumptions (Manole et al.,
2022). However, the direct computation of Wasserstein
distance in high-dimensional setting can be computa-
tionally expensive. To overcome this computational
burden, sliced Wasserstein distance was proposed to
approximate the Wasserstein distance by projecting
multivariate distributions onto one-dimensional sub-
spaces and averaging the resulting one-dimensional
Wasserstein distances (Bonnotte, 2013; Bayraktar and
Guo, 2021).

Contributions. The contributions of the present pa-
per are threefold:

• We consider estimating the conditional probability
distribution of LSTS rather than the conditional
mean or variance functions, as was largely pro-
posed in the literature.

• Under mixing conditions (Doukhan, 1994; Rio,
2017), we provide the convergence rate of NW
conditional distribution estimator with respect to
Wasserstein distance for a scalar target Yt,T given
a d-dimensional locally stationary covariate Xt,T .

• We extend the results to a multivariate setting,
i.e., Yt,T ∈ Rq(q ≥ 1), where we derive the conver-
gence rate of NW conditional distribution estima-
tor through sliced Wasserstein distance.

To the best of our knowledge, this is the first work that
establishes OT bounds for conditional probability distri-
butions for both univariate and multivariate LSTS. We
then illustrate our theoretical findings through numeri-
cal experiments on synthetic and real-world datasets.

The structure of this paper is as follows. In Section 2,
we present the regression estimation problem in LSTS, a
brief background of local stationarity, and Wasserstein
distance. We derive the main results in Section 3:
we first define the NW kernel estimator, and then
provide the rates of convergence of Wasserstein distance
between estimated and true conditional distributions.
We extend our result to the multivariate case in Section
4. Section 5 shows the results of numerical experiments.
All the proofs and additional experiment results are
postponed to the appendices.

2 PRELIMINARIES

We start introducing a background of LSTS and opti-
mal transport through Wasserstein distance. We then
present the mixing coefficient employed to assess weak
dependency between observations in the time series.

2.1 Locally stationary time series

Suppose that we have access to T ∈ N random vari-
ables {Yt,T ,Xt,T }t=1,...,T , where Yt,T is real-valued and
Xt,T = (X1

t,T , . . . , X
d
t,T )

⊤ ∈ Rd. We consider the fol-
lowing regression estimation problem

Yt,T = m⋆
( t
T
,Xt,T

)
+ εt,T , for all t = 1, . . . , T, (1)

where {εt,T }t∈Z is a sequence of i.i.d. random variables
such that E[εt,T |Xt,T ] = 0. We assume that the co-
variate Xt,T is locally stationary and Yt,T is integrable.
Note that m⋆

(
t
T ,Xt,T

)
= E[Yt,T |Xt,T ] is the oracle

conditional mean function in model (1), which does
not depend on real-time t but rather on the rescaled
time u = t

T . It is identified almost surely (a.s.) at all
rescaled u-points if it is continuous in the time direction.
In LSTS, this rescaled time refers to the transformation
of the original time scale.

A wide range of interesting nonlinear process mod-
els fit into the general framework (1). An important
example is the nonparametric time-varying autoregres-
sive (tvAR) model: Yt,T = m⋆

(
t
T , Yt−1,T , . . . , Yt−d,T

)
+

εt,T , where Xt,T = (Yt−1,T , . . . , Yt−d,T )
⊤ is the d-lag

of Yt,T ; for instance, see (Vogt, 2012; Richter and
Dahlhaus, 2019). Let us now formally define the notion
of LSTS. We adopt the definition given in Vogt (2012).

Definition 1 A process {Xt,T }t=1,...,T is locally sta-
tionary if for each rescaled time point u ∈ [0, 1],
there exists an associated strictly stationary process
{Xt(u)}t=1,...,T verifying

∥Xt,T −Xt(u)∥ ≤
(∣∣ t
T

− u
∣∣+ 1

T

)
Ut,T (u) a.s.,

where {Ut,T (u)}t=1,...,T is a positive process such that
E
[
(Ut,T (u))

ρ
]
< CU for some ρ > 0 and CU < ∞

independent of u, t, and T . The norm ∥ · ∥ denotes an
arbitrary norm on Rd.

Definition 1 states that around each rescaled time u,
any d-dimensional LSTS {Xt,T }t=1,...,T can be approxi-
mated by {Xt(u)}t=1,...,T , which is a strictly stationary
process at each fixed u. This suggests that a nonsta-
tionary process can be presumed stationary at local
time. The exponent ρ can be considered as an indicator
of how well the approximation is being done: the larger
a ρ, the better approximation of Xt,T by Xt(u) and
moderate bounds for their absolute difference.
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2.2 Optimal transport: Wasserstein distance

Let Pr(R) be the set of Borel probability measures in R
having finite r-th moment (r ≥ 1), i.e., Pr(R) = {µ ∈
P(R) :

∫
R |x|rµ(dx) < ∞}. We quantify the distance

between probability measures µ, ν ∈ Pr(R) through
the rth-Wasserstein distance (Villani, 2009), denoted
by Wr(µ, ν) and defined as

Wr(µ, ν) =
(

inf
π∈Π(µ,ν)

∫∫
R2

|u− v|rπ(du,dv)
)1/r

(2)

where Π(µ, ν) stands the set of probability measures on
R×R with marginals µ and ν. Equation (2) states that
Wr(µ, ν) is the infimum of the expectation of distance
between two random variables over all possible cou-

plings, i.e., Wr(µ, ν) =
(
infU∼µ, V∼ν E[|U − V |r]

)1/r
.

A simple optimal coupling can be represented by a prob-
ability inverse transform: let Fµ(·) and Fν(·) be the
cumulative distribution functions (CDF) and F−1

µ (·)
and F−1

ν (·) be the respective generalized inverse or
quantile functions. Then, for a uniformly distributed
random variable Z on (0, 1), we can construct an op-
timal coupling (U, V ) = (F−1

µ (Z), F−1
ν (Z)) (Dedecker

and Merlevede, 2017). Hence, in univariate setting, the
minimization problem (2) boils down to

Wr(µ, ν) =
(∫ 1

0

∣∣F−1
µ (z)− F−1

ν (z)
∣∣rdz)1/r.

For r = 1 and using a change of variable, the 1-
Wasserstein distance writes as

W1(µ, ν) =

∫
R
|Fµ(v)− Fν(v)|dv. (3)

Clearly, W1(µ, ν) is the L1-distance between the CDF
Fµ(·) and Fν(·).

Now, since we are dealing with sequences exhibiting
weak dependency, let us define the mixing coefficient
being considered in this paper.

2.3 Mixing condition

The convergence rates of LSTS estimation are estab-
lished under weakly dependent conditions, often termed
mixing conditions (Doukhan, 1994; Rio, 2017). These
latter are used to measure the dependency degree be-
tween observation sets of a stochastic process when they
get far apart in time. In a nutshell, the farthest time
distance between observations, the lower dependency.
One of the prominent mixing conditions is β-mixing, it
has been utilized to prove central limit theorems and
moment inequalities (Dedecker et al., 2007; Bosq, 2012;
Poinas, 2019).

Definition 2 Let (Ω,A,P) be a probability space,
B and C be subfields of A, and set β(B, C) =
E[supC∈C |P(C) − P(C|B)|]. For any array {Zt,T :
1 ≤ t ≤ T}, define the coefficient β(k) =
sup1≤t≤T−k β

(
σ(Zs,T , 1 ≤ s ≤ t), σ(Zs,T , t + k ≤ s ≤

T )
)
, where σ(Z) denotes the σ-algebra generated by Z.

The array {Zt,T } is said to be β-mixing or absolutely
regular mixing if β(k) → 0 as k → ∞.

Definition 2 entails asymptotic independence as k → ∞
for a β-mixing process. As argued in Vidyasagar (1997),
β-mixing is a “just right” assumption in analyzing
weakly dependent sequences. β-mixing is highly de-
sirable in practice, as many commonly used time se-
ries models exhibit this property (McDonald et al.,
2011). Various types of β-mixing include exponentially
β-mixing where β(k) = O

(
e−γk

)
for γ > 0 (Masuda,

2007; Lee, 2012). It can also be arithmetically β-mixing,
i.e., β(k) = O

(
k−γ

)
(Ferraty and Vieu, 2006; Vogt,

2012; Bouzebda, 2024).

3 WASSERSTEIN BOUNDS FOR
UNIVARIATE LSTS

For a fixed sample time t ∈ {1, . . . , T} and a covariate
x ∈ Rd, we denote the conditional probability distri-
bution of Yt,T |Xt,T = x by π⋆

t (·|x) and its associated
conditional CDF by F ⋆

t (·|x). The mean conditional
regression function is then given by

m⋆(
t

T
,x) = Eπ⋆

t (·|x)[Yt,T |Xt,T = x] =

∫ ∞

−∞
y dπ⋆

t (y|x).

Let K1,K2 be two 1-dimensional based kernel functions
and h be a T -dependent bandwidth, i.e., h = h(T )
satisfying h(T ) → 0 as T → ∞. Setting the scaled
kernels Kh,i(·) = Ki(

·
h ), for i = 1, 2, we define.

Definition 3 The NW estimator of π⋆
t (·|x) reads as

π̂t(·|x) =
∑T

a=1 ωa(
t
T ,x)δYa,T

, where

ωa(
t

T
,x) =

Kh,1(
t

T
− a

T
)

d∏
j=1

Kh,2(x
j −Xj

a,T )

T∑
a=1

Kh,1(
t

T
− a

T
)

d∏
j=1

Kh,2(x
j −Xj

a,T )

.

The associated conditional CDF to π̂t(·|x) is defined
as, for all y ∈ R,

F̂t(y|x) =
T∑

a=1

ωa(
t

T
,x)1Ya,T≤y. (4)

The weights {ωa(u,x)}a=1,...,T are measurable func-
tions of x, Xa,T , and u but do not depend on Ya,T .
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Note that NW estimator of m⋆(u,x) is given by

m̂(u,x) =
∑T

a=1 ωa(u,x)Ya,T , that involves two kernel
functions: one is in the direction of the d-dimensional
covariate Xt,T and the other is with respect to the
rescaled time u = t

T . This means that we do not only
smooth in the space-direction of Xt,T but also in the
time-direction, allowing us to properly assign weights
ωa(

t
T ,x) and then consider local behavior of the data

in the rescaled time t
T .

Next, we present the assumptions about the underly-
ing process in model (1) and NW estimator given in
Definition 3.

3.1 Assumptions

Our main results are based on the following assump-
tions that are classical in LSTS (Fan and Masry, 1992;
Hansen, 2008; Vogt, 2012) and conditional distribution
estimation (Owen, 1986; Hall et al., 1999; Veraverbeke
et al., 2014; Otneim and Tjøstheim, 2018).

Assumption 1 (Local stationarity) Assume that
{Xt,T }t=1,...,T has compact support X and is locally
stationary approximated by {Xt(u)} for each time point
u ∈ [0, 1]. The density f(u,x) of Xt(u) has continuous
partial derivative, ∂jf(u,x) :=

∂
∂xj f(u,x), with respect

to x for each u ∈ [0, 1].

Assumption 1 establishes the smoothness of the density
f(u,x) w.r.t x, allowing to use Taylor expansion in the
proofs.

Assumption 2 (Kernel functions) The based ker-
nel Ki(·), i = 1, 2, is symmetric about zero, bounded,
and has compact support, that is, Ki(z) = 0 for all
|z| > Ci for some Ci < ∞. Additionally, it ful-
fills a Lipschitz condition with a positive constant
Li < ∞, such that |Ki(z) − Ki(z

′)| ≤ Li|z − z′|, for
all z, z′ ∈ R, and

∫
Ki(z)dz = 1,

∫
zKi(z)dz = 0, and∫

z2Ki(z)dz = κ < ∞.

Assumption 2 signifies that the kernel function has
a bounded rate of change. By assuming that Ki is
symmetric about zero, we allow either or both kernel
functions to be box, triangle, quadratic, or Gaussian
kernels. The kernels follow bounded second-moment
regularity, leading each kernel to have finite variance
and limiting influence of outliers.

Assumption 3 (Bandwidth regularity condition)

The bandwidth h satisfies T−(ν∧ 1
2 )h−d−1 = o(1), where

ν = ρ ∧ 1, for ρ > 0 as introduced in Definition 1.

Assumption 3 indicates that h converges slower to zero,
for instance at a polynomial rate, i.e., h = O(T−ξ),
for small ξ > 0. It is worth noting that the choice

of bandwidth is crucial for the bias-variance trade-
off (Silverman, 1998): small h leads to over-fitting,
producing an estimator with high variance and low bias,
while large h may cause under-fitting. Assumption 3
is a strengthening of the usual condition Thd+1 → ∞,
needed to guarantee convergence to zero of our resulting
bounds.

Assumption 4 (Conditional CDF) The con-
ditional CDF F ⋆

· (·|·) is Lipschitzian, i.e.,∣∣F ⋆
a (·|x) − F ⋆

t (·|x′)
∣∣ ≤ LF⋆

(
∥x − x′∥+

∣∣ a
T − t

T

∣∣), for
some constant LF⋆ < ∞, and for all a, t ∈ {1, . . . , T},
x,x′ ∈ Rd.

Assumption 4 entails F ⋆
· (·|·) to not change rapidly as

the observation changes. This differs from the assump-
tion used in (Hall et al., 1999; Veraverbeke et al.,
2014; Otneim and Tjøstheim, 2018; Ahmed et al., 2020)
where the conditional CDF is assumed to be twice
differentiable.

Assumption 5 (Mixing condition) The process
{(Xt,T , εt,T )}t=1,...,T is arithmetically β-mixing, that
is, β(k) ≤ Ak−γ for some A > 0 and γ > 2. We

further assume
∑∞

k=1 k
ζβ(k)1−

2
p < ∞, for some p > 2

and ζ > 1− 2
p .

Assumption 6 (Blocking condition) There exists
a sequence of positive integers {qT } satisfying qT → ∞
and qT = o

(√
Thd+1

)
, as T → ∞.

Assumptions 5 and 6 are useful for dependent sequence
estimation procedures. Assumption 5 highlights the
decay of β-mixing coefficient β(k). In the proof of
Theorem 1, Bernstein’s blocking technique was used to
create independent blocks (Bernstein, 1927).

3.2 Convergence rate in Wasserstein distance

We investigate the error between NW estimator π̂t(·|x)
and true conditional distribution π⋆

t (·|x) by establish-
ing the rate of convergence w.r.t Wasserstein distance.

Theorem 1 Let Assumptions 1 - 6 hold and define
Ih = [C1h, 1− C1h]. Then,

sup
x∈X , t

T ∈Ih

E
[
W1

(
π̂t(·|x), π⋆

t (·|x)
)]

= O
( 1

T
1
2hd+1− 1

p (1−ν)
+

1

T νhd+ν−1
+ h
)
.

Theorem 1 ensures that the expectation of Wasserstein
distance between the underlying conditional probability
distributions converges to zero with nonstandard com-

ponents of ordersO
(

1

T
1
2 h

d+1− 1
p
(1−ν)

)
andO

(
1

T νhd+ν−1

)
,

and a standard component of order O(h). Generally,
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this convergence depends on the bandwidth h; as dis-
cussed in Assumption 3, it should slowly approach zero
for this result to be valid. The first and second compo-
nents, which depend on ν and p, are respective results
of approximating {Xt,T }t=1,...,T by a locally stationary
{Xt(

t
T )}t=1,...,T and by assuming that {Xt,T }t=1,...,T

is β-mixing. More precisely, the dependency on ν = ρ∧1
comes directly from Definition 1, i.e., the difference
between Xt,T and Xt(

t
T ) is bounded by a product of a

negligible term and a positive process Ut,T (
t
T ) having

finite ρ-th moment. Additionally, p > 2 corresponds
to the rate of decay of the β-mixing coefficient in As-
sumption 5. While the last component is obtained
through Lipschitz continuity property of the condi-
tional CDF F ⋆

· (·|·). If ν = 1, this convergence becomes
O
(

1

T
1
2 hd+1

+ h
)
.

For a strictly stationary stochastic process {Yt, Xt},
where Yt and Xt are scalar, Hall et al. (1999) (The-
orem 1.ii) had shown the pointwise convergence of
their proposed adjusted NW conditional distribution
function estimator to be O

(
1√
Th

+ h2
)
.

We further bound the second moment of W1 in Ap-
pendix B. The next succeeding results give the bounds
for the expectation of general Wr. The proofs are
deferred to Appendices C.2–C.5, respectively.

Corollary 1 Assume that Yt,T is uniformly bounded
by M > 0 and that Assumptions 1–6 hold. Then, for
every r ≥ 1,

sup
x∈X , t

T ∈Ih

E[W r
r (π̂t(· | x), π⋆

t (· | x))]

= O
(

1

T 1/2h d+1− 1
p (1−ν)

+
1

T νh d+ν−1
+ h

)
.

In particular, for r = 2,

sup
x∈X , t

T ∈Ih

E
[
W 2

2 (π̂t(· | x), π⋆
t (· | x))

]
= O

(
1

T 1/2h d+1− 1
p (1−ν)

+
1

T νh d+ν−1
+ h

)
.

Remark 1 Corollary 1 shows that the expected squared
2-Wasserstein distance between the estimated condi-
tional distribution π̂t(· | x) and the oracle conditional
distribution π⋆

t (· | x) converges to zero with the same
rate as in Theorem 1. In this sense, E[W 2

2 (π̂t, π
⋆
t )]

can be regarded as a distributional analogue of the
mean squared error, with W2 playing the role of an
L2-distance between full conditional laws, rather than
between their means only.

Under finite r-th moments, r–Wasserstein adheres to
the following convergence.

Corollary 2 Assume that Assumptions 1–6 hold and
that, for some r ≥ 1, the conditional distributions
satisfy the uniform moment condition

sup
x∈X , t,T

∫
R
|y|r π⋆

t (dy | x) < ∞, and

sup
x∈X , t,T

∫
R
|y|r π̂t(dy | x) < ∞.

Then,

sup
x∈X , t

T ∈Ih

E[W r
r (π̂t(· | x), π⋆

t (· | x))]

= O
(

1

T 1/2h d+1− 1
p (1−ν)

+
1

T νh d+ν−1
+ h

)
.

Furthermore, under integrability and tail conditions,
the convergence in expected Wr of the underlying con-
ditional distributions is provided as follows.

Corollary 3 Let r ≥ 1 and assume Assumptions 1–6
hold. Suppose furthermore that the conditional laws
π⋆
t (· | x) and π̂t(· | x) have uniformly integrable r-th

moments, i.e.

lim
R→∞

sup
x∈X , t,T

∫
{|y|>R}

|y|r π⋆
t (dy | x) = 0, and

lim
R→∞

sup
x∈X , t,T

∫
{|y|>R}

|y|r π̂t(dy | x) = 0.

Then, as T → ∞,

sup
x∈X , t

T ∈Ih

E
[
W r

r

(
π̂t(· | x), π⋆

t (· | x)
)]

−→ 0.

In particular, this holds for r = 2, yielding a Wasser-
stein analogue of the mean squared error.

Moreover, we provide below the refined rate of conver-
gence for W r

r given an optimized choice of R.

Proposition 1 Let r ≥ 1 and suppose that Assump-
tions 1–6 hold. Assume furthermore that there exists
s > r such that

sup
x∈X , t,T

∫
R
|y|s π⋆

t (dy | x) < ∞, and

sup
x∈X , t,T

∫
R
|y|s π̂t(dy | x) < ∞. (5)

Define

AT := sup
x∈X , t

T ∈Ih

E
[
W1

(
π̂t(· | x), π⋆

t (· | x)
)]
. (6)

By Theorem 1, we have

AT = O
(

1

T 1/2h d+1− 1
p (1−ν)

+
1

T νh d+ν−1
+ h

)
.
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Then there exists a constant C > 0 such that, for all
sufficiently large T ,

sup
x∈X , t

T ∈Ih

E
[
W r

r

(
π̂t(· | x), π⋆

t (· | x)
)]

≤ C A
s−r
s−1

T .

(7)
In particular, for r = 2,

sup
x∈X , t

T ∈Ih

E
[
W 2

2

(
π̂t(· | x), π⋆

t (· | x)
)]

= O
(
A

s−2
s−1

T

)
,

which can be interpreted as a Wasserstein analogue of
the mean squared error with a rate slowed down by the
tail parameter s.

Proposition 1 shows that, under a uniform s-moment
condition with s > r, one can choose the trunca-
tion level optimally to obtain a refined convergence
rate for the expected r-Wasserstein distance, bound-
ing it by a fractional power of AT ; in particular, for
r = 2, the squared Wasserstein distance behaves like
a mean–squared–error analogue with a rate slowed ac-
cording to the tail parameter s.

On a different note, as a result of Theorem 1, the NW
conditional mean estimator m̂ of m⋆ verifies

Proposition 2 One has,

sup
x∈X , t

T ∈Ih

E
[
|m̂(

t

T
,x)−m⋆(

t

T
,x)|

]
≤ sup

x∈X , t
T ∈Ih

E
[
W1

(
π̂t(·|x), π⋆

t (·|x)
)]
. (8)

Proposition 2 signifies that convergence rate of NW
regression function estimator m̂(u,x) can also be ob-
tained through Wasserstein distance. This latter is
comparable with the uniform convergence rate of the
NW mean function estimator in Vogt (2012) (Theorem

4.2), of order OP
(√

log T
Thd+1 + 1

T νhd + h2
)
. If we assume

that F ⋆
· (·|·) is twice differentiable, then we get a similar

convergence rate for the bias component. The bound in
the right hand side of (8), given in Theorem 1, is slower
than that of m̂(u,x) given in Vogt (2012) since we are
measuring the disparity between underlying distribu-
tions, taking into account all aspects of distributional
differences, not just discrepancies between conditional
means.

For a bandwidth that goes to zero at a polynomial rate,
the explicit Wasserstein bound is given below.

Proposition 3 Assume Assumptions 1 - 6 hold and

let h ≍ T−ξ, where 0 < ξ <
1
2∧ν

d+1 . Then,

sup
x∈X , t

T ∈Ih

E
[
W1

(
π̂t(·|x), π⋆

t (·|x)
)]

= O
( 1

T
1
2−ξ(d+1− 1

p (1−ν))
+

1

T ν−ξ(d+ν−1)
+

1

T ξ

)
.

Proof of Proposition 3 follows the same lines of Theorem
1’s proof, by setting h ≍ T−ξ.

4 SLICED WASSERSTEIN BOUND
FOR MULTIVARIATE LSTS

Let Yt,T = (Y 1
t,T , . . . , Y

q
t,T )

⊤ ∈ Rq (q ≥ 2), Xt,T ∈ Rd,
and consider the multivariate regression model:

Yt,T = m⋆
( t
T
,Xt,T

)
+ εt,T ,

where the conditional mean is given as m⋆
(

t
T ,Xt,T

)
=(

m⋆1
(

t
T ,Xt,T

)
, . . . ,m⋆q

(
t
T ,Xt,T

))⊤
and the noise

εt,T =
(
ε1t,T , . . . , ε

q
t,T

)⊤
. The variables {εlt,T }t∈Z,

for l ∈ {1, . . . , q}, are i.i.d random variables inde-
pendent of {Xt,T }t=1,...,T . We denote by π⋆

t (·|x) ∈
P(Rq) the conditional distribution of Yt,T |Xt,T = x.
An example that fits this framework is the time-
varying vector autoregressive (tvVAR) model: Yt,T =
m⋆
(

t
T ,Yt−1,T , . . . ,Yt−d,T

)
+ εt,T , where Xt,T =

(Yt−1,T , . . . ,Yt−d,T )
⊤ is the d-lag of the q-dimensional

vector Yt,T (Haslbeck et al., 2020; Li and Yuan, 2024).

Definition 4 The NW estimator of π⋆
t (·|x) is defined

as π̂t(·|x) =
∑T

a=1 ωa(
t
T ,x)δYa,T

, where ωa(
t
T ,x) is

given in Definition 3 and δYa,T
represents a point mass

at Ya,T ∈ Rq. The associated conditional CDF to
π̂t(·|x) writes as, for all y = (y1, . . . , yq)⊤ ∈ Rq,

F̂t(y|x) =
T∑

a=1

ωa(
t

T
,x)1Y 1

a,T≤y1,...,Y q
a,T≤yq .

Remark 2 The NW estimator of m⋆ is given by
m̂(u,x) =

∑T
a=1 ωa(u,x)Ya,T .

When Yt,T ∈ Rq, estimating the Wasserstein distance
is often affected by the curse of dimensionality due to
high computational complexity (Bayraktar and Guo,
2021). To overcome this complexity, sliced Wasser-
stein distance was introduced (Bonnotte, 2013). It
only requires estimating the distance of the projected
unidimensional distributions.

Sliced Wasserstein distance. Let Sq−1 = {θ ∈ Rq :
∥θ∥2 = 1} be the unit sphere in Rq. Let θ# : Rq → R
be the map defined by θ#(v) = ⟨θ,v⟩ = θ⊤v. For any
µ ∈ P1(Rq) and θ ∈ Sq−1, we define the push-forward
measure θ#µ(I) = µ({v ∈ Rq : θ⊤v ∈ I}), for any I
Borelian in R. The sliced Wasserstein distance of order
one between µ,η ∈ P1(Rq) is defined as follows.

Definition 5 For µ,η ∈ P1(Rq), the sliced Wasser-
stein distance of order one is defined as

SW1(µ,η) =

∫
Sq−1

W1(θ#µ,θ#η)σq−1(dθ), (9)
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where σq−1 stands for the uniform measure on Sq−1.

Sliced Wasserstein distance can be determined by av-
eraging the Wasserstein distance between random 1-
dimensional projections of distributions. Generally,
this metric is weaker than Wasserstein distance, but it
still preserves similar properties, making it an alterna-
tive application computation (Bonnotte, 2013; Manole
et al., 2022).

For θ ∈ Sq−1, let θ#π
⋆
t (·|x) be the pushforward mea-

sure of π⋆
t (·|x) in the direction θ with conditional CDF

F ⋆
t,θ(·|x). We estimate this pushforward measure by

θ#π̂t(·|x) with conditional CDF F̂t,θ(·|x) defined, for
all y ∈ R,

F̂t,θ(y|x) =
T∑

a=1

ωa(
t

T
,x)1θ⊤Ya,T≤y. (10)

We assume that, for fixed direction θ, F̂t,θ(·|x) obeys
the following condition.

Assumption 7 (Multivariate conditional CDF)
For any θ ∈ Sq−1, the projected conditional CDF
F ⋆
·,θ(·|·) is Lipschitzian, i.e.,

∣∣F ⋆
a,θ(·|x)− F ⋆

t,θ(·|x′)
∣∣ ≤

LF⋆
θ

(
∥x−x′∥+

∣∣ a
T − t

T

∣∣), for some constant LF⋆
θ
< ∞,

and for all a, t ∈ {1, . . . , T}, x,x′ ∈ Rd.

Similar to the univariate case, the projected condi-
tional CDF F ⋆

·,θ(·|·) likewise exhibits smooth behavior,
changing slowly as observations change.

Using the aforementioned setting and condition, we
yield the result below.

Theorem 2 Let Assumptions 1 - 3 and 5 - 7 hold.
Then,

sup
x∈X , t

T ∈Ih

E
[
SW1

(
π̂t(·|x),π⋆

t (·|x)
)]

= O
( 1

T
1
2hd+1− 1

p (1−ν)
+

1

T νhd+ν−1
+ h
)
.

Theorem 2 is an extension of Theorem 1 to the mul-
tivariate LSTS response Yt,T ∈ Rq. We use sliced
Wasserstein distance that allows the convergence of
measures on Rq to be reduced to the convergence of
their unidimensional projections with respect to a direc-
tion θ ∈ Sq−1. As a by-product, at a direction θ, the
convergence of the multidimensional measure π̂t(·|x)
is identical to that of the univariate case.

5 NUMERICAL EXPERIMENTS

We conduct numerical experiments on synthetic and
real-world datasets to calculate the empirical Wasser-

stein distance between NW estimator and true con-
ditional CDF. We have made the implementation
code of the experiments in Python using Pytorch and
Scikit-learn packages. The code that generates all fig-
ures is available from https://github.com/mzalaya/

wasslsp in the form of annotated programs, together
with notebook tutorials.

5.1 Synthetic data

We consider univariate response case Yt,T ∈ R and il-
lustrate the convergence of NW estimator w.r.t Wasser-
stein distance for each of the following processes:

Gaussian tvAR(1). The time-varying autoregressive
model for p = 1, tvAR(1) (Richter and Dahlhaus, 2019),
with Gaussian noise is defined by

Yt,T = α
( t
T

)
Yt−1,T + εt,

where α(u) = 0.9 sin(2πu) and εt ∼ N (0, 1). Its strictly
stationary approximation at rescaled time u (Dahlhaus,
2012), is Yt(u) = α(u)Yt−1(u) + ζt, where ζt ∼ N (0, 1).
The topmost time plot of Figure A.1 shows the resulting
process Yt,T for T = 1000.

Cauchy tvAR(2). The second synthetic process is time-
varying autoregressive model for p = 2, tvAR(2) (Birr
et al., 2017), with Cauchy noise:

Yt,T = 1.8 cos
(
1.5−cos(2π

t

T
)
)
Yt−1,T−0.81Yt−2,T+εt,

with i.i.d. Cauchy noise εt. For a rescaled time u,
the strictly stationary approximation reads as Yt(u) =
1.8 cos

(
1.5−cos(2πu)

)
Yt−1(u)−0.81Yt−2(u)+ζt, with

i.i.d. Cauchy noise ζt (Birr et al., 2017). The process
Yt,T , for T = 1000, in this example is depicted in the
second time plot of Figure A.1.

Gaussian AR(1). Finally, we also give an example
of a stationary autoregressive process of order p = 1,
AR(1), with Gaussian noise: Yt = αYt−1 + εt, where
α = 0.9 sin(2π), and εt ∼ N (0, 1). This process is
plotted at the bottom portion of Figure A.1, which
behaves stationarily compared to the plot of Gaussian
tvAR(1).

We compute Wasserstein distance between the true
and NW conditional distributions of these processes.
However, we highlight a remark below.

Remark 3 The true conditional probability distribu-
tion and NW estimator are calculated for a fixed time
t ∈ {1, . . . , T}. Hence, obtaining empirical versions
of these quantities from a single one-shot sampling is
impossible. Towards this end, we replicate each pro-
cess L ≥ 1 times. At specific time t, we compute NW
conditional CDF, for each l ∈ {1, . . . , L}, and calculate

https://github.com/mzalaya/wasslsp
https://github.com/mzalaya/wasslsp
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the empirical conditional CDF. We then measure the
corresponding approximated Wasserstein distance be-
tween the average NW and the empirical conditional
CDFs. This Wasserstein distance computation using a
replication procedure is detailed in Algorithm 1.

Algorithm 1: Wasserstein distance calculus using
data replication

input : sample size T , time point t ∈ {1, . . . , T},
number of replications L ≥ 1, based kernels
K1(·),K2(·), bandwidth h;

for l = 1, . . . , L do
# Generate l-th replication process

{Y (l)
a,T }a=1,...,T

for a = 1, . . . , T do

Y
(l)
a,T ← m⋆

(
a
T
,X

(l)
a,T

)
+ ε

(l)
a,T ;

# Calculate l-th NW conditional CDF
estimator

F̂
(l)
t (y|x)←

T∑
a=1

ωa(
t

T
,x)1

Y
(l)
a,T

≤y
;

# Calculate average NW conditional CDF
estimator

F̂L
t (y|x)← 1

L

L∑
l=1

F̂
(l)
t (y|x);

# Calculate empirical conditional CDF

FL
t (y|x)← 1

L

L∑
l=1

1
Y

(l)
t,T

≤y
;

return :W1(F̂
L
t (y|x), FL

t (y|x));

Monte Carlo simulations. To illustrate theoretical
results in Section 3, we provide 50 Monte Carlo runs of
Algorithm 1 to get the expected W1 distance between
the underlying conditional distributions. We set L =
1000 and calculate the empirical conditional and NW
CDFs, using (4). We consider different kernels K1(·)
and K2(·) for each chosen process. We select h = T−ξ,
where ξ = 0.2

d+1 for Gaussian tvAR(1) and Gaussian

AR(1), and ξ = 0.3
d+1 for Cauchy tvAR(2) and increase

sample sizes T ∈ [103, . . . , 104]. For based kernel K1

belonging to Uniform, Rectangle, Triangle, and tricube,
the constant C1 = 1 and Ih = [h, 1 − h]. Recall that
our theoretical results are valid when u = t

T ∈ Ih, we
then fix rescaled sample time u = t

T ∈ [0.45, . . . , 0.52].

The expected Wasserstein distances are depicted in Fig-
ure 1. For each considered process, the supremum over
u of the expected Wasserstein distances is approaching
zero as T increases, which validates our theoretical
result. It is also evident that Wasserstein distances of
Cauchy tvAR(2) converge to zero more slowly than
those of Gaussian tvAR(1) and Gaussian AR(1), since
Cauchy tvAR(2) has higher dimension and extremely
large fluctuations. This demonstrates how the theoreti-
cal convergence rate is affected by the covariate dimen-
sion d and local stationarity approximation. However,
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Figure 1: Expected Wasserstein distances between empirical
conditional CDFs and estimated NW conditional CDFs,
using (4), at different u = t

T
for increasing sample sizes

T ∈ [103, . . . , 104] using specified kernels K1 and K2 for
each process; bandwidths h are selected such that h = T−ξ

with 0 < ξ < 0.5/(d + 1); distances are calculated using
L = 1000 replications and 50 Monte Carlo runs.

Wasserstein distances of Gaussian AR(1) are relatively
smaller than Gaussian tvAR(1), indicating that the pro-
posed estimation method is even more accurate when
applied to stationary data. In general, the produced
Wasserstein distances for all considered processes are
small, signifying that NW conditional distribution es-
timator is robust in dealing with nonstationarity and
extreme values. Moreover, the proposed estimator
performs better compared to a classical method as
discussed in Section A.1.1.

5.2 Real-world data

We utilize BabyECG (T = 2048) and HRV (T = 17178)
datasets. BabyECG contains a record of the heart rate
in beats per minute (bpm) of a 66-day-old infant, sam-
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pled every 16 seconds, and HRV records observations
of instantaneous noninterpolated heart rate (niHR)
frequency in bpm.

Remark 4 Similar to our synthetic experiment, we
want to calculate the NW and empirical conditional
CDFs at fixed t. However, for this real data experiment,
we could not get the empirical conditional CDF since we
only have one data point value at specific t. In order to
produce Wasserstein distances, we create copies of these
datasets through replication, that relies on a Gaussian
smoothed procedure explained below.

Gaussian smoothing procedure. We replicate a

given data L ≥ 1 times by adding Z
(l)
t,T ∼ N (0, σ2) with

σ > 0 to each data observation Yt,T : Y
(l)
t,T = Yt,T +Z

(l)
t,T ,

for all replication l ∈ {1, . . . , L} and t ∈ {1, . . . , T}.
This is done since Corollary 1 in Nietert et al. (2021)
ensures that limσ→0 W (µ+N (0, σ2), ν +N (0, σ2)) =
W (µ, ν), for µ, ν ∈ P1(R). As an example, Figure A.3

presents time plots of Gaussian-smoothed datasets Y
(l)
t,T

with Z
(l)
t,T ∼ N (0, 1) for L = 3 replications.

After replicating L times, we calculate the empirical
and NW conditional CDFs at a specific time point
t. We then measure the corresponding approximated
Wasserstein distance between the empirical and aver-
age NW conditional CDFs. Algorithm 2 presents the
calculus of Wasserstein distance approximation.

Algorithm 2: Wasserstein distance calculus using
data replication and Gaussian smoothing

input : real dataset {Ya,T }a=1,...,T , σ > 0, time point
t ∈ {1, . . . , T}, number of replications L ≥ 1,
based kernels K1(·),K2(·), bandwidth h;

for l = 1, . . . , L do

# Generate l-th replication {Y (l)
a,T }a=1,...,T

for a = 1, . . . , T do

Y
(l)
a,T ← Ya,T + Z

(l)
a,T , where Z

(l)
a,T ∼ N (0, σ2);

# Calculate l-th NW conditional CDF
estimator

F̂
(l)
t (y|x)←

T∑
a=1

ωa(
t

T
,x)1

Y
(l)
a,T

≤y
;

# Calculate average NW conditional CDF
estimator

F̂L
t (y|x)← 1

L

L∑
l=1

F̂
(l)
t (y|x);

# Calculate empirical conditional CDF

FL
t (y|x)← 1

L

L∑
l=1

1
Y

(l)
t,T

≤y
;

return :W1(F̂
L
t (y|x), FL

t (y|x));

We next conduct an experiment to check the behavior
of Wasserstein distance for increasing partitions of sam-
ple sizes T . Towards this end, we cut the observations

at S ∈ { 1
3T,

2
3T, T}. We set L = 1000 and smoothing

levels σ ∈ {1, 10−1, 10−2, 10−3}. We quantify NW con-
ditional CDF, through (4), using uniform and Gaussian
kernels for K1 and K2, respectively. Similarly, we se-
lect h = T−ξ for ξ = 0.2/(d + 1), and d = 1, and fix
u = t

S ∈ [h, 1− h].

Figure A.5 shows the resulting Wasserstein distances.
Plots in the first column represent Wasserstein dis-
tances for the partition S = 1

3T , the second column
for S = 2

3T , and the last column for S = T . For each
Gaussian-smoothed dataset, the supremum over t

T of
Wasserstein distances tends to be smaller for larger
partitions S = 2

3T, T , verifying our theoretical results.
Moreover, it conveys the sensitivity of Wasserstein dis-
tance to the smoothing level σ. It is worth noting that
Wasserstein distances do not change much for σ near to
zero (σ = 10−1, 10−2, 10−3) but vary slightly for σ = 1.
This confirms that as σ → 0, we preserve, to the maxi-
mum extent, the behavior of the given dataset, hence,
Wasserstein distance for Gaussian-smoothed processes
converges to the actual Wasserstein distance, as stated
in Corollary 1 in Nietert et al. (2021).

CONCLUSION

We investigated Nadaraya-Watson (NW) conditional
probability estimation for LSTS and established con-
vergence rates w.r.t the Wasserstein distance in the
univariate setting and the sliced Wasserstein distance
in the multivariate case. These rates depend on the
bandwidth in kernel smoothing, the degree of deviation
from local stationarity approximation, and the weak
dependence structure of the underlying time series. We
then proposed a data-generating procedure for the syn-
thetic data to compute the NW estimator, while for
the real-world data, we used a Gaussian smoothing
procedure. For future direction of this work, one may
consider the Wasserstein-Fourier distance to measure
similarity between power spectral densities involving
LSTS as it was done in Cazelles et al. (2020) for station-
ary time series. In addition, the Gaussian smoothing
procedure may be used to analyze privacy sensitive
LSTS data, that usually arises in other research fields
like medicine and psychology. Moreover, we view the
development of lower bounds, such as those considered
by Antos et al. (2000), and ultimately a complete opti-
mality theory for conditional distribution estimation
under Wasserstein metrics as an important direction
for future research. This paper also lays the ground-
work for future extensions involving nonparametric or
machine-learning-based distributional estimators such
as k-nearest neighbors, random forests, gradient boost-
ing, or deep distributional models adapted to LSTS.
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Optimal Transport Guarantees to Nonparametric Regression for
Locally Stationary Time Series: Supplementary Material

This supplementary material is organized as follows. Appendix A provides additional results of the conducted
synthetic and real-world data experiments. It also includes an application of NW estimator to real-world data.
We present additional theoretical results in Appendix B. Proofs of the main results and some helpful lemmas are
given in Appendices C and D, respectively.

A ADDITIONAL EXPERIMENT RESULTS

To visualize and understand more the conducted numerical experiments, we also provide additional plots in this
section.

A.1 Plots of synthetic data

Figure A.1: Time plots of the simulated processes (right) with their corresponding true conditional mean function m⋆(u,x)
(left) for sample size T = 1000; from top to bottom: Gaussian tvAR(1), Cauchy tvAR(2), and Gaussian AR(1).

As shown in Figure A.1, Gaussian tvAR(1) (topmost) exhibits gradual downward and upward trends between
time points t = 100 and t = 400. However, these trends are smooth over time, that is, the values remain tight
at finer time intervals. For Cauchy tvAR(2) (second plot), most observations are centered around zero with
relatively low-valued fluctuations. The process is affected by intermittent high-valued spikes at some time points
of the series, which are due to the heavy-tailed property of Cauchy distributed error term εt (Rojo, 2013; Jaber
et al., 2024). Lastly, Gaussian AR(1) (bottom) behaves stationarily compared to Gaussian tvAR(1) and Cauchy
tvAR(2). The conditional mean functions m⋆(u, x) of these example processes are also correspondingly placed
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beside each time plot. As shown, only the conditional mean function of the Gaussian AR(1) process is stationary
for different values of u ∈ [0, 1].

A.1.1 Comparison to a classical method

We also compare the performance of the proposed NW conditional CDF estimator for LSTS (NWLSTS) with the
adjusted NW conditional CDF estimator (ANWSTS) introduced in Hall et al. (1999), given below:

F̃ (y|x) =
∑T

t=1 1Yt≤ypt(x)Kh(Xt − x)∑T
t=1 pt(x)Kh(Xt − x)

,

where pt = pt(x), for 1 ≤ t ≤ T , denote weights depending on the data X1, . . . , XT and the point x, with the
conditions that pt ≥ 0,

∑
t pt = 1, and

T∑
t=1

pt(x)(Xt − x)Kh(Xt − x) = 0.

The weights pt are chosen to maximize
∏

t pt while satisfying the above conditions. Using the same algorithm
and parameter setting used in the Monte Carlo experiment in Section 5.1, Figure A.2 shows the Wasserstein
distances obtained from using both NWLSTS and ANWSTS for Gaussian tvAR(1) with T = 1000. As shown by
this result, the proposed NW estimator consistently has smaller Wasserstein distances compared to the adjusted
NW estimator, suggesting that it captures better the conditional distribution of the given LSTS.

Figure A.2: Comparison of Wasserstein distances generated using NWLSTS and ANWSTS using Gaussian tvAR(1) for
T = 1000 with K1 = Uniform and K2 = Gaussian; bandwidths h are selected such that h = T−ξ with 0 < ξ < 0.5/(d+ 1);
distances are calculated using L = 1000 replications and 50 Monte Carlo runs.



Jan Nino G. Tinio1,2, Mokhtar Z. Alaya1, Salim Bouzebda1

A.2 Plots of real-world data
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(a) Gaussian-smoothed BabyECG (T = 2048)
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(b) Gaussian-smoothed HRV (T = 17178)

Figure A.3: Example plots of Y l
t,T : real datasets smoothed with Gaussian noise N (0, 1) for replications l = 1, 2, 3 and

t = 1, . . . , T .

We plot L = 3 replicated Gaussian-smoothed datasets Y
(l)
t,T with Z

(l)
t,T ∼ N (0, 1) in Figure A.3. Looking at each

replication, the mean of BabyECG and HRV changes gradually. Moreover, we computed NW conditional CDFs
of the replicated Gaussian-smoothed BabyECG at t = 970 and Gaussian-smoothed HRV at t = 7950, see Figure
A.4. We observe that NW conditional CDFs of Gaussian-smoothed HRV, having more data points, tend to be
smoother.

(a) Gaussian-smoothed BabyECG; t = 970 (b) Gaussian-smoothed HRV; t = 7950

Figure A.4: Plots of estimated NW conditional CDFs, using (4), for each Gaussian smoothed-dataset shown in Figure A.3
at specified t using K1 = Uniform and K2 = Gaussian, and bandwidths h = T−ξ for ξ = 0.2/(d+ 1), and d = 1.

We plot in Figure A.5 the Wasserstein distances obtained by the conducted real-world data experiments in Section
5.2. The figure shows the behavior of Wasserstein distance w.r.t. the sample partition S and the choice of the
Gaussian smoothing parameter σ.
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(a) Gaussian-smoothed BabyECG
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(b) Gaussian-smoothed HRV

Figure A.5: Wasserstein distance between empirical conditional CDFs of Gaussian-smoothed datasets, for different
smoothness level σ, and corresponding estimated NW conditional CDFs using K1 = Uniform and K2 = Gaussian and
bandwidths h = S−ξ for ξ = 0.2/(d+ 1), and d = 1; values are computed for sample size partitions S = 1

3
T, 2

3
T, T .

A.3 NW conditional median estimator for BabyECG and HRV data

In both synthetic and real-world data experiments, we have shown that the proposed approach is efficient
in capturing the distributional behavior of LSTS. We further demonstrate its applicability by modeling both
BabyECG and HRV datasets. We employ NW conditional median estimator, a by-product of NW CDF
estimator (4). Since F ⋆

t (y|x) is strictly increasing, the conditional quantile of order τ ∈ [0, 1] can be written as
F−1
τ,t (x) = inf{y ∈ R : F ⋆

t (y|x) ≥ τ} with guaranteed uniqueness (Ferraty et al., 2005; Ferraty and Vieu, 2006).
Hence, we can define NW conditional quantile estimator as (Cai, 2002):

F̂−1
τ,t (x) = inf{y ∈ R : F̂t(y|x) ≥ τ}, for τ ∈ [0, 1]. (11)

Setting τ = 0.5, Equation (11) is denoted as the NW conditional median estimator.

In this application, we set Xt,T = Yt−1,T and calculate NW conditional median Ŷt,T = F̂−1
0.5,t(x) using (11) with

τ = 0.5. We fix uniform and Gaussian kernels for K1 and K2, respectively. The bandwidth h is selected using
a leave-one-out cross-validation procedure used in (Benhenni et al., 2007; Rachdi and Vieu, 2007), describe as
follows.

Bandwidth selection criteria. We define

m̂i(
t

T
,x) =

T∑
a=1;a̸=i

ωa(
t

T
,x)Ya,T , (12)

for any fixed i ∈ {1, . . . , T}, where ωa(
t
T ,x) is given Definition 3. We denote (12) as the leave-out-(Xi,T , Yi,T )

estimator of m⋆
i (

t
T ,x). We then introduce the following leave-one-out cross-validation (LOOCV) criterion

CV (y,x, h) :=
1

T

T∑
i=1

(
Yi,T − m̂i(

t

T
,x)
)2
. (13)
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We select a bandwidth ĥ among h ∈ [aT , bT ] that minimizes (13) (Rachdi and Vieu, 2007). As highlighted in

Theorem 3.8 in Richter and Dahlhaus (2019), ĥ/h0 → 1, for h0 ≈ T−1/(d+4), which satisfies Assumption 3. Hence,
bandwidths selected using this cross-validation method are guaranteed to follow the established convergence rates
in Section 3.

As it can be seen in Figure A.6, Ŷt,T provides an accurate representation of the observed series Yt,T . It effectively
characterizes the central tendency of the conditional distribution of the given data, yielding very low mean
absolute errors (MAEs). These results underscore the proposed NW estimation procedure’s efficacy and precision
in modeling LSTS.

(a) BabyECG; MAE = 0.363001.

(b) HRV; MAE = 0.004863.

Figure A.6: Actual values of real-world datasets with fitted values of the NW conditional median Ŷt,T using K1 = uniform
and K2 = Gaussian; h is selected using a leave-one-out cross-validation procedure.

B ADDITIONAL THEORETICAL RESULTS

Notation. For any real random variable X, we denote ∥X∥Lq
as the Lq-norm of X, for q ≥ 1, i.e., ∥X∥Lq

=

(E[|X|q])
1
q . We say aT ≲ bT if there exists a constant C independent of T such that aT ≤ CbT . For a given aT

and a sequence of random variables XT , we write XT = OP(aT ) if for any ϵ > 0, there exists Cϵ > 0 and Tϵ ∈ N
such that, for all T ≥ Tϵ, P

[ |XT |
aT

> Cϵ

]
< ϵ.

Let us examine the convergence rate of the second moment of W1 and some lemmas involving the general
r-Wasserstein distance between the considered NW estimator and true conditional distribution.

Corollary B.1 Let Assumptions 1 - 6 hold. Then,

sup
x∈X , t

T ∈Ih

∥W1

(
π̂t(·|x), π⋆

t (·|x)
)
∥L2 = O

( 1

T
1
2hd+1− 1

p (1−ν)
+

1

T νhd+ν−1
+ h
)
.

Proof. We use the definition of W1 given by (3) and Minkowski’s integral inequality, that is, for any r ≥ 1,

∥∥∥∫ ∣∣F̂t(y|x)− F ⋆
t (y|x)

∣∣dy∥∥∥
Lr

≤
∫ ∥∥F̂t(y|x)− F ⋆

t (y|x)
∥∥
Lr

dy.
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By (3), ∥W1

(
π̂t(·|x), π⋆

t (·|x)
)
∥L2

=
∥∥∥ ∫R ∣∣F̂t(y|x)− F ⋆

t (y|x)
∣∣dy∥∥∥

L2

. For r = 2, we have

∥W1

(
π̂t(·|x), π⋆

t (·|x)
)
∥L2

≤
∫
R

∥∥F̂t(y|x)− F ⋆
t (y|x)

∥∥
L2
dy

=

∫
R

(
E
[(
F̂t(y|x)− F ⋆

t (y|x)
)2]) 1

2 dy

=

∫
R

(
E
[(Zt,T (y,x)

Jt,T (
t
T ,x)

)2]) 1
2

dy,

the last equality is obtained by (40) and (19). However, using Proposition C.2, J−1
t,T (

t
T ,x) = O(1) and Proposition

C.3, we get

∥W1

(
π̂t(·|x), π⋆

t (·|x)
)
∥L2

≲
∫
R

(
E
[
Z2
t,T (y,x)

]) 1
2 dy

≲
∫
R

( 1

Th2(d+1)− 2
p (1−ν)

+
1

T 2νh2(d+ν−1)
+ h2

) 1
2

dy,

Therefore,

∥W1

(
π̂t(·|x), π⋆

t (·|x)
)
∥L2

= O
( 1

T
1
2h(d+1)− 1

p (1−ν)
+

1

T νhd+ν−1
+ h
)
,

where ν = ρ ∧ 1 and p > 2. □

Lemma B.1 (A moment-based control of Wr by W1) Let r ≥ 1 and let µ, ν ∈ Pr(R) be probability
measures with finite r-th moments

mr(µ) :=

∫
R
|x|r µ(dx) < ∞, mr(ν) :=

∫
R
|y|r ν(dy) < ∞.

Then
W r

r (µ, ν) ≤ W1(µ, ν) + 2 r−1
(
mr(µ) +mr(ν)

)
. (14)

Proof. By definition,

W r
r (µ, ν) = inf

π∈Π(µ,ν)

∫∫
R2

|x− y|r π(dx, dy),

where Π(µ, ν) is the set of all couplings of µ and ν.

Fix any coupling π ∈ Π(µ, ν) and consider two real numbers x, y ∈ R. We use the elementary inequality

|x− y|r ≤ |x− y|+ 2 r−1
(
|x|r + |y|r

)
, (15)

which holds for all x, y ∈ R and all r ≥ 1. Indeed:

• If |x− y| ≤ 1, then |x− y|r ≤ |x− y|, and (15) is immediate.

• If |x− y| > 1, then by the triangle inequality and (a+ b)r ≤ 2r−1(ar + br),

|x− y| ≤ |x|+ |y| =⇒ |x− y|r ≤
(
|x|+ |y|

)r ≤ 2 r−1
(
|x|r + |y|r

)
,

so (15) also holds.

Integrating (15) with respect to π gives∫∫
|x− y|r π(dx, dy) ≤

∫∫
|x− y|π(dx,dy) + 2 r−1

∫∫ (
|x|r + |y|r

)
π(dx, dy).
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Since the marginals of π are µ and ν, we have∫∫
|x|r π(dx, dy) =

∫
|x|r µ(dx) = mr(µ),

∫∫
|y|r π(dx, dy) = mr(ν),

so ∫∫
|x− y|r π(dx, dy) ≤

∫∫
|x− y|π(dx,dy) + 2 r−1

(
mr(µ) +mr(ν)

)
.

Now take the infimum over all π ∈ Π(µ, ν):

W r
r (µ, ν) = inf

π

∫∫
|x− y|r π(dx, dy) ≤ inf

π

∫∫
|x− y|π(dx,dy) + 2 r−1

(
mr(µ) +mr(ν)

)
.

By definition of W1(µ, ν),

inf
π

∫∫
|x− y|π(dx,dy) = W1(µ, ν),

which yields (14). □

Lemma B.2 (Truncation inequality for Wr) Let r ≥ 1 and µ, ν ∈ Pr(R). Then, for every R > 0,

W r
r (µ, ν) ≤ (2R) r−1W1(µ, ν) + 2 r−1

(∫
{|x|>R}

|x|r µ(dx) +
∫
{|y|>R}

|y|r ν(dy)

)
. (16)

Proof. Let π ∈ Π(µ, ν) be any coupling of µ and ν. Write∫∫
|x− y|r π(dx,dy) =

∫∫
{|x|∨|y|≤R}

|x− y|r π(dx,dy) +
∫∫

{|x|∨|y|>R}
|x− y|r π(dx, dy).

On the set {|x| ∨ |y| ≤ R}, we have |x− y| ≤ 2R, and hence

|x− y|r ≤ (2R) r−1|x− y|.

Therefore, ∫∫
{|x|∨|y|≤R}

|x− y|r π(dx, dy) ≤ (2R) r−1

∫∫
|x− y|π(dx,dy).

On the complement {|x| ∨ |y| > R}, we bound using

|x− y|r ≤ 2 r−1
(
|x|r + |y|r

)
,

so ∫∫
{|x|∨|y|>R}

|x− y|r π(dx, dy) ≤ 2 r−1

∫∫
{|x|∨|y|>R}

(
|x|r + |y|r

)
π(dx,dy)

≤ 2 r−1

(∫∫
{|x|>R}

|x|r π(dx, dy) +
∫∫

{|y|>R}
|y|r π(dx, dy)

)

= 2 r−1

(∫
{|x|>R}

|x|r µ(dx) +
∫
{|y|>R}

|y|r ν(dy)

)
,

using the marginal property of π in the last step.

Combining the two parts, we obtain∫∫
|x− y|r π(dx, dy) ≤ (2R) r−1

∫∫
|x− y|π(dx,dy) + 2 r−1

(∫
{|x|>R}

|x|r µ(dx) +
∫
{|y|>R}

|y|r ν(dy)

)
.

Taking the infimum over all couplings π ∈ Π(µ, ν) yields (16). □
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C PROOFS OF MAIN RESULTS

Before providing the proofs of the main results, we begin with the following propositions that will be useful in the
succeeding proofs. Proposition C.1 controls the expectation of terms involving Kh,2. Proposition C.2 bounds the
general kernel density estimator for LSTS. While Proposition C.3 controls the squares of the weighted conditional
CDF around the true conditional CDF.

Proposition C.1 Let Assumptions 1 to 4 hold. Then, for a, t ∈ {1, . . . , T}, the following inequalities hold:

(C.1.1) E
[∣∣∣∏d

j=1 Kh,2(x
j −Xj

a,T )−
∏d

j=1 Kh,2

(
xj −Xj

a

(
a
T

))∣∣∣] ≤ L2CUCd−ν
2 d

3
2

T νhν .

(C.1.2) E
[∣∣∣∏d

j=1 Kh,2(x
j −Xj

a,T )
∣∣∣] ≤ L2CUCd−ν

2 d
3
2

T νhν + hdf( t
T ,x) + hd+2M

2 κd.

(C.1.3) Kh,1

(
t
T − a

T

)
E
[∏d

j=1 Kh,2(x
j −Xj

a,T )[1Ya,T≤y − F ⋆
t (·|x)]

]
≤ (

√
dC2 +C1)LF⋆Kh,1

(
t
T − a

T

){L2CUCd−ν
2 d

3
2

T νhν−1 + hd+1f( t
T ,x) + hd+3M

2 κd
}
,

where ν = ρ ∧ 1, κ =
∫
z2K2(z)dz, and

∑d
j=1

∣∣∂jf( t
T ,x)

∣∣ ≤ M .

Proof.

Proof of (C.1.1). Using (D.1.1) and K2 is bounded by C2, we have∣∣∣ d∏
j=1

Kh,2(x
j −Xj

a,T )−
d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣ ≤ Cd−1
2

√
d

d∑
j=1

∣∣Kh,2(x
j −Xj

a,T )−Kh,2

(
xj −Xj

a

( a
T

))∣∣.
Note that for any bounded function |f(x)| ≤ ι, we have |f(x)|1−ν ≤ ι1−ν , which implies that |f(x)| ≤ ι1−ν |f(x)|ν ,
for 1− ν ≥ 0. This yields,∣∣Kh,2(x

j −Xj
a,T )−Kh,2

(
xj −Xj

a

( a
T

))∣∣ ≤ C1−ν
2

∣∣Kh,2(x
j −Xj

a,T )−Kh,2

(
xj −Xj

a

( a
T

))∣∣ν .
Set,

E
[∣∣∣ d∏

j=1

Kh,2(x
j −Xj

a,T )−
d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣] ≤ Cd−1
2

√
dE
[ d∑
j=1

∣∣Kh,2(x
j −Xj

a,T )−Kh,2

(
xj −Xj

a

( a
T

))∣∣]
≤ Cd−ν

2

√
dE
[ d∑
j=1

∣∣Kh,2(x
j −Xj

a,T )−Kh,2

(
xj −Xj

a

( a
T

))∣∣ν].
Recall that K2 is Lipschitz, we get

E
[∣∣∣ d∏

j=1

Kh,2(x
j −Xj

a,T )−
d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣] ≤ E[L2C
d−ν
2

√
d

d∑
j=1

∣∣(xj −Xj
a,T

h

)
−
(xj −Xj

a(
a
T )

h

)∣∣ν]
≤ E

[
L2C

d−ν
2

√
d

d∑
j=1

∣∣ 1
h

(
Xj

a,T −Xj
a

( a
T

))∣∣ν]
=

L2C
d−ν
2

√
d

hν

d∑
j=1

E
[∣∣(Xj

a,T −Xj
a

( a
T

))∣∣ν].
Clearly

∣∣Xj
a,T −Xj

a,T

(
a
T

)∣∣ ≤ ∥Xj
a,T −Xj

a,T

(
a
T

)
∥1 and by Assumption 1, ∥Xj

a,T −Xj
a,T

(
a
T

)
∥1 ≤ 1

T Ua,T

(
a
T

)
, where

E
[(
Ua,T

(
a
T

))ν]
< CU , we arrive at

E
[∣∣∣ d∏

j=1

Kh,2(x
j −Xj

a,T )−
d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣] ≤ L2C
d−ν
2

√
d

T νhν

d∑
j=1

E
[∣∣Ua,T

( a
T

)∣∣ν] ≤ L2CUC
d−ν
2 d

3
2

T νhν
.
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Proof of (C.1.2). Using Assumption 1, Xa,T is locally stationary, and (C.1.1),

E
[∣∣∣ d∏

j=1

Kh,2(x
j −Xj

a,T )
∣∣∣] ≤ E[∣∣∣ d∏

j=1

Kh,2(x
j −Xj

a,T )−
d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣]+ E[∣∣∣ d∏
j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣]

≤ L2CUC
d−ν
2 d

3
2

T νhν
+ E

[∣∣∣ d∏
j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣].
For the second term in the previous inequality, we have

E
[∣∣∣ d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣] = ∫ · · ·
∫

Kh,2(x
1 − y1) · · ·Kh,2(x

d − yd)f(
t

T
, y1, . . . , yd)dy1 · · · dyd.

Let the change of variable zj = xj−yj

h , then

E
[∣∣∣ d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣] = ∫ · · ·
∫

K2(z
1) · · ·K2(z

d)f(
t

T
, x1 − hz1, . . . , xd − hzd)(−h)dz1 · · · (−h)dzd.

By Assumption 1, we use the first order Taylor expansion of f( t
T , x

1 − hz1, . . . , xd − hzd) wrt all xj . Setting
f( t

T , x
1, . . . , xd) = f( t

T ,x), we have

f(
t

T
, x1 − hz1, . . . , xd − hzd) = f(

t

T
, x1, . . . , xd) +

d∑
j=1

∂jf(
t

T
, x1, . . . , xd)(−h)zj +R1(hz)

= f(
t

T
,x) +

d∑
j=1

∂jf(
t

T
,x)(−h)zj +R1(hz).

The remainder part of this expansion verifies R1(hz) ≤ M
2 h2∥z∥2, since ∂jf(

t
T ,x) are continuous for x ∈ X .

Hence,
∑d

j=1

∣∣∂jfXt(
t
T )(x)

∣∣ ≤ M < ∞ for ∥x− y∥ ≤ h∥z∥, where y = (x1 − hz1, . . . , xd − hzd). That is, R1(hz)

goes to zero as h → 0. Now by Assumption 2,
∫
K2(z

j)dzj = 1,
∫
zjK2(z

j)dzj = 0, and
∫
(zj)2K2(z

j)dzj = κ,
so we have

E
[∣∣∣ d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣]

= (−h)d
∫

· · ·
∫

K2(z
1) · · ·K2(z

d)
{
f(

t

T
,x) +

d∑
j=1

∂jf(
t

T
,x)(−h)zj +R1(hz)

}
dz1 · · · dzd

≤ (−h)d
∫

· · ·
∫

K2(z
1) · · ·K2(z

d)f(
t

T
,x)dz1 · · · dzd

− (−1)d+1hd+1

∫
· · ·
∫

K2(z
1) · · ·K2(z

d)

d∑
j=1

∂jf(
t

T
,x)zjdz1 · · · dzd

+ (−1)dhdM

2

∫
· · ·
∫

K2(z
1) · · ·K2(z

d)h2∥z∥2dz1 · · · dzd

≤ (−h)df(
t

T
,x)− (−1)d+1hd+1

{
∂1f(

t

T
,x)

∫
· · ·
∫

K2(z
2) · · ·K2(z

d)
(∫

z1K2(z
1)dz1

)
dz2 · · · dzd

+ · · ·+ ∂df(
t

T
,x)

∫
· · ·
∫

K2(z
1) · · ·K2(z

d−1)
(∫

zdK2(z
d)dzd

)
dz1 · · · dzd−1

}
+ (−1)dhd+2M

2

{∫
· · ·
∫

K2(z
2) · · ·K2(z

d)
(∫

(z1)2K2(z
1)dz1

)
dz2 · · · dzd

+ · · ·+
∫

· · ·
∫

K2(z
1) · · ·K2(z

d−1)
(∫

(zd)2K2(z
d)dzd

)
dz1 · · · dzd−1

}
.
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It entails

E
[∣∣∣ d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣] ≤ (−h)df(
t

T
,x) + (−1)dhd+2M

2
κd ≤ hdf(

t

T
,x) + hd+2M

2
κd. (17)

Therefore,

E
[∣∣∣ d∏

j=1

Kh,2(x
j −Xj

a,T )
∣∣∣] ≤ L2CUC

d−ν
2 d

3
2

T νhν
+ hdf(

t

T
,x) + hd+2M

2
κd.

Proof of (C.1.3). By Assumption 4,
∣∣F ⋆

a (y|Xa,T )− F ⋆
t (y|x)

∣∣ ≤ LF⋆

(
∥Xa,T − x∥+

∣∣ a
T − t

T

∣∣),
Kh,1

( t
T

− a

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )[1Ya,T≤y − F ⋆
t (y|x)]

]

≤ Kh,1

( t
T

− a

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )E
[(
1Ya,T≤y − F ⋆

t (y|x)
)∣∣∣Xa,T

]]

≤ Kh,1

( t
T

− a

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )
∣∣F ⋆

a (y|Xa,T )− F ⋆
t (y|x)

∣∣]

≤ LF⋆Kh,1

( t
T

− a

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )
(
∥Xa,T − x∥+

∣∣ a
T

− t

T

∣∣)]

≤ LF⋆Kh,1

( t
T

− a

T

){
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )∥Xa,T − x∥
]
+ E

[ d∏
j=1

Kh,2(x
j −Xj

a,T )
∣∣ a
T

− t

T

∣∣]}.
However, using Assumption 2, |xj −Xj

a,T | ≤ C2h otherwise, Kh,2(x
j −Xj

a,T ) = 0,

d∏
j=1

Kh,2(x
j −Xj

a,T )∥Xa,T − x∥2 =

d∏
j=1

Kh,2(x
j −Xj

a,T )

√√√√ d∑
j=1

|xj −Xj
a,T |

2

≤
d∏

j=1

Kh,2(x
j −Xj

a,T )

√
dmax

j
|xj −Xj

a,T |
2

≤
√
dC2h

d∏
j=1

Kh,2(x
j −Xj

a,T ).

Simultaneously, for the kernel Kh,1,
∣∣ a
T − t

T

∣∣ ≤ C1h, otherwise Kh,1

(∣∣ a
T − t

T

∣∣) = 0, then latter combined with
C.1.2, we get

Kh,1

( t
T

− a

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )[1Ya,T≤y − F ⋆
t (y|x)]

]

≤ LF⋆Kh,1

( t
T

− a

T

){√
dC2hE

[ d∏
j=1

Kh,2(x
j −Xj

a,T )
]
+ C1hE

[ d∏
j=1

Kh,2(x
j −Xj

a,T )
]}

≤ (
√
dC2 + C1)LF⋆hKh,1

( t
T

− a

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )
]

≤ (
√
dC2 + C1)LF⋆Kh,1

( t
T

− a

T

){L2CUC
d−ν
2 d

3
2

T νhν−1
+ hd+1f(

t

T
,x) + hd+3M

2
κd
}
,

as claimed.
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□

Proposition C.2 Let Assumptions 1 - 3 hold, then for Ih = [C1h, 1− C1h],

sup
x∈X , t

T ∈Ih

∣∣∣J−1
t,T (

t

T
,x)
∣∣∣ = sup

x∈X , t
T ∈Ih

∣∣∣( 1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

) d∏
j=1

Kh,2(x
j −Xj

a,T )
)−1∣∣∣ = O(1).

Proof.

By application of Theorem 4.1 in Vogt (2012) with Wt,T = 1,

sup
x∈X , t

T ∈[0,1]

∣∣∣Jt,T ( t
T
,x)− E

[
Jt,T (

t

T
,x)

] ∣∣∣ = OP
(√ log T

Thd+1

)
.

Additionally, using Assumption 1, Jt,T (
t
T ,x) can be decomposed as Jt,T (

t
T ,x) = J̃t,T (

t
T ,x) + J̄t,T (

t
T ,x), where

J̃t,T (
t

T
,x) =

1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

) d∏
j=1

Kh,2

(
xj −Xj

a

( a
T

))
,

and

J̄t,T (
t

T
,x) =

1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

){ d∏
j=1

Kh,2(x
j −Xj

a,T )−
d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))}
.

Then, ∣∣∣Jt,T ( t
T
,x)
∣∣∣ = ∣∣∣Jt,T ( t

T
,x)− E[Jt,T (

t

T
,x)] + E[Jt,T (

t

T
,x)]

∣∣∣
≤
∣∣∣Jt,T ( t

T
,x)− E[Jt,T (

t

T
,x)]

∣∣∣+ ∣∣∣E[Jt,T ( t
T
,x)]

∣∣∣
≤ OP

(√ log T

Thd+1

)
+
∣∣∣E[Jt,T ( t

T
,x)]

∣∣∣
≤ OP

(√ log T

Thd+1

)
+
∣∣∣E[J̃t,T ( t

T
,x) + J̄t,T (

t

T
,x)]

∣∣∣
≤ OP

(√ log T

Thd+1

)
+
∣∣∣E[J̃t,T ( t

T
,x)]

∣∣∣+ ∣∣∣E[J̄t,T ( t
T
,x)]

∣∣∣.
Let us first observe

∣∣∣E[J̄t,T ( t
T ,x)]

∣∣∣. Using Assumptions 1 and 2 together with (C.1.1), we have

∣∣∣E[J̄t,T ( t
T
,x)]

∣∣∣ ≤ E[∣∣∣ 1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

){ d∏
j=1

Kh,2(x
j −Xj

a,T )−
d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))}∣∣∣]

≤ 1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

)
E
[{∣∣∣ d∏

j=1

Kh,2(x
j −Xj

a,T )−
d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))}∣∣∣]

≤
(L2CUC

d−ν
2 d

3
2

T νhν

) 1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

)
.
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For Ih = [C1h, 1− C1h], Lemma D.4 implies

1

Th

T∑
a=1

Kh,1

( t
T

− a

T

)
≤ sup

u∈Ih

∣∣∣ 1

Th

T∑
a=1

Kh,1

(
u− a

T

)∣∣∣
≤ sup

u∈Ih

∣∣∣ 1

Th

T∑
a=1

Kh,1

(
u− a

T

)
− 1
∣∣∣+ 1

= O
( 1

Th2

)
+ o(h) + 1 = O(1). (18)

It gives,

∣∣∣E[J̄t,T ( t
T
,x)]

∣∣∣ ≤ (L2CUC
d−ν
2 d

3
2

T νhd+ν

) 1

Th

T∑
a=1

Kh,1

( t
T

− a

T

)
︸ ︷︷ ︸

O(1)

≤ L2CCUC
d−ν
2 d

3
2

T νhd+ν
≲

1

T νhd+ν
.

On the other hand, using (17) and (18), we get

∣∣∣E[J̃t,T ( t
T
,x)]

∣∣∣ ≤ E[∣∣∣ 1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

) d∏
j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣]

≤ 1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

)
E
[∣∣∣ d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣]

≤ 1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

)(
hdf(

t

T
,x) + hd+2M

2
κd
)

≤
(
f(

t

T
,x) + h2M

2
κd
) 1

Th

T∑
a=1

Kh,1

( t
T

− a

T

)
︸ ︷︷ ︸

O(1)

≲ f(
t

T
,x) + h2.

Observe that
∣∣E[J̃t,T ( t

T ,x)]
∣∣ > 0, since f(

t

T
,x) ≥ inf

x∈X ,u∈Ih
f(

t

T
,x). Moreover, using Theorem 4.1 in Vogt (2012),

Jt,T (
t

T
,x) ≤

∣∣Jt,T ( t
T
,x)− f(

t

T
,x)
∣∣+ f(

t

T
,x)

≤ sup
x∈X ,u∈[0,1]

∣∣Jt,T (u,x)− f(
t

T
,x)
∣∣+ f(

t

T
,x)

≤ o(1) + f(
t

T
,x).

Hence infx∈X ,u∈Ih Jt,T (u,x) ≤ o(1) + infx∈X ,u∈Ih f(
t
T ,x). We finally get

1

Jt,T (
t
T ,x)

≤ sup
x∈X ,u∈Ih

1

Jt,T (u,x)
=

1

infx∈X ,u∈Ih Jt,T (u,x)
= O(1).

□
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Proposition C.3 Let Assumptions 1 - 6 be satisfied. For x, y ∈ Rd+1, define

Zt,T (y,x) =
1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

) d∏
j=1

Kh,2(x
j −Xj

a,T )
[
1Ya,T≤y − F ⋆

t (y|x)
]
.

Then

E
[
Z2
t,T (y,x)

]
= O

( 1

Th2(d+1)+ 2
p (ν−1)

+
1

T 2νh2(d+ν−1)
+ h2

)
,

where ν = ρ ∧ 1 and p > 2.

Sketch of proof. We employ Bernstein’s blocking procedure (Bernstein, 1927): we first decompose Zt,T (y,x) as a
sum of independent blocks: big blocks, small blocks, and a remainder block. The proof then continues in three
steps. Step one controls the expectation of the square of sums of the big blocks, step two controls the expectation
of the square of sums of the small blocks, and step three controls the expectation of the square of sum of the
remainder block.

Proof.

To begin, rewrite

Zt,T (y,x) :=
1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

)
Za,t,T (y,x), (19)

where

Za,t,T (y,x) =

d∏
j=1

Kh,2(x
j −Xj

a,T )
[
1Ya,T≤y − F ⋆

t (y|x)
]
.

Applying Bernstein’s big-block and small-block procedure on Zt,T (y,x), we partition the set {1, . . . , T} into
2vT + 1 independent subsets: vT big blocks of size rT , vT small blocks of size sT , and a remainder block of size
T − vT (rT + sT ), where vT = ⌊ T

rT+sT
⌋. To establish independence between the blocks, we need to place the

asymptotically negligible small blocks in between two consecutive big blocks. This procedure was also used in
(Fan and Masry, 1992; Masry, 2005; Kurisu, 2022; Bouzebda, 2024). So, we decompose Zt,T (y,x) as

Zt,T (y,x) = Λt,T (y,x) + Πt,T (y,x) + Ξt,T (y,x) :=

vT−1∑
l=0

Λl,t,T (y,x) +

vT−1∑
l=0

Πl,t,T (y,x) + Ξt,T (y,x), (20)

where

Λl,t,T (y,x) =
1

Thd+1

l(rT+sT )+rT∑
a=l(rT+sT )+1

Kh,1

( t
T

− a

T

)
Za,t,T (y,x),

Πl,t,T (y,x) =
1

Thd+1

(l+1)(rT+sT )∑
a=l(rT+sT )+rT+1

Kh,1

( t
T

− a

T

)
Za,t,T (y,x),

and

Ξt,T (y,x) =
1

Thd+1

T∑
a=vT (rT+sT )+1

Kh,1

( t
T

− a

T

)
Za,t,T (y,x).

Let us define the size of the big blocks as rT = ⌊
√
Thd+1/qT ⌋, where qT satisfies Assumption 6, i.e., qT =

o(
√
Thd+1). This further implies that there exists a sequence of positive integers {qT }, qT → ∞, such that

qT sT = o
(√

Thd+1
)
. As T → ∞, sT

rT
→ 0 and rT

T → 0. Note that by defining rT = ⌊
√
Thd+1/qT ⌋ immediately
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implies that rT = o
(√

Thd+1
)
, sT = o(rT ) and vT = o(qT

√
Thd+1). Now,

E
[
Z2
t,T (y,x)

]
= E

[
Λ2
t,T (y,x)

]
+ E

[
Π2

t,T (y,x)
]
+ E

[
Ξ2
t,T (y,x)

]
+ 2
{
E
[
Λt,T (y,x)Πt,T (y,x)

]
+ E

[
Λt,T (y,x)Ξt,T (y,x)

]
+ E

[
Πt,T (y,x)Ξt,T (y,x)

]}
.

However, the defined size of big blocks ensures that the blocks are asymptotically independent and the sums of
small blocks and the remainder block are asymptotically negligible. Consequently, we can neglect the last terms
in the previous equation. Hence, we have

E
[
Z2
t,T (y,x)

]
≈ E

[
Λ2
t,T (y,x)

]
+ E

[
Π2

t,T (y,x)
]
+ E

[
Ξ2
t,T (y,x)

]
.

For convenience of notation, in the succeeding steps, the dependency on y and x is implicit.

Step 1. Control of the big blocks. First, let us start by dealing with E
[
Λ2
t,T

]
. One has

E
[
Λ2
t,T

]
=

vT−1∑
l=0

E
[
Λ2
l,t,T

]
+

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

E[Λl,t,T ]E[Λl′,t,T ]

=
1

(Thd+1)2

vT−1∑
l=0

E
[( l(rT+sT )+rT∑

a=l(rT+sT )+1

Kh,1

( t
T

− a

T

)
Za,t,T

)2]

+
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

l′(rT+sT )+rT∑
b=l′(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,TZb,t,T

]

=
1

(Thd+1)2

vT−1∑
l=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

K2
h,1

( t
T

− a

T

)
E
[
Z2
a,t,T

]

+
1

(Thd+1)2

vT−1∑
l=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

|a−b|>0

l(rT+sT )+rT∑
b=l(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,TZb,t,T

]

+
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

l′(rT+sT )+rT∑
b=l′(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,TZb,t,T

]
=: SΛ1 + SΛ2 + SΛ3 .

Step 1.1. Control of SΛ1 . Considering SΛ1 , we have,

SΛ1 =
1

(Thd+1)2

vT−1∑
l=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

K2
h,1

( t
T

− a

T

)
E
[
Z2
a,t,T

]

=
1

(Thd+1)2

vT−1∑
l=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

K2
h,1

( t
T

− a

T

)
E
[ d∏
j=1

K2
h,2(x

j −Xj
a,T )(1Ya,T≤y − F ⋆

t (y|x))2
]
.

Observe that,

Kh,1

( t
T

− a

T

)
E
[ d∏
j=1

K2
h,2(x

j −Xj
a,T )(1Ya,T≤y − F ⋆

t (y|x))2
]

≤ 2Cd
2Kh,1

( t
T

− a

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )
∣∣1Ya,T≤y − F ⋆

t (y|x)
∣∣].
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By (C.1.3),

Kh,1

( t
T

− a

T

)
E
[ d∏
j=1

K2
h,2(x

j −Xj
a,T )(1Ya,T≤y − F ⋆

t (y|x))2
]

≤ 2Cd
2Kh,1

( t
T

− a

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )
∣∣1Ya,T≤y − F ⋆

t (y|x)
∣∣]

≤ 2Cd
2 (
√
dC2 + C1)LF⋆Kh,1

( t
T

− a

T

)(L2CUC
d−ν
2 d

3
2

T νhν−1
+ hd+1f(

t

T
,x) + hd+3M

2
κd
)

≲ Kh,1

( t
T

− a

T

)( 1

T νhν−1
+ hd+1 + hd+3

)
.

Thus,

SΛ1 ≲
1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

) vT−1∑
l=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

K2
h,1

( t
T

− a

T

)
≤ C1

Th2d+1

( 1

T νhν−1
+ hd+1 + hd+3

) 1

Th

T∑
a=1

Kh,1

( t
T

− a

T

)
︸ ︷︷ ︸

O(1)

≲
1

Th2d+1

( 1

T νhν−1
+ hd+1 + hd+3

)
(21)

≲
1

Th2d+ν
. (22)

Step 1.2. Control of SΛ2 . On the other hand,

SΛ2 =
1

(Thd+1)2

vT−1∑
l=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

|a−b|>0

l(rT+sT )+rT∑
b=l(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,TZb,t,T

]

=
1

(Thd+1)2

vT−1∑
l=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

|a−b|>0

l(rT+sT )+rT∑
b=l(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
Cov

(
Za,t,T , Zb,t,T

)

+
1

(Thd+1)2

vT−1∑
l=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

|a−b|>0

l(rT+sT )+rT∑
b=l(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,T

]
E
[
Zb,t,T

]
:= SΛ21 + SΛ22.

Step 1.2.1. Control of SΛ21. We have

SΛ21 =
1

(Thd+1)2

vT−1∑
l=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

|a−b|>0

l(rT+sT )+rT∑
b=l(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
Cov

(
Za,t,T , Zb,t,T

)

=
1

(Thd+1)2

vT−1∑
l=0

rT∑
n1=1

|n1−n2|>0

rT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)
Cov

(
Zλ+n1,t,T , Zλ+n2,t,T

)

≤ 1

(Thd+1)2

vT−1∑
l=0

rT∑
n1=1

|n1−n2|>0

rT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)∣∣Cov(Zλ+n1,t,T , Zλ+n2,t,T

)∣∣,
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where λ = l(rT + sT ). Note that {Xt,T , εt,T } is β-mixing (Assumption 5), using Davydov’s inequality (see Lemma
D.3), for p > 2 and by Lemma D.2, we have

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)∣∣∣Cov(Zλ+n1,t,T , Zλ+n2,t,T

)∣∣∣
≤ 8Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)∥∥Zλ+n1,t,T

∥∥
Lp

∥∥Zλ+n2,t,T

∥∥
Lp

β(σ(Xλ+n1,t,T ), σ(Xλ+n2,t,T ))
1− 2

p

≤ 8Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)(
E
[∣∣∣ d∏

j=1

Kh,2(x
j −Xj

λ+n1,T
)(1Yλ+n1,T≤y − F ⋆

t (y|x))
∣∣∣p]) 1

p

×
(
E
[∣∣∣ d∏

j=1

Kh,2(x
j −Xj

λ+n2,T
)(1Yλ+n2,T≤y − F ⋆

t (y|x))
∣∣∣p]) 1

p

β(|n1 − n2|)1−
2
p .

Using (C.1.3),

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)∣∣∣Cov(Zλ+n1,t,T , Zλ+n2,t,T

)∣∣∣
≲ Kh,1

( t
T

− λ+ n1

T

)( 1

T νhν−1
+ hd+1 + hd+3

) 1
p

Kh,1

( t
T

− λ+ n2

T

)( 1

T νhν−1
+ hd+1 + hd+3

) 1
p

β(|n1 − n2|)1−
2
p

≲ Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

β(|n1 − n2|)1−
2
p . (23)

In consequence, by Assumption 5,
∑∞

k=1 k
ζβ(k)1−

2
p < ∞, which can be expressed as

∑rT
k=1 k

ζβ(k)1−
2
p +∑∞

k=rT+1 k
ζβ(k)1−

2
p .

SΛ21 ≲
1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

vT−1∑
l=0

rT∑
n1=1

|n1−n2|>0

rT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)
β(|n1 − n2|)1−

2
p

≤ C2
1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

vT−1∑
l=0

rT∑
n1=1

|n1−n2|>0

rT∑
n2=1

β(|n1 − n2|)1−
2
p .

Letting k = |n1 − n2| yields

rT∑
n1=1

|n1−n2|>0

rT∑
n2=1

β(|n1 − n2|)1−
2
p =

rT∑
n1=1

( rT∑
n2>n1

β(n2 − n1)
1− 2

p +

rT∑
n2<n1

β(n1 − n2)
1− 2

p

)

=

rT∑
n1=1

rT−n1∑
k>0

β(k)1−
2
p +

rT∑
n2=1

rT−n2∑
k>0

β(k)1−
2
p

= 2

rT∑
n=1

rT−n∑
k>0

β(k)1−
2
p ≤ 2rT

rT∑
k=1

β(k)1−
2
p

≲ rT

rT∑
k=1

kζβ(k)1−
2
p ≤ rT

∞∑
k=1

kζβ(k)1−
2
p ,
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since kζ ≥ 1 for ζ > 1− 2
p , where p > 2. Hence,

SΛ21 ≤ C2
1rT

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

vT−1∑
l=0

∞∑
k=1

kζβ(k)1−
2
p

≲
vT rT

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

∞∑
k=1

kζβ(k)1−
2
p

≲
1

Th2d+2

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

, since vT rT ≤ T

rT
rT = T,

≲
( 1

T p+2νh2(d+1)p+2(ν−1)
+

1

T ph2(d+1)p−2(d+1)

) 1
p

≲
1

Th2(d+1)− 2
p (1−ν)

. (24)

Step 1.2.2. Control of SΛ22. We have

SΛ22 =
1

(Thd+1)2

vT−1∑
l=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

|a−b|>0

l(rT+sT )+rT∑
b=l(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,T

]
E
[
Zb,t,T

]

=
1

(Thd+1)2

kT−1∑
l=0

rT∑
n1=1

|n1−n2|>0

rT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)
E
[
Zλ+n1,t,T

]
E
[
Zλ+n2,t,T

]

=
1

(Thd+1)2

vT−1∑
l=0

rT∑
n1=1

|n1−n2|>0

rT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)

× E
[ d∏
j=1

Kh,2(x
j −Xj

λ+n1,T
)(1Yλ+n1,T≤y − F ⋆

t (y|x))
]
E
[ d∏
j=1

Kh,2(x
j −Xj

λ+n2,T
)(1Yλ+n2,T≤y − F ⋆

t (y|x))
]
.

By (C.1.3), for i = 1, 2,

Kh,1

( t
T

− λ+ ni

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

λ+ni,T
)(1Yλ+ni,T

≤y − F ⋆
t (y|x))

]
≲ Kh,1

(
t
T − λ+ni

T

)(
1

T νhν−1 + hd+1 + hd+3
)
,

then,

SΛ22 ≲
1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

)2 vT−1∑
l=0

rT∑
n1=1

|n1−n2|>0

rT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)

≤ C1

Th2d+1

( 1

T νhν−1
+ hd+1 + hd+3

)2 1

Th

T∑
a=1

Kh,1

( t
T

− a

T

)
︸ ︷︷ ︸

O(1)

≲
1

Th2d+1

( 1

T 2νh2(ν−1)
+ h2(d+1)

)
≲

1

Th2(d+ν)−1
. (25)
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Step 1.3 Control of SΛ3 . Observe that

SΛ3 =
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

l′(rT+sT )+rT∑
b=l′(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E[Za,t,TZb,t,T ]

=
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

l′(rT+sT )+rT∑
b=l′(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
Cov

(
Za,t,T , Zb,t,T

)

+
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

l′(rT+sT )+rT∑
b=l′(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E[Za,t,T ]E[Zb,t,T ]

=: SΛ31 + SΛ32.

Step 1.3.1 Control of SΛ31. We have

SΛ31 =
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

l′(rT+sT )+rT∑
b=l′(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
Cov

(
Za,t,T , Zb,t,T

)

=
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

rT∑
n1=1

rT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ′ + n2

T

)
× Cov

(
Zλ+n1,t,T , Zλ′+n2,t,T

)
,

where λ = l(rT + sT ) and λ′ = l′(rT + sT ), however, for l ̸= l′, see that for n1, n2 ∈ {1, . . . , rT },

|λ− λ′ + n1 − n2| ≥ |l(rT + sT )− l′(rT + sT ) + n1 − n2|
≥ |(l − l′)(rT + sT ) + n1 − n2| > sT .

Define m = λ+ n1 and m′ = λ′ + n2, we have

SΛ31 =
1

(Thd+1)2

vT (rT+sT )−sT∑
m=1

|m−m′|>sT

vT (rT+sT )−sT∑
m′=1

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)
Cov

(
Zm,t,T , Zm′,t,T

)

≤ 1

(Thd+1)2

T∑
m=1

|m−m′|>sT

T∑
m′=1

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)∣∣Cov(Zm,t,T , Zm′,t,T

)∣∣.
Using (23),

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)∣∣Cov(Zm,t,T , Zm′,t,T

)∣∣
≲ Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

β(|m−m′|)1−
2
p .

Thus, by Assumption 5,
∑∞

k=1 k
ζβ(k)1−

2
p < ∞,

SΛ31 ≲
1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

T∑
m=1

|m−m′|>sT

T∑
m′=1

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)
β(|m−m′|)1−

2
p

≤ C2
1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

T∑
m=1

|m−m′|>sT

T∑
m′=1

β(|m−m′|)1−
2
p .
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Set k = |m−m′|, this yields

T∑
m=1

|m−m′|>sT

T∑
m′=1

β(|m−m′|)1−
2
p ≤ C

T∑
k=sT+1

β(k)1−
2
p ≲

1

kζ

T∑
k=sT+1

kζβ(k)1−
2
p

≤ 1

sζT

T∑
k=sT+1

kζβ(k)1−
2
p , since k > sT ,

≤ 1

sζT

∞∑
k=sT+1

kζβ(k)1−
2
p ,

since β(k) ≥ 0 and
(

k
sT

)ζ ≥ 1 for ζ > 1− 2
p , where p > 2. Then,

SΛ31 ≤ C2
1

sζTT
2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

∞∑
k=sT+1

kζβ(k)1−
2
p

≲
1

T 2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

, since
1

sζT
≤ 1,

≲
( 1

T 2ph2(d+1)p

( 1

T νhν−1
+ hd+1 + hd+3

)2) 1
p

≲
( 1

T 2ph2(d+1)p

( 1

T 2νh2(ν−1)
+ h2(d+1)

)) 1
p

≲
1

T 2h2(d+1)− 2
p (1−ν)

. (26)

Step 1.3.2 Control of SΛ32. Observe that

SΛ32 =
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

l′(rT+sT )+rT∑
b=l′(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E[Za,t,T ]E[Zb,t,T ]

=
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

rT∑
n1=1

rT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ′ + n2

T

)
E[Zλ+n1,t,T ]E[Zλ′+n2,t,T ].

Similarly, for l ̸= l′, |λ− λ′ + n1 − n2| > sT , then,

SΛ32 ≤ 1

(Thd+1)2

T∑
m=1

|m−m′|>sT

T∑
m′=1

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)
E[Zm,t,T ]E[Zm′,t,T ]

=
1

(Thd+1)2

T∑
m=1

|m−m′|>sT

T∑
m′=1

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

m,T )(1Ym,T≤y − F ⋆
t (y|x))

]

× E
[ d∏
j=1

Kh,2(x
j −Xj

m′,T )(1Ym′,T≤y − F ⋆
t (y|x))

]
.

Using (C.1.3), Kh,1

(
t
T −m

T

)
E
[∏d

j=1 Kh,2(x
j−Xj

m,T )(1Ym,T≤y−F ⋆
t (y|x))

]
≲ Kh,1

(
t
T −m

T

)(
1

T νhν−1 +hd+1+hd+3
)
,
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then,

SΛ32 ≲
1

(Thd+1)2

( 1

T νhν−1
+ hd+1 + hd+3

)2 T∑
m=1

|m−m′|>sT

T∑
m′=1

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)

≤ 1

h2d

( 1

T νhν−1
+ hd+1 + hd+3

)2 1

Th

T∑
m=1

Kh,1

( t
T

− m

T

)
︸ ︷︷ ︸

O(1)

1

Th

T∑
m′=1

Kh,1

( t
T

− m′

T

)
︸ ︷︷ ︸

O(1)

≲
1

h2d

( 1

T 2νh2(ν−1)
+ h2(d+1)

)
≲

1

T 2νh2(d+ν−1)
+ h2. (27)

Hence, comparing (21), (24), (25), (26), and (27), we have

E
[
Λ2
t,T

]
≲

1

Th2(d+1)− 2
p (1−ν)

+
1

T 2νh2(d+ν−1)
+ h2. (28)

Next, we deal with the small blocks.

Step 2. Control of the small blocks. We have

E
[
Π2

t,T

]
= E

[ vT−1∑
l=0

Π2
l,t,T +

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

Πl,t,TΠl′,t,T

]

=
1

(Thd+1)2

vT−1∑
l=0

(l+1)(rT+sT )∑
a=l(rT+sT )+rT+1

K2
h,1

( t
T

− a

T

)
E
[
Z2
a,t,T

]

+
1

(Thd+1)2

vT−1∑
l=0

(l+1)(rT+sT )∑
a=l(rT+sT )+rT+1

a̸=b

(l+1)(rT+sT )∑
b=l(rT+sT )+rT+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,TZb,t,T

]

+
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

(l+1)(rT+sT )∑
a=l(rT+sT )+rT+1

(l′+1)(rT+sT )∑
b=l′(rT+sT )+rT+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,TZb,t,T

]
=: SΠ1 + SΠ2 + SΠ3 .

Step 2.1. Control of SΠ1 . We have

SΠ1 =
1

(Thd+1)2

vT−1∑
l=0

(l+1)(rT+sT )∑
a=l(rT+sT )+rT+1

K2
h,1

( t
T

− a

T

)
E
[ d∏
j=1

K2
h,2(x

j −Xj
a,T )(1Ya,T≤y − F ⋆

t (y|x))2
]

≤ 2Cd
2

(Thd+1)2

vT−1∑
l=0

(l+1)(rT+sT )∑
a=l(rT+sT )+rT+1

K2
h,1

( t
T

− a

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )
∣∣1Ya,T≤y − F ⋆

t (y|x)
∣∣].
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By (C.1.3), we get

SΠ1 ≲
1

T 2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) vT−1∑
l=0

(l+1)(rT+sT )∑
a=l(rT+sT )+rT+1

K2
h,1

( t
T

− a

T

)

≤ C1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

) vT−1∑
l=0

(l+1)(rT+sT )∑
a=l(rT+sT )+rT+1

Kh,1

( t
T

− a

T

)
≤ C1

Th2d+1

( 1

T νhν−1
+ hd+1 + hd+3

) 1

Th

T∑
a=1

Kh,1

( t
T

− a

T

)
︸ ︷︷ ︸

O(1)

≲
1

Th2d+1

( 1

T νhν−1
+ hd+1 + hd+3

)
≲

1

Th2d+ν
. (29)

Step 2.2. Control of SΠ2 . On the other hand,

SΠ2 =
1

(Thd+1)2

vT−1∑
l=0

(l+1)(rT+sT )∑
a=l(rT+sT )+rT+1

a̸=b

(l+1)(rT+sT )∑
b=l(rT+sT )+rT+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E[Za,t,TZb,t,T ]

=
1

(Thd+1)2

vT−1∑
l=0

sT∑
n1=1

|n1−n2|>0

sT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)
×
{
Cov

(
Zλ+n1,t,T , Zλ+n2,t,T

)
+ E[Zλ+n1,t,T ]E[Zλ+n2,t,T ]

}
,

where λ = l(rT + sT ) + rT . We arrive at,

SΠ2 =
1

(Thd+1)2

vT−1∑
l=0

sT∑
n1=1

|n1−n2|>0

sT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)
Cov

(
Zλ+n1,t,T , Zλ+n2,t,T

)

+
1

(Thd+1)2

vT−1∑
l=0

sT∑
n1=1

|n1−n2|>0

sT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)
E
[
Zλ+n1,t,T

]
E
[
Zλ+n2,t,T

]
=: SΠ21 + SΠ22.

Step 2.2.1. Control of SΠ21. We have

SΠ21 =
1

(Thd+1)2

vT−1∑
l=0

sT∑
n1=1

|n1−n2|>0

sT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)
Cov

(
Zλ+n1,t,T , Zλ+n2,t,T

)
.

Using (23),

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)∣∣Cov(Zλ+n1,t,T , Zλ+n2,t,T

)∣∣
≲ Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

β(|n1 − n2|)1−
2
p .
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Thus, by Assumption 5,

SΠ21 ≲
1

T 2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

vT−1∑
l=0

sT∑
n1=1

|n1−n2|>0

sT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)
β(|n1 − n2|)1−

2
p

≤ C2
1

T 2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

vT−1∑
l=0

sT∑
n1=1

|n1−n2|>0

sT∑
n2=1

β(|n1 − n2|)1−
2
p .

In addition, letting k = |n1 − n2| yields

sT∑
n1=1

|n1−n2|>0

sT∑
n2=1

β(|n1 − n2|)1−
2
p =

sT∑
n1=1

( sT∑
n2>n1

β(n2 − n1)
1− 2

p +

sT∑
n2<n1

β(n1 − n2)
1− 2

p

)

=

sT∑
n1=1

sT−n1∑
k>0

β(k)1−
2
p +

sT∑
n2=1

sT−n2∑
k>0

β(k)1−
2
p

= 2

sT∑
n=1

sT−n∑
k>0

β(k)1−
2
p ≤ 2sT

sT∑
k=1

β(k)1−
2
p

≲ sT

sT∑
k=1

kζβ(k)1−
2
p ≤ sT

∞∑
k=1

kζβ(k)1−
2
p ,

since β(k) ≥ 0 and kζ ≥ 1 for ζ > 1− 2
p , where p > 2. So,

SΠ21 ≤ C2
1sT

T 2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

vT−1∑
l=0

∞∑
k=1

kζβ(k)1−
2
p

≲
vT sT

T 2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

∞∑
k=1

kζβ(k)1−
2
p

≲
1

Th2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

, since vT sT ≤ T

sT
sT = T,

≲
( 1

T ph2(d+1)p

( 1

T 2νh2(ν−1)
+ h2(d+1)

)) 1
p

≲
1

Th2(d+1)− 2
p (1−ν)

. (30)

Step 2.2.2. Control of SΠ22. We have

SΠ22 =
1

(Thd+1)2

vT−1∑
l=0

l(rT+sT )+rT∑
a=l(rT+sT )+1

|a−b|>0

l(rT+sT )+rT∑
b=l(rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,T

]
E
[
Zb,t,T

]

=
1

(Thd+1)2

vT−1∑
l=0

sT∑
n1=1

|n1−n2|>0

sT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)

× E
[ d∏
j=1

Kh,2(x
j −Xj

λ+n1,T
)(1Yλ+n1,T≤y − F ⋆

t (y|x))
]
E
[ d∏
j=1

Kh,2(x
j −Xj

λ+n2,T
)(1Yλ+n2,T≤y − F ⋆

t (y|x))
]
.
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By (C.1.3), for i = 1, 2,

Kh,1

( t
T

− λ+ ni

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

λ+ni,T
)(1Yλ+ni,T

≤y − F ⋆
t (y|x))

]
≲ Kh,1

( t
T

− λ+ ni

T

)( 1

T νhν−1
+ hd+1 + hd+3

)
.

Then

SΠ22 ≲
1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

)2 vT−1∑
l=0

sT∑
n1=1

|n1−n2|>0

sT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)

≤ C1

Th2d+1

( 1

T νhν−1
+ hd+1 + hd+3

)2 1

Th

T∑
a=1

Kh,1

( t
T

− a

T

)
︸ ︷︷ ︸

O(1)

≲
1

T 1+2νh2(d+ν)−1
+

h

T
(31)

≲
1

Th2(d+ν)−1
. (32)

Step 2.3. Control of SΠ3 . SΠ3 can be decomposed as

SΠ3 =
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

(l+1)(rT+sT )∑
a=l(rT+sT )+rT+1

(l′+1)(rT+sT )∑
b=l′(rT+sT )+rT+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
Cov

(
Za,t,T , Zb,t,T

)

+
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

(l+1)(rT+sT )∑
a=l(rT+sT )+rT+1

(l′+1)(rT+sT )∑
b=l′(rT+sT )+rT+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,T

]
E
[
Zb,t,T

]
= SΠ31 + SΠ32.

Step 2.3.1 Control of SΠ31. Setting

SΠ31 =
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

sT∑
n1=1

sT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ′ + n2

T

)
Cov

(
Zλ+n1,t,T , Zλ′+n2,t,T

)
,

where λ = l(rT + sT ) + rT and λ′ = l′(rT + sT ) + rT , however, for l ̸= l′,

|λ− λ′ + n1 − n2| ≥ |l(rT + sT ) + rT − l′(rT + sT )− rT + n1 − n2|
≥ |(l − l′)(rT + sT ) + n1 − n2| > rT ,

since n1, n2 ∈ {1, . . . , sT }. So if we let q = λ+ n1 and q′ = λ′ + n2, we have

SΠ31 =
1

(Thd+1)2

vT (rT+sT )∑
q=rT+1

|q−q′|>rT

vT (rT+sT )∑
q′=rT+1

Kh,1

( t
T

− q

T

)
Kh,1

( t
T

− q′

T

)
Cov

(
Zq,t,T , Zq′,t,T

)

=
1

(Thd+1)2

vT (rT+sT )−rT∑
m=1

|m−m′|>rT

vT (rT+sT )−rT∑
m′=1

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)
Cov

(
Zm,t,T , Zm′,t,T

)

≤ 1

(Thd+1)2

T∑
m=1

|m−m′|>rT

T∑
m′=1

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)∣∣Cov(Zm,t,T , Zm′,t,T

)∣∣,
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where m = q − rT and m′ = q′ − rT . Now, using (23), we have

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)∣∣Cov(Zm,t,T , Zm′,t,T

)∣∣
≲ Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

β(|m−m′|)1−
2
p .

Thus, by Assumption 5,

SΠ31 ≲
1

(Thd+1)2

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

T∑
m=1

|m−m′|>rT

T∑
m′=1

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)
β(|m−m′|)1−

2
p

≤ C2
1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

T∑
m=1

|m−m′|>rT

T∑
m′=1

β(|m−m′|)1−
2
p .

Letting k = |m−m′| entails
T∑

m=1
|m−m′|>rT

T∑
m′=1

β(|m−m′|)1−
2
p ≤ C

T∑
k=rT+1

β(k)1−
2
p ≲

1

kζ

T∑
k=rT+1

kζβ(k)1−
2
p

≤ 1

rζT

T∑
k=rT+1

kζβ(k)1−
2
p , since k > rT ,

≤ 1

rζT

∞∑
k=rT+1

kζβ(k)1−
2
p .

Hence,

SΠ31 ≲
1

rζTT
2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

∞∑
k=rT+1

kζβ(k)1−
2
p

≲
1

T 2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

, since
1

rζT
≤ 1,

≲
( 1

T 2ph2(d+1)p

( 1

T 2νh2(ν−1)
+ h2(d+1)

)) 1
p

≲
1

T 2h2(d+1)− 2
p (1−ν)

. (33)

Step 2.3.2 Control of SΠ32. Observe that

SΠ32 =
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

sT∑
n1=1

sT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ′ + n2

T

)
E
[
Zλ+n1,t,T

]
E
[
Zλ′+n2,t,T

]

=
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

sT∑
n1=1

sT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ′ + n2

T

)

× E
[ d∏
j=1

Kh,2(x
j −Xj

λ+n1,T
)(1Yλ+n1,T≤y − F ⋆

t (y|x))
]
E
[ d∏
j=1

Kh,2(x
j −Xj

λ′+n2,T
)(1Yλ′+n2,T≤y − F ⋆

t (y|x))
]
.

Using (C.1.3),

Kh,1

( t
T

− λ+ n1

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

λ+n1,T
)(1Yλ+n1,T≤y − F ⋆

t (y|x))
]

≲ Kh,1

( t
T

− λ+ n1

T

)( 1

T νhν−1
+ hd+1 + hd+3

)
,
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and

SΠ32 ≲
1

(Thd+1)2

vT−1∑
l=0

l ̸=l′

vT−1∑
l′=0

sT∑
n1=1

sT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ′ + n2

T

)( 1

T νhν−1
+ hd+1 + hd+3

)2
.

Similarly, for l ̸= l′, |λ− λ′ + n1 − n2| > rT ,

SΠ32 ≲
1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

)2 T∑
m=1

|m−m′|>rT

T∑
m′=1

Kh,1

( t
T

− m

T

)
Kh,1

( t
T

− m′

T

)

≤ 1

h2d

( 1

T νhν−1
+ hd+1 + hd+3

)2 1

Th

T∑
m=1

Kh,1

( t
T

− m

T

)
︸ ︷︷ ︸

O(1)

1

Th

T∑
m′=1

Kh,1

( t
T

− m′

T

)
︸ ︷︷ ︸

O(1)

≲
1

h2d

( 1

T νhν−1
+ hd+1 + hd+3

)2
≲

1

T 2νh2(d+ν−1)
+ h2, (34)

Now, comparing (29), (30), (31), (33), and (34), we get

E[Π2
t,T ] ≲

1

Th2(d+1)− 2
p (1−ν)

+
1

T 2νh2(d+ν−1)
+ h2. (35)

Step 3. Control of the remainder block. Now, let us deal with E
[
Ξ2
t,T

]
.

E
[
Ξ2
t,T

]
=

1

(Thd+1)2

T∑
a=vT (rT+sT )+1

K2
h,1

( t
T

− a

T

)
E
[
Z2
a,t,T

]
+

1

(Thd+1)2

T∑
a=vT (rT+sT )+1

a̸=b

T∑
b=vT (rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,TZb,t,T

]
.

We can further expand this as

E
[
Ξ2
t,T

]
=

1

(Thd+1)2

T∑
a=vT (rT+sT )+1

K2
h,1

( t
T

− a

T

)
E
[
Z2
a,t,T

]
+

1

(Thd+1)2

T∑
a=vT (rT+sT )+1

a̸=b

T∑
b=vT (rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
Cov

(
Za,t,T , Zb,t,T

)

+
1

(Thd+1)2

T∑
a=vT (rT+sT )+1

a̸=b

T∑
b=vT (rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,T

]
E
[
Zb,t,T

]
=: SΞ1 + SΞ2 + SΞ3 .

Step 3.1. Control of SΞ1 . We have

SΞ1 =
1

(Thd+1)2

T∑
a=vT (rT+sT )+1

K2
h,1

( t
T

− a

T

)
E
[ d∏
j=1

K2
h,2(x

j −Xj
a,T )(1Ya,T≤y − F ⋆

t (y|x))2
]

≤ 2Cd
2

(Thd+1)2

T∑
a=vT (rT+sT )+1

K2
h,1

( t
T

− a

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )
∣∣1Ya,T≤y − F ⋆

t (y|x)
∣∣].
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Using (C.1.3), we have

SΞ1 ≲
1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

) T∑
a=vT (rT+sT )+1

K2
h,1

( t
T

− a

T

)
≤ C1

Th2d+1

( 1

T νhν−1
+ hd+1 + hd+3

) 1

Th

T∑
a=1

Kh,1

( t
T

− a

T

)
︸ ︷︷ ︸

O(1)

≲
1

Th2d+1

( 1

T νhν−1
+ hd+1 + hd+3

)
≲

1

Th2d+ν
. (36)

Step 3.2. Control of SΞ2 . Observe that

SΞ2 =
1

(Thd+1)2

T∑
a=vT (rT+sT )+1

a̸=b

T∑
b=vT (rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
Cov

(
Za,t,T , Zb,t,T

)

=
1

(Thd+1)2

T−vT (rT+sT )∑
n1=1

|n1−n2|>0

T−vT (rT+sT )∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)
Cov

(
Zλ+n1,t,T , Zλ+n2,t,T

)
,

where λ = vT (rT + sT ). Now, using (23), we have

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)∣∣Cov(Zλ+n1,t,T , Zλ+n2,t,T

)∣∣
≲ Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

β(|n1 − n2|)1−
2
p .

By Assumption 5,

SΞ2 ≲
1

T 2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

T−vT (rT+sT )∑
n1=1

|n1−n2|>0

T−vT (rT+sT )∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)

×Kh,1

( t
T

− λ+ n2

T

)
β(|n1 − n2|)1−

2
p

≤ C2
1

T 2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

T−vT (rT+sT )∑
n1=1

|n1−n2|>0

T−vT (rT+sT )∑
n2=1

β(|n1 − n2|)1−
2
p .

Moreover, letting k = |n1 − n2| and wT = T − vT (rT + sT ) yields

wT∑
n1=1

|n1−n2|>0

wT∑
n2=1

β(|n1 − n2|)1−
2
p =

wT∑
n1=1

( wT∑
n2>n1

β(n2 − n1)
1− 2

p +

wT∑
n2<n1

β(n1 − n2)
1− 2

p

)

=

wT∑
n1=1

wT−n1∑
k>0

β(k)1−
2
p +

wT∑
n2=1

wT−n2∑
k>0

β(k)1−
2
p

= 2

wT∑
n=1

wT−n∑
k>0

β(k)1−
2
p

≤ wT

∞∑
k=1

kζβ(k)1−
2
p ,
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since β(k) ≥ 0 and kζ ≥ 1 for ζ > 1− 2
p , where p > 2. So

SΞ2 ≤ C2
1wT

T 2h2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

∞∑
k=1

kζβ(k)1−
2
p

≲
1

Th2(d+1)

( 1

T νhν−1
+ hd+1 + hd+3

) 2
p

, since wT ≪ T,

≲
( 1

T ph2(d+1)p

( 1

T 2νh2(ν−1)
+ h2(d+1)

)) 1
p

≲
1

Th2(d+1)− 2
p (1−ν)

. (37)

Step 3.3. Control of SΞ3 . Lastly, let us look at SΞ3 .

SΞ3 =
1

(Thd+1)2

T∑
a=vT (rT+sT )+1

a̸=b

T∑
b=vT (rT+sT )+1

Kh,1

( t
T

− a

T

)
Kh,1

( t
T

− b

T

)
E
[
Za,t,T

]
E
[
Zb,t,T

]

=
1

(Thd+1)2

wT∑
n1=1

|n1−n2|>0

wT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)
E
[
Zλ+n1,t,T

]
E
[
Zλ+n2,t,T

]

=
1

(Thd+1)2

wT∑
n1=1

|n1−n2|>0

wT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)

× E
[ d∏
j=1

Kh,2(x
j −Xj

λ+n1,T
)(1Yλ+n1,T≤y − F ⋆

t (y|x))
]
E
[ d∏
j=1

Kh,2(x
j −Xj

λ+n2,T
)(1Yλ+n2,T≤y − F ⋆

t (y|x))
]
.

Using (C.1.3), for i = 1, 2,

Kh,1

( t
T

− λ+ ni

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

λ+ni,T
)(1Yλ+ni,T

≤y − F ⋆
t (y|x))

]
≲ Kh,1

( t
T

− λ+ ni

T

)( 1

T νhν−1
+ hd+1 + hd+3

)
,

then,

SΞ3 ≲
1

T 2h2d+2

( 1

T νhν−1
+ hd+1 + hd+3

)2 wT∑
n1=1

|n1−n2|>0

wT∑
n2=1

Kh,1

( t
T

− λ+ n1

T

)
Kh,1

( t
T

− λ+ n2

T

)

≤ C1

Th2d+1

( 1

T νhν−1
+ hd+1 + hd+3

)2 1

Th

T∑
a=1

Kh,1

( t
T

− a

T

)
︸ ︷︷ ︸

O(1)

≲
1

Th2d+1

( 1

T νhν−1
+ hd+1 + hd+3

)2
≲

1

Th2(d+ν)−1
. (38)

Now, comparing (36), (37), and (38), we have

E[Ξ2
t,T ] ≲

1

Th2(d+1)− 2
p (1−ν)

. (39)

Therefore, following (28), (35), and (39), we get

E
[
Z2
t,T

]
= O

( 1

Th2(d+1)− 2
p (1−ν)

+
1

T 2νh2(d+ν−1)
+ h2

)
.
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□

C.1 Proof of Theorem 1

Recall that π⋆
t (·|x) is the probability measure of the random variable Yt,T |Xt,T = x with conditional CDF

F ⋆
t (y|x) = P(Yt,T ≤ y|Xt,T = x). Observe that, by the definition of W1 given in (3),

E[W1(π̂t(·|x), π⋆
t (·|x))] =

∫
R
E
[∣∣F̂t(y|x)− F ⋆

t (y|x)
∣∣]dy,

using Fubini’s theorem. Now, using Definition 4,

F̂t(y|x)− F ⋆
t (y|x) =

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(x

j −Xj
a,T )1Ya,T≤y∑T

a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(xj −Xj

a,T )
− F ⋆

t (y|x).

Then observe that

F̂t(y|x)− F ⋆
t (y|x) =

1
Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(x

j −Xj
a,T )

[
1Ya,T≤y − F ⋆

t (y|x)
]

1
Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(xj −Xj

a,T )
. (40)

Further, by applying Cauchy-Schwarz inequality, we obtain

E[W1(π̂t(·|x), π⋆
t (·|x))] =

∫
E
[∣∣F̂t(y|x)− F ⋆

t (y|x)
∣∣]dy

=

∫
E
[∣∣∣ 1

Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(x

j −Xj
a,T )

[
1Ya,T≤y − F ⋆

t (y|x)
]

1
Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(xj −Xj

a,T )

∣∣∣]dy
≤
∫ (

E
[( 1

1
Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(xj −Xj

a,T )

)2]) 1
2

×
(
E
[( 1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

) d∏
j=1

Kh,2(x
j −Xj

a,T )
[
1Ya,T≤y − F ⋆

t (y|x)
])2]) 1

2

dy. (41)

Let Jt,T (
t
T ,x) =

1
Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(x

j −Xj
a,T ). Using Proposition C.2, the first term in (41)

becomes {
E
[( 1

1
Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(xj −Xj

a,T )

)2]} 1
2

= O(1). (42)

Proposition C.3 implies the second term is of order O
(

1

T
1
2 h

d+1− 1
p
(1−ν)

+ 1
T νhd+ν−1 + h

)
. Therefore, from (41), we

have

sup
x∈X , t

T ∈Ih

E
[
W1

(
π̂t(·|x), π⋆

t (·|x)
)]

= O
( 1

T
1
2hd+1− 1

p (1−ν)
+

1

T νhd+ν−1
+ h
)
,

where ν = ρ ∧ 1 and p > 2. □

C.2 Proof of Corollary 1

Proof. Step 1: Bounded support of the conditional laws. Since |Yt,T | ≤ M a.s. for all t, both π⋆
t (· | x)

and π̂t(· | x) =
∑T

a=1 ωa

(
t
T ,x

)
δYa,T

are supported on [−M,M ]. Hence their quantile functions also take values
in [−M,M ].

Step 2: One-dimensional representation of Wr and comparison with W1. In one dimension,

W r
r (µ, ν) =

∫ 1

0

∣∣F−1
µ (z)− F−1

ν (z)
∣∣r dz.
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Let µ = π̂t(· | x) and ν = π⋆
t (· | x). For every z ∈ [0, 1],∣∣F−1

µ (z)− F−1
ν (z)

∣∣ ≤ 2M.

Hence, for all r ≥ 1, ∣∣F−1
µ (z)− F−1

ν (z)
∣∣r ≤ (2M) r−1

∣∣F−1
µ (z)− F−1

ν (z)
∣∣.

Integrating over z yields

W r
r (π̂t(· | x), π⋆

t (· | x)) ≤ (2M) r−1 W1(π̂t(· | x), π⋆
t (· | x)) . (43)

Step 3: Take expectations and apply Theorem 1. Taking expectation of (43) and using linearity,

E[W r
r (π̂t(· | x), π⋆

t (· | x))] ≤ (2M) r−1E[W1(π̂t(· | x), π⋆
t (· | x))] .

Taking the supremum over x ∈ X and t
T ∈ Ih, and using Theorem 1,

sup
x, t

T ∈Ih

E[W r
r (π̂t, π

⋆
t )] = O

(
1

T 1/2h d+1− 1
p (1−ν)

+
1

T νh d+ν−1
+ h

)
,

since (2M)r−1 is a finite constant independent of T , h, t, and x. The case r = 2 follows immediately. □

C.3 Proof of Corollary 2

Proof. By Lemma B.1, for any t and x,

W r
r (π̂t(· | x), π⋆

t (· | x)) ≤ W1(π̂t(· | x), π⋆
t (· | x)) + 2 r−1(mr(π̂t) +mr(π

⋆
t )) ,

where mr(µ) :=
∫
|y|r µ(dy). Under the given uniform moment condition,

sup
x, t,T

(mr(π̂t) +mr(π
⋆
t )) ≤ Cr < ∞.

Taking expectations and suprema over (x, t/T ) yields

sup
x, t

T ∈Ih

E[W r
r (π̂t, π

⋆
t )] ≤ sup

x, t
T ∈Ih

E[W1(π̂t, π
⋆
t )] + 2 r−1Cr.

Finally, applying Theorem 1 completes the proof. □

C.4 Proof of Corollary 3

Proof. Fix ε > 0. By the given uniform integrability condition, there exists R = R(ε) > 0 such that

sup
x,t,T

∫
{|y|>R}

|y|r π⋆
t (dy | x) ≤ ε, sup

x,t,T

∫
{|y|>R}

|y|r π̂t(dy | x) ≤ ε.

Apply Lemma B.2 with this R to µ = π̂t(· | x) and ν = π⋆
t (· | x):

W r
r

(
π̂t(· | x), π⋆

t (· | x)
)
≤ (2R) r−1W1

(
π̂t(· | x), π⋆

t (· | x)
)
+ 2 rε,

uniformly in x, t, T .

Taking expectations and then the supremum over x ∈ X and t
T ∈ Ih yields

sup
x, t

T ∈Ih

E
[
W r

r (π̂t, π
⋆
t )
]
≤ (2R) r−1 sup

x, t
T ∈Ih

E
[
W1(π̂t, π

⋆
t )
]
+ 2 rε.

By Theorem 1, the first term on the right-hand side goes to zero as T → ∞, for any fixed R. Hence

lim sup
T→∞

sup
x, t

T ∈Ih

E
[
W r

r (π̂t, π
⋆
t )
]
≤ 2 rε.

Since ε > 0 was arbitrary, the conclusion follows. □
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C.5 Proof of Proposition 1

Proof. Fix x ∈ X and t, and denote

µ = π̂t(· | x), ν = π⋆
t (· | x).

By Lemma B.2, for any R > 0,

W r
r (µ, ν) ≤ (2R) r−1W1(µ, ν) + 2 r−1

(∫
{|y|>R}

|y|r µ(dy) +
∫
{|y|>R}

|y|r ν(dy)

)
. (44)

Step 1: Tail control via the s-th moment. By Markov’s inequality and the assumption (5), for R > 0,∫
{|y|>R}

|y|r µ(dy) ≤ 1

R s−r

∫
R
|y|s µ(dy) ≤ Cs

R s−r
,

and the same bound holds for ν, i.e. ∫
{|y|>R}

|y|r ν(dy) ≤ Cs

R s−r
,

for some constant Cs independent of (x, t, T ). Hence, from (44),

W r
r (µ, ν) ≤ (2R) r−1W1(µ, ν) +

C

R s−r
, (45)

for a suitable constant C > 0.

Step 2: Take expectations and suprema. Taking expectations in (45) and the supremum over x ∈ X and
t
T ∈ Ih yields

sup
x, t

T ∈Ih

E
[
W r

r (π̂t, π
⋆
t )
]
≤ (2R) r−1AT +

C

R s−r
,

where AT is defined in (6).

Thus, for each fixed T , we are led to control

fT (R) := aTR
r−1 + bR−(s−r),

with aT := 2 r−1AT and b := C.

Step 3: Optimizing the choice of R. We choose R = RT to minimize the order of fT (R). Ignoring constants
and differentiating formally, set

d

dR

(
aTR

r−1 + bR−(s−r)
)
= aT (r − 1)R r−2 − b(s− r)R−(s−r)−1 = 0.

Solving for R gives

aT (r − 1)R r−2+s−r+1 = b(s− r) =⇒ R s−1 =
b(s− r)

aT (r − 1)
≍ 1

AT
,

so that
RT ≍ A

−1/(s−1)
T .

Substituting RT back into the two terms,

aTR
r−1
T ≍ AT ·A−(r−1)/(s−1)

T = A
(s−r)/(s−1)
T ,

and
bR

−(s−r)
T ≍ A

(s−r)/(s−1)
T .
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Hence, with this choice of RT ,

fT (RT ) ≲ A
(s−r)/(s−1)
T .

Therefore, there exists a constant C > 0 such that, for all sufficiently large T ,

sup
x, t

T ∈Ih

E
[
W r

r (π̂t, π
⋆
t )
]
≤ C A

(s−r)/(s−1)
T ,

which proves (7). The specialization to r = 2 is immediate. □

C.6 Proof of Proposition 2

Observe that

|m̂(
t

T
,x)−m⋆(

t

T
,x)| = |E[Ŷt,T |Xt,T = x]− E[Yt,T |Xt,T = x]|

=
∣∣∣ ∫

R
ŷdπ̂t(·|x)−

∫
R
ydπ⋆

t (·|x))
∣∣∣

≤ sup
f∈F

∣∣∣ ∫
R
fdπ̂t(·|x)−

∫
R
fdπ⋆

t (·|x))
∣∣∣

= W1(π̂t(·|x), π⋆
t (·|x)).

In the last equality, we use duality formula of Kantorovich-Rubinstein distance (see Remark 6.5 in Villani (2009)),

where F is the set of all continuous functions satisfying Lipschitz condition ∥f∥Lip ≤ 1, i.e., supy ̸=y′
|f(y)−f(y′)|

|y−y′| ≤ 1.

Hence,

E
[
|m̂(

t

T
,x)−m⋆(

t

T
,x)|

]
≤ E

[
W1(π̂t(·|x), π⋆

t (·|x))
]
.

This finishes the proof. □

C.7 Proof of Proposition 3

If h ≍ T−ξ, then directly from Theorem 1, for ν = ρ ∧ 1, we get

E
[
W1

(
π̂t(·|x), π⋆

t (·|x)
)]

≲
1

T
1
2h(d+1)− 1

p (1−ν)
+

1

T νhd+ν−1
+ h

≲
1

T
1
2T−ξ((d+1)− 1

p (1−ν))
+

1

T νT−ξ(d+ν−1)
+

1

T ξ
.

Note that, as T → ∞, the third component goes to zero for any ξ > 0. The second component converges to zero
when ξ < ν

d+ν−1 , which suggests that ξ < ν
d+1 . Lastly, the first component approaches zero if ξ < 1

2(d+1− 1
p (1−ν))

,

which further implies that ξ < 1
2(d+1) since ν = ρ ∧ 1 and p > 2. Therefore, for h ≍ T−ξ, E

[
W1

(
π̂t(·|x), π⋆

t (·|x)
)]

converges to zero if,

ξ <

{
ν

d+1 if ν < 1
2 ,

1
2(d+1) otherwise.

As a consequence, ξ <
1
2∧ν

d+1 . □

C.8 Proof of Theorem 2

Observe that using (9) and by Fubini’s theorem, we have

E[SW1(π̂t(·|x),π⋆
t (·|x))] =

∫
Sq−1

E
[
W1(θ#π̂t(·|x),θ#π⋆

t (·|x))
]
σq−1(dθ).
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On the other hand,

E
[
W1(θ#π̂t(·|x),θ#π⋆

t (·|x))
]
= E

[ ∫
R

∣∣F̂t,θ(y|x)− F ⋆
t,θ(y|x)

∣∣dy] = ∫
R
E
[∣∣F̂t,θ(y|x)− F ⋆

t,θ(y|x)
∣∣]dy.

Using the weights defined in Definition 3 and (10),

F̂t,θ(y|x)− F ⋆
t,θ(y|x) =

1
Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(x

j −Xj
a,T )

[
1θ⊤Ya,T≤y − F ⋆

t,θ(y|x)
]

1
Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(xj −Xj

a,T )
.

Further, by applying Cauchy-Schwarz inequality, we obtain

E
[
W1(θ#π̂t(·|x),θ#π⋆

t (·|x))
]

=

∫
R
E
[∣∣∣ 1

Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(x

j −Xj
a,T )

[
1θ⊤Ya,T≤y − F ⋆

t,θ(y|x)
]

1
Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(xj −Xj

a,T )

∣∣∣]dy
≤
∫
R

(
E
[( 1

1
Thd+1

∑T
a=1 Kh,1

(
t
T − a

T

)∏d
j=1 Kh,2(xj −Xj

a,T )

)2]) 1
2

×
(
E
[( 1

Thd+1

T∑
a=1

Kh,1

( t
T

− a

T

) d∏
j=1

Kh,2(x
j −Xj

a,T )
[
1θ⊤Ya,T≤y − F ⋆

t,θ(y|x)
])2]) 1

2

dy. (46)

Note that from Proposition C.2, the first term in (46) is O(1). Moreover, it can be observed that inequality (46)
is similar to inequality (41), hence, we again use Bernstein’s big-block and small-block procedure and consider

(20) with Za,t,T =
∏d

j=1 Kh,2(x
j −Xj

a,T )
[
1θ⊤Ya,T≤y − F ⋆

t,θ(y|x)
]
. Furthermore, Assumption 7 and (C.1.3) give

Kh,1

( t
T

− a

T

)
E
[ d∏
j=1

Kh,2(x
j −Xj

a,T )(1θ⊤Ya,T≤y − F ⋆
t,θ(y|x))

]
≲ Kh,1

( t
T

− a

T

)( 1

T νhν−1
+ hd+1 + hd+3

)
.

The rest of the proof follows directly from the proof of Theorem 1. By Proposition C.3, we have

E
[(
Zt,T

)2]
≲

1

Th2(d+1)− 2
p (1−ν)

+
1

T 2νh2(d+ν−1)
+ h2. (47)

From (46), and incorporating (42) and (47), we have

sup
x∈X , t

T ∈Ih

E
[
W1(θ#π̂t(·|x),θ#π⋆

t (·|x))
]
= O

( 1

T
1
2hd+1− 1

p (1−ν)
+

1

T νhd+ν−1
+ h
)
.

Therefore,

sup
x∈X , t

T ∈Ih

E[SW1(π̂t(·|x),π⋆
t (·|x))] = O

( 1

T
1
2hd+1− 1

p (1−ν)
+

1

T νhd+ν−1
+ h
)
,

where ν = ρ ∧ 1. □

D TECHNICAL LEMMAS

Lemma D.1 Let Assumption 2 hold, then

(D.1.1)
∣∣∣∏d

j=1 Kh,2(x
j −Xj

a,T )−
∏d

j=1 Kh,2

(
xj −Xj

a

(
a
T

))∣∣∣
≤ Cd−1

2

√
d
∑d

j=1

∣∣Kh,2(x
j −Xj

a,T )−Kh,2

(
xj −Xj

a

(
a
T

))∣∣.
(D.1.2)

∣∣∣∏d
j=1 K

2
h,2(x

j −Xj
a,T )−

∏d
j=1 K

2
h,2

(
xj −Xj

a

(
a
T

))∣∣∣
≤ C2d−2

2

√
d
∑d

j=1

∣∣Kh,2(x
j −Xj

a,T )−Kh,2

(
xj −Xj

a

(
a
T

))∣∣.
(D.1.3) for p ≥ 2, E

[∣∣∣∏d
j=1 Kh,2(x

j −Xj
a,T )

∣∣∣p] ≤ C
d(p−1)
2 E

[∣∣∣∏d
j=1 Kh,2(x

j −Xj
a,T )

∣∣∣].
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Proof. Proof of (D.1.1). Let gj = Kh,2(x
j −Xj

a,T ), g̃
j = Kh,2

(
xj −Xj

a

(
a
T

))
, and G(g1, . . . , gd) =

∏d
j=1 g

j . The

gradient of G(g1, . . . , gd) can be written as

∇G(g1, . . . , gd) =


∂G(g1,...,gd)

∂g1

∂G(g1,...,gd)
∂g2

...
∂G(g1,...,gd)

∂gd

 =


∏d

j=2 g
j∏d

j=1;j ̸=2 g
j

...∏d−1
j=1 g

j

 .

By Assumption 2, K2 is bounded by C2,

∥∇G(g1, . . . , gd)∥ =

√√√√( d∏
j=2

gj
)2

+
( d∏

j=1;j ̸=2

gj
)2

+ · · ·+
( d−1∏

j=1

gj
)2

≤
√
(Cd−1

2 )2 + · · ·+ (Cd−1
2 )2 =

√
d(Cd−1

2 )2 = Cd−1
2

√
d.

Now,

|G(g1, . . . , gd)−G(g̃1, . . . , g̃j)| ≤ Cd−1
2

√
d∥(g1, . . . , gd)− (g̃1, . . . , g̃j)∥2

= Cd−1
2

√
d

√√√√ d∑
j=1

(
Kh,2(xj −Xj

a,T )−Kh,2

(
xj −Xj

a

( a
T

)))2
≤ Cd−1

2

√
d

d∑
j=1

∣∣Kh,2(x
j −Xj

a,T )−Kh,2

(
xj −Xj

a

( a
T

))∣∣,
since for d-dimensional vector z, ∥z∥2 ≤ ∥z∥1. Then,

∣∣∣ d∏
j=1

Kh,2(x
j −Xj

a,T )−
d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣ ≤ Cd−1
2

√
d

d∑
j=1

∣∣Kh,2(x
j −Xj

a,T )−Kh,2

(
xj −Xj

a

( a
T

))∣∣.
Proof of (D.1.2). Let gj = K2

h,2(x
j −Xj

a,T ), g̃
j = K2

h,2

(
xj −Xj

a

(
a
T

))
, and G(g1, . . . , gd) =

∏d
j=1 g

j . Using the

gradient of G(g1, . . . , gd) given in (D.1.1 ) and noting that K2
2 (·) is bounded by C2

2 ,

∥∇G(g1, . . . , gd)∥ =

√√√√( d∏
j=2

gj
)2

+
( d∏

j=1;j ̸=2

gj
)2

+ · · ·+
( d−1∏

j=1

gj
)2

≤
√
(C2d−2

2 )2 + · · ·+ (C2d−2
2 )2 =

√
d(C2d−2

2 )2 = C2d−2
2

√
d.

Observe that,

|G(g1, . . . , gd)−G(g̃1, . . . , g̃j)| ≤ C2d−2
2 d

1
2 ∥(g1, . . . , gd)− (g̃1, . . . , g̃j)∥2

= C2d−2
2

√
d

√√√√ d∑
j=1

(
Kh,2(xj −Xj

a,T )−Kh,2

(
xj −Xj

a

( a
T

)))2
≤ C2d−2

2

√
d

d∑
j=1

∣∣Kh,2(x
j −Xj

a,T )−Kh,2

(
xj −Xj

a

( a
T

))∣∣,
Finally,

∣∣∣ d∏
j=1

Kh,2(x
j −Xj

a,T )−
d∏

j=1

Kh,2

(
xj −Xj

a

( a
T

))∣∣∣ ≤ C2d−2
2

√
d

d∑
j=1

∣∣Kh,2(x
j −Xj

a,T )−Kh,2

(
xj −Xj

a

( a
T

))∣∣.
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Proof of (D.1.3). We use the boundedness of K2, so

E
[∣∣∣ d∏

j=1

Kh,2(x
j −Xj

a,T )
∣∣∣p] ≤ E[ max

j=1,...,d

∣∣∣ d∏
j=1

Kh,2(x
j −Xj

a,T )
∣∣∣p−1∣∣∣ d∏

j=1

Kh,2(x
j −Xj

a,T )
∣∣∣]

≤ C
d(p−1)
2 E

[∣∣∣ d∏
j=1

Kh,2(x
j −Xj

a,T )
∣∣∣].

□

Lemma D.2 For l ̸= l′, β(σ(Xl,T ), σ(Xl′,T )) ≤ β(|l − l′|), where σ(X) denotes the σ-algebra generated
by X.

Proof. Let us start the proof by first considering the case l > l′, that is

β(σ(Xl,T ), σ(Xl′,T )) ≤ β(σ(Xs,T , s ≥ l), σ(Xs,T , s ≤ l′))

= β(σ(Xs,T , s ≤ l′), σ(Xs,T , l ≤ s))

≤ sup
t

β(σ(Xs,T , s ≤ t), σ(Xs,T , t+ l − l′ ≤ s ≤ T )), (t = l′)

≤ sup
t,T :t≤T−|l−l′|

β(σ(Xs,T , s ≤ t), σ(Xs,T , t+ |l − l′| ≤ s ≤ T ))

= β(|l − l′|).

The last inequality holds since t ≤ T − |l − l′|. For l′ > l, observe that

β(σ(Xl,T ), σ(Xl′,T )) ≤ β(σ(Xs,T , s ≥ l′), σ(Xs,T , s ≤ l))

= β(σ(Xs,T , s ≤ l), σ(Xs,T , l
′ ≤ s))

≤ sup
t

β(σ(Xs,T , s ≤ t), σ(Xs,T , t+ l′ − l ≤ s ≤ T )), (t = l)

≤ sup
t,T :t≤T−|l′−l|

β(σ(Xs,T , s ≤ t), σ(Xs,T , t+ |l′ − l| ≤ s ≤ T ))

= β(|l − l′|).

□

Lemma D.3 (Davydov (1973)) Suppose that X and Y are random variables which are G and H -

measurable, respectively, and that E[|X|p] < ∞, E[|Y |p′
] < ∞, where p, p′ > 1, p−1 + p′

−1
< 1. Then

|Cov(X,Y )| ≤ 8∥X∥Lp
∥Y ∥L′

p
[β(G ,H )]1−p−1−p′−1

.

Lemma D.4 (Vogt (2012)) Suppose K fulfills Assumption 2 and let g : [0, 1]×Rd → R, (u, x) 7→ g(u, x)
be continuously differentiable wrt u. Then for any compact set S ⊂ Rd,

sup
u∈Ih,x∈S

∣∣∣ 1

Th

T∑
a=1

Kh,1

(
u− t

T

)
g
( t

T
, x
)
− g(u, x)

∣∣∣ = O
( 1

Th2

)
+ o(h).
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