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ABSTRACT

Diffusion models (DMs) demonstrate potent image generation capabilities in var-
ious generative modeling tasks. Nevertheless, their primary limitation lies in slow
sampling speed, requiring hundreds or thousands of sequential function evalua-
tions through large neural networks to generate high-quality images. Sampling
from DMs can be seen alternatively as solving corresponding stochastic differ-
ential equations (SDEs) or ordinary differential equations (ODEs). In this work,
we formulate the sampling process as an extended reverse-time SDE (ER SDE),
unifying prior explorations into ODEs and SDEs. Leveraging the semi-linear
structure of ER SDE solutions, we offer exact solutions and approximate solu-
tions for VP SDE and VE SDE, respectively. Based on the solution space of the
ER SDE, we yield mathematical insights elucidating the superior performance of
ODE solvers over SDE solvers in terms of fast sampling. Additionally, we unveil
that VP SDE solvers stand on par with their VE SDE counterparts. Finally, we
devise fast and training-free samplers, ER-SDE-Solvers, achieving state-of-the-
art performance across all stochastic samplers. Experimental results demonstrate
achieving 3.45 FID in 20 function evaluations and 2.24 FID in 50 function evalu-
ations on the ImageNet 64 x 64 dataset.

1 INTRODUCTION

Figure 1: Samples generated using Ours (ER-SDE-Solver-3) on ImageNet 128 x 128 (Left,
FID=8.33), FFHQ 64 x 64 (Middle, FID=4.67) and CIFAR-10 (Right, FID=3.15) when NFE=20.

Diffusion Models (DMs) demonstrate an aptitude for producing high-quality samples and exhibit
a stable training process that is resilient to disruptions. They have found extensive utilization in
diverse generative modeling tasks, encompassing image synthesis (Dhariwal & Nichol, 2021}
let al.| 2020} [Song et al.l 2021D)), image super-resolution (Saharia et al., 2022b; (Gao et al., 2023),
image restoration (Chung et al) 2022; [Luo et al, [2023), image editing (Avrahami et all 2022}
[Meng et al 2021)), image-to-image translation (Zhao et all [2022} [Su et al., [2022)), and similar
domains. However, in comparison to alternative generative models like Generative Adversarial Net-
works (GANSs) (Goodfellow et al.l[2014), DMs frequently necessitate multiple function evaluations,
constraining their applicability in real-time scenarios.
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Forward SDE: da: = f(t)x: dt + g(t)dw;
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Figure 2: A unified framework for DMs: The forward process described by an SDE transforms
real data into noise, while the reverse process characterized by an ER SDE generates real data from
noise. Once the score function Vy log p;(x;) is estimated by a neural network, solving the ER SDE
enables the generation of high-quality samples.

Hence, a substantial body of research revolves around designing fast diffusion model samplers. Fast
samplers of DMs can be categorized into training-based and training-free methods. While training-
based methods can generate high quality samples at 2~ 4 sampling steps (Salimans & Ho}, 2021}
[Meng et al] 2023} [Song et all, 2023)), the prerequisite for retraining renders them cost-intensive.
Conversely, training-free methods directly utilize raw information without retraining, offering broad
applicability and high flexibility. [Song et al.[(2021b) have indicated that the image generation pro-
cess is equivalent to solving stochastic differential equations (SDEs) or ordinary differential equa-
tions (ODEs) in reverse time. The essence of training-free methods lies in designing efficient solvers

for SDEs (Bao et al, 2022} [Zhang et all,[2023) or ODEs (Lu et al.} 20224; [Zhang & Chen| [2023).

Presently, accomplishments based on ODE solvers have been particularly notable. For instance,
UniPC 2023) achieves rapid sampling up to 10 steps, yet exploration into works based
on SDE solvers remains limited. Compared with ODE-based deterministic sampling, SDE-based
stochastic samplers are more challenging due to the injection of additional noise into the data state
at each sampling step. However, observations indicate that SDE-based stochastic samplers show
promise in producing data of superior quality when increasing sampling steps (Song et al.| [2021b}
[2023), motivating us to explore the efficient SDE-based stochastic samplers further.

In this work, we present a unified framework for DMs, wherein Extended SDE formulation is pro-
posed (see Fig[2). Within this framework, we define a solution space and design some highly ef-
fective SDE solvers. Specifically, we first model the sampling process as an Extended Reverse-
Time (ER) SDE, which is an extension of Song et al.| (2021b) and [Zhang & Chen| (2023). In-
spired by (20224), we unveil the semi-linear structure inherent in the solutions of the ER
SDE—comprising linear functions of data variables, nonlinear functions parameterized by neural
networks and noise terms. Building on it, we deduce exact solutions for both Variance Exploding
(VE) SDE and Variance Preserving (VP) SDE (Song et al,[2021D). This is achieved by the analytical
computation of the linear portions and noise terms, thereby circumventing associated discretization
errors. We also offer practical approximations for both VP SDE and VE SDE.

By analyzing the errors of the approximate solutions of the ER SDE, we discover that varying levels
of discretization errors emerge due to the incorporation of different noise scales during the reverse
process. This phenomenon gives rise to the solution space inherent in the ER SDE. We ascertain
that the optimal solution within this space aligns with ODE, which mathematically demonstrates
that the performance of SDE-based methods falls short when the number of steps is limited. We
also theoretically establish that the VP SDE solvers yield image quality equivalent to VE SDE
solvers, given the consistency of the employed pretrained models. Moreover, through selecting the
noise scale functions carefully, we devise some specialized Extended Reverse-Time SDE Solvers
(ER-SDE-Solvers), which rival ODE solvers in terms of rapid sampling.

In summary, we have made several theoretical and practical contributions: 1) We formulate an ER
SDE and provide an exact solution as well as approximations for VP SDE and VE SDE, respectively.
2) Through a rigorous analysis of errors in the approximate solutions, we establish mathematically
that the performance of SDE solvers for rapid sampling is inferior to that of ODE solvers. Moreover,
VP SDE solvers achieve the same level of image quality compared with VE SDE solvers. 3) We
present specialized ER-SDE-Solvers for rapid sampling. Extensive experimentation reveals that ER-
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SDE-Solvers achieve state-of-the-art performance across all stochastic samplers. Specifically, they
obtain 3.45 FID in 20 NFE and 2.24 FID in 50 NFE on the ImageNet 64 x 64 dataset, while 3.09
FID in 20 NFE and 1.97 FID in 50 NFE on the CIFAR-10 dataset.

2 DIFFUSION MODELS

Diffusion models (DMs) represent a category of probabilistic generative models encompassing both
forward and backward processes. During the forward process, DMs gradually incorporate noise at
different scales, while noise is gradually eliminated to yield real samples in the backward process.
In the context of continuous time, the forward and backward processes can be described by SDEs or
ODE:s. In this section, we primarily review the stochastic differential equations (SDEs) and ordinary
differential equations (ODEs) pertinent to DMs.

2.1 FORWARD DIFFUSION SDEs

The forward process can be expressed as a linear SDE (Kingma et al., [2021):

day = f(t)xs dt + g(t)dwy, o ~ po (x0), (D

where zy € RP is a D-dimensional random variable following an unknown probability distribu-
tion po(xo). {®:};¢(o, 1) denotes each state in the forward process, and w; stands for a standard
Wiener process. When the coefficients f(¢) and g(t) are piecewise continuous, a unique solution

exists (Oksendall 2013). By judiciously selecting these coefficients, Eq.(I)) can map the original data
distribution to a priory known tractable distribution pr(z7), such as the Gaussian distribution.

The selection of f(¢) and g(t) in Eq.(I) is diverse. Based on the distinct noise employed in
SMLD (Song & Ermon,2019) and DDPM (Ho et al.,2020; |Sohl-Dickstein et al.,|2015]), two distinct
SDE formulations (Song et al.,|2021b)) are presented.

Variance Exploding (VE) SDE: The noise perturbations used in SMLD can be regarded as the
discretization of the following SDE:

2

d—; dwy, 2)

where o is the positive noise scale. As ¢ — oo, the variance of this stochastic process also tends to
infinity, thus earning the appellation of Variance Exploding (VE) SDE.

d:ct =

Variance Preserving (VP) SDE: The noise perturbations used in DDPM can be considered as the
discretization of the following SDE:

d log o \/ do? _d log o

dzy = Qd’wn 3)

where a; is also the positive noise scale. Unlike the VE SDE, the variance of this stochastic process
remains bounded as ¢ — co. Therefore, it is referred to as Variance Preserving (VP) SDE.

2.2 REVERSE DIFFUSION SDESs

The backward process can similarly be described by a reverse-time SDE (Song et al.| [2021b):
day = [f(t)@ — g°(t) Ve logpy (my)] dt + g(t)dw,, @7 ~ pr (@7), “4)

where w; is the standard Wiener process in the reverse time. p;(x;) represents the probability
distribution of the state x;, and its logarithmic gradient V, logp; (x;) is referred to as the score
function, which is often estimated by a neural network sg(x, t).

There are also studies (Zhang & Chen, [2023;2021)) that consider the following reverse-time SDE:
14+ A2

dey = |f(t)x: — gQ(t)Vm logpt (x¢)| dt + Ag(t)dw:, @1 ~ pr(2T), 5)

where the parameter A > 0. Eq.(5)) similarly shares the same marginal distribution as Eq.(T).
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Once the score-based network sg(xy,t) is trained, generating images only requires solving the
reverse-time SDE in Eq.(@) or Eq.(3). The conventional ancestral sampling method (Ho et al., 2020)
can be viewed as a first-order SDE solver (Song et al., 2021b), yet it needs thousands of function
evaluations to generate high-quality images. Numerous endeavors (Jolicoeur-Martineau et al., 2021}
Bao et al.,|2022) have sought to enhance sampling speed by devising highly accurate SDE solvers,
but they still require hundreds of function evaluations, presenting a gap compared to ODE solvers.

2.3 REVERSE DIFFUSION ODEs

In the backward process, in addition to directly solving the reverse-time SDE in Eq.(d)), a category of
methods (Zhao et al.;,|2023} |[Lu et al., [2022aj; Zhang & Chenl[2023)) focuses on solving the probability
flow ODE corresponding to Eq.(4), expressed specifically as

dz; = | f(t)x: — %gz(t)vm logp: (z¢)| dt, xr ~ pr(TT). (6)
Eq.(6) shares the same marginal distribution at each time ¢ with the SDE in Eq.(#), and the score
function V, log p; (x¢) can also be estimated by a neural network. Unlike SDEs, which introduce
stochastic noise at each step, ODEs correspond to a deterministic sampling process. Despite several
experiments (Song et al. |2021b)) suggesting that ODE solvers outperform SDE solvers in terms of
efficient sampling, SDE solvers can generate higher-quality images with a minimal increase in NFE.

In summary, SDE-based methods can generate higher-quality samples, but exhibit slower conver-
gence in high dimensions (Kloeden & Platen, |1992b; |[Lu et al.l 2022a)). Conversely, ODE-based
methods demonstrate the opposite behavior. To strike a balance between high-quality and efficiency
in the generation process, in Sec[3] we model the backward process as an extended SDE, and pro-
vide analytical solutions as well as approximations for both VP SDE and VE SDE. Furthermore, we
devise some SDE solvers in Sec} whose efficiency is comparable to that of ODE solvers.

3 EXTENDED REVERSE-TIME SDE SOLVER FOR DMSs

There are three types of methods for recovering samples from noise in DMs. The first pre-
dicts the noise added in the forward process, achieved by a noise prediction model €y (x+,t) (Ho
et al., 2020). The second utilizes a score prediction model sy (x;,t) to match the score function
Vi log p:(x¢) (Song et al.,|2021b; [Hyvérinen & Dayan, [2005). The last directly restores the original
data from the noisy samples, achieved by a data prediction model xg (x;,t). These models can be
mutually derived (Kingma et al.,[2021). Previously, most SDE solvers (Song et al., [ 2021b;|Jolicoeur-
Martineau et al.} [2021} [Bao et al.l [2022) have relied on the score-based model. Based on modeling
the backward process as an extended SDE in Sec[3.1] we proceed to solve the VE SDE and VP SDE
for the data prediction model in Sec[3.2] and Sec[3.3] respectively. Compared with the other two
types of models, the data prediction model can be synergistically combined with thresholding meth-
ods (Ho et al, |2020; Saharia et al.| [2022a) to mitigate the adverse impact of large guiding scales,
thereby finding broad application in guided image generation (Lu et al.| [2022b)).

3.1 EXTENDED REVERSE-TIME SDE

Besides Eq.(@) and Eq.(5), an infinite variety of diffusion processes can be employed. In this paper,
we consider the following family of SDEs (referred to as Extended Reverse-Time SDE (ER SDE)):

da, = [f(t)wt _ M

The score function V log p:(@;) can be estimated using the pretrained neural network. Hence,
generating samples only requires solving Eq.(7), which is guaranteed by Proposition|[I}

Proposition 1 (The validity of the ER SDE, proof in Appendix [A.l). When so(xi,t) =
Vz logp: (1) for all @y, Dy (x1) = pr (7)), the marginal distribution p,(x:) of Eq.(7) matches
pi(xy) of the forward diffusion Eq.for all0 <t <T.

Eq. extends the reverse-time SDE proposed in Song et al.| (2021b); |[Zhang & Chen| (2023)); |Xue
et al.|(2023)); [Karras et al.| (2022). Specifically, in[Song et al. (2021b), the noise scale ¢(t) added at

Ve log pt(mt)] dt + h(t)diw;. %)
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each time step ¢ of the reverse process is the same as that of the corresponding moment in the forward
process. Zhang & Chen| (2023); | Xue et al.| (2023); |[Karras et al.| (2022) introduce a non-negative
parameter to control the extent of noise added during the reverse process. However, the form of the
noise scale is relevant to g(t). In contrast, our ER SDE introduces a completely new noise scale h(t)
for the reverse process. This implies that the noise scale h(¢) added during the reverse process may
not necessarily be correlated with the scale g(t) of the forward process. Particularly, the ER SDE
reduces to the reverse-time SDE in Eq.(d), Eq.(5) and the ODE depicted in Eq.(6] respectively when
the specific values of h(t) are chosen.

By expanding the reverse-time SDE, we not only unify ODEs and SDEs under a single framework,
facilitating the comparative analysis of these two methods, but also lay the groundwork for designing
more efficient SDE-based samplers. Further details are discussed in Sec[4]

3.2 VE ER-SDE-SOLVERS
For the VE SDE, f(¢)=0 and g(¢) = %’2 (Kingma et al.,[2021). The relationship between score

prediction model sy (x4, ) and data prediction model &g (¢, 1) is —[x; —xg (z4,1)] /02 =50 (T4, 1).
By replacing the score function with the data prediction model, Eq.(7) can be expressed as

1 rd
d, = { C‘l’tf B3 (0) | [ — o (0, )t + h(t)dw,. 8)
Denote dw, := d"’ L dwy, h? ( ) = §(t)%, we can rewrite Eq. Ww.I.t o as
1
dx, [ + %} s — xo(@0,0)]do + \/E(0)dw,. )

We propose the exact solution for Eq.(9) using variation-of-constants formula (Lu et al., [2022b).

Proposition 2 (Exact solution of the VE SDE, proof in Appendix m Given an initial value x ; at
time s > 0, the solution @ at time t € [0, s] of VE SDE in Eq.(9) is:

d(o) / * W () P(01)12
Ty = zs +o(o xg(Ty,0)do+ |02 — 02 Zs, (10)
= o™ T | gy =@ 0) it 5]
—_——
(a) Linear term (b) Nonlinear term (c) Noise term
where z; ~ N(0,1). ¢(z) is derivable and [ L+ + 52(;2 do =Ing¢(o).

Notably, the nonlinear term in Eq(I0) involves the integration of a non-analytical neural network
x¢(x,, o), which can be challenging to compute. For practical applicability, Proposmonlfurmshes
high-stage solvers (followed by (Gonzalez et al.,[2023))) for Eq.(10).

Proposition 3 (High-stage approxnnatlons of the VE SDE, proof in Appendix[A.3). Given an initial
value xT and M + 1 time steps {t; } 2, decreasing fromto = T to tpr = 0. Starting with &, = Tt

, the sequence {&4, }f\il is computed iteratively as follows:

2
&, = ;éf;t))wt_ +[1- M}m(a}m“,ati_l) + \/ag —o {‘ﬁ("t))} -

- (n) (=~ (Jti B 0ti—1)n Thi-1 (U B O—ti—l)n_l
+ Z Ly (wUti,l ) Uti—l) [7 + ¢(Uti) —dO’} )
n=1 Ot;

n!

Y

where k > 1. :B((,n) (Ty,0) = % is the n-th order total derivative of Tg(x,,0) w.r.t o.

o—0¢. n—1
The term f:f’ﬂ ((n—fi;zo)

do in Eq. li lacks an analytical expression, and we resort to N-point
numerical integration for estimation. The detailed algorithms refer to Appendix

3.3 VP ER-SDE-SOLVERS

For the VP SDE, f(t) = 41989t and g(#) = 1/ 9oL — 2919152 (Kingma et al,, 2021). The re-

lationship between the score prediction model sq (x4, t) and data prediction model xg (x4,t) is
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—[zs — ayxg (x4, t)]/0? = se(xt,t). By replacing the score function with the data prediction
model, Eq.(7) can be written as:

dx, = {[i@ I hQ(t)}wt {i@ _ i@ + m}atﬁca(mti)}dtﬁL h(t)dw,. (12)

oy dt 202 op dt  ay dt 202
Let h(t) = n(t)ou, yr = 2 and A\, = Zt. Denote dwy := e dwy, n?(t) = £(t) L, we can
rewrite Eq.(12) w.r.t X as
1 A
dyy = [A Jrgz(i)\g} [yA*CCQ Ty, A d)\Jr VE d’lU)\ (13)

Following Lu et al.| (2022b)), we propose the exact solution for Eq.@l) using the variation-of-
constants formula.

Proposition 4 (Exact solution of the VP SDE, proof in Appendix[A.4). Given an initial value x s at
time s > 0, the solution x; at time t € [0, s] of VP SDE in Eq. is:

o ¢(\e) As ¢(1)( ) 2 o[P(Ne)]?
= S+ +a — A2 14
Ty o (b()\s):cb ardp(Ay) N ¢2(>\) xg(Tr, \)dA A7 /\‘SL;S(AS)} z (14)
(a) Linear term (b) Nonlinear term (c) Noise term

where z; ~ N(0,I). ¢(z) is derivable and [ § + 5292) d\ =Ing(N).

The solution of the VP SDE also involves integrating a non-analytical and nonlinear neural network.
Proposition 5] furnishes high-stage solvers (followed by (Gonzalez et al., [2023)) for Eq.(T4).

Proposition 5 (High-stage approx1mat10ns of the VP SDE, proof in Appendix[A.3). Given an initial
value 7 and M + 1 time steps {t; }l o decreasing fromty = T to t)r = 0. Starting with T4, = T

, the sequence {Z4, }ﬁl is computed iteratively as follows:

Ty, = Qt; M@Fl_’_ati {1_¢()‘“))} xa(i)\ti_l’Ati—l)_Fati \/)\a_)\z

Qt;_y (b()\ti—l) (b()\ti—l fim

k—1 n A n—1
(n)/ ~ (>\t7 - )\ti—l) fim1 (>‘ - >‘t7:—1)
+ oo, n;me (m)\f’i717>\t1—1)|: n +¢()‘t1) As, (n — 1)|¢</\) d/\}v

5)

where k > 1. a:(") (T, A) = % is the n-th order total derivative 0f$9($)\, A) wrt A

Similarly, we employ N-point numerical integration to estimate f A, fi ()\(n/\tf),;i by dX in Eq.(1 .
The detailed algorithms are proposed in Appendix [B]

4 ELUCIDATING THE SOLUTION SPACE OF ER SDE

This section primarily focuses on the solution space of the ER SDE. Specifically, in Sec[.I] we
provide a mathematical explanation for experimental observations made in previous research. Fur-
thermore, we introduce various specialized Extended Reverse-Time SDE Solvers (ER-SDE-Solvers)
in Sec[4.2] which achieve competitive rapid sampling performance compared to ODE solvers.

4.1 INSIGHTS ABOUT THE SOLUTION SPACE OF ER SDE

Sec3] demonstrates that the exact solution of the ER SDE comprises three components: a linear
function of the data variables, a non-linear function parameterized by neural networks and a noise
term. The linear and noise terms can be precisely computed, while discretization errors are present
in the non-linear term. Due to the decreasing error as the stage increases (see TabldT)), the first-order
error predominantly influences the overall error. Therefore, we exemplify the case with order £ = 1
for error analysis. Specifically, the first-order approximation for VE SDE is given by

‘,it' = mféti—l + [1¢(0-t?)):| $9(igti71 ’ Uti—1)+\/ggi - Ut2i— [M} i Zti_1s (16)

¢(Uti71 ! ¢(Uti—1)
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Figure 3: FEI coefficients (a) and FID scores (b) for distinct noise scale functions. 1st-order solver
is used here with the pretrained EDM. In the solution space of ER SDE, ODE solver shows minimal
discretization error. ER SDE 4 exhibits discretization error that closely adheres to the behavior of
the ODE. ER SDE 5 demonstrates elevated error in the initial 100 steps and gradually converges to
the ODE’s error profile. Both ER SDE 4 and ER SDE 5 exhibit comparable efficiency to the optimal
ODE solver. Image quality deteriorates for ill-suited noise scale functions (like ER SDE 2).

and the first-order approximation for VP SDE is

S o e, [

. (17
ag, Cb()\t V) Qi e (7

We observe that the dlscretizatlon errors of both VE SDE and VP SDE are influenced by the First-

order Euler Integral (FEI) coefficient 1 — igm*) which is only determined by the noise scale function

¢(x) introduced in the reverse process. As ¢(x) is arbitrary, different noise scale functions corre-
spond to different solutions, collectively forming the solution space of the ER SDE (here we borrow
the concept of solution space from linear algebra (Leon et al., [2006)).

ODE Solvers outperform SDE Solvers: Taking the first-order approximation of VE SDE as an
example, an intuitive stratei i for reducing discretization errors is to decrease the FEI coefficient.

Due to ¢E0t; < "f (see i the minimum value for the FEI coefficient is 1 — Zt rather than 0.

Interestingly, when the FEI coefficient reaches its minimum value, the ER SDE premsely reduces to
ODE (in this case, ¢(0) = o). This implies that the optimal solution of the ER SDE is exactly the
ODE. Further analysis reveals that when ¢ (o) = o2, the ER SDE reduces to the reverse-time SDE.
The detailed derivation can be found in Appendix[A.6] As shown in Fig[3{(a), the discretization error
of the ODE solver is smaller than that of the SDE solver when the number of steps is the same.
Fig[3[b) further illustrates that the ODE solver outperforms the SDE solver in achieving efficient
sampling, consistent withZhang & Chen| (2023).

VP SDE Solvers achieve parity with VE SDE Solvers: The only difference between Eq.(16) and
Eq. - ) lies in the latter being scaled by 1/cy, but their relative errors remain the same. In other
words, the performance of the VP SDE and the VE SDE solver is equivalent under the same number
of steps and pretrained model. Directly comparing VP SDE and VE SDE solvers by experiments
has been challenging in prior research due to the absence of a generative model simultaneously
supporting both types of SDEs. This has led to divergent conclusions, with some studies (Song et al.,
2021b) finding that VE SDE provides better sample quality than VP SDE, while others (Jolicoeur-
Martineau et al., 2021) reaching the opposite conclusion. Fortunately, EDM (Karras et al.| [2022)
allows us for a fair comparison between VP SDE and VE SDE, as elaborated in Appendix [C.3]

4.2 CUSTOMIZED FAST SDE SOLERS

To further demonstrate how the noise scale function ¢(x) directly impacts the efficiency of the
sampling process, we initially provide three different forms of ¢(x):

ER SDE L:¢(z) = 2'°, ERSDE 2:¢(z) = 2*°, ERSDE 3:¢(z) = 2" logy, (1 + 1002"°).
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Figillustrates that unfavorable choices of ¢(x) (such as ER SDE 2) lead to significant discretiza-
tion errors and inefficient sampling. Thus, it is crucial to carefully select the noise scale function
¢(x) to achieve high-quality sampling with fewer steps. Since the optimal solution of ER SDE is
ODE, our initial idea is to make the FEI coefficient as close as possible to the ODE case, i.e.,

ERSDE4: ¢(z) =a (e—% + 10) . (18)

Since Eq.(7) involves implicit Langevin diffusion, which can effectively correct any errors in the
early sampling steps (Karras et al., [2022), it is reasonable to allow for a controlled amplification of
errors when the number of steps is relatively small. Consequently, we propose an alternative ER
SDE solver where o

ERSDE5: ¢(x) =x(e*  + 10). (19)

Although ER SDE 5 exhibits more significant errors in the early stages (~100 steps) in Fig[3|a), its
later-stage errors closely approach the minimum error (i.e., the error of the ODE). As a result, the
image quality produced by ER SDE 5 becomes comparable to that of ER SDE 4 on the CIFAR-10
dataset (Krizhevsky et al., 2009), as shown in Figb). In fact, ER SDE 5 demonstrates superior
performance on the ImageNet 64 x 64 dataset (Deng et al., | 2009)(see Table Ef[) Therefore, we select
ER SDE 5 as the noise scale function by default in the subsequent experiments. This strategy not
only facilitates rapid sampling but also contributes to preserving the stochastic noise introduced by
the reverse process, thereby enhancing higher-quality in the generated images. In fact, there are
countless possible choices for ¢(z), and we have only provided a few examples here. Researchers
should select the suitable one based on specific application scenarios, as detailed in Appendix [A.8]

5 EXPERIMENTS

In this section, we demonstrate that ER-SDE-Solvers can significantly accelerate the sampling pro-
cess of existing pretrained DMs. We vary the number of function evaluations (NFE), i.e., the invoca-
tion number of the data prediction model, and compare the sample quality between ER-SDE-Solvers
of different stages and other training-free samplers. For each experiment, we draw 50K samples and
employ the widely-used FID score (Heusel et al., 2017) to evaluate sample quality, where a lower
FID typically signifies better sample quality. For detailed implementation and experimental settings,
please refer to Appendix [C]

5.1 DIFFERENT STAGES OF VE ER-SDE-SOLVERS AND VP ER-SDE-SOLVERS

To ensure a fair comparison between VP ER-SDE-Solvers and VE ER-SDE-Solvers, we opt for
EDM (Karras et al.| 2022) as the pretrained model, as detailed in Appendix It can be observed
from Table [I| that the image generation quality produced by both of them is similar, consistent
with the findings in Sec/.T] Additionally, the high-stage ER-SDE-Solver-3 converges faster than
ER-SDE-Solver-2, particularly in the few-step regime under 20 NFE. This is because higher stages
result in more minor discretization errors. We also arrive at the same conclusions on the CIFAR-10
dataset (Krizhevsky et al.,|2009) as can be found in Table @

Table 1: Sample quality measured by FIDJ| on ImageNet 64 x 64 for different stages of VE(P) ER-
SDE-Solvers with EDM, varying the NFE. VE(P)-x denotes the x-th stage VE(P) ER-SDE-Solver.

Method\NFE 10 20 30 50 Method\NFE 10 20 30 50

VE-2 11.81 3.67 2.67 231 VE-3 11.46 3.45 258 224
VP-2 11.94 3.73 2.67 227 VP3 11.32 3.48 2.58 2.28

5.2 COMPARISON WITH OTHER TRAINING-FREE METHODS

We compare ER-SDE-Solvers with other training-free sampling methods, including stochastic
samplers such as SDE-DPM-Solver++ (Lu et al., 2022b), as well as deterministic samplers like
DDIM (Song et al., [2021a)), DPM-Solver (Lu et al., 2022a) and DPM-Solver++ (Lu et al., 2022b)).
Table E]presents experimental results on the ImageNet 64 x 64 dataset (Deng et al.| 2009) using
the same pretrained model EDM (Karras et al., 2022). It is evident that ER-SDE-Solvers emerge
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Table 2: Sample quality measured by FID| on ImageNet 64 x 64 with the pretrained model EDM,
varying the NFE. The upper right — indicates a reduction of NFE by one.

Sampling method\NFE 10 20 30 50
DDIM(n = 1) (Song et al.,2021a) 49.28 23.32 13.73 7.35
Stochastic SDE-DPM-Solver++(2M) (Lu et al.,|2022b)  21.30 6.36 3.61 2.29
Sampling EDM-Stochastic (Karras et al.,[2022) 5747~ 6.17 3467  2.497
Ours(ER-SDE-Solver-3) 11.32 345 258 224
DDIM (Song et al.,2021a) 17.33 6.45 4.33 3.15
Deterministic =~ EDM-Deterministic (Karras et al.,[2022) 35.597 3.56- 2.60 2.34™
Sampling DPM-Solver-3 (Lu et al., [2022a)) 6.88 3.02 2.56 2.35
DPM-Solver++(2M) (Lu et al.,[2022b) 6.48 298 256 235

Table 3: Sample quality measured by FID] on class-conditional ImageNet 256 x 256 with the
pretrained model Guided-diffusion (classifier guidance scale = 2.0, linear noise schedule), varying
the NFE.

Sampling method\NFE 10 20 30 50
Stochastic DDIM(n = 1) (Song et al}, 2021a) 17.97 1023 8.19 6.85
Sty SDE-DPM-Solver++(2M) (Lu et al}[2022b) 9.21  6.01  5.47 5.19
plng Ours(ER-SDE-Solver-3) 6.24 476 4.62 457
Deterministic DDIM (Song et al., 2021a) 8.63 5.60 5.00 4.59
Samplin DPM-Solver-3 (Lu et al., [2022a) 6.45 5.03 494 4.92
plng DPM-Solver++(2M) (Lu et al., 2022b) 719 554 532 5.16

as the most efficient stochastic samplers, achieving a remarkable 2 ~ 8x speedup compared with
previously state-of-the-art stochastic sampling methods, particularly when the NFE is limited. It is
not surprising that image quality generated by ER-SDE-Solvers within the initial 20 NFE is rela-
tively inferior to some deterministic samplers such as DPM-Solver, consistent with the theoretical
justification in Sec[4.T However, our stochastic sampler leverages the noise introduced during the
reverse process to rectify errors present in earlier steps. Notably, the FID drops to 2.24 when NFE
is 50, surpassing even the deterministic samplers.

Particularly, we combine ER-SDE-Solvers with classifier guidance to generate high-resolution im-
ages. Table[3|provides comparative results on ImageNet 256 x 256 (Deng et al.,[2009) using Guided-
diffusion (Dhariwal & Nicholl |2021) as the pretrained model. We surprisingly find that classifier
guidance significantly improves the image generation quality of ER-SDE-Solvers even with very
low NFE compared to ODE Solvers. This may be attributed to the customized noise injected into
the sampling process, which mitigates the inaccuracies in data estimation introduced by classifier
gradient guidance. Further investigation into the specific reasons is left for future work.

Moreover, the images produced by ER-SDE-Solvers exhibit greater variability compared to deter-
ministic samplers, as illustrated in Appendix [D| We also provide comparisons on various datasets
using different pretrained models in Appendix [D]

6 CONCLUSION

We address the challenges of fast and training-free sampling in DMs. Initially, we formulate the
sampling problem as an ER SDE, which unifies ODEs and SDEs in previous studies. Leveraging
the semi-linear structure of ER SDE solutions, we provide exact solutions and high-stage approx-
imations for both VP SDE and VE SDE. Building upon it, we establish two crucial findings from
a mathematical standpoint: the superior performance of ODE solvers for rapid sampling over SDE
solvers, and the comparable performance of VP SDE solvers with VE SDE solvers. Finally, we in-
troduce state-of-the-art stochastic fast samplers, ER-SDE-Solvers, by adeptly selecting noise scale
functions for the sampling process.
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REPRODUCIBILITY STATEMENT

For the theoretical findings of the proposed diffusion equation ER SDE and its solutions, compre-
hensive explanations and complete proofs are provided in Appendix |Al For the algorithms of ER
Solvers, pseudocodes are presented in Appendix [B] while detailed experimental setups can be found
in Appendix [Cl Our code utilizes pretrained checkpoints from https://github.com/NVlabs/edm and
https://github.com/openai/guided-diffusion. Detailed code is made available in the supplementary
material. As for the datasets employed in our experiments, CIFAR-10 (Krizhevsky et al., 2009),
FFHQ (Karras et al., |2019), ImageNet (Deng et al.l 2009) and LSUN (Yu et al.,2015)) are publicly
accessible datasets, ensuring transparency and reproducibility in our research.

ETHICS STATEMENT

In line with other advanced deep generative models like GANs, DMs can be harnessed to produce
deceptive or misleading content, particularly in manipulated images. The efficient solvers we pro-
pose herein offer the capability to expedite the sampling process of DMs, thereby enabling faster
image generation and manipulation, potentially leading to the creation of convincing but fabricated
visuals. As with any technology, this acceleration could accentuate the potential ethical concerns
associated with DMs, particularly their susceptibility to misuse or malicious applications. For in-
stance, more frequent image generation might elevate the likelihood of unauthorized exposure of
personal information, facilitate content forgery and dissemination of false information, and poten-
tially infringe upon intellectual property rights.

REFERENCES

Brian DO Anderson. Reverse-time diffusion equation models. Stochastic Processes and their Ap-
plications, 12(3):313-326, 1982.

Omri Avrahami, Dani Lischinski, and Ohad Fried. Blended diffusion for text-driven editing of
natural images. In Proceedings of the IEEE/CVF Conference on Computer Vision and Pattern
Recognition, pp. 18208-18218, 2022.

Fan Bao, Chongxuan Li, Jun Zhu, and Bo Zhang. Analytic-dpm: an analytic estimate of the opti-
mal reverse variance in diffusion probabilistic models. In International Conference on Learning
Representations, 2022.

Hyungjin Chung, Byeongsu Sim, and Jong Chul Ye. Come-closer-diffuse-faster: Accelerating con-
ditional diffusion models for inverse problems through stochastic contraction. In Proceedings of
the IEEE/CVF Conference on Computer Vision and Pattern Recognition, pp. 12413-12422, 2022.

Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai Li, and Li Fei-Fei. Imagenet: A large-scale hi-
erarchical image database. In 2009 IEEE conference on computer vision and pattern recognition,
pp. 248-255. Teee, 2009.

Prafulla Dhariwal and Alexander Nichol. Diffusion models beat gans on image synthesis. Advances
in neural information processing systems, 34:8780-8794, 2021.

Sicheng Gao, Xuhui Liu, Bohan Zeng, Sheng Xu, Yanjing Li, Xiaoyan Luo, Jianzhuang Liu, Xi-
antong Zhen, and Baochang Zhang. Implicit diffusion models for continuous super-resolution.
In Proceedings of the IEEE/CVF Conference on Computer Vision and Pattern Recognition, pp.
10021-10030, 2023.

Martin Gonzalez, Nelson Fernandez, Thuy Vinh Dinh Tran, Elies Gherbi, Hatem Hajri, and Nader
Masmoudi. SEEDS: Exponential SDE solvers for fast high-quality sampling from diffusion mod-
els. In Thirty-seventh Conference on Neural Information Processing Systems, 2023.

Ian Goodfellow, Jean Pouget-Abadie, Mehdi Mirza, Bing Xu, David Warde-Farley, Sherjil Ozair,
Aaron Courville, and Yoshua Bengio. Generative adversarial nets. Advances in neural information
processing systems, 27, 2014.

Martin Heusel, Hubert Ramsauer, Thomas Unterthiner, Bernhard Nessler, and Sepp Hochreiter.
Gans trained by a two time-scale update rule converge to a local nash equilibrium. Advances in
neural information processing systems, 30, 2017.

10


https://github.com/NVlabs/edm
https://github.com/openai/guided-diffusion

Under review as a conference paper at ICLR 2024

Jonathan Ho, Ajay Jain, and Pieter Abbeel. Denoising diffusion probabilistic models. Advances in
neural information processing systems, 33:6840-6851, 2020.

Aapo Hyvirinen and Peter Dayan. Estimation of non-normalized statistical models by score match-
ing. Journal of Machine Learning Research, 6(4), 2005.

Alexia Jolicoeur-Martineau, Ke Li, Rémi Piché-Taillefer, Tal Kachman, and loannis Mitliagkas.
Gotta go fast when generating data with score-based models. arXiv preprint arXiv:2105.14080,
2021.

Tero Karras, Samuli Laine, and Timo Aila. A style-based generator architecture for generative
adversarial networks. In Proceedings of the IEEE/CVF conference on computer vision and pattern
recognition, pp. 4401-4410, 2019.

Tero Karras, Miika Aittala, Timo Aila, and Samuli Laine. Elucidating the design space of diffusion-
based generative models. Advances in Neural Information Processing Systems, 35:26565-26577,
2022.

Diederik Kingma, Tim Salimans, Ben Poole, and Jonathan Ho. Variational diffusion models. Ad-
vances in neural information processing systems, 34:21696-21707, 2021.

Durk P Kingma and Prafulla Dhariwal. Glow: Generative flow with invertible 1x1 convolutions.
Advances in neural information processing systems, 31, 2018.

Peter E Kloeden and Eckhard Platen. Numerical Solution of Stochastic Differential Equations.
Springer, 1992a.

Peter E Kloeden and Eckhard Platen. Stochastic differential equations. Springer, 1992b.

Zhifeng Kong, Wei Ping, Jiaji Huang, Kexin Zhao, and Bryan Catanzaro. Diffwave: A versatile
diffusion model for audio synthesis. In International Conference on Learning Representations,
2020.

Alex Krizhevsky, Geoffrey Hinton, et al. Learning multiple layers of features from tiny images.
2009.

Tuomas Kynkddnniemi, Tero Karras, Samuli Laine, Jaakko Lehtinen, and Timo Aila. Improved
precision and recall metric for assessing generative models. Advances in Neural Information
Processing Systems, 32, 2019.

Steven J Leon, Lisette G De Pillis, and Lisette G De Pillis. Linear algebra with applications. Pearson
Prentice Hall Upper Saddle River, NJ, 2006.

Luping Liu, Yi Ren, Zhijie Lin, and Zhou Zhao. Pseudo numerical methods for diffusion models on
manifolds. In International Conference on Learning Representations, 2022.

Cheng Lu, Yuhao Zhou, Fan Bao, Jianfei Chen, Chongxuan Li, and Jun Zhu. Dpm-solver: A fast
ode solver for diffusion probabilistic model sampling in around 10 steps. Advances in Neural
Information Processing Systems, 35:5775-5787, 2022a.

Cheng Lu, Yuhao Zhou, Fan Bao, Jianfei Chen, Chongxuan Li, and Jun Zhu. Dpm-solver++: Fast
solver for guided sampling of diffusion probabilistic models. arXiv preprint arXiv:2211.01095,
2022b.

Ziwei Luo, Fredrik K Gustafsson, Zheng Zhao, Jens Sjolund, and Thomas B Schon. Image restora-
tion with mean-reverting stochastic differential equations. In Proceedings of the 40th Interna-
tional Conference on Machine Learning, pp. 23045-23066. PMLR, 2023.

Chenlin Meng, Yutong He, Yang Song, Jiaming Song, Jiajun Wu, Jun-Yan Zhu, and Stefano Ermon.
Sdedit: Guided image synthesis and editing with stochastic differential equations. In International
Conference on Learning Representations, 2021.

Chenlin Meng, Robin Rombach, Ruiqi Gao, Diederik Kingma, Stefano Ermon, Jonathan Ho, and
Tim Salimans. On distillation of guided diffusion models. In Proceedings of the IEEE/CVF
Conference on Computer Vision and Pattern Recognition, pp. 14297-14306, 2023.

11



Under review as a conference paper at ICLR 2024

Charlie Nash, Jacob Menick, Sander Dieleman, and Peter W Battaglia. Generating images with
sparse representations. arXiv preprint arXiv:2103.03841, 2021.

Alexander Quinn Nichol and Prafulla Dhariwal. Improved denoising diffusion probabilistic models.
In International Conference on Machine Learning, pp. 8162-8171. PMLR, 2021.

Bernt Oksendal. Stochastic differential equations: an introduction with applications. Springer
Science & Business Media, 2013.

Hannes Risken and Hannes Risken. Fokker-planck equation. Springer, 1996.

Chitwan Saharia, William Chan, Saurabh Saxena, Lala Li, Jay Whang, Emily L Denton, Kamyar
Ghasemipour, Raphael Gontijo Lopes, Burcu Karagol Ayan, Tim Salimans, et al. Photorealistic
text-to-image diffusion models with deep language understanding. Advances in Neural Informa-
tion Processing Systems, 35:36479-36494, 2022a.

Chitwan Saharia, Jonathan Ho, William Chan, Tim Salimans, David J Fleet, and Mohammad
Norouzi. Image super-resolution via iterative refinement. /[EEE Transactions on Pattern Analysis
and Machine Intelligence, 45(4):4713-4726, 2022b.

Tim Salimans and Jonathan Ho. Progressive distillation for fast sampling of diffusion models. In
International Conference on Learning Representations, 2021.

Tim Salimans and Jonathan Ho. Progressive distillation for fast sampling of diffusion models. In
International Conference on Learning Representations, 2022.

Tim Salimans, Ian Goodfellow, Wojciech Zaremba, Vicki Cheung, Alec Radford, and Xi Chen.
Improved techniques for training gans. Advances in neural information processing systems, 29,
2016.

Jascha Sohl-Dickstein, Eric Weiss, Niru Maheswaranathan, and Surya Ganguli. Deep unsupervised
learning using nonequilibrium thermodynamics. In International conference on machine learn-
ing, pp. 2256-2265. PMLR, 2015.

Jiaming Song, Chenlin Meng, and Stefano Ermon. Denoising diffusion implicit models. In Interna-
tional Conference on Learning Representations, 2021a.

Yang Song and Stefano Ermon. Generative modeling by estimating gradients of the data distribution.
Advances in neural information processing systems, 32, 2019.

Yang Song, Jascha Sohl-Dickstein, Diederik P Kingma, Abhishek Kumar, Stefano Ermon, and Ben
Poole. Score-based generative modeling through stochastic differential equations. In Interna-
tional Conference on Learning Representations, 2021b.

Yang Song, Prafulla Dhariwal, Mark Chen, and Ilya Sutskever. Consistency models. arXiv preprint
arXiv:2303.01469, 2023.

Xuan Su, Jiaming Song, Chenlin Meng, and Stefano Ermon. Dual diffusion implicit bridges for
image-to-image translation. In The Eleventh International Conference on Learning Representa-
tions, 2022.

Bradley E Treeby and Ben T Cox. Modeling power law absorption and dispersion in viscoelastic
solids using a split-field and the fractional laplacian. The Journal of the Acoustical Society of
America, 136(4):1499-1510, 2014.

Shuchen Xue, Mingyang Yi, Weijian Luo, Shifeng Zhang, Jiacheng Sun, Zhenguo Li, and Zhi-Ming
Ma. Sa-solver: Stochastic adams solver for fast sampling of diffusion models. arXiv preprint
arXiv:2309.05019, 2023.

Fisher Yu, Ari Seff, Yinda Zhang, Shuran Song, Thomas Funkhouser, and Jianxiong Xiao. Lsun:
Construction of a large-scale image dataset using deep learning with humans in the loop. arXiv
preprint arXiv:1506.03365, 2015.

Qinsheng Zhang and Yongxin Chen. Diffusion normalizing flow. Advances in Neural Information
Processing Systems, 34:16280-16291, 2021.

12



Under review as a conference paper at ICLR 2024

Qinsheng Zhang and Yongxin Chen. Fast sampling of diffusion models with exponential integrator.
In International Conference on Learning Representations, 2023.

Qinsheng Zhang, Molei Tao, and Yongxin Chen. gddim: Generalized denoising diffusion implicit
models. In International Conference on Learning Representations, 2023.

Min Zhao, Fan Bao, Chongxuan Li, and Jun Zhu. Egsde: Unpaired image-to-image translation
via energy-guided stochastic differential equations. Advances in Neural Information Processing
Systems, 35:3609-3623, 2022.

Wenliang Zhao, Lujia Bai, Yongming Rao, Jie Zhou, and Jiwen Lu. Unipc: A unified predictor-
corrector framework for fast sampling of diffusion models. arXiv preprint arXiv:2302.04867,
2023.

A ADDITIONAL PROOFS

A.1 PROOF OF PROPOSITION[]

In this section, we provide the derivation process of Eq.(7), with the key insight being that the
forward and backward SDEs share the same marginal distribution.

We begin by considering the forward process. As outlined in Sec[2.1] the forward process can be
expressed as the SDE shown in Eq.(T)). In accordance with the Fokker-Plank Equation (also known
as the Forward Kolmogorov Equation) (Risken & Risken,|1996)), we obtain:

apt(‘)(;(:t> [%QQ(t)pt(Cct)}

= = Valf Ozl + 55

= ~Valf(zm@)] + Vo 5670 Vapi(a)] o0

= *Vm[f(t)%pt(ict)] + Vg [%gz(t)pt(mt)vm IOgPt(xt)]
= Vo {[F0m — 502 Va log () |l },

where p(x;) denotes the probability density function of state ;.

Most processes defined by a forward-time or conventional diffusion equation model possess a cor-
responding reverse-time model (Song et al.| | 2021b; |Anderson, [1982)), which can be formulated as:

dﬂft = ,u(t,a:t)dt—ko(t,azt)dﬁt. (21)
According to the Backward Kolmogorov Equation (Risken & Risken,|1996), we have:
opi(x 0 1
pg(t t) = —Va[u(t, z¢)pe(ze)] — m {502(157%)1%(%)}

= —Valp(t,z)p(xs)] — Ve [302(15, wt)prt(:ct)} )

—Vealp(t, x)p(x:)] — Va [%02(15, zct)p(a:t)ngpt(act)}
= Ve { [t 20) + 50,20V ogpa) | i)}

We aim for the forward process and the backward process to share the same distribution, namely:

1 1
p(t, xe) + 502(157 x) Vg logp(z:) = f(t)x, — 592(t)vm log p¢ ()

(23)
2(t) + o2 (t, @
pltay) = f(t)m, — ST T2 G oy p(ay),
Let o(t, @) = h(t), yielding the Extended Reverse-Time SDE (ER-SDE):
2(t) 4+ h2(t
dxy = [f(t)wt N HURR GO} 5 ( )V:c 10gpt(93t)}dt + h(t)dw:. (24)
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A.2 PROOF OF PROPOSITION[Z]
Eq.@]) has the following analytical solution (Kloeden & Platen, [1992a)):

or 14 &(a) ot op 1 () 1 i Tt ()
ol 5, [T SR [ S o oo [ R e,
o o g s
25)

s

Let [ 1+ ) jo = In ¢(c) and suppose ¢(x) is derivable, then

202
1,80 _ M)
o 202 T ) 2o

where ¢(!) () is the first derivative of ¢(x).
Substituting Eq.([26) into Eq.(23)), we obtain

_ ¢(ot) 7 p(0r) ¢ (0) 7 (o)
"6 o ole) o) I gy V)
_ P(oy) 7 ¢ (o) 7 p(or) 27)
= S T | (e o)+ / S VEw,.
(a) Linear term (b) Nonlinear term (c) Noise term

Inspired by [Lu et al.| (2022b), the noise term (c) can be computed as follows:

@ =000 [ L aw, = oo, [ ST doz, z~NO.D. )

Substituting Eq.(26) into Eq.(28)), we have

Os MW (a
(¢) = —qb(at)\//at [202 ¢¢3(Ef)) - 20%]&7%

2

Os

g

2(0)

— _. /o2 _02[¢<Ut)rz
= 2 <.
*Lo(os)
Considering that adding Gaussian noise is equivalent to subtracting Gaussian noise, we can rewrite

Eq.(27) as

oot 7 ¢W(o d(04)72
T = ¢>E05; xs + (o) 5 ¢2(g)) xy(xs,0)do + \/gg _ 03{ ( C)] .. 30)

= —9(01) 29)

Zs
Ot

A.3 PROOF OF PROPOSITION[3

In order to minimize the approximation error between xj; and the true solution at time 0, it is
essential to progressively reduce the approximation error for each x;, during each step. Beginning
from the preceding value &, , at the time ¢;_1, as outlined in Eq.@]), the exact solution x;, at time
t; can be determined as follows:

_ dloy) - 71 ¢ (o) P(or,) 12
o = oy o) [ S auten ot ot — b, [ s
(31

Inspired by|Lu et al [(2022a), we approximate the integral of xy from o, _, to o, in order to compute

. ; . a" )
&, for approximating x;,. Denote wé") (Ty,0) := %

as the n-th order total derivative of
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xg(x,,0) wrto. For k > 1, the k — 1-th order It6-Taylor expansion of xy(x,,0) w.rto at oy, |
is (Gonzalez et al., [2023)

k—1 "
g — O¢.;
To(T5,0) = %ﬂ”)(w% 101, ) + R, (32)

n=0

where the residual R, comprises of deterministic iterated integrals of length greater than k and all
iterated integrals with at least one stochastic component.

Substituting the above It6-Taylor expansion into Eq.(31I)), we obtain

k—1

(b(O’ 'i) n Tti1 (;b(l)(U) (0 B Uti—l)"
= G, 7+ o) ,;m( @010t /a 20) (33)
+ \/07521 - 02521'_1 [(;Z(SSU))}Z 2t + ,ﬁ'ka

oty (o) do.

where R, can be easily obtained from Ry, and ¢(ov,) [ 57(0)

O't7

Whenn > 1,

T g (o) (0= ) [T (oo )
L i / - 5]

(0 - Uti_l)n 1 ot B /Uti_l _ 1 d (J - Jti—l)n}
Ot ot ¢(0) n'

nt o o) lo,

(O—ti - Uti—1)n Tti-1 (U - O—ti—l)nil
Wolon) / (n—1)9(0)

do.

Thus, by dropping the 7~3k contribution as in (Gonzalez et al., 2023)), we have

Ty, = 4¢(Uti) :i:ti—l + |:1 N ¢(Uti))}w0(imilaati_1) + \/Utgz - Ut2’ { ¢(Utl))}2 Zti_1

! ¢(at¢71) ¢(Uti—1
k—1
n), ~ o, — 0 4 )" Ttia o — oy,
+Zwé )(wUtTv’il?Utifl)I:M +¢(Uti)/ ( ti1)

n—1

—~ n! (n—1)¢(o)
(335)
where k > 2. Notably, when k& = 1, the summation term in Eq.(35) with the upper index smaller
than the lower index can be defined as an empty sum, and its value is 0 (Treeby & Cox, |[2014). In

conclusion, Eq.(35) holds when k > 1.

Note: The proposed algorithm has a global error of at least O((o+, —o¢,_, )) (Gonzalez et al.,[2023).
Therefore, when k£ = 1, we refer to it as a first-order solver with a strong convergence guarantee.
When k£ > 2, we designate it as a kth-stage solver in accordance with the statement in (Gonzalez
et al. (2023).

A.4 PROOF OF PROPOSITION[4]

Eq.(T3) has the following analytical solution (Kloeden & Platen| [1992a):

At At

At 1 EQ) x £(r) 1 A At 1 &(n)

yr=ehs ERE d’\ys—/ e TriEdA [74——&( )}:139(33,\,)\)60\—1—/ USRS I JEN)dws.
As As

A 2)2
(36)
Similar to VE SDE, let [ % + 52(/\)‘2) d\ = In¢(X). Substituting y; = z—:, we have
a; ¢(\) A M) A p(\)
_— . p g A  \)dA Ndwy. (37
T o) " TN [ Sy el e gy vEdne - GD
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Similarly, the noise term can be computed as follows:

M o(\) \/
S VeI = aron) / i

= —ap(Ar) \/ ¢2(

1)
:—atqb()\t)\///\t [2A2¢ (AA) —2)\¢21>\) dzs  (38)

at¢ )\t

oA

Considering that adding Gaussian noise is equivalent to subtracting Gaussian noise. Above all, we
have exact solution

As 1(1)
Ty = % Zéi\t; xs + Oétd)()‘t) N ¢¢2 (()\);) (w/\7 )\)d)\ +ay \/)\% - )\g |:¢()\t) :| 225. (39)

A.5 PROOF OF PROPOSITION[3

Similarly, to diminish the approximation error between x,; and the true solution at time 0, it is
necessary to iteratively decrease the approximation error for each &, at each step. Starting from
the preceding value x;, , at the time ¢;_;, following Eq.@), the precise solution x, at time ¢; is
derived as:

T, — at, ¢(>‘ti)
i Qt;_y (b()\ti—l)

o, \/)\a a2 {¢()\ti)}2Z“71.

A1 (1)
Ty, + O‘tqﬁb()\t,)/ ¢ ()\)

@y ZeEn A

(40)

P(As)

We also approximate the integral of xp from oy, , to o, to compute x;, for approximating x;, (Lu
et al., 2022a). Denote m(g")(a: D A) = W as the n-th order total derivative of xy(xx, A)

w.r.t A. For k > 1, the k — 1-th order ItG-Taylorn expansion of xg(xy, A) w.r.t Aat A, _, is (Gonzalez
et al., [2023)

(A= A"
— i, .
mg(w)\,)\) = ZTlm( )(m)\ti,N)‘ti—l)+Rk’ 41
n=0 :

where the residual R, comprises of deterministic iterated integrals of length greater than k and all
iterated integrals with at least one stochastic component.

Substituting the above It6-Taylor expansion into Eq.(@0), we obtain

k-1 At 1) _ n
_ O P(A,) (n) / it (b( (\) (A=A y)
T Gy B0 St T 2 ) [ Gy

A) 12 .
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(42)

where R, can be easily obtained from Ry, and o, d(Ae,) [y /\/t_‘ ! ‘é;;)(()\’\)) d.
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Whenn > 1,
At ?*(N) n! At nl P(A)
_ ()\ - )\ti_1)n 1 M . //\ti1 B 1 d|:()‘ B Ati—l)n
N n! d(A) I, AL d(A) n!
_ ()‘h B )\ti—l)n \//\ti_1 ()‘ — )‘tifl)nil d)\
o) L, oDy
~ (43)
Thus, by dropping the R, contribution as in (Gonzalez et al., 2023)), we have
~ Qi Cb()\t) ~ d)()\t) ~ 2 2 ¢(/\t) 2
=, Nl , . - :
o %AMMAWMﬁ”J MMAJ”@MJ“*”%%&i%AbumJ i
k—1 n A n—1
(n) /4 ()\t7 - )\ti—l) / fim1 (>‘ - >‘ti—1)
. A —_— A, ——_d\
+ou Yol @, o) [+ 60w) M sy ]
(44)

where k& > 2. Notably, when k& = 1, the summation term in Eq.(44) with the upper index smaller
than the lower index can be defined as an empty sum, and its value is 0 (Treeby & Cox} 2014). In
conclusion, Eq.(@4) holds when k£ > 1.

Note: The proposed algorithm has a global error of at least O((\;, — A¢,_, )) (Gonzalez et al.,[2023).
Therefore, when k = 1, we refer to it as a first-order solver with a strong convergence guarantee.
When k& > 2, we designate it as a kth-stage solver in accordance with the statement in (Gonzalez
et al.|(2023)).

A.6 RELATIONSHIP WITH SDE AND ODE

We derive conditions under which ER SDE reduces to SDE (Song et al.,2021b) and ODE (Song
et al.| 2021b) from the perspective of noise scale function selection.

Related to SDE: When A(t) = g(t), ER SDE reduces to SDE.
For the VE SDE, we have

do? do
W (t) = g*(t) = — - = 20,— . 45
() =) = 0* =20, 3)
Since h2(t) = §(t)%, we further obtain £(t) = 20, and {(0) = 20. Substituting it into [ 1 +
52(;2) do = In ¢(o), we have
1 20
—+ —do=1
/O’ * 202 o =In¢(o) (46)
o(0) = 0.
For a VP SDE, we also have
B _ Jdof _dlogoy
Thus,
h(t 1 [do? dl
O R L
(673 Qi dt dt (48)
2(4) = i(ﬁ o dlogay 2y = ﬁ(i@ ﬁ@)
g Ca?t dt at YT Top\ay dt a? dt /)’

By \: = Z—i, it holds that
1 dO’t Ot dOZt

e ap dt o dt “9)
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Substituting Eq.(@9) into Eq.([@8§), we have
() = 2——= = 2\ ——. (50)
Since n?(t) = 5(75)%, we further obtain £(¢) = 2A; and {(X\) = 2\. Substituting it into [ § +

£2)dX\ = In ¢(\), we have
1 2\
—+ —d\ =1 A
/)\ t o o) (51)
d(\) = A2,
Therefore, when the noise scale function ¢(z) = 22, ER SDE reduces to SDE.
Related to ODE: When h(t) = 0, ER SDE reduces to ODE.

For the VE SDE, we have £(t) = 0 and £(o) = 0. Substituting it into [ 2 + §%do = In ¢(r), we

202
have )
—do =In¢(o

o(o) = o.

For a VP SDE, we also have n(t) = 0,£(t) = 0 and (o) = 0. Substituting it into [  + 522’\2) d\ =
In (), we have

1
/ Xd)\ =1In¢(N) (53)
6() = A

Therefore, when the noise scale function ¢(z) = z, ER SDE reduces to ODE.

(52)

A.7 RESTRICTION OF ¢(z)

Due to the fact that the constraint equation [ < + 62(;2) do = In ¢(c) for VE SDE and VP SDE have

the same expression form (see Eq[I0and Eq, VE SDE is used as an example for derivation here.

Since ¢(x) satisfies L + %‘Z) = % and £(o) > 0, we have

> —. (54)

Suppose ¢t < s and o(t) is monotonically increasing, we have

¢(1)(US) — lim ¢(Us) — QS(O—t) ) (55)

t—s Os — O
Combining with Eq[54] we obtain

¢(0s) = ¢lor) _ ¢(0s)

lim > , (56)
t—s Os — O O
which means that when ¢ is in the left neighboring domain of s, it satisfies
P(os) ~ os
In fact, Eq.(57) is consistent with the limitation of noise term in Eq[I0] which is
2
o — o2 [(b(at)} >0
o(0s)
[fb(at)r oo (58)
¢(os)) T o2
(o) < ot
¢(Us) Og
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A.8 HOW TO CUSTOMIZE THE NOISE SCALE FUNCTION ¢(z)

The noise scale function ¢(x) constitutes the solution space of ER SDE. In this section, we elaborate
on two ways to customize ¢(x).

Indirect determination method via the intermediate variable (x): For the ER SDE in Eq. .
h(t) can take any function as long as h(t) > 0. For the VE SDE, h?(t) = (¢ )d"’ and d"* > 0.
Thus, £(t) can take on any arbitrary function, provided that £(t) > 0 and {(o ) also meets this
condition. For the VP SDE, h(t) = n(t)ay, n%(t) = £(t)%t and ¢t > 0. Similarly, £()) is also

dt
can take any function as long as £(\) > 0. In general, as long as () takes a function which satisfies

&(z) > 0, and then based on the constraint equation [ L + $9)do = In ¢(o), we can obtain the

202

corresponding ¢(x). Then, by plotting the FEI-step curve (just like Flg‘a)) we can observe the
discretization errors caused by the determined ¢ ().

Direct determination method: The first method involves determining an initial function £(z) and

then obtaining the corresponding ¢(z) by computing an indefinite integral f + E( )da However,
this integral is not easy to calculate in many cases. Appendix [A.7) mentions that thlS indefinite inte-
gral is equivalent to Eq.(57) and the right-hand side of the inequality corresponds to the ODE case
(see Appendlx- Therefore, ¢(x) can be directly written without considering the specific expres-
sion of £(x). The FEI-step curve can be plotted to check whether ¢(z) is valid. More specifically,
only if the FEI-step curve drawn based on ¢(z) lies above the ODE curve, ¢(z) is valid.

B ALGORITHMS

The first to third-stage solvers for VE SDE are provided in Algorithm [T} 2]and 3] The detailed VP
ER-SDE-Solver-1, 2, 3 are listed in Algorithms [4] 5] [6] respectively.

Algorithm 1 VE ER-SDE-Solver-1(Euler).

Require: initial value zr, time steps {t;}}, customized noise scale function ¢, data prediction
model xg.
1: @y, < @7
2: for i < 1to M do
3 e 2 s L N(0,T)

G
4 ny, < JoR —riol oz, &+ xo(Th,_,,tio1)
. t; o-ti zo-ti,1 s L0 0\ Lt; _15bi—1
5: Ty, < Ty, 4 + (1 — T‘i)iio + Ty,

6: end for
7: return x;,,

Algorithm 2 VE ER-SDE-Solver-2.

Require: initial value zr, time steps {t;}}, customized noise scale function ¢, data prediction
model 2y, number of numerical integration points N.
I: x4, + 1, Q + None
2: fori < 1to M do

(o,
3 mie perids 2~ N(O,T)

4: ny, < \/oi —rio} |z

5:  ifQ = Nonethenx;, < r;x;, , + (1 —r)xo(Ts, ,,tiz1) + 14,

6: else

7: A, T %G S m > Numerical integration
8: D; « mmt? 1}1 11) :f(mt' 282 5, oy, — 01,y + Sid(01,)]D

9: Ty, < T, (]. — 7‘1)1139(:1%1 19 7, 1) —+ 6,5 —+ Ny,

10: end if

11: Q(mwg($t171,ti,1)

12: end for

13: return x;,,
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Algorithm 3 VE ER-SDE-Solver-3.
M

Require: initial value xr, time steps {t’i}z:O’ customized noise scale function ¢, data prediction
model xy, number of numerical integration points N.

I: x4y < T
2: Q < None
3: Qg < None
4: fori+ 1 tg(M do
. 9t
5: T P
6: z ~N(0,I)
7.y, o\ Joi —rio} |z
8: if ) = None and Q4 = None then
9: Ty, < 1Tixy,_, + (L —r)ze(Te,_,,tiz1) + ny,
10: else if Q # None and Q4 = None then
Oti_1 "9t
1 A, T
12: Si + Zg;ol W > Numerical integration
. utio1)— ti oo bi—
13: D, « me(m“’lgt,;)_:f.(j“z 2
14: (Sti < [Uti — 0t;_4 =+ Slqﬁ(atl)]DZ
15: Ty, < Tidt, 4 + (1 — n)mg(:ctiil,ti_l) + 61»7 + Ny,
16: Qd buffer Di
17: else B
18: A, ¢ Tl
) N-1 A,
19: Si ¢ 2k=0 3oy 1587
N—1 0t,thkAg—oy,
20: Sa; < D k=0 B(or, ThA,) ~As
b)) — b
21: D; M(%’laf l)jf.(mz !
1,712 i—2
22 Sar, w + S4,0(04,) | U;
23: U+ -2
Ttz ~Ttizg
24 5ti — [Jti — 0, + Sl(ﬁ(atb)]Dl
25: Ty, — 1rixy,_, + (L —r)we(xe,_,,ti—1) + O, + Oar, + g,
26: Qd buffer Di
27: end if
28: Q (l)iffe—r $9(wti—17ti—1)
29: end for

30: return x;,,

Algorithm 4 VP ER-SDE-Solver-1(Euler).

Require: initial value 7, time steps {t;}},, customized noise scale function ¢, data prediction
model xy.
1: @y, < @7
2: fori < 1to M do

. ] d(Ae,)
3: T $— 300, )

Ot
Tay — —

4: ; o
5: z ~N(0,1)

6 Ny, < oy AL — 1INz

7: .’io — mg(:cti_l,ti_l) R

8: Ty, < T, Tilt, + ati(l — T,L')mo + My,
9: end for

10: return x;,,
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Algorithm 5 VP ER-SDE-Solver-2.

Require: initial value @, time steps {¢; - customized noise scale function ¢, data prediction
model xy, number of numerical integration points N.
I: &y, + 7, Q < None
2: fori < 1to M do

}JV[

A
3: r; — 75()%:11),, Ta, < = ti ,z~N(0,1I)
4: Ny, < Qy, )\%1 — 7“12/\%_12}
5: if ) = None then
6: T, < To;TiTt, 4 +ozti(1—7",,;):c9(mf7 1, )—l—'n,t
7: else
8: Ay — —==—, 5 Zk o m > Numerical integration
. , me(mti otic1)—®e (T, _o,ti—2)
9: D, VR
10: (Sti — Qy, [At )\t7 N + S d)(At )]
11: T, (—’)”ai?“/,;ﬁcttil +atl(1—rl)m9(mf7 1, )+6f —l—'n,t
12: end if
13: Q (Bﬂ w@(wti—ntifl)
14: end for

15: return x;,,

Algorithm 6 VP ER-SDE-Solver-3.

Require: initial value @, time steps {¢; }Z 0» customized noise scale function ¢, data prediction
model g, number of numerical integration points N.
D Xy, — a7, Q — None, Qq < None

Ju—

2: forz‘(—lto{\%do
3: T 4 ¢(A(t_”)),rm e ® ~ N(0,I)

4 my oy [AF - 7‘2)% Z

5: if ) = None and Q; = None then

6: Ty, < Ta,Ti,_, +ap, (1 —71)xe(xr,_,,tim1) + 1,

7: else if Q) # None and Qq = None then

At .. .
8: Ay =5, + Zk o m > Numerical integration
. _ we(wti,v i—1)—®o(®t;_o,ti—2)

% DZ /\ti—li)\tvl—Z

10: 6ti Qg [/\h - >‘t1‘71 + Sz¢()\t1)]Dz

11: Ty, — To, i, +ap, (1 —1)xe(xr,_,, tic1) + 0p, + 1y,

buffer
12: Qq+— D;
13: else A, NN
N—1 At AT AL,
14: Ay — —— S%Zkomﬂd“Z 0 TR A
) . we(wti,lﬂfm—l) Ty (Tt o ti—2)
15: D, «+ - N,
16: UZ < Atz‘il’)‘zl:s
2
17: 5ti — Qy, [)\tz >\tL N -+ qub()\t)]Dz
e, —
18: (sdti < Qg M + Sd ¢(>\t )i|
19: Xy, 7”@77"1‘1'1‘1'71 —I— oy, (1 —r)eo(@s,_y,tic1) + O, + Oar, + e,
buffer

20: Qd
21: end if
22: Q m :Bg(wthl,ti,l)
23: end for

24: return x;,,
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C IMPLEMENTATION DETAILS

We test our sampling method on VE-type and VP-type pretrained diffusion models. For VE-type,
we select EDM (Karras et all [2022) as the pretrained diffusion model. Although EDM differs
slightly from the commonly used VE-type diffusion model (Song et al.l2021b), its forward process
still follows the VE SDE described in Eq.(2). Therefore, it can be regarded as a generalized VE-type
diffusion model, which is proved in[C.3] Furthermore, EDM provides a method that can be converted
into VP-type diffusion models, facilitating a fair comparison between VE SDE solvers and VP SDE
solvers using the same model weights. For VP-type pretrained diffusion models, we choose widely-
used Guided-diffusion (Dhariwal & Nichol, |2021)). Different from EDM, Guided-diffusion provides
pretrained models on high-resolution datasets, such as ImageNet 128 x 128 (Deng et al., 2009),
LSUN 256 x 256 (Yu et al., |2015) and so on. For all experiments, we evaluate our method on
NVIDIA GeForce RTX 3090 GPUs.

C.1 STEP SIZE SCHEDULE
With EDM pretrained model, the time step size of ER-SDE-Solvers and other comparison methods
are aligned with EDM (Karras et al.| [2022)). The specific time step size is

1 7
ticm = [Ur%ax + U1

1 1 P
(0 in — THha) | (59)
where 0, = 0.002, 00, = 80,0 = 7.

With Guided-diffusion pretrained model (Dhariwal & Nichol, [2021), we use the uniform time steps
for our method and other comparison methods, i.e.,

i
M-1
In theory, we would need to solve the ER SDE from time 7" to time 0 to generate samples. However,
taking inspiration from |Lu et al.| (2022a)), to circumvent numerical issues near ¢ = 0, the training

and evaluation of the data prediction model x¢ (x;, t) typically span from time 7" to a small positive
value ¢, where € is a hyperparameter (Song et al., 2021b)).

ticny = 1+

(e —1). (60)

C.2 NOISE SCHEDULE

In EDM, the noise schedule is equal to the time step size schedule, i.e.,
1 7 1 1 P
OicM = |Ohax + M—1 (O—r;)lin - Urft)lax) . (61)

In Guided-diffusion, two commonly used noise schedules are provided (the linear and the cosine
noise schedules). For the linear noise schedule, we have

a; = 67%tQ(Bmax*ﬂmm)f%tﬁmm, (62)
where B, = 0.1 and B = 20, following Song et al.|(2021b). For the cosine noise schedule, we

have
f(@)

t/T+s m\2

A vy t = S ( 7> 5
o 0) f(t) = cos T+ 2

where s = 0.008, following Nichol & Dhariwal| (2021). Since Guided-diffusion is a VP-type pre-

trained model, it satisfies a2 + o7 = 1.

(63)

C.3 RELATIONSHIP BETWEEN EDM AND VE,VP

EDM describes the forward process as follows:
x(t) = s(t)zo + s(t)o(t)z, z~ N(0,I). (64)
It is not difficult to find that oy = s(t) and 0; = s(¢)o(t) in VP. In addition, the expression for s(t)

and o(t) w.rttis
o(t) = \/m (65)
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Figure 4: FID (NFE=20) on CIFAR-10 with the pretrained EDM, varying with the number of inte-
gration points. As the number of integration points IV increases, FID scores initially show a decreas-
ing trend, reaching a minimum at N = 200. Subsequently, FID scores slowly increase, indicating a
decrease in image generation quality.

and )
5(t) = ——. (66)
v/ e3Bat?+Bmint
where 83 = 19.9, Bmin = 0.1 and ¢ follows the uniform time size in Eq.. However, in order to
match the noise schedule of EDM in Eq.(61)), we let

0(€) = Omin, (1) = Omax- (67)

Thus, we can get the corresponding 34 and Sy,in. The corresponding time step can also be obtained
by using the inverse function of o (t).

Similarly, s(¢t) = 1 and ¢ = o(t) in VE, so we can directly use the EDM as VE-type pretrained

diffusion models to match the noise schedule. Through the inverse function of o(t) = /%, we can
get the corresponding VE-type time step, following |Karras et al.[(2022).

C.4 ABLATING NUMERICAL INTEGRATION POINTS N

o—o,_ )", . Ae;_y A=, )" L
%dg mn Eq and f)\:jil %d}\ mn
Eq.(T3) lack analytical expressions and need to be estimated using N-point numerical integration.
In this section, we conduct ablation experiments to select an appropriate number of integration
points. As Figl] shows, FID oscillations decrease with an increase in the number of points N,
reaching a minimum at N = 200. Subsequently, image quality deteriorates as the number of points
increases further. Additionally, a higher number of integration points leads to slower inference
speed. Therefore, to strike a balance between efficiency and performance, we choose N = 100 for
all experiments in this paper.

As mentioned before, the terms f;tﬁ—l

C.5 CODE IMPLEMENTATION

Our code is available in the supplementary material, which is implemented with PyTorch. The im-
plementation code for the pretrained model EDM is accessible at https://github.com/NVlabs/edm.
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(a) EDM as the pretrained model (b) Guided-diffusion as the pretrained model

Figure 5: FEI coefficients with the pretrained model EDM (a) and Guided-diffusion (b) (linear noise
schedule), varying with the steps. Different step size schedules and noise schedules used in the
pretrained models lead to variations in the shape of the FEI-step curves.

The implementation code for the pretrained model Guided-diffusion is accessible at
https://github.com/openai/guided-diffusion and the code license is MIT License.

D EXPERIMENT DETAILS

We list all the experimental details and experimental results in this section.

Firstly, we have observed that the shape of the FEI-step curve is closely related to the choice of
step size schedule and noise schedule within the pretrained diffusion models. Figld]illustrates two
distinct FEI-step curves using EDM (Karras et al.l[2022) and Guided-diffusion (Dhariwal & Nichol,
2021) as pretrained models.

Table [4] and Table [5] present the image generation quality of different noise scale functions on Im-
ageNet 64 x 64 (Deng et al., 2009) and CIFAR-10 (Krizhevsky et al.l [2009), described by FID
scores (Heusel et al., 2017). Due to the discretization errors of ER SDE 4 being sufficiently close
to the minimal error (see Fig[3), it exhibits outstanding FID scores. Despite the initial significant
discretization error in ER SDE 5, its later-generated image quality is comparable to ER SDE 4.
Particularly on the ImageNet 64 x 64 dataset, ER SDE 5 even surpasses ER SDE 4 after 20 NFE.
This implies that practitioners may need to experiment with different noise scale functions for vari-
ous scenarios. This paper aims to generate images that combine efficiency and high-quality, hence
selecting ER SDE 5 as the noise scale function for ER-SDE-Solvers.

Table 4: Sample quality measured by FIDJ. on ImageNet 64 x 64 for different noise scale functions
with VE ER-SDE-Solver-3, varying the NFE. The pretrained model is EDM.

Noise scale functions\NFE 10 15 20 25 30 40 50
ER SDE 4 10.79 499 345 296 271 243 238
ER SDE 5 11.46 5.08 345 292 258 237 224

Table 5: Sample quality measured by FID] on CIFAR-10 for different noise scale functions with
VE ER-SDE-Solver-3, varying the NFE. The pretrained model is EDM.

Noise scale functions\NFE 10 15 20 25 30 40 50

ER SDE 4 9.28 437 3.01 252 225 2.07 197
ER SDE 5 9.86 457 3.09 254 229 210 1.97
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Table [6] shows how FID scores change with NFE for different stages of VE ER-SDE-Solvers and
VP ER-SDE-Solvers on CIFAR-10. Consistent with the findings in Table |I} VE ER-SDE-Solvers
and VP ER-SDE-Solvers demonstrate similar image generation quality. Furthermore, as the stage
increases, convergence becomes faster with the decreasing discretization errors.

Table 6: Sample quality measured by FID] on CIFAR-10 for different stages of VE and VP
ER-SDE-Solvers with the pretrained model EDM, varying the NFE. VE(P)-x denotes the x-th stage
VE(P) ER-SDE-Solver.

Method\NFE 10 20 30 50 Method\NFE 10 20 30 50

VE-2 10.33 3.33 239 2.03 VE-3 9.86 3.13 231 1.97
VP-2 10.12  3.28 241 2.08 VP-3 9.77 3.02 229 1.96

Table [/| and Table [§| provide comparisons between ER-Solvers and other training-free samplers on
CIFAR-10 and FFHQ 64 x 64 (Karras et al., 2019) with the same pretrained model EDM (Karras
et al.,[2022). The results consistently highlight ER-SDE-Solvers as the most efficient stochastic sam-
pler. Furthermore, Table [7]and Table 8] reinforce our conclusion in Sec[4.] that stochastic samplers
exhibit lower image generation efficiency compared to deterministic samplers.

Table 7: Sample quality measured by FID| on CIFAR-10 with the pretrained model EDM, varying
the NFE. The upper right — indicates a reduction of NFE by one, while * represents the FID
obtained at NFE = 35.

Sampling method\NFE 10 20 30 50
DDIM(n = 1) (Song et al.| 2021a) 41.25 21.17 13.34 7.53
Stochastic SDE-DPM-Solver++(2M) (Lu et al.,[2022b) 14.88 4.67 3.13 2.39
Sampling EDM-Stochastic (Karras et al.,[2022) 50.207 4.597 2.617 2.257
Ours(ER-SDE-Solver-3) 9.86 3.09 229 1.97
DDIM (Song et al., 2021a) 14.64 5.77 3.91 2.81
Deterministic  EDM-Deterministic (Karras et al., [2022) 35.40 2.65 1.90 1.84*
Sampling DPM-Solver-3 (Lu et al.} [2022al) 5.52 2.47 2.10 1.94
DPM-Solver++(2M) (Lu et al.| 2022b) 4.83 2.19 1.99 1.91

Table 8: Sample quality measured by FID| on FFHQ 64 x 64 with the pretrained model EDM,
varying the NFE. The upper right — indicates a reduction of NFE by one.

Sampling method\NFE 10 20 30 50
DDIM(n = 1) (Song et al.,2021a) 57.06 33.26 2293 13.61
Stochastic SDE-DPM-Solver++(2M) (Lu et al.,[2022b) 25.39 10.41 6.18 3.83
Sampling EDM-Stochastic (Karras et al., 2022) 94.16— 1041~ 4.797 3.29°
Ours(ER-SDE-Solver-3) 14.77 4.67 3.34 2.78
DDIM (Song et al.,[2021a)) 21.19 8.73 5.91 4.11
Deterministic =~ EDM-Deterministic (Karras et al., [2022) 56.917 543~ 3.07  2.65™
Sampling DPM-Solver-3 (Lu et al.| 2022a) 8.13 3.55 2.94 2.67
DPM-Solver++(2M) (Lu et al.,|2022b) 6.69 3.16 2.83 2.65

With EDM pretrained model used in Table [I] - [2] and [] - [§] we evaluate all the methods using
the same pretrained checkpoint provided by [Karras et al| (2022). For a fair comparison, all the
methods in our evaluation follow the noise schedule in Eq.(61). Although many techniques, such
as thresholding methods (Lu et al., 2022b)) and numerical clip alpha (Nichol & Dhariwal, 2021}
Lu et al., |2022a}; [Dhariwal & Nichol, 2021}, can help reduce FID scores, they are challenging to
apply to all sampling methods equally. For example, thresholding methods are usually used in the
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data prediction model or where it comes to prediction data, but they cannot directly be used in
the noise prediction model. Therefore, for the purpose of fair comparison and evaluating the true
efficacy of these sampling methods, none of the FID scores we report use these techniques. That
is why they may appear slightly higher than the FID scores in the original paper. For experiments
involving the ImageNet 64 x 64 dataset, we use the checkpoint edm-imagenet-64x64-cond-adm.pkl.
For experiments involving the CIFAR-10 dataset, we use the checkpoint edm-cifar10-32x32-cond-
ve.pkll. For experiments involving the FFHQ 64 x 64 dataset, we use the checkpoint edm-fthg-
64x64-uncond-ve.pkl. For the three categories of experiments mentioned above, we calculate FID
scores using random seeds 100000-149999, following |Karras et al.|(2022). For comparison method
EDM-Stochastic, we use the optimal settings mentioned in Karras et al.|(2022), which are S.prr =
80, Snin = 0.05, Simaz = 1, Snoise = 1.007 in Table[7]and Scpyrn = 40, Spin = 0.05, Spae =
50, Spoise = 1.003 in Table 2] and Table [§]

Next, we apply ER-SDE-Solvers to high-resolution image generation. Table [9]- Table [T0] provide
comparative results on ImageNet 128 x 128 (Deng et al.,|2009) and LSUN 256 x 256 (Yu et al.,|2015)),
using Guided-diffusion (Dhariwal & Nichol, 2021)) as the pretrained model. The results demonstrate
that ER-SDE-Solvers can also accelerate the generation of high-resolution images, significantly
surpassing deterministic samplers in 20 NFE.

Table 9: Sample quality measured by FID| on class-conditional ImageNet 128 x 128 with the
pretrained model Guided-diffusion (without classifier guidance, linear noise schedule), varying the
NFE.

Sampling method\NFE 10 20 30 50
Stochastic DDIM(n = 1) (Song et al., 2021a) 40.60 21.23 1495 10.42
Samplin SDE-DPM-Solver++(2M) (Lu et al.,[2022b)  16.31 9.73 8.27 7.83
pling Ours(ER-SDE-Solver-3) 1195 833 7.84 7.76
Deterministic DDIM (Song et al., [2021al) 19.86 11.49 9.79 8.65
Samplin DPM-Solver-3 (Lu et al.,|[2022a) 11.77 955 9.39 9.02
ping DPM-Solver++(2M) (Lu et al.| 2022b) 12.32 10.50 10.04 9.61

Table 10: Sample quality measured by FID| on unconditional LSUN Bedrooms 256 x 256 with the
pretrained model Guided-diffusion (linear noise schedule), varying the NFE.

Sampling method\NFE 10 20 30 50
Stochastic DDIM(n = 1) (Song et al}, 2021a) 38.01 19.80 13.76 8.68
St SDE-DPM-Solver++(2M) (Lu et al}2022b) 13.70 6.53 4.53  3.31
phng Ours(ER-SDE-Solver-3) 934 496 355 271
DDIM (Song et al.,2021a) 12.33  6.39 4.77 3.67

Determinisiec  PNPM (Liu etal{2022) 10.20 5.68 — -
Samlin DPM-Solver-3 (Lu et al.,[2022a) 8.20 4.51 345 2.71
pling DPM-Solver++(2M) (Lu et al.}[2022b) 1043 5.70 4.02  3.15
tAB-DEIS (Zhang & Chen|2023) 8.18 4.10 354 3.12

With Guided-diffusion pretrained model used in Table [3 and Table[0]- Table[T4] we evaluate all the
methods using the same pretrained checkpoint provided by |Dhariwal & Nichol (2021). Similarly,
for the purpose of fair comparison and evaluating the true efficacy of these sampling methods, none
of the FID scores we report use techniques like thresholding methods or numerical clip alpha. That
is why they may appear slightly higher than the FID scores in the original paper. For experiments
involving the ImageNet 128 x 128 dataset, we use the checkpoint |128x128_diffusion.pt. All the
methods in our evaluation follow the linear schedule and uniform time steps in Eq. 60l Although
DPM-Solver (Lu et al.l 2022a) introduces some types of discrete time steps, we do not use them in
our experiment and just follow the initial settings in Guided-diffusion. We do not use the classifier
guidance but evaluate all methods on class-conditional. For experiments involving the LSUN 256 X
256 dataset, we use the checkpoint Isun_bedroom.pt. All the methods in our evaluation follow
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the linear schedule and uniform time steps in Eq. [60] For experiments involving the ImageNet
256 % 256 dataset, we use the diffusion checkpoint|256x256_diffusion.pt and the classifier checkpoint
256x256_classifier.pt. The classifier guidance scale is equal to 2.0. All the methods in our evaluation
follow the linear schedule and uniform time steps in Eq. [60}

When the random seed is fixed, Fig[f] - Fig[I0| compare the sampling results between stochas-
tic samplers and deterministic samplers on CIFAR-10 32 x 32 (Krizhevsky et al., 2009), FFHQ
64 x 64 (Karras et al. [2019), ImageNet 128 x 128, ImageNet 256 x 256 (Deng et al.| |2009) and
LSUN 256 x 256 (Yu et al.,|2015) datasets. As stochastic samplers introduce stochastic noise at each
step of the sampling process, the generated images exhibit greater variability, which becomes more
pronounced in higher-resolution images. For lower-resolution images, such as CIFAR-10 32 x 32,
stochastic samplers may not introduce significant variations within a limited number of steps. How-
ever, this does not diminish the value of stochastic samplers, as low-resolution images are becoming
less common with the advancements in imaging and display technologies. Furthermore, we also ob-
serve that stochastic samplers and deterministic samplers diverge towards different trajectories early
in the sampling process, while samplers belonging to the same category exhibit similar patterns of
change. Further exploration of stochastic samplers and deterministic samplers is left for future work.

Finally, we also provide samples generated by ER-SDE-Solvers using different pretrained models
on various datasets, as illustrated in Fig[TT]- Fig[16]

E EXPERIMENTAL RESULTS ON OTHER METRICS

In the previous sections, we employ FID as our default metric for comprehensive sample quality
comparisons due to its ability to capture both diversity and fidelity, and its established position
as the standard metric in state-of-the-art generative modeling work (Ho et al., 2020; Song et al.,
2021aib). To further showcase the superiority of ER-SDE-Solvers, we conduct quantitative evalua-
tions using additional metrics, including Inception Score (Salimans et al.,[2016)), Improved Precision
and Recall (Kynkddnniemi et al.,2019), and sFID (Nash et al., [2021)).

Followed by |Dhariwal & Nichol| (2021)), we use IS and Precision to measure fidelity, and Recall as
well as sFID to measure diversity or distribution coverage, as shown in Table [IT|— Table [I4] It can
be observed that ER-SDE-Solvers consistently perform optimally across all metrics, demonstrating
superior fidelity across all stochastic samplers.

Table 11: Sample quality measured by IST on class-conditional ImageNet 128 x 128 with the
pretrained model Guided-diffusion (without classifier guidance, linear noise schedule), varying the
NFE.

Sampling method\NFE 10 20 30 50
Stochastic DDIM(n = 1) (Song et al|l 2021a) 33.64 54.80 67.44 76.73
Sampling Ours(ER-SDE-Solver-3) 71.42 80.84 8283 84.49
Deterministic  DDIM (Song et al.,2021a) 57.01 70.16 76.31 79.07
Sampling DPM-Solver-3 (Lu et al., 2022a)) 7049 75.69 77.92 78.36

Table 12: Sample quality measured by Precision? on class-conditional ImageNet 128 x 128 with
the pretrained model Guided-diffusion (without classifier guidance, linear noise schedule), varying
the NFE.

Sampling method\NFE 10 20 30 50
Stochastic DDIM(n = 1) (Song et al.,2021a) 0.39 0.53 0.60 0.64
Sampling Ours(ER-SDE-Solver-3) 0.64 0.67 0.68 0.68
Deterministic  DDIM (Song et al., [2021al) 0.54 062 0.64 0.66
Sampling DPM-Solver-3 (Lu et al.,[2022a) 0.64 066 066 0.67
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Table 13: Sample quality measured by Recallf on class-conditional ImageNet 128 x 128 with the
pretrained model Guided-diffusion (without classifier guidance, linear noise schedule), varying the
NFE.

Sampling method\NFE 10 20 30 50
Stochastic DDIM(n = 1) (Song et al.,2021a) 0.46 0.54 0.58 0.61
Sampling Ours(ER-SDE-Solver-3) 0.62 064 0.66 0.66
Deterministic  DDIM (Song et al., [2021al) 0.61 0.63 0.65 0.65
Sampling DPM-Solver-3 (Lu et al., [2022a) 0.64 065 066 0.66

Table 14: Sample quality measured by sFID] on class-conditional ImageNet 128 x 128 with the
pretrained model Guided-diffusion (without classifier guidance, linear noise schedule), varying the
NFE.

Sampling method \NFE 10 20 30 50
Stochastic DDIM(n = 1) (Song et al.,[2021a) 49.89 27.77 19.62 13.30
Sampling Ours(ER-SDE-Solver-3) 888 590 5.16 4.88
Deterministic DDIM (Song et al., 2021a)) 14.42 7.88 6.24 5.27
Sampling DPM-Solver-3 (Lu et al.,[2022a)) 744 575 530 5.06

F ADDITIONAL DISCUSSION

Limitations:

Despite the promising acceleration capabilities, ER-SDE-Solvers are designed for rapid sampling,
which may not be suitable for accelerating the likelihood evaluation of DMs. Furthermore, com-
pared to commonly used GANs (Goodfellow et al., [2014), flow-based generative models (Kingma
& Dhariwal,, 2018)), and techniques like distillation for speeding up sampling (Salimans & Ho} |[2022;
Song et al., [2023), DMs with ER-SDE-Solvers are still not fast enough for real-time applications.

Future work:

This paper introduces a unified framework for DMs, and there are several aspects that merit further
investigation in future work. For instance, this paper maintains consistency between the time step
mentioned in Proposition 3] [5|and the pretrained model (see Appendix[C.I). In fact, many works (Lu
et al., 2022a}; Jolicoeur-Martineau et al.| [2021)) have carefully designed time steps tailored to their
solvers and achieved good performance. Although our experimental results demonstrate that ER-
SDE-Solvers can achieve outstanding performance even without any tricks, further exploration of
time step adjustments may potentially enhance the performance. Additionally, this paper only ex-
plores some of the noise scale functions for the reverse process, providing examples of excellent
performance (such as ER SDE 4 and ER SDE 5). Whether an optimal choice exists for the noise
scale function is worth further investigation. Lastly, applying ER-SDE-Solvers to other data modal-
ities, such as speech data (Kong et al.,2020), would be an interesting avenue for future research.
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Ours DDIM(n = 1) DDIM DPM-
(ER-SDE-Solver-3) (Song et al.| (Song et al | Solver++(2M)
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y T ] i - @ -(
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NFE=40
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Figure 6: Samples by stochastic samplers (DDIM(n = 1), ER-SDE-Solver-3 (ours)) and determin-
istic samplers (DDIM, DPM-Solver++(2M)) with 10, 20, 30, 40, 50 number of function evaluations
(NFE) with the same random seed (666), using the pretrained EDM (Karras et al., 2022) on CIFAR-
10 32 x 32.

29



Under review as a conference paper at ICLR 2024

DDIM(n = 1) DDIM DPM-

(ER-SDE-Solver-3) Solver++(2M)
2021a) 2021a))

|

NFE=10

NFE=20

NFE=30
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Figure 7: Samples by stochastic samplers (DDIM(n = 1), ER-SDE-Solver-3 (ours)) and determin-
istic samplers (DDIM, DPM-Solver++(2M)) with 10, 20, 30, 40, 50 number of function evaluations
(NFE) with the same random seed (666), using the pretrained EDM (Karras et al.} [2022)) on FFHQ
64 x 64.
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Figure 8: Samples by stochastic sampler (ER-SDE-Solver-3 (ours)) and deterministic sampler
(DPM-Solver-3) with 10, 20, 30, 40, 50 number of function evaluations (NFE) with the same random
seed (999), using the pretrained Guided-diffusion (Dhariwal & Nichol,[2021) on ImageNet 128 x 128
without classifier guidance.
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DPM-Solver-3 [2022a)) Ours (ER-SDE-Solver-3)
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Figure 9: Samples by stochastic sampler (ER-SDE-Solver-3 (ours)) and deterministic sampler
(DPM-Solver-3) with 10, 20, 30, 40, 50 number of function evaluations (NFE) with the same random
seed (666), using the pretrained Guided-diffusion (Dhariwal & Nichol, 2021) on LSUN Bedrooms
256 x 256.
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Figure 10: Samples by stochastic sampler (ER-SDE-Solver-3 (ours)) and deterministic sampler
(DPM-Solver-3) with 10, 20, 30, 40, 50 number of function evaluations (NFE) with the same random
seed (999), using the pretrained Guided-diffusion (Dhariwal & Nichol, 2021) on ImageNet 256 x
256. The class is fixed as dome and classifier guidance scale is 2.0.
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Figure 11: Generated images with ER-SDE-Slover-3 (ours) on CIFAR-10 (NFE=20). The pretrained
model is EDM (Karras et al., 2022).
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Figure 12: Generated images with ER-SDE-Slover-3 (ours) on FFHQ 64 x 64 (NFE

pretrained model is EDM (Karras et al.| [2022)).

Under review as a conference paper at ICLR 2024

35



Under review as a conference paper at ICLR 2024

Figure 13: Generated images with ER-SDE-Slover-3 (ours) on ImageNet 64 x 64 (NFE=20). The
pretrained model is EDM (Karras et al.| [2022)).
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Figure 14: Generated images with ER-SDE-Slover-3 (ours) on ImageNet 128 x 128 (NFE=20). The

pretrained model is Guided-diffusion (Dhariwal & Nicholl [2021)) (without classifier guidance).
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Figure 15: Generated images with ER-SDE-Slover-3 (ours) on LSUN Bedrooms 256 x 256

(NFE=20). The pretrained model is Guided-diffusion (Dhariwal & Nicholl, 202T).
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Figure 16: Generated images with ER-SDE-Slover-3 (ours) on ImageNet 256 x 256 (NFE=20). The

pretrained model is Guided-diffusion (Dhariwal & Nichol, 2021)) (classifier guidance scale=2.0).
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