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ABSTRACT

Recent advances in large language models (LLMs) have demonstrated that rein-
forcement fine-tuning of pretrained base models can lead to significant gains in
reasoning performance at inference time. In this work, we theoretically analyze
why reinforcement fine-tuning induces better reasoning ability than purely super-
vised fine-tuning (SFT) methods. We model chain-of-thought (CoT) reasoning as a
pathfinding problem on graphs and compare the popular method of reinforcement
learning with verifiable rewards (RLVR) against traditional SFT. We prove that
SFT, when trained on golden shortest paths without negative examples, fails to
learn how to efficiently backtrack. In contrast, an RLVR-trained model can learn
how to efficiently backtrack from dead ends using only outcome reward. This
leads to an exponential separation in inference-time compute between the two
methods, and demonstrates that RLVR leads the model to learn the location of
difficult decisions in a reasoning chain, ultimately allowing for better allocation of
inference-time compute. Finally, we show that the reasoning traces of an RLVR
model can be distilled to train a base model to backtrack efficiently as well.

1 INTRODUCTION

Modern large language models (LLMs) are trained to achieve strong reasoning capabilities on a wide
range of tasks such as mathematical problem-solving and code generation. In the context of LLMs,
reasoning refers to the generation of long chain-of-thought (CoT) which mimic the step-by-step
nature of human reasoning to solve complex logical problems (Wei et al., 2022} Lightman et al.|
2023). Reasoning models treat such tasks as a sequential multi-step decision process and deploy
strategies utilizing additional test-time compute budget, such as sampling, tree search, aggregation,
and backtracking. This approach has proved to yield efficient and scalable gains over initial pretraining
(Snell et al., 2024} Muennighoff et al., [2025]), and has been adopted with great success in various
frontier and open-source models (OpenAl, [2024; [Shao et al., [2024; |Guo et al., [2025)).

In order to learn or strengthen these desired inference-time reasoning behaviors, LLMs must undergo
stages of post-training (Kumar et al., 2025; Xu et al., 2025). The post-training procedure typically
follows one of two main strategies: supervised fine-tuning (SFT) on expert demonstrations, and
reinforcement learning (RL) on feedback from a reward model or task verifier. SFT uses an off-policy
dataset of demonstrations created or annotated by an expert (typically a human or a more powerful
model) and trains the base model to imitate these responses. While SFT has been the de facto
method for post-training, it is prone to memorization or overfitting (Chu et al.| 2025a) and can induce
uninformative pseudo-reasoning paths (Chen et al.,|2025). Moreover, curating high-quality expert
demonstrations can be expensive and time-consuming, depending on the nature of the task.

In contrast, methods such as reinforcement learning with verifiable rewards (RLVR) (Wen et al.| [2025]
DeepSeek-Al et al.,[2025a) and reinforcement learning from human feedback (RLHF) (Christiano
et al.,2023;|Ouyang et al.| [2022)) learn from reward models or verifiers via on-policy exploration. The
RL approach has been argued to generalize more effectively and have the potential to unlock entirely
new reasoning capabilities (Chu et al., [2025a; [Wang et al., 2025; [Zhu et al.| [2025)). Nevertheless,
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we still lack a principled understanding of the differences between the two methods, or a theoretical
framework under which to compare various post-training algorithms.

In this paper, we focus on backtracking ability as a way to distinguish the effectiveness of post-
training methods. Backtracking is a key element of human problem-solving: when a line of approach
is revealed to be incorrect or unhelpful, one returns to an earlier decision point and explores an
alternative branch. This greatly reduces complexity of the effective search space. Empirically,
backtracking has been shown to be greatly beneficial to LLM reasoning ability, either implicitly in the
chain of thought (Cai et al., 2025)), or explicitly with backtrack tokens (Yang et al., 2025) or rolling
back sequence generation (Singh et al.||2025). Hence we are motivated to ask:

Which post-training method teaches the base model to efficiently backtrack at inference time?

Our contributions. We approach this question by modeling CoT reasoning as pathfinding on
graphs, a sandbox commonly studied in the literature (Sanford et al., 2024} Bachmann and Nagarajan
2025; |[Kim et al., 2025). While existing works have studied the benefits of backtracking from an
information or sampling perspective (Shalev-Shwartz and Shashual 2025} [Rohatgi et al.,|2025)), we
provide a novel dynamical characterization of running SFT versus RLVR. We design a multigraph
similar to the path-star graph (Bachmann and Nagarajan, 2025) with W branches of depth ~ K,
which the pretrained world model — a linear-softmax bigram over edges, or a trigram over nodes —
must learn to navigate by backtracking from failed branches. Our results are summarized as follows.

* We prove that SFT trained only on golden shortest paths does not learn any backtracking strategy,
while the RLVR-trained model learns to backtrack consistently using only outcome reward with a
length penalty in finite time.

* We show an exponential test-time compute separation: after convergence, the RLVR model can
reach any target in ©(W K) expected time, while the SFT model requires O (W L) time.

* We further show that distilling RLVR-generated reasoning traces to a base model via supervised
learning transfers efficient backtracking, recovering © (W K) inference-time compute.

Intuitively, SFT on expert solutions trains the base model to continue along a gold path with no
exposure to dead ends. Hence, SFT need not learn an efficient retreat strategy. In contrast, on-
policy RLVR necessarily generates and trains on the model’s own unsuccessful partial rollouts. This
exploration produces gradient signal not only about good forward actions, but also backtracking
actions when the model has committed to a poor branch. We formalize this difference via a dynamical
analysis of gradient flow (for SFT) and sign policy-gradient flow (for RLVR). Our results provide
theoretical support for the importance of backtracking data for reasoning in both RL and distillation.

All proofs are deferred to the appendix.

2 RELATED WORK

Backtracking in LLM reasoning. Backtracking has empirically been used to quantify and improve
reliability and efficiency in LLM reasoning. Inference-time search frameworks such as Tree-of-
Thoughts explicitly explore and prune a branching space of intermediate thoughts, leading to depth-
first or best-first search with backtracking (Yao et al., 2023} |Long} [2023)), generalized by Graph-
of-Thoughts methods (Besta et al., 2024). Qin et al.| (2025) study when sequential search with
backtracking benefits over parallel sampling. In particular, they empirically show that models with
backtracking capabilities benefit greatly from RL finetuning on reasoning tasks, which agree with
our theoretical results. Moreover, [Singh et al.| (2025)) propose preemptive backtracking guided by
in-context value verification to identify and focus resampling from suspected failure points. [Yang
et al.| (2025) study encouraging models to decide when to revert during reasoning via introducing an
explicit backtrack token, aiming to internalize structured backtracking.

From a theoretical perspective, |[Shalev-Shwartz and Shashual (2025)) show the necessity of search
and backtracking for certain graph search tasks and parity problems, and describe a learning method
which builds a search tree with explicit backtracking. |[Rohatgi et al.|(2025) propose a test-time
sampling and backtracking algorithm which uses process rewards, which mixes in time quadratic
in the depth of the search tree, allowing for exact sampling from a target distribution on the leaves.
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However, these works do not study how to learn such behavior via post-training, which is the focus
of our dynamical analysis. |Kim et al.[(2025) propose a cluster graph model of reasoning and analyze
CoT pathfinding as a metastable Markov process. They also provide convergence guarantees for a
simple RL method (proximal policy optimization); however, they do not study RLVR or SFT, and do
not consider backtracking in CoT.

RL versus SFT. Recent empirical studies have highlighted significant qualitative differences
between models post-trained via SFT and those with RL.|Chu et al.|(2025b) provide a comparative
analysis on an arithmetic-based reasoning task that suggests SFT tends to memorize the distribution
of training demonstrations, whereas RL facilitates better generalization to out-of-distribution (OOD)
tasks. This distinction is further supported by |Shenfeld et al.| (2025)), in which the authors argue that
on-policy RL implicitly regularizes the model towards KL-minimal solutions (with respect to the
base model), allowing the model to find simpler solutions that are robust to catastrophic forgetting.
Park et al.|(2025) also report that SFT underperforms RL on the synthetic Countdown task; moreover,
RL-only post-training can induce fundamentally improved OOD generalization. In addition, |(Chen
et al.| (2025) show that SFT can elicit pseudo-reasoning paths in large vision-language models by only
superficially imitating expert models. Such paths often contain uninformative or incorrect reasoning
steps, and even hurt subsequent RL training stages. They also propose an RL-based approach which
leads to more adaptive reasoning behavior.

Reasoning as graph search. Pathfinding in graphs has been widely used as a sandbox for under-
standing LLLM reasoning capabilities. |Abbe et al.|(2024) propose the notion of globality degree to
capture transformer learning ability, and show that regular transformers cannot efficiently solve cycle
tasks. [Sanford et al.| (2024)) study the ability of transformer networks to solve various graph algo-
rithms in terms of their expressivity such as network width and depth. From an empirical perspective,
synthetic graph pathfinding tasks have been used to study compositional reasoning ability (Khona
et al.}2024) and understand internal prediction mechanisms (Cohen et al., [2025)). In particular, the
path-star graph (which our construction generalizes) has been shown to be difficult to solve for LLMs,
and has been used to study the limitations of reasoners trained via next-token prediction (Bachmann
and Nagarajan, 2025}, [Frydenlund, 2024)).

3 PROBLEM FORMULATION

w @ =

Figure 1: Structure of the world model graph, consisting of a source sg, a fork f, and W branches.
Each branch contains a sequence of K diamonds, each with L multiedges, leading to a final leaf node.
Here, K = W = 3 and L = 5. An example shortest-length path from s to ¢; is highlighted.

3.1 COT AS A PATHFINDING TASK

We model our reasoning task as pathfinding on a toy graph that represents the world model (Sanford
et al.}[2024; Bachmann and Nagarajan| 2025; |[Kim et al.|2025). Specifically, we consider a multigraph
consisting of the following components; see Figure |1}

* Source node sg, fork node f;

* Diamond <{>(u,v), which is a subgraph of L undirected multiedges between nodes u, v;
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e Leaf nodes ¢;.

The topology of the graph is as follows: the source node sq is connected to a fork node f through
a directed edge to f (this will be the only directed edge in the graph). f now branches out in W
directions. In each branch i = 1, --- , W, we have a sequence of K diamonds:

<>(ui,1,l7 ui,l,'r‘)> O(ui,Q,h ui,2,7’)7 ey <>(ui,K,l7 ui,K,r)
where consecutive left and right diamonds are connected. When multiedges occur, we will denote the

edges by u 2 vforl < j < L for the multiedges in {(u, v). Finally, we connect node u; f . to a
leaf node ¢;. For ease of notation, we will denote u; o, := f and u; g41, = t; for all ¢.

Reasoning task. In our setup, the reasoning model is prompted with a desired target node u, and
the goal is to output a valid path from s to u. We are interested in understanding how post-training a
language model with the standard paradigm of supervised fine-tuning (SFT) versus reinforcement
learning with verifiable rewards (RLVR) influences the test-time behavior of the model, when
prompted with a new reasoning task.

3.2 PRETRAINING

We consider a bigram model, in which each state consists of an edge and traversal direction (not
the underlying vertices); that is, for an edge e := u ¢+ v in the graph, v — v and v — u are
valid states. Furthermore, valid state transitions from an edge u — v would be to states in the set
N, :={v — w: v <> w € E} (in particular, note that multiedges are distinct). For the model, we
encode each state z as a one-hot vector in R2/Z!, and we use a single-layer softmax predictor as
follows:

To(-|z) = softmax((©,z)), O € (RU {—oco})?IEI*x2IEl

We remark that this model is strictly more expressive than a trigram model over nodes: any trigram
©(alb, ¢) can be encoded as g (b <> c|a > b), and moreover ¢ cannot express multiedges.

Initially, the predictor learns the world model or underlying graph, which we view as the pretrained
model; this viewpoint has been used to study pathfinding tasks by |[Kim et al.[(2025). For a given edge
u — v, we set the transition probabilities to be 1/|N,| to edges in N,, and 0 otherwise. When O is
clear from context, we will often omit the subscript and denote the policy simply as m. We will also
denote the underlying distribution of the described world model as D, from which we draw samples
(s, a) for current edge state and next edge state pairs such that the marginal probability over s is
uniform over all edge states.

Theorem 1 (Warm-up: convergence of pretraining). Suppose we train on the pairs (s,a) ~ D of
current edge state and next edge state for our bigram such that P, ,)~p [s] is uniform for all states.
Under the loss

Lpre(©) := E(s,0)~p[— log me(als)],
standard gradient flow from zero initialization learns transition probabilities in finite time.

The proof of Theorem [1]is deferred to Section [B| of the appendix. This justifies the following
assumption on exactness of pretraining:

Assumption 1. The pretrained model g
distribution.

has converged arbitrarily close to the world model’s

pre

This simplification is also used in |Kim et al.| (2025) to focus on analysis of post-training. Hence,
To,,, can also be seen as a trigram over nodes, with multiedges taken into account.

3.3 POST-TRAINING

We study post-training g with either SFT or RLVR. In both setups, we consider training on data
corresponding to path-target pairs, where the targets are sampled from the W leaf nodes ¢;. However,
the main difference is that SFT is given these pairs, whereas RLVR must obtain them via on-policy
rollouts. We detail these methods in the following sections. In both cases, we assume the generation
does not depend on the prompted target. That is, it is a pure bigram or Markov chain with initial state
s — f and transition probabilities g (+).
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3.3.1 SFT

For SFT, we assume the model has access to golden shortest-length path examples, with no back-
tracking or exploration data. In practice, this corresponds to (for instance) feeding the model with
gold standard solutions to a math problem. In particular, we train on shortest-length paths from the
source so to one of the W leaf nodes ¢; for 1 < ¢ < W. These golden paths have the following
characteristics: ((1) it chooses the correct branch at the fork node f, and (2) for each diamond
O(wi g, wi ) for 1 < j < K, it chooses exactly one of the L multiedges to traverse.

We optimize the cross-entropy loss over the dataset of golden paths and targets:

ly|—1
m(gnL(@) = Exwu(tl),yNDw - Z logﬂ'@(yt+1|yt) 6]
t=0

where D, is any (fully supported) distribution over golden shortest-length paths from the source to
the target . For ease of exposition, we consider optimizing this loss function via gradient flow, so
that:

d0,, 0L

dt 90, ,

for all pairs s, a of current and next states, respectively.

3.3.2 RLVR

For RLVR, we generate on-policy rollouts starting from the source sg, with a verifier which checks
whether the target node ¢; has been reached. As with many open-source models (Kimi et al.| 2025}
DeepSeek-Al et all 2025b), we will employ the use of a length penalty along with the verifier
outcome reward, which for pathfinding is simply the length of the rollout. That is, our loss function is

In(g‘X J(G) = ]Ezwu(ti),ywﬂ(—) [’I"(l‘, y)]7 (2)
r(x,y) = 1{y hits node z} — B|y|,

with an appropriately chosen length penalty 3. Alternatively, we could choose to use a finite horizon
instead of a length penalty and heuristically expect the same results.

For a given rollout with target = t;, we assume that the verifier stops the rollout as soon as the
current state s becomes u; x,» — . Then with a slight abuse of notation, E, .. [|y|] represents the
expected hitting time of ¢; (which is same for all targets by symmetry).

Policy gradient update. For the dynamical analysis, we consider the policy gradient update (Sutton
et al.,[1999):

ly|—1

Vol(0) = E,Eywr[r(z,y)Ve log 7o (y)] = ExEyur |7(2,y) Y Vologmo(siiils)
t=0

where s, is the current edge state, sy is a potential next edge state, and the policy does not depend
on the target.

Without loss of generality, we will work with the case where the length penalty strength 5 = 1. For
simplicity of analysis, we consider policy gradient optimization via signed gradient flow. That is,

0., aJ
a "\ se,,

for all pairs s, a of current and next state, respectively. Signed gradient descent has also been studied
in|Kim et al.[(2025) to avoid fringe non-convergence issues.

4 MAIN RESULTS

In this section, we present our main results, with proof sketches deferred to Section[A]of the appendix
and full proofs in the remainder of the appendix.
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4.1 NOTATION

To rigorously analyze the two algorithms, we first observe that by symmetry of the population gradient
and the graph topology, the transition probabilities for “topologically equivalent” edge states on
different branches (i.e., at the same depth and same orientation with respect to the fork) are identical.
Thus for any given j, the transition probabilities at any time ¢ > 0 are the same for the following
state types:

1. Forward (resp. backward) diamond connector states w; j_1,» — ;5,1 (¥€Sp. U; 51 — U; j—1,r) for
all1 <i < W.

2. Forward (resp. backward) diamond multiedge states u; ; ; “ U; 5, (TESP. Uj j,r “ u;,5,1) for all
1<i<Wand1</{<L.

Due to multiedge states being identical logit-wise regardless of the choice of target, we will treat
those states as identical; transitions into those states will have equal probability by symmetry. Hence,

. . ‘ -
we denote a single multiedge state u; ;; — u; ;- to be the aggregate of u; “ U j,r» and similarly
for w; ;. — u; 5.

aj: forward at R;r b;: backtrack at I

+ +
2 Lt
Ul g, r P-{Uj+1,1

)

(.
Q

d;: backtrack at Ly
R

0 =

Figure 2: Desired edge-state transition types a;, b;, ¢;, d;. The current edge-state is denoted by red;
the desired next edge-state is denoted by green.

c;: forward at L}

Lt

J

U1,

<">
<>

We also use the following notation for states; see Figure[2]

1. R+ state u; j; — U; j,» (arrived at the right diamond node from the left). The probability of the
forward connector (same direction as edge state) 1s denoted a;, and the reverse multiedges back

across the diamond have total probability 1 —

2. R, ;v ostate w1, — Ui (arrived at the right diamond node from the right). The total

probability of the backward multiedges is b, (% per edge), and the state back across the same
edge has probability 1 — b;.

3. LJr state u; ;—1,» — ;5,1 (arrived at the left diamond node from the left). The total probability
of the forward multledges is ¢4, and the state back across the same edge has probability 1 — ¢;.

4, L;j: state u; j,» — u; j, (arrived at the left diamond node from the right). The probability of the

backward connector is d;, and the multiedge states back across the diamond has total probability
1—d;.

For the four types of states, we will essentially have two types of transitions: going forwards and
going backwards. Note that over all ¢, the states of the same type and of same depth will have
the same transition probabilities. Therefore, when the context is clear, we will often suppress the
subscript ¢ in the notation, and analyze the two cases of when 7 is the target branch versus when ¢ is
not the target branch. Finally, there are two special states which never have their logits updated:

1. u; i, — t;: leaf-incoming states for 1 < ¢ < W. Since ¢; is only adjacent to the node u; g, the
state u; i, — t; deterministically transitions to t; — u; i, (unless ¢; is the target, in which case
the verifier stops the RL model rollout).
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2. f;: fork-incoming states u; 1; — f for 1 <4 < W. We fix the transition probabilities of these
states to be uniform over the W edge states f — w; 1,7, including the same branch it came fromﬂ

We call the next edge states that the transition probabilities a;, b;, c;, d; above correspond to desired
states; the other actions are called undesired states.

In particular, we have the following:
EXP(@R+,L++1> LEXP(GRT,L»_>
Lo (O i) Lo (O 17) +o2(On s, )
exp(O 1z, ) + Lexp (O P\ Ory17 ) + P Orp ez,
Lexp(@L+,Rfr) exp(@L:Rll)

Cj = s dj = .
op(Oy; g )+ Lexp(O,; ar)

aj:

s bj:

Lexp(@Lgr R+) + exp(@lﬁ R 1)
3 Jti—
For a given state s, let a; be its desired next state, and ag be its undesired next state. Then the
pretrained model satisfies O o, = O 4, = 0 and O, ,» = —oo for a’ not in the set of possible next

. 1 L
actions, so that a;(0) = d;(0) = 15 and b;(0) = ¢;(0) = 35.
Finally, we denote H(t) = Eyr, [|y]] to be the expected hitting time at time # after the start of
post-training. Note that for any target x = ¢;, this value is again the same.

4.2 SFT LEARNED MODEL

Theorem 2 (Transitions learned by SFT). When training with gradient flow on the SFT loss (Equa-
tion (E[) ) over only golden paths, it holds that a;, c; converge arbitraily close to 1 in finite time. On

the other hand, b;,d; are fixed at w2~ , -1

11 T respectively, over all time.

Essentially, this theorem states that all forward-pointing edges will learn to put transition mass
towards the next forward edge. On the other hand, because the model is only given golden paths
towards the target, all backward pointing edge states remain uniform over its neighbors. In particular,
because there is no explicit backtracking data in the fine-tuning dataset, the only ability to backtrack
comes from what is learned during the pretraining phase, with no chance to be amplified post-training.

4.3 RLVR LEARNED MODEL

Theorem 3 (Transitions learned by RLVR). When training with sign gradient flow on the RLVR loss
(Equation @])), aj,bj,cj,d; converge arbitrarily close to 1 in finite time.

Intuitively, on-policy rollouts in RLVR penalizes the model for attempts containing long back-and-
forth paths; it needs to amplify its backtracking ability to mitigate this. As such, the learned model
converges to the state where all edge states that point forward on a branch will learn to keep going
forward, and all edge states that point backwards on a branch will learn to keep going backward.

4.4  SEPARATION IN INFERENCE-TIME EFFICIENCY

Given the policy learned from either SFT or RLVR, our main result shows that the former can be
exponentially more inefficient at inference time. This is due to the fact that fine-tuning on only
the golden paths induces a lack of backtracking ability for the SFT model, which is well known to
memorize the data distribution. For ease of exposition, we suppose that the SFT and RLVR models
have converged to the transitions described in Theorem [2] and Theorem [3] (equivalently, the ¢ = co
limit of the training process).

Theorem 4 (Inference-time separation). Suppose that the learned RLVR model with a;,bj,cj,d; =1
and the learned SFT model are prompted with any target node u in the graph to find a path starting
from the source. Then the RLVR model requires ©(W K) time in expectation to find u, while the SFT
model requires ©(W L) time.

'If these logits are also updated, it is straightforward to see that they will converge to the uniform distribution
on the remaining W — 1 branches, discarding the branch it has ostensibly already explored. Since this does not
affect the final guarantees order-wise, we fix these logits for simplicity.
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The above theorem implies a separation of © (L), which is exponential in the world model’s depth.

4.5 DISTILLING RLVR REASONING TRACES

Finally, we highlight when SFT can succeed for our reasoning task. Suppose we have access to the
reasoning traces of a trained model, such as the outputs of a powerful closed-source model. If we
fine-tune a pretrained base model on such traces (a process known as distillation (Shridhar et al.|
2022)), we obtain similar guarantees in terms of inference-time efficiency, thereby avoiding the
exponential blowup in Theorem 4]

Theorem 5 (SFT on reasoning traces). Denote the joint distribution of target and reasoning trace
pairs generated by the RLVR converged model to be D. Then, if we fine-tune the pretrained model on
these traces by optimizing the following loss:

lyl-1
min Laistin(©) = Bz yyop [ — D logmo (yes1lur)
=0

we can achieve O(W K) expected inference time compute.

The fact that reasoning traces learned by a reinforcement fine-tuned model are useful for distillation
demonstrates the importance of backtracking in fine-tuning data.

5 EXPERIMENTS

In this section, we run experiments on our synthetic setup to validate our theory. We provide example
plots for the case of W = 15, K = 15, L = 5, run under sign gradient descent with learning rate 0.01.
Figure 3[shows that the final hitting time indeed converges to © (K W), as suggested by Section
Moreover, Figure@ shows that all probabilities a;, b;, ¢;, d; indeed converge to 1 with a rate (only)
depending on their type. While not visually clear, we note that there is a very brief regime in the
beginning in which the probabilities b and d are decreasing for middle depth nodes.

W=15K=15L=5

50000 4 0.98
0.95

1.00 1.00

0.93

40000 4 0.90
0.40 088

30000 4 0 100 200 300 400 500 600 0 100 200 300 400 500 600

100 100
20000 098

Expected Hitting Time

0.60-
w0004 N w

088 0.0

0.20

T T T T T T T 0 100 200 300 400 500 600 0 100200 300 400 500 600
0 100 200 300 400 500 600
Tteration

Figure 3: Expected hitting time of RLVR-trained Figure 4: a;,b;, ¢;, d; values for RLVR-trained
model against training iterations. Here, hitting model (ordered in Z shape). Values of edges over

time converges to 41 K = 900. all depths j are overlaid. Note that a(0) = d(0) =
7 and b(0) = ¢(0) = LLH

6 CONCLUSION

We highlight backtracking as a key capability for reasoning. We introduce a simple graph pathfinding
model of chain-of-thought reasoning and give a dynamical comparison between supervised fine-
tuning on shortest-path demonstrations and RL with verifiable rewards. We show that SFT on gold
traces need not update backward-state transitions and can incur exponential search cost, whereas
RLVR’s on-policy rollouts provide signal to learn efficient backtracking from failed paths, yielding a
provable inference-time compute separation. Finally, we show that RLVR-generated traces can be
distilled via supervised learning to transfer efficient backtracking to a base model.
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A OVERVIEW OF PROOFS

A.1 PROOF SKETCH OF SFT TRAINING

We essentially consider initialization from the pretrained model and analyze the gradient update on
the cross-entropy loss. Since only the logits corresponding to a;, ¢; change (as the training data does
not contain any states R, or L"), we can reduce the argument into an analysis of an ODE on the
logit gaps, and this is sufficient to prove Theorem 2]

A.2 PROOF SKETCH OF RLVR TRAINING

In contrast to the SFT setting, the dynamical analysis for RLVR is significantly more involved as the

interaction between rollouts and backtracking comes into play. For each logit, the policy gradient is
equivalent to

aJ

00,4

where d,(s) := E,[> ,_ . 1{s; = s}] is the expected number of times we reach state s before
hitting the target x, and A, (s, a) is the advantage for the policy 7 for the reward (hitting time) when
choosing action a compared to the other actions at state s.

E.[d:(s)m(als)Az(s, a)]

In our analysis of RLVR, this also means that we will treat the previously defined quantity d,(-) for
such states as:

L
(¢
(i i = i) = > By [ > 1{sy = (ui B ig)} |-
=1 t<T
The analogous statement holds true for the reverse multiedges as well.

For a fixed target z, define the hitting time 7, := min{t > 0 : head(s;) = x}. Also, let h,(s) :=
E[7:|s0 = s], with absorption h,(s) = 0 if head(s) = x and the Bellman equation:

hz(s) =14 Zﬂ'(a|s)hw(a) (head(s) # x).

Then the advantage satisfies:

Ag(s,a) = hy(s) — he(a), hg(s):= Zw(a’\s)hx(a’).

a’

Also, recall the expected number of visits to a directed-edge state s before hitting x is

Z 1{s; = s}] .

t<Tg

d.(s):=E

Again, for multiedge states, we will treat this quantity as an aggregate of all L multiedges. Now, the
update for each logit becomes:

0J
00 4

=E,[d;(s)m(als)Az(s, a)]

1 & .
= 2_; dy, (s)7(als) (e, (s) — by, (a)).

In each type of state, there is a desired action and an undesired action. Our goal is to show that the
learned model converges to the state where all edge states that point forward on a branch will learn to
keep going forward, and all edge states that point backwards on a branch will learn to keep going
backward. The update rule of the logit difference of these two actions are related via the following
lemma, which is proved in Section

Lemma 1. For a state s, let © 1 correspond to the logit for one of the desired next edge states,

and O, correspond to the logit for one of the undesird next edge states, and let the logit gap
DS = @S,l — 63,0- Then

dD,

dt

= sgn(E;[dy(s)(hy(ao) — ha(ar))]).
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As a corollary, we can express the updates of the logit differences as follows, where we suppress the
subscript ¢ for brevity. The following hold for the four types of states:

1. R;r state: Denote the logit gap as D§a). Then,

(@)
dD}
at

=sgnkE, [dI(R;r) . (hz(L;) - hx(L;r+1))] .

2. R; state: Denote the logit gap as D;b). Then,

®
dp!
dt

+ . : ()
3. L state: Denote the logit gap as D, . Then,

ap'®
d; =sgnk, [dx(L;r) ) (hx(Rj_fl) - hx(Rj))] :
*:G§C)
- . ; (d)
4. L; state: Denote the logit gap as D, . Then,
ap!¥
di‘ =sgnk, [dI(L;) . (hz(R;r) - hz(R;_l))] .
::G§d>

We divide our analysis into two phases: 1) the time until all of the logit gaps are increasing (i.e.,
G;p ) > 0forall 1 <j < Kandp € {a,b,c,d}) and 2) convergence from said time towards 1.

RLVR at post-training initialization. Denote the start of RLVR as time ¢ = 0. The following
lemma characterizes the properties of the gradients at initialization.

Lemma 2. Art = 0, it holds that G;a)7 G;C) > 0. However, Gg-b), G;d) may be negative for depths
1 <IW,K,L) < j <r(W,K,L) < K —1, where I(-),r(-) depend on the specific values of
W,K, L

The full proof is deferred to the appendix. Intuitively, this can be interpreted as the following. First,
forward-oriented states (corresponding to G;a)7 G;C)) want to continue forwards, as going backwards

would be a waste of movement. Second, backward-oriented states (corresponding to G (-b), G (-d)) near
the end of a branch want to continue backwards, because they tend to believe that they came from a
non-target leaf on the current branch. Third, backward-oriented states near the fork tend to put higher
preference on the additional optionality of moving towards the fork as opposed to continuing forward
on an uncertain branch. Finally, backward-oriented states in the middle are more “’confused,” in the
sense that it is unclear if they are facing backwards because of backtracking or because of a U-turn
from a forward-oriented state; this confusion should eventually be resolved as forward-oriented states
converge to putting all mass forwards.

RLVR Phase I. It can first be shown that Gga), Gg-c) are not only positive at initialization, but over
all time. This leads to a lower bound on the time that G§-b), G;d) can be negative.

Lemma 3. Let T = @(log 13195) where Hy := Hy(0). Then for all 1 < j < K, we have
¢ (1), 6¢\(T) > o.

The proof of this critical fact relies on a careful decomposition of all Gg-p ), with full details deferred
to the appendix.
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RLVR Phase II. Continuing on, we enter the second phase of the training dynamics after time 7.
In the setting of Lemma 3] we now consider the additional time needed after time ¢ = T to reach the
regime where min; (min{a;, b;,¢;,d;}) > 1 — & for some x < 1, for which we prove the following
guarantee.

Lemmad. Let T' = ©(log £). It holds that
(p) ’
G/(T+T)>1-r, Vpe{a,b,cd}

This result of this phase follows from the self-reinforcing nature of the dynamics in this regime.
Combining the results thus far gives Theorem [3] Full proofs can be found in Section [C|in the
appendix.

A.3 PROOF SKETCH OF INFERENCE TIME SEPARATION

Given the construction of the converged model in Theorem the model takes ©(K) time to traverse
any branch back-and-forth, and traverses W branches on expectation before hitting the target branch.
Therefore, the required inference time compute is © (W K) for the RLVR model.

For the converged SFT model in Theorem [2] the backtracking behavior is more complex. Upon
entering a branch i, since a; = c¢; = 1 for all j, we reach the ¢; node in O(K) time. However, exiting
the branch is more complicated. Starting from the state R} 1 with head ¢;, let g; denote the expected

time of first entry into Ry 14 and f; denote the expected time of first entry into L Tl Then,
we have the following recursion with base case g; = 1:

L+1 2t —1
i — 7 17
f 7 gi + 7 +

gi=L+1)fi1+(2i—2)L+1.

We prove and analyze this recurrence in Section [D]of the appendix. In particular, the time needed
from entry of a wrong branch to getting back to the fork state is g1 = O(L*), leading to a total
compute of O(W LK),

B PRETRAINING AND SUPERVISED FINE-TUNING

We start off with the following general lemma for cross-entropy loss.

Lemma 5. Let Q be any distribution over pairs (s, a) of current edge-state s and next edge-state
a. Define the marginal dg(s) := P(s q)~ol[s] and the conditional pg(a | s) := P 4y~gla | s].
Consider the cross-entropy objective

LQ(@) = ]E(s,a)NQ [ — log 71'9(& ‘ S)] .
Then for every pair (s, a),

dLo
90, .

= do(s)(re(a | s) ~pala|s)).

In particular, under gradient flow d(?j;'” = —0Lg /00O q, the dynamics of each row O . depends

only on data transitions out of s; if do(s) = 0 then O .(t) remains constant.

We now prove the pretraining convergence result.

Proof of Theorem[I] We first initialize ©(0) = 0 to be the zero logit matrix. Let D be the world-
model transition distribution described in the main text. For each state s = u — v, let A(s) := N,
denote the set of valid next edge-states and let m; := |.4(s)|. Under D we have the conditional target

distribution
#, a € A(s),
polals) = {o, ad As).
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By Lemma[3] the pretraining gradient flow satisfies, for every s, a,

% = —dp(s)(rew(a|s) —ppla]s)).

By assumption, we have that all of the states of the world model have equally likely marginal
probability. Hence, for all of the gradient flow logits, we can rescale time by dp(s), so that:

O,
dt

We now fix any state s. Because O, ,(0) = 0 for all a, we have complete symmetry at ¢ = 0.
Moreover, the target distribution pp(- | s) is invariant under permutations within the two groups
A(s) and A(s)¢. Since the ODE is deterministic and coordinates within each group have identical
right-hand sides whenever they are equal, uniqueness of ODE solutions implies that for all ¢ > 0,

Os,4(t) = us(t) Ya € A(s), Os.4(t) = vs(t) Va & A(s)

for some scalars us(t), vs(t).

= —(ﬂ@(t)(a | s) —pp(al 3))

Let M := 2|E| be the total number of edge-states, and write n, := M — m,. Define the total
probability mass assigned to valid actions

ws (t)
mge
ps(t) == XA% )W@(t) (a|s)= mgets () + pevs(t)”
acA(s

Then each valid action has probability p,(t)/m and each invalid action has probability (1—ps(t))/ns.
Applying Lemma [5|to one representative valid action and one representative invalid action gives

%7 ifps(t) _1-ps(t) %771*175@)
dt  \ms, ms | o '

mg ’ dt Ng

Hence for the logit gap ¢s(t) := us(t) — vs(t) we have

dgs 1 1
- = (1 —ps(t —+—1]2>0
dt (1=ps(t)) (mS + ns) -
50 g,(t) is nondecreasing. Writing w;(t) := e9+(!) and using
mgws(t) Ns
J()=—2 o 1op ()= ——
ps(?) msws(t) + ng ps(t) msws(t) + ns
we obtain q q . . 0 )
Wy gS NsWsg t
dt ws(?) dt <mS + n5> msws(t) +ns — myg’
where for the final inequality we have used that w(t) > w,(0) = 1 and thus e > e 0

yield the cancellation. Therefore wy(t) > 1 + mit and hence
Ns s N
< = .
msws(t) + ng e (1 n it) me +t

1 —ps(t) =

Thus the total invalid mass 1 — p(t) goes to 0 as ¢ — oo, and the valid mass goes to 1. Because all
valid logits remain equal, the distribution over valid actions is uniform at all times:

Tow(als) = p;n—(t) Va € A(s).

S

Consequently, for any e > 0 we may choose Ts(¢) := ny/e so that for all ¢ > T,(e) we have
1 —ps(t) < e, and therefore

1 €
max |7 al|ls)——| < — and s als)<e.
i me(a ) — o) < > reqlals) <
a¢ A(s)
Since this holds for every state s, pretraining under gradient flow learns the world-model transition
kernel up to arbitrary error in finite time, as desired. O
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Using a similar technique of analyzing a training with a teacher distribution using cross-entropy loss,
we can prove the convergence of the SFT model. In the following section, we provide the proof for
Theorem 2

Proof of Theorem[2] We assume the SFT phase is initialized at the pretrained world model described
in the text, i.e., for every state s all valid next-actions have equal logits, and invalid actions have zero
probability (equivalently logits —oo). We also assume D, is uniform with respect to the targets; this
only affects the relative timescales of convergence.

Let Qgpr denote the induced distribution over adjacent transition pairs (s,a) obtained by the
following procedure: sample a target « ~ U ({t;}), sample a golden path y ~ D,, and then sample
a uniformly random transition (y;—1,y;) (i.e. each edge connecting diamonds, and each of the L
multiedges at a diamond will be sampled uniformly at random).

Then the SFT objective can be written as
LSFT(@) = E(Sva)NQSFT [ - 10g o (a’ ‘ S)} .

By Lemma for each state s the gradient flow depends only on the conditional pgg,.. (- | $), and if a
state s is never encountered in golden paths then its row never updates.

First, observe that by construction, every golden path is a shortest path from sg to some ¢; and
therefore never contains backtracking. In particular, none of the backward-pointing states R, ; or
L; ; appear in y. Hence for each such backward state s we have dgg., (s) =0and Lemmaimplies

©;,.(t) is constant over time. Therefore the associated transition probabilities remain equal to their
pretrained values:

We now analyze the forward-oriented states. First, consider a forward-oriented state R;fj, each of
which have exactly one forward action and L backward actions. On any golden path, whenever we

are in state R;rj the next state is deterministically the forward connector state L:rj +1- Therefore the

SFT conditional satisfies pogpr (- | Rfj) is a point mass on the forward connector action.

By symmetry among the L backward multiedges and the symmetric pretrained initialization, their
logits remain equal for all time, so the row can be summarized by two scalars: u(t) (logit for the

unique forward connector) and v(t) (common logit for each backward multiedge). Then
eu(t)
a;(t) = eu(t) + Lev®

Applying Lemmato this row yields (up to time rescaling of dgq,r (R?,j)):

du dv 1—a;(t)
—=1=a. =9\
dt oM L
Hence for the gap g(t) := u(t) — v(t) we have

) <1+2) >0.

Let w(t) := e9®). Using a;(t) = wé‘;giL one computes
dw dg w(t)
— =wt)—==(L+1)————>1
A T S by g s
since w(t) > w(0) = 1. Therefore w(t) > 1 + ¢ and
L L
1—a;(t) = < .
40 = ST ST LT

Thus for any x > 0, taking ¢ > % — L —1ensures a;(t) > 1 — k.
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Finally, we consider a forward-oriented state of type L;fj. This state has L forward multiedges
transitions and one backward transition. On any golden path, whenever we are at L;fj the next
action is always one of the forward multiedges across <(u;,j,i, u; j,r). Therefore the SFT conditional
satisfies pogpr (* | L;fj) on the backward transition is zero.

Let p;(t) denote the model’s probability of taking the backward connector at L;’j; then ¢;(t) =

1 — p;(t). The backward connector logit is pushed down at rate proportional to p;(t), and hence
p;(t) — 0and ¢;(t) — 1. Under the additional symmetry assumption that D, is invariant under
permutations of the L multiedges in each diamond (so each forward multiedge is equally likely in
the population loss), the same reduction as above applies: all L forward multiedges share a common
logit u(t) and the backward connector has logit v(¢), so

Le*®) Lw(t)
. = = = u(t)—v(t)
i (t) Lev® +ev(®)  Lw(t) +1° w(t) =e '

The same calculation gives 9% > 1/L, hence w(t) > 1+ t/L and

1= (1) 11
J— c . = .
! Lw(t)+1 ~ t+L+1
Thus for any x > 0, taking ¢ > % — L — 1 ensures ¢;(t) > 1 — &, as desired. O

C RLVR

C.1 SETUP AND NOTATIONS

Recall that:

lyl-1
Vo (0) = E.Eyrlr(z,y) Vo logmo (y)] = ExByune [7(z,4) > Vologme(siilse)|.

t=0

In the main text, we claimed that this is equivalent to:

oJ
55— = Exlda(o)m(als)A.(s. o)
where d,(s) := E,[> ,_ . 1{s; = s}] is the expected number of times we reach state s before

hitting the target x, and A, (s, a) is the advantage for the policy 7 for the reward (hitting time) when
choosing action a compared to the other actions at state s. We prove this claim below.

Lemma 6. The policy gradient can be expressed as:

ly|-1

E Eymr | (2, y) Z Vologm(siyi|se) | = Epldy(s)m(als)Ax(s, a)]
t=0

where

Ay(s,a) = hy(s) — he(a) where hy(s):= Zﬂ(a'b)hm(a’).

a’

Proof. First, we note that under softmax parameterization, we have
exp(Os,a)
molals) = s~ 6.
a’ p s,a’
and so

Olog e (at|ss)

v 1{s; = s}(1{a; = a} — me(als)).
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In our case, we have that r(x,y) = 1 — |y|. We can first simplify by noting that for any fixed ¢,

E[Ve logme(at|st)|s:] = ZTF@ alst)Ve(a|st) = Ve (Z mo(alst) ) =0.

Therefore, we obtain:

ly|-1

Ved(0) =Eauy [ Y (1—lyl)1{s: = s}(1{a: = a} —mo(als))

t=0

ly|-1

=-E,, ; ly[1{s: = s}(1{a; = a} — me(als))

To continue, we note that for any fixed ¢, it holds that:
E[tVelogg(alst)|si] =0

due to a similar argument as before (rewards from the past do not impact the gradient). Therefore, we
can rewrite the policy gradient as:

[lyl-1

Ve (©) = ~Euy | Y lyli{s: = s}(1{a, = a} — 7o (als))

ly|-1

= —Eoy | Y (lyl = O1{s: = s}(1{a; = a} — 7o(als))

as desired. O
We are now ready to prove Lemmal[l]

Proof of Lemmall] First, we note that 7(ag|s) + m(a1|s) = 1. Then, we observe that:

ha(s) = ha(a1) = m(aols)ha(a0) + m(ar|s)ha(a1) — he(ar)
= 7(aols)(ha(a0) — hz(ar))

Similarly,
ha(s) = ha(ao) = —m(arls)(ha(ao) — ha(a1))

Observe that h,.(s) — hy(a1) and h,(s) — h.(ag) have opposite signs. Combining with Lemma@
we obtain:

o = s [da5) [r(a 1) (B 5) — () = (aols) (i (s) = hofa0))]])
= sgn(2E. [d, (s)m(a ) (a0l ) (s (a0) = (1))
= sgn(E.[dy(s)(ha(ag) — ha(a1))])
as desired. O

To characterize the dynamics of RLVR, we first define the following notations.
Definition 1. Fix a target x. We define the following quantities:
1. Let Hy := hy(u;1,; — f) denote the hitting time of a fixed target x from any of the states

whose head is the fork f (including the initial source state sy — f); by symmetry they are
all equal, hence why we consider a single value.
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2. For state s not on the branch of x, we define §(s) to be the expected time of hitting the fork,
starting at state s. That is, §(s) := E[ry] where Ty := min{t > 0 : so = s, head(s;) = f}.
In particular, this means that h,(s) = §(s) + Hy, and we have the absorbing condition
hs(uig — f) = 0 for branch i not equal to the branch of target .

3. For state s on the branch of x, we define g(s) to be the expected time of hitting either f or
x (e.g. both states are absorbing). That is, g(s) := E[r(; ;1] where Ty ;1 := min{t > 0 :
so = s,head € {f,z}}.

4. For state s on the branch of x, we define q(s) to be the probability it hits f before x. In
particular, this means that h(s) = g(s) + q(s)Hj.
Lemma 7. Define the following q-gaps:

6;:=q(L;) —q(L},), € :=q(R;_y)—q(R))
Then, it holds that ; > 0 and €¢; > 0 for all j.

Proof. For Aj, this follows from intuitively from the fact that all paths from LLI to the fork must
pass through L. Hence, the event that a path arrives back at the fork from L;FH is a subset of the

event that a path arrives back to the fork from L. Similar reasoning holds for ¢;, and the lemma
follows. O

Lemma 8. Define the following g-gaps:
Aj=g(Lf,) —g(Ly), Ej=g(R)—g(R;_,)
Then, it holds that A; > 2 and E; > 2 for all j.

Proof. For Aj, this follows from intuitively from the fact that all paths from L;ﬁrl to the fork must

pass through L, which requires at least two moves. A similar reasoning holds for £;, and the lemma
follows. O

We remark that we cannot immediately obtain clean positivity results for the g-gaps (i.e., the expected
absorbing time onto { f, x} on for states on the branch of a target x). To analyze it, we first define the
following quantities.

Definition 2. Fix a target x, and consider the entry state L upon entering any branch from the fork.
We define the following for a state s on this same branch:

1. When s is on the target branch, define j1(s) := IE[ZKT” " 1{s; = s}|so = Lﬂ In other
words, [ is the expected number of visits to state s during a target branch attempt.

2. When s is not on the target branch, define fi(s) :=E [EKW 1{s; = s}|so = Lﬂ In other

words, [is is the expected number of visits to state s during a non-target branch attempt
until it goes back to f.

Definition 3. Fix a target x, and define the success probability of hitting the target upon entering its
branch pgyc. before hitting f. That is,

Psuce = Plhead(sr, ) = also = LT}

where Lf is the entry state of the branch of x.
Proposition 1. Fix a target x. Then, the following hold:

1. If s is on the same branch as x, then we have d,(s) =

2. If s is on a different branch from x, then we have d(s) =
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Proof. Note that the probability of success for each branch entry is £52<, as one needs to choose the
target branch with probability 1/T and then succeed with probability pgu... Hence, the total number
of fork departures on expectation is W/pgycc, S0 the expected number of entries into any fixed branch
is 1/psuce- O

Proposition 2. Define:
A = g(L7) = g(Li), Agl? = g(Ri_)) — g(R])

Furthermore, define Aglgb) = ng](fI) and Agﬁd) = —Ag (C) . Then, the following hold:

L G = E.[do(R];) - (ha(Li}) = ha(Lf;10))] =
i [0 (89 + 8,H,) = (W = DR},
2. G = HJde(Re) - (ha(Li00) = ha(L7))] -

E

L (R (~Agl = 83Hp ) + (W = DA(R) )4

W psuce L J J JHf 7 J
E

SN = L[da(LE) - (ha(Riy_y) — ha(RY)] =
Wpwes (L) (A9§c) + €ij) -(W- l)ﬂ(Lf)EJ}
4. G\ = E.[do(Ly;) - (ha(RY,) — ha(Ri;_1))] —

Wiree _“(LJ'_)(*AQ;C) - Gij) + (W= l)ﬂ(L})Ej}

Proof. We will first consider the case G§a). If R;' is on the target branch (which happens with
probability 1/T), then we have:

=—=((9(L;) —g(L)) + (a(L7) — a(L) ) Hy)

= +) (Ag]a) + 6, Hf)

psucc

If R;“ is not on the target branch (which happens with probability (W — 1) /W), then we have:

_ MRY) A(R))
dm(Rj) ) (hz(Li,j) - hm(L:j-i-l)) = D - (g(Lj ) — Q(Lj_+1)) = D - (*Aj)
This gives the desired expectation. Analogous calculations can be done for the other three cases to
obtain the same result. O

We now observe that we can rescale time in the four logit ODE’s by a factor of
terms do not change the sign in our gradient flow. Therefore, we redefine:

2 since those
C

LG = [u(R) (Ag)”) + 8507 ) = (W = Da(R))A, |

2. G i= [y ) (=80 = 63 Hy ) + (W = D(R;)A, |
3. G = (W) (80 + 6 Hy) — (W — V(L)
4. ng) = { ( Ag- - eij) + (W — 1)/1(L;)Ej]

so that for p; € {a;, b;,c;,d;}, the gradient flow is
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C.2 SUMMARY OF IMPORTANT QUANTITIES

For ease of exposition, we summarize the notations defined above in a concise list with its correspon-
dence to branch type.

* Off-target branch: fi(-), §(-), A;, E;
° On-target branch: :u(')v g(')a Ag;'lv Ag§7 Q(')a 5]'7 €4, Psucc
* Overall: H¢, which is the expected hitting time of fixed target ¢; from a branch. Since the

targets ¢; are symmetric, we have that J(©) = 1 — Hy. Moreover, using Proposition
+ _Dant
yieldS Hf = W+g(L1 )+(W 1)9(L1 )

Psucc

Note that in the context of the population loss, the expectation is uniform over the choice of on target
branch. In the remainder of this section, we will calculate these quantities exactly in terms of arbitrary
Qj, bj,Cj,dj.

We give closed form expressions for all of the below quantities, which were calculated with the
assistance of SymPy. We verify separately that these quantities (which are by definition unique)

indeed hold for the stochastic system we have defined thus far. Unless denoted otherwise, the
quantities below hold for all 1 < j < K, with the convention that a state R is a fork-head state,

and L;r( 1 1s aleaf-head state, as well as the summation and product of an empty set being 0 and 1
respectively.

C.2.1 OFF-TARGET QUANTITIES
a;Cj

Define the quantity r; := 32-*.
i)

1. fi(-): We have

j—1
[L(Lj) - H r’ﬂh
m=1
c; It
A(R)) = i(L7) = L ] v
J m=1
J
ARy) = (L) = 1] rm
m=1
2. E;: We have
K m—1
2(am + bm) a;Ci+1
E;, =
m=j =7
3. Aj: We have

_ 2+cipbi1  diE; -2

A .
! bj aj

4. g(-): Define F; := g(R; ), so that Fy = 0. Then we have

Fj - Z (2 + (1 - dm)Em + (1 - bm)Am)

m=1
and
g(R;) = Fj,
g(R;r) =F1+Ej,
9(Ly) =1+ Fj_1 + ¢ B,
g(L;)=1+F;_1+(1—4d;)E;
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C.2.2 ON-TARGET QUANTITIES

Define the following quantities:

G,jCj .
rii= , V2<j<K,
1T b d; J
K
P; = H T,
m=j+1
aj
o= (1—a;) + (1 - ¢y),
7
K
S] = Z aum.a
m=j
a
Zyg ;:P1<1—CL1+1> + S
dy
We also have the following quantities.
1. 0;: We have 0; = P;/Z,.
2. €;: We have ¢; = §;a;/d;.
3. Ag§: First, define the following:
K m—1
2(cm +dm)
Bj = - Z 7bm71dm H T,
m=j5+1 =741

2(1 — ¢y,
Tm =2 (d )7
K
Pg = Zﬁmpma
m=2

K
Qg = Z (ﬁmBm + ’Ym)'

Then, it holds that:

(#+1-a)Bi-2+Q,+1
<%+17Q1)P1+Pg

Agj = PiAglk + Bj.

Agg = —

b

4. Agj: We have

a;Agd —2
Ags = %.
j
Equivalently, when 2 < 57 < K,
bi_1Agd_ +2
Agy = ZHEIELE,

¢j

5. g(+): For simplicity, we will not write down the full expression, since we will generally be
working with adjacent differences Ag§ and Ag;.
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6. u(-): We define the prefix product A; := [ _, an,, as well as B;, C;, D; similarly. Then,

w(LH) = Aj1C51 . Sj+ aéijjpj
i) T B, D Z,
iy A ST,
j—1+5 q
p(Ly) = u(R}) = Psuce:

M(Rj ) = M(L;_Jrl) — Psucc-
C.2.3 CLOSED FORMS FOR G§p)

The aforementioned quantities are also sufficient for us to write a closed form for Gg»p ) for pE

{a,b,c,d}. As before, define A; = an:l a; to be the prefix product of a, and similarly for
B;,C;, D;. In particular, we have:

@ A:_1C: S;i 1+ P; u P; A:_1C;
R = e TR LIl =
b [A;C; Siy1+b;P; P; A:C
G§ : = BJ,DJ, -2 7 I _psucc:| . |:_PjAg(II( - P5 Z]Hf:| + (W— 1)BJ.DJ,Aj7
LBjLj q q it
¢ [A;_1Ciqy S;+bi_1P;_ (P;Ag% + B;) — 2 i P A _1Ci_
G;): 71J.1_J+J1J1_GJ(J QKT" ;) %JHf —(W—1)71J.1
_Bj—lD]—l Zq d] d] Zq Bj—lDJ—l
ng) _ Aj,le . Sj+1 + P ~ Paee| - _aj(PjAg;} -l-Bj) -2 B &&Hf LW —1) Aj,le
J _Bj_le Zq dj dj Zq Bj_le

C.2.4 VALUES AT POST-TRAINING INITIALIZATION

We calculate these values at initialization of post-training, in which a; = d; = %ﬂ and b; = ¢; =

LLH for all j. Letus denote D :=1+ K + % We will not explicitly show the calculations below,
with the understanding that they can be obtained from the closed form expressions from the previous

section evaluated at these a;, b;, c;, d;.

First note that at initialization (¢ = 0), it holds that ps,.. = 1/D. Now consider the values below at
initialization. On the target branch ¢, we have for 1 < 57 < K:

Moreover,

1. On a non-target branch, it holds that d, (Lj') = d.(R;) = D and dz(R;') =d.(L;) =
D-L. ‘
2. The hitting time from a fork state is Hy := H¢(0) = 2W —1)D(1+ K(L +1)).
For all states s, it holds at initialization (¢ = 0) that ji(s) = 1 for non-multiedge states, and p(s) = L
otherwise. That is, (L} ) = u(R;r) = L and u(Lj) = u(R;).
For all 1 < j < K, it holds that at initialization (¢t = 0):

LN =§(L;) =7+ (L+1)j2K +1—j) + %((H 1)(2K + 1 — j) + 1),

GRT) = §(R;) =+ (L+ DK + 1)+ T(L+ 1)K — ) +1).

24

E

VR

E;.



Published as a paper at the 2nd DeL.Ta Workshop, ICLR 2026

Hence, we obtain:

8,00 = 3(L5) - a(27) = 22 s - gy ),
5,00 = 5(r}) — o) = 22 vy,

For all 1 < j < K, it holds that at initialization (¢t = 0):

ur) = |5 (o +1-0+ EED)

_ 1 K—j

M(Lj){D<(K+1])+L>}’L,
1 K+1—j
—((K+2—3 - J
D( : )

i J
D .
For all 1 < j < K, it holds that at initialization (¢t = 0):

o) =aley) = @+ +1-9) 5+ 171,

9(R) =g(R;) = (L+ 1)(j(K+ 1— )+ J(KLJ)>

Hence, we have that:

8 = al1) = o) = ~(L+ ) (K -2 + S,
A7 = ol ) = g()) = ~(L+ ) 4 2 2)) 4 L),
Forall 1 < j < K, it holds that:
dE0) = a0 = KL ) = g(rpy0) - KL
Hence, we obtain:
55(0) = a(L;)(0) — a(L1.,)(0) = 7 =1,
&(0) = a(Ry ) —a(R}) = 5 - 22

Given these quantities, we can now evaluate Ggp ) for p € {a,b,c,d}, allowing us to show Lemma

Proof of Lemma 2] We first gives the values of the GSP ) at initialization. For all depths 1 < j < K,
it holds at initialization (¢ = 0) that:

G\ (0) = Q(LLT;)((L F1)%5(K = §) + §(W(L? = 1)+ 2(L + 1)) + (W = 1)((L + 1)K + 1)),

a(0) = 2(527;/1)(@ +1)%%2 = (L+ 1)(K(L+1) + (L — 1)(W — 1)) + L(W — 1)(KL + K + 1)),
Gi(0) = %(W(KL+K+L)+(L+1)2(J'— (K —j)+ (L+1)(j — )LW + L—W +1)),
Gi(0) = 2%27;[/1)(@ +1)%2 — (L+ 1) (K +1)(L+1) + W(L —1))j + LW(KL + K + L)).

It is easy now to check that G;a) and G;C) are positive at initialization, whereas the j in the middle

depths can possibly cause Gg.b) and G§.d) to be negative. [
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C.3 DyNaMICS OF PHASE I oF RLVR

For Lemma we claimed that when G§a) and G;c) are positive over all time, there is a finite time
before G§b) and G§d) all become positive. We prove Lemmabelow.

Proof of Lemma[3] Suppose that Gg-a) and ch) are always positive; that is, the probabilities a and ¢
are always increasing. Then, we can express in closed form the following:
th Lth
t) = 55—+ )= ——.
alt) et + L’ (®) Le?t +1

LetT := % log W2(I§fl). We claim that at some time ¢t < T, all of G§b) and ng) become positive,

and continue to remain positive. We will prove this is the case first for G§b).

Recall that:
GV >0 = (W - 1Da(R;)A; > u(Ry)(Agé + 6;Hy).

First, observe that ﬂ(Rj_) > ]P’{Rj_ is reached} > pguce, because reaching the leaf of a non-target
branch implies that ;" must have been reached on the way back to the fork. In addition, we have:
W +g(Ly) + (W - 1)g(L])

Hy>Hy = == > —.
0= Psucc Peuce = Hy

Combining this with Lemma8] we obtain

AW (W — 1)

(W = DA(R;)A, > =

J

Moreover, we have that Ag¢ + §;Hy < 2Hy < 2H,, since it is the difference of leaf hitting
times on a target branch, which is trivially bounded by their sum. We can also upper bound
,u(Rj_) by the expected number of adjacent states in the target branch process that are forwards
followed by backwards. In particular, the probability of this for any given state is upper bounded
by max;{max(1 — a;j,1 — ¢;)}, and we know that the expected attempt length on the target state is
bounded by Hy < Hj. Under our assumption that a;, ¢; are always increasing, this implies that:

_ L _
w(R;) < Hy mjax{max(l —a;,1—c¢;)} < Hp- T < HoLe™?.
Combining these bounds, we obtain
1(R; ) (Ag§ +0;Hy) < HoLe " - 2Hy = 2Hg Le™>".

For our choice of time 7', it holds that
2W(W —1)
0

(W = Di(R;)A, >

J

> 2HiLe™* > u(R;)(Ag§ + 6, Hy)

which proves that for ¢ > T, we have G;b) (t) > 0.

A similar argument for ng) applied on the corresponding terms yields the same time bound, and this
concludes the proof. O

The above lemma relies on the fact that Gg»u) and ch) are positive for all time. Under certain
mild assumptions on W, K, L, we can show this remains true until the time in which b;, d; become
increasing.

Assumption 2. Assume that K > log %, and suppose that the left threshold of positive ng) at
initialization satisfies (W, K, L) > log 4.
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Lemma 9. For j > (W, K, L), it holds that by time t; = log Ho G ) and G§-d) become positive.

Moreover, G§a), G§C) do not drop below zero in this timeframe.

Proof. First, in this regime, a,(t) = % and ¢;(t) = LLm ) for any j; we note that in this time,
the logits have not moved much and hence it holds that a;/d; = ©(1) and similarly b; /c; = O(1).

Moreover, it can be shown that Gg and G cannot move far from initialization, so it cannot become
negative; this can be verified via the calcu]?atlons in the previous sections.

Let us now fix j. First, recall that G ;o> 0 if and only if:
(W = Dia(R;)A; > u(R;)(Agi + 0;Hy)

Note that the left hand side is positive, so it suffices to show that within time 4%. log %, the right
hand side becomes negative. To begin, let us upper bound ,u(Rj_).

M(R]_) = :U’(L;:-l) — Psucc
< u(Lf1)
AiC; Sjiti+O(1)Pji
~ B,D, Z,
< M Sjt1+O(1)Pjq
< Z
A=)

<€4tj'

Z(I

4t(K—j

< © (K—35)
~ K

—2t . o
where we used the fact that d;(¢) > e—EZW and b;(t) > Lf_iztﬂ, which means % < e after

manipulation. We also used fact that Z, > P; + S5 > K.

‘We now proceed to bound the other term on the right hand side:

Agj +0;Hy = P;Agy + B; + 0 Hy
< MEDAgY + B+ 6, Hy

_ 4t(K_j)%(_Le4tK) +Le4t(K7j)
S € K

2 4t K 4t(K—j
< gty (L) + LMD
- K

+Bj+§ij

+ LeME=9) 4 5.1,

where we used the fact that S; < et K =) and

9i = (F+1-a)P+ P
d% _ Le4tK +Le4t(K—j)

<
- K

due to the fact that B; < — Le*(K—7),
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From here, we observe that a sufficient condition for the right hand side to be negative is:
p(R;)(Agj +6;Hy) <0
L six L yux L stk —aij L Hy\ skt
<:—ﬁ€ +ﬁ€ +ﬁ€ T+ E"‘ﬁe 7 <0
Hyf stxc—atj L stk
e e
1 Hy
45 L

<

—1t>—log

where in the last line we used the fact that H(¢) < Hy, and the lemma follows for Gg-b). A similar

analysis on the corresponding terms of G;d) gives an analogous result for that case too. O

C.4 DyNAMICS OF PHASE IT oF RLVR

In this section, we show that once all the logits for a, b, ¢, d over all depths are increasing, they will
continue to increase towards 1.

Proof of Lemmald} Fix a desired accuracy x < 1. Note that a > d and ¢ > b at all time, so it suffices
to consider the backwards state b;, d;. This is because we work with signed gradient descent, and
hence the logits for b; and d; will always be smaller than c; and a;, respectively.

For b; > & to hold, we require:

— LD > (1 w) (L + 1)

1 —
= Dj(-b) > log

Similarly for d; > & to hold, we require:

o
dj = — >1—-k
ePi + L
e P > (1= R)(eD” 4 1)
L(1—
<— D;d) > log (7@
K
Since log @ > log 15—:, it suffices to run for time log L(%”) after G§b) and G;d) become
positive, as desired. O
Proof of Theorem 5] The theorem follows directly from the conclusion of Lemma 4] O

D INFERENCE TIME SEPARATION

In this section, we will prove the separation in inference time compute needed for the SFT model vs.
the RLVR model, as formalized by Theorem[z_f}

Proof of Theorem] As noted in Section[A.3] the RLVR model requires only ©(W K) time to find
a path. For the converged SFT model in Theorem [2] we recall the following properties of the
backtracking behavior that were described in the main text.

1. Upon entering a branch 4, since a; = ¢; = 1 for all j, we reach the ¢; node in ©(K) time.
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2. When exiting the branch, starting from the state R};_; (i.e. reached the state with head
ti), let g; denote the expected time of first entry into Ry, _;, and f; denote the expected
time of first entry into L f1i Then, with the base case of g; = 1, we have the following
recursion:

L+1 1
=g+ (20— 1) =41
fi= =g+ @i-1) 7+

gi=L+1)fii+(2i-2)-L+1

Hence, the time needed from entry of a wrong branch to getting back to the fork state is gx 1.

We now justify our recurrence equations. Suppose we are currently at the state Ry, ;, and we
are trying to reach the next state L ,_,. Thereis a L /(L + 1) chance that we proceed forward,
and a 1/(L + 1) we make a u-turn and end up at the leaf again (which takes 2i — 1 time). By
standard geometric mean properties, we must make on expectation (L + 1)/L attempts before we
can successfully get from Ry, ; to Ly, ;. This tells us that on the first % — 1= 1 attempts,
we must pay an extra cost of 2¢ — 1 to go back to the leaf. A similar analysis holds for the case of
Ly, _;> where the immediate goal is to reach Ry ;. Here, we must make on expectation L + 1

attempts, which means the first L + 1 — 1 = L attempts pay an extra 2¢ — 2 to get back to the leaf.
We will proceed to write down a closed form for gx 1. First, note that:
L+1 . 1
fi-1= —7 g1t (20 —1)- 7 1
Substituting this into the expression for g;, we have:
gi=L+1)fio14+(2i—2)-L+1

L+1 1
:(L+1)(Zgz‘1+(2i—1)-L+1>+(2i—2)~L+1

_(L+1)2g' L 2(L2+L+1) L*+L+3
oL L L
Let r = %, a = w, and 8 = —%. Then, our recurrence becomes g; =

r¢g;—1 + ai + (. By an induction argument, we obtain that:

K+1 K+1
K41 = TK +a Z tTK+1—t + B Z TK+1_t
t=2 t=2

The first term is of course at least L. For the second term, the ¢ = 2 term multiplied by « already
contributes a term of at least 2L, For the third term, it is simply a geometric series, which can be
evaluated to be:

rk& —1 K
BT = 20" — 1)
for L > 2. Combining everything, we obtain that
K+1 K+1
g1 =15 Y KT g N KT S IR oK LK = (LK)
t=2 t=2

Similar to the RLVR model, we have that by symmetry, it holds that we will have on expectation
of W branch entries before reaching the desired target branch. Therefore, the total inference-time
compute needed for the SFT model is Q(W LX), and the desired result follows. O

E DISTILLING RLVR REASONING TRACES

In this section, we will prove that fine-tuning our pretrained model on the reasoning traces of the
RLVR-tuned model will also be effective in mitigating the inefficiency caused by a model trained
only on golden examples. We will once again invoke Lemma 3]
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Proof of Theorem[3] Let Quistin be the distribution over adjacent transition pairs (s, a) induced by
(x,y) ~ D; that is, sample (x, y) and then sample a uniformly random transition (y;—1, y¢) from the
trace. Then

Laistitt(©) = E(s,0)~Quieuin | — l0g mo(a | 5)],
and Lemma [5]applies row-wise.

First, note that the distillation target conditionals equal the teacher’s policy. Because traces are
generated on-policy from 7* (and the policy is assumed not to depend on x beyond the stopping rule),
for any state s that occurs before termination we have

deistill(a ‘ S) = 71'*(& | S)

Therefore the row-wise cross-entropy for a visited state s is minimized (in policy space) exactly by
matching the teacher distribution 77* (- | s).

By the support assumption in the theorem statement, each such state s satisfies dg,._,,, (s) > 0, so
the row is updated by gradient flow. Moreover, in each case the action space out of s splits into two
symmetry classes: the desired action(s) and the undesired action(s). With the pretrained initialization,
logits are equal within each symmetry class, and the same uniqueness-of-ODE argument as in the
pretraining/SFT proofs implies that they remain equal within each class over time. Thus each such
row reduces to a two-logit system (desired logit u(t), undesired logit v(t)), and the total desired
probability p(t) (which is one of a;, b;, ¢;, d; depending on the state type) takes the form

mq eu(t)

p(t) = my1ev® + mgev®

for some class sizes my, mg (e.g. my = 1,mg = L for R;'; m1 = L,mg = 1 for Lj; etc.).
Because the teacher conditional is supported entirely on the desired class, Lemma[5]gives (up to the
positive row weight, which only rescales time) the same monotone gap dynamics as in the SFT proof:
the logit gap g(¢) := u(t) — v(t) satisfies ¢’(¢) > 0 whenever p(¢) < 1, and in fact the exponential
gap w(t) := e9®) grows at least linearly in ¢. Consequently 1 — p(t) decays to 0, and for any £ > 0
there exists finite time T (k) such that p(t) > 1 — k for all ¢t > Ts(k).

Applying this argument to every visited state-type Rj, Lj', R;, L; and taking T'(x) := max; Ts(x)
over these finitely many state types yields '

minmin{a;(t),b;(t),c;(t),d;(t)} >1—rk forallt > T(k),
J

as desired.

Once aj, by, cj,d; are all arbitrarily close to 1, the distilled policy behaves the same as 7* on the
branch-dynamics that control forward progress and backtracking, so it inherits the same © (W K)
expected hitting-time bound established in Section [D]for the RLVR policy in the main-text efficiency
theorem. O
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