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Abstract

Bilevel optimization has been recently applied to
many machine learning tasks. However, their ap-
plications have been restricted to the supervised
learning setting, where static objective functions
with benign structures are considered. But bilevel
problems such as incentive design, inverse rein-
forcement learning (RL), and RL from human
feedback (RLHF) are often modeled as dynamic
objective functions that go beyond the simple
static objective structures, which pose significant
challenges of using existing bilevel solutions. To
tackle this new class of bilevel problems, we in-
troduce the first principled algorithmic framework
for solving bilevel RL problems through the lens
of penalty formulation. We provide theoretical
studies of the problem landscape and its penalty-
based (policy) gradient algorithms. We demon-
strate the effectiveness of our algorithms via sim-
ulations in the Stackelberg game and RLHF.

1. Introduction

Bilevel optimization (BLO) has emerged as an effective
framework in machine learning. In a nutshell, BLO involves
two coupled optimization problems in the upper and lower
levels respectively, where they have different decision vari-
ables, denoted by x and y respectively. The lower-level
problem is a constraint for the upper-level problem, e.g., in
the upper level, we minimize a function f(x,y) with the
constraint that y is a solution to the lower-level problem de-
termined by z, i.e., y € Y*(z). Here Y*(x) is the solution
set of the lower-level problem determined by .

BLO enjoys a wide range of applications in machine learn-
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ing, including hyper-parameter optimization (Franceschi
et al., 2018), meta-learning (Finn et al., 2017; Rajeswaran
et al., 2019), continue learning (Borsos et al., 2020), and
adversarial learning (Jiang et al., 2021). Existing applica-
tions mostly concentrate on supervised learning setting, thus
research on BLO has been predominantly confined to the
static optimization setting (Franceschi et al., 2017), where
in both the upper and lower-level problems, the objective
functions are (strongly-)convex functions. However, this set-
ting is insufficient to model more complex game-theoretic
behaviors with sequential decision-making.

Reinforcement learning (RL) (Sutton & Barto, 2018) is a
principled framework for sequential decision-making prob-
lems and has achieved tremendous empirical success in
recent years (Silver et al., 2017; Ouyang et al., 2022). In
this work, we study the BLO problem in the context of RL,
where the lower-level problem is an RL problem and the
upper-level problem can be either smooth optimization or
RL. Specifically, in the lower-level problem, the follower
solves a Markov decision process (MDP) determined by the
leader’s decision variable z, and returns a optimal policy of
this MDP to the leader, known as the best response policy.
The leader aims to maximize its own objective function,
subject to the constraint that the follower always adopts
the best response policy. This formulation of bilevel RL
encompasses a range of applications such as Stackelberg
Markov games (Stackelberg, 1952), reward learning (Hu
et al., 2020), and RL from human feedback (RLHF) (Chris-
tiano et al., 2017). As an example, in RL from human
feedback, the leader designs a reward r,, for the follower’s
MDP, with the goal that the resulting optimal policy yields
the desired behavior of the leader.

Despite its various applications, the bilevel RL problem
is difficult to solve. Broadly speaking, the main technical
challenge lies in handling the constraint, i.e., the lower-level
problem. The lower-level problem of bilevel RL extends
from static smooth optimization to policy optimization in
RL, and thus faces significant technical challenges. Such an
extension loses a few optimization structures, such as strong
convexity and uniform Polyak-t.ojasiewicz (PL) condition,
which are critical for existing BLO algorithms (Ghadimi &
Wang, 2018; Shen & Chen, 2023). Specifically, there are
two mainstream approaches for BLO: (a) implicit gradient
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or iterative differentiation methods; and, (b) penalty-based
methods. In (a), it is typically assumed that the lower-level
objective function is strongly convex (Ji et al., 2021b; Chen
etal., 2021), and thus its optimal solution Y*(z) is unique.
Then methods in (a) are essentially gradient-descent meth-
ods for the hyper objective f(x, Y*(x)), where the gradient
of Y*(z) can be computed using the implicit function the-
orem. However, in our bilevel RL case, the lower-level
objective function is the discounted return in MDP, which
is known to be non-convex (Agarwal et al., 2020). Thus,
the hyper objective and its gradient are not well-defined. In
(b), the bilevel problem is reformulated as a single-level
problem by adding a penalty term of the lower-level sub-
optimality to the leader’s objective function. The penalty
reformulation approach has been studied in (Ye, 2012; Shen
& Chen, 2023; Ye et al., 2022; Kwon et al., 2023) under
the assumption that the lower-level objective function sat-
isfies certain PL conditions. Unfortunately, when it comes
to bilevel RL, the lower-level discounted return objective
does not satisfy these conditions. To develop the penalty
approach for bilevel RL problems, it is unclear (i) what is an
appropriate penalty function; (ii) how is the solution to the
reformulated problem related to the original bilevel problem;
and, (iii) how to solve the reformulated problem. Therefore,
directly extending applying BLO methods to bilevel RL is
not straightforward, and new theories and algorithms tai-
lored to the RL lower-level problem are needed, which are
the subject of the paper.

1.1. Our contributions

To this end, we propose a novel algorithm that extends the
idea of penalty-based BLO algorithm (Shen & Chen, 2023)
to tackle the specific challenges of bilevel RL. Our approach
includes the design of two tailored penalty functions: value
penalty and Bellman penalty, which are crafted to capture
the optimality condition of the lower-level RL problem.

In addition, leveraging the geometry of the policy optimiza-
tion problem, we prove that an approximate solution to our
reformulated problem is also an effective solution to the
original bilevel problem.

Furthermore, we establish the differentiability of the re-
formulated problem and we propose a first-order policy-
gradient-based algorithm. To our best knowledge, we es-
tablish the first provably convergent first-order algorithm
for bilevel RL. Lastly, we conduct experiments on exam-
ple applications covered by our framework, including the
Stackelberg game and RL from human feedback tasks.

1.2. Related works

Bilevel optimization. The BLO problem can be dated back
to (Stackelberg, 1952). The gradient-based BLO methods
have gained growing popularity in the machine learning

area; see, e.g., (Sabach & Shtern, 2017; Franceschi et al.,
2018; Liu et al., 2020). A prominent branch of gradient-
based BLO is based on the implicit gradient (IG) theorem.
The IG based methods have been widely studied under a
strongly-convex lower-level function, see, e.g., (Pedregosa,
2016; Ghadimi & Wang, 2018; Hong et al., 2023; Ji et al.,
2021a; Chen et al., 2021; Khanduri et al., 2021; Shen &
Chen, 2022; Li et al., 2022; Sow et al., 2022; Xiao et al.,
2023b; Giovannelli et al., 2022; Chen et al., 2023). The
iterative differentiation (ITD) methods, which can be viewed
as an iterative relaxation of the IG methods, have been
studied in, e.g., (Maclaurin et al., 2015; Franceschi et al.,
2017; Nichol et al., 2018; Shaban et al., 2019; Liu et al.,
2021b; 2022; Bolte et al., 2022; Grazzi et al., 2020; Ji et al.,
2022; Shen & Chen, 2022). However, in our case the lower-
level objective is the discounted return which is known to
be non-convex (Agarwal et al., 2020). Thus it is difficult to
apply the fore-mentioned methods here.

The penalty relaxation of the BLO problem, which can be
dated back to (Clarke, 1983; Luo et al., 1996), has gained
interest from researchers recently (see, e.g., (Shen & Chen,
2023; Ye et al., 2022; Lu & Mei, 2023; Kwon et al., 2023;
Xiao et al., 2023a; Lu, 2024)). Theoretical results for this
branch of work are established under certain lower-level er-
ror bounds weaker than strong convexity, but unfortunately
not satisfied in our case. See Table 1 for more detailed com-
parison between this work and the general penalty-based
BLO.

Policy-based RL. The policy-based RL algorithms are gen-
erally based on the policy gradient theorem (Sutton et al.,
2000). There has been a large body of literature studying the
policy-based algorithms, including the Monte-Carlo sam-
pling based policy gradient methods (Sutton et al., 2000;
Baxter & Bartlett, 2001), the advantage actor-critic algo-
rithm (Borkar & Konda, 1997; Mnih et al., 2016), proximal
policy optimization (Schulman et al., 2017), and more gen-
erally the policy mirror descent methods (Lan, 2023; Zhan
et al., 2023). The landscape of the RL objective and the
(global) convergence of the policy gradient based algorithms
have been extensively studied in, to list a few, (Agarwal
et al., 2020; Zhang et al., 2019; Qiu et al., 2019; Bhandari &
Russo, 2019; Mei et al., 2020; Wu et al., 2020; Zhang et al.,
2021; Cen et al., 2022; Shen et al., 2023; Ding et al., 2024).

Applications of bilevel RL. Bilevel RL covers several appli-
cations including reward shaping (Hu et al., 2020; Zou et al.,
2019), reinforcement learning from preference (Christiano
etal., 2017; Xu et al., 2020; Pacchiano et al., 2021), Stack-
elberg game (Liu et al., 2021a; Zhong et al., 2021; Song
et al., 2023), Al-economics with two-level deep RL (Zheng
et al., 2022), social environment design (Zhang et al., 2024),
etc. A concurrent work (Chakraborty et al., 2024) studies
the policy alignment problem, and introduces a corrected
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Table 1: Comparison with general penalty-based BLO (e.g., (Shen & Chen, 2023; Kwon et al., 2023)). We compare this
work with the smooth penalty case in previous works since the penalty functions are smooth in this work.

Supervised penalty-based bilevel OPT

This work on penalty-based bilevel RL

Problem application

hyperparameter OPT, adversarial
training, continue learning, etc.

Stackelberg Markov game, RL from
preference, reward learning, etc

Penalty reformulation

Value penalty with assumed property

Value/Bellman penalty with proven property

Algorithm

Gradient directly accessible

Need to estimate gradients

Iteration complexity

O(Xe™ ') with inner-loop GD

O(Xe™ ') with inner-loop PMD

reward learning objective for RLHF that leads to strong
performance gain. While PARL (Chakraborty et al., 2024)
is based on the implicit gradient BLO method that requires
the strong-convexity of the lower-level objective. On the
other hand, PARL uses second-order derivatives of the RL
objective, while our algorithm is fully first order. Finally,
this work can be extended to the bilevel RL problem with
multi-agent lower-level, thus including more applications,
e.g., the incentive design (Yang et al., 2021).

2. Problem Formulations

In this section, we will first introduce the generic bilevel RL
formulation. Then we will show several specific applica-
tions of the generic bilevel RL problem.

2.1. Bilevel reinforcement learning formulation

RL studies the problem where an agent aims to find a policy
that maximizes its accumulated reward under the environ-
ment’s dynamic. In such problem, the reward function and
the dynamic are fixed given the agent’s policy. While in the
problem that we are about to study, the reward or the dy-
namic oftentimes depend on another decision variable, e.g.,
the reward is parameterized by a neural network in RLHF;
or in Stackelberg game, both the reward and the dynamic
are affected by the leader’s policy.

Tailoring to this, we first define a so-called parameterized
MDP. Given the parameter z € R%, define a parameterized
MDP as M, (z) == {S, A, ry, Py, 7h} where S is a finite
state space; A is a finite action space; 7, (s, a) is the pa-
rameterized reward given state-action pair (s,a) € S x A;
‘P, is a parameterized transition distribution that specifies
P.(s'|s, a)-the probability of transiting to s’ given (s, a);
a policy 7 specifies 7(a|s) which is the probability of tak-
ing action a given state s; and 7h is the regularization:
7 > 0and h = (hs)ses where each h; : A(A) — Ry is
a strongly-convex regularization function given s. When
7 = 0, M, (z) is an unregularized MDP.

Given a policy 7, the value function of M, (z) is defined as
oo

Vit 2)(8) =Ex [ Z v (ral(se, ar) —Ths, (m(s1))) |s0= s}
=0

where v € [0,1), 7(s) == 7(-|s) € A(A) and the expec-

tation is taken over the trajectory (sg,aq ~ 7(Sg),s1 ~
P.(:|0,a0),...). Given a state distribution p, we write
Vit @)(P) = Esnp[VT (1) (5)]. Define the @ function as

QM. () (5,0) = 12(5,0) + By p, (fs,0) [Vt () ()]

and P (s; = s|so) as the probability of reaching state s at
time step ¢ given initial state sy under a transition distribu-
tion P, and a policy 7. The probability P (s; = s|sg, ag)
can be defined similarly.

Suppose the policy 7 is parameterized by y € Y C R,
We define the policy class as IT == {7, : y € V}. We
denote the optimal policy of M. (x) as 7, (z) € II satisfy-

ing V/Clyfg)(s) > Vit (x)(s) forany m € Il and 5. With

f:R% x R% — R, we are interested in solving

(2.1) BM: min f(z,y), st.z € X,
T,y

y € V*(z) = argmin ~Vt . (p)
yey

where X C R% and )) C R% are convex compact sets; and
p is a given state distribution with p(s) > 0 on S. The name
‘bilevel’ refers to the nested structure in the optimization
problem: in the upper-level, a function f(z, y) is minimized
subject to the lower-level optimality constraint that 7, is the
optimal policy for M (z).

2.2. Applications of bilevel reinforcement learning

Next we show several example applications that can be
modeled by a bilevel RL problem.

Stackelberg Markov game. Consider a Markov game
where at each time step, a leader and a follower observe the
state and make actions simultaneously. Then according to
the current state and actions, the leader and follower receive
rewards and the game transits to the next state. Such a MDP
can be defined as MY = {S, A;, Ay, 1, rs, P, 7hi, Thy}
where S is the state space; A;/ A ¢ 1s the leader’s/follower’s
action space; (s, a;,ay) and 77(s, a;, ay) are respectively
the leader’s and the follower’s reward given (s, a;,a5) €
S x A; x Ay; P(s'|s,a,ay) is the probability of tran-
siting to state s’ given (s, a;, ay); the leader’s/follower’s
policy m,/m, defines 7, (a;|s)/m,(as|s)-the probability of
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choosing action a;/ay given state s; and Thy, Thy are the
regularization functions respectively for m, and .

Define the leader’s/follower’s value function as

oo

V:m,ﬂ-y (3) = ]Eﬂ'z,ﬂ'y |: Z 7t (’f’*(St, Q.t, af,t)
t=0

— Tha s, (T4(s1))) |50 = 8}, x=1lor f (22)

where v € [0,1), m(s) = m(|s) € A(A,) and
the expectation is taken over the trajectory (sg, a;o ~
7(S0), aro ~ my(s0), s11 ~ P(S0,a1,0,a50);---)-
Then the Q function can be defined as

Q" (syar ap)=r.(s,a, a’f)—’_’y]ES/N'P(S,(Ll7ﬂf)|:V*7Tm7Try (s")]-

The follower’s objective is to find a best-response policy
to the leader’s policy while the leader aims to find a best-
response to the follower’s best-response; that is

max V"™ (p),s.t. ¥ € X,y € argmax V}ZT‘”’W” (p). (2.3)
z,Y yey

With the proof deferred to Appendix B.1, this problem can
be viewed as a bilevel RL problem with M (z) in which
re(s,ap) = Egon,(s)[ri(s,a1,ayp)] and Py(]s,ap) =
Boimr, () [P(ls; ar, ag)].

Reinforcement learning from human feedback (RLHF).
In the RLHF setting, the agent learns a task without knowing
the true reward function. Instead, humans evaluate pairs
of state-action segments, and for each pair they label the
segment they prefer. The agent’s goal is to learn the task
well with limited amount of labeled pairs.

The original framework of deep RL from human feed-
back in (Christiano et al., 2017) (we call it DRLHF) con-
sists of two possibly asynchronous learning process: re-
ward learning from labeled pairs and RL from learnt re-
wards. In short, we maintain a buffer of labeled seg-
ment pairs {(do,lo,d1,11);}; where each segment d =
(S¢,at, ..., St41,ar+7) is collected with the agent’s pol-
icy my and lo, [, is the label (e.g., [y = 1,1y = 0 indicates
segment d; is preferred over dy). DRLHF simultaneously
learns a reward predictor r,, with the data and trains an RL
agent using the learnt reward. This process has a hierarchy
structure and can be reformulated as a bilevel RL problem:

min — E., [lo log P(do = d1|rz) + 11 log P(dy > d0|rz)},

z,y

s.t. y € argmin *V/\tﬂ @) (p). (24)
y

where P(do - di|ry) = Sigmoid(}_,, ., cq4, 72(5t: at) —
> s,.a,ed, Tz (5t, ar)) is the probability of preferring dy over
dy under reward r,, given by the Bradley-Terry model.

Remark 1 (Connection with DPO (Rafailov et al., 2023)).
The formulation in (2.4) becomes similar to DPO (Rafailov
et al., 2023) in a special case. Specifically wheny = 0,7 =
0, my is tabular and hg(my(s)) = Drr(my(s)||mres(s))
where 7,7 is a given reference model, the lower level prob-
lem in (2.4) is solved if and only if the equation 7, (s, a) =
7log T::y;‘(llfll) +7log Z,., (s) holds, where Z,._(s) is some
partitioﬁ function (see, e.g., (Rafailov et al., 2023, eq. 5)).
Plugging this equation back in the upper-level loss results
in the DPO objective. The only difference is that the upper-
level loss is on policy since the samples follow 7, while
the DPO loss depends on an off-policy dataset.

Reward shaping. In the RL tasks where the reward is dif-
ficult to learn from (e.g., the reward signal is sparse where
most states give zero reward), we can reshape the reward to
enable efficient policy learning while staying true to the orig-
inal task. Given a task specified by M, = {S, A, r, P, Th},
the reward shaping problem (Hu et al., 2020) seeks to find a
reshaped reward r, such that the new MDP with r, enables
more efficient policy learning for the original task. We can
define the new MDP as M, (z) = {S, A,r;, P,7h} and
write the reward shaping problem as:

min —Vt (p),s.t. 2 € X, y€argmin—Vy (p) (2.5)
Y " yey i

which is a special case of bilevel RL.

3. Penalty Reformulation of Bilevel RL

A natural way to solve the bilevel RL problem BM is
through reduction to a single-level problem, that is, to find
a single-level problem that shares its local/global solutions
with the original problem. Then by solving the single-level
problem, we can recover the original solutions. In this sec-
tion, we will perform single-level reformulation of BM
through penalizing the upper-level objective with carefully
chosen functions.

Specifically, we aim to find penalty functions p(z, y) such
that the solutions of the following problem recover the solu-

tions of BM:
BMXD : I;llyIlF)\(I,y) = f('ra y) + )\p(xa y)7
st.xeX, ye) 3.1

where ) is the penalty constant.

3.1. Value penalty and its landscape property

In BM, the lower-level problem of finding the optimal
policy m, can be rewritten as its optimality condition:
—VAjT(x)(g) + maxyey V() (p) = 0. Therefore, BM
can be rewritten as

Lo f@y) st = Vg o) (p) +max Vil ) (p) =0.
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A natural penalty function that we call value penalty then
measures the lower-level optimality gap:
Ty

p(x,y) = *V/:;J,(z)(,o) -+ max V./\/l.,.(m) (p)-

ma 3.2)

The value penalty specifies a penalized problem BM,
defined in (3.1). To capture the relation between solutions
of BM y, and BM, we have the following lemma.

Lemma 1 (Relation on solutions). Consider choosing p
as the value penalty in (3.2). Assume there exists constant
C such that maxgzecx yey | f(z,y)| = % Given accuracy
§>0, choose A > C5~L. If (xx,y») achieves e-minimum
of BMy, it achieves e-minimum of the relaxed BM.:

minf(x,y), st. x € X, y €,
T,y

- V/:Z(w) (p) + max VE’T(@(/J) < ex (3.3)

yey
where €y < 6 + A" Le.

The proof is deferred to Appendix B.2. Perhaps one restric-
tion of the above lemma is that it requires the boundedness
of fon X x ). This assumption is usually mild in RL prob-
lems, e.g., it is guaranteed in Stackelberg game provided the
reward functions are bounded.

Since BM y,;, is a non-convex problem, it is also of interest
to connect the local solutions between BM y,, and BM. To
achieve this, additional assumptions are required. Suppose
we use direct policy parameterization: y is a vector with
its (s, a) element ys , = m,(als), and thus y = m, directly.
Then we can prove the following structural condition.

Lemma 2 (Gradient dominance). Given convex policy class
IT and any 7 > 0, it holds for any w € 11 that

max (VaV il o (p), 7' =) 2 p(max Vi) (Vi wp))

where ;1 = ((1 — ) min, p(s)) =%

See Appendix B.3 for a proof. A similar gradient dominance
property was first proven in (Agarwal et al., 2020, Lemma
4.1) for the unregularized MDPs. The above lemma is a
generalization of the result in (Agarwal et al., 2020) to
regularized case. Under such structure of the lower-level
problem, we arrive at the following lemma capturing the
relation on local solutions.

Lemma 3 (Relation on local solutions). Consider using
direct policy parameterization and choosing p as the value
penalty in (3.2). Assume f(x,-) is L-Lipschitz-continuous
on'Y. Given accuracy 6 >0, choose A > LC,6~! where
C, is a constant specified in the proof. If (xx, y») is a local
solution of BM xp, it is a local solution of the relaxed BM
in (3.3) with an ey < 6.

The proof can be found in Appendix B.4. Lemmas 1 and
3 suggest we can recover the local/global solutions of the
bilevel RL problem BM by locally/globally solving its
penalty reformulation BM y,, with the value penalty.

3.2. Bellman penalty and its property

Next we introduce the Bellman penalty that can be used
as an alternative. To introduce this penalty function, we
consider a tabular policy (direct parameterization) 7, i.e.
my(-|8) = ys forall s and y = (ys)ses € YV = IL. Then we
can define the Bellman penalty as

p(z,y)=g(z,y)—v(x) where v(x) = Lrél;{;l g(z,y). 3.4)

Here g(z,y) is defined as

9(,y) = Esopl(ys, as(2)) +Ths(ys)] (3.5
where ¢,(z) € R is the vector of optimal Q functions,
which is defined as

qs(2) = (gs,a(7))ac.a where g5 o(z):=— 17?63*121(@7\/(,(30)(37 a).
It is immediate that p(z, -) is 7-strongly-convex uniformly
for any x € X by the 1-strong-convexity of hg, and
p(x,y) > 0 by definition. Moreover, we can show that
the lower-level RL problem in BM is solved whenever
g(x,y) — v(z) is minimized in the following lemma.

Lemma 4. Assume ™ > 0, then given any x € X,
M () has a unique optimal policy 7, (x). And we have
argmingey g(z,y) = V*(v) = {7, (v)}. Therefore, BM
can be rewritten as the following problem with ¢ = 0:

BM,: min f(z,y), st.za € X, y€ ),
w’y

g(z,y) —v(z) < ewithv(z):=ming(z,y). (3.6)
yey

More generally for an € > 0, BM_. is an e-approximate
problem of BM. A discussion on this and the proof of
Lemma 4 are deferred to Appendix B.5. Based on Lemma
4, g(x,y) — v(x) is a suitable lower-level optimality metric,
thus is a natural penalty function candidate. We have the
following result that proves the Bellman penalty is indeed a
suitable penalty function.

Lemma 5 (Relation on solutions). Suppose choose the
Bellman penalty in (3.4). Assume f(x,-) is L-Lipschitz-
continuous on Y. Given accuracy § > 0, choose X >
LV 711671 If (zx, ya) is a local/global solution of BM xp,
then it is a local/global solution of BM., with ey < 4.

This lemma follows directly from the 7-strong-convexity of
g(x,-) and (Shen & Chen, 2023, Proposition 3).
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4. A Penalty-based Algorithm

In the previous sections, we have introduced two penalty
functions p(z,y) such that the original problem BM can
be approximately solved via solving BM,. However, it
is still unclear how BM ,, can be solved. One challenge is
the differentiability of the penalty function p(z, y) in (3.1).
In this section, we will first study the differentiability of
F\(z,y) and its specific gradient forms in each application.
We will propose a penalty-based algorithm based on these
results and further establish its convergence.

4.1. Differentiability of the value penalty

We first consider the value penalty

p(z,y) = -Vi @ (P) + max V!

yey

(@) (P):

For the differentiability in y, it follows Vyp(z,y) =
—Vy V/Cf: @) (p) can be evaluated with the policy gradient
theorem. The issue lies in the differentiability of p(z,y)
with respect to x, where p(x, y) may not be differentiable in
@ due to the optimality function maxyey Vi, (p). Fortu-
nately, we will show that in the setting of RL, p(-, y) admits
closed-form gradient under mild assumptions below.

Assumption 1. Assume (a) VIV/G*T @) (p) is continuous in
(z,y); and, (b) given any x € X and y,y’ € V*(x), we
have VEV/\T}T(%) (p) = VQEVLU;(J_) (p).

Assumption 1 (a) is mild in the applications, and can often
be guaranteed by the a continuously differentiable reward
function r,.. A sufficient condition of Assumption 1 (b) is
the optimal policy of M (z) on II is unique, e.g., when
7y = my fory,y’ € Y*(x). As indicated by Lemma 4, the
uniqueness is guaranteed when 7 > 0.

Lemma 6 (Generic gradient form). Consider the value
penalty p in (3.2). Suppose Assumption 1 holds. Then
p(x,y) is differentiable in x with the gradient

Vep(z,y) = =V VMy (T)( ) + vaf/i,(x)(p”ﬂ:ﬂ;(x)

where recall (z) is an optimal policy on policy class

II={m,:ye€Y}of M,(x).

The proof can be found in Appendix C.1. Next, we can
apply the generic result from Lemma 6 to specify the ex-
act gradient formula in different bilevel RL applications
discussed in Section 2.2.

Lemma 7 (Gradient form in the applications). Consider
the value penalty p in (3.2). The gradient of the penalty
function in specific applications are listed below.

(a) RLHF/reward shaping: Assume 1, is continuously dif-
ferentiable and Assumption 1 (b) holds. Then Lemma 6

holds and
Va;p(x’ y) =—-E [ Z ’)/tV’I“w(St, at) ’pa Fy]
t=0
E{z V'V (s, ar)lp, W;(I)} .
t=0

(b) Stackelberg game: Assume T, is differentiable and As-
sumption 1 (b) holds. Then Lemma 6 holds and

Vap(x,y *7]E{Z’th;Mﬂ—yVIOgﬂ'x(al,t|8t)|80:S}

+E {Z Qm’ (I)Vlong(alyt|st)|50:s}
t=0

where QWT = Q;‘”’W” (st,a1,¢,a5)—Thys s, (Ty(se)).
Recall in the Stackelberg setting, T (x) is the optimal
follower policy given m,; and the expectation is taken

over the trajectory generated by ., 7, (or 7, (z)), P.

We defer the proof to Appendix C.2.

4.2. Differentiability of the Bellman penalty

For the Bellman penalty defined in (3.4), though it is
straightforward to evaluate Vyp(x,y) = V,g(z,y), the
differentiability of p(x, y) in x is unclear. We next identify
some sufficient conditions that allow convenient evaluation
of Vup(x,y).

Assumption 2. Assume 7 > 0 and (a) given any (s, a),
V2@l () (8, a) exists and is continuous in (z,7); and,
(b) given z € X, for the MDP M (z), the Markov chain
induced by any policy 7 € II is irreducible’.

Assumption 2 (a) is mild as it can be verified later in Lemma
8. Assumption 2 (b) is a regularity assumption on the MDP
(Mitrophanov, 2005), and is often assumed in recent theo-
retical studies on policy gradient algorithms (see e.g., (Wu
et al., 2020; Qiu et al., 2021)).

Lemma 8 (Generic gradient form). Consider the Bellman
penalty in (3.4). Under Assumption 2, p(x,y) is differen-
tiable with V ,p(z,y) = Vzg(x,y) — Vu(x) where

Vmg(xa y) = _ESNp,aNWy(s) [vaﬂMT(w) (57 CL)] |7r:7r; (z)

V’U($) = _Es~p7a~7r(s) [vaﬂ—MT(J,) (Sv (1)] |7r:ﬂ-; (z)

The proof can be found in Appendix C.3. The above lemma
provides the form of gradients for the 5 M problem. Next
we show that Lemma 8 holds for the applications in Section
2.2 and then compute the closed-form of the gradients.

'The Markov chain is irreducible if for any state s and initial
state-action pair so, ao, there exists time step ¢ such that Py (s, =
s|so,a0) > 0, where PJ (s = s|so,ao) is the probability of
reaching s at time step ¢ in MDP M () with policy 7.
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Lemma 9 (Gradient form in the applications). Consider the
Bellman penalty p(x,y) in (3.4). The gradient form of the
bilevel RL applications are listed below.

(a) RLHF/reward shaping: Assume r,, is continuously dif-
ferentiable and Assumption 2 (b) holds. Then Lemma 8
holds and

{Z'y Vi (s, a ’aowﬂ'y )]

t=0

Vag(z,y)=

where the expectation is taken over so~ p, ag ~ my(S0)
and the trajectory generated by m;(z) and P, and
Vu(z) = vzg(xvy)‘ﬂy:ﬂ;(r)'

Stackelberg game: Assume 7, is differentiable and As-
sumption 2 (b) holds. Then Lemma 8 holds and

(b)

Veg(z,y)=-E [Q;T " (80, 1,0, a,0)V log mz(a,0s0)

fz tQm’ (x)Vlogwm(alﬂst)

where Q7™ = Q7™ (1, e, ap) =Thy s, (my(s1)),
T, ( ) is the optimal follower policy given ., and the
expectatlon is taken over all the randomness. Finally,
we have Vu(z) = Vag(2,Y)|x, =1 (2)-

The proof is deferred to Appendix C.4.

4.3. A gradient-based algorithm and its convergence

In the previous subsections, we have addressed the chal-
lenges of evaluating Vp(z, y), enabling the gradient-based
methods to optimize F)\(x,y) in (3.1). However, comput-
ing Vp(zy, yx) possibly requires an optimal policy 7, (z)
of the lower-level RL problem M. (zy). Given z, the
lower-level RL problem can be solved with a wide range
of algorithms, and we can use an approximately optimal
policy parameter 7y & 7 (xk) to compute the approximate

penalty gradient Vp(xk,yk, 7x) ~ Vp(ag,yr). The ex-
plicit formula of Vp(xy, yx; 71 ) can be straightforwardly
obtained by replacing 7, () with its approximate 7%, in
the formula of Vp(z, yx) in Lemmas 7 and 9. Therefore,
we defer the formula to Appendix C.7 for ease of reading.

Given Vp(&, yk; k), we can compute the approximate
gradient of Fy as VFx(wg,yr;7r) = Vf(ogyr) +
AVp(zk, yr; 7x) and update (with Z2 = X x )

(@ht1, Yet1) = Projz [(wr, y) — aVEx Tk, yi; 71 |-

The optimization process is summarized in Algorithm 1.

Remark 2 (Comparison with the general penalty-based BLO
algorithm.). The flow of the BLO-based algorithm in this
work is similar to the general BLO algorithm in (Shen &
Chen, 2023), the ingredients are significantly different; see

Algorithm 1 PBRL: Penalty-based Bilevel RL Algorithm
1: Select either the value or Bellman penalty. Select

(x1,11) € Z = X x ). Select step size «, penalty

constant ~ and iteration number K.

for k =1to K do

3:  Given RL problem M, (x
icy estimator 7, € II.

4:  Compute the penalty’s approximate gradient
Vp(@k, yi; Tk) = Vp( Tk, Yk )-

5: Compute the inexact gradient of F) as
VE\(@k, y; k) = VI (@k, ye) + AVD(2k, Yi; k)

(Th+15 Y1) = Projz[(zx, yr) —aV Fx(2k, y; 7x) |
7: end for

»

&), compute an optimal pol-

a

our back-to-back comparison in Table 1. Specifically, the
penalty gradient Vp(z, y) is assumed to be directly accessi-
ble in the generic BLO algorithms. While in this work, we
derive the close forms of Vp(z,y) (Section 4), Vp(z, y; 7)
(Appendix C.7) for our newly introduced penalty functions,
and then use them in Algorithm 1.

We next study the convergence of PBRL. To bound the gradi-
ent error in Algorithm 1, we make the following assumption
on the sub-optimality of the policy 7.

Assumption 3 (Oracle accuracy). Given some accuracy
€orac and step size «, assume the following inequality holds

K
1 - .
= E 200\ Vp(@k, yis 7r) — Vp(k, yi)|®

k=1 K

1 1
< €orac + 74 ]; §||($k+1,yk+1) — (zr )2 4.1

This assumption only requires the running average of the
error to be upper bounded, which is milder than requiring
the error to be upper bounded for each iteration. A sufficient
condition of the above assumption is |7 — 7 (z1)||* <
€orac With some constant ¢, which can be achieved by the
policy mirror descent algorithm (see e.g., (Lan, 2023; Zhan
et al., 2023)) with iteration complexity O(— log(€orac/A?))
(see a justification in Appendix C.7).

Furthermore, to guarantee worst-case convergence, the reg-
ularity condition that f and p are Lipschitz-smooth is re-
quired. We thereby identify a set of sufficient conditions for
the value penalty or Bellman penalty to be smooth.

Assumption 4 (Smoothness assumption). Assume V(s, a),
hs(my(s)) is Ly-Lipschitz-smooth on ); and QM (@) (5 ,a),

V/Cly (z)( s) are L,-Lipschitz-smooth on X' x ).

Assumption 4 is satisfied under a smooth r,, and a smooth
policy (e.g., softmax policy (Mei et al., 2020)), or a direct
policy parameterization paired with smooth regularization
function hg. See a discussion on this in Appendix C.5.
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Figure 1. The result is generated by running the algorithms in 10 random Stackelberg MDPs. The environment step k is proportional
to the number of samples used in training. The leader’s value function is Vlm’“ Yk (p), and the follower’s optimality gap is given by

th"" oy (k) (p) — me’“ "™k (). A zero optimality gap means the follower has found the best response to the leader.

Lemma 10 (Lipschitz smoothness of penalty functions).
Under Assumptions 2 and 4, the value or Bellman penalty
function p(x,y) is L,-Lipschitz-smooth on X x ) with
constant Ly, specified in the proof.

We refer the reader to Appendix C.6 for a proof. Next, we
make the final regularity assumption on f.

Assumption 5. Assume f is L z-Lipschitz-smooth in (z, y).
The projected gradient is a commonly used metric in the

convergence analysis of projected gradient type algorithms
(Ghadimi et al., 2016). Define the projected gradient as

Ga(zryk) = o ((xryk) — (Frg1, Ges1)),  (4.2)

where (Z11,Yi+1) = Projz ((zr, yx) — AV Fx (@, yi))-
Now we are ready to establish the convergence of PBRL.

Theorem 4.1 (Convergence of PBRL). Suppose Assump-

tions 2-5 hold. Choose step size o < ﬁ then
K .
1 16(Fx(z1,y1)—infz f(x,y)
?ZHGA(%,ZM)HQS ( ok )
k=1

See Appendix C.8 for the proof of above theorem. At
each outer iteration k, let com(eo;ac) be the oracle’s itera-
tion complexity. Then the above theorem suggests Algo-
rithm 1 has an iteration complexity of O(Ae~tcom(eprac)).
When choosing the oracle as policy mirror descent so that
com(€orac) = O(—1og(€orac/A?)) (Lan, 2023; Zhan et al.,
2023), Algorithm 1 has an iteration complexity of (’j()\e_l).

5. Simulation

In this section, we test the empirical performance of PBRL.

5.1. Stackelberg Markov game

We first solve the following Stackelberg Markov game de-
scribed in Section 2.2. We parameterize 7, and m, with
the softmax function. Here the transition distribution and
rewards are randomly generated. It has a state space of size

+60rac

|S| = 100, and the leader, and follower’s action space are
of size |A;| = 5, | Af| = 5 respectively. Each entry of the
rewards Ry, Ry € R190%5%5 g uniformly sampled between
[0,1] and values smaller than 0.7 are set to 0 to promote
sparsity. Each entry of the transition matrix is sampled
between [0, 1] and then is normalized to be a distribution.

Baseline. We implement PBRL with both value and Bell-
man penalty, and compare them with the independent policy
gradient method (Daskalakis et al., 2020; Ding et al., 2022).
In the independent gradient method, each player myopically
maximizes its own value function, i.e., the leader maxi-
mizes V,"""™" (p) while the follower maximizes VJZT =T (p).
At each step k, leader updates 7, with one-step gradient
of V""" (p) while the follower updates 7, with one-step
gradient of Vf“’“’ﬁy (p). We test all algorithms across 10
randomly generated MDPs.

We report the results in Figure 1. In the right figure, we can
see the follower’s optimality gap diminishes to zero, that
is, the followers have found their optimal policies. In the
mean time, the left figure reports the leaders’ total rewards
for the three methods. Overall, we find that both PBRL
with value penalty and Bellman penalty outperform the
independent gradient: it can be observed from Figure 1
(left) that PBRL can achieve a higher leader’s return than
the independent gradient, and the PBRL with value penalty
reaches the highest value.

5.2. Deep reinforcement learning from human feedback

We test our algorithm in RLHF, following the experiment
setting in (Christiano et al., 2017); see a description of the
general RLHF setting in Section 2.2.

Environment and preference collection. We conduct our
experiments in the Arcade Learning Environment (ALE)
(Bellemare et al., 2013) through OpenAl gym. The ALE
provides the game designer’s reward that can be treated
as the ground truth reward. For each pair of segments we
collect, we assign preference to whichever has the high-
est ground truth reward. This allows us to benchmark our
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Figure 2. Performance on Atari games measured by true reward. The ‘episode return’ is the sum of true rewards in an episode. We average
the episode return in 5 consecutive episodes. The ‘environment steps’ is the number of steps taken per worker in policy optimization. We
compare performance of PBRL (ours) and DRLHF both with few labeled pairs, and A2C with true reward.

algorithm with DRLHF that also use this process.

Baseline. We compare PBRL with DRLHF (Christiano
et al., 2017) and A2C (A3C (Mnih et al., 2016) but syn-
chronous). We use the ground truth reward to train A2C
agent, and treat A2C as an oracle algorithm which estimates
a performance upperbound for other algorithms.

The results are reported in Figure 2. The first two games
(Seaquest and BeamRider) are also reported in (Christiano
et al., 2017). For Seaquest, the asymptotic performance
of DRLHF and PBRL are similar, while DRLHF is more
unstable in training. The unstability can also be made in the
original paper of DRLHF. For BeamRider and MsPacman,
we find out that PBRL has an advantage over DRLHF on
the episode return. It can be observed that PBRL is able
to achieve higher best-episode-return than DRLHF, and
become comparable to the oracle algorithm.

6. Concluding Remarks

In this paper, we propose a penalty-based first-order algo-
rithm for the bilevel RL problems. We provide results in
three aspects: 1) we find penalty function with proper land-
scape properties such that the induced penalty reformulation
admits solutions for the original bilevel RL problem; 2) to
develop a gradient-based method, we study the differen-
tiability of the penalty functions and find out their close
form gradients; 3) based on the previous findings, we pro-
pose the convergent PBRL algorithm and evaluate it on the
Stackelberg Markov game and the RLHF task.
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A. Preliminary results

Lemma 11 (Lipschitz continuous optimal policy). Given x € X, consider the optimal policies in a convex policy class 11 of
a parameterized MDP M .(x). Suppose Assumption 2 holds, 7 > 0 and X is compact. Then the optimal policy T (z) is
unique and the following inequality hold:

|70y () — 7y (2")]] < 10|l — ||, Vo, 2’ € X (A.1)

where C'j is a constant specified in the proof.

Proof. By Lemma 4, the optimal policy of M (z) on a convex policy class IT is unique, given by

m,(q(x)) = arfgin J(g(x), m) =B, [(m(s), gs(x)) + Ths(m(s))] (A2)

where recall ¢(z) = (¢s(2))ses with

¢s(2) = (~Max QR (z)(8, @))aca- (A3)

We overload the notation 7* here with 7 (q(z)) which equals 7} (z). In (A.2), since TE;~,[hs(7(s))] is 7-strongly convex

at 7 on IL, 7y (q(w)) satisfies (A.2) if and only if it is a solution of the following parameterized variational inequality (V)
(Vid(q(z),7), 7 —7') <0, Vo' €Il (A4)
where

Ve (ae).7) = (p()a:(x) + 7o()Vha(m(s)) . (A5)

First, it can be checked that V. J(¢(z), 7) is continuously differentiable at any (¢(z), 7). Secondly, by the uniform strong
convexity of J(q(x), -), given any ¢(z), it holds that

(m =) TV (g(@), my(q())) (m — ') > 77 |}w — ||, (A.6)

Y

Given these two properties of the VI, it then follows from (Dontchev & Rockafellar, 2009, Theorem 2F.7) that the solution
mapping 5 (q(x)) is 7~ '-Lipschitz-continuous locally at any point g(x). Thus 7} (g(x)) is 7~ '-Lipschitz-continuous in
q(z) globally, yielding

Iy (a()) = my (gD < 77 a(z) — ()]
< 1 _
< 7 max||Vg(z)|l|lz — 2]
=71Cy|z — 2| (A7)
where the second inequality follows from ¢(z) is continuously differentiable by Lemma 8 and continuity of ™, (z), and
Cy = maxzex ||Vq(x)| is well-defined by compactness of X' O
B. Proof in Section 2 and 3

B.1. Proof that Stackelberg Markov game is a bilevel RL problem

Lemma 12 (Stackelberg game cast as BM). The Stackelberg MDP from the follower’s viewpoint can be defined as a
parametric MDP:

Mo(x) ={S, Ap,ra(s,ar) = Eqpur, (s [11(s, ar, ar)], Pa(tls, ap) = Bayum, (5) [P (s, ar,ar)], Thy}.
Then Vfﬁm’ﬂ” (s) = V/C?, @) (s), Vs and the original formulation of Stackelberg game in (2.3) can be rewritten as BM:

SG :min -V, (p), s.t.x € X, y € Y*(x) = argmin -V} @) (p). (B.1)
T,y yey i

13
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Proof. Recall that the follower’s value function Vﬂz’wy( ) under the leader’s policy 7, and the follower’s policy , is
defined as

oo
Vi [ZWt ri(sesane, ape) = Thys (my(s1))) |s0 = 8,7, Ty (B.2)
t=0

where the leader’s action a;; ~ m;(s:), the follower’s action ay: ~ ms(s:), and the state transition follows s;4q1 ~
P('|St, (ll,t,af,t)~

It then follows from a expansion of the expectation in (B.2) that
Vf“ﬁmyﬂy (8) = Eal,ON‘rrm(So)yaf,o’vﬂ'y(so) {Tf(s()v ap,o, af,O) - 7—hﬁso (7@(80))’80 =85, Tx, Wy}

+ nyal,ONﬂ'x(SO)aaf.ONﬂy(SO) [Tf(slv api, aﬁl) - Thf751 (Wy(sl))|80 = S8, Ty, "Ty} +...
s51~P(50,a1,0,a¢,0)
ay,1~mp(s1),ap,1~my(s1)

= Eaf,oN‘ITy(SO) [Tﬂc(s()v CLf,o) - Thfw‘lo (ﬂ-y(SO))|SO =3 ﬂ-y}
+ ’YE ag,o~my(s0) |:T:E(517af,1) - Thf751 (Wy(sl))’% =S, 7TZ‘/:| +..

51~Pq(s0,a5,0)
ag1~my(s1)

= Vit () (%) (B.3)
where recall P, (s,a5) = Eq,r,(s)[P(:5,a1,ay)] and r,(s,a5) = Eq,r, (s)[r1(s, a1, a5)]. Thus we have Vf”’”’ﬂy(s) =
VE’T (@) (s), Vs. Therefore, the Stackelberg Markov game can be written as BM. O
B.2. Proof of Lemma 1

Proof. Since (xx,yx) is an e-minima of BM ,, it holds for any x € X and y € ) that
F@n ) + A= Vo (0) + ma Vit o) S F@y) + A= Vil () + max Vil ) + (B.4)

Choosing z = x and y € )(x) in the above inequality and rearranging yields

1

I;lea))}( V,A/ZJ (IA)(p) VMUA(‘,L,)\)( ) S X(f(x)\a y)\) - f(‘rAﬂy) + 6)

< %(C—}—e) <5+l (B.5)

Define € = max,cy VM (m)( ) — V/C;“(m)(p) then ) < § + A~ !e. It follows from (B.4) that for any z, y feasible for
(3.3) that

f@a,yn) < flz,y) + M- Vy(z)( )+I;1€a3>)(V )fe,\)+e
< flz,y) +e (B.6)

This completes the proof. O

B.3. Proof of Lemma 2

Proof. The following proof holds for any = and thus we omit z in the notations M (z), 7, (x) and P, in this proof. We
first prove a policy gradient theorem for the regularized MDP. From the Bellman equation, we have

Vi (s) = m(als)Qh, (s,a) — The(m(s)) (B.7)

a

Differentiating two sides of the equation with respect to 7 gives

YV Zw als)Q%y. (s, a) +Z (al8)VQ7y (5,a) — TV hs(n(s)). (B.8)

14



Principled Penalty-based Methods for Bilevel Reinforcement Learning and RLHF

By the definition of () function, we have VQ73, (s,a) = >_,, P(s'[s,a)VVF, (s'). Substituting this inequality into (B.8)
yields

VL ZVW 5) Q. (s,a +ZP s1 = 5'|so = 5)VV (s,a) — TV hs(m(s)) (B.9)

where P7(s; = s'|sg = s) is the probability of s; = s’ given sy = s under policy 7. Note that the above inequality has a
recursive structure, thus we can repeatedly applying it to itself and obtain

1 T
a
where d7 (5) :== (1 —v) >, 7" P™(s; = 5|sg = s) is the discounted visitation distribution. Define d/\/l (5) = Esnp[dZ (3)].
Since V7 (a|5) = 15,4 where 15 , is the indicator vector, we have the regularized policy gradient given by
T 1 T us
Vi Vi, (p) = R (3, (5)(Q, (5,) = TVhs(n(s)))] s (B.11)

Now we begin the prove the lemma. By the performance difference lemma (see e.g., (Lan, 2023, Lemma 2) and (Zhan et al.,
2023, Lemma 5)), for any 7 € II, we have

max Vi (p) = vmp)—ﬁ wags, [ Q3 (5,), mo(s) = 7(8)) = Tha(my(5)) + The(m(s))]

mell
1

T B, [(QRe (5 m3(5) = () = 7(Tha((s), my(s) = ()

<
STz
where the inequality follows from the convexity of hs. Continuing from the inequality, it follows

max Vi (p) = Vi, (p)

i
< By, [1x(QR, (509, 7(9) = 7(8) — 7(Tha((s). 7 (5) = ()]
i, [ g (@5 7 — (60 = Tl 6) )
< B, || Zj;‘ ma (@1 (5.9 76) = 7(6) — V(o). w6 —m(e)) | mad
where the last inequality follows from 4 Egg < dﬂzf _and

mas ((Q. (5,), 7'(5) = 1(s) = 7(Vho(m(s), 7'(5) = 7(5)))

' ell

> Q. (s,), m(s) —7(s)) — T(Vhs(m(s)), m(s) —n(s)) = 0. (B.13)

Continuing from (B.12), we have

max Vi (o) = Vi, (p)

! ! n D), 7(s) —w(s)) — T 7(s)), 7' (s) — 7(s
< e B, | (1050600 7(6) = 7(9) = 7{Thu(a(s), 7(5) = 7o) |

1 /
= =) mins o(3) ;ngﬁ(V Vi, (p), ' —m) (B.14)

where the inequality follows from (1 — v)p(s) < d} (s) < 1 for any s and 7, and the equality follows from (B.11). This
proves the result. O
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B.4. Proof of Lemma 3
Proof. Given xy, point y) satisfies the first-order stationary condition:
(Vyf(@ayn) +AVyp(a,ya), ya —y) <0, VY €Y (B.15)

which leads to

, 1
(Vyp(@x,yn), yn —¢') < *X<Vyf($myx)7 uy—y)

Lilyr —¢'|| _ LC,

where C, := max, ,cy ||y — ¥/'|| which is well defined by compactness of ). For the LHS of the above inequality, we
have the following inequality hold

. A -
min(Vyp(2x,42), ya = ¢') = max(V, Vel (@) ¥ = un)
1

= (T = ~)min, p(s)

(max Vi (o) (0) = Vit Xan) () (B.17)

where the last inequality follows from we are using direct policy parameterization y = 7 and Lemma 2.
Substituting (B.17) into (B.16) yields

- LC,
M) P) = Vil (P) < = (B.18)

max V¥
yey

Define €y = fV;\T/;’*(IA)( ) + max,cy VM () (P) then ex < & by choice of A.

By local optimality of (x, vy ), it holds for any 2z € X',y € ) and in the neighborhood of (x, y, ) that

F@nyn) + A= Vil (o) +max ViR () < floy) + A= Vi () +max Vg ). (B.19)

From the above inequality, it holds for any (z, y) feasible for the relaxed BM in (3.3) and in neighborhood of (z,y,) that
(@, yn) gf(:r,y)Jr/\(—wa (z)( )eraXV M. () 6)\)
< f(z,y) (B.20)

which proves the result. O

B.5. Proof of Lemma 4
Proof. Define

VX/tT(x)( s) —méiXVM z)( s), QM ( a) ZT(&G)+VEswPI(s,a)[foxT(x)(S/)]-

Then it follows from the definition of the value function that for any s,

V;AT(J-)(SO) = E?g%E{Tx(SOa ao) — Ths, (m(s0)) + Z“Yt (%(St, at) — Thst(ﬂ-(st))) |So, 77}
t=1

= I}rlélﬁ(E |:rz(503 aO) - Thso (’/T(SO)) +E [ ; ’Yt (Tﬁ?(sta at) - Thst (T(St))) |503 g, T, Pm] |503 7T:|
= A E i mr(s0) |1 (501 00) = Thiy (7(50)) +VEes . (o) [ViL, o (51)]
< I;ISXEGONW(SO) |:T(807 G’O) - Th’So (7(-(80)) + ’7E81~Pz(80,a0) [V/t/l.,(:p)(sl)]} (B.21)
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Given z, define a policy 7, = (7, (s))ses € Il via

7 (s0) = argmax By, _r(a0) [r(so, a0) — Thay (7(50)) + VB, . (s0.00) [VXAT(I)(sl)H Vso €S

7(so0)

where the argmax is a singleton following from the 7-strong convexity of 7h, and we sometimes treat the singleton set as
its element for convenience. Given the definition of 7y, it then follows from (B.21) that

VXAT(I) (SO) < anwﬂ;(s()) [T(SO’ ao) - ThSo (71'(80)) + Py]Esl’\/Pm(Smao) [V./t/lf(z)(sl):l}
< anwwz(so) [’I"(So, ao) - ThSU (W(SO))
+ 'Y]ESINPI (80,@0),a1~75 (1) [7“(81, al) - Thsl (77(81)) + 7E52~731 (s1,a1) [Vx/l—r(;v) (82)]]:| (B.22)

where the last inequality is a result of applying (B.21) twice. Continuing to recursively apply (B.21) and then using the
definition of V/7\T4T(z) yield

*
y

Vit @) (50) S Vi () (50), Vso €S (B.23)

which proves 7 is the optimal policy for M, (z). In addition, we have

my(s0) = ) Eagnn(so) [7'(507 a0) — Tha, (7(50)) + VEs;~P, (s0,00) [V;ﬁ(x)(sl)ﬂ
7(so
= argmax Eq ) wr(so) [QKAZT(;D)(SO’ ag) — Th, (71'(80))}, Vsg. (B.24)
m(s0)
Then we have m; = argmingeng(z,y) and thus argmingeng(z,y) € V(). To further prove

*

arg minge o ay1s1 9(2,y) = Y*(x), it then suffices to prove any other policy 7 € II different from 7

Let s, be the state such that 7} (s) # 7(sp). We have

is not optimal.

V./(TAT(x)(‘g/O) < an~7r(sg) [7‘(86, CLO) - Thsg (77(56)) + 7E81~7’z(56,a0) [VXAT(x)(Sl)H

< Eggmms (sp) [7‘(86, ao) — Thy (7, (50)) + VEs,~P, (s}.a0) [VLT@)(SDH
= Vi () (50) (B.25)

where the last inequality follows from the strong convexity of / and the definition of 7;; and the last equality follows from

m,, is the optimal policy. This proves the lemma.

More generally for € > 0, BM, is an e-approximate problem of BM in a sense that: 1) We have any feasible policy y. of
BM_. is e-feasible for BM:

lye —y*II> < 77 (g(z, ye) —v(z)) < 771 (B.26)

where y* = m; is the optimal policy, and the first inequality follows from 7-strong-convexity of g(z,-).

2) Moreover, if f(z,-) is L-Lipschitz-continuous with some constant L, the optimal objective value of BM and BM, are
close. Let f* and f* = f(z¥,y}) respectively be the optimal objective value of BM and BM.. Then we have

fae, V() = flag,y) < Lllye = V()| < Lvr~le (B.27)

€

where the last inequality follows from (B.26) with the fact that under =}, y! is a feasible policy of BM, and Y(z7) is the
optimal policy. The it follows from the fact that f(a*, Y(x¥)) > f* and f(aF,y}) < f*, we have

" = A )| < Fa, V(@) - flat,ul) < LV e
This concludes the discussion. -
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C. Proof in Section 4
C.1. Proof of Lemma 6

We first introduce a generalized Danskin’s theorem as follows.

Lemma 13 (Generalized Danskin’s Theorem (Clarke, 1975)). Let F be a compact set and let a continuous function £ : R% x
F = Rsatisfy: 1)V £(x,y) is continuous in (x,y); and 2) given any x, for any y,y' € argmax, . r £(x,y), Vo l(z,y) =
Vol(w,y'). Then let h(z) = maxye r £(x,y), we have Vh(x) = V,l(x,y*) for any y* € argmax, cx {(z,y).

Lemma 13 first follows (Clarke, 1975, Theorem 2.1) where conditions (a)—(d) are guaranteed by Lemma 13’s condition
1). Then by (Clarke, 1975, Theorem 2.1 (4)) that we have the Clarke’s generalized gradient set of h(x) = max e r £(z, y)
is the convex hull of {V.l(7,y),y € argmax,cr{(z,y)}. It then follows from Lemma 13’s condition 2) that this
generalized gradient set is a singleton {V£(z,y*)} with any y* € argmax,, » £(x, y). Finally it follows from (Clarke,
1975, Proposition 1.13) that h(x) is differentiable with gradient V,¢(x, y*).

. e
Now to prove Lemma 6, it suffices to prove V maxyey V,/

.

) (P) = vaﬂ*(w)(Pﬂy*ey*(m)- This arguments is true
following from Assumption 1 and the generalized Danskin’s theorem above, with £(x,y) = V/C?, @) (p).
C.2. Proof of Lemma 7
Proof. (a). Under the assumptions in (a), Lemma 6 holds. It then follows from
VoVt (o) (P) = E[ DA Vra(se, ar)lso ~ p, ] (C.1)
t=0
that the result holds.

(b). Given the follower’s policy 7, define the Stackelberg MDP from the leader’s view as
M(”y) = {87 Alv Try (Sv al) = Eafw‘ﬂ'y(s) [rf(57 ag, al)] - Thﬁs(ﬂ'y(s))? Pﬂ'y ('|Sv al) = I['?‘afrvn'y(s) [P(|57 ag, a’f)]}

Note M(m,) does not include a regularization for its policy m,. By Lemma 12, we have the follower’s value function
Vf”’ﬂy (s) can be rewritten from the viewpoint that 7, is the main policy and m, is part of the follower’s MDP, that is,

Vf%’ﬂy (s) = V;lyr(m)(s). It can be proven similarly that V]Zr”"ﬂy (s) = VI/T(M)(S)~ Therefore, we have V/Cfr(z)(s) =

V/’\T/'f(ﬂy)(s) and
VeVt )(8) = Va Vi, (5)

= E[Zth};(ﬂy)(st,al,t)Vlogﬂx(al,t\stﬂso = s,ww] (C2)
=0

where the last equality follows from the policy gradient theorem (Sutton et al., 2000). We have

QNi(r,) (83 01) =7, (s,00) + YEsrop, (5,00 (Vi) ()]
= Eojmr, (o)1 (s, a5, a1)] = Thy s (my(5)) + VBg wp(s,arsas)iag~my () [V (8)]
= By, ([ QF" (5, a1,a7)] = Thys(my(s)) (C3)

where the last equality follows from the definition of Q}” (s, a1, a #) in Section 2.2. Substituting the above equality into
(C.2) yields

VxV/Cl”T(z)(s) = E[Z’th;”ﬂy (styar,a54)Vlogma(arelse)|so = s, 7, Wy}
t=0

— 7']E[Z'ytiLﬁSt (my(s¢))V log wz(a17t|st)|so =8, My, Wy} (C4)
t=0
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It then follows from Lemma 6 that
Vap(z,y) = _vxvjcly,(z)(/’) + vzv/&i@)(ﬂ)‘wy:w;(x)

= —E[ZWt(Q}rz’ﬂy(St7al,t7af,t) —Thys, (Wy(St)))Vlogﬂx(al,t\st)‘so = S,Wzﬂry]
t=0

+ E{Z’yt (Q;z’ﬂy(w)(st, are, QL) — Thﬁst(ﬂ;(x)(st)))Vlog ﬂ'x(al,t|st)|50 = 3,7%,7?2(1:)] (C.5)
t=0

where 7} (x) is the follower’s optimal policy given leader’s policy 7. O

C.3. Proof of Lemma 8

Proof. We first consider V,g(x,y). To prove V,g(z,y) exist, it suffices to show Vg, ,(z) exist for any (s,a). By
Lemma 13, to show ¢, () = — maxqen Q”MT(w) (s, a) is differentiable, it remains to show that argmax Q”MT(w) (s,a)
is a singleton. By Lemma 4, the optimal policy of M, (z) is unique. Since the unique optimal policy 7 (z) €
argmax ey Q3 _(, (8, a), it suffices to show any policy  different from mj (x) leads to Q7 (,(s,a) < Q;ﬁ’l(ﬁ) (s,a).
Next we prove this result.

By the uniqueness of the optimal policy, the policies different from 7 (2) are non-optimal, that is, for any non-optimal ,

there exists state 5 such that VT () < v (3). By the Bellman equation, we have for any 7,

M (z)
T—1

Qi (o (5:0) = IE[ 3 yra(se an)lm, so = s, a0 = a} + Y Eqpm by (s0mss0ma) (Vi (2 (57)] (C.6)
t=0

By the irreducible Markov chain assumption, there exists ¢ such that PJ (s; = §|sg = s,a¢ = a) > 0. Choosing T' = i in
the above equality yields

i—1

Qi ((5:0) =E[ D 3" ra(st, an)lm, 50 = 5,00 = 0] + 7 Eapr (lsg=s.ao=a) Vit (o) (50)]
t=0
i—1 “(2)
<E [ Z ’YtTw(St, at)|7r7 S0 = S§,a0 = a:| + 71E5i~1:’;‘(-|50:s,a0:a) [V/\/ﬂ(m) (Sz)]
t=0
< Q0 (s.a) (C.7)

where the first inequality follows from Vi, | (5) < Vja“‘((x;) (5) and P (s; = 5|sgp = s, a9 = a) > 0; and the last inequality
follows from the optimality of 7 (z).

Given (C.7), we can conclude that ¢, ,(z) is differentiable with the gradient
VQS,a(x) = 7vrQﬂMT(m)(sv a)|71':‘ﬂ';(.'l;)' (C.8)

Then V,g(z,y) can be computed as

Vag(2,9) = ~Eanpanm, () [VaQ, () (5 O] s 0 (C9)

Since g(x, -) is smooth and strongly-convex, we can use the Danskins’ theorem to obtain
Vu(z) = Vag(2, y)ly=argmin, ), g(@.y) = Va9(@,Y)|y=r: ) (C.10)
where the last equality follows from Lemma 4. This completes the proof. O
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Cd4. Proof of Lemma 9
Proof. We first prove the first bullet. We have

o0
VaQi, (0)(5:@) = E[ 304 Vara(s0,a0)lm, 50 = 5,00 = al. 1
t=0

It can be checked that Assumption 2 holds and then V,g(z,y), Vu(x) follow from Lemma 8 with (C.11).

We next prove the second bullet. By (C.4), we have

o0
ViVt (w(8) = E[Zm?“%sh are, af.)Vlog my(arelse)|so = 5, ms, wy}
t=0

— T]E{Z"ythﬁst(ﬂ'y(st))vlogﬂm(al7t|st)|so =8, My, ﬂ'y} (C.12)
t=0

Then
V@M. () (8:a8) = Vi (ra(s,ap) +1Egnp, (5,00 Vit ) (5)
= Vo (Bayrm, () [11(5, a1, a5)] + VBay o ()5~ P(sa1.00) [VAL (o) (5)]) (C.13)
where the last eqaulity follows from the definition of M (z) in Lemma 12. Using the log-trick, we can write
vaﬁT(z)(Sa ar) =Eqymom,(s) [(T(& a,ar) + WEswP(s,al,af)[Vfﬂ”’Wy(s’)])Vlog m(al\s)}
+ VB (5),5'~P(s,a1,a0) (Vo VAR, () (57)] (C.14)

Substituting (C.4) into the above equality yields

vaﬂ/\ZT(w) (57 (lf) = Ea1,~7rz(s) |:(7"(S, ag, af) + ,Y]ES/N,P(S,(H,G.f) [Vfﬂ-x’ﬂy (S/)])v 10g Ty (a’lls)}

oo
+ ’yEalNﬂ'z(S),S/NP(S,al,af)E [ Z WtQ;m’ﬂy (St> .t af,t)V log 7, (al,t|st) |SO = 3/7 Ty Wy}
t=0

— TYBarma ()~ P(sanan) B Y1 hss, (1, (50))V Log o arglst) 50 = o, m,
t=0

T,y

Using the definition of ) ¥ in the first term, and taking -y of the second and third term inside the expectation gives

V@M. () (8:a) = Bayorm, () [QF™ (5, a1, a5 )V Iog mo (ars)]

o0
+ Ealwﬂ'z(s),slN'P(s,al,af)E |: Z ,th;:Eer (5t7 al,ta af,t)v 10g ﬂ-l‘(al,t|5t) |Sl = 5,7 T, 7Tyi|
t=1

- TEalwz(s),swp(s,al,af)E[Zvthf,st (my(51))V10g Ty (are|se)|[s1 = &', 7o, 7ry:|

t=1

Continuing from above, combining the first and second term yields

oo
VwQ;ZT(x)(& ag) = EGLNWw(S)E[Z,YtQ;I)ﬂy(St’ are, ap)Vlog e (are]se)|so = s, a0 = ar,aro = af,m,ﬂy}

t=0
— B (o) 5P lsanag B D7 g, (1 (50)) V 10g o aralsi) |1 = o, 7y, |
t=1
= ]E{thQTfrm’ﬂy (¢, al,t,af,t)VIOng(al,t\StHSO = S8,af0 = afﬂrzvﬂy:|
t=0
- TE(ILNTF;E(S),S’N'P(S,GZ,af)E|:Z’ythf,st (my(s¢))V log m(al’t|st)’s1 =5, ’ﬂ'y] (C.15)
t=1
It can then be checked that Assumption 2 holds and the result follows from Lemma 8 and (C.15). O
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C.5. Sufficient conditions of the smoothness assumption
Lemma 14. Suppose the following conditions hold.
(a) For any (s,a), the policy parameterization m, satisfies 1) Y . ||V (als)|| < Bx; and, 2) my(a|s) is Ly-Lipschitz-
smooth.

(b) If T > 0 then: 1) for any s, assume |hs(my(s))| < By and |Vyhe(my(s))|| < By, on' Y; and, 2) hs(my(s)) is
Ly-Lipschitz-smooth on Y.

(c) For any (s,a,s'), we have for any x € X that 1) |ry(s,a)| < By, and, 2) V! (i)(p) is Lyy-Lipschitz-smooth on X
uniformly fory € Y.

Then it holds for any s that VMy @ )( s) is Lipschitz-smooth on X X Y:

||va4y (z) ( ) = VV/\T}TI(JK)(S)H < max{ Loz, Loy} (2,y) — («/,9)|, Vo,2" € Xandy,y’ €Y (C.16)

where Ly, = (9( (113 :;Bp) + TB;,BW+|(¢;\\_L;,)(ZBT+TBh) n T(Bl;bijh))

Condition (a) holds for direct parameterization, where ) ||V, (a|s)| < |A| and L, = 0; and it also holds for softmax
parameterization where ) ||V, (als)|| = >, my(als)||V1ogmy(als)|| < 1and L, = 2. Condition (b) holds for smooth
composite of regularization function and policy, e.g., softmax and entropy (Mei et al., 2020, Lemma 14), or direct policy
with a smooth regularization. function. Condition (c) 1) is guaranteed since X is compact and r,, is continuous, and 2)
needs to be checked for specific applications. For example, in RLHF/Reward shaping, it can be checked from the formula of
VwV/C[yT (@) (s) in Lemma 7 that there exists L, = 1L_—T7 if r, is L,-Lipschitz-smooth.

Proof. We start the proof by showing V/Cly (@) (s) is Lipschitz-smooth in y on uniformly for any z, that is

V3 VL ) (8) = ViVadl oy &) < Loglly — o/l (C.17)

where L, is a constant independent of . By the regularized policy gradient derived in (B.10), we have
Ty _ T _
ASINOE f i [Z Q. (o) (5. @) Vmy(al3)| + T Bovar [ Vyhs(my (5)] (C.18)

where d3%(5) = (1 —7) Y pog V' Pz ¥ (st = 5|so = s) is the discounted visitation distribution, and recall P; " (s; = 5|sg =
s) is the probability of reaching state § at time step ¢ under P, and . Towards proving (C.17), we prove the following
results:

(1) We have Q% @) (s, a) is uniformly bounded, and V @) (s) and Q74 @) (s, a) are Lipschitz continuous in y uniformly
for any x.

By the definition of Q7% (2 (8, @), we have

- - B, +1B
|Q.A/Jl,(x)(sva)| < Z’Yth"x(st,at)‘ + 7| hs, (my(s¢))] < T’yh7 (C.19)
t=0

therefore it follows from (C.18) that

B.+7B, 1B
Tl=y)? 1y

IVyVid. () < B (C.20)

Then by the definition of Q function

QM (z) (Sv (l) =Tz (37 CL) + VES’N'Pw(s’a) [Vj\ayf (z) (S/)]
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we have

B, + 1By, TB}/I
+ (C21H
(1= 1= 7>

(2) We have ds ,(s) is Lipschitz-continuous in y uniformly for any z. Define M as a MDP with 7 = 0, r(s, a) = 1, which
is an indicator function of s, and transition P,.. Then we can write ds’ . (s) as

dggyx _szsoz |S)
s’eSa’eA
= ESnggﬁz,aN‘ﬂ'y(s) [T(S’ CL)]
= (1 =)V, (s0)

where the last equahty follows from substituting in ds,»(s) = (1 =) Y pe o V' Pr ¥ (st = s|so). It then follows from (C.20)
with 7 = 0 (since V/ (so) has 7 = 0) that ds¢,(s) is also uniformly Lipschitz continuous with constant By :

sup T2 . (s) = stz (s)]| < By — ¥/|I- (C.22)

”VyQ;ZT(x)(Sa a)” < B, + ’Y(Bn

To this end, we can decompose the difference as

v, V”y 5(8) = Vy Vil o (s)

— Esams [ZQM (@) (5:a Vﬂy(a|§)] T E o m [ZQM (@) (5:a Vﬂy(a|§)]
+ [ZQ% @) (5,a)Vmy(als )] - ﬁEswd v [ M @) (5 a)Vﬂ'y(a|§)]
+71_ smd Y, [ZQM (@) (5, @)Vmy(als )] —7_ ]Es~d Y [ZQM (@) (5, @)Vmy (als )}
_ T _
1 ~ B, [=Vyhs(my(8))] — T sl [=Vyhs(my(5))]
T _ T _
+ 1— 7E§~d:?; [=Vyhs(my(5))] — 1_ ,yEgNd:yI’ [=Vyhs(my (5))]
Continuing from the above inequality, we have
Ty Ty! 1 0
IV 00(6) = VoV O < = 2900 159 = B ) | 32 @3, 0500 V9]

1 Y
+1_7s1;p|QMT(x)(s,a) QM (x)sa|||ZV7ry als)

1
T ey [SHP‘QM (5] D ||V (als) —wa,(a|§)|ﬂ

+ 7 . ~2sup 452 (5) — dsz (s) |l sup | Vyhs(my (5))
1By (1950 (5) = Fyhs(my (5)] (€23)
Then given the assumptions (a), (b) in this lemma, along with the (C.19)—(C.22), we can get
IV V2 iy (8) = YVt oy (9 < Luglly — o/ (C24)
where L, = O<B (? :)Tth) + "D B +|(J3‘Ly)(B rt755) + r(By +Lh)). Thus we conclude

HVVJ\T/;J (1)( s) — vvj\/tyT(x)(S)HQ
IV ) 8) = TV oy O+ IVaVE 0y (5) = YV o (DI

<Ly — o 1I?+ L2l — 2'|° < max{L3,, L2, }(z,y) — (', ¢)|]? (C.25)
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which proves the result. O

C.6. Proof of Lemma 10
C.6.1. SMOOTHNESS OF THE VALUE PENALTY

Proof. Under the two assumptions, Lemma 11 holds and thus 7, (z) is unique and is 771C;-Lipschitz continuous on X

Thus for any y,y" € Y*(x), we have m, = 7, = 7, (). With Lemma 6, we have

v max Vit () =V max Vit e O = YV ) (P lr=rs @) = VYV (@) () Iy )
< Ly(lz — || + || (z) — my ("))
< L,(14+771C)) ||z — /). (C.26)

It then follows from Vﬁ; (@) (p) is L,-Lipschitz smooth that the value penalty is L, (2 + 771C)-Lipschitz smooth. [

C.6.2. SMOOTHNESS OF THE BELLMAN PENALTY

Proof. First note that Lemma 11 holds and thus 7} () is 7~ C ;-Lipschitz continuous on X'. We have p(x,y) = g(x,y) —
v(x) where

9(x,y) = Esp[(ys, qs(x)) + Ths(ys)]. (C.27)

By Lemma 8,
Veg(,y) = —Esnpany, [szWMT(x) (s, a)] ‘ﬂ.:ﬂ.;(x)' (C.28)

Since Vo Q7 () (s,a) is L,-Lipschitz continuous by the assumption, and () is 7~ C -Lipschitz continuous, we have
Veg(x,y)is L,(1 + 771C;)-Lipschitz continuous at z € X uniformly for any 3. We also have V,g(x,y) is Cs-Lipschitz
continuous at y € IT uniformly for any 2 € X. Therefore, we conclude V,g(z,y) is (C.; + L, (1 + 771C))-Lipschitz
continuous at (z,y) on X x II.

Next we have

Vyg(@.y) = (p(9)a(@) + To()Vha()) . (€29)

Since g5 is C';-Lipschitz continuous, and h is Lj,-Lipschitz smooth, we have V, g(z,y) is (Cy + Lj,)-Lipschitz continuous
at (z,y) on X x II.

Collecting the Lipschitz continuity of V,g(z,y) and V,g(x,y) yields g(z, y) is Lipschitz smooth with modulus L, =
2C; + L,(1+77'Cy) + Ly,. Then we have

[v(@) —v(@)|| = llg(z, my(x)) — g(a’, my ()| < Ly(|la — 2'[| + 77 Cyllz — 2']]). (C.30)
Then we have p(z,y) = g(z,y) — v(z) is Lipschitz smooth with modulus L, (2 + 77 *C). Together with the assumption
that f is L ¢-Lipschitz smooth gives F) is L,-Lipschitz smooth with L, = Ly + AL, (2 + 771C). O
C.7. Example gradient estimators of the penalty functions
In this section, we give examples of @p(x, y; 7) that is an estimator of Vp(z, y).

Value penalty. Consider choosing the value penalty p(x,y) = =V @) (p) + max,cy V! @) (p). Then by Lemma 6, we
have

Vap(2,y) = =VaVil 0)(0) + VeV, ) (0)lr=r; @)

vyhere recall 7; (z) is the optimal policy of MDP M () on the policy class IT = {7, : y € Y}. A natural choice of
Vp(x,y; ) is then

Vp(e,y:7) = (= YV () (0) + Vi Vi (o) (0)lrms V(. 1)) (C31)
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By (Agarwal et al., 2020, Lemma D.3.), there exists constant L,, = 27y|.A|/(1 — ~)? that V1. ()(p) is Ly-Lipschitz-smooth
in 7 for any x. Then the estimation error can be quantified by

IVp(z,y; 7) — Vp(z,y)|| < Lo||7)(x) — 7). (C.32)

Therefore, the estimation error is upper bounded by the policy optimality gap ||7; () — 7||. One may use efficient algorithms
(e.g., policy mirror descent (Zhan et al., 2023)) to solve for 7, which has an iteration complexity of O(— log ¢) to achieve
|7} () — #|] < e. Then Assumption 3 is guaranteed with complexity O(— log(€orac/A?)).

Bellman penalty. Consider choosing the Bellman penalty p(xz,y) = g(x,y) — v(z) where recall g(x,y) =
Espl[(ys, gs(z)) + Ths(ys)] and v(x) = minyey g(x, y). Then by Lemma 8, we have

Vzp(xa y) = _]ESN,D,CLNTK'y(S) [VIQ}T\/[T(m) (S, a):l |‘n’:7r; (.L)
+ Es~p7a~ﬂ'(s) [VmQﬂMT(m) (87 a)] !77:77;(3:) (C33)

Therefore, a natural choice of @p(ax, y; 7) is then

vp(xv Y; ﬁ—) = ( - Eswp,awﬂy(s) [VLEQT;/{/[.,.(:I:) (S, a)] + ]Eswp,arvfr(s) [VIQﬁ—MT(z)(Sa a)} ’ Vyp(xv y)) (C34)

It then follows similarly to (C.32) that Assumption 3 is guaranteed with complexity O(— log(€orac/A?)).

Example algorithms to get 7. Finally, we also explicitly write down the update to obtain 7 to be self-contained. If we are
using policy mirror descent, then at each outer-iteration k, for ¢ = 1,...7 where T is the inner iteration number, we run

i . o 1 i i
T |s) = argrﬁm{ = (P, QN (1) (5:7)) + Ths(p) + 5Dh(p, wk;fk)}, forany s € S (C.35)
pe
where ) is a learning rate, D), is the Bregman divergence, and &, is given by
(s, a) = #8’ (s,a) + LQW2 (s,a). (C.36)
L L grB 700 T g S M@
Finally, we set the last iterate 7TZ+1 (+|s) as the approximate optimal policy 7. For theoretical reasons, we use this update

in the analysis to gain fast rate. While practically our update scheme is not limited to policy mirror descent. As a simple
example, the policy gradient based algorithms can also be used:

jit! = Projy [yk +0V3Vtk (o), fori=1,2,....T. (C.37)

We use the last iterate as the approximate optimal policy parameter: 75, = Tyr+1. In the above update, the policy gradient
i k

Vy V/Vf ’L“(z) (p) can be estimated by a wide range of algorithms including the basic Reinforce (Baxter & Bartlett, 2001), and

the advantage actor-critic (Mnih et al., 2016).

C.8. Proof of Theorem 4.1

Proof. In this proof, we write z = (z, y). Consider choosing either the value penalty or the Bellman penalty, then Lemma
10 holds under the assumptions of this theorem. Therefore, I is L-Lipschitz-smooth with Ly = L + AL,. Then by
Lipschitz-smoothness of F\, it holds that

. 1 . )
< Fx(z) + (VEX (215 Tk)s 21 — 2k) + %sz—&-l — 2k||? + (VF\(2k) — V(215 1), 2k1 — 25)-
(C.38)

Consider the second term in the RHS of (C.38). It is known that zj4; can be written as

1
= 1 F .. it - — . 2.
Zht1 arggggw A2k )y 2) + 2a||z 2z ||
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By the first-order optimality condition of the above problem, it holds that
<@F>\(z;€;frk) + é(z;g_H — 2k), 2h+1 — 2) <0, Vz € Z.
Since z;, € Z, we can choose z = zj, in the above inequality and obtain
(VFy(2k; ), 2041 — 21) < _énzk-&-l — 2% (C.39)
Consider the last term in the RHS of (C.38). By Young’s inequality, we first have
(VFx(zk) = VFA(2k; F8), 2601 — 2k) < ol VEA(2k) — VEx (23 70) > + i”zlﬂrl — z||?

A R 1
< aX?(|Vp(zr) — Vp(zr; #r)|* + EH%H — z||? (C.40)

Substituting (C.40) and (C.39) into (C.38) and rearranging the resulting inequality yield

el — 2l < Ba(z) = Palairn) + 0¥ Vp(zi) — Vpais i) Can)
With 2, defined in (4.2), we have
1Zk41 — 28l < 201261 — 261 l® + 20210 — 2l

< 207||VFx(21) — VEx (25 ) |2 42l 2811 — 26>

< 202N Vp(zr) = Vp(zi; 7 1° + 2] 21— 2 (C.42)
where the second inequality uses non-expansiveness of Proj 3.
Together (C.41) and (C.42) imply

IZ041 = 211> < 100° A2 Vp(z) = Vp(zrs ) |2+ 8a(Fa(zi) = Fa(zi+1))-

Since p(z,y) > 0, Fx(z) > inf,cz f(z) for any z € Z. Taking a telescope sum of the above inequality and using
G)\(Zk) = é(zk - 2k+1) yield

K —inf, ¢ z K 9 N N
S G < SNz TE) 03219y — Fp(enil
k=1

k=1
S(FA(Zl) — infzez f(Z)) K 1 2 K
< a 5 torac 4
< 5 +k§:1 2HG>\(ZIC)|| +t5e€ (C.43)

where the last inequality follows from Assumption 3. Rearranging gives

16(Fx(21) — infoez f(2))

K
DI [ENE + Keorac (C.44)
k=1

This proves the first inequality in this theorem. The result for OS follows similarly with F(y) being L,-Lipschitz-smooth
and €5, = 0 since no oracle is needed. O

D. Additional experiment details
D.1. Stackelberg Markov game

For the independent gradient algorithm, we set the learning rate as 0.1, and both the follower and the leader use Monte-Carlo
sampling with trajectory length 5 and batch size 16 to estimate the policy gradient. For the PBRL algorithms, to estimate
a near-optimal policy 7 at each outer iteration, we run the policy gradient algorithm for 7" steps at every outer iteration.
For PBRL with value penalty, we set learning rate 0.1, penalty constant A = 2, inner iteration number 7" = 1, and we use
Monte-Carlo sampling with trajectory length 5 and batch size 16 to estimate the policy gradient. For PBRL with Bellman
penalty, we use A = and inner iteration number 7" = 10 instead.

25



Principled Penalty-based Methods for Bilevel Reinforcement Learning and RLHF

D.2. Deep reinforcement learning from human feedback

We conduct our experiments in the Arcade Learning Environment (ALE) (Bellemare et al., 2013) wrapped by OpenAl
gymnasium which is also used in (Mnih et al., 2016) and (Christiano et al., 2017).

For the Atari games, we use A2C, which is a synchronous version of (Mnih et al., 2016), as the policy gradient estimator in
both DRLHF and PBRL. The policy and the critic shares a common base model: The input is fed through 4 convolutional
layers of size 8 X 8,5 x 5,4 x 4, 4 x 4, strides 4, 2, 1, 1 and number of filters 16, 32, 32, 32, with ReL U activation. This is
followed by a fully connected layer of output size 256 and a ReLU non-linearity. The output of the base model is fed to
a fully connected layer with scalar output as critic, and another fully connected layer of action space size as policy. The
reward predictor has the same input (84 x 84 x 4 stacked image) as the actor critic. The input is fed through 4 convolutional
layers of size 7 X 7,5 x 5,3 x 3, 3 x 3, strides 3, 2, 1, 1 with 16 filters each and ReLU activation. It is followed by a fully
connected layer of size 64, ReLU activation and another fully connected layer of action space size that gives the reward
function. We use random dropout (probability 0.5) between fully connected layers to prevent over-fitting (only in reward
predictor). The reward predictor and the policy are trained synchronously. Reward predictor is updated for one epoch every
300 A2C update.

We compare trajectories of 25 time steps. At the start of training, we collect 576 pairs of trajectories and warm-up the
reward predictor for 500 epochs. After training starts, we collect 16 new pairs per reward learning epoch. We only keep the
last collected 3000 pairs in a buffer.

For policy learning, we have actor-critic learning rate 0.0003, entropy coefficient 0.01, actor-critic batch size 16, initial
upper-level loss coefficient 0.001 which decays every 3000 actor-critic gradient steps. We find out that the learning procedure
is very sensitive to this coefficient, we generally select this coefficient so that the upper-level loss converges stably; for
reward learning, we set reward predictor learning rate 0.0003, reward predictor batch size 64, and the reward predictor is
trained for one epoch every 500 actor-critic gradient steps. For Beamrider, we change actor-critic learning rate to 7 x 1075,
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