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Abstract

We study a distributed multi-armed bandit setting among a population of n memory-constrained
nodes in the gossip model: at each round, every node locally adopts one of m arms, observes
a reward drawn from the arm’s (adversarially chosen) distribution, and then communicates with
a randomly sampled neighbor, exchanging information to determine its policy in the next round.
We introduce and analyze several families of dynamics for this task that are decentralized: each
node’s decision is entirely local and depends only on its most recently obtained reward and that of
the neighbor it sampled. We show a connection between the global evolution of these decentral-
ized dynamics with a certain class of “zero-sum” multiplicative weight update algorithms, and we
develop a general framework for analyzing the population-level regret of these natural protocols.
Using this framework, we derive sublinear regret bounds under a wide range of parameter regimes
(i.e., the size of m and n) in an adversarial reward setting (where the mean of each arm’s distribu-
tion can vary over time), when the number of rounds 7' is at most logarithmic in n. Further, we
show that these protocols can approximately optimize convex functions over the simplex when the
reward distributions are generated from a stochastic gradient oracle.

1. Introduction

Multi-armed bandits are a powerful and general abstraction in online learning [9, 20, 29], and
recently there has been significant interest in distributed, multi-player variants, in which multiple
agents can sample in parallel and can coordinate under limited communication [2, 4, 6, 8, 12, 14,
18, 19, 22, 23, 31, 34]. However, one setting that has received significantly less attention is the
decentralized setting, e.g. [21], in which individual nodes lack a global view of the set of arms, have
limited memory, and can only exchange information via random, direct exchanges.

In decentralized learning, the goal of the system would be to collectively limit regret at the
population level by ensuring that nodes consistently choose better arms at each round. This model
is well-motivated by distributed settings in which it is impractical for a single node to obtain global
information about the system. We briefly introduce the setting and objective as follows:

Problem Setting Consider a population of n nodes distributed over a complete communication
graph. The nodes interact with an m-armed bandit instance over a sequence of T rounds, each of
which is structured as follows:

(i) Arm Adoption: At the start of each round t, each node w € [n] must adopt one of the m arms.
(ii) Reward Generation and Observation: Then, each arm j generates a single stochastic reward
g5 ~ Vi, where v} is a distribution supported on [—o, o] with mean s € [~1,1], for some

1 < o < 10. Every node adopting arm j subsequently observes the reward g§.
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(iii) Communication: Then, every node u simultaneously samples a neighbor to receive informa-
tion from, uniformly at random. Each node subsequently uses this interaction to inform its
adoption strategy at round t + 1, following a fixed local (randomized) protocol.

Let pt := (p,...,pt,) € A, denote the distribution' specifying the fraction of the population
adopting each arm j at round t, and define g' := (gt,...,gt,) and p* == (u}, ..., ul,). Then the
objective of the population is to minimize its expected population-level regret R(T'),?

R(T) := max > ub — 3 E[(p’,g")]. (1)

J€lm] 1l te[T]

Discussion and Related Models From a node-local perspective, this is a setting of an adversarial
m-armed bandit. However, from a global perspective, the full reward vector g! is distributed over the
population at every round, making it a decentralized version of prediction with expert advice [3],
which is reflected in the objective. Other than the boundedness conditions, the setting makes no
assumptions on how the rewards g§ are generated; in particular we assume an adversarial reward
setting, where each u! can change over rounds. Communication occurs according to the standard
synchronous gossip model with uniform neighbor sampling [7, 28]. As such, our model is related
to the decentralizated optimization model, which has become popular when studying variants of
SGD-based optimization [15, 17, 33]. Moreover, processes within this model are closely related to
distributed opinion dynamics [S] (which are used to model complex behavior in distributed systems
and also social and biological settings) and to evolutionary game theory [1, 27].

The most closely related models were studied by Celis et al. [10], Su et al. [30], and Sankarara-
man et al. [25]. However, all these works consider only a stationary setting where rewards come
from fixed-mean Bernoulli distributions. Additionally, they assume that (a) at any round a node can
choose not to adopt an arm, and that either (b) a node can alternate between strategies each round,
and, e.g., choose an arm uniformly at random with some small probability [10, 30], (c) that node
communication is implicitly performed through some centralized coordination to account for nodes
that made no adoption choice at the current round [10], or that (d) a node can remember its adoption
history from multiple prior rounds, and where each node adopting arm 5 at round ¢ generates its
own, independent reward from the distribution Vjt. [25].

In contrast, our focus is to design and analyze extremely simple, memory-constrained dynamics
in which (i) a node can remember only its most recent arm choice and reward observation (ii) every
node runs an identical, fixed protocol that applies the same simple decision rule at every round, and
that (iii) nodes cannot choose to adopt one of m arms uniformly at random (since at the end of each
round, each node is only aware of their most recent adoption decision, and that of the neighbor they
communicated with). In other words: we desire dynamics that are fully decentralized, and that are
also robust to adversarially chosen rewards.

Our contributions We introduce and analyze several families of local dynamics satisfying prop-
erties (i), (ii), and (iii) above, and we obtain bounds on population regret R(7T') that scale sublinearly
with T'. Informally, for general adversarial rewards, our dynamics obtain average regret

1 logm ~(om om
—R(T) < O +0 +
T (T) = T ne  n¢ )’
1. We write A, := {p € R™ : ||p||1 = 1} to denote the probability simplex over m coordinates.

2. In standard bandit settings, this quantity is often called pseudo-regret [9, 20]. We use the term regret for clarity and
note that this is the same objective considered in the related work of Celis et al. [10].
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forany ¢ > 1,n > 3clogn, and T < (% — €) log n rounds, for any € € (0, %)

Here, the 6() surpresses (for readability) lower-order logarithmic dependencies on m and n,
and by virtue of the analysis framework we introduce, this regret bound (stated formally in Theo-
rem 2.3) is decomposed into an approximation error (where we bound the regret of a “smoother”
version of the induced sequence {p'}) and an estimation error (where we pay for the error intro-
duced by this coupling). In our bound, the approximation error matches the known optimal regret
in the (centralized) prediction with expert advice setting [3], while the estimation error can be inter-
preted as a cost of decentralization: in order to achieve sublinear regret (or equivalently, vanishing
average regret), the population size n must grow sufficiently large with respect to m, and thus the
regret can generally be sharpened with larger populations. Additionally, in this adversarial reward
setting, we show under the constraints of the problem setting that regret can grow linearly with T°
if the number of rounds can be arbitrarily large. For this reason, our bounds constrain 7" to grow at
most logarithmically in the population size n.

Roughly speaking, we obtain these bounds by analyzing the evolution of the sequences {p’}
induced by our families of dynamics. Surprisingly, we show for each dynamics that the adoption
mass pg- evolves (in conditional expectation) by multiplicative factors of the form (1 + F;(p’, g"))
for each arm j, and where each FJ; is a function depending on p* and g’ that collectively satisfy the
key “zero-sum” property of > je[m p§ - F;(p', g") = 0. We more generally relate processes of this
form to a class of (centralized) zero-sum multiplicative weights update (MWU) algorithms, and we
derive bounds on their regret that may be of independent interest. This connection is then leveraged
to establish a general analysis framework for bounding the regret of the original process {p’}.

Finally, using the known connections between (online) convex optimization and the standard,
centralized MWU algorithm (and related processes like mirror descent and the exponentiated gra-
dient method) [3, 11, 13], we use our dynamics and analysis framework to obtain expected error
rates for optimizing a convex function f : A,, — R by assuming the reward sequence {g’} is
generated by a stochastic gradient oracle. For this, we give an error rate at the average iterate
p = % ZtE[T] p! induced by our protocols that matches (up to some constant factors) the regret
bound from the adversarial reward setting above. This result is given formally in Theorem 2.4.

2. Technical Overview of Results

Notation and Other Preliminaries Throughout, we deal with multiple sequences of vectors in-
dexed over rounds ¢ € [T, for which we use the short hand notation {p‘} := p°, p!,...,p’. We
often compute expectation (resp., probabilities) conditioned on two sequences {p’} and {g’} (or
{q'} and {g'}) simultaneously, and we denote this double conditioning by E;[-]. When we wish
to condition just on a single vector p?, we will usually write Epe [[]. Givenp = (p1,...,Pm), We
write E[p] to denote the vector (E[p1],...,E[pn]). Throughout, we use the fact that for a random
variable x, if x < a with probability at least 1 — v, then E[z] < o 4 . We assume all logarithms
are natural unless otherwise specified, and we use 1 to denote the vector of all ones.

2.1. Families of Local Dynamics

We begin by describing several families of local dynamics for the decentralized bandit setting. We
call the first family adoption dynamics, defined from the perspective of any node w« at round ¢:
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Adoption Dynamics: given a non-decreasing adoption function f : R — [0, 1], for each u € [n]:
(i) At round t, assume: node u adopted arm j; u sampled node v; and v adopted arm k € [m)].
(i) At round t + 1: node u adopts arm k with probability f (gi) and arm j otherwise.

Note here that each node’s adoption strategy at round ¢ + 1 depends only on the reward g,
obtained by its neighbor. A natural choice for f is the sigmoid function with parameter 3, and
we call the resulting protocol 3-sigmoid-adopt. Now consider the sequence of distributions {p’}
induced by running an adoption dynamics with reward sequence {g’}. In conditional expectation
through round ¢, we show that the mass of each coordinate j grows by a multiplicative factor with
magnitude 1+ f(g%) — (p, f(g")). This is captured formally in Proposition A.1 in Appendix A.

Our second family of dynamics, which we call comparison dynamics, shares a similar property
in conditional expectation. We first define this second family as follows:

Comparison Dynamics: given a non-decreasing score function » : R — Rxg, for each u € [n]:
(i) At round t, assume: node u adopted arm j; u sampled node v; and v adopted arm k € [m).
(i1) At roundt + 1: define p; o h(gj») and pp x h(g,i).
Then node u adopts arm j with probability p; and arm k with probability py.

Here, a node considers both its own and its neighbor’s most recent reward observation to deter-
mine its next decision (in particular, by comparing the “scores” of the rewards under h). As a natural
example, we can instantiate a comparison dynamics with an exponential score function, which re-
sults in p; and pj, forming a softmax distribution. We call the resulting protocol 3-softmax-compare.

As mentioned, every instantiation of a comparison dynamics yields a coordinate-wise multi-
plicative update rule (in conditional expectation) similar to those of adoption dynamics. In par-
ticular, in Proposition A.2 in Appendix A, we derive an conditionally expected update rule for
comparison dynamics similar to that of Proposition A.1.

Together, Propositions A.1 and A.2 show that under both families of dynamics, the new, con-

ditionally expected adoption masses psy1 := FE;[p’*!] take on the more general form ﬁ;ﬂ =

Et[p?rl] = p§~ . (1 + F;(p, gt)) , where the set of m functions F satisfies Zj pj - Fj(p,g) =0
forall p € A, and g € R™. This observation motivates us to define the set of processes {q’} that
evolve according to such multiplicative updates at each step. Specifically, consider a sequence of

distributions {q’} that evolves according to the following definition:

Definition 2.1 (Zero-Sum Multiplicative Weights Update) Let 7 = {F}} c(, be a a family of
m potential functions Fj : Ap, x R™ — [—1, 1] satisfying the zero-sum condition

> jeim 4 - Fi(a,8) =0 )

forall q € A, and g € R™. Then initialized from q° € A,, and given T, we say the sequence
{q'} is a zero-sum MWU process with reward sequence {g'} if for all t € [T] and j € [m]:

¢ =g (1+ F(d'e") - ©

Compared to the standard (linear) versions of MWU methods [3], the zero-sum condition (2)
always ensures the set of updated weights in (3) remains a distribution, without an additional renor-
malization step (i.e., the simplex A,, is invariant to {q'}). Further below, we develop general regret
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bounds for these zero-sum MWU processes with respect to {g'}, where the bounds depend on some
quality measure of the family F in distinguishing higher-mean and lower-mean rewards.

2.2. Analysis Framework for Bounding the Regret of the Induced Process {p’}

While the (coordinate-wise) iterates of each p? induced by our dynamics have the same update form
as those of a zero-sum MWU process in conditional expectation, neither the sequence {p’} nor the
sequence {E;[p?*!]} is itself such a process (in the sense of Definition 2.1). However, to analyze
the regret of {p'}, we introduce a true zero-sum MWU process {q'} that starts at the same initial
distribution, runs on the same reward sequence, and uses the same family F as follows:

Definition 2.2 (Coupled Trajectories) Let F = {Fj} be a family of zero-sum functions as in
Definition 2.1. Then given a reward sequence {g'}, consider the sequences of distributions {p'},
{p'}, and {q'}, each initialized at p° € A™, such that for all j € [m):

¢ =g (L+ Fidg") “
pitt=Ep = pl- (1+ Fi(p',g") (5)

and where p§~ is the average of n i.i.d. indicator random variables, each with conditional mean ff;

Given this coupling definition, a straightforward calculation (derived in Appendix B) shows that
we can approximate the regret R(T') of the sequence {p'} from expression (1) as follows:

R(T) < R(T) := max Y ut— 3 E[ld’,g")]+ X o E[p'—d':. 6)
J€lml te[1y te[T] te[T]

This (over)-approximation allows us to decompose R(7T') into (a) the regret of the zero-sum MWU
process {qt} (the difference of the first two terms) and (b) the error of the coupling (the final term).
This can be roughly viewed as an approximation error and an estimation error, respectively. In
Appendix B, we introduce a general analysis framework for bounding each of these quantities.

2.3. Regret Bounds for Local Dynamics

Using our analysis framework, we derive instantiated regret bounds for our local dynamics. How-
ever, given that the means u! can be chosen adversarially, observe that if the number of rounds 7'
can grow arbitrarily large, then R(T') can grow linearly in T": for sequences {p’} induced by our dy-
namics, once any p§» goes to 0 (which can occur with non-zero probability in each round), then this
mass remains O for all subsequent rounds. Adversarially setting the j’th reward to be maximal could
then lead to constant regret per round. For this reason, our regret bounds impose some constraints
on 7T'. In particular, in Appendix F we show that as long as 1" grows at most logarithimically in the
number of nodes n, then starting from p’ = 1/m, every p§~ is at least 1/n with high probability
(i.e., at least one node adopts each arm in round ¢). This translates into a (pessimistic) constraint on
the T" for which we can state meaningful bounds. Specifically, we obtain the following (average)
regret for the 3-softmax-compare and 5-sigmoid-adopt dynamics (proved in Appendix F):

Theorem 2.3 Consider the sequence {p'} induced by running the [3-softmax-compare or [3-
sigmoid-adopt protocol on an (adversarial) reward sequence {g'} intialized from p° = 1/m. Then
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forany ¢ > 1 and n > 3clogn, and assuming that T' < (l —¢e)logsn = O(log (m2 logn)) for
some € € (0, 2) setting 5:=+/(logm)/T yields average regret of:

1 logm ~(om om
— . < .
7 R(T) < O( T >+O< + >

ne ne

2.4. Application: Convex Optimization over the Simplex

As an application of our local dynamics and analysis framework (in particular, the regret bounds
of Theorem 2.3 for the adversarial setting), we show how the protocols S-softmax-compare and -
sigmoid-adopt can approximately optimize convex functions f : A,, — R over the simplex when
the reward sequence {g’} is generated using a (stochastic) gradient oracle. In particular we assume:

Assumption 1 Given a function f : A,, — R, we assume that:
(i) f is convex with gradients bounded by ||V f(q)||cc < G forall q € A, for some G > 0.

(ii) At every round t € [T, the reward vector g! is of the form: g' := —(V f(p')/G) + b!, where
bt € [~0, 0|™ is a coordinate-wise bounded random vector for some o € [1,10].

Observe that condition (ii) ensures that the vector g’ satisfies the reward distribution conditions
of our bandit setting (in particular, with [—o, o]-bounded support, and [—1, 1]-bounded means) and
thus our regret bounds from Section 2.3 can be applied. To this end, by adapting standard reductions
between MWU algorithms and (online) convex optimization [3, 13], we can use the more general
adversarial regret bound of Theorem 2.3 to derive the following result, proved in Appendix G:

Theorem 2.4 Given a convex function f : A,, — R, consider the sequence {p'} induced by
running the 3-softmax-compare or 3-sigmoid-adopt protocol on a reward sequence {g'} generated
as in Assumption 1 with gradient bound G. Then for any ¢ > 1 and n > 3clogn, assume that
T < (% —€) log5n = O(log (#Ogn)) for some € € (0,3), and set B:=+/(logm)/T. Let

T > te[T p denote the average arm distribution over T rounds. Then:
- [G?%logm ~ om om
E — < — : :
[f(p)] prélin flp) < O< T )+O<G <n€ + TLC)>

3. Conclusion

To conclude, we introduced several families of dynamics for the decentralized bandit problem,
whose regret in an adversarial reward setting grows sublinearly over rounds (so long as the total
number of rounds is at most logarithmic in the size of the population). In particular, note that
relative to prior related work [10, 25, 30], these are the first such dynamics that can tolerate re-
wards whose means are non-stationary. As an application, we showed how these dynamics can
approximately optimize convex functions over the simplex at a population level. It remains open to
establish optimal regret bounds in the general adversarial reward setting, and to also establish tighter
bounds for longer time horizons when the reward sequences have additional (non-adversarial) struc-
ture. Moreover, analyzing these dynamics over a non-complete communication graph (in particular,
understanding how mixing properties of the graph affect regret) is left as future work.
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dynamics introduced in Section 2.

A.l. Evolution of Adoption Dyanmics

For adoption dynamics, we prove the following conditionally expected update rule:

Proposition A.1 Let {p'} be the sequence induced by running any adoption dynamics with adop-

tion function f and reward sequence {g'}. Then E, [p?'l] = ph - (1+ f(gh) — (p', f(g")), for

every t and j € [m], where f(g!) € [0,1]™ denotes the coordinate-wise application of f on g'.
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Proof First, letting ¢! € [m] denote the arm adopted by node u € [n] in round ¢t + 1, observe that

E[pit!] = Z Pyt = j]
ue[n

which follows from the fact that thr is the average of the n indicators 1{c;t! = j}. By the local

symmetry of the dynamics, P;[c; e = j| is equal for all nodes u. However, this value is dependent

on ¢!, (i.e., the adoption decision of u at the previous round #).
Thus using the law of total probability, for any node u we can write

Pife,™ = 5] = M, =j} Pl = dle, = ]
+ Y Y =k} Bt =l =]
k#jelm]
Now fix node u, and let v € [n] denote the node the u samples in round ¢. Now recall from the
definition of the dynamics that if ¢!, = k # j, then ¢!} = j with probability f(g ) only if node v
adopted arm j in round ¢, i.e., ¢}, = j. On the other hand, if ¢!, = j, then ¢! = j elther if ¢l = 7,

orif ¢, = k # j and node u rejects adopting arm k with probability 1 — f(gk).
Thus we have

Piley™ =jle, =3 = o5+ D> ph-(1—Fgh)
k#j€[m]
and Pcttt =gl = k] = pé- : f(g§) fork #j.
Combining these cases, noting also that + > uel] 1{c!, = k} = p}, for any k € [m], and using the
fact that 3 .,y Pf, = 1, we can then write

Efp) = ph- 5+ Y0 ok (U= flgh) + Y vk (0f- £(gh)

k#j€lm] k#jelm]
= (14 Y B (Floh) - (b))
k#j€lm]
= v} (1+£(e) — (0. 1(@)))
which concludes the proof. |

Importantly, we also verify that such multiplicative updates in every coordinate j still lead to a
proper distribution: for this, it is easy to check that

> BT = 3w (14 £ — (0 f(g)))

JE€m] J€m]

= 3 b+ (0 f(g)) - (0 f(gh) = 1,

JE€m|

which holds since p! is a distribution.

Finally, recall from Section 2.1 that when the adoption function f is a sigmoid function with
parameter 3 we call the resulting protocol 3-sigmoid-adopt. Stated formally:

10
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Local Protocol 1 (3-sigmoid-adoption) Let 5-sigmoid-adopt be the adoption dynamics protocol

instantiated by the adoption function fg(g) = m for 8 €10,1] and any g € R.

A.2. Evolution of Comparison Dynamics
For comparison dynamics, we develop an update rule in conditional expectation whose form is

analogous to that of Proposition A.1. Specifically, we show:

Proposition A.2 Let {p'} be the sequence induced by running any comparison dynamics with
score function h and reward seqeunce {g'}. Furthermore, for any g € R™ and j € |[m], let
H(g,j) € [-1,1]™ be the m-dimensional vector whose k’th coordinate is given by p; — py. Then

Edfp} ™ =95 - (1+ (0", H(g'. )
foreveryt € [T| and j € [m)].

Proof Fix j € [m] and ¢ € [T]. Again let ¢! € [m] denote the arm adopted by node i € [n] at round
t. Then observe that we can write

1 1
EMﬁW=n§jﬂw“=ﬂ=n§jG@#qymM“=ﬂé=ﬂ

i€[n] i€[n]
+ Z 1{c§ = k}'IP’t[cz'H =7 c;f = k]) .
k#j€lm]

In the case that ¢! = j, note that c*1 = j with probability 1 if node i samples a neighbor u that
also pulled arm j in round ¢. Otherwise, if u pulled some arm k # j, then node ¢ adopts j with
probability 1 — h(g})/ (h(gg) + h(g})). Together, this means that

1 ot ot t h(g;)
Pt[ci+1—]|ci_]] =B+ ) pk<1_h(9§-)+kh(gt))

k#jc(m] k
h(g})
R O S g
w95 )

In the other case when ¢t = k # j, then c*1 = j only when node i samples a neighbor that pulled
arm j in round ¢, and thus

h(g5)

Pl = d=k] = pt —T——.
e =dle =k = 2 e hn

i =

(®)

11
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Now observe that for any k € [m)], %Eie[n} 1{c! = k} = pi by definition. Then together with
expression (7) and (8), we have

t 9 t .t higj)

= SRR CRRICAY . =
— h(g})
_ ot k
=p; |1+ Z pk )+ h(gt)
k#j€[m] k
which concludes the proof. |

Again, we also verify that forany p € A, and g € [0, 1], the family of functions {(p, H (g, 7)) } je[m]
satisfies the zero-sum property > .1, P; - (P, H(g, 7)) = 0. To see this, observe that

h t
Z i H(g.j) = ) p;- Z Pk - +h8£;

JE[m)] kelm

_ o (Wlg) =) | hlgr) —hlg)) )
: (j,k)e%]x[m]p] " (h( i)+ higy )+h(g§‘)+h(91€r)> -

Finally, recall that when the score function h is an exponential with parameter 3, we call the result-
ing protocol B-softmax-compare. Defined formally:

Local Protocol 2 (3-softmax-comparison) Let 3-softmax-compare denote the comparison dy-
namics protocol instantiated with the score function hg(g) := exp(8 - g) for some 3 € [0, 1].

Appendix B. Details on Analysis Framework

In this section, we provide more details on the analysis framework from Section 2.2, and specif-
ically on approximating the regret R(7") in the context of the coupling from Definition 2.2. For
convenenience, we first restate this coupling definition:

Definition 2.2 (Coupled Trajectories) Let 7 = {F}} be a family of zero-sum functions as in Defi-
nition 2.1. Then given a reward sequence {g'}, consider the sequences of distributions {p'}, {p'},
and {q'}, each initialized at p°® € A™, such that for all j € [m]:

¢t = ¢ (1+ Fi(d.g") “
P =Rt = pf - (1+ Fi(p'gh) ”

and where p§- is the average of n i.i.d. indicator random variables, each with conditional mean ;5;

12
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Now recall from expressions (1) and (6) that we define

R(T) = maXZM] ZE (p', g

Jebml o te[T)
and R(T) := max Z ,UJ; - Z E[(qt,gtﬂ + Z U'EHPt - thl )
Jetml o te[T) te[T)

where we assume {p'} and {q'} are specified by the coupling from Definition 2.2. Here, we show
that R(T') < R(T'), which was stated without proof in expression (6) in Section 2.2.

~

Proposition B.1 For any sequences {p'} and {q'} as in Definition 2.2. Then R(T) < R(T) with
respect to any reward sequence {g'} where each g' € [—o, o™

Proof First, observe that for every ¢ € [T'], we can write
E[(p’.g")] = E[(d',g")] —E[(a' - p',g")] .

Now recall from the definition of the problem setting that the randomness of g' is independent from
that of both q' and p’. Thus together with Holder’s inequality, it follows that

R(T) = max Y b= > E[{d",g"+ Y E[q’ —p',g")]

J€[m]

te[T) te[T) te[T]
< max =Y Eld g+ D> E[ld" - p'll - 18" ]lso] -
IS e te[T] te[T]

Now by the assumption that for each ¢ € [T'], every coordinate g§ of gt is drawn from a distribution
whose support is bounded in [—o, o], we have ||g!||oc < o. Thus we conclude

< max Z ,u] Z (q',g"] + Z o-Elq' —p'|p = E(T) )

J€ [m] te(T) te[T]

which conludes the proof. |

B.1. Overview of Analysis Framework

We now give an overview of our framework for bounding the quantity E(T ). Our approach has two
steps: first, bounding the regret of the zero-sum MWU process (i.e., the difference of the first two
summations of ]?E(T )), and second, bounding the error terms induced by the coupling (i.e., the third
summation in R(T)).

Regret Bounds for the Zero-Sum MWU Process To analyze the regret of the zero-sum MWU
process using a family F, the key step is to relate the the function value F}(q, g) in conditional
expectation to the difference 1; — (q, p'), which measures the relative magnitude of the j’th arm’s
mean to the globally-weighted average. To this end we make the following assumptions on F:

13
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Assumption 2 Let F = {F;} be a family of potential functions satisfying the zero-sum condition
from Definition 2.1, and let {g'} be a sequence of rewards. Then we assume there exist constants
0<ay <ag<1/4,6€0,1), and L > 0 such that for all j and g':

(i) forallqe Ap: SH|ps—(a.p') = 0| < [Eq[Fi(a.g")]| < %|uf —(q, ) +9]
(i) forallp,q € Ap: |Fj(q,8") — Fi(p,g")| < L-[p—dqli -

Under this assumption, we prove (in Appendix C) the following bound on the expected regret
of a zero-sum MWU process, which is parameterized with respect to constants «, ao, and 9:

Theorem B.2 Consider a T > 1 round zero-sum MWU process {q'} from Definition 2.1 with
reward sequence {g'} and using a family F that satisfies Assumption 2 with parameters o, o and
0, and assume that q;) > p > 0. Then for every j € [m]:

2
Zﬂﬁ-— ZEth,gt)] < ?’h)g(l//’)+2<o‘2+0‘2_0‘1+50‘2> T
te(T) te[T) 1 ot 1 A

Intuitively, condition (i) of Assumption 2 specifies a two-sided multiplicative correlation be-
tween Eq[F;(q, g")] and 1 — (q, p'), while also allowing for some additive slack d. The sharpness
of Theorem B.2 depends on the tightness of this correlation. In particular, if «; = a2 = « and
0 = 0, and supposing that q? = 1/m deterministically, then the right hand side in the theorem
recovers the standard (and optimal) MWU regret bounds [3]. We thus generally wish that the fam-
ily F induced by our local dynamics satisfies condition (i) of the assumption with a; = a2, and
9 = O(aq ), where a; has some dependence on a free, tunable parameter. For the 3-sigmoid-adopt
and [-softmax-compare protocols introduced earlier, we show this is exactly the case, and we pro-
vide the formal statements and proofs in Appendix D.

Controlling the Coupling Error The second step in the general analysis framework is to bound
the error ;7 E||p! — q?||1 of the coupled trajectories. For this, we control the growth of each
term in the sum by leveraging property (ii) of Assumption 2, and by applying standard concentration
bounds. In Appendix E, we describe this approach in more details and prove the following lemma:

Lemma B.3 Consider the sequences {p'}, {p'}, and {q'} from Definition 2.2 with a reward
sequence {g'} and using a family F that satisfies Assumption 2 with parameter L. Let k := (3+L),
and assume n. > 3clogn for some c > 1. Then forany T' > 1:

m- kL m-T)

Z EHthrl _pt+1”1 < 5( + _
te(T] \/ﬁ "

Appendix C. Details on Zero-Sum Multiplicative Weight Updates

In this section, we prove the regret bound on the zero-sum MWU process from Theorem B.2, which
is restated here:

Theorem B.2 Consider a T > 1 round zero-sum MWU process {q'} from Definition 2.1 with
reward sequence {g'} and using a family F that satisfies Assumption 2 with parameters o, oz and
0, and assume that q? > p > 0. Then for every j € [m]:

S - 3 Bl gh) < 22 +2<O‘%+0“2_0‘1 +50‘2) T

e} (6] e} (6]
te(T] te(T) ! ! ! !

14
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For convenience, we also restate Assumption 2:

Assumption 2 Let F = {F}} be a family of potential functions satisfying the zero-sum condition
from Definition 2.1, and let {g'} be a sequence of rewards. Then we assume there exist constants
0<ay <ag<1/4,6€0,1), and L > 0 such that for all j and g':

(i) forallq € Ap: %|ps—(a,p') — 6| < |Eq[Fj(a.g")]| < %|u} — (q,p’) + 6]
(ii) forallp,q € Ap: |Fj(q,8") — Fj(p,g")| < L-|p—dqll: -

Roughly speaking, condition (i) of the assumption allows us to relate each F)j(q,g) to g; in
(conditional) expectation. From there, we can leverage standard approaches to proving MWU re-
gret bounds (i.e., in the spirit of Arora et al. [3]), but with some additional bookkeeping to account
for the ay, s, and & parameters. We also allow for a probabilistic lower bound on the initial mass
at the j’th coordinate, which is useful for deriving the epoch-based regret bounds from Section 2.3.

Proof (of Theorem B.2) Fix j € [m] and t € [T Recall that in round ¢, both q" and g’ are random
variables, where q' depends on the randomness in both {q'~'} and {g!~!}. Then conditioning on
both of these sequences (which is captured in the notation E;_;[-]), we can use the definition of the
update rule in expression (3) to write

Ei1[df] = Eea[df- 1+ Fj(dg")) |
= ¢ B[+ Fd.g)] = ¢ (1+E[Fd.g)])-

Here, the second equality comes from the fact that g’ is a constant when conditioning on {q’'~'}
and {g'~'}, and thus E;_1[q}] = ¢}. Now for readability, let us define

mj = E 1 [Fi(d',g")]

and that m, is deterministic (meaning E[m’] = m}), since the only remaining randomness after
the conditioning is with respect to g’. Thus using the law of iterated expectation, we can ultimately
write

El¢j"] = E[E[g"] ] = Elg]- (1+m)) .

By repeating the preceding argument for each of E[q;?_l], . ,E[q}], and setting 7" = ¢t + 1, we find
that
Elg] = o JI G+m). ©)
te[T—1]

From here, we roughly follow a standard multiplicative weights analysis: first, define the sets M j+
and M~ as

+ _ ¢
M = {te[l—1] : m} >0}
and M; = {te[T'—1] : mf < 0},
where clearly M j+ U M = [T']. Then we can rewrite expression (9) as
Elgf] = qj- TI (t+m) - IT (mj).
teM;F teM;

15
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Now for each ¢, define A := u — (q', p") € [~2,2]. Using this notation, observe that Assump-
tion 2 implies

aq
mz- > ?-(Aﬁ—é) Whenmﬁzo
and m§- > %-(A;—é) Whenm§-<0.

Note that when mz. < 0, the latter inequality implies that AE« — 6 < 0. On the other hand, when
m§ > 0, the first inequality provides no further information on the sign of A; — 0. Thus we define

the additional two sets G;r and Gj_ as

Gf =f{te[T -1 : Al-5>0}

and G = {te[T—1] : Al-§<0}.

Combining the pieces above, it follows that

Al—§ At—§
Elg;] > 4} - H (14‘0417( 3 )>' H <1+a2( 3 ))
teM;f teM;
AL—§ At —§ At —§
— ¢ I (1+a1%>- I1 (1+a1(J73)>- I1 (1+a2%).
teMFNGF teMFnG; teM;

Observe also that each [A% — | € [—3,3] by the definition of A’ and by the assumption that
d € [0,1]. Thus we can then use the facts that (1 + ax) > (1 + «)” for z € [0, 1], and that
(14 azx) > (1 —a) * forx € [—1,0], which allows us to further simplify and write

T 0 (A§—5) (A;—é) (A’;—é)
Elg/] > ¢}~ JI (G+a) 5 - J[ (G-a) 5 - J](Q-ax) 3

+Aat +AG- -
teM; NG teM;"NG; teM;

Now using the fact that q;‘-F < 1, taking logarithms, and multiplying through by 3, we find

0> 3logq?+ Z 10g(1+a1)(A§-—6)

teMnGT
— ) log(l—a)(AL—6) — Y log(1—az)(Al—5).  (10)
teMj*mG; teM;

By definition, recall that ((5}5 — 0) is non-negative for t € M j+ N G;r, and negative fort € M j+ aln
and t € M; . Thus using the identities log(1 +z) > = — 2* and —log(1 — x) < = + 2%, which

16
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both hold for all z € [0, %] we can further bound expression (10) and rearrange to find

310g(1/q?)
> 3 (m—ad)@l -0+ > (m+ad)Al -6+ Y (az+ad)(A] - 9)
teMFnGT teM NG teM;
- Y M- X A Y a
teM NG teMFnG; teMFnGF
+ Z Aoy + Z Aﬁa%— Z §(ar + o)
teM; NGy teM; NG teM; NGy
Y e+ X M-y + 3 83 - X slestad. b
teM; teM; teM; teM;

Now in expression (11), there are seven summations which we collect into four groups, bound, and
simplify as follows:

@) Z As-al + Z A§a1 + Z A;Oq = o1 Z A;

teMnGF teM;nG; teM; te[T]
i) — Y Alef + > Alal 4+ ) Alaj > —aj Z AL
teMnGT teM NGy teM;
(i) + > Allaa—a1) > —(az—on) Y |A}]
teM; te(T]
iv) - Z 5(0[1—04%)— Z 6a1+a1 Z(Sa2+a2 ) > —2agz5
teMFnG; teM; NGy teM;

In the above, we use the fact that 1 < vy = a% < a% (for (ii) and (iv)) and that A; > —|A§]
for any ¢ (for (ii), (iii), and (iv)).
Substituting these groups back into expression (11), we ultimately find that

310g(1/q?) > (6751 Z At ( (%) —041 Z ’At‘ +20é2 Z (5)

te[T] te(T) te[T)
> ap Z A% — ((03 + (a2 — 1)) + dag) - 2T,
te|T)

where the final inequality comes from the fact that |A§] < 2 and the assumption that 6 < 1. Thus
using the definition A} = “3‘ — (q', u!), we can rearrange to write

a1 Y (i —(d', p)) < Blog(1/q)) +2(a3 + (a2 — 1) + baz) - T
te(T]

Finally, observe for each t € [T that (¢, u*) = (q',E[g']) = Eq[(d’,g")] , and recall also by
assumption that q0 > p > 0, for every j, with probability at least 1 — ~. Thus we find

3log(1 a2 s —a da
S - S Bl < g(/p>+2<2+ 2o )T
(65} a1 (05} aq
te[T] te(T)
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which concludes the proof. |

Appendix D. Details on («, §, L) Parameters for Local Dynamics

In this section, we derive estimates of the parameter values a1, ao, d, and L for our local dynamics
[B-softmax-compare and S-sigmoid-adopt that are needed to satisfy Assumption 2. Recall that this
assumption says the following:

Assumption 2 Let F = {F}} be a family of potential functions satisfying the zero-sum condition
from Definition 2.1, and let {g'} be a sequence of rewards. Then we assume there exist constants
0<a; <ag<1/4,8 €0,1], and L > 0 such that for all j and g':

(i) forallq € Apm: %G |ut — (q,p') — 6] < |[Eq[Fj(a.g")]| < %[ul— (q,p") + 4|
(i) forallp,q € Ap: |Fj(q,8") — Fi(p,g")| < L-[p—qli -

We derive such satisfying constants for 3-softmax-compare and 3-sigmoid-adopt in Sections D.1
and D.2 respectively.

D.1. Parameters for 5-softmax-compare

Recall B-softmax-compare (Local Protocol 2) is the instatiation of the comparison dynamics where
h is the following exponential function:

hg(g) = exp(f-g) forall g € R,

for some 3 € (0, 1]. Then for each j € [m], we can define (for a given ():

Bgj _ B9k
ePdi —e
Fj(a,g) = Z qk - (M) : (12)
ke[m]
We will now develop the proof of the following lemma, which gives parameter values that are
sufficient for satisfying Assumption 2.

Lemma D.1 Let F = {F}j}jc[m) be the zero-sum family induced by the (3-softmax-compare proto-
col. Then for a reward sequence {g'} with each g € |—o, a|™, the family F satisfies Assumption 2
with parameters oy = Qg = %,B, 0 =4f0,and L =2, forany 0 < < 1/(40).

To start, we will first develop the proof the the following lemma, which gives the o, as, and
0 estimates for 3-softmax-compare. Note that throughout, the function F}; refers specfically to the
one induced by the 3-softmax-compare dynamics from expression (12).

Lemma D.2 Foranyq € A,, and g € [—0,0|™, where E[g| = p and o € [1,10], it holds for all
B € (0, ] that

2w~ laom) — 40| < [Eq[Fyla.g)]| <

2

g- |1y — (q, p) +480] .

18



DECENTRALIZED LEARNING DYNAMICS IN THE GOSSIP MODEL

Note that in the above, and as mentioned in the problem setting from Section 1, we assume
o € [1,10] for simplicity (and given that the means p are all bounded in [—1, 1]). Our technique
yields similar bounds for larger ¢ at the expense of worse constants, and we omit the details.

The key step in proving Lemma D.2 is to first derive almost sure bounds on each term in F}.
Specifically, we first prove the following proposition, which “linearizes” the exponential differences.

Proposition D.3 For any < % and for all g;, gi, € [—10,10]:

1 eBIi _ Pk 1
(5_25>/8"9j_9k‘ < m < §B'lgj_gk’-

In the proof, we leverage concavity (and convexity) properties of the exponential differences to
derive linear approximations that have the appropriate upper or lower bound property.
Proof We begin by proving the upper bound (right hand inequality). For readability, let z = g;,

Y = gk, and define
BT _ By
O(x,y) = BT 1+ By

Our goal is to show that |®(z,y)| < 38|z — y|, and by symmetry, it suffices to prove ®(z,y) <
38(x — y) forall z > y when z € [—10, 10].
Fixing y, we reduce this task to a one-dimensional argument in x. Differentiating, we find

OP 23eB@+y) 4 9?0 —2p2ePEty) (T _ oPY)
dx — (ePT + ePy)? M Gz T (eBr + ePy)3

Now observe that for z > y, this second derivative is always non-positive, meaning that ®(x,y) is
concave as a function of x. Then by concavity, the tangent line (with respect to z) through z = y
is an upper bound on ® for all z > y. To define this tangent line, we can evaluate 0®/0z at
x = y, which gives a slope of 3/2. Passing the line through the point (y, ®(y, y)) = (v, 0) gives an
intercept at —(3/2)y. Together, this implies the line g(a: — y) is an upper bound on ®(z, y) for all
x > y. Since this bound holds uniformly for any fixed y, it holds in general for all pairs = > y.

We now prove the lower bound (left hand inequality) from the lemma statement. For this, we
start with the case when ®(z,y) > 0 (meaning = > y) and again fix some y € [—10, 10]. Then
recall from the proof of the right hand inequality above that ®(x,y) is concave with respect to x
in this domain. Thus when x > v, it follows by concavity that any secant line (with respect to x)
passing through (y,0) and (z, ®(z,y)) (for z > y) is a lower bound on .

Now consider the line f(z,y) = ((1/2)—203)-8(x—y), which is one such secant through (y, 0).
To show that f(x,y) is a lower bound on ®(x,y) when —10 < y < z < 10, it suffices to show
that ®(10,y) > f(10,y) for any 5 > 0, as this would imply (by concavity) that the intersection of
f(z,y) and ®(x, y) occurs at some = > 10. For this, we can take the difference

©(10,y) — f(10,y) = B0 oBy (5 —28)-8(10—y)

and differentiate with respect to 3 to find that for any —10 < y < «x, this difference is increasing for
all 0 < 8 < 1/4. Moreover, we observe that for all y, setting 5 = 0 yields (10, y) — f(10,y) = 0.
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Together, this implies that the difference is non-negative for all —10 < y < x < 10and 0 < § <
1/4, and the bound holds uniformly over all such z and y.

Now in the case that ®(z,y) is negative (meaning x < y), our goal is to show ®(z,y) <
((1/2) —2p) - B(y — ). This can be accomplished by an identical argument as in the non-negative
case, but instead leveraging the convexity (rather than concavity) of ®(x,y) with respect to z in
the domain z < y. We thus omit these repeated steps. Combining both cases, we conclude that

Bz, y)| > (7—25) B |z —y| forall 2,y € [~10,10]. n
Using the bounds in Proposition D.3, we can now prove Lemma D.2.

Proof (of Lemma D.2) We begin with the upper bound (right-hand side inequality). For this, fix
q€ A, g€ [—0,0]™, j€ [m],and f < 1/4, and again define
Br _ By
e e
2y = e
To start, assume Fj(q, g) > 0 and define the sets
Ct = {ke[m] : ®(gj,gr) >0}
C™ = {kem] : ®(gj,9x) <0} .
Then we can write
S a-gir) = D ar-P(g06) — Y @k gk, 95)
ke[m] keC+ keC—

Now recall by definition that for any z,y € R, & > 0 iff x > y. Then using the bounds on ® from
Proposition D.3 (which hold for |g;|, |gx| < o < 10), observe that

Iy

®(gj,9t) < 5(9j —gr) forkeCt
and ®(gy,g;) > 5(1—48)(gx —g;) forke C™

It follows that we can bound F; and rearrange to find

Filag) < > ar-5(g—g8)— > ar-50—48)(ge — g5)
keCt keC—
ZQJ(ZQk2+qu21—45) (qugk ﬂ+2qzcgk21—4ﬁ))
keCt keC— keCt keC—

where in the final inequality we use the fact that 1 — 43 < 1. Then simplifying further and using
Holder’s inequality gives

Fi(q,g) < g (gj— (q,g) +4p - ”gHoo> ,

which holds (almost surely) for g € [—o, 0]™ for o € [1,10]. Then taking expectation conditioned
on q, we conclude

Eq[Fj(a,8)] < g (Mj —(q, ) +4ﬁa) :
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In the case where Fj(q, g) is negative, we can apply the same argument to —F(q, g), which then
proves the right-hand (upper bound) inequality of the lemma statement.

To prove the left-hand (lower bound) inequality of the lemma, a similar strategy as above will
find (almost surely) that

N | @™

Fj(q,8) > = (95— (a,8) —48-|gj|) when Fj(q,g) >0

B
and Fj(q,g) < —5 - (g;— (&) —45-[gj[) when Fj(q,8) <0,

for all j € [m] under the assumptions on g and (3 from the lemma statement. Then taking expecta-
tion conditioned on g and noting that all |g;| < o yields the desired left-hand bound. |

With Proposition D.2 in hand, we can now prove Lemma D.1:
Proof [Proof (of Lemma D.1)] Let F = {F}} je[m) be the family induced by the [B-softmax-compare
dynamics, where each Fj is as defined in expression (12). Then using Lemma D.2, we can factor
out a 3 to find that condition (i) of Assumption 2 is satisfied with a; = ay = (3/2), and § = 40/5.
We assume that 5 < 1/6 and 8 < 1/(40), which ensures that both «; = ae < 1/4, and that § < 1.

For part (ii) of the assumption, observe that the range of each exponential difference, as defined
in expression (12), is bounded in [—2,2], and thus |F};(q,g) — F;(p,g)| < 2||q — pl/1 for any
q,p € Ay, and each j € [m]. Thus setting L = 2 allows the assumption to be satisfied. |

D.2. Parameters for 5-sigmoid-adopt

Recall that 5-sigmoid-adopt (Local Protocol 1) is the instantiation of an adoption dynamics with
the following sigmoid adoption function fg(g) = m, where 8 € (0,1]. Then for each
J € [m], we have from Proposition A.1 that

1 1

ke[m]

Then the following lemma establishes the parameter values under which 3-sigmoid-adopt sat-
isfies Assumption 2.

Lemma D.4 Let F = {F}};c(m) be the zero-sum family induced by the 3-sigmoid-adopt protocol.
Then for a reward sequence {g'} with each g* € [—o, o™, the family F satisfies Assumption 2 with
parameters a; = Qg := %6, 0 :=400, and L := 2, for any 8 < min{i, %}

We start by deriving the parameters o, s and 6. For this, in the following proposition, we
establish (almost surely) two-sided bounds on the sigmoid function that are linear in g; (analogous
to the linear bounds on the softmax differences from Proposition D.3).

Proposition D.5 For any 3 € (0, 1]

1
1 B 2 1,8

b+ (1-8) 2 < jre < bt 4w forz 010
l+(ﬁ—52)-x># L+ 8.2 forxe[-10,0)
2 4 = 14eBfr = 271 A
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Proof The proof technique is similar to that of Proposition D.3. We will verify the bounds for
x € [0, 10] as the bounds for z € [—10,0) will follow by symmetry.
Thus consider = € [0, 10]. For the upper bound, it suffices to show that

1
- >0
14ehz =

B~

+ ST

N[

for all 3 € (0, 1]. Observe that the difference is exactly 0 when 3 = 0, and by differentiating with
respect to 3, one can verify that the difference is increasing for 5 < i when x > 0. This establishes
the upper bound.

For the lower bound, we apply the same reasoning to the difference

forall 8 € (0, %], when 0 < z < 10. Again observe that the difference is O when 8 = 0, and we can
differentiate with respect to 3 to find that the difference is increasing for all 5 < % when x < 10. B

Using Proposition D.5, we can then state the following inequalities with respect to |Eq[F;(q, g)]|:
Lemma D.6 Consider the family F = {F}} je[m]» Where each Fj is defined as in expression (13)

with parameter [3. Then for any q € A,, and g € [—o,0]™, where E[g] = p and o € [1,10], it
holds for all B € (0, 1] that

A~

é-\uj—<q,u>—4/80\ < |Eq[Fj(a,8)]| < = |pj — (a,p) +4B0] .

4

The key step in the proof is to observe that for fixed 5 any —o < g; < gi, < o

1 1 p 2
— < Zgs —
1+e P9  14e B9 = 191 g+ 50
1 1

and (g5 — g) — B0,

_ > 2
14+eB9% 14ebBe — 4

which follows (almost surely) from Proposition D.5. From here, we use an identical strategy as in
Lemma D.2 to account for the positive and negative terms in the summation in F}, and then take
conditional expectations to derive the final bounds. As the remainder of the proof follows identically
to that of Lemma D.2, we omit these details.

Proof of Lemma D.4 With Lemma D.6 in hand, the proof of Lemma D.4 follows identically to
that of Lemma D.1: First, we use the inequalities of Lemma D.6 and factor out a 3 to establish
the & = «g and 0 parameters. Then, we again use the observation that the range of each sigmoid
difference is bounded in [—2,2], and thus setting L. = 2 suffices to satify condition (ii) of the
assumption.

Appendix E. Details on Coupling Error Anlaysis

In this appendix, we develop the proof of Lemma B.3 (restated below) which bounds the error on
the coupling from Definition 2.2:
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Lemma B.3 Consider the sequences {p'}, {p'}, and {q'} from Definition 2.2 with a reward se-
quence {g'} and using a family F that satisfies Assumption 2 with parameter L. Let r := (3 + L),
and assume n > 3clogn for some c > 1. Then for any T > 1:

T
~(m-K m-T
> slatt - p < O+ ).
te(T]

We start by sketching an overview of the argument. First, recall by the law of iterated expecta-
tion that for each t € [T7:

EHthrl o pt+1”1 _ E[ EthtJrl o pt+1”1 ] )

Then by the triangle inequality and linearity of expectation, it follows that

Z Ellgt! — ptl < E{ Z Ellg ! — ptn + Eelpt™t — pt+1||1}
te[T) te(T)

= e[ SRl B+ B -] ad)
te[T)

Here, the final equality is due to the fact that both p'*! and p**! are functions of {p’} and {g'},
which means E;||p/*! — p!*||; = ||p'*T! — pt*?|; for each ¢.

Thus in expression (14), we have decomposed the error (in conditional expectation) at each
round ¢ as the sum of the distances between q' and p’ and p! and p’. For the former, recall that
q" and p’ are related under the randomness of g’ and the same zero-sum family F = {F}}cn)-
Thus if q~! and p’~! are close, we intuitively expect q° and p' to also be close. For the latter,
oberseve that this distance is simply the deviation of p’ from its (conditional) mean p?, which
can be controlled using a Chernoff bound. We make this intuition precise via the following two
propositions:

Proposition E.1 Foreveryt > 1: E/||p"™ — q'™||, < (24 L) -E_1||p’ — d'||-

Proposition E.2 For any ¢ > 1 and n > 3clogn, it holds for every t € [T'] simultaneously that

I Bl < oy FE
n
2m

ne °

with probability at least 1 —

Granting both propositions true for now, we can then prove the main lemma:
Proof (of Lemma B.3) Fix ¢ > 1 and assume n > 3clogn. By substituting the bound of Proposi-
tion E.2 into expression (14), we find that

Et”qt-‘rl _ pt+1H1

IN

Bl =+ [ - o

m+/3clogn
Vn

IN

Etht-i-l _ ﬁt+1H1 + (15)
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: : . 2(T+1)
for all t € [T'] simultaneously with probability at least 1 — =2

Proposition E.1 into expression (15), for each ¢ we find

. Then substituting the bound of

my/3clogn

> Edlat —p < 24+ L) Beafla’ - o+

te[T)
simultaneously with probability at least 1 — Q(TH) . Now recall by definition that p® = q°, which
implies Eo[q'] = Eo[p!]. Then unrolling the recurrence yields

m~/3clogn
N4D

Reindexing and summing over all ¢

Elg'tt —p™y < 3+ L) -

for each t € [T, again with probablhty at least 1 — (T+1)

yields with probability at least 1 — =&

_1 my/3clogn mr/3clogn
ZEt 1Hq & ||1 = Z(B—FL)t 1-Tg < (3 L)T \/7
tG T] tE[T]

Finally, taking expectations, we conclude

Vv3clogn  2mT
]E t .t < LTm
> Eld'-p'li < 3+1L) N T

te[T]

Hiding the leading constants and logarithmic dependence on n in the 9] () expression completes the
proof of the lemma. |

It now remains to prove Propositions E.1 and E.2, which we do in the following subsections.

E.1. Proof of Proposition E.1
For convenience, we restate the proposition:
Proposition E.1 Foreveryt > 1: Ei||p"™ —q'™||, < (24 L) -Ei1|p' — d'|-
Proof Recall by definition that
¢ = ¢ (1+ Fi(d',g")
and 7 = pt- (14 Fy(p')

for all j € [m)]. For readability we will write p’, p’, q for p'*?, p'*1, '+, and p, q, g for p, o',
g!, respectively. It follows that

Ep —d||, = D Eipj—qj+p;-Fi(p,8) — ¢; - Fi(a,8)|

j€[m]

< Y Eilpj — ¢l + Eel(pj — a5) - Fj (0, 8)| + Eilg; - (F(p,8) — Fj(a,2)))|
Jj€m]

< Ep—alh + Y Eilpj — g5l + (L - Edllp — all1)

J€[m]
= (24+L)-Eeflp—dal: -
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Here, the first line follows from two applications of the triangle inequality, and the second line
comes from applying the boundedness and L-Lipschitz property of each F); from Definition 2.1 and
part (ii) of Assumption 2.

Finally, because p’ = p and q° = q are functions only of {p’~!} and {g?~'}, it follows that
Elp — qlli = Ei—1]|p — q||- Thus we conclude that E;||p’ — ¢/l < (2+ L) - E;—1|jp — ql[;- W

E.2. Proof of Proposition E.2

For convenience, we restate the proposition:

Proposition E.2 For any ¢ > 1 and n > 3clogn, it holds for every t € [T simultaneously that

I Bl < oy FE
n
2mT

ne °

with probability at least 1 —

Proof Using a standard multiplicative Chernoff bound [24, Corollary 4.6], we have for each j € [m]
and ¢t € [T] that

Pir(([ 85 - Balf] [ 2 EBalp] 6) < 2eemp (= 5o Eealy)] 7).

n
3

for any 0 < § < 1. Fix ¢ > 1, and consider the case when 4/ 3017‘?" < Et_l[pﬂ < 1. Then setting

_ 1 . 3clogn : .
0= B ] \/ > < 1implies

_ 2
Pt—l( ‘ p; —th[p;] ) > SCISgn) < 2-exp (Eillo[ifo < =
J

On the other hand, when 0 < Et_l[pﬂ <4/ 361%, setting § = 1 implies

2
Pt—l(‘pz-—Et—ﬂp;] ’ Z\/%) < 2-exp<—%-\/3cnlogn> < e

where the final inequality holds for all n > 3clogn.
Summing over all m coordinates, T" rounds, and taking a union bound concludes the proof. M

Appendix F. Details on Instantiated Regret Bounds

In this section, we provide details on the instantiated regret bounds from Section 2.3. Specifi-
cally, we develop the proof of Theorem 2.3 (restated below), which gives a regret bound for the
[B-softmax-compare and [3-sigmoid-adopt dynamics:
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Theorem 2.3 Consider the sequence {p'} induced by running the 3-softmax-compare or 3-sigmoid-adopt
protocol on an (adversarial) reward sequence {g'} intialized from p° = 1/m. Then for any ¢ > 1
and n > 3clogn, and assuming that T < (% —€)logsn = O(log (#ogn)) for some € € (0, %)

setting B:=+/(logm) /T yields average regret of:

1 logm ~(om om
—. < .
T R(T)_O( T >+O(n€+nc>

To develop the proof of the theorem, we start by establishing a general 7T'-step regret that stems
from the framework introduced in Section 2.2. We then derive a bound on the worst-case mass
decay of any arm, which establishes a bound on the time horizon 71" for which sub-linear regret
bounds in this adversarial setting can be obtained.

F.1. General 7T-step Regret Bound

First, recall from Section 2.2 that for a sequence {p’} as defined in the coupling of Definition 2.2,
we can use the zero-sum MWU regret bound of Theorem B.2 and the coupling error bound of
Lemma B.3 to derive an overall T-round regret bound. We state this bound more formally, which
leverages the fact (expression (6) and Proposition B.1) that R(T) < R(T):

Proposition F.1 Consider the sequence {p'} as defined in the coupling of Definition 2.2 and using
a family F that satisfies Assumption 2 with parameters a1, o, and 8. Moreover, assume that o =
a9 = a, and that § = O(«), and that the reward sequence {g'} is such that each g' € [—o,0]™.
Then intialized from p° = 1/m, for any T > 1:

logm ~(omr”T  omT
T) < T :
R()_O( o —i—a)—l—O(\/ﬁ + nc>

The proof of the proposition follows directly from applying the zero-sum MWU regret bound
of Theorem B.2 and the coupling error bound of Lemma B.3 to expression (6). We also make the
following remarks:

Remark E.2 In the statement of the proposition, the dependence on o comes from the regret de-
composition in expression (6), and that the O(-) notation hides only a \/logn in the first term, and
a /log m dependence in the second term, both of which we assume are dominated by their respec-
tive denominators. Additionally, while we assume the (o, 0) parameters of F have certain “nice”
properties (which are satisfied by the corresponding families induced by our local dynamics), one
can derive similar T-round regret bounds using this framework for any zero-sum family F, but with
different (larger) dependencies on a1, s, and §. Thus given some family F, if one can establish
tighter two-sided bounds on the magnitude of each Eq[F;(q,g)] with respect to j1; — (q, p) (i.e.,
showing ao — o1 = 0 and that § is small), then tighter regret bounds can be obtained.

Remark F.3 (Applying the Bound to j’th Arm Regret) We remark that the T-round regret bound
in Proposition F.1 (as well as the zero-sum MWU regret bound of Theorem B.2) can also be stated
more generally with respect to any arm j that initially satisfies the requisite mass lower bound con-
straint (i.e., p§- > 1/p). To see this, observe that the only dependence on j in the decomposition of

R(T) (i.e., from Proposition B.1) comes from the zero-sum MWU bound on {q'}, which requires a
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lower bound p on the initial mass q;-). Thus if p is a (probabilistic) uniform lower bound on the mass
of every coordinate j at round 0, then it follows that the bound in Proposition F.1 also applies more

generally to the “j’th-arm regret” of 3,7y ph — > te(r] E[(pt, g")].

F.2. Worst Case Mass Decay for any Arm

As mentioned in Section 2.3, in this adversarial reward setting, we require establishing how quickly
the adoption mass of any arm can decay. This translates into a constraint on how large (with high
probability) the number of rounds 7" can grow while still ensuring that every arm has at least 1/n
adoption mass at every round. Thus we start by bounding this worst-case mass decay in the adver-
sarial reward setting.

For this, note that when we have no additional assumptions about how the reward sequence is
generated, we can only make a very pessimistic estimate about the size of the adoption mass of
any arm j. In particular, even for the arm ¢ maximizing max;e(,,) Zte[T] '“;’ the weight p’ ! can
be maximally decreasing with respect to p’, at any given round. Thus in the following lemma, we
quantify this worst-case decay at any coordinate after ¢ iterations.

Proposition F.4 Consider the trajectory {p'} from Definition 2.2 with an arbitrary reward se-
quence {g'} running with a family F = {Fj}jeim) that satisfies Assumption 2 with parameters
a1, v, and 8. Then for any t > 1 and ¢ > 1 it holds for any j € [m)] that

3\" 4 3clogn
;i Zp?-<4> g\t

with probability at least 1 — % when n > 3clogn.

Proof Fix j € [m)]. To start, we use the update rule of E;[p’™] and take expectation with respect to

j
gt to write

Epe 05 = pf- (1+E§,[Fj(pt,gt)}) > ph- (1 — %|uh — (p, ) +5\) ,

where the inequality follows from the (worst-case) assumption that Ef,[Fj(p*, g')] < 0 and applying
the bound from Assumption 2. Now under the assumptions that ]u§| < 1landé < 1, it follows that
|5 — (p',g") + | < 3 for any p’ and g'. Together with the fact that ap < 1 by assumption, we

can write 5
1
Ept[p§‘+] > p§'<1—a2> > 1 3'7

and by a Chernoff bound argument (i.e., applying the argument of Proposition E.2 at a single coor-

dinate), we find that
3 3clogn
t+1 ¢
pi 2 i T,

with probability at least 1 — % for any ¢ > 1 when n > 3clogn. Then starting from the vector p®
at round ¢ = 0, we can repeat this argument ¢ times to find

3\* 3clogn 3\ 3\" 4 3clogn
iz (3) - '(Z@ = (5) -3

i€(t]
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with probability at least 1 — =¢, where the second inequality follows by underestimating the negative
term by an infinite geometrlc series. |

Using this worst-case decay, we can derive a (pessismistic) upper bound on the number of
rounds 7" for which, with high probability, pJT > % (i.e., at least one node adopts every arm):

Proposition E.5  Consider the trajectory {p'} from Definition 2.2 with an arbitrary reward se-
quence {g'} running with a family F = {F i} jem] that satisfies Assumption 2 with parameters

a1, oo, and 6. Assume that p® = L —1 with probability 1. Then for any T'" < log(
2tm

64cm2 log n> it

, forany c>1

holds for every j € [m| and t € [T] that p?l > 1 - with probability at least
and n > 3clogn.

Proof Using Proposition F.4, we have for any j € [m] that

1 3\" 4 3clogn
t+1
P Zm'<4> 3V (16)

Now suppose that we have ¢, n, and m satisfying

4 [3clogn 1 3\’
Vo Sm'<4>' 17

t+1> 1

Then it follows from expression (16) that P; with probability at least 1 — F as long as
t <log (5%)/log(4/3) =: T,. Now checkmg the constraint induced by (17), we find that

3n
t <l —_— =: 1T
=08 (64cm2 logn> b

is sufficient to ensure this inequality holds. Thus observing that 7T, < T, for all n,m,c > 1, it
follows that constraining t < T}, is sufficient to ensure that p?’l > % with probability at least

1 — (2t/n°®). Taking a union bound over all m coordinates yields the statement of the lemma. W

F.3. Deriving the Final Regret Bound

Now using the time horizon constraint from Proposition E.5, we can prove Theorem 2.3. For
this, we note that following analysis tradeoff: on the one hand, Proposition F.5 establishes a uni-
form lower bound of 1/n on every arm j so long as the constraint on 7" is satisfied. In partic-
ular, we specify that 7 < (3 — €)log, n, where ¢ € (0,1) is a tunable parameter satisfying
(2 — €)log, n = O(log(n/(m?logn))) (i.e., the constraint from Proposition F.5). Thus in the
proof of Theorem 2.3, we simply apply the T'-step regret bound of Proposition F.1 using this con-
straint on 7', and we then tune the free parameter of our protocols accordingly:

Proof (of Theorem 2.3) We use the T' round regret bound from Proposition F.1. First, recall by
Lemmas D.1 and D.4 that the family F induced by these protocols each satisfy Assumption 2 with
the following parameters:

- For f-softmax-compare, a; = ag = %ﬁ, 6 =4f0,and L = 2.
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- For B-sigmoid-adopt, a1 = a9 = %B, 6 =4f0,and L = 2.
Thus the parameters associated with each protocol satisfy Assumption 2 with parameters a; =
ag = 0(B), d = O(p), and L = 2. Thus applying the bound from Lemma F.1 with & = O(3) and
dividing by 7" shows that

- R(T)

IN

logm ~(omrT  om
o( 755 +5) +(Tym + 5% )

logm ~(om om
O(T‘,B—FB)—FO(T# -I—nc).

1
T

IN

Here, the final line comes from the assumption that 7' < ((1/2) — ¢€) log,, n for some € € (0, 3)

and for k = 3 + L = 5, and thus k7 /(T'\/n) < O(1/n). Finally setting 3 := /(logm)/T and
simplifying the first term yields

L R < o< logm) +5<"m+“m>,

T T ne n¢

which concludes the proof. |

Appendix G. Details on Convex Optimization Application

Here, we develop the proof of Theorem 2.4, which gives an error rate on the regret obtained using
our comparison and adoption dynamics to approximately optimize a convex function f : A,, —
R when the reward sequence {g'} is generated using a stochastic gradient oracle as specified in
Assumption 1. For convenience, we restate the theorem here:

Theorem 2.4 Given a convex function f : A, — R, consider the sequence {p'} induced by
running the [3-softmax-compare or 3-sigmoid-adopt protocol on a reward sequence {g'} generated
as in Assumption 1 with gradient bound G. Then for any ¢ > 1 and n > 3clogn, assume that
T < (3 —€)logsn = O(log (ﬁogn)) for some € € (0,3), and set B:=+/(logm)/T. Let

p:= % Zte[T} p! denote the average arm distribution over T rounds. Then:

E[f()] ~ min f(p) < O<\/G21;gm) +5<G- <2m+ Tj)) .

First, we note that this error rate is equivalent to our regret bound from the adversarial setting
up to the factor GG, which is a standard dependence. Note also that the optimization error is defined
implicitly: the function f is being minimized with respect to the distribution p’ induced by the local
dynamics. This is contrast to other settings of gossip-based, decentralized optimization (e.g., [16,
26, 32]), where each node i € [n] has first-order gradient access to an individual local function f;,
and the population seeks to perform empirical risk minimization over the n functions.

Now in order to prove the theorem, we first require relating the regret of the trajectory {p’} to
the expected primal gap E[f(p!) — f(p*)] where p* € A,, is a function minimizer of f. For this,
we give the following lemma, which follows similarly to that of Arora et al. [3, Theorem 3.11], but
is adapted to handle stochastic rewards.
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Lemma G.1 Let {p'} be a sequence of distributions, and let {g'} be a sequence of rewards gen-
erated as in Assumption 1 with respect to a convex function f and gradient bound G. Then for any

T > 1, letting p := % Ztem p! and p* := arg max,cn, f(p):
ElfB) - f() < G > e (D = Y Elp',gh]) -
Jj€m] te[T] te[T]
Proof First, recall by the first-order definition of of convexity that for any p’ € A,,:
f*) = f") + (VPP —p').

Rearranging and summing over all ¢ gives

Mo reH—fe) < Y (VPP —pY).

te([T] te[T]

Now taking expectations on both sides, we can write

Y EF®) - f1)] < ) E[VS(P).p - p")]

tE[T] te[T]
= Y E[E, (VD). p' - p*)]]

te(T]
= S E[(En[Vi@")].p —p7)]

te[T]

where we applied the law of iterated expectation. Now recall that under Assumption 1, each reward
g! if of the form: gt = —(V f(p')/G) + b, where b’ is a zero-mean random vector. Thus for every
t, it follows that E [V f (p')] = —G - E[g']. This allows us to further simplify and write

> Ef(P) - f(pY)] < Z ~G -E[(g',p’ - p’]
=G Z (p*—p'g") = G E[p~ g - D E[(pg")].

te[T) te[T] te[T)

Given that p* is fixed, observe for every ¢ that E[(p*,g')] = (p*,u') = > jeim P} 15, and
substituting this back into (18) gives

STEFE) - £ < G (D peu) - Y Elp'gY)]
te(T) te[T] je€[m] te[T]
ZGij-(ZuJ Y E pvgt>])- (19)
j€lm] te[T] te[T]

Here, the last line follows from the fact that > ielm] pj = 1 and that E[(p’, g")] has no dependence

on j. Now on the other hand, given that f is convex, observe also by Jensen’s inequality that

LY e <1§jpt) - @),

te[T] teft]
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which holds given that p is a convex combination of points. Thus taking expectation, we have

E[f(B)] - F(P*) < % D Elf(P)] - F(P"). (20)

te[T]

Finally, multiplying expression (19) by % and combining it with expression (20) yields the statement
of the lemma. |

Proof of Theorem 2.4

Given the sequence {p’}, observe that Lemma G.1 allows us to upper bound the minimization
error at the point p by a convex combination of the “arm-j regret,” i.e., the quantity Zte[T} ;L;- -
> telr] E[(p’, g')]. Now recall from the points made in Remark F.3 that if we have an initial uniform
lower bound on the adoption mass p§ at every arm j, then the regret bound from Proposition F.1 can
also be used to bound the quantity » 7y 1 — Dt E[(pt, g)] for each j.

Nnote that in the context of Assumption 1, we assume that the reward generation sequence {g’}
is adversarial in the sense that the means u! will vary with time. In general, we can thus make only
pessimistic uniform assumptions about the adoption mass across all coordinates. For this reason, we
require the same set of constraints on 7" as in Theorem 2.3 for the general, adversarial reward setting
(i.e., T' can grow at most logarithmically in n). Then we can similarly apply the regret bound from
Proposition F.1 with 7" constrained as in Theorem 2.3, and starting from the uniform distribution
p’=1/m.

Thus using a similar calculation as in Theorem 2.3, using the arguments above from Remark F.3,
and subject to the constraints on 7", we have for each j € [m]:

1 ‘ P logm ~(om omT
—. E - < .
T te[T],uJ E[(p", g")] < O< T +0 > + oy

where {p'} is the sequence induced using the 3-softmax-compare or 3-sigmoid-adopt protocols
with appropriately tuned (5 (in particular, the same settings as in Theorem 2.3).

Now because the right hand side of this expression is uniform over all j € [m], taking a convex
combination of this inequality with respect to p*, multiplying both sides by G, and applying the
reduction from Lemma G.1 yields the statement of Theorem 2.3.
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