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Abstract

Shuffling gradient methods are widely used in
modern machine learning tasks and include three
popular implementations: Random Reshuffle
(RR), Shuffle Once (SO), and Incremental Gradi-
ent (IG). Compared to the empirical success, the
theoretical guarantee of shuffling gradient meth-
ods was not well-understood for a long time. Until
recently, the convergence rates had just been estab-
lished for the average iterate for convex functions
and the last iterate for strongly convex problems
(using squared distance as the metric). However,
when using the function value gap as the conver-
gence criterion, existing theories cannot interpret
the good performance of the last iterate in differ-
ent settings (e.g., constrained optimization). To
bridge this gap between practice and theory, we
prove the first last-iterate convergence rates for
shuffling gradient methods with respect to the ob-
jective value even without strong convexity. Our
new results either (nearly) match the existing last-
iterate lower bounds or are as fast as the previous
best upper bounds for the average iterate.

1. Introduction

Solving the convex optimization problem in the form of

i Fx) £ [(x) -+ p(x) where f() £ 3 fi(x)

xER?

is arguably one of the most common tasks in machine learn-
ing. Many well-known problems such as the LAD regres-
sion (Pollard, 1991), SVMs (Cortes & Vapnik, 1995), the
Lasso (Tibshirani, 1996), and any general problem from
empirical risk minimization (ERM) (Shalev-Shwartz & Ben-
David, 2014) fit the framework perfectly. A famous method
for the problem with a large n (the standard case nowadays)
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is the stochastic gradient descent (SGD) algorithm, which
in every step only computes one gradient differing from
calculating n gradients in the classic gradient descent (GD)
method and hence is more computationally affordable.

However, in practice, the shuffling gradient method is more
widely implemented than SGD. Unlike SGD uniformly sam-
pling the index in every step, shuffling gradient methods
split the optimization procedure into K epochs each of
which contains n updates where the index used in every step
is determined by a permutation o of {1,2,--- ,n}. Espe-
cially, three ways to generate o are mainly used: (I) Ran-
dom Reshuffle (RR) where o is uniformly sampled without
replacement in every epoch. (II) Shuffle Once (SO) also
known as Single Shuffle where ¢ in every epoch is identical
to a pre-generated permutation by uniform sampling with-
out replacement. (III) Incremental Gradient (IG) where o in
every epoch is always the same as some deterministic order.

Though shuffling gradient methods are empirically popular
and successful (Bottou, 2009; 2012; Bengio, 2012; Recht
& Ré, 2013), the theoretical understanding has not been
well-developed for a long time due to the biased gradient
used in every step making the analysis notoriously harder
than SGD. (Giirbiizbalaban et al., 2021) is the first to demon-
strate that RR provably converges faster than SGD under
certain conditions. Later on, different works give extensive
studies for the theoretical convergence of shuffling gradient
methods (see Section 2 for a detailed discussion).

Despite the existing substantial progress, the convergence
of shuffling gradient methods is still not fully understood.
Specifically, prior works heavily rely on the following prob-
lem form that significantly restricts the applicability:

The regularizer 1(x) is always omitted. Almost all previous
studies narrow to the case of ¢»(x) = 0, which even does not
include the common constrained optimization problems (i.e.,
taking ¢ (x) = Ix(x) where Ix(x) = 0if x € X!, other-
wise, +00). The only exception we know is (Mishchenko
et al., 2022), which allows the existence of a general ¢ (x).
However, (Mishchenko et al., 2022) requires either f;(x) or
1(x) to be strongly convex, which can be easily violated in
practice like the Lasso.

'This notation X always denotes a nonempty closed convex set
in R? throughout the paper.
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Table 1. Summary of our new upper bounds and the existing lower bounds for L-smooth f;(x) for large K. If no lower bound
was established before in the case, we instead state the previous best-known rate. Here, oz,, = 23" ||V fix)|? 02ng 2
024y + 1|V F(x.)|” and D 2 ||x. — x1]|. All rates use the function value gap as the convergence criterion. In the column of "Type",
"Any" means the rate holds for whatever permutation not limited to RR/SO/IG. "Random" refers to the uniformly sampled permutation
but is not restricted to RR/SO (see Remark 4.5 for a detailed explanation). "Avg" and "Last" in the "Output” column stand for the average

iterate and the last iterate, respectively. In the last column, "v" means 1 (x) can be taken arbitrarily and "X" implies ¢ (x) = 0.

F(x) = f(x) + ¢(x) where f(x) = = > | fi(x) and f;(x) and ¢(x) are convex
Settings References Rate Type Output | ¥(x)
] L1/352/3 p4/3
(Mishchenko et al., 2020) @ 303 IG Avg X
~ [ [1/3,2/3pa/3
L-smooth f;(x) Ours (Theorem 4.4) — Any Last v
~ L1/302/3 D%/3
Ours (Theorem 4.4) —— A4 s— | | Random Last v
L1/352/3 p4/3
(Cha et al., 2023) (W RR | Last | X
Ours (Theorem 4.6) 0] f;’;;; ) Any Last v
L-smooth f;(x), (Safran & Shamir, 2020) Q #GKZZ )b IG Last X
c/(;L I;itégl}g(li) Ours (Theorem 4.6) O (ﬁ;’s;;g )“ Random Last v
2
(Safran & Shamir, 2021; Cha et al., 2023) 0 ( ek K) RR/SO | Last | X

“Note that when 1(x) = 0, there is 07,,q = Oony + 1 IV f(xa)|? = 02ny dueto Vf(x.) = 0.
"This lower bound is established under L = y and additionally requires |V f;(x)|| < G. Under the same condition, our above upper

2
Lr:J'any

bound O ( xS ) will be © (f—lzz) and hence almost matches this lower bound.

The components f;(x) are smooth. This assumption also
reduces the generality of previous studies. Though, theo-
retically speaking, smoothness is known to be necessary
for shuffling gradient methods to obtain better convergence
rates than SGD (Nagaraj et al., 2019), lots of problems are
actually non-smooth in reality, for example, the LAD re-
gression and SVMs (with the hinge loss) mentioned before.
However, the convergence of shuffling-based algorithms
without smoothness is not yet fully established.

In addition to the above problems, there exists another crit-
ical gap between practice and theory, i.e., the empirical
success of the last iterate versus the lack of theoretical in-
terpretation. Returning the last iterate is cheaper and hence
commonly used in practice, but proving the last-iterate rate
is instead difficult. Even for GD and SGD, the optimal
last-iterate bounds had only been established recently (see
the discussion in Section 2). However, as for shuffling gra-
dient methods (regardless of which method in RR/SO/IG
is used), no existing bounds can be directly applied to the
last-iterate objective value (i.e., F'(xx+1) — F(x«) where
X, is the optimal solution) and still match the lower bounds
at the same time. Even for the strongly convex problem, the
previous rates are studied for the metric [|xx 41 — x.||> and

thus cannot be converted to a bound on F(xf 1) — F(x4)?

whenever F'(x) is non-smooth (the case like the Lasso)
or V f(x.) # 0 happens in constrained optimization (i.e.,
Y(x) = Ix(x)). Motivated by this, we would like to ask
the following core question considered in this paper:

For smooth/non-smooth f;(x) and general 1)(x), does the
last iterate of shuffling gradient methods provably converge
in terms of the function value gap? If so, how fast is it?

1.1. Our Contributions

We provide an affirmative answer to the question by proving
the first last-iterate convergence rates for shuffling gradient
methods. We particularly focus on two cases, smooth f;(x)
and Lipschitz f;(x), but without special requirements on

().

Our new last-iterate rates for smooth components are sum-
marized in Table 1 (see Table 3 in Appendix A for a more
detailed summary due to limited space). They almost match
the existing lower bounds or the fastest upper bounds of the

2Conversely, F(xx11) — F(x:) = Q(||xx11 — x.]?) al-
ways holds under strong convexity due to the first-order optimality.
Thus, the function value gap is always a stronger convergence
criterion than the squared distance from the optimum.
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Table 2. Summary of our new upper bounds and the previous fastest rates for G-Lipschitz f;(x) for large K. The lower bound in this case

has not been proved as far as we know. Here, D £

lx« — x1||. All rates use the function value gap as the convergence criterion. In the

column of "Type", "Any" means the rate holds for whatever permutation not limited to RR/SO/IG. "Avg" and "Last" in the "Output”
column stand for the average iterate and the last iterate, respectively. In the last column, "v" means ¢ (x) can be taken arbitrarily and "X"

implies ¢(x) = 0.

F(x) = f(x) 4+ ¢(x) where f(x) = 2 > | fi(x) and f;(x) and ¢(x) are convex
Settings References Rate Type | Output | ¥(x)
GD a
G-Lipschitz f;(x) (Bertsekas, 2011) @ T IG Avg v
Ours (Theorem 4.7) ) GD Any Last v
G-Lipschitz f;(x), f(x) — f(x.) > p||x — x.|* | (Nedi¢ & Bertsekas, 2001) | © (7) IG | Last’ | v*
G-Lipschitz f;(x), p-strongly convex 1)(x) Ours (Theorem 4.10) (G—K> Any | Last v

“Only for ¢(x) =
"The original rate © (;

X has to be compact due to p ||x — x.||* < f(x) —
function value gap since F(xx+1) — F(%x4) > pl|xKx+1 — X« ||

average iterate.

Our new last-iterate rates for Lipschitz components are sum-
marized in Table 2. They are as fast as the previous best-
known upper bounds.

Limitations in our work are also discussed in Section 6.

2. Related Work

When stating the convergence rate, we only provide the
dependence on n and K (for large K) without problem-
dependent parameters to save space unless the discussion
will be beneficial from specifying them in some cases. In
the last-iterate bound of SGD, nK serves as time 7.

Convergence of shuffling gradient methods. We first
review the prior works for general smooth components since
smoothness is known to be necessary for obtaining better
rates compared to SGD (Nagaraj et al., 2019). The existing
results in the non-smooth case will be discussed afterwards.
As for the special quadratic functions (note that they can
be covered by smooth components), we do not include a
detailed discussion here due to limited space. The reader
could refer to (Gurbuzbalaban et al., 2019; Giirbiizbalaban
et al., 2021; Haochen & Sra, 2019; Rajput et al., 2020;
Safran & Shamir, 2020; Ahn et al., 2020; Safran & Shamir,
2021; Rajput et al., 2022) for recent progress.

For general L-smooth components that are not necessarily
quadratic, without strong convexity, (Nagaraj et al., 2019)
first demonstrates the rate O(1/v/nK) for the averaged out-
put of RR when 1)(x) = Ix(x). However, it does not only
extra require bounded gradients but also needs a compact X.
Later, in the unconstrained setting (i.e., ¥(x) = 0) without
the Lipschitz condition, (Mishchenko et al., 2020; Nguyen

o(x) + Ix (x) where ¢(x) is Lipschitz on X.
g—;) is only for ¢ (x) = Ix (x) and proved w.r.t. ||xx 11 — .|

. We first remark that this setting implies that

f(x4) < G ||x — x4]|. Next, the original rate cannot give the O(1/K) bound on the
2 The result reported here is only for the convenience of comparison.

et al., 2021) improve the rate to O(1/n'/3K?/3) for RR/SO
and O(1/K?/?) for IG but still only analyze the average
iterate. Their rate for RR/SO has the optimal order on both

n, K and other problem-dependent parameters as illustrated
by the lower bound in (Cha et al., 2023).

When f(x) is assumed to be p-strongly convex, (Giirbiizbal-
aban et al., 2021; Haochen & Sra, 2019) justify that RR
provably converges under the unusual condition of Lipschitz
Hessian matrices. If assuming bounded gradients (which
implicitly means a bounded domain) instead of Lipschitz
Hessian matrices, (Shamir, 2016) proves the rate O(1/n)
for RR/SO when K = 1. For RR, (Nagaraj et al., 2019) and

(Ahn et al., 2020)? respectively obtain the rates O ( 373(2 )

for the tail average iterate and O ( ) for the last iter-

ninK?
ate. (Mishchenko et al., 2020; Nguyen et al., 2021)3 further
shave off the Lipschitz condition and still show the last-

iterate rate O (%22) for RR/SO. However, none of them

matches the lower bound 2 ( e for RR/SO (Rajput

et al., 2020; Safran & Shamir, 2021; Cha et al., 2023). Until
recently, (Cha et al., 2023) demonstrates that the tail average

iterate of RR indeed guarantees the rate O (%KQ)
nen

As for IG, the first asymptotic last-iterate bound O(1/K?)
is shown in (Gurbuzbalaban et al., 2019)® while it extra
assumes bounded gradients. (Ying et al., 2018)® provides

3The rates in (Gurbuzbalaban et al., 2019; Ying et al., 2018;
Ahn et al., 2020; Mishchenko et al., 2020; Nguyen et al., 2021)
are all obtained under 9(x) = — x.||? as the
metric (except (Nguyen et al., 2021)). Thus, they cannot measure
the convergence of the objective value in general. Nevertheless,
we here write them as the last-iterate convergence for convenience.
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the last-iterate rate O (Mf—;(2> without the Lipschitz condi-
tion. (Mishchenko et al., 2020; Nguyen et al., 2021)? then

~ 2
improve it to O (ui"LW) Though it seems like their rate

has already matched the lower bound €2 (ﬁ) established
under L = p (Safran & Shamir, 2020), however, this is not
true as indicated by our new last-iterate bound 10) (MQIRQ )

holding for any kind of permutation.

We would also like to mention some other relevant re-
sults. The lower bound Q(1/n?K?) in (Cha et al., 2023)
considers the best possible permutation in the algorithm.
A near-optimal rate in this scenario is achieved by GraB
(Lu et al., 2022), in which the permutation used in every
epoch is chosen manually instead of RR/SO/IG. In addition,
(Mishchenko et al., 2022) is the only work we know that
can apply to a general 1)(x). However, their results are all
presented for the squared distance from the optimum, which
cannot be used in our settings as explained in Section 1.

For non-smooth components, fewer results are known. The
first convergence rate O(1/v/K) established for the av-
eraged output of IG dates back to (Nedic & Bertsekas,
2001) where the authors consider constrained optimiza-
tion (i.e., ¥(x) = Ix(x)). (Bertsekas, 2011) obtains the
same O(1/v/K) bound for IG with a general ¥(x) =
©(x) 4+ Ix(x) but where (x) needs to be Lipschitz on
X. The reader could refer to (Bertsekas et al., 2011) for
a detailed survey. For the special case K = 1, (Shamir,
2016) presents a rate O(1/4/n) for the averaged output of
RR and SO, whose proof is based on online optimization.
If strong convexity holds, the only general result that we
are aware of is (Nedi¢ & Bertsekas, 2001) showing the
rate O(1/K) for ||xx 41 — x.||* output by IG, which can-
not be converted to a bound on the objective value due to
F(xk11) = F(x.) > Qp|xx 11 — X))

Apart from the basic shuffling gradient method considered in
this work, (Cai et al., 2023) studies the primal-dual interpre-
tation of shuffled SGD and obtains fine-grained dependence
on problem-dependent parameters. (Tran et al., 2022) incor-
porates Nesterov’s momentum to improve the convergence
rate. Besides the convex problem, shuffling-based meth-
ods also provably converge in non-convex optimization, for
example, see (Solodov, 1998; Li et al., 2019; Tran et al.,
2021; Pauwels, 2021; Mohtashami et al., 2022; Li et al.,
2023). Particularly, (Yu & Li, 2023) provides the last-iterate
analysis in the non-convex regime. Further generalization
of shuffling gradient methods has also been done in differ-
ent works, e.g., distributed and federated learning (Meng
etal., 2019; Yun et al., 2022; Malinovsky & Richtarik, 2022;
Sadiev et al., 2023; Huang et al., 2023) and minimax opti-
mization (Das et al., 2022; Cho & Yun, 2023).

Last-iterate convergence of SGD. (Zhang, 2004) obtains

the first finite-time bound, however, which is limited to the
linear prediction problem. (Rakhlin et al., 2011) proves an
O(1/nK) rate for Lipschitz strongly convex functions but
additionally requires smoothness. The extra smooth con-
dition is then removed by (Shamir & Zhang, 2013), show-
ing O(1/v/nK) and O(1/nK) rates for Lipschitz convex
and strongly convex problems, respectively. The first opti-
mal high-probability bounds for Lipschitz (strongly) convex
functions are later established in (Harvey et al., 2019; Jain
et al., 2021). Whereas, all works mentioned so far are sub-
ject to compact domains. (Orabona, 2020) is the first to
remove this restriction and still gets the O(1/v/nK) rate
for Lipschitz convex optimization. Recently, a new proof by
(Zamani & Glineur, 2023) gives the tight rate O(1/v/nK)
for GD without compact domains either. (Liu & Zhou,
2024) then extends the idea in (Zamani & Glineur, 2023) to
stochastic optimization and shows a unified proof working
for various settings. Results in (Liu & Zhou, 2024) can ap-
ply to smooth optimization without the Lipschitz condition
and give the O(1/v/nK) rate for convex objectives (im-
proving upon the previous best rate O(1/+/nk) for smooth
stochastic optimization (Moulines & Bach, 2011)) and the
O(1/nK) bound for strongly convex functions.

Independent work. A manuscript (Cai & Diakonikolas,
2024) appearing on arXiv after the submission deadline
of ICML 2024 also studied the last-iterate convergence of
shuffling methods based on the proof technique initialized
in (Zamani & Glineur, 2023) and later developed by our
previous work (Liu & Zhou, 2024). Compared to (Cai &
Diakonikolas, 2024), there are several differences we would
like to discuss. We first remark that the problem itself and
the assumptions are different. Precisely, the objective in
(Cai & Diakonikolas, 2024) does not contain the regularizer
(i.e., ¥(x) = 0 in Assumption 3.2). In addition, every com-
ponent f;(x) is assumed to have the same smooth/Lipschitz
parameter (i.e., L; = L in Assumption 3.3 or G; = G in
Assumption 3.5). Moreover, (Cai & Diakonikolas, 2024)
does not consider the strongly convex case (i.e., uy = 0in
Assumption 3.4). Consequently, when each f;(x) is smooth,
their last-iterate convergence results for RR/SO/IG of the
plain shuffling gradient method (i.e., taking 1(x) = 0 in
Algorithm 1) can be covered by our Theorem 4.4; when
each f;(x) is Lipschitz, (Cai & Diakonikolas, 2024) does
not provide a last-iterate convergence result for the plain
shuffling gradient method. Hence, our Theorems 4.6, 4.7,
4.9, and 4.10 are still independently interesting.

It is noteworthy that (Cai & Diakonikolas, 2024) obtains
the convergence rate for the weighted average iterate of the
plain shuffling gradient method for smooth f;(x), which
is not considered in our paper. They also develop the last-
iterate convergence for the incremental proximal method,
which is a different algorithm from our proximal shuffling
gradient method (Algorithm 1).
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3. Preliminaries

Notation. N denotes the set of natural numbers (exclud-
ing 0). [K] £ {1,---,K} forany K € N. aV b and
a A b represent max {a,b} and min{a,b}. || and [-]
are floor and ceiling functions. (-,-) stands for the Eu-
clidean inner product on R%. ||-|| £ /(-,-) is the standard
{5 norm. Given an extended real-valued convex function
g(x) : R — R U {400}, the domain of g(x) is defined
as domg £ {x € R?: g(x) < +oo}. dg(x) is the set of
subgradients at x. Vg(x) denotes an element in dg(x) if
0g(x) # &. The Bregman divergence induced by g(x) is
By(x,y) £ g(x) —g(y) —(Vy(y), x —y)¥x,y € R sat-
isfying 0g(y) # @. Ix(x) is the indicator function of the
set X, i.e., Ix(x) = 0if x € X, otherwise, Ix (x) = +o0.

We study the following optimization problem in this paper

x€R4

mnnméﬂm+wmwmmﬂ@é%§:mm.
i=1

Next, we list the assumptions used in the analysis.

Assumption 3.1. 3x, € R? such that F(x,) =

inf,cra F(x) € R.

Assumption 3.2. Each f;(x) : R? — R is convex. ¥(x) :
R? — R U {400} is proper, closed and convex*. Moreover,
Ity > 0 such that By (x,y) > 42 [|x — y|I%. vx,y € R
satisfying 0y (y) # @.

Assumptions 3.1 and 3.2 are standard in the optimization
literature. Note that 9 f;(x) # @ for all x € R% and i € [n]
since f;(x) is convex on RY, so we use V f;(x) to denote
an element in O f;(x) throughout the remaining paper. We
allow ¥ (x) to take the value of +oco and hence include
constrained optimization, e.g., setting ¢ (x) = p(x)+Ix(x)
where ¢(x) can be some other regularizer. Moreover, the
parameter i, is possibly to be zero to better fit different
tasks, e.g., ¥(x) = ||x||; in the Lasso implies 1, = 0.

Assumption 3.3. 3L; > 0 such that ||V f;(x) — V fi(y)||<
Li|x —y|, vx,y € R%i € [n].

Assumption 3.4. 3p; > 0 such that By(x,y) >
Y x — y|*, vx,y € R%

Assumption 3.5. 3G; > 0 such that ||V f;(x)]| < G,
vx € R%,i € [n].

Assumptions 3.3, 3.4 and 3.5 are commonly used in the
related field. Note that Assumptions 3.4 (when py > 0)
and 3.5 cannot hold together on R (e.g., see (Nguyen et al.,
2018)). Hence, they will not be assumed to be true simul-
taneously. In addition, our analysis relies on the following
well-known fact for smooth convex functions, whose proof

*Recall that this means the epigraph of ¥ (x), i.e., epity £
{(x,t) € R" x R: 9(x) < t}, is a nonempty closed convex set.

is omitted and can refer to, for example, Theorem 2.1.5 in
(Nesterov et al., 2018).

Lemma 3.6. Given a convex and differentiable func-
tion g(x) : R — R satisfying |Vg(x) — Vg(y)| <
L|x —yl, Vx,y € R for some L > 0, then Vx,y € RY,

IVg(x) - Va)|?
oL

L
< By(xy) < 5 Ix— vl

4. Proximal Shuffling Gradient Method

Algorithm 1 Proximal Shuffling Gradient Method
Input: initial point x; € domy, stepsize 7 > 0.
for k = 1to K do

Generate a permutation {o?, : i € [n]} of [n]

X}C = Xk

fori =1tondo

X, =%, — eV foy (%3)

Xp41 = argming cpani(x) +

Return xp 3

n+1H2
k

[|x—x
2nk

The algorithmic framework of the proximal shuffling gradi-
ent method is shown in Algorithm 1 where the number of
epochs K is assumed to satisfy K > 2 to avoid algebraic
issues in the proof. Unlike (Mishchenko et al., 2022), we
do not specify how the permutation oy, is generated in the
k-th epoch. Hence, Algorithm 1 actually includes several
different algorithms depending on how oy, is defined.

Example 4.1. Algorithm 1 recovers the ProxRR algorithm
studied by (Mishchenko et al., 2022) if o is uniformly
sampled without replacement in every epoch.

Example 4.2. Algorithm 1 reduces to the ProxSO algorithm
introduced by (Mishchenko et al., 2022) when o, = 0y
for all epochs where oy is a pre-generated permutation by
uniform sampling without replacement.

Example 4.3. Algorithm 1 includes the proximal IG method
developed in (Kibardin, 1979) as a subcase by considering
o, = oy for all epochs where o is a deterministic pre-
generated permutation (e.g., o}y = i, Vi € [n]).

It is worth noting that X1 € domy holds for all k € [K]
since we assume 1)(x) is proper. Therefore, all F'(xy,) take
values on R and hence are well-defined.

4.1. Last-Iterate Convergence Rates

In the convergence rate, we denote the initial distance from
the optimum by D = |x, — x| and the optimal function
value by F, £ F(x,). The full statements of all theorems
presented in this subsection along with their proofs are de-
ferred into Appendix C. The hidden log factor in the tilde
O(+) will also be explicitly given in the full theorem.
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4.1.1. SMOOTH FUNCTIONS

This subsection focuses on smooth components f;(x). To
simplify expressions, we define the following symbols.
L2 L5 L;and L* £ max;e[,) L; respectively stand
for the averaged and the largest smooth parameter. In ad-
dition, similar to (Mishchenko et al., 2020; Nguyen et al.,
2021), we use the quantity o2, £ L3" |V f; (x.)]?
to measure the uncertainty induced by shuffling. Besides,

we introduce another term o7, £ 02, + n ||V f(x.) 12,

where the appearance of the extra n |V f(x.)|” is due to
the proximal step. We remark that the term n ||V f(x.. )|
also showed up when studying ProxRR and ProxSO before
in (Mishchenko et al., 2022).

Theorem 4.4. Under Assumptions 3.1, 3.2 (with ., = 0)
and 3.3:

Regardless of how the permutation oy, is generated in ev-
ery epoch, taking the stepsize 1, = 1

— A
4n4/2LL*(1+log K)

ok Vk € [K], Algorithm 1 guarantees

n%/io’ﬁnyK(lJrlog K)’

~ (VLL*D* L3023 DY/3
F(xgq1) — Fs §(9< % + 7273

Suppose the permutation oy, is uniformly sampled without
1

replacement, taking the stepsize n, = ———————— A
P § PSEze Mk an+/2LL*(1+log K)

p2/3 .

VoL, RTe ) Vk € [K], Algorithm 1 guarantees
(VITD? 1362 pils

ElF(xir) - F]<O ( K n1/3K2/3

Remark 4.5. When we say the permutation oy, is uniformly
sampled without replacement hereinafter, it is not necessary
to think that o, is re-sampled in every epoch as in Example
4.1. Instead, it can also be sampled in advance like Example
4.2. Or even more generally, one can sample a permutation
in advance and use it for an arbitrary number of epochs
then re-sample a new permutation and repeat this procedure.
Hence, our results are not only true for ProxRR and ProxSO
but also hold for the general form of Algorithm 1.

As far as we know, Theorem 4.4 is the first to provide the
last-iterate convergence rate of Algorithm 1 for smooth
components but without strong convexity. Even in the sim-
plest case of 1)(x) = 0, the previous best-known result
only works for the averaged output x3'% | £ % Zszl Xkt 1
(Mishchenko et al., 2020; Nguyen et al., 2021).

Next, we would like to discuss the convergence rate in more
detail. For the first case (i.e., regardless of how the permu-
tation oy, is generated in every epoch), up to a logarithmic
factor, our last-iterate result matches the fastest existing

avg

rate of xy-7, output by the IG method when (x) = 0

(Mishchenko et al., 2020). But as one can see, our theorem
is more general and can apply to various situations (e.g.,
1 (x) = ||x||,) for whatever the permutation oy, is used.

When the permutation oy, is uniformly sampled without re-
placement (including RR and SO as special cases), let us
first consider the unconstrained setting without any regu-
larizer, i.e., 1 (x) = 0. Note that now V f(x,) = 0 and it

. 2
implies 02, 4 = 02, + n ||V f(x.)||” = 02,,. Hence, our
) L1/352/3 p4/3
rate matches the last-iterate lower bound {2 | —3355—
nl/3K2/3

established under the condition L; = L and ¢ (x) = 0 for
large K (which is only proved for RR) in (Cha et al., 2023)
up to a logarithmic term. When a general 1)(x) exists, the
only difference is to replace Ugny with the larger quantity
o2 4. Asimilar penalty also appeared in (Mishchenko et al.,

2022) when studying ProxRR and ProxSO. Whether o

rand
can be improved to Ugny remains unclear to us.

Moreover, we would like to talk about the stepsize. Suppose
L; = L for simplicity, then our stepsizes for both cases
are almost the same as the choices in (Mishchenko et al.,
2020) and only different by 1 + log K in the denominator.
However, this distinction plays a key role in our analysis
of proving the last-iterate bound. The reader could refer to
Theorem C.1 and its proof for why we need it.

Theorem 4.6. Under Assumptions 3.1, 3.2 (with p., = 0),

3.3 and 3.4 (with juy > 0), let iy = % and k% £ ﬁ; :

Regardless of how the permutation oy, is generated in every
1

. . _ “
epoch, taking the stepsize n;, = o (e | K
3 272
. py DK .
where u =1V log W’ Vk € [K], Algorlthm 1

guarantees

~ [ VLL*D?* Lo2,
F(xg1) - F. <0 x 2K;/
Kem 'uf

Suppose the permutation oy, is uniformly sampled without
replacement, taking the stepsize n, = 1

- /\
4n+/2LL* (1+log K)

3 N2 2
where u =1V log %, Vk € [K], Algo-

rand

u
nuyK

rithm I guarantees

~ [ VLL*D?  Lo?
E [F(XKJrl) - F*} <O — + Orand

2 K2
KV M

Another result in this subsection is Theorem 4.6 showing the
last-iterate convergence guarantee when strong convexity is
additionally assumed. For simplicity, we only present the
case of py, = 0 and uy > 0 here. We refer the reader to
Theorem C.2 in the appendix for the full statement. To our
best knowledge, this is also the first last-iterate convergence
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result w.r.t. the function value gap for shuffling gradient
methods under strong convexity when a general 1(x) is
allowed. In fact, even for the special case (x) = Ix(x),
i.e., constrained optimization, the previous bounds could
fail as explained in Section 1.

As before, let us first take a look at the case of whatever
the permutation oy, is used. If we specify to the IG method,
(Safran & Shamir, 2020) provided a last-iterate lower bound

Q (# K2) for large K with ¢)(x) = 0, L; = py and an
additional requirement ||V f;(x)|| < G. Under the same
condition, our rate degenerates to o %;2 almost match-

ing the lower bound in (Safran & Shamir, 2020) when K
is large. However, for the arbitrary permutation case, the
last-iterate lower bound under the condition )(x) = 0 and

L; = L for large K is € ( > 2K2> (Cha et al., 2023),

which is better than our rate by a factor O ( ) We remark
that this is to be expected because, roughly speaking, our
upper bound is equivalent to say (for L; = L and large K)

Lagny
piK? )’

whereras the lower bound in (Cha et al., 2023) is proved for

inf sup
stepsizes Nk functions F(x)
permutations oy

F(xg41) —F. <O <

inf
stepsizes ny,
permutations oy

sup
functions F'(x)

Hence, to achieve the lower bound in (Cha et al., 2023),
one does not only need to specify stepsizes 7, but also
has to choose the permutation oy, according to the problem.
Recently, (Lu et al., 2022) proposed GraB, in which the
permutation for the current epoch is selected based on the
information from previous epochs. GraB is provably faster

2
than RR/SO/IG and achieves the rate O (ﬁ) differ-
Ky

ing from the lower bound in (Cha et al., 2023) by a factor
of O (%) (the constant H here is named herding bound,
see (Lu et al., 2022) for details).

Next, for the case of uniform sampling without replace-
ment (including RR and SO as special cases), we again first

check the rate when t(x) = 0. Recall now o2, ; = 02,

due to ||Vf(x* | = 0. Thus, our bound for large K
is O (

mny

2Kz

), which is nearly optimal compared with

2
any

the lower bound 2 ( 5 K2> established for RR/SO un-
der L; = L (Safran & thamlr, 2021; Cha et al., 2023). As
far as we are aware, this is the first last-iterate result not only
being nearly tight in n and K but also optimal in the param-
eter ) (M—LZ}
correct dependence only applies to the tail average iterate

). In contrast, the previous best bound with the

Losny

tail
XK1 =

S ngﬂ Zf:(ﬁ Xx41 (Cha et al., 2023). There-
fore, Theorem 4.6 fulfills the existing gap when ¢ (x) =

for large K. More importantly, our result can also be used
for any general ¢(x) with the only tradeoff of changing

02,y 10 02 4 but not hurting any other term.

Lastly, we would like to talk about the stepsize used in
Theorem 4.6. As one can check, when L; = L, it is similar
to the stepsize used in (Cha et al., 2023) to obtain the rate
for x{2il | . The only significant difference is still the extra
term 1 + log K. However, as mentioned in the discussion
about the stepsize used in Theorem 4.4 (i.e., the general

convex case), this change is crucial in our analysis.

4.1.2. LIPSCHITZ FUNCTIONS

In this subsection, we consider the case of f;(x) all being
Lipschitz. We employ the notation G £ 13" G, to
denote the averaged Lipschitz parameter.

Theorem 4.7. Under Assumptions 3.1, 3.2 (with 1, = 0)

and 3.5, regardless of how the permutation oy, is generated
in every epoch:

D
G or

Algorithm 1

Taking the stepsize n, = % Vk € [K] withn =
Ny = \/777 Vk € [K] withn =
guarantees

___ D
nG/1+log K’

F(xgy1) — Fe < 10) (3%) .

Taking the stepsize N, = n Kf/jl, Vk € [K] withn = 7%,
Algorithm 1 guarantees

Plxxcsr) — P <0<3§>.

Remark 4.8. The values of  in Theorem 4.7 are set to obtain
the best dependence on parameters like G and D. In fact,
Algorithm 1 converges for all three stepsizes with arbitrary
1 > 0 but suffers a worse dependence on parameters. We
refer the reader to Theorem C.3 for the full statement.

We first focus on the general convex case. As shown in The-
orem 4.7, regardless of how the permutation oy, is generated,
the last-iterate convergence rate is O(GD/v/K) for step-
sizes ny, = ik orny = LK with a theoretically fine-tuned
7. The extra log factor can be removed by taking the stepsize
N =1 KKBI“/T that has a linear decay rate. This kind of step-
size was originally introduced by (Zamani & Glineur, 2023)
to show the O(G D /v/K) last-iterate rate can be achieved
for the projected subgradient descent method, i.e., n = 1
and ¢ (x) = Ix(x). Here, we prove it can also be applied
to the proximal shuffling gradient method.

Theorem 4.7 provides the first concrete theoretical evidence
that the last iterate of Algorithm 1 for any permutation is
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comparable with the averaged output by the proximal IG
method, which was known to be able to achieve the rate
O(GD/VK) when G; = G (Bertsekas, 2011).

Moreover, we compare the number of individual gradient
evaluations required to make the function value gap of the
last iterate be at most € between Algorithm 1, GD and SGD.

* Algorithm 1: O (W) by Theorem 4.7.

ne?

* GD: O (M) by prior works in Section 2.
* SGD: O (W) by prior works in Section 2.

This indicates that the sample complexity of Algorithm 1
matches GD’s but is worse than SGD’s by at most a factor
of O(n)dueto Y1 | G2 < (X0, Gi)? <n). L G2

Theorem 4.9. Under Assumptions 3.1, 3.2 (with

ty = 0) and 3.5, regardless of how the permuta-
tion oy, is generated in every epoch, taking the step-
size Ne = WM,V’C € N where re = 1V

maxyex) |x¢ — x1|| for some v > 0, then Algorithm 1 guar-
antees for large enough K

G(D\/r)>'

F(xg41)—F. <0 < N

In Theorem 4.7, one may have noticed that it needs the
prior knowledge of G and D to obtain the optimal linear
dependence on them. In practice, estimating G could be
relatively easy. In contrast, the requirement of knowing D is
however hard to satisfy. Fortunately, several methods have
been proposed to overcome this difficulty. Here, we borrow
the idea from (Ivgi et al., 2023) that is to introduce the term
Tk = 1V maxeepy [|[X¢ — x1| in the stepsize as shown in
Theorem 4.9. As a result, we can provide an asymptotic
last-iterate convergence rate with a linear dependence on D
without knowing it. However, we are not able to establish
a finite-time rate that also has a linear dependence on D,
which is left as a future research direction.

Theorem 4.10. Under Assumptions 3.1, 3.2 (with p, > 0)
and 3.5, regardless of how the permutation oy, is generated
in every epoch, taking the stepsize n, = ﬁwk,Vk € [K],
Algorithm 1 guarantees

5 (1D? G
F(XK+1)F*§O( K2 +M¢K .

Lastly, we consider the case of strongly convex ¥ (x). As
stated in Theorem 4.10, Algorithm 1 guarantees the rate
of O(1/K) w.rt. the function value gap for the stepsize
N = mip %~ In contrast, the same rate was previously only

known to hold for ||xx 41 — x* || in IG (Nedi¢ & Bertsekas,
2001). Theorem C.5 in the appendix will generalize to

m

Mk = 7.5 forany m € N and prove the rate O(m/K).

By a similar comparison (after Theorem 4.7), the sample
complexity of Algorithm 1 in the case p, > 0 is as good as
GD’s but still worse than SGD’s by at most an O(n) term.

5. Proof Idea

In this section, we outline some key steps in the analysis of
Theorem 4.4 and highlight our novel techniques.

From a high-level view, our proof is inspired by the recent
progress on the last-iterate convergence of GD (Zamani
& Glineur, 2023). (Zamani & Glineur, 2023) designs an
auxiliary sequence zj, for k € [K], each of which is a con-
vex combination of x,,X1, -+, X (say Zp = Wk X« +
Zif:l wy, ¢X¢ Where wy o > 0 and Z];:o wg¢ = 1), and
then bounds F'(xy11)— F(2zk) instead of F'(xx41)— F(X4).
By using F'(zy) < w,0F (%) + Eif:l wy, ¢X¢, one can fi-
nally prove 3",y pi(F(xk11) — F(21)) > Q(F(xk 1) —
F(x.)) for properly picked wy, , where py, is another care-
fully chosen sequence and obtain the rate for the last iterate.

However, to make the above argument work, it indeed
requires F'(xp4+1) — F(zx) < good terms, where "good
terms" means some quantities we can finally bound (e.g., a
telescoping sum). But in shuffling gradient methods, a key
difference appears: there is only (see Lemmas D.1 and D.2)

F(xp+1) — F(zx) < good terms + O(B(zy,X.) + Ri),

where Ry, is a "bad" residual due to shuffling. Fortunately,
Ry, can always be bounded (Lemma E.1) and thus can be
included in "good terms". In contrast, bounding another new
extra term By (zy, X, ) is more tricky, which is significantly
distinct from the previous works. Though the existence of
By (zk, %), we still sum from k£ = 1 to K to obtain

K
F(xk41)—F(xs) < good terms+ O <Z Bf(zk.,x*)>

k=1

()
The first key observation in the analysis is that
By(zg,xx) = (’)(Z’Z:1 Bj(x¢,x,)) because zy, is a con-
vex combination of x,, X1, - ,x; and By(-,-) is convex
in the first argument. The second important notice is that
F(xg41)—F(x.) > Bf(xK+1,X+) always holds for what-
ever 1(x) is (see the proof of Theorem C.1 for details).
Therefore, we have

K
Bjf(xx41,%+) < good terms + O <Z Bf(xk,x*)> .
k=1

But this is still not enough to bound F'(xx 4+1) — F(x4). To
deal with this issue, departing from the previous works that



On the Last-Iterate Convergence of Shuffling Gradient Methods

only prove one inequality for time K, we instead apply the
above procedure for every k € [K] to get

k
By (Xg+41,%4) < good terms + O (Z Bf(Xg,X*)> .
=1

We remark that this new way requires us to define the aux-
iliary sequence {zs, V¢ € [k]} carefully. Specifically, for
each k € [K], we let the auxiliary sequence {z¢, V¢ € [k]}
depend on the current time k. Hence, we indeed construct a
total of K different auxiliary sequences. Next, we develop a
new algebraic inequality (Lemma E.2) to recursively bound
all By(xy,x.). Equipped with the bound on By (xy,X.),
we finally invoke (1) again to get the desired result. The
reader could refer to the appendix for detailed proof.

6. Limitation

Here we list some limitations in our work and look for-
ward to them being addressed in the future. For smooth
optimization, the extra factor 1 + log K in the stepsizes
seems necessary in our analysis. Whether, and if so how, it
can be removed is an important problem. In addition, our
results are limited to constant stepsizes depending on the
number of epochs K. Finding time-varying stepsizes that
still achieve the optimal dependence on both n, K and other
problem-dependent parameters is another interesting task.
For non-smooth optimization, i.e., Lipschitz components,
our theorems are stated for any kind of permutation and can
only match the sample complexity of GD but be worse than
SGD’s. Hence, it is worth investigating whether shuffling
gradient methods can benefit from random permutations
and be as good as SGD under certain types of shuffling, for
example, RR and SO.
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A. Detailed Comparison

We provide a more detailed comparison for smooth components in Table 3, where the case of strongly convex (x) and the
previous fastest upper bounds for all cases are included.

Table 3. Summary of our new upper bounds and the previous best upper and lower bounds for L-smooth f;(x) for large K. Here,
Oty 2 L3 (IVFi(x)|? 0fina 2 02uy + n||[Vf(x:)]|> and D 2 |[x, — x1||. All rates use the function value gap as the
convergence criterion. In the column of "Type", "Any" means the rate holds for whatever permutation not limited to RR/SO/IG. "Random"
refers to the uniformly sampled permutation but is not restricted to RR/SO (see Remark 4.5 for a detailed explanation). "Avg", "Last" and

"Tail" in the "Output" column stand for x37%, £ & LK Xiy1, X1 and X2 2 @ Zsz[%] Xk 1, respectively. In the last
2

column, "v" means 1 (x) can be taken arbitrarily and "X" implies 1(x) = 0.

F(x) = f(x) + ¢(x) where f(x) = L > | fi(x) and fi(x) and ¢(x) are convex
Settings References Rate Type Output | ¥(x)
. L1/3 2/3D4/3
(Mishchenko et al., 2020) O — 5 — 1G Avg X
~ (134 2/3 D4/3
Ours (Theorem 4.4) O — e — Any Last v
. L1/3 2/3D4/3
L-smooth f;(x) | (Mishchenko et al., 2020; Nguyen et al., 2021) (’) — AR ) RR/SO Avg X
1/3,2/3 p4/3
Ours (Theorem 4.4) (L 75 In(zl/)g, Random | Last v
L1/3 2/3D4/3
(Chaet al., 2023) 1/;K2/3 RR Last X
(Mishchenko et al., 2020; Nguyen et al., 2021) (9 Lo e ;;y 1G Last X
~ 2
Ours (Theorem 4.6) @ Z;’;;; ) Any Last v
L-smooth f;(x), (Safran & Shamir, 2020) Q #GKZQ )b IG Last X
p-strongly ~ ( Lo2,, ) .
convex f(x) (Cha et al., 2023) @ TnR? RR Tail X
Ours (Theorem 4.6) 10) (5; xapg )“ Random | Last v
2
(Safran & Shamir, 2021; Cha et al., 2023) Q (NL;::%) RR/SO Last X
Ours (Theorem C.2) O (i;’;;; ) Any Last v
L-smooth f;(x), N
p-strongly (Mishchenko et al., 2022) @ (f;‘; rZ;(nzd )c RR/SO Last¢ v
convex ¥ (x)
Ours (Theorem C.2) O ( Lorang Random | Last v
pn2nK

“Note that when ¢ (x) = 0, there is 0 pnq = Oony + 10 ||V f(x:)||> = 02,y due to Vf(x.) = 0.
bThis 1ower bound is established under L = p and additionally requires ||V f;(x)|| < G. Under the same condition, our above upper

bound O ( Zany ) will be @ (HGT??) and hence almost matches this lower bound.

2K2

3nK2
1(x) exists as explained in Section 1. However, for the convenience of comparison, we still consider the traditional conversion
F(xx41) — F(x.) = O(L||xx+1 — X.||*) here, though it does not hold in general.

2
“The original rate 1] ( grand ) is only proved for ||xx+1 — X« ||2 and hence cannot measure the function value gap when a general

B. Important Notations

We summarize important notations used in the analysis as follows for the sake of readability.

* Objective function: F(z) £ f(x) 4 1(x) where f(x) £ 1 3" | fi(x).
e Number of epochs: K > 2.

12
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» Initial distance: D £ ||x, — x1||.
* Optimal function value: F, = F(x.).
< % Z?:l Li.

* The largest smooth parameter: L* £ maxX;e,] Li-

+ The averaged smooth parameter: L

A

* Two quantities measuring the uncertainty: o7, = ISV fi(x,)|)” and L Oy + 1|V f(x4) 12

* The averaged Lipschitz parameter: G = % > G

* The Bregman divergence induced by f,: (x): Bg: (-, ) £ Br, (+).
A ol

C. Full Theorems and Proofs

In this section, we provide full statements of all theorems with proofs. Lemmas used in the proof can be found in Sections D
and E.

C.1. Smooth Functions

All results presented in this subsection are for smooth components f;(x).

First, we consider the general convex case, i.e., jiy = piy, = 0. The key tools in the proof are Lemmas D.4 and E.2.
Theorem C.1. (Full version of Theorem 4.4) Under Assumptions 3.1, 3.2 (with pu, = 0) and 3.3, taking the stepsize

_ 1 .
Me=n< 4ny/2LL* (1+log K)7Vk € [K]:

* Regardless of how the permutation oy, is generated in every epoch, Algorithm 1 guarantees

D2
F(xg41) —F. <O (nnK

T (Lo any<1+logK>)

1 A D?/3
4ny/2LL*(1+log K) = n{/Lo2, K(1+log K)

Setting n = to get

7 438/ Lo2 (1 +log K)
D2\ /IL*(1+1ogK) P \/ Tany (1 +log
F(XKJrl)_F*SO K + K2/3
* Suppose the permutation oy, is uniformly sampled without replacement, Algorithm 1 guarantees
2

E[F(XK+1) —F*] S O( D

27
L 1+1logK) ).
Tl’l?K + nmn Urand( + 0og )>

1 D2/3
4n\/2LL*(1+log K) \/n2L(7  JK(1+log K)

o[ LL*1+logK D4/3\/La (1+log K)

nl/3K2/3

Setting n = to get

E[F(xkt1) = Fi

1
<
4ny/2LL*(1+log K) — 2m/LL

Proof. Note that n, = n < satisfies the requirement of Lemma D.4. Hence, for any k € [K]

2 k k 272 ( k 3)
F(xp1) — F(x) < M + @ +y Sk %s_é s By (xp, %)
YoM D Dos—eMs =2 ( s= 5778) (25:571 775)
k k
_ [ —x1||2 . 4n’Ry, 2 Bf Xg, Xx) @
2nnk £=1k76+1 2k 0+2°

13
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2
where Ry = Y0, -2 Hz fps(x )H . The definition of x, € argmin, g F(x) implies IV (x,) € du(x. ) such
that V f (x.) + Vip(x4) = 0. Thus, for any k € [K]

F(Xp11) — F(x:) = F(xp41) — F(x:) = (Vf (%) + V(X ), Xpy1 — Xa)
= By (Xk11,Xx) + By (Xpt1, %) > By (X1, %),

which implies

Bj(x X)<M - ﬂ—kS(n E)ziMVke[K] 3)
T~ 0 e RS SRS S ‘
Besides, by taking £ = K in (2), we obtain
K K
¢ —xa” 4n° Ry 72N Br(xe,x.)
F — F(x:) < L _ 4
(exc) = Fx) < oo Z:1K—£+1+8(m’ ) LK —l+2 @
First, by Lemma E.1, for any permutation o, used in the ¢-th epoch we have
Ry <n’Lo,, V0 € [K]. (%)

Hence, for any k € [K]

O [Ix, —x1]? | o= 4n?*n2Lo?

k
n - B (xy, X
By(Xpt1,%) < M4 §(npL)? Y L )

2nnk pt E—0+1 = k—0+2
k
. — x| 27 2N~ Br(xe %)
< - +14 Lo 14 logk) + 8(nnL
S ok (nn)?Lo%,, (1 +logk) + 8(nnL) [

In addition,

@) [|x, — x| An*n?Lo?, L Bi(xs x.
F(xgy1) — F(xi) < I3 = %4 " Ziy 8(7177L)2ZM

2nnK — K—-t¢+1 E2K—€—|—2
% — 1> 27 By (xe, %)
— 14 Lo2 (1+log K) + 8(nnL
e+ 4 Loty (L log )+ 80D Y T
. Bf(Xk+1 X*) ke [K — 1] llx. —x1 |2 =
W ly L E.2 with dg1 1 = ’ yo = 12X — 4 2Lo2 ., c=8(nnL)?
¢ apply Lemma with dg+1 {F(xK+1) _F(x.) k=K a 201 (nn)* Loy, c (nnL)
to obtain
s - S 72 i
By (Xpt1,%s) < ok +4(nn)*Lo2,, (1 + logk) (16(nnL)*(1 +logk)) ,Vk € [K — 1],
i=0
and
% _X1||2 27 2 - 712 @
F(xg41) — F(x,) < W—H&(nn) Lo, (1+1ogK) ; (16(nnL)(1 +log K))".

1

- < — 1
By m =n < 4n\/2LL*(1+log K)’

we have for any k € [K],

x>
[

k—1

= 1+logk S

©
Il
o
s

14
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So there is
. — x|
By (Xp41,%:) < Tk +8(nn)?Loa,, (1 + logk), Vk € [K — 1],
and
2
Xy —
F(XKJrl) - F(X*) S H nnK || +8(”77)2L amy(1 +10gK)
_O ||X*_X1||2 2L 1 1 K
= Tk + (1) any( +log K)
1 b =1l obtain

Finally, taking 7 = 4n\/2LL*(1+log K) ni{/Lo2, K(1+log K)

4/3 4
oI P /—LL* Atlogk) Ik —xil \/LoanlerlogK)

F(XK+1) ( ) K2/3

For the case of randomly generated permutations, by Lemma E.1, we have
2 _
E[R] < 3nlogua, V0 € [K]. ©)

Hence, for any k € [K],

316 ||x, — x1 || b Sn*nLo?, 4 - k E [By(x¢,x4)]
E[B X S ran 8
(B (Xk+1,%4)] 2k +; ki1l + ("77);:; k012
k
Ix. —xi)® | 8 - = o B [By(xe, x.)]
—_ L 1+ logk) + 8(nnL _—
27’”’]/{ + 3”77 Urand( + og ) + (nn ) ; E—/04+2
Moreover,
K 8§ 9o K
@0 [|x 7X1||2 37 nLUrand 7\2 E[Bf(Xg,X*)]
E[F - F(x,)] < L
(Ploscan) = Foc)) =7 S5 450 St 4 sl ) =Rl
K
I -l 8, 2 o By (xe, x.)
———— 4+ -nn°Lo 1 +log K) + 8(nnL
QTLT]K + 3’[’L’I’] rand( + 0og )+ (m] ) Z:ZQ K*£+2
E[B X kelK—-1 .
We apply Lemma E.2 with dy4; = (B (kt1,%0)] €l ] ,a = w,b = N772L0mnd70 =
E[F(xis1) - F(x,)] k=K Z

8(nnL)? and then follow the similar steps used before to obtain

I — 3|
nnK

Ix. = x|
:O <M+n172L rand(1+10gK) .

16
E[F(xk41) = F(x)] < + 5’ Lofaa(1 + log K)

1 A Ilxe —x[|2°
4n\/2LL*(1+log K) = ¥/n2Lo? K(1+log K)

<o lx= xi || \/LL* 1+log K) ||><**X1||4/3 \/LUr na(1+log K)

F(xg41) — F(x.) nl/3[2/3

to obtain

Finally, taking =

15
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Next, we provide the full theorem when at least one of f(x) and ¢ (x) is strongly convex. The key step is to bound

2
F(xg41) — F(x4) by ’ Xy — x[%}HH by ||x, — x1||® using Lemma

2
Xy — X[%1+1 H using Theorem C.1 and bound ’

D.s.
Theorem C.2. (Full version of Theorem 4.6) Under Assumptions 3.1, 3.2, 3.3 and 3.4 with g = jip + 2y > 0, taking the
stepsize n, =1 < L ,Vk € [K]:

4ny/2LL* (1+log K)Vpuy

* Regardless of how the permutation oy, is generated in every epoch, Algorithm 1 guarantees

D? nnLo? _
F —F. <O Z—emmwrkK L 77700y 2Lo2 (1+1logK) | .
(XKJrl) * <n77K€ + NFK + (m]) Uany( + 0g )
Setting n = L A —" where u = 1V log — B2 K> 4 oo
81 = 4n\/2EL*(1+log K)V iy nup K B & ngny(1+log K) 8

D? (viL*(1+10gK)\/Mw) (1+w?)LoZ, (1 +logK)
" P K?

F(XK—s-l)*F*SO

np K
Ke VLL*(1+log K)V iy
* Suppose the permutation oy, is uniformly sampled without replacement, Algorithm 1 guarantees

D? Lo? -
EW@MQ—Fugo(fmwK+”“md+m%ﬁ u+bym)

m]K NFK rand
Setting n = L N —%— where u = 1 V lo __nupDPK? to get
§1= any/2LL* (1+log K)Vpy — "HFE o 8 To2,,(itlos k) 7 &
D? (\/EL*(I T log K) Vuw) L2\ Lo
+u®)Lo’, (1 +log K
]E[F(XK+1) _ F*] S O = 4 ( ) . d(2 g )
ppn ks

K@ VLL*(1+log K)V iy,

Proof. Suppose we run Algorithm 1 by K epochs with the stepsize n, = 7,Vk € [K]. Then one can recognize

Xx+1 as obtained by running Algorithm | with the initial point xxc1,, by K — [£] = |5 epochs. Note that
2

< S— < L , th ly Th C.1 to obtain that f tati :

n < T O es vy 4n\/2EL*(1+1ogL§J) en we can apply Theorem o0 obtain that for any permutation o,

2
T - X
Fxs1) — F(x.) <O k”1+mwwaﬁ+m{J)
|5 ) 2
‘ 2
X*_X[KW“H 27 2
=0 m]lz + (nn)*Log,, (1 +1og K) | . @)
If the permutation oy, is uniformly sampled without replacement, there is
_ .
B[ —xpg1a] i K
BlF(cn) - Fix)] < 0 |~ Lo, (1410s | 5 |)
|5 ) 2
- .
E || x| Y
= O - ’I’L?]K = +7’l7’] Lgrand(l +10gK) . (8)

16
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Now we use Lemma D.5 for k = (%] to obtain
: Ix. — i ed -
[ = x5 = B + 5
[L2 (U nns(uy +2py)) =1 TI 2, (14 nms(pg + 24y))
[5]
. R

B x Xl'f 51 + Sy efﬁw—lﬂ

(1 +nnup)! 2 =1 (L+nnurp)!=
K
(a) _rwer [ K] #] Ry

< xe —x1 [P € TrmEE + 8npp®
= (1 nnpp) [ E1-51

(b) SnnMFK [g—‘ Re
< xe —xi[Pe” + 8nn? e ©)
=1 (1+nnup)!>
. L +20
where (a) is by 1 < exp ( 1+z) and (b) is due to [5] > £ and npup < 4\/2EL/*1(01+1AOZ o < m t2< L
By Lemma E.1, there is Ry < n?Lo? O any fOr any permutation oy, which implies
K
‘ 2 (2) H || _ snnup K 8( )3L |—2W 1
X*_X5+1H =S || X — X € 32 + nn Oan K _
[5] ay — (1+m7MF)[Iﬂ 041
5n 8 n 2LU
< e -l e oIk,
BUF
’Lo
=0 <||x* —x||* e K 4 (1) L any a“y> : (10)
HUF
Additionally, if o is uniformly sampled without replacement, then E [R,] < 2nLo?2, ;. Therefore
(5]
©) snnup K 6 1
EUX — Xk H}<||x —xq|Pe " + —n*p’Lo?
% K741 * rand K7 _
[2] 3 1 (1+W7MF)|—{ﬂ £+1
2
< [, — x| e 5 107 Lng
3up
’L
) <||x* —xy |2 ek 4 T 20rand Urand) : (11)
HF
Combining (7) and (10), we obtain for any permutation
F(xxgi1) — F(x,) <O Mewwﬂ( + LGy + (n)?Lo2, (1 + log K)
- nnK urk Tany

ph X —xa |2 K2
Lo2,,(1+log K)

. — x| (\/LL* 1+log K) Vuw) (1+u?)Lo?,, (1 +logK)
Flxii) — F(x,) <0 + e
Ke VT Groe Mvig M

1
4n\/2EL* (14log K)V fiqy,

Taking n = A n;;; 7 Where u =1V log to obtain

Combining (8) and (11), we obtain for uniform sampling without replacement

. — x4

Lo
E[F(xk+1) = F(x)] <O ( g=nnurK 4 ML0tng 1) Lo7yna (1 + log K)) :

nnK urK

17
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g s —xa |2 K
Lo2  (1+log K)

1
471\/2[_,L*(1+10g K)Vpy

Taking n = A nquv 7 Where v = 1V log to get

[x. — x4 ( /EL*(lJrlogK)vﬂw) (1 + u?)Lo?

+ rand(1 +10gK)

panK?

E[F(xx41) = F(x.)] <O

bp K

Ke VLL*(1+log K)Viy,

C.2. Lipschitz Functions
We focus on Lipschitz components f;(x) in this subsection.

First, we analyze the case of y,, = 0 in Theorem C.3 with three different stepsizes. It is worth noting that the last stepsize
schedule, which is inspired by (Zamani & Glineur, 2023), can remove the extra O(log K) term.

Theorem C.3. (Full version of Theorem 4.7) Under Assumptions 3.1, 3.2 (with py, = 0) and 3.5, regardless of how the
permutation oy, is generated in every epoch:

* Taking the stepsize i, = %,Vk € [K, Algorithm 1 guarantees

D? - 1
F(x —F.<O0([=+mG*(1+1o K))
(k1) (5 +measiogr))
Setting n = % to get the best dependence on parameters.
* Taking the stepsize ni, = \/LE,W{: € [K], Algorithm 1 guarantees
F( )—F, <O D2+ G?(1 +log K) L
X - F, < —+n 0 — .
K+1 e n g VE
Setting n = ﬁ to get the best dependence on parameters.
K—k+1

* Taking the stepsize Nk = N~ ,Vk € [K]), Algorithm I guarantees
D? _ 1
F —F.<0O|(|— G*) — .
(XK +1) xS ((nﬁ +nn ) T()
Setting n = % to get the best dependence on parameters.

Proof. We invoke Lemma D.6 to get

e =1l = I = xpcal® |y N
DI s

F(xg41) — F(x) < K
2 g Ve k=1 D emp Ve
. — x| %
* — X1 ~2 k1K
< ol | gz, 3o 2
= K K b)
20 peq Yk =1 Doi—k Ve

where v, = M, H§:2(1 + nne—1y), Yk € [K]. Note that f1, = 0 = v, = 1y, Yk € [K], therefore

K 9
A Ui

+3G?%n E —k (12)

K K

2 ey Mk k=1 2ut=k "It

2
F(xxi1) — F(x,) < Il — x|

18
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If gy, = %,Vk € [K], then

12 x, — x| = 1

F(xgy1) — F(xi) < QHUZszl 1/\/E+3G nnz kakl/\/Z
@ e = 2 Z
_4nn(m—1 g 2k\/7_\f)
(2) l[xs — x1 ]| 3G?nn i 1 N R
T Am(VK+1-1) VK+1imk K+1-k

where (a )1sbyze kl/\f>fK+1 1/\/Zd€:2(\/K+ —x/E) and (b) is due to

1 VE+1+Vk VK +1 1 (1 1 )

VK TT-vh) 2KE+TI -k HE+1-k  VEII\k  EK+1-%

Taking n = % to obtain

F(xgs1) — F(x,) =0 <G %, — x1]| (1 + log K)> |

VK

If ny, = \/%,Vk € [K], then

12 (1% —X1||2 3@27177 K 1
F(xg41) = F(xs) < + E
2m7§k11/\/ VK K E+1

=0 (('X*;Xl” +nnG3(1 —HogK))

L
n VK |

Il —x1 ||

Taking n = MYelViEn o e to obtain

F(xg41) — F(x.) =0 (G %, — x4 W) .

VK

Ity =n Kﬁ"l,Vk € [K], then

(12) x, —x1|° 3G2nn & K —Fk+1)2

F(xx1) = F(x.) < K” ! 3/2 K3/2n (K )
20 Y (K —k+1)/K S K1

CVE |x —xi® | 66~ K —k+1
(K +1) K32 £« K —k +2

% —xi)® | 1
=0||——+¢C _,
(( nn VI

Taking 77 = X211l (0 obtain
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Next, Theorem C.4 shows that, under the particularly carefully designed stepsize, it is possible to obtain an asymptotic rate
with an optimal linear dependence on D without knowing it. The key is to use 7, = r V maxye[x) ||, — X1 || to approximate
D, which was orginally introduced by (Ivgi et al., 2023).

Theorem C.4. (Full version of Theorem 4.9) Under Assumptions 3.1, 3.2 (with p, = 0) and 3.5, regardless of how the
permutation oy, is generated in every epoch taking the stepsize Ny = TNk, Yk € N where i, = 7V maxcpy [|x¢ — x1|
for some r > 0 and 1y, = Vk € N for some § > 0,0 < ¢ < 1, Algorithm 1 guarantees

nGy/6(1+5- 1)k(1+log k)1+s’

_ -1 1+6
Flxgas) - F. < e 3e G(DW)\/ﬁ(Ha )(1+log K)1+0
Zk 1T/ K l—c K

Moreover, for large enough K

2 —c _ -1 o 146
F(XK-I-I)_F*§O<3C(1$1G(D\/T>\/(1+6 )(1;1 gK) ’ )

Proof. We first invoke Lemma D.6 to obtain

K
Xx — X Xy — X Nk
F(xgi1) — F(x,) < | 1” | K+1|| 1 3G2n %
20 Yk 1 2ok Ve
_ ||X* — X1 || ||X* XK+1 || i SGQn Z nk 7
20 321 k= 12/ ke

where the last equation holds due to 5 = s, H§:2(1+nm,1u¢) = 1, when gy, = 0. Now if ||x, — x1|| > ||%e — XK 411,
we have

2 2
I =312 = 1 = X |® = (e — x| = [0 = s ) (e = | + [0 = 1)

< 2%y = gl (% = x| < 27pq % — x4l

where we use i1 = 1V maxge[g 1) [|X1 — X || > [|x1 — Xx 11| in the last step. If ||x. — x1|| < [[X« — Xx 1], there
is still ||x, — x1]|* = [|[x« — xg41]]> <0 < 2rg41 [|x. — x1|. Hence, we always have

I =312 = 1% = Xaee|® < 2ricen e — x|

Now there is

_ K 2
Flxresn) — F(x,) < o=l poo g~ M
N e M k=1 D o—i e
K 29
r Xy — X r
_ T+ 1l 4 3G Z szk _
Yy ThTk o Ze—k Tene
@ .
< Tr41 % x| + 3 G%Z
nZk 1 TETk e ke
®) §
< K4l Ix. —|—37’ G%Z 7, (13)
D k=1 Tk K D o—i e

22 ~2 o
: "Mk < TRk < _TET 3 _ 3 3 N < 7,
where (a) is due to SE o S SR S SR m,Vk € [K] because ry, is non-decreasing and (b) is by g < 7, Vk €

[K] because 7jj, is non-increasing.
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From 7, = we have

C
nGy/6(1+6—1)k(1+log k)1 +s’
K
1

K
> = — S
=S nGy/6 1+5 ) = k(1 +log k)40 S0, 1/4/E(1 + log £)1+3

¢ [(1+log K)' s 1
= nG\ 6(1+d1) z::k(1+1ogk)1+6z 1/V/0
) ¢ [(1+]log K)o ZK: 1
nG\ 6(1+07Y) & 2k(1 + logk)*+(VE + 1 - Vk)

) ¢ | (1+logK)its
T nG Y\ 6(1+07)(K +1) £

I/\fﬁ\

A=

1 1+ 1
— (1 +loghk)!™ \k  K+1-k

(z)i ( +10gK 1+5
~ nG\ 6(1+61)(K+1)

MN AMN

k(1 + logk )it+o

(2) c [2(14 61 )(1+log )1+5

— 14
-~ nG 3K ’ (14)
where (c) is by Ze L 1/ > fK+1 1/V/ede =2 (\/K +1-— \/E) and (d) is due to
1 _VEFT+VE _ VEFT 1 (1+ 1 )
(VK +1-Vk) 2k(K+1-k) ~k(K+1-k) VK+1\k K+1-k)
(e) is by noticing that both % and m are decreasing sequences, then by rearrangement inequality
i 1 L1 i 1 1
k:l (1+1logk)ltd = K+1-— k:l (1+1logk)1td = Kk’
(f) is because
K 00 o) 1
5 < <1 ————dk
; i 1+logk kz K1+ log k)10 = +/1 (1 + log k)10
=1+ (=01 +logh)°) [ =1+6"" (15)

Next let us check the conditions in Lemma D.7. For Condition 1, we notice that 7, is positive defined on N from its
definition. For Condition 2, we compute

o 2 1 (15)
2, 22 < 2 1.
ZGG”W 140" 1Zk 1 tlogh)its = ¢ <

Then we can invoke Lemma D.7 to get

2 c
Ik = %1l < T llxe = x|+ T—r, Vk €N,

which implies

2
rg =1V max ||xp — x| <r 4+ —— ||x —
ke[K] 1-c

2% — x1|| + 7 3
- < . — x| V7). 16
—ld 3 (v 16)
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Plugging (14) and (16) into (13) to get

41 |xe—xi1]| | 3¢ - \/6(1 +0-1)(1 + log K)'+9
F — F(x4) < : — G (||x« — \Y
(XK+1) (%) 72521 . ik + T—¢ (% =1l Vi7) K
ke = x| GVBH S DR(L+ log K)1 0
Zf:l Tk ¢
3¢~ 6(140-1)(1 +log K)'+2
42 G v ) S o8 )
3 ~ 6(1+6-1)(1 + log K)1+9
| G(Ix*—xlllw)\/ UDB e 70 )
cYpyri/K T K
where we use the definition of 7, = & in the second line.

nGy/6(1+6—1)k(1+log k)1 +o

Finally, note that 7, is non-decreasing with a uniform upper bound 2= (||x, — x|V r) by (16). Hence, there exists
7 = limg_,o 7 < 00, which implies

TK+1

lim — it =T
K—oo Zk:l Tk/K r
Thus, for large enough K, I:Kit;lc/f( = O(1). Combining (17), the following bound holds asymptotically
k=1
3 —c+1 - (14611 +log K)o
F@mn—F&os0<cﬂ@cnwwmmva (s RIZ0)

2
npyk

show that n;, = ﬁdk for any m € N guarantees the last-iterate convergence rate O(mlog K/K).

Theorem C.5. (Full version of Theorem 4.10) Under Assumptions 3.1, 3.2 (with py, > 0) and 3.5, regardless of how

the permutation oy, is generated in every epoch, taking the stepsize 1, = #wk’ Vk € [K] where m € N can be chosen

Finally, we turn the attention to the case of strongly convex ¢ (x). Instead of 7, = presented in Theorem 4.10, we

arbitrarily, Algorithm 1 guarantees

2 ~2 1 K
F(xKH)—F*gO(W’D G“mlog >

(5 po K

Proof. We invoke Lemma D.6 to get

IN

e = xall® = I =3’ | o S~
+3C" ) =

F(xg41) — F(x.)
2n 2521 Tk =1 Do Ve

K
% — X1H2 ~2 VkMk
< Ixe=xll g, 5o e
— K K i
213 ky Tk i1 2=k
where v, = g H?:Q(]' + nne—1ty), Yk € [K]. When 1y, = #M’Vk € [K], we have
om ﬁ€—1+m_ 1 (k+m-1 (")
T iy k (=1 npy (m=DK  nuy
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Thus
fg | — x| 2m i (Fmo 1)
F(XKJ,-l) - F(X*) < * — m— .
oK () T Ty 2y K (Fe)
@ syl =l 3GPm s (5))

2 ((K:;m) - 1) A ka:k (ziﬁfl)

© g [x. = x| M?mii 1
le

Co((fEm-n) e —k+1)
umm x| 1
* X1 Z* -
( ) > k —|—1
py |Ix — x> G?mlog K
O( (2" Tk )

where (a) is due to

and (b) is by (“T™71) > (k'mi Y. V> k. O

D. Theoretical Analysis

In this section, we provide our analysis and several lemmas.

D.1. Core Lemmas
This subsection contains three core lemmas that play fundamental roles in the analysis.

Inspired by (Mishchenko et al., 2020), we first introduce the following descent inequality, which provides the progress on the
objective value in one epoch. We emphasize that Lemma D.1 holds for any point z € R? rather than only x,. This important
fact ensures that we can use the key idea proposed by (Zamani & Glineur, 2023) and later developed by (Liu & Zhou, 2024).
However, some barriers would appear if we apply the technique used in (Zamani & Glineur, 2023) directly. Hence, our
analysis departs from the previous paper and needs new tools, e.g., Lemma E.2. The reader could refer to Lemmas D.4 and
D.6 for how our analysis proceeds.

Lemma D.1. Under Assumption 3.2, for any k € [K]|, permutation oy, and z € R%, Algorithm 1 guarantees

Iz - xul” (1 Iz = a1 s = il
F(xpi1) — F(z) <Z2—2FL (= -
(0kar) = F() <75 P — (o ) 2 S

1 — . )
+ n Z Boi (Xpt1, %) — Bcf}c (z,x},).
i=1
Proof. Tt is enough to only consider the case z € domy). Let gy = Y21, V f,i (x},), then P = X} — gk = X — M8k
Observe that
[ = x|

20y,

I — x”

= argmin, cpany(x) + (8k, X — X)) +
20k,

Xp41 = argming cpant)(x) +

By the first-order optimality condition, there exists Vi) (x;+1) € 9¢(Xx1) such that

Xk4+1 — Xk

0= nvw(ka) +gr + T
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Therefore for any z € dom)

(Xl — Xpy 1, Xppy1 — 2)
Nk

(8, Xikt1 — 2) = n(VY(Xpy1),2 — Xpy1) +

(@)
< n (@) — v(xen) = B flz = xii?) +

(Xk — Xig1, X1 — 2)

Nk
Hep o\, Nz = xil? = |12 = xpqal” = Ixusr — x?
=n ($(2) — Y1) = 5 1z = 3 |) +
2 2n;
= n ((2) — Y(xpp1)) + llz —xi])* (1 n Ww) Iz = el lxegs — Xl (18)
2my, Mk 2 2nk ’

where (a) is by the strong convexity of . Note that (recall B, £ By ,)
Tk

<vfa'£ (x;c)axk’-‘rl - Z> = fa; (Xk’-‘rl) - foi (Z) - Ba}; (Xk-l-lvxfc) + Bo'i (Zax}b-c)7
which implies

n n

<gk7x1€+1 - Z> = Z<vf‘7;¢ (X;c%xk-i-l - Z> = Z fo'i (Xk-i-l) - foi (Z) - Ba']ic (Xk',-‘rlaxgc) + BO’}; (Z,Xi)
1=1 1=1
=n(f(Xk+1) — ZB (Xp+1, %) — B i (z, X}o)- (19)

Plugging (19) into (18) and rearranging the terms to obtain

F(X ) _ F(Z) < HZ - Xk||2 _ i +n HZ — Xk?+1||2 _ ||Xk+1 - Xk||2
o T 2npg me 2n 2nny,

RS i i
to ZBU;; (Xk41, %) — Boi (2,%}).

i=1

O

Note that Lemma D.1 includes a term 2 >°" | B, (X;Hl,xk) B, (2, x! ), which can be bounded easily when n = 1.
However, for a general n, we need to make extra efforts to find a proper bound on it.

In Lemma D.2, we first provide the bound on the extra term for smooth functions. There are several points we want to
discuss here. First, we need the stepsize to satisfy 7, < ﬁ Similar requirements also existed in previous works (e.g.,
N

(Mishchenko et al., 2020; Cha et al., 2023)). Besides the normal term L ||xj+1 — X}, ||2, there are two unusual quantities
appearing in the R.H.S. of the inequality. One is the term B (z, x..), which leads to the main difficulty in the analysis (see
Lemma D.4 for details). The other is the residual Ry. Fortunately, it can bounded as shown in Lemma E.1 in Section E.

Lemma D.2. Under Assumptions 3.1, 3.2 and 3.3, suppose ni, < \/ﬁ Vk € [K], then for any k € [K], permutation oy,
and z € RY, Algorithm 1 guarantees

1 & . . _ _
=3 Boy (541, X4) = Byy (2:%4) < Ly —xul” + 80fn? LBy (2, x.) + 4} R,
=1

2
where Ry, = 37" ( Dl

Vk € [K].

=2 n
Proof. By Lemma 3.6, there are

i Lff)i i ||2 2 i 2
Byi (X141, Xp,) < —* [[xp1 = x5 [|” < Ly (\|Xk+1 = xi||” + || % — x| ) ;

Hwa (k) ~ Vo @)
2L

B,: (zx,C >
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Therefore

) 2
L i e sy [V - V@)
- ZBU;; (Xk+1,Xk) — Boi (2, %)) < EE:IL“Z- (HXk+1 = xi|® + [|x} — k| ) — i i

i=1 i=

2L,
k
V() ~ Vi )|
_; I e [V - V@)
= Llprsr = xel* + = 3 Loy [Ixi, — x| T . Q0)
Note that x;, = x,lc, hence
ZL%@ —ka ZL _xk” iZLa,g vagi(xi)
i=1 i=2 =1
=1 Y Loi || DV () =V, (2) + VS, (2) = Vi () + VS, (x)
i=2 j=1
. 2 . 2 2
<Y Lop | 2|1V () = Vi, (2)|| +4|D V(@) = Vii(x)|| +4 Zw x.)
i=2 j=1 =1 j=1
2 - 2
—QUkZL va (x7,) =V, (2) +AE Y Ly vagi(z)*vfgi(x*)
i=2 j=1
2
+4nkZL ZVf X.) (21)
We bound
2
n i—1
D Loy |[D_ V() ~ Vi, (2)
i=2 j=1
n i—1 2 n—1 2
<3S L= )|V e -V @ =30 Y L -1 | [V - 1,
i=2 j=1 j=1 \i=j+1
n—1 n 2
<> WL VE, ) =i, 0| <Y ntL |V (k) - Vi) @2
j=1 i=1
and
. 2
n i—1
Y Lot D VF,i(2) = Vi,(x)
i=2 j=1
() n i—1 i—1 n 1—1:i—1
<D Lo x2{ D Ly (ZBoﬁ(Z’X*)> =22 D 2Ly Ly Byy(,x.)
i=2 j=1 ' =1 i=2 j=1 ¢=1 )
n—1n—1 n 7n71n71
= Z 2Ly LJ_’ZB%(LX*)§2nLZZLJ£BJ£(z,x*)
j=1 ¢=1 \i=jVve+1 =1 ¢=1
n—1
(b)
<on2L>? ZB 7,%,) < QnQLQZB Z,Xy) = 2n3L2Bf(Z X4), (23)
=1 /=1
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where (a) is due to Lemma 3.6 and (b) is by B¢ > 0.
Plugging (22) and (23) into (21) to get

2
Z Loi ||xk — xi||” < Z 2nin*L vaf’i (x1) = Vsi(2) —|— 8nin®L? By (z,x.) + 4nj ZL Z Vf (xx)
i=1 i=1 i=2
Combing (20), we obtain
1 2
1 n l 11—
52}302<xk+1,xk> — B, (2,x}) <L |xx41 — xx|° + 8nfnL? By (, x..) +4nk2 ZIVfaz ()
= j=
1 & 5 o= 2
+EZ 277kn vaak ) vfo' ( )
i=1
2
<L|xxs1 — x> + 8570 L? By (2, %.) + 41 Z ZVf (x|
=2
where the last inequality is due to 27],%n2f/ < 2; < H%,Vi € [n] from the condition 7y, < ﬁ Vk € [K]. O
ok

Next, let us consider the Lipschitz case, i.e., |V fi(x)|| < Gy, Vx € R%,i € [n]. Unlike Lemma D.2, the following lemma
shows that the extra term £ 37 B (X1, X)) — B, (2, xi ) can be always bounded by G, n, ny, and ||xj+1 — X || now
regardless of what z is.

Lemma D.3. Under Assumptions 3.2 and 3.5, for any k € [K|, permutation oy, and z € R%, Algorithm 1 guarantees

1 . . _ _
- > Boi (%u41,%},) — Boy (2,%}) < 2G ||xp41 — x4 + Gy

Proof. By noticing Ba,g > 0 because of the covnexity of fo.i (x) from Assumption 3.2, we have

1 :
- Z B, (Xp41,%;) — Bsi (2 LX) Z By (Xk41, xi). (24)
i=1

Under Assumption 3.5
Bt (X415 X5,) = foi (K1) = foi (%) = (V fori (X3,)s X1 — X5,)

S (Vi (k1) Xpeg1 = Xi) = (Vo (K1), Xep1 — X,)
< ([t It o
< 2G i |[Xk+1 — XkH < 2G0k (||Xk+1 — Xk” + ||Xk — Xk||)

where (a) is by the convexity of f,; (x) from Assumptlon 3.2. Therefore

n n

1 ) 1 2 .
- ZBUZ (Xpt1,Xp) < - ZZG% %1 — xil| + ||xk — xx]|) = 2G [|xp41 — %k ]| + = ZG% —xg||. (25)
1=1 1=1 =1
Note that x;, = x},, hence
2 n D) n n 1—1 277k n 1—1
i 1 j
2N G Ik =kl = 23 G~ xbl < 2SS G [ ] = S S 6 |V, )|
i=1 i=2 i=2 j=1 i=2 j=1
n i—1 n
< 21 ZZG% ol = U (Z ng> ZGQ <G*(n—Dmp < G (26)
1=2 j=1 =1
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Combining (24), (25) and (26), we obtain

1 & . . _ _
- > Boi (%k11,X}) — By (2,%}) < 2G |[xk1 — x4 + Gy

D.2. Smooth Functions
In this subsection, we deal with smooth functions and will prove two important results.

First, we present the most important result for the smooth case, Lemma D.4. The main difficulty is to deal with the extra term
By (z, x,) after using Lemmas D.1 and D.2. Suppose we follow the same way used in the previous works, i.e., setting z = zy,

for a carefully designed sequence {zy, Vk € [K]}. We can only bound F'(xx 1) — F(x.) by (D(Zkl,(z1 By (zk, x4)).

A key observation is that By(zy,X,) = (’)(ZIZ:1 By(x¢,%.)) because z; will be taken as a convex combination of
X4, X1, ,X). Thus, we can bound F'(xx 1) — F(x.) by O(Zle By (x,x)). However, this is not enough since we
still need the bound on By (xy, x,) for every k € [K]. Temporarily assume 1)(x) = 0, we can find there is By (xx, X,) =
F(xp) — F(x4). Soif F(x)) — F(x,) are small enough for every k € [K], we can hope that F'(xx11) — F(x.) is also
small. This thought inspires us to bound F'(xy41) — F(x,) for every k € [K] instead of only bounding F'(xx11) — F(X.).
Hence, departing from the existing works that only bound the function value gap once for time K, we prove the following
anytime inequality, which can finally help us prove the last-iterate rate (see the proof of Theorem C.1). In addition, we would
like to emphasize that the sequence {z,, V¢ € [k]} now is defined differently for every k& € [K| as mentioned in Section 5.

Lemma D.4. Under Assumptions 3.1, 3.2 and 3.3, suppose ny, < o \/ﬁ Vk € [K], then for any permutation oy, Vk € [K],
Algorithm 1 guarantees

2 k 3 k 8n2[? (Zk 3)
X~ X An R Me—1 s=¢ s
F(xp1) — F(x,) < w+z#+z k
MYy i et s = (Z » 773) (Zs:e_1 775)

By (xe,x.), Vk € [K],

where Ry is defined in Lemma D.2.

Proof. Fix k € [K], we define the non-decreasing sequence

ve 2 Vs e [K], @7
Z@:s 772

Vo é U1, (28)

and the auxiliary points zg = x, and
z, 2 (1 — USI) Xs + vsflzs,l,Vs € [k]. (29)

Vs Us
Equivalently, we can write z; as

. ﬂﬁz” Ly, s € {0} U K] (0)

Note that z; € dom, Vs € {0} U [k] since it is a convex combination of x,, X1, - - - X due to vs > vs_1 and all of which
fall into doma.
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We invoke Lemma D.1 with k = s (this & is for k& in Lemma D.1 and is not our current fixed k) and z = z, to obtain

3

”zs XSH2 1 st Xs+1||2 ||Xs+1 XSH2 1 . i ]
FX+ - F < — — — +nu — +,E qux_,_ x') — B,i X!
(xst1) (2,) < 2nns s w 2n 2nns i1 Us( 1 %) 7 (=, 3)

(@) HZS - XSH2 |Zs — XS-HH2 HXS-H XSH i

= "om.  o2m, 2w m ZB (csr1,%0) = Boy (2 %2)

®) ||z — X5H2 |zs — XSJrIH2 l[Xs+1 — XSH 7 2 2 272 2

< - - + L |[xs41 — xs||” + 8n5n" L7 By (zs, X)) + 415 R
2nn, 2nn, 2nn,

© ||zs — XS||2 |zs — X8+1|| 2,272

< —~ + 8n2n°L? By (25, %) + 472 Ry,

2nns 2nns

Where (a) is due to gy > 0, (b) is by Lemma D.2 and (c) holds because of L <
,Vk € [K]. Note that

27% from the requirment of 7, <

2nV LL*

Us—1

2 (29 Ug—l 2 2
- b) ”zs—l - Xs” ”Zs—l - XsH ,

S S

1zs — x|

where the last inequality is due to vs_; < v,. Hence

Vg1

2
Zo_ 1 — X o
F(xs41) — F(zs) < 25— il s X1

8n°n2L2B(zs, X, ) + 472 R,
2nm, 2nm; + o #(Zs, %) + 4

2 2
Vs—1 ||z571 - xs” _ Vs ||Zs - Xs+1||
2n 2n

= NsUs (F(x541) — F(zs)) < + 8n§’vsn2EQBf(zs, X4) + 4n§’USRS, 3D

£Q.

Summing (31) from s = 1 to k to obtain

2 2 k 2 k
vo ||z20 — X1 Vg || 2k — Xk+1]| Vo [|Xs — X1
g — F < — g < g X 32
nsvs xs+1 (Zs)) ~ 21’L 2n + — Qa = 2TL + — Qav ( )

where the last line is by zg = x, and ||z — Xk+1||2 > 0.

By the convexity of F'(x) and (30), we can bound
S S
Vg v — Vg1 Vg — Vo1
F(z,) < 2 F(x, 2TV piy,) = F(x. DT (pix,) - F(x,)),
(z5) < (%) + Y (xe) = F(x.) + ) (F(xe) — F(x4))

which implies

k s
Znsvs (xo11) = F(zs) 2>, ( (F(xos1) = F(x.)) = 3 (06 = ver) (F(xe) - F(x*»)
s=1 l=1
k k s
=D nsvs (F(xe1) = F(x)) = D> ns(ve = ve—) (F(xe) = F(x.))
s=1 s=1¢=
k k lk
=3 v (Flxen) — Fx)) = 3 (S0 ne) (v — vem1) (F(x5) — F(x.))
s=1 s=1 l=s

K
=nkvk (F(Xg41) — F(%)) — (Z m) (v1 = vo) (F(x1) — F(xx))

k
+Z Ns—1Vs—1 — (ZW) s — Us— 1)

s=2

(F(xs) = F(x.)).-
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28
Note that v 2 voand for2 < s < k

k
Ns—1Vs—1 — <ZW) s — Us—1) < > m) Vs—1 — (Zm) ve @~ = 0.
{=s

l=s—1

Hence, we know

Znsvs (Xs41) — F(zs)) > nevg (F(xk+1) — F(xx)) - (33)
Plugging (33) into (32), we obtain

2 k
Mok (F(Xg41) — F(x4)) < 2o Jote = 1" + ZQS

2n —
vo [|xe = x| 1 < anes |[x — x|
 Flen) - R < 2 el L sh g enen Ixxll’ | Lsn
Uk UL et 2n) oy me M
B E sYs sy &%) .
2n Zif:l ne ki M “=

(@) ()
For term (4), we have
Dy MER g nife
i) By T i) DY/ N

For term (47), by the convexity of the first argument of B(-, -) (which is implied by the convexity of f(x)) and (30), we
first bound

(35)

Vg — Uy : Vy — Uyp—
Bylnn %) < 0By x) + 3 B ) = 3 U B k),

S S

=1 =1
which implies
1 k s
(i) < — Z 8n2n?L? (vy — ve—1) By (X, %)

ULy

28) 1 k s

= — Z 8T)§TL2L2(’L)5 — ’Ug_l)Bf(Xg, X*)
Mk s=2 (=2
1 k k

= — Z 8712[/2 (Z ni’) (”Ug — Ug_l)Bf(Xg, X*)
L s—¢

k k
en 1 = Mk Mk
= — E 8n?L? § 77?) (Ek = )Bf(Xg,X*)

s=/ 775 Zs:(—l 778

Bf(Xg,X*). (36)

Plugging (35) and (36) into (34), we finally obtain

2 k 8n2L2 (Ek 3)
N 4 Te—1 s=/ s
F(xpy1) — F(xi) < LIX 2l +Z ke +Z %
2”2@ 1M =1 Zs eMs ¢ 2( o= N?s) (252e71 775)

k
Bf(Xg,X*).
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The second result, Lemma D.5, is particularly useful for the strongly convex case, i.e., j1y > 0 or iy > 0. Though the
distance from the optimum is not the desired bound we want, it can finally help us to bound the function value. The key idea

2
X[%]HH . A similar

2
Xy — x[%HlH tobound F'(xx+1)—F(x4)

argument showed up in (Cha et al., 2023) but was used to bound F/(x%2! | ) — F(x,.) (recall x{2i} | £ @ PO (57 Xk41):
2
In contrast, our work directly bounds the last iterate instead of the tail average iterate.

Lemma D.S. Under Assumptions 3.1, 3.2, 3.3 and 3.4, suppose n;, < o \/m Vk € [K), then for any permutation
ok, Vk € [K], Algorithm I guarantees

2 k 3
Xy — X &y R
k1 — xe))* < — | il +Y — et Wk € [K],
Hs:l(l + nﬁs(ﬂf + 2,“1/))) /=1 Hs:é(l + nns (Mf + 2;%))

where Ry is defined in Lemma D.2.

Proof. We invoke Lemma D.1 with z = x, to obtain

I — x| %+ — Xk+1\| I — )
F —F(x,) <— —
(oiin) — Flx.) < 0 ey i
+ - § B, Xk+1vxk) B (., X7,)

i=1

(@) [|x, — x| 1 Xy — X 2 Xpo1 — Xi|l?
A sl (1 gy I ™ xe41 — x|
2nny Nk 2n 2nny,

+ L||xpy1 — x]|* + 8nEn2L? By (x., %) + 407 Ry,

®)||x,. — x 1 Xy — X
Ol il (1N e sl e
2nny, Mk 2n

where (a) is by Lemma D.2 and (b) holds due to L < ﬁ from the requirment of 7, < - € [K] and

Bj(x4,x%4) = 0. Note that x,, € argmin, s F'(x) implies IV (x,) € 01(x.) such that V f(x,) + Vw(x*) 0, hence

h»—t
~
*

Flxirr) = F(x.) = F(xe1) = F(x.) = (VF(x.) + Vi(x.), Xo1 — x.)

My + Hy
o |

= By (Xg41,X+) + By (Xpt1, Xs) > —xp1l?,

where the last inequality is due to the strong convexity of f and . So we know

iy o+ o =il (1 I = xstll® L
BEER o, e )P < B XL (2 ) B2 Xkl g2,

2 2nmy, Mk 2n
S (1 kg + 2000)) e — %412 < 1o — x| + S R
Xy — X Snn3 R 1+ nn, + 2
= ||X* - Xk+1||2 < T ” 1” + Zf 1 SNy ZHS 1( n (Mf Mw))
[Tooy (1 +nns (g +2py)) TTe (14 nm (g + 201))
k
l|lx. — X1||2 8nm; Ry

+ .
k k
[Toy (Ut mms(y +205)) = TLomg (U4 nms (g + 201))

D.3. Lipschitz Functions
We focus on the Lipschitz case and prove two useful results in this subsection.
We first introduce Lemma D.6, which is a consequence of combining Lemmas D.1 and D.3. However, the proof of Lemma

D.6 is different from both the prior works (Zamani & Glineur, 2023; Liu & Zhou, 2024) and Lemma D.4. For any fixed
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k € [K] here, instead of setting z = z, directly, we will invoke Lemma D.1 k + 1 times with z = x, for £ € [k] and z = x,
and then sum them up with some weights. The key reason is that we need a refined bound for proving Theorem C.4. To be
more precise, one can see there is an extra negative term — || X, — X 11 H2 showing up in Lemma D.6. It plays an important
role in the proof of Theorem C.4. However, if we totally follow (Zamani & Glineur, 2023; Liu & Zhou, 2024), the term
— [|%% — XK 41 H2 will be replaced by a larger quantity, which cannot help us prove Theorem C.4.

Lemma D.6. Under Assumptions 3.1, 3.2 and 3.5, let v, = ny, H§=2(1 + nne—1p4y), Yk € [K|. For any permutation
ok, Yk € [K], Algorithm 1 guarantees

2 2 K
F(xgi1) — F(x,) < [[x. — x| llx« — x| 1+ 3G2n kT

< = Ve .
203 S W =1 2ot Ve
Proof. We define the non-decreasing sequence
w2 K vk e K], (37)
D Ve
Vo e V1. (38)

Fix k € [K], we invoke Lemma D.1 to obtain for any z € R¢

HZ—XkH2 1 \|Z—Xl~c+1||2 l[Xk-+1 —Xk||2
F —F(z) <= 2R (= 4 -
(XkH) (2) < 2nny, Nk Ty 2n 2nmy,

1 . 7 7
+ > By (Xk11,%}) — By (2,%})

i=1
@lz—xil* (1 Iz = a1 s = il
<S———— | —+tnuy —

2nny, Nk 2n 2nny,

+ 2G| xp 1 — Xk || + G

®) ||z — x5 ” 1 Iz — xkal® o~
< - + Ny + 3G*nny,
2nny, Nk 2n

—1 2 2
k Z — X 1 Z — X =
= i (F(xp1) — F(z)) <20 27 X0 | I”_ Ve | — + gty llz = i I” 3Gy
2n Nk 2n

— — 2
@l 1z = xell® ity 12 = X |

e + 3Gy, (39
2n 2n
where (a) is due to Lemma D.3, (b) is by AM-GM inequality and (c) is because of
1 1 k k41
Vi (m + nw) = (m + Ww) e [T (44 nme—rpmg) = TT (4 + nne-1pg) = vesamity-
=2 =2

Taking z = x, for £ € [k] in (39) and multiplying both sides by vy — vy_1 (it is non-negative due to vy > vy_1) to obtain

_ 2
Uixe — x|? B Vi1 11 X6 = g4 |
2n 2n

i (ve = 1) (F(x1) — Fxe)) < (ve — vgo1) (W”’? + 3G2nw7k> .

Summing it up from ¢ =1to k

k
Z%(W —ve—1) (F(Xp41) — F(xe))
=1

e _ k 2
< RN ! Z’ng(w — 1) |xe — xi | B Vet 1M1 Dopmy (Ve — ve—1) X6 = Xpeg1 |

2n 2n + 3Gy (vk — vo).  (40)
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Next, taking z = x, in (39) and multiplying both sides by v to obtain

_ — 2
W o 1% = xll® Veramdao 1% = Xpa |

oo (F(xXp41) — F(x4)) < o o + 3G nyemivo. (41)
Adding (41) to (40) to get
k
> m(ve = vp—1) (F(Xkg1) = F(x0)) + yvo (F(xx11) — F(x.))
=1
g o e = xel® e % = xeal® L
< - + 3G NNk
2n 2n
_ - - k 2
Ve, ' ZIZ:%(W —vp—1) [Ixe — X1c||2 ’Yk+177k+11 D req (e —ve—1) [[xe — Xpya ||
+ 2n B 2n ' “42)
Summing up (42) from k = 1 to K to get
Kk
Z Z’)’k(vz —vp_1) (F(xp41) — F(x¢)) + Z Yevo (F(Xp41) — F(x4))
k=1 (=1
o e o e = el iy oo [ — i S
< Z on - on + Z YKk Vk
k=1 k=1
K —1 k-1 2 -1 k _ _ 2
LN R Sy (e —vem) [Ixe = xkll” Vet Min 21 (Ve — vem1) [ — Xppa |
2n 2n
k=1
e o ke =l v vo % — xuci | N igé% ;
= m m £ Ve Vk
— K 2
B VA1 Dope (Ve — Ve—1) [[Xe — X1 |
2n
vl =l vollx —xil® | g~ gm0
<= - o +> 3G nympur, (43)
k=1
where the last line is by v17; ' = 1, Y 1n5 'y = N+ e py) > 1and (ve — ve_1) [|xe — x5 1] > 0.

For the L.H.S. of (43), we observe that

M=

Vi (ve — ve—1) (F(Xk41) — F(x¢))

~
!

1

K k
Yi(ve — vo—1) (F(Xpt1) — Z Z’Yk vg —vp—1) (F(x¢) — F(x4))
k=

~
Il
—

M= 1= T+

K [ K
Y (Vi — o) (F(Xg11) — F(X4)) Z (Z ) v —vp—1) (F(x¢) — F(X4)) .
k=4

X
Il
—
~
Il
—_
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Hence

k
Z’we vp —ve—1) (F(Xpt1) — Fxe)) + Z%Uo (Xp41) — F(x4))

K
>
k=1 (=
K K

Z’kak (F(xk4+1) — F(x4)) Z <Z ’Yk> ve —vg—1) (F(xe) — F(x4))

_

Note that v @ vpandfor2 <k < K

K K K
(€2)]
Vh—1Vk—1 — <Z ’Ye) (v — vp—1) = ( > ’Yz) Vk—1 — <Z ’)’e) e = 7k — 7k = 0.
¢

{=k =k—1 {=k

Thus, we know

K k
SO v — vem1) (F(xig1) — Fxe)) + Z Yvo (F(xk+1) — F(x.)) = vxvi (F(xk41) — F(x.
k=1 ¢=1

~

Plugging (44) into (43), we finally obtain

2 s K
vo % — 1|7 wo X — Xkl ~2
TrvK (F(xx41) = F(x4)) < o - on + ]; 1: 3G kU
vo | — xal” = flx — xgcpalf 2 VENEVE
= F(xgi1) — F(x:) < . +3G*n
(XK+1) (%) B— on § : po—

61,09 1% — X1 = %0 — Xig1]? i = ek
2n Zk:l Tk k=1 ZE:k e

).

(44)

O

Next, for a special class of stepsizes (including the stepsize used in Theorem C.4 as a special case), the following Lemma
D.7 gives a uniform bound on the movement of x;, from the initial point x;. A simple but useful fact implied by this result
is that 7, is also uniformly upper bounded. This important corollary will finally lead us to an asymptotic rate having a linear

dependence on D (see the proof of Theorem C.4 for details).

Lemma D.7. Under Assumptions 3.1, 3.2 (with p1, = 0) and 3.5, suppose the following two conditions hold:

1. g = rine, Vk € Nwhere ry, = r vV maxye [|x¢ — X1 || for some v > 0 and 1y, is a positive sequence defined on N.

2. Zzil 6@271277% <2< 1 for some constant ¢ > 0.

Then for any permutation oy, Vk € N, Algorithm 1 guarantees

2
||Xk—x1||§m||x* x1||+ TVkGN

33



On the Last-Iterate Convergence of Shuffling Gradient Methods

Proof. We invoke Lemma D.1 with z = x,, and p, = 0 to obtain

o Y N e ;
F _F(x.) < - - o8 B, (xs, .
(i) = Fl3e) < 201 201y, 207 n & ot (941, %3) = By (%0, %))
(@) [|x, — x5/ X. — X 2 X . - =
9wl e wnl? e xl® e

2nny, 2nny, 2nny,

2 2
e = Xl

2nny, 2nny,
where the (a) is due to Lemma D.3 and () is by AM-GM inequality. Note that F'(xxy1) — F(x«) > 0, hence

+ 3(_}’2n17k,

I = xpsall® < Il — xil® + 6G7n?n?
k
= e = x| < [xe =30l + 3 6G7n?n?
(=1

= e =Xl < e =30 4 15 = Xisal] < [xe = x| + | e =32+ 7 662022
=1

Z 6G2n272,

(d)
< 2w = xall + erk < 2 =3[+ er+ emaxffxe =], (45)
€

_ (c)
< 2%y —x1]| + ZGG%%% < 2||xe — x1|| + 7%
=1

where (c) is by n? = r2nz < rinz, Ve € [k] and (d) is from the requirement Y- | 6G*n?7? < 2.

Now we use induction to prove (45) implies the following fact when ¢ < 1,

2
Ixi — x1]| < 1% ||xs — x1]] + 7’ Vk € N. (46)

Firstif k£ = 1, (46) reduces to 0 < = Hx* x1|| + 7%, which is true automatically. Suppose (46) holds for 1 to k. Then
for k + 1, by (45)

Ixkt+1 — x1|| < 2||%s — X1 || + ¢r + cmax ||xp — x|
Le k]

2 c
<2|xe — x| Fer+ | — [|xe — x| + T
1-c 1-c
2

= lx -

1—

Therefore, the induction is completed. O

E. Technical Lemmas

In this section, we introduce two helpful lemmas used in the analysis.

2
,Vk € [K] defined in Lemma

D.2. Specifically, we will prove two bounds for this term: one in (47) holds for any permutation, and the other in (48) holds
for the permutation uniformly sampled without replacement. It is worth noting that if L; = L for any ¢ € [n], then one can
apply Lemma 1 in (Mishchenko et al., 2020) to get the desired bound. However, L, can be different in our setting, which
requires a more careful analysis.

First, we provide an upper bound for the residual term Ry, = Zl 2 T HZ ( *)

Lemma E.1. Under Assumptions 3.1 and 3.3, for any permutation o of [n), there is
2

n 1—1

Ly _
§ 7;’ § Ve (x| <n’Lol,,. (47)
i=2 j=1
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If the permutation o is uniformly sampled without replacement, there is

2
n

Z Lot ZVfC,J X, ; Lo2 4 (48)

=2

where the expectation is taken over the permutation o.

Proof. First note that

n n 1—1

Z UZ vaaﬂ X*) SZZLW Z._l ”vfaJ X*

n
=2

(i = 1) IV fos (x|

s
,_n

j=1l1i=35+1

,_.

Z IV fos (x)1* S LY IV fos ()P = n°LoZ,y-

j=1
Next, suppose o is uniformly sampled without replacement.
When n =2
? 2 2
" Ly L2 Ly |V fa(x)||” + L2 |V f1 (%«
B Y= Zm )| | =B | 582 19 g oot | = VLA L2 VA
=2
Lt Ly VA4 IV LiIVAGI + L [V falx)]
2 2 4
:[_/Jgny
_ 2 _
Sng g nLo rand’
where the last inequality holds due to 2, < 02, + 2|V f (x.)|I> = 2,4 and Zn=%>1
Whenn > 3
2 ' 2
n O-L 1 n
By vam x| | =5 DE [ Lot | D0 Vo (x.)
=2 =2 Jj=1
1 n i—1
2
=B L V)P YD LoV (), Valx)
=2 |j=1 1<p#q<i—1
n t—1
1
7221@[ i IV £ (% ||] Z N E[Lt (Vo (%), Vfa(x:))]. (49)
=2 j=1 =2 1<p#q<i—1

For j < 7, we have

B (Lot 1970500 1F] = E[E [Loe | 7] 19 s eoI] = B [PE2220 19 ]
= - n Lo, - Z?-i(él?%(x*w
N igzﬂ«: Lo 192, x)17) = ;gg (nliazny - L ijl'v{f)(x*)'F)
RN v /1 o

35



On the Last-Iterate Convergence of Shuffling Gradient Methods

For1 <p# q <i—1,wehave

E[Loi(V for(x:), Vgr(x:))] = E[E[Lgi [ 07, 0 (V for (%), V foua (x:))]
TLE - La-p - Lo-q

i | M Y s ). V)|
nL 1
= SB[V for (%), Vou(x))] = ——5E[(Lov + Loa) (V for (%), Vfou (x))] - (51)
Note that
Xy) — oa (X V f(x 2 gny
B for ),V fon ] = B [(TLED =T8]]I 0
and
E[(Lor + Loa) (V for(x4), V foa(x4))]
=2E [Lor (V for (xs), V fra (X4))]
=28 | Lo (), A =T )|
2T LV Sex), VG 2300 L Ve )
n—1 (n—1)n '
Plugging (52) and (53) into (51) to obtain
E [Lai<vfcf"(x*)a V foa (X*)”
Lol V)P oy 1 (200 LV, VIR 250 LoV fux)
n—2 n—1 n—2 n—1 (n—1)n
L VFGe) |~ o — 2Tiy LiVA(a) VF(x) 250, LoV
B (n—2)(n—1) (n—2)(n—1)n ’
which implies
I Y B (Vi) Voa ()
1=2 1<p#q<i—1
RS n?L ||V f (o) lI” = nloy, — 2000 LeVfe(x), VD)) | 2500 Le [ Vhe(xd)|
n i:ZQISp;f;Si—I (n—2)(n7 1) * (TL*Q)(TL* l)n
_LIVFG)I = nLoty = 2500 LoV fulx), V() | 2550, Lel|V felx)Il” 54)

3 3n

Finally, plugging (50) and (54) into (49), we know

n i1 2
E[ZLH > Vhax) ]
i=2 =1

L0y T LV | 250 Le [V i)

2 2n 3n
LIV = nLofhy = 20550, LeVelx.), VS (x.))
3
_nlody | Y LelVSxII® | LIVAG)I® 2000 LV elx.), Y (x.))
6 6n 3 3 '
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Note that

7 2 T
zL:1 Ly vaf(x*)H < nLJgny

6n - 6
n T n 2
20300 LeV fe(x.), VE(x4)) _ n2L V(x| o Iy LeV i )|
3 - 3 3n2L
n?L||IV (x| Ze AN
- 3 B 3n
nLIVFGI® | nlok,
- 3 3
Hence, there is
n i—1 2
L, ||« 2 2
E Z n Z vfaj (X*) < g’ﬂL (Ugny +n ||Vf(X*)H2> gnLJrand'
i=2 j=1
O
Next, we introduce the following algebraic inequality, which is a useful tool when proving Theorem C.1.
Lemma E.2. Given a sequence ds,--- ,dk,d§ 1, suppose there exist positive constants a, b, ¢ satisfying
a k dg
d < —-4+b(1+Ilogk — Vke [K 55
k+1_k+(+og)+c£k%+2, e [K], (55)
then the following inequality holds
a k-1 _
dps1 < (E +b(1+logk)) D (2e(1 +log )",k € [K]. (56)
i=0
Proof. We use induction to prove (56) holds for every k € [K]. First, for k = 1, we need to show
d2 § a+ ba
which is true by taking k = 1 in (55). Suppose (56) holds for 1 to k — 1 (where 2 < k < K), i.e.,
£-2 '
de < <£ — (1+log(¢ — 1))) (2¢(1 +log(f —1)))",V2 <l < k.
i=0
which implies
£-2 .
dy < (E—l +b(1 + log k)) (2¢(1+logk))",V2 < ¢ <k. 57
i=0
Now for dj,1, from (55)
o
< -
di4+1 A +b(1 4 logk) —1-0214 753
)
(2¢(1 +log k)’
c;g k—(+2) (6—1)
P2 (201 + log k)
141 1 —_ .
+b(1 + log k) ( +c2;1 P ) (58)
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Note that
k £-2 k-2 k
(2¢(1 +logk))" 1
(2¢(1 +1 k
>Y o Tra) (-1~ ° 2 (e +logh) (Z,(k—uz)(e—n)
(=2 =0 =0 =241
o k=2 ‘ k 1 1
= 2¢(1 4 logk))’
1 2 (2l +log ))<Z,k—€+2+€—1>
1=0 (=241
k—2 k k-2 i+1
i 2 375 (2¢(1 + logk))
2¢(1 + logk S < ==l
<y o (el log k)3 < PR
i=0 (=1
k i
Z ( c(1+logk)) < (20(1 +logk)) ’ (59)
k+1 k
and
k-2 k—2 k k—2 k
(2¢(1 + logk))" 1 1
-_ (2¢(1 + logk)) —<ec log k)) -
22 h i~ C2(2e(tlogk) iy S22 (2e(ltlo Ze
=2 i=0 =0 =241 1=0 =1
k—2 k—2 _
c(1+ logk) Z 2¢(1 + log k))* Z (2¢(1 + log k)™
i=0 1=0
k-1 '
= (2¢(1 + logk))" . (60)
i=1
Combining (58), (59) and (60), we obtain the following inequality and finish the induction
- k-1 ‘
dp+1 < — Z 2¢(1 +logk))’ + b(1 + log k) (1 + Z (2¢(1 + log k:))l>
P i=1
k-1
<k +b(1 + logk) ) ZO (2¢(1 + logk))"
O

38



