IEEE TRANSACTIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE, VOL. 47, NO. 5, MAY 2025

3611

Generalized Time Warping Invariant Dictionary
Learning for Time Series Classification
and Clustering

Ruiyu Xu ", Chao Wang

Abstract—Dictionary learning is an effective tool for pattern
recognition and classification of time series data. However, real-
world time series data often exhibit temporal misalignment due to
temporal delay, scaling or other temporal transformations, which
poses significant challenges for effective dictionary learning. Dy-
namic time warping (DTW) is commonly used for dealing with
such misalignment issues. Nevertheless, the DTW suffers over-
fitting or information loss due to its discrete nature in aligning
time series data. To address this issue, we propose a generalized
time warping invariant dictionary learning algorithm in this pa-
per. Our approach features a generalized time warping operator,
which consists of linear combinations of continuous basis functions
for facilitating continuous temporal warping. The integration of
the proposed operator and the dictionary learning is formulated
as an optimization problem, where the block coordinate descent
method is employed to jointly optimize warping paths, dictionaries,
and sparse coefficients. The optimized results are then used as
hyperspace distance measures to feed classification and clustering
algorithms. The superiority of the proposed method in terms of dic-
tionary learning, classification, and clustering is validated through
ten sets of public datasets in comparison with various benchmark
methods.

Index Terms—Time warping, dictionary learning, time series
classification, time series clustering.

1. INTRODUCTION

ICTIONARY learning represents input time series data as
D the combination of a few basis functions, known as atoms.
These atoms contain critical temporal features of the original
time series data and thus are defined as the dictionary for the
data. The dictionary learning has been successfully applied in
various tasks such as feature extraction [1], reconstruction [2],
denoising [3], compressed sensing [4], classification [5], [6],
and clustering [3], [6]. However, traditional dictionary learning
assumes that input data is well-aligned with atoms, which is
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often violated in practice. For example, biological processes
exhibit variability in rate and progress across organismes, strains,
individuals, and conditions, which pose difficulties in identify-
ing disease progression among affected individuals [7]. Such
misalignment also makes it challenging for traditional methods
to reveal latent dictionaries and achieve accurate prediction in
subsequent tasks.

In recent decades, various techniques have been proposed
to address the misalignment in dictionary learning. They
can be broadly classified into three categories: kernel ap-
proaches, shapelet learning approaches, and dynamic time warp-
ing (DTW, [8]) based approaches.

The Kernel approaches [9], [10], [11], [12], [13] map time
series data into an implicit reproducing kernel Hilbert space,
and dictionaries and atoms are learned in this implicit space.
Although kernel approaches are flexible in dealing with various
kinds of misalignments, their operations and learning in implicit
space raise practical concerns in interpreting the results [14].
Moreover, the performance of kernel approaches highly depends
on the selection of kernels and their parameters, which impairs
their performance and robustness in subsequent tasks of classi-
fication and clustering [14].

The shapelet approaches [15], [16], [17], [18], [19], [20]
represent the original time series data as various local atoms,
known as shapelets, which can be used to extract local, phase-
independent similarity in shape. Although these methods are
capable of learning representative local patterns, there lack of
an efficient and interpretable way for integrating local shapelets
into a complete time series data. This limits the shapelet meth-
ods in providing a comprehensive analysis of global features.
Moreover, shapelet approaches require a large training dataset
to capture sufficient shapelet candidates, which can be compu-
tationally expensive in terms of time and resources.

To provide a more interpretive analysis of global patterns,
the third category of approaches [14], [21], [22] introduces a
kind of warping operator to align the input time series with a
dictionary based on DTW alignment or its variants. In this frame-
work, the sparse coding, dictionary, and warping operators are
jointly optimized. However, the effectiveness of these methods is
heavily influenced by the DTW alignment performance, which
could be compromised due to multiple factors. First, DTW is
sensitive to noise, as small fluctuations in the time series can
result in significant changes in the alignment. It may produce
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inaccurate warping outcomes in the presence of noise. Second,
DTW may yield counterintuitive and suboptimal alignments
due to its discrete nature. This could result in a single point
from one time series being mapped to a section of another
time series [23]. Such alignments would lead to overfitting and
information loss about the subtle details. Third, DTW assumes
the start and end points of the two time series must be aligned,
which is known as the boundary condition. This assumption
hinders the application of DTW in aligning partial data among
different time series, which is commonly encountered in signal
extraction/enhancement.

To address these issues in DTW-based dictionary learning,
this paper proposes a novel method called Generalized Time
Warping Invariant Dictionary Learning (GTWIDL) that re-
laxes warping boundaries, expands applications, facilitates inter-
pretability, and improves the performance of dictionary learning.
More specifically, inspired by Zhou’s works [24], [25] of contin-
uous temporal alignment, the proposed method parameterizes
the time warping operators as a linear combination of a few
monotonic functions, which achieves more accurate alignments
and relaxes the boundary conditions. Our model also features a
[1 Lasso penalty to ensure sparse parameters, which is especially
time-efficient when dealing with multi-dimensional time series
data. An iterative optimization algorithm is further developed to
sequentially update the sparse coefficients, dictionary, and warp-
ing operators. Case studies show that this optimization algorithm
consistently demonstrates high accuracy and convergence for
various datasets. Based on the optimized results, time series
classification and clustering algorithms are further developed
to take advantage of the improved dictionary performance to
achieve superior accuracy in corresponding tasks.

The contributions of the paper are as follows:

® We propose a novel framework for time warping invariant

dictionary learning. By formulating the warping opera-
tors as a continuous and unconstrained warping path, our
approach addresses the limitations of traditional DTW-
based methods and facilitates joint alignment of multi-
dimensional time series data.

® We develop an efficient optimization algorithm to jointly

update the sparse coefficients, dictionary, and warping
operators.
® Based on the proposed dictionary learning framework, we
further develop classification and clustering algorithms by
using the reconstruction error as the loss function. The clas-
sification or clustering accuracy is significantly improved.

® The proposed methods are evaluated on various public
datasets consisting of both one-dimensional and multi-
dimensional time series data. The experimental analysis
indicates that the proposed algorithm surpasses the per-
formance of traditional dictionary learning methods and
existing time warping invariant techniques.

The remainder of this paper is organized as follows. Section II
provides relevant background information and a review of re-
lated works. In Section III, we present our proposed generalized
time warping invariant dictionary learning framework, optimiza-
tion algorithm, and related analysis. Time series classification
and clustering algorithms are further developed in Section I'V.
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We evaluate the proposed methods on several representative
datasets to demonstrate their effectiveness in Section V. Finally,
Section VI provides a brief conclusion of this study.

II. RELATED WORK

In this section, we present a brief overview of the related
works, focusing on temporal alignment and time warping in-
variant approaches in dictionary learning, classification, and
clustering methods.

A. Temporal Alignment

Misaligned data, typically unsynchronized along the time
axis, often arises from multiple sources or disparate collection
times and locations. Temporal alignment synchronizes these
misaligned data streams or time series, enhancing feature and
pattern extraction efficiency. A key focus in this field is Dynamic
Time Warping (DTW) [8]. The DTW adjusts time series by local
stretching and compression to minimize their euclidean differ-
ence post-alignment, thereby enabling an optimized pairwise
match. Specifically, DTW is defined as follows.

Given two time series, x = [£1,Z2,...,2Zy,] € R™ andy =
V1,92, Yn,] € R™, DTW aligns x and y such that the sum
of the distances between the aligned samples is minimized:

l

. 2
{p””I,rng}le\I' dorw (x,¥) = ; oz — Ypy ||2 ’ (1
where p® € {1 :n,}' andp? € {1 : n,}' are the warping paths
of time series x and y respectively, [ > max (n,,n,) is the num-
ber of indices used to align the samples, and [ is automatically
selected by the DTW algorithm. The ith frame in x, i.e., x;,
and the jth frame in y, i.e., y;, are aligned if there exist py = i
and p} = j at some timestamp ¢. ¥ gives the constraints that
warping paths p® and p¥ must satisfy, including the boundary,
monotonicity and continuity constraints:

e Boundary: p{ = 1,p} = 1,p} = n, and p] = n,,.

* Monotonicity: t; > to = pf, > pf, and pj, > pf,.

e Continuity: [pf, pj] — [pf"1,p{ 1] € {[1,1],[0,1], [1,0]}.

The DTW algorithm efficiently solves this optimization prob-
lem via a dynamic programming approach. The computational
cost of the DTW algorithm is O(n,n,) in space and time [26].

Extensive research has focused on enhancing the DTW al-
gorithm, particularly in speeding up computations and refining
warping path control. Techniques such as global constraints
(Sakoe-Chiba band, Itakura Parallelogram band [27]) and multi-
level searching approaches [26], [28] have significantly expe-
dited DTW. Additionally, advanced feature extraction methods
like derivatives [23], phase differences [29], and local struc-
tures [30], [31] have been explored to deepen the understanding
of alignment. Despite the progress in improving the DTW, these
methods still belong to the discrete warping framework, leading
to less accurate warping paths. In particular, a single frame of
one time series may be assigned to many consecutive frames in
the other time series, causing overfitting or information loss. To
address this issue, Zhou et al. [24], [25] proposed a Generalized
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Fig. 1. An example of aligning time series in discrete and continuous ways.
(a) Two 1-D time series (n, = n, = 8) and the discrete alignment between
samples computed by DTW. (b)-(c) Discrete warping matrices for two time
series. (d) Continuous alignment between samples. (e)-(f) Continuous warping
matrices for two time series.

Canonical Time Warping (GCTW) method. The GCTW incor-
porates a linear combination of monotonic functions to represent
the warping path and provides a more flexible and continuous
temporal warping. GCTW also relaxes the boundary constraint
in regular DTW.

Fig. 1 illustrates temporal alignment using both discrete
and continuous methods. Discrete alignment, performed by
DTW as shown in Fig. 1(a), involves pairwise alignment be-
tween two time series, leading to one-to-many alignments at
specific frames. The corresponding discrete warping matrices
(Fig. 1(b)—(c)) contain binary elements determined by warping
paths. On the other hand, continuous alignment (Fig. 1(d)) al-
lows the interpolation of unobserved frames, where the resulting
warping matrices (Fig. 1(e)—(f)) facilitates decimal descriptions
for more subtle alignment. For example, the aligned 4th frame
(the 4th column in W and W) in discrete and continuous
alignmenthas 0 and 0.5 euclidean difference, respectively, which
shows the superiority of the continuous strategy.

Despite its superior performance, the GCTW has not been
investigated beyond time series alignment. In other words, there
is a research gap/question about whether or how the superior
alignment performance in GCTW can benefit broader time series
applications such as modeling, classification, and clustering. Our
work, i.e., the GTWIDL, aims to fill in this research gap by
investigating dictionary learning with GCTW. This represents
a significant contribution of our proposed method since it is
the first work that provides a general framework for integrat-
ing GCTW with dictionary learning, which demonstrates great
potential for leading future research in this area.

B. Time Warping Invariant Dictionary Learning

There is very limited research on dealing with time series
misalignment via the DTW method in dictionary learning [14],
[21], [22]. The general idea of these existing methods is to first
align dictionary atoms and samples using the discrete DTW, then
the reconstruction error is formulated as the objective of model
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parameters (dictionary atoms, sparse coefficients, and warping
paths) and optimized by block coordinate descent algorithm.

Specifically, Yazdi et al. [21], [22] proposed a variant of the
DTW method known as the Cosine Maximization Time Warping
operator (COSTW), which aligns time series by minimizing the
cosine angle between sequences. Integrated with the Orthogo-
nal Matching Pursuit (OMP) method, it allows for suboptimal
optimization of sparse coefficients and warping paths. Subse-
quently, with fixed sparse coefficients and alignment paths, the
dictionary atoms are updated along the gradient direction until
convergence. In contrast, Deng et al. [14] proposed to first fix
the dictionary and then iteratively refine the warping paths and
sparse coefficients through the application of traditional DTW
methods and analytical solutions. Then, they utilize Principal
Component Analysis (PCA) to scrutinize the aligned data, lead-
ing to the extraction of updated dictionary atoms.

Although these methods achieved success in time warping
invariant dictionary learning, the use of discrete DTW and the
computational load in optimization are two intrinsic issues in
existing methods. The proposed GTWIDL method addresses
these two issues by investigating the flexibility and feasibility
when incorporating the GCTW [25] in dictionary learning.
Specifically, by easing constraints and augmenting optimization
processes, GTWIDL demonstrates superiority over traditional
discrete DTW-based dictionary learning approaches. Moreover,
by parameterizing the warping path, GTWIDL transforms the
optimization problem related to the warping path into a quadratic
programming problem, significantly reducing the algorithm’s
time complexity.

C. Time Warping Invariant Classification and Clustering

DTW method has been widely implemented in time series
classification and clustering for handling misaligned data. It
can not only provide distance measures, but also incorporate
with techniques like dictionary learning for classification and
clustering purposes. We briefly review these approaches below.

In classification tasks, distances between samples are often
computed using DTW or its variants (Derivative Dynamic Time
Warping [23], Weighted Dynamic Time Warping [29], etc.),
with classification conducted via a 1-Nearest Neighbor (INN)
classifier. Alternatively, these sample distances can be input into
other classifiers, such as SVMs, for classification [32]. Similarly,
in clustering tasks, distance or similarity matrices are calculated
using DTW or its variants, followed by spectral clustering for
the final grouping [33], [34].

However, these DTW distance-based methods face challenges
in handling large datasets. For example, classification tasks
require computing DTW distances between all training samples
and test samples, consequently leading to high computational
complexity. Additionally, DTW distance-based methods only
consider distance information, disregarding warping informa-
tion, which limits their ability in extracting data patterns. To
address these challenges, some works have focused on the com-
bination of the DTW technique and centroid-based classification
and clustering methods. Petitjean et al. [35] and Soheily et
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al. [36] utilized DTW Barycenter Averaging (DBA) and gen-
eralized k-means in classification, reducing computational load
and providing deeper insights. Similar centroid-based strategies
are employed in clustering [37], [38] as well.

These centroid-based methods assume that there is only one
centroid per class, failing to account for the presence of multiple
patterns within a class. To fill this gap, dictionary learning
methods have been utilized to incorporate multiple atoms for
modeling the patterns. Based on the previously mentioned time
warping invariant dictionary learning methods, Yazdi et al. [21]
consolidated various class dictionaries into a global dictionary,
aligning samples and representing them sparsely with this dic-
tionary. They then calculated reconstruction errors using only
subclass dictionaries, with the classification executed by the
smallest error. Further extending this approach to clustering
tasks, Yazdi et al. [22] iteratively refined dictionaries based
on clustering results and updated cluster assignments based on
the dictionaries until convergence. Besides, Deng et al. [14]
employed an SVM classifier using the sparse coefficients on
the global dictionary as features, and an Efficiently Learning
Shapelets (ELS, [39]) feature selection method is used to im-
prove classification accuracy.

Nevertheless, as aforementioned, the DTW suffers intrinsic
deficiency due to its discrete nature in aligning time series data.
This deficiency in data alignment will be propagated along the
modeling and analysis methods and finally impairs the perfor-
mance of classification and clustering.

As aresult, we propose a novel time warping invariant classifi-
cation and clustering method to acquire more accurate alignment
and achieve improved performance in classification and cluster-
ing. Notably, global averaging methods under DTW [37] can be
regarded as special cases of our proposed GTWIDL algorithm.
When the number of dictionary atoms is limited to one, the
proposed method essentially mirrors centroid-based methods
with an additional scaling factor. The GTWIDL algorithm can
adaptively learn the number of atoms, thereby offering enhanced
robustness in handling multiple patterns within a class.

III. TIME WARPING INVARIANT DICTIONARY LEARNING

In this section, we present the formalization of the proposed
time series dictionary learning that is invariant to time warping.
Instead of using the DTW method, we adopt the concept of
the GCTW method and describe warping paths in terms of lin-
ear combinations of predefined monotonic functions. Different
from the GCTW that focuses on alignment between samples,
the proposed GTWIDL learns data patterns by incorporating
dictionaries and sparse coefficients, thereby facilitating subse-
quent tasks such as classification and clustering. Besides, we
propose an efficient optimization algorithm, iteratively updating
dictionaries, warping paths, and sparse coefficients to achieve
optimal solutions. Finally, we provide a complexity analysis for
the proposed dictionary learning method.

A. Problem Statement

Given a collection of m one-dimensional time series, {x; } 7" 1,
traditional dictionary learning methods seek a dictionary D
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with a set of K time series atoms {dy}#_ |, and the sparse
representing coefficients a; = |15 ... ;] € RE for each
x; = [z, 2%, ..., 28] € R™™. Such an optimization problem
could be solved by minimizing the mean squared error between
the input and their reconstructions:

m 1 K 2
min —|lx; — airdi| + Aoyl
{di} iz {aa )iy ; n ; 2 ’
st ldel, =1, 2)

where the [/; penalty guarantees the sparsity of representing
coefficients and A represents the penalty parameter.

To address data misalignment, we introduce warping matrices
{W,}, into the optimization problem. These matrices facil-
itate time warping of each sample, i.e., x;, such that it aligns
well with the dictionary. Furthermore, we impose a constraint
on the sparse coefficients o¢; > 0, which ensures the coherence
of trends between samples and atoms. This constraint aims to
reduce the feasible region of the dictionary. Otherwise, the vari-
ables {&;}, = {—au}™, and {d;} 5| = {—d}.} | would
produce the same results. As a result, the [; penalty is equivalent
to a reduced linear function of «;.

m
. m
Jam e 7{Wi}i:1 E
{di}por {ai i, i=1
2

K

1

— xi—Zaikdei +11q; ,
k=1

ng
2

s.t. a; > 07 ]./anl = 1;%,

dill, =1, (3)

where the length of each sample and the length of atoms may
differ,X; € R1*™_d;, € R1*"P and the warping matrix W, €
R™p*™i is a presentation of the monotonous warping path. The
predetermined length of atoms np is selected as the average
length of training samples in our research. Such a framework
can be extended to a p-dimensional case.
m
min
{D; }f=1{az}?;1a{wt}7;1 Z

i=1

1 p
> |k — @l D;Wi||; + aren ¢
7 j:1

st a; > 0,1/

np

W, = ]'{n,n ”d]kHQ =1, 4)
where X is a p-dimensional time series X; € RP*" and the data
in j-th dimension is denoted as x;;. Accordingly, d;;, € R *"P
is the k-th atom in j-th dimension and D; = [dj1;...;d,k] €
RE>*"0 denotes the dictionary in j-th dimension.

The proposed framework (4) facilitates multi-pattern recog-
nition for multi-dimensional time series data with K atoms.
In addition, compared with the existing dictionary learning
approaches [14], [21], [22] mentioned in Section II-C, it sig-
nificantly reduces the number of variables to be optimized and
effectively reduces the computational complexity by sharing the
sparse coefficients c; and the warping matrix W; across all
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Fig. 2. Representing warping path as a combination of monotonic functions.
(a) Five common choices for monotonic functions. (b) An example of time
warping for x € R1*100 which is a sub-part of atom d € R*140_ (c) The
warping function p = Q3 is a linear combination of three basis functions
including a constant function (q1) and two monotonic functions (q2) and (q3).
(d) The warping matrix W estimates x as dW'.

dimensions. Despite its advantages, the formulation in (4) is
still based on DTW, which suffers various issues as mentioned
in Section II-C and demonstrated in Fig. 1.

In order to address the aforementioned weaknesses of DTW,
we parameterize the warping path p; as a linear combination of
monotonic functions

p; = Q,B;, @)

where Q; = [q;1,.-.,q,;] € R™*k is the basis set composed
of k pre-defined monotonically increasing functions and 3, €
R¥, 3, > 0 is the non-negative coefficients. The monotonicity
property of warping path p; is preserved due to the fact that any
non-negative combination of monotonically increasing trajecto-
ries retains monotonicity. Moreover, We provide a strategy to
construct a continuous warping matrix W, since the elements
{pit}7, are decimals:

pe=i= W =[] - wi =i ©

where p;; denotes the position of the aligned frame in atoms
corresponding to frame ¢ in x;, and the symbols |-] and [-]
represent the floor function and the ceiling function, respectively.
Therefore, the warping matrix W ; can be presented as a function

of 3,
W, =W,(p;(B;) =Wi(B;). (7

Fig. 2(a) illustrates five common choices for the basis mono-
tonic functions, including (1) polynomial (ax?), (2) exponential
(exp(ax + b)), (3) logarithm (log(az + b)), (4) hyperbolic tan-
gent (tanh(az + b)) and (5) I-spline [40]. A constant basis can
be added to the basis set to break the constraints that require
warping paths to originate from the bottom-left corner and
terminate at the upper-right corner.

Guided by the three types of DTW constraints on the warping
path, we impose the following constraints on the coefficients
Bis.

® Boundary: We enforce the position of the first frame, p;; =

a'VB3; € [1,np~), and the last frame, p;,, = ¢\"3; €
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[np(1—7),np], where ql(-l) e R¥™** and ql(-ni) c Rixk
are the first and last rows of the basis matrix Q; respectively
and +y is a constraint parameter to avoid overcompression
in the alignment.

® Monotonicity: We enforce ¢1 < t2 = pir, < pit, by con-
straining the sign of the coefficients 3; > 0.

e Continuity: We do not impose constraints in this aspect
since the k pre-defined continuous basis functions ensure
continuity.

In contrast to DTW, which imposes a tight boundary (i.e.,
pi1 = 1, pin, = np), our method allows sub-sequence align-
ments where the samples can be aligned with a sub-part of atoms.
This relaxation is useful when the collected time series reflects
part of a complete pattern. For instance, Fig. 2 illustrates an
example of matching a shorter sample (red) to a sub-sequence of
the longer atom (blue). In this sub-sequence alignment problem,
our method models the warping path p as a linear combination
of three basis functions including a constant function (q1) and
two monotonic functions (q2) and (q3). The warping matrix W
is then calculated by (6), which satisfies 1} ,0W = 1/0.

In summary, we constrain the warping path by adding the
following constraints on the coefficients 3;s,

L;3; < b, ()

where L; = [—I;; _ql(_l); ql(_l)

;qz('ni); _ql('ni)] c R(l}+4)><l; and
b; = [0;;—1;np7; np; —np(1 — v)] € R¥. The optimization
problem (4) turns to the following problem

m

D

=1

min
{Dj}le’{ai}i;1v{ﬁi}i:1

1 p
— 3" |xi; — @l D WL (B))||; + Ve o
7 =1

We name this formulation along with the sequential optimiza-
tion algorithm as generalized time warping invariant dictionary
learning (GTWIDL).

B. Optimization

The optimization problem (9) is non-convex with respect to
the dictionary atoms {dj } |, the sparse coefficients {a; }1 ;,
and the combination coefficients of warping paths {3,} .
In this subsection, we propose an efficient algorithm to solve
this problem via the block coordinate descent (BCD) approach.
The proposed algorithm consists of two steps, which alternately
optimize the dictionary atoms with two coefficients fixed and
optimize the two coefficients with dictionary atoms fixed.

In the first step, with dictionary atoms {d}, }%_, fixed, the op-
timization problem (9) can be decomposed into m independent
sub-problems

1 p
min — Y |jx;; — T D;W, (Q,8,)|[; + Ml'ex,
Jj=1

i B Ny “—

s.t. o > O,Liﬁi < b;. (10)

Authorized licensed use limited to: Harbin Institute of Technology. Downloaded on January 27,2026 at 03:39:47 UTC from IEEE Xplore. Restrictions apply.



3616

It is worth noting that parallel computing can be easily im-
plemented in these independent sub-problems. To shorten the
notation, we denote the term ! D; W ;(Q,3;) as Z (a;, 3;) =
[21(iy By), - - s 2n, (s, B;)] € RY™i. For the t-th frame, we
have

z (g, B;) = [a;rDjWi (Qzﬂz)}t = azTDj (W (Qiﬁiz]ltf)
where [-]; denotes the t th column of a matrix. First consider
a simple case where g, ) 3, is an integer, where q( ) ¢ Rk
are the t-th row of the basis matrix Q;. [W;(Q;3,)]: is a
zero vector with only the qlt) ﬁ -th element equal 1. Then,
TD;[W,(Q,8;)]: equals the g; )ﬁl th frame of o] D, i.e.,
zt(al,ﬁ )= [al'D; ] g, . The first- orderTaylorexpansmn of

z¢ around 3, can be represented as

9q; "B,
zi(o, B+ ABy) &2 (i, B)HY (o Dy) | o5 qazgﬁ AB;,
=2z (ai, B;+V (e D;) |q£t)ﬁiqi AB;,
(12)

where A3, denotes a small displacement around 3; and

V(aiTDj)lq@ 3, € R denotes the gradient of the combination
C 0)

of atoms aZD ;j around the qgt) 3;-th frame. The term, 8"5 ﬁiﬁ i =

(t) R1*% is the Jacobian of the warping path. Equation (12)

can be extended to the generalized cases where q; () B; is a
decimal. The gradient term, V(al D; )| (g, can be calcu-

lated by linear interpolation. Put together 'the approximations
of zt(et;, B; + AB;) and we have

Z" (i, B8, + ABy) ~ Z7 (i, B;) + GLAB,,
V(aZTD)| (1),6 ()
where G, = e R™*F (13)
( ’L)

The first-order Taylor expansion of z; around c; can be
represented as

Z" (i + Aoy, B) ~ Z7 (i, B;) + G Ay, (14)

where G7; = WZ-T(QIﬂi)DjT € R">*K Tgnoring the second-
order interaction term of Aay; and AS3;, we have the following
approximation

Z" (o + A, B+ AB)RZT (i, B,)+ G Aci+ G AB,.

s)

Now we use the Gauss-Newton method to iteratively update

&, = a; + Ay and B; = 3; + AB; by plugging (15) into
optimization problem (10)

1 P
|

st aj+Aa; >0,L; (B, + AB;) < b

min vij— G Aa;— GﬁABZ +A1/(ai+Aai),

Ao, AB;

(16)
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where v = x]; — o] D;W;(Q,3;). Such an optimization
problem can be transformed into a quadratic programming
problem

1 - -

Wheredi = |:Aa1:| M = |:az:| 5 Hl = nii p=1 Gz;Gljv f’L

AB; Bi
= =L Glvi + M1k 0;), L= {
[0k;bil, Gz‘j =[G, G,
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Such quadratic pr(j)gramming problems can be easily solved
and the optimization process turns to solve multiple quadratic
programming problems, which is equivalent to the sequential
quadratic programming (SQP) method. In this method, the ini-
tialization of «; is randomly sampled from the interval [0, 1]
and satisfies the condition > a; = 1. The initialization of 3, is
selected to ensure that the generated warping path g is a straight
line from bottom left to top right without any time warping. The
iterative updates of a;, 3; are performed until convergence. The
stop conditions are set as

Aai < 6Q7A/6i < €3, (18)

where €, and eg are pre-specified small positive numbers
(e.g.,1073).

In the second step, with the coefficients a; s, ﬁ;s fixed, the
optimization problem of updating dictionary atoms D can be
represented as

m

mip -3

{dintiy T i=1

K
- audpWi(8))

k=1

Xij )

2

st | djill, = 1. (19)

We iteratively update the k-th atom d;;, with the other atoms
fixed. The update formula can be easily deduced by derivation

m m -1
&jk = djk + (Z alkusz;‘F> (Z aka1WlT> ,
i=1 i=1
(20)

where w;, = X;; — Zk,#k ;i d;iy Wi(8;) denotes the resid-
ual without the k-th atom. However, the existence of the inverse
term is not guaranteed due to the potential occurrence of a
warping matrix W, with zeros at the start and end frames.
Therefore, we approximate this update formula with

)

where u;), = ./—"(XijWi(ﬁi)) — Zk,;ék a;idjy and the miss-
ing value imputation function F () is used to fill the leading and
trailing missing values of x;; Wi(ﬁi) with their nearest non-
missing value. Here, W, denotes the inverse warping matrix
which warps time series x;; to the space of the dictionary.

In this method, the initialization of d;- S 1s set as the first k
largest eigenvectors based on the samples after stretching. The

dji. = dj + 1)
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Algorithm 1: GTWIDL Algorithm.
Input : {X,}", N K
Output: {Dj}§:1 ) {01}211 ) {ﬁz}ﬁl
1 Initialization: Initial {D;}7_, , {a;};2,,{B;};Z, and
{Q,}", repeat

2 for : =1,...,m do in parallel
3 repeat
4 calculate H;, f;, ii, I;i;
5 update &; <+ a; + Aay; and

B; «+ B; + AB, by solving (17);
6 until convergence;
7 end
8 for j =1,...,p do in parallel
9 repeat
10 for k=1,... K do
11 calculate w;g;
12 update

dji, — djj, + 2%1&% (X0 ciktig);

13 end
14 until convergence;
15 end

16 until convergence;

stop conditions are set as

~ 2
djk—dij <ew k=1, K, (22)

2

where €4 is pre-specified small positive numbers (e.g., 1072).
Similar conditions are set for the relative difference of succes-
sive estimates as stopping conditions for the block coordinate
descent processes. The optimization algorithm is summarized
in Algorithm 1.

C. Complexity Analysis

The time complexity of the GTWIDL algorithm consists of
two parts: coefficients update and dictionary update. In the
coefficient update part, the time cost of one loop is O((INC +
K)?mnp + (k + K)®m). The first term relates to the calcu-
lation of H,, f;, L;,b; on m samples, and the second term is
associated with solving the quadratic problem. In the dictionary
update part, the time cost of one loop is O(kmnp + Kmnp).
Here, the first term accounts for the calculation of V~VZ on
m samples, and the second term relates to the dictionary up-
date based on (21). Since (l~c + K) < np, the computational
complexity for one iteration is O((k + K)?mnp). Denoting
Ty, T5 as the maximum iteration of BCD update and coefficients
update separately, the total time complexity of the GTWIDL
algorithm is O(T1Ta(k + K)? mnp). It is demonstrated in our
case studies that the GTWIDL algorithm converges fast, where
T can be set from 5 to 50 and 75 can be set from 5 to 20.

The comparison of degrees of freedom and complexity be-
tween existing dictionary learning algorithms [14], [21] and the
GTWIDL is provided in Table I. By utilizing a linear com-
bination of basis functions to approximate the warping path,
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TABLE I
COMPARISON OF DICTIONARY LEARNING ALGORITHMS IN DEGREES OF
FREEDOM AND COMPLEXITY

Degrees of Freedom

Method Warping | Coding | Learning Complexity O(:)
TWI-ESVD | mpnp mK pKnp Ty Tgmnij + Kn3 )
RISLDTW | mnp mpK pKnp Ty (Tamny, + pn?L’B
- - 2
GTWIDL | mk mK | pKnp | TuTs (k + K) mnp

104

—m— TWI-kSVD
—@—RISLDTW
—A— GTWIDL

- -
o o
N w

Running time (seconds)
>

-
(=)
o

10? 10° 10*
Sequence length

Fig. 3. Simulation of the running time (in seconds) for dictionary learning on
a dataset containing 10 samples.

our proposed method requires fewer optimization parameters
compared to other approaches. In addition, the GTWIDL method
offers superior computational efficiency due to its linear com-
plexity with respect to the sequence length. In contrast, other
methods require quadratic time complexity to calculate the DTW
warping path and cubic time complexity to implement PCA or
SVD for dictionary updating. The running time comparison in
a simulation study is illustrated in Fig. 3. As the increase of
sequence length, TWI-ESVD [21] and RISLDTW [14] require
much more running time compared with the proposed GTWIDL
method.

IV. CLASSIFICATION AND CLUSTERING BASED ON GTWIDL

In this section, we propose classification and clustering algo-
rithms tailored for the proposed GTWIDL, where the basic idea
is to assign test samples to the class whose dictionary yields the
minimum reconstruction error.

A. Classification Based on GTWIDL

Various approaches have been proposed for using dictionary
learning algorithms in classification tasks. One such method [14]
involves training a separate dictionary for each class and then
combining them into a global dictionary. This global dictionary
is then used to sparsely code both training and test samples. The
global sparse coefficients are then used for subsequent classifi-
cation tasks through common approaches, e.g., KNN and SVM.
Another approach [21], [41] employs the same global dictionary
to learn the alignment path and global sparse coefficients for each
test sample. Then, the reconstruction error is calculated for each
class based on the sub-dictionary and sub-corresponding sparse
coefficients. The test sample is assigned to the class with the
minimum reconstruction error. However, the local dictionaries
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may share similar atoms across different classes. Therefore, the
global dictionary may suffer homogeneous atoms and produce
non-unique optimal sparse coding results. In such cases, the
sparse coefficients and reconstruction error under the global
dictionary may not be sufficiently accurate and discriminative
for the classification task.

In this subsection, we adopt a classification strategy that
focuses on the local dictionary per class, which is also used
in [6], [42]. First, all dictionaries are learned using training
samples based on the proposed GTWIDL method. Then, given
the dictionary, we optimize Problem (10) for each test sample
under each class with respect to the warping path and sparse
coding. Subsequently, we calculate the reconstruction error by
S8 lIxij — o D;Wi(Q;3;)|)3. Finally, the test sample is
assigned to the class exhibiting the minimum reconstruction
error.

The complexity of such a classification algorithm is linear
with respect to the sequence length, making it superior to other
time warping invariant classification methods. A notable advan-
tage of our approach is that it does not need to implement DTW
for every pair of training and test samples, as required by DTW
distance-based methods. Instead, our algorithm only requires
the assignment of each test sample to a few atoms, rendering it
more efficient for large datasets.

One potential concern in the proposed classification method
is that the reconstruction error may be sensitive to the number of
atoms K in each dictionary. It is observed that as the number of
dictionary atoms increases, the reconstruction error decreases
rapidly at first, and then keeps stable around a certain value.
Therefore, we propose an adaptive strategy to select a suitable K
for different classes. This approach is superior to setting a fixed
K for all classes as it not only ensures that the reconstruction
error approximately converges but also avoids the computation
with an excessive number of dictionary atoms. We first learn a
dictionary with enough atoms to fully fit the training samples.
Subsequently, we apply Singular Value Decomposition (SVD)
on the Warped time series to obtain the eigenvalues, denoted

as kl > > A The Value of K is then chosen such that
Zk 1 Zk 1
P L > ( and S - < (, where ( reflects how well the

dlct10nary fits the data. The model parameter ¢ and A are further
selected through cross-validation. The details of this tuning
process can be found in Section V-B. Note that due to the inherent
differences in data patterns among classes, the atoms of one class
may be meaningless to the data samples from other classes. As a
result, it is highly likely that the reconstruction error for samples
using their own class’s dictionary will be smaller than using
dictionaries of other classes, even if the dictionary sizes of other
classes are much larger.

B. Clustering Based on GTWIDL

In this subsection, we present a clustering method developed
based on the GTWIDL method and the above classification
framework. First, we propose a pre-clustering approach handling
temporal alignment. This approach initially learns a global dic-
tionary, along with the corresponding warping paths and sparse
coefficients for all samples. The global sparse coefficients are
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) DIGITS: class “0” and class “6” b) LOWER: class “y” Cc) UMD: class up”

Fig. 4. Time series characteristics within and between classes. (a) Examples
of class "0 and class 76" in dataset DIGITS. (b) Examples of class ”y” in dataset
LOWER. (c) Examples of class "up” in dataset UMD.

then utilized in spectral clustering to achieve an initialization
of clustering. Subsequently, similar to the classification method
previously introduced, the initial clustering results are utilized as
temporary labels to learn dictionaries for all classes. Samples are
then reassigned to the class whose dictionary yields the minimal
reconstruction error. We repeat the step of dictionary learning
and label reassignment until convergence. The parameters of the
GTWIDL method are set to their default values, i.e., A = 0.0001
and ( = 0.7, in this task.

V. EXPERIMENTS

In this section, the performance of the proposed GTWIDL
method is evaluated from three perspectives: (1) reconstruction
to demonstrate its superior representation ability; (2) classifica-
tion; and (3) clustering to investigate its discriminative ability.
All experiments were conducted using Matlab on an Intel Xeon
Processor ES-4627 v4 with 128 GB RAM, ensuring robust and
reliable results.

A. Datasets

The research experiments were performed on a total of ten
datasets, which comprise four public handwritten character
datasets, two synthetic datasets, and four time series datasets
from the UCR archive [43]. The four public handwritten char-
acter datasets used included DIGITS, LOWER, UPPER, and
CHAR-TRALI. These datasets involve naturally multivariate time
series of varying lengths [44], and represent the 2-dimensional
handwritten character trajectory of air-handwritten motion ges-
tures of digits, upper and lower case letters, and other characters.
Furthermore, two synthetic datasets, namely BME and UMD,
were employed, which contained time series exhibiting local
temporal features within classes while demonstrating distinctive
global patterns. In addition, four UCR time series datasets with
varying delays were chosen, including ArrowHead, DSR (short
for DiatomSizeReduction), FiftyWords, and Trace. All these
datasets were subject to misalignment to some extent.

Fig. 4 illustrates the characteristics of the considered time
series through several examples. For instance, time series may
share similar global patterns between different classes, such as
“0” and “6”. Time series within the same class, such as “y”, may
exhibit similar global patterns but different shapes representing
different writing styles. Time series may even have different
global patterns, as in the case of the “up” class, while sharing
only local events (such as the “small bell”) that may occur at
different time stamps.
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TABLE II
DATA DESCRIPTION

Dataset  Nb. class  Dimensions  Train size  Test size  Length range
DIGITS 10 2 100 500 29~218
LOWER 26 2 260 1210 27~263

UPPER 26 2 260 6241 27~412

CHAR-TRAJ 20 3 200 2658 109~205
UMD 3 1 360 1440 150
BME 3 1 300 1500 128
ArrowHead 3 1 36 175 251
DSR 4 1 16 306 345
FiftyWords 50 1 450 455 270
Trace 4 1 100 100 275
TABLE III

THE CANDIDATE SETS OF PARAMETERS IN THE CLASSIFICATION FRAMEWORK

Para.  Ranges Description
WDTW g [0.01,0.02,0.03,0.05,0.08,0.1] Weighted coefficient
TWI-kSVD K 10 Dictionary size

T 2 Sparsity constraint
RISLDTW c [0,0.1,0.2,0.3,0.4,0.5,0.6] Variance proportion
RISLDTW-ELS a3 [0,0.01,0.02,0.04,0.06,0.08,0.1] Regularisation

s [0,0.01,0.02,0.03,0.04,0.05] Regularisation
GTWIDL A [0.001,0.0005,0.0001,0.00005,0]  Sparsity constraint

¢ [0.5,0.7,0.8,0.9,0.95,0.99] Proportion threshold

In the experiments of dictionary learning and classification,
for a fair comparison, the training and testing data are split based
on the definition in the dataset when available. Otherwise, we
randomly selected ten samples from each class to constitute
the training dataset, with the remaining samples serving as the
testing dataset. This random selection process was repeated ten
times to ensure the robustness of our results. In the experiments
on clustering, we utilized the aforementioned training datasets
as our target datasets. The data characteristics are given in
Table II. In addition, we use a zero-padding strategy [21] to
circumvent the problem of variable lengths for some methods
demanding a uniform length and splice multidimensional time
series into one-dimensional time series for univariate methods.

B. Benchmarks

In the task of dictionary learning, we use a traditional dic-
tionary learning method (DL) without temporal warping and
two time warping invariant dictionary learning methods, i.e.,
TWI-ESVD [21] and RISLDTW [14], as the benchmarks.

In the task of time series classification, a variant of RISLDTW
namely RISLDTW-ELS, is added which further uses a fea-
ture selection model called Efficiently Learning Shapelets
(ELS, [39]) to improve accuracy. Additionally, three distance-
based methods are also set as benchmarks. They respectively
calculate DTW distance [8], DDTW distance [23], and WDTW
distance [29] between training and testing samples. A INN
classifier is then applied to provide final classification results.
For each method, parameters are learned via grid search using
three-fold cross-validation on the training dataset. Details of
parameter candidate sets are provided in Table III.

In the task of time series clustering, traditional sparse sub-
space clustering (SSC, [45]), the variant of TWI-ASVD called
TWI-DLCLUST, the variant of RISLDTW, and the three DTW
distance-based methods are used as benchmarks. For the SSC
method, the self-representative coefficients are fed to the spec-
tral clustering method without temporal alignment. For the

3619
1 300
(a) (b)
0.8 250
S 200
W 06 £
©
%] - 150
=04 S
<C 100
0.2 50
1 |
0 0
0 2 4 6 8 10 0 5 10 15 20
Iteration Iteration
0.5 400
(C) [~=—sample 5 (d) [~=—sample 5
0.4 —— sample 19 ——sample 19
: —— sample 35 300 —— sample 35
0.3 5
w O E
2 2 200
0.2 2
<<
1
01 00
0 " 0 .
0 2 4 6 8 10 0 2 4 6 8 10
Iteration Iteration
Fig.5. The reconstruction error and the alignment error against the number of

iterations on the first class of the Trace dataset. The top row displays the average
iteration curves when updating the dictionary, and the bottom row shows the
iteration curves when updating coefficients with a fixed dictionary.

RISLDTW method, the k-means clustering method is applied
for clustering based on the learned sparse coding. For the DTW
distance-based methods, clustering results are achieved via spec-
tral clustering method based on the learned distances, where the
similarity matrix is calculated by .S;; = exp(— f;‘g ) and o is set
to 5 in the following experiments.

C. Evaluation on Dictionary Learning

In this subsection, we first investigate the convergence prop-
erties of the proposed GTWIDL algorithm. Here we set two
metrics to evaluate the degree of convergence, i.e., reconstruc-
tion error and alignment error. Specifically, the reconstruction
error is measured by Mean Squared Error (MSE), which was
defined as

1 u T 2
MSE = n; JZ::I HXij —o; D;W; (Qiﬁi)HQ : (23)

The alignment error is measured by the sum-of-pair euclidean
distance between the estimated alignment path and the ground
truth, which was defined as

Brrone = — W (Q8) - WIZ, @4
where W! denotes the ground truth of the alignment path. When
the ground truth is unavailable, we use the final alignment path
obtained after 100 iterations as a reference.

Fig. 5 illustrates the reconstruction error and the alignment
error against the number of iterations on the first class of the
Trace dataset. Fig. 5(a)—(b) show the average iteration curves
when updating the dictionary, which corresponds to the outer
iteration loop in the GTWIDL algorithm. The reconstruction
error converges rapidly around the 3 rd iteration, which im-
plies that the proposed algorithm could efficiently handle the
misaligned data and fit the samples well. The alignment error
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Fig. 6. (a) The reconstruction error against the number of atoms for the UMD

dataset. (b) The cumulative proportion of eigenvalues based on the samples after
alignments.

converges more slowly, around the 15th iteration. This is because
the optimal alignment error is often not unique and different
paths may have similar alignment performance. For example,
as we can see from Fig. 5(c)—(d), for sample 35 of the Trace
dataset, our algorithm converges around the 4th iteration with
the reconstruction error close to zero. However, the alignment
error converges around value 50, which is much larger than
zero. It indicates that the alignment path at the 4th iteration
differs from the ground truth but still has excellent alignment
performance. Fig. 5(c)—(d) shows the iteration curves when
updating coefficients with a fixed dictionary, which corresponds
to the inner iteration loop in the GTWIDL algorithm. We test
samples 5,19 and 35 from the first class of the Trace dataset. Both
the reconstruction error and alignment error converge rapidly
around the 5th iteration. As a result, we demonstrate that the
proposed GTWIDL algorithm has great convergence properties
and is capable of efficiently finding the dictionary and aligning
samples. We set 77 from 5 to 50 and set 75 from 5 to 20 to
achieve such performance, which is discussed in Section III-C.

To investigate the influence of the number of atoms on the
proposed algorithm, we test the GTWIDL algorithm on the
UMD dataset, which contains several different patterns in each
class. For example, the “up” and “down” classes both have
four different patterns, while the “middle” class has only one
pattern. Fig. 6(a) illustrates the reconstruction error against the
number of atoms. The MSE value for the “up” and “down”
classes converge when the number of atoms equals four, while
the MSE value for the “middle” class converges at the first
point. To avoid overfitting and provide refined atoms, the
number of atoms should not be too large and should be set
around the number of underlying patterns. As introduced in
Section IV-A, by setting the threshold ¢ at approximately 0.7
(shown in Fig. 6(b)), the optimal value for the dictionary’s
dimension can be obtained. However, it is important to note
that the optimal thresholds may vary depending on the dataset
being analyzed. To accommodate such variations, we provide a
candidate list for 3-fold cross-validation to select the threshold
in the classification framework, which is displayed in Table III.

Fig. 7 illustrates the progress of applying the proposed
GTWIDL algorithm to the Trace dataset. The initial misaligned
samples belonging to four different patterns are shown in
Fig. 7(a). The atoms learned directly from the misaligned data
(Fig. 7(e)) fail to capture the local patterns accurately. This is
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particularly clear for class 1 and class 2, where the learned atoms
tend to average the misaligned samples, resulting in abrupt rises
and falls. After the first iteration, the data are roughly aligned
(Fig. 7(b)), and the simple patterns of class 2 and class 4 can
be learned accurately (Fig. 7(f)). With an increasing number
of iterations, the alignments of samples become more precise.
After the third iteration (Fig. 7(d)), all samples from the four
classes are well-aligned. Furthermore, the learned atoms in-
creasingly capture the local patterns and accurately represent
the characteristics of different samples. Among the four classes,
samples from class 3 are the most challenging to align because
they have two key positions for alignment. Specifically, the first
key position lies around frame 80 with a rise and the second lies
around frame 200 with a Z-shape wave. This indicates that when
samples share more local patterns that require more complex
warping paths, it becomes difficult for the GTWIDL algorithm
to learn dictionaries and align the samples. This is reasonable
since such warping paths have more local features and it takes
more iterations to provide accurate estimation, especially when
we only use a few basis paths in our GTWIDL algorithm.

To further assess the efficacy of dictionary learning, we im-
plement the GTWIDL algorithm on the 'y’ class within the
two-dimensional LOWER handwriting dataset and engage in
an in-depth analysis. In this dataset, each of the six subjects
writes 10 samples of the character 'y’. First, we utilize the
adaptive strategy for selecting the atom number outlined in
Section IV-A to determine the optimal number of dictionary
atoms. With the threshold ( set at 0.7, the results reveal that the
ideal number of atoms is 2. This finding suggests the presence
of two predominant patterns in the ’y’ class, corroborated by
observations that misaligned samples from this class typically
exhibit two distinct writing styles, as depicted in Fig. 8(a).

Subsequently, with the atom number fixed at 2, we proceed
with the execution of the GTWIDL algorithm. The outcomes
of the learned dictionary atoms are then compared with various
benchmarks, as illustrated in Fig. 8(b)—(e). The standard £SVD
method cannot align the samples and the corresponding atoms
only show one pattern. The TWI-£SVD method manages to cap-
ture both patterns but the learned atoms yield unsmooth results.
For the RISLDTW method, the learned mean series of aligned
samples, as depicted in the left subfigure in Fig. 8(d), is affected
by two patterns and represents a compromise between them.
The right two subfigures show the eigenvectors corresponding
to the first two largest eigenvalues, which are found to be unin-
terpretable. In contrast, our proposed GTWIDL method captures
both patterns by two smooth atoms, as shown in Fig. 8(e). This
result suggests the superiority of our method in terms of temporal
alignment and dictionary learning. Furthermore, we enhance the
visualization by representing the reconstruction error of each
pattern on the associated atom through a shadow band. This
shadow band comprises multiple axis-aligned ellipses, where
the radius of each axis corresponds to the standard error of
the reconstruction for that specific dimension. It is evident that
the two writing styles exhibit larger variability in the areas
encircled in orange, typically located at the start, end, or turning
points of the writing. This reconstruction error analysis enhances
our understanding and interpretation capabilities regarding the
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the writing rendered on the paper and the blue lines represent the writing rendered in the air or the writing lacking interpretable patterns. (f) Visualization and
clustering of the sparse coefficients of GTWIDL.
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TABLE IV
CLASSIFICATION ACCURACY COMPARISON
DTW DDTW  WDTW  TWI-kSVD RISLDTW RISLDTW-ELS GTWIDL
DIGITS 09852  0.9812 0.9860 0.9778 0.9802 0.9788 0.9976
LOWER  0.9459  0.9099 0.9473 0.9398 0.9345 0.9411 0.9888
UPPER  0.8589  0.8381 0.8630 0.8665 0.9139 0.9101 0.9885
char-traj  0.9398  0.8430 0.9605 0.9564 0.9416 0.9420 0.9595
UMD 0.9889  0.9979 1.0000 0.9653 0.9951 1.0000 1.0000
BME 0.9560 0.9893 1.0000 1.0000 1.0000 1.0000 1.0000
ArrowHead  0.7029  0.7771 0.7486 0.7029 0.8286 0.8286 0.8514
DSR 09673 0.9346 0.9673 0.9379 0.9248 0.8399 0.9608
FiftyWords  0.6967 0.6989 0.7714 0.7297 0.6484 0.6659 0.7429
Trace  1.0000  1.0000 1.0000 0.9900 1.0000 1.0000 1.0000
Wins 2 1 6 2 3 7
Avg. rank 4.4 4.9 2.0 4.7 4.1 3.5 14
Best in bold.
TABLE V
CLUSTERING ACCURACY COMPARISON
SSC DTW DDTW WDTW  TWIkSVD RISLDTW  GTWIDL(Init.) GTWIDL
DIGITS 0.8250  0.9390  0.9450 0.9290 0.9430 0.6580 0.9820 0.9850
LOWER 0.6750 0.6769  0.6625 0.7202 0.6702 0.6327 0.7877 0.8181
UPPER  0.6300 0.6796  0.7269 0.7385 0.6662 0.5638 0.7723 0.8292
char-traj  0.6565 0.8010  0.6810 0.8110 0.7720 0.6240 0.8070 0.8175
UMD 04416 0.6061 0.6797 0.6580 0.5628 0.5758 0.5714 0.6537
BME 0.6474 0.6579  0.7947 0.6579 0.6579 0.6368 0.7000 0.8211
ArrowHead  0.5833  0.5556  0.6944 0.5556 0.6111 0.5556 0.6944 0.7222
DSR 0.7500  0.9375 0.7500 0.8750 0.8750 0.9375 0.8125 1.0000
FiftyWords ~ 0.3156  0.3822  0.4044 0.3689 0.4156 0.3378 0.4533 0.5089
Trace  0.5900 0.7500  0.9700 0.7500 0.8500 0.7800 0.7800 0.9700
Wins 0 0 2 0 0 0 0 9
Avg. rank 6.9 4.5 3.7 4.2 4.6 6.4 3.3 1.2
Best in bold.
] e methods mentioned in Section V-B. The results are presented
y 3 03 }H|==== 0.3 Hmame . . . . -
o o in Table IV with the best performance highlighted in bold. The
1 . .
v v 2 o2 two last rows give, over all the datasets, the number of times a
005 005 o o method reaches the best value as well as its average performance
o o 0 o rank. It can be observed that our proposed classification method
02 02 01 y 01 achieves the best overall performance, with a total number of 7
e e e e e St o o1 w1 o o wins and an average ranking of 1.4.
(a) Learned atoms (b) Data reconstruction From the results presented in Table IV, we draw the following
Fig. 9. (a) Atoms learned from the noisy data. (b) Two noisy samples along conclusions. First, our proposed GTWIDL algorithm outper-

with the reconstructed data.

data patterns. The sparse coefficients provide a comprehensive
insight into the distribution of samples within this class, as
shown in Fig. 8(f). By using the Gaussian Mixture Model
(GMM) clustering approach, the samples are categorized into
six distinct clusters, which effectively mirrors the variation in
writing styles among the six subjects, thereby enhancing the
depth of information extraction for each sample.

Finally, the proposed method demonstrates robustness in the
presence of noise. We introduce Gaussian noise into the dataset.
The reconstructed data and the learned dictionary atoms are
shown in Fig. 9. Clearly, the proposed dictionary learning ap-
proach can effectively alleviate the noise impacts, leading to a
smoother data representation and enhanced pattern recognition.

D. Evaluation on Classification

In this subsection, we compare the classification performance
of our proposed GTWIDL algorithm with other benchmark

forms other state-of-the-art dictionary learning methods, such as
TWI-kSVD, RISLDTW, and RISLDTW-ELS, on all datasets.
This is consistent with the analysis presented in Section V-C,
showing that our algorithm achieves better performance in
both temporal alignment and dictionary learning. Second, the
proposed GTWIDL method is also effective in dealing with
multi-dimensional time series. Among the four handwritten
character datasets, the GTWIDL algorithm achieved three wins
and one runner-up. This demonstrates the superior design of
the optimization problem given in (4), where the sparse coef-
ficients and warping matrix are shared across all dimensions.
Third, the WDTW method also achieved good performance
with wins on 6 out of 10 datasets. However, distance-based
methods like WDTW cannot provide interpretable patterns like
the proposed dictionary-based methods. Moreover, calculating
each pair of samples using WDTW is time-consuming, which
limits its applicability to large datasets. In contrast, our proposed
GTWIDL algorithm offers interpretable and visible atoms to
characterize patterns by learning dictionaries, which is beneficial
for providing further analysis of each class’s patterns. Moreover,
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our proposed optimization algorithm is time-efficient for large
datasets since the number of atoms is much smaller than the
number of samples.

E. Evaluation on Clustering

In this subsection, we conducted a comparison between the
proposed clustering algorithm and other benchmarks. The re-
sults are presented in Table V with the best performance high-
lighted in bold. Similar to the classification results, the proposed
clustering method achieved the best overall performance with a
total number of best values (Wins) of 9 and an average ranking
(Avg. rank) of 1.2.

Table V also shows the clustering initialization results of
the proposed GTWIDL. Surprisingly, using the proposed pre-
clustering step alone without subsequent iterations achieves
better clustering accuracy than the other six benchmarks. Further
iterative refinements of the clustering results lead to additional
enhancements, indicating its superiority and effectiveness. It
is worth noting that the DDTW distance-based method also
achieves good performance in some cases. This is because
the DDTW distance utilizes derivatives as features, focusing
on local patterns and thereby making it more robust for the
clustering task.

VI. CONCLUSION

This paper presents a generalized time warping invariant dic-
tionary learning approach for capturing the underlying patterns
of time series data subject to temporal warping. Our method
can effectively handle multi-dimensional datasets with differ-
ent sequence lengths by estimating the warping matrix as a
linear combination of basis warping functions. Additionally,
we introduce a block coordinate descent-based optimization
algorithm that jointly solves warping paths, dictionaries, and
sparse coding coefficients, thereby improving time efficiency
for large datasets. We then employ our proposed dictionary
learning method to develop both classification and clustering
algorithms, whereby samples are assigned to the class whose
dictionary yields the minimum reconstruction error. Our experi-
ments demonstrate that our proposed GTWIDL method provides
interpretable atoms, which outperforms other dictionary learn-
ing methods in terms of representative and discriminative abil-
ity. Furthermore, our method outperforms other state-of-the-art
classification and clustering benchmarks, which highlights its
superior performance in various applications.

One advantage of the proposed GTWIDL is that it can enhance
the understanding of data patterns and distributions through
further analysis of the learned dictionary, sparse coefficients,
and warping paths. For example, by using the information cri-
terion methods or SVD, we are able to identify the number of
data patterns, which offers insights into the dataset complexity.
Besides, we can gain an intuitive understanding of the specific
forms of data patterns by visualizing the learned dictionary
atoms. Another advantage of the proposed dictionary learning
approach is that it can improve the accuracy of subsequent tasks
involving misaligned data, such as denoising, classification, and
clustering. For instance, if the original data contains noise,
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GTWIDL enables the learning of noise-robust data patterns,
reducing the impact of noise in data reconstruction.

There are several interesting topics for further investigation
based on this work. First, the current classification strategy
only considers the reconstruction error on the local dictionary.
Improved results may be achieved by proposing a classification
strategy that takes both reconstruction error and sparse coef-
ficients into account. Second, since data can be aligned with
sub-parts of atoms, the global data patterns could be recognized
with few local observations at the beginning of a process.
These patterns can be subsequently used for data prediction
or system monitoring in the following data-collecting process.
Finally, dictionary learning is widely used in image and video
processing. The proposed one-directional time warping invariant
dictionary learning has the potential to be extended to a general-
ized approach focusing on two-directional or three-directional
spatio-temporal warping invariance.
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