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Abstract

In sequential design strategies, common in geostatistics and Bayesian optimization, the
selection of a new observation point X, 1 of a random function f is informed by past data,
captured by the filtration F,, = o(£(Xp), ..., f(X,)). The random nature of X, introduces
measure-theoretic subtleties in deriving the conditional distribution P(f(X,,+1) € A | Fn).
Practitioners often resort to a heuristic: treating X, ..., X, 11 as fixed parameters within
the conditional probability calculation. This paper investigates the mathematical validity
of this widespread practice. We construct a counterexample to prove that this approach is,
in general, incorrect. We also establish our central positive result: for continuous Gaussian
random functions and their canonical conditional distribution, the heuristic is sound. This
provides a rigorous justification for a foundational technique in Bayesian optimization and
spatial statistics. We further extend our analysis to include settings with noisy evaluations
and to cases where X, 11 is not adapted to F,, but is conditionally independent of f given
the filtration.

1 Introduction

Researchers have been confronted with the challenge of optimizing an unknown function across numerous
disciplines. The Bayesian approach addresses this challenge by modelling the unknown function as a random
draw from a prior distribution over functions. This probabilistic framework ensures the conditional distribu-
tion of a random function' £ = (f(2))zex given a set of function evaluations f(x1), ..., f(z,) is well-defined.
This conditional distribution can then be used to choose the next evaluation point. This approach to opti-
mization has independently emerged across multiple research domains, each developing its own terminology
for very similar methods. The most prominent is perhaps Bayesian optimization ( , ;

, ; , ; , ), which is best know in machine learning for its effectiveness at
hyperparameter tuning. However similar techniques were already developed earlier in geostatistics known as

“Kriging” ( , ; , ; : )-

In this paper we highlight and address measure-theoretic challenges that must be overcome for a rigorous
mathematical treatment of random function optimization. In particular, we show how non-rigorous but
intuitive claims about the conditional distributions of the objective function f can be made rigorous. In
our main result we formalize the heuristic that evaluation locations X,,, which are measurable with respect
to Fno1 = o(f(Xo),...,f(X,-1)) (“previsible”), may be treated as if they are deterministic during the
calculation of the conditional distribution

]P(f(Xn) €- | f(XO)7 cee 7f(Xn—1))'

If there is a formula for such a conditional distribution for all deterministic X, then we call this formula a
joint kernel (Definition 2.1). If this formula is furthermore valid for all previsible random X}, then we call
it “plug-in consistent” (PIC) (see Definition 2.3 and 2.8). Standard disintegration results can only provide

IWhile used synonymously, we avoid the more common term ‘stochastic process’ which invokes the notion of a one-
dimensional index representing ‘time’ and a filtration associated to this time. The domain X is generally unordered, e.g.
X = R%, and the filtration we consider naturally arises from the sequence of evaluations of this random function f.
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results for almost all deterministic X with respect to a single distribution over Xj. One may therefore call
our results “strong disintegration results” (see Remark 2.2). In Counterexample 2.13 we show that the PIC
property is not guaranteed if the assumptions of our main results are violated.

Remark 1.1 (Measurability of random evaluations). A priori, even the measurability of f(X) — its very
existence as a random variable — is not guaranteed. However, a measurable evaluation map e(f,x) = f(z)
would provide this guarantee and we show that this requirement is satisfied in considerable generality: If f is
a continuous random function with locally compact, separable, metrizable domain X and Polish codomain Y,
then the evaluation map e is continuous, and hence measurable (see Theorem B.1). This covers essentially
all continuous applications of interest (e.g. X C R? and Y = R"). The difficulty lies in the fact that the
evaluation map is only well known to be continuous with respect to the compact-open topology, which is
different from the product topology used to generate the Borel o-algebra for random functions (Remark
B.2).

Outline In Section 2 we present the theory, first for a simplified case in Section 2.1, then for the general case
in Section 2.2. For the case where the assumptions of these results are violated we present a counterexample
in Section 2.3. In Section 3 we present applications of our results. Section 4 contains the proofs for the
results from Section 2. In Section B we address the issues outlined in Remark 1.1. While these results are
likely to be known, we could not find them anywhere in this generality.

2 Measure theory of random function evaluation

Throughout the paper we assume there exists an underlying probability space (2, .4, P).

2.1 Simplified case: Dependent evaluation

Let f = (f(2))sex be a random continuous function with locally compact, separable metrizable domain X
and Polish codomain Y. That is we assume f is a random variable in the space of continuous functions
C(X,Y). In this section we consider the simplified case

P(f(X) e A| F) (1)

with only a single random evaluation point X in X that is measurable with respect to a sub-o-algebra F of
A and sets A in B(Y). Here B(Y) denotes the Borel o-algebra on Y. Assume we have access to a formula to
calculate (1) for any deterministic X. Specifically, assume we have a collection (k. ).ex of regular conditional
distributions such that for all z € X, A € B(Y) and for P-almost all w € Q,>

P(f(z) € A| F)(w) = kz(w; A).

Corollary 2.5 then establishes sufficient conditions on the collection (k;)zex to ensure that for all F-
measurable X, all A € B(Y) and for P-almost all w € 2,

P(E(X) € A| F)(w) = rix(w)(w; A).

This means that random X may be treated like deterministic z € X in the “formula” ke(w; A) for P(f(e) €
A F)(w).

Above it is implicitly assumed that the function rx(.(-;A) is measurable and therefore a well-defined
random variable. To guarantee this, we require that (w, z) — K, (w; A) is a measurable mapping. This is not
guaranteed for arbitrary collections of regular conditional distributions and warrants the following definition.
It represents the first restriction on the collection (kg )zex.

2 Recall that P(f(z) € A | F) is only defined as an L'-equivalence class of random variables. For an equivalence class [Z]
in L1 it is standard to say, “[Z](w) = Y (w) holds for almost all w”, if for all Z € [Z] there exists a null set Nz such that

Z(w) =Y (w) for all w € N%. Observe that the null set Nz depends on Z. For P(f(z) € A | F) this null set must therefore be
allowed to depend on x and A.
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Definition 2.1 (Joint probability kernels). Let (€2,.4), (X,X) and (Y,)) be measurable spaces. The
function k: (2 x X) x Y — [0,00] is called a joint kernel for the collection (k;)zex of probability kernels
Kzt 2 x Y — [0, 00], if

1. forallz € X
K(w,x; A) = ke (w; A) YweQAe),

2. the mapping (w,z) — k(w,x; A) is measurable for all A € ), such that the function x becomes a
probability kernel.

A joint kernel for a collection of regular conditional distributions is called a joint conditional distribution.

Remark 2.2 (Strong disintegration). A joint kernel is simply a kernel on the product space Q x X with target
(Y, Y). This does not mean that standard disintegration results yield such a kernel. This is because a regular
conditional distribution requires a measure. On € this is given by P. But the product space €2 x X is typically
not equipped with a measure. If we take a fixed random variable X in X, measurable with respect to F,
then standard disintegration results imply the existence of a regular conditional probability distribution

P(X) € A| F)(w) = k(w; A).

But the kernel « does not take X as input and is only valid for this particular random variable X. Similarly,
we could equip the product space  x X with a measure P’ = P ® v, where v is a measure on (X, X). Thus
X(w,x) = x is a random variable with respect to P’ and Px = v. Standard disintegration results would
then imply, that for all 7 ® A'-measurable B we have

P'({f(X) e A} NB) = /B k(w, z; A)P(dw)v(dz).
Or in other words,
P(f(X)e A| F, X =z2)(w) = k(w,x; A)

for almost all w. However, this kernel x would depend on v and would only be valid for r-almost all = € X.
Moreover we constructed X independent from F, which required us to add X = z to the conditional part.
In contrast, a “joint conditional distribution” is valid for all £ € X. And the PIC property we will define
in the following essentially means that k is a regular conditional distribution for all distributions v = Px.
One may therefore call these results “strong disintegration” results.

These stronger properties are crucial for applications. The explicit relation of the joint conditional distribu-
tion to collections of conditional distributions is crucial to calculate Bayesian optimizers (Example 3.1 and
3.5). The uniform validity over distributions Px of X is important for Examples 3.3 and 3.6.

Proposition 2.4 establishes the existence and uniqueness of a “plug-in consistent” (PIC) joint conditional
distribution, where a PIC joint kernel also admits random input. This proposition also generalizes the setting
of Equation (1) to an additional random variable Z, which will be a helpful tool for our main result.

Definition 2.3 (Plug-in consistent — PIC). Let Z be a random variable in the standard Borel space (E, B(E))
and k(w,x; B) a joint conditional distribution for P((Z,f(z)) € B | F) indexed by z € X, where (X, X) is a
measurable space. Then & is called plug-in consistent (PIC), if for all F measurable random variables
X in X, all B € B(E) @ B(Y) and for P-almost all w € Q,?

P((Z,f(X)) € B| .7-") (w) = k(w, X (w); B). (2)

Proposition 2.4 (Existence and properties of PIC conditional distributions). There exists a PIC joint
conditional distribution k for (Z,f(x)) given F as defined in Definition 2.5.

This PIC kernel can be chosen such that x «— k(w,x;-) is continuous with respect to the weak topology on
the space of measures for all w € Q. Let & be another joint conditional distribution for (Z,f(x)) given F,
which is continuous for almost all w in this sense. Then there exists a null set N such that for all w € NG,
all z € X and all borel sets B € B(E) @ B(Y)

k(w,z; B) = k(w, z; B).
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In particular, F is also PIC. Finally, let g: ExY — R be a continuous function with E[sup,cx |9(Z,£(x))] |
.7:] < o0 almost surely, then

8(o)i= [ gz nlmidz o dy) " Blg(Z,8(2)) | 7
is almost surely continuous in x.

Corollary 2.5 provides sufficient conditions to ensure collections of conditional distributions (k,)zex form a
joint kernel and are PIC.

Corollary 2.5 (Random dependent evaluation). Let (kz)zex be a collection of regular conditional distribu-
tions for £(x) given F, where the random function £ is continuous with locally compact, separable domain X
(e.g. R?) and Polish codomain Y (e.g. R™). Then for all F-measurable X and all A € B(Y) we have

P(f(X) € A| F)(w) = kx(w)(w; 4) (3)

for almost all w, if

(i) the map (w,z) — K (w; A) is measurable for all A € B(Y),
(ii) = — ky(w;+) is continuous in the weak topology for almost all w.

Proof. (i) ensures that &(w,x; A) := k. (w; A) is a joint kernel and (ii) ensures that % is PIC as it satisfies
the requirements in Proposition 2.4. O

Remark 2.6 (Tightness of the result). Counterexample 2.13 shows that some continuity in z is necessary.

2.2 General case: Conditionally independent evaluation locations

In the introduction we motivated previsible sequences (X,)nen with respect to the filtration F,, =
o(f(Xo),...,£(X,)). To get to our main result we generalize this previsible setting to conditionally in-
dependent evaluation points, admit noisy function evaluation and also admit starting information.

Conditional independence Sometimes X, is not previsible itself, but sampled from a previsible dis-
tribution. That is, a distribution constructed from previously seen evaluations (e.g. Thompson sampling
( , )). In this case, X1 is not previsible, but independent from f conditional on F,,. As
introduced in ( , D- 109) we denote this by X, 11 1Lz f. In our setting conditional indepen-
dence is equivalent to® X, ;1 = h(£,U) for a measurable function h, a random (previsible) element ¢ that
generates JF,, and a standard uniform random variable U independent from (f, F,,) ( , , Prop.
6.13).

Noisy evaluations In many optimization applications only noisy evaluations of the random objective
function f at z may be obtained. We associate the noise ¢, to the n-th evaluation z,,, such that the function
£, = f+¢, returns the n-th observation Y;, = f,,(z,). While the noise may simply be independent, identically
distributed constants, observe that this framework allows for much more general location-dependent noise.
The only requirement is that the random noise functions g, are continuous, such that the f,, are continuous
functions.

Definition 2.7 (Conditionally independent evolution). The general conditional independence setting is given
by

o an underlying probability space (2, A, P),

o a sub-c-algebra F (the ‘initial information’) with W a random element such that F = (W),

3The equivalence only requires X, 11 to be a random variable in a standard Borel space.
4There always exists such a random element W since the identity map from the measurable space (©, A) into (Q,F) is
measurable and clearly generates F.
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o A sequence (f,)nen, of continuous random functions with f, in C(X,,Y,), where the domains
(Xn)nen, are locally compact, separable metrizable spaces and the codomains (Y, )nen, Polish
spaces.

o a random variable Z in a standard Borel space (E,B(FE)) (representing an additional quantity of
interest).

A sequence X = (X, )nen, of random evaluation locations with X,, € X,, is called a conditionally independent
evolution, if X,,11 1L r (Z, (f,)nen,) for the filtration

Fn = 0(F,f5(Xo), ..., £.(Xn), X[0:n]) for n >0, F 1:=7F, (4)
where x; = (2;);er and we introduce compact notation for discrete intervals:

[i:7] = [i,J] N Z, [i:7) =[i,4) NZ, etc. (discrete intervals)

In the following we generalize the definition of PIC to this conditional independence setting before we state
our main result.

Definition 2.8 (Plug-in consistent — PIC). Let X = [];’_, X}, and let the collection of kernels (K., )., ex
with
P((Z,£.(xn)) € A | F, (£u(@))keom) = &(W, (Eu(@r))keom): Tjom); A)

form a joint kernel x (Definition 2.1). Then this joint kernel x is called plug-in consistent (PIC), if for all
conditionally independent evolutions (X} )rex and their filtration F,, as defined in (4), we have

P((Z, fn(Xn)) €A | ]:n—laXn) a.:S. /{(VV, (fk:(Xk:))kG[O:n)aX[O:n];A)-

Remark 2.9 (This is a generalization). Note that PIC as defined above is a generalization of Definition 2.3
with n =0 and X = Xj.

In our main result we allow for random evaluations in the conditional. This is significantly harder to prove
than random evaluation locations in the dependent part of the conditional distribution. The main ingredient
of the proof is a general result that allows moving plug-in consistency (PIC) from the dependent to the
conditional part (Proposition 4.2). We iteratively combine this result with Proposition 2.4 that only allows
random variables in the dependent part.

Theorem 2.10 (Conditionally independent sampling). Assume the general conditional independence setting
(Definition 2.7).

(i) Without the dependent variable, every joint conditional distribution is PIC. That is, let k
be a joint conditional distribution for Z given (F,fo(wo), ..., f.(2n)), that is for all xjo.,) € [Theo Xk
and A € B(E)

a.s.

]P’(Z e A| F,fy(xo),. -, fn(zn)) = IQ(W, fo(wo), ..., ful®n), T[0:n); A).

Then for all conditionally independent evolutions (Xi)ken, and A € B(E)

a.s.

P(Z €A | }—n) = H(I/VafO(XO)w--7fn(Xn)aX[0:n];A)-

(ii) With the dependent variable, continuity is sufficient for joint conditional distribu-
tions to be PIC. That is, let the kernel k be a joint conditional distribution for (Z,£,(x,)) given
(F, (fk(xk))ke[o,n)) such that
Ty = K(Y[0:n)» Tlomn]; - )
is continuous in the weak topology for all x(y.,y € X" and all yjo.,y € Y". Then for all conditionally
independent evolutions (Xi)ken, and measurable sets B € B(E) @ B(Y)

P((Z,£.(X0)) € B | Fue1,Xn) = (W, (£6(Xk))kefon), X(om): B)-
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Remark 2.11 (Comparison with dependent evaluation). We highlight that continuity of the kernel is only
required for the case where function evaluations are dependent variables. However, while Proposition 2.4
shows the existence of a joint kernel that admits random evaluation, the existence of such a joint conditional
distribution is not proven here. In the Gaussian case this is not a problem, since the joint conditional
distribution is known explicitly (see Section A).

Corollary 2.12 (Gaussian case). In the general conditional independence setting (Definition 2.7) further
assume that the sequence (£,)nen, consists of joint Gaussian random functions. Then the canonical Gaussian

conditional distribution (Definition A.3) for f(x,n) = £,(x) is PIC.

Proof. The canonical Gaussian conditional distribution is a joint conditional distribution (Remarks A.4)
that also satisfies the continuity requirement in Theorem 2.10 (ii) (Remark A.5). O

2.3 Counterexample

While it is unlikely that anyone would question the measurability requirement in Corollary 2.5, the continuity
requirement may seem strange. Especially, as we do not appear to require it for the evaluation of functions
in the conditional (see Theorem 2.10). The following counterexample illustrates that such a continuity
requirement is indeed necessary for the PIC property.

Counterexample 2.13 (Joint kernel that is not PIC). In this example we show that X measurable with
respect to F is not always sufficient to treat X as deterministic in E[f(X) | F].

For this purpose consider a standard normal random variable Y ~ N(0, 1) independent of a standard uniform
random variable U ~ U(0,1). We define an almost surely constant Gaussian random function f(z) := Y and
define F := o(U). Since the conditional expectation is only well-defined up to null sets we have

E[f(2) | U] ™ E[Y]Ly e = (o).

However we have
g(U) = 0 #E[Y] = E[f(U) | U].

While the formula g is therefore a valid formula for E[f(z) | U] for all deterministic z, it is not valid for
random X = U. Even though X is measurable with respect to F = o(U). Similarly one could construct g
to not be a measurable function. In this case g(U) would not even be a valid random variable. This further
justifies (i) in Corollary 2.5.

Remark 2.14 (Connection to regular conditional probability). In the Counterexample above we created
different adversarial null sets for each x, which joined together in the case of the random X = U to break the
formula. Similar counterexamples motivate the construction of the regular conditional probability kernel®
(e.g. , , Def. 8.28). Just like regular conditional probabilities result in a narrower definition of a
“sensible” conditional probability, PIC joint conditional distributions further narrow the set of conditional
distributions down.

3 Applications

In the case of Gaussian random functions f for example, (f(xo),...,f(x,)) is a multivariate Gaussian vector
with well known posterior distribution f(z,) given (f(xg),...,f(z,—1)) when the evaluation locations are
deterministic. But f(X) is not necessarily Gaussian if X is random® and the calculation of conditional
distributions hence becomes much more difficult. Treating previsible inputs as deterministic ensures the
calculation is feasible but it requires a theoretical foundation.

5The conditional probability P(X € A | F) = E[14 | F] for a random variable X, o-algebra F and measurable sets A is only
well defined up to a null set. It is therefore ex ante impossible to ensure that A — P(X € A | F) is a well-defined measure.
This is because the null-set may depend on A and, if adversarially selected, their union may no longer be a null set.

Sconsider X = argmin,¢ g f(z) for some compact set K C X.



Under review as submission to TMLR

3.1 Maximal probability of improvement

To illustrate the necessity of our results, we consider a simple optimization procedure from Bayesian opti-
mization known as “maximal probability of improvement” (PI) (e.g. , , Sec. 7.5).

Let (f(x))zex be a Gaussian random function with values in R. The goal is to find a maximum of f. To this
end, new evaluation locations are chosen according to the rule

X, = arg max[@(f(xn) > max f(X;)+e€] fn_1)7 (PI)
zn€X 1=0,...,n—1
=
where € > 0 is a minimum improvement and F, = o(f(Xo),...,f(X,)). And we assume a deterministic

starting location Xy = zo. We will address the measure-theoretic subtleties of maximization in Subsection
3.1.2, let us first consider whether or not we can even obtain an explicit expression for the probability of
improvement.

3.1.1 Calculating the probability of improvement

Deterministic case Computing PI explicitly would be straightforward if the Xy, ..., X,,_1 were determin-
istic zo,...,Zn—1. In this case (f(x¢),...,f(zy,)) is a multivariate Gaussian random vector. Consequently,
the conditional distribution of f(x,) given (f(zo),...,f(z,—1)) is again Gaussian (see Lemma A.2). Let ®
denote the cumulative distribution function of the standard normal distribution N(0,1). Since 7 is Fy—1
measurable we have

P(f(zn) >n| Faor) =1 — Ok,

On

where the posterior mean and variance,

tn = pn(xoy .oy Tny £(20), ..., f(20n—1)) and Uﬁzai(xo,...,xn),

are given explicitly in Lemma A.2. Since ® is monotonically increasing this results in the optimization
problem

X,, = argmaxP(f(z,) > n | F,_1) = arg max Hn 77’ (5)

ZTn Ty On

which can be numerically maximized using the explicit formulas in Lemma A.2.

Heuristic in the random case With the heuristic motivation that the X, are ‘deterministic’ conditioned
on Fi_1 (“previsible”), the same procedure is used when the Xy, ..., X,,_1 are not deterministic but selected
by this process. The correctness of this procedure is often treated as self-evident (e.g. , ,
Lemma 5.1, p. 3258). A proof of this conjecture is non-trivial but a direct result of Corollary 2.12.

Example 3.1 (Calculating the probability of improvement). Let f be a continuous Gaussian random func-
tion, X} measurable with respect to Fr_1 = o(f(Xp),...,f(Xx-1)) and Xy = z¢ deterministic. Then, if the
probability of improvement

]P’(f(a:n) > kIgIl[g)é)f(Xk) +e| ]-"n_l)

is calculated using the canonical Gaussian conditional distribution (Definition A.3) the random evaluation
locations X may be treated like deterministic locations x.

Proof. Define the continuous function

h(Y[0:n)) = Yn — Jnax g

Using £, (z[o.n)) = (f(20),...,f(z,)) the desired probability is then clearly

P(£a(X{omy> ) € B ((6,50)) [ £(Xo), - £(Xn 1) )
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Since the (fy)r<n with f;, == f for k < n are joint Gaussian, the canonical Gaussian conditional distribution
(Definition A.3) for deterministic locations forms a joint kernel x (Remark A.4) with

P(fn(‘%n) €A | f({l}o), cee f(xn—l)> = H(f(x())a ceey f(‘rn—l)7x[01n)7jn; A)a

We may then apply Corollary 2.12 to obtain that we have for X,, = (X[0:n)s Tn)

]P’(f(xn) > max £(X)) +e| fn,l) = K(E(X0), -, E(Xn1), X(0mm) Xni A).

€10:

Or in other words, we may treat the inputs Xo, ..., X, _1 like deterministic parameters in the calculation. [

3.1.2 Subtleties of maximization

Assuming there exists a continuous version of z — P(f(z) > n | F,—1) and X is compact, the maximizer X,
in PI exists. And it is perhaps reasonable to expect

P(E(Xn) > n | Faor) = max P(E(zn) > 0 | Foa), (6)

since X, is defined as the maximizer. However, the supremum of a random function is well-known to
be a subtle measure-theoretic object that is only well defined if the random function is separable. The
conditional probabilities are such random functions in x,, (assuming they are formed using a joint kernel for
measurability). The following illustrative example explains why we cannot expect (6) in general.

Example 3.2 (Maximization of conditional expectations). Let U ~ U([0,1]) and Y ~ N(0, 1) be indepen-
dent random variables and define f(z) = Y to be the constant Gaussian random function over x € [0, 1].
Since the conditional expectation is only well defined up to null sets we clearly have for v > E[Y]

Elf(z) | U] = E[Y] + 1o—uy =: g(x),
as {x = U} is a null set. Therefore we have

max g(x) =1, argmax g(x) = U.
z€[0,1] z€[0,1]

However this does not translate back
E[f(U) | U] = E[Y] # g(U) = 7.
Since g(z) is a valid version of E[f(x) | U] the term

sup E[f(x) | U]
z€]0,1]

is not well defined if we admit such g. However, if we require  — E[f(z) | U] to be separable (e.g.
continuous), then the supremum is well defined.

We now may want to prove (6) for separable versions of the conditional distribution with Proposition 2.4.
For this we require the following about the PIC joint kernel for all z,, € X and all n € R

P(f<xn) =n]| ~7:an> = k(3 {n}) = 0. (7)
This is generally the case for Gaussian random functions, since the value

n= max f(X;)+e

i=0,....n—1

is not achieved at any of the locations X; for € > 0 and all other points typically have positive remaining
variance.
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Example 3.3 (Maximizer plugged into PI). Assuming (7) we have
a.s.
P(f(Xn) >n| Fao1) = | Fnax P(£(X) > n| Faz1).

n—1-meas.
r.v. in X

= max P(f(z,) > n | Fao1).

T, €X

Proof. Using h(y[0:n]) = Yn — MaXpe[o:n) Yk and £, (z0.)) := (f(z0), ..., f(2y,)) again, we have by Proposition
2.4 that there exists a kernel with

P(fn(X[On)awn) €A | fn—l)(w) = K(va[O:n)amn; A)a
where & — k(w,Z;-) is continuous in the weak topology of measures. Since (e,00) is a continuity set, i.e.
P(f, (X{omm); Tn) = € | Fno1) = 0 by (7), we have by the Portmanteau theorem (e.g. , , Thm.
13.16) that the following function is continuous
T = K(w, X[0:n), Tnj (€,00)).

This function is thereby a separable version of PI and thus

g%%ép(f(xn) > ‘ Fn— 1) = ma}}é K‘( X[O:n)axn; [Ga OO))

K('aX[O:n)aXn; [6, OO))
= P(f(Xn) > | fn—l)

for any X,, that is F,_i-measurable and takes values in X. Taking the maximum over such X,, results in
the second equality since deterministic x,, are special cases. Since

X, = argmaxIP’(f(xn) >n| Fae 1) = arg max £ (-, X(o:n), Tn; [€,00)) = X,

Tn Tn

we clearly also have the first equality

]P(f(Xn) >n | fn—l)

Hm

( XOn);Xn; [E,OO))

( XO [0:n)> Xn; [67 OO))
= ;n%X K( X[O:n)7 Tn; [67 OO))

IIJJ

= max P(f(z,) > n | Fa1). O

rnp€X

Remark 3.4. Tt may be possible to get rid of the assumption (7) if one can combine the continuity of the
kernel in the weak sense with the fact that the function x — P(f(x) > n | F,—1) for the fixed set [e, c0) must
be separable.

3.2 Maximal expected improvement

Another popular method in Bayesian optimization is the maximization of the expected improvement (EI)
(e.g. , , Sec. 7.3). Here the next evaluation location is chosen as

X, = argmaXE[(f(xn) —£2), | ]-"n_l].
T, €X
for f; = maxcpo.n) £(Xx) with 2 = max{0,z}, assuming sup,cx E|f(z)| < co.
Example 3.5 (Expected improvement with previsible inputs). Let f be a continuous Gaussian random

function and X measurable with respect to the filtration Fr_1 = o(f(Xp),...,f(Xk-1)) and Xo = g
deterministic. Then, the expected improvement

E| (f(@a) ~ £) , | Fac]

may be calculated using the canonical conditional distribution (Definition A.3) by treating the random
evaluation locations X}, like deterministic locations .
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Proof. Using the continuous function

h(Yio:n)) = (Yn — e Uk)+

and f,(x) = (f(z),...,f(x,)) the expected improvement can be written as

Elho fn(X[On)yxn) | ]:nfl} = /h(y) P(fn(X[On)awn) € dy | ]:nfl)

Application of Corollary 2.12 to P(f,,(X[0.n), ¥n) € dy | F,,—1) analogous to the proof of Example 3.1 yields
the claim. O

Without the assumption Esup,x |f(z)| < oo it is already difficult to justify the existence of a continuous
conditional expectation = +— E[f(z) | F]. The following assumption in the example on maximization is
therefore very natural.

Example 3.6 (Maximizers plugged into expected improvement). Assuming E[sup,cx |f(z)|] < co we have

E[(f(xn) —f) |f"‘1} - ]’E?—)fncas.E{(f(X) —f) f“‘l}
r.v. in X

= maXE[(f(Jjn) — f;)+ | ]-'n_1}.

xn€X
Proof. Using h(yjo:n)) = (Yn — MaXpe(o:n) Y& )+ and £, again, we have

Efsup |h o £ (@(0.)| | Fa-] < (n+ DE[sup£(2)] | Fo] < o0
zeX reX

almost surely. For the kernel x from Proposition 2.4 with
IP)(fn(m[On)vxn) €A | fn—l) = "i('ax[O:n)axn;A)

we thereby know that

H(x,) = /h(y) (-5 Xjoimy» Tn dy) = E[(f(a:n) — f;:)+ | .7:”—1}

is an almost surely continuous version of the expected improvement into which we may plug random X,
that are measurable with respect to F,,_1. The rest of the proof is then analogous to the proof of Example
3.3. O

4 Proofs

4.1 Simplified case: Dependent evaluation

Proof of Proposition 2./. Observe that F x C(X,Y) is a standard borel space since C(X,Y) is Polish (Theo-
rem B.1). There therefore exists a regular conditional probability distribution x ¢ r (e.g. , ,
Thm. 6.3). Using this probability kernel, we define the kernel

.3 B) = [ Ln(e,e(f. )iz orlwids )

which is a measure in B € B(E) ® B(Y) by linearity of the integral and monotone convergence. We therefore
only need to prove it is measurable in (w,z) €  x X to prove it is a probability kernel. This follows from
measurability of the evaluation function e (Theorem B.1) and the application of Lemma 14.20 by

( ) to the probability kernel #(w,z; A) = rz¢r(w; A) in the equation above. By ‘disintegration’ (e.g.

10
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, , Thm 6.4) this probability kernel is moreover a regular conditional version of P((Z,f(X)) €
B | F) for all F-measurable X, i.e. for all B € B(F) ® B(Y) and for P-almost all w
disint.
P((Z.800) € B| 7)) "2 [ 1p(eelf, X)) hzer(sds o d)
def.

k(w, X(w); B).

The kernel thereby satisfies (2).
For continuity observe that we have lim,_,,(z, f(z)) = (2, f(y)) for any f € C(X,Y). For open U this implies

liminf 1¢(2, f(z)) > 1p(z, f(y)),

T—Y

because if (z, f(y)) € U, then eventually (z, f(z)) in U due to openness of U. An application of Fatou’s
lemma (e.g. , , Thm. 4.21) yields for all open U

T—Y T—Y

lim inf k(w, z;U) > /lim inf 1y (2, f(x))kz g7 (w; dz @ df) > k(w,y; U).

And we can conclude weak convergence by the Portmanteau theorem (
is metrizable.

, , Thm. 13.16) since ExY

Let & be another joint probability kernel that is continuous almost surely. We will assume it is continuous
for all w without loss of generality in the following and assume that the null set of discontinuity is tacitly
joined with the null set we construct. Since E x Y is second countable, there is a countable base {U,, }nen of
its topology, which generates the Borel o-algebra B(F) ® B(Y). And since X is separable, it has a countable
dense subset (). There must therefore exist a null set N such that

k(w, q; Upn) = R(w,q; Un), Voe Nt neN, geQ,

because both kernels are regular conditional version of P(Z,f(q) € U,;G) and the union over N x @ is a
countable union. Since {U,}nen generates the o-algebra, we deduce for all w € N C and all q € @ that
k(w,q;) = k(w,q;). As @ is dense in X we have by continuity of the joint kernels for all w € NC and all
zeX

k(w,x; ) = R(w, z; ).

Let g: E XY — R be a continuous function with E[sup, |g(Z,f(z))| | F] < oo almost surely. Then for
g(2) = J 9(z,y)(-, 25 dz ® dy) we have

g(z) — g(z0)|(w) = ‘/g(z,y)n(w,x;dz ® dy) — /g(z,y)/i(w,xogdz ® dy)‘
= ‘/g(z,e(ﬁ z)) — g(z, e(f,20))k 7,817 (w; dz @ df)‘
< [late: £@) = 9(e, Fwo) s airtos d= @ )

using the definition of k via r 7 ¢ 7 for the second equation. Up to a null set N we further have for all w € N c

[suplgte. f@) ez (wsds o df) = E[suplg(Z,£@)] | ] ) < .
Since |g(z, f(x)) — g(z, f(x0))| < 2sup, |g(z,f(x))| we thus have by dominated convergence and continuity
of g and f that g(x) — g(xg) for z — xo. O

Remark 4.1 (Possible generalization). Note that for the existence of a joint conditional distribution that
satisfies (2) we only require a regular conditional distribution for (Z,f) given F to exist and measurability
of the evaluation map e. This part of the result can therefore be made to hold with greater generality.

11
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4.2 General case: Conditionally independent evaluation locations

To prove our main result (Theorem 2.10) we will move the PIC property that we can obtain by Proposition
2.4 for function values in the dependent part to the conditional part. The general proposition we will prove
in the following is the key tool for this purpose. We change the notation of the random objects to highlight
that we no longer assume continuity or make assumptions about the domain and range. This proposition
essentially states:

Let &, &3 be random elements and & = (£5), be a collection of random elements indexed by
y. If there exists a PIC joint conditional distribution x4, for (€3,£5) given &1, then any
joint conditional distribution ), ; for & given (£5,€;) is PIC.

The “joint” in “joint conditional distribution” refers to the index y of £§. The formal statement of this claim
follows:

Proposition 4.2 (Consistency shuffle). Let (2, A, P) be a probability space and let &1, (€Y)yen, &3 be random
elements in the measurable spaces (E;,&;), 1 € {1,2,3}, where & is indexed by the measurable domain (D, D).
Assume 53(51) is measurable as a random element in w € Q for all measurable functions g: 4 — D, and
assume there exists a PIC joint conditional distribution rs o1 for &s,&5 given &1. That is for all A € E3® &,

and all measurable functions g: E1 — D

P&, &) € A161) = k(61 9(60); A)- (8)
If there exists a joint conditional probability kernel 15, 5 for & given &1,&Y such that for ally € D and

Az € &3
P(& € As | €1,8Y) = ka1 (61,65, 45 As), 9)

then 155 is PIC, that is we have for all A3 € €3 and measurable g: By — D

S

P(&5 € Az | &,&0¢)) &= kg2, (€1, g(gl),g(fl);fb)-

Remark 4.3 (Possible generalization). Note that we keep g fixed throughout the proof. So if x4, is PIC
only for a specific g, then we also obtain consistency of x5 | only for this specific function g. For consistency

of 1551 it is therefore sufficient to find a f{‘gz‘l that is only PIC w.r.t. g for each g.

Proof. Let g: E1 — D be a measurable function. By definition of the conditional expectation we need to
show for all A3 € & and all A; 5 € & ® &

E|1a4,,(, ég(gl)))ff:;\z.,l,(51,559(&)),9(51);A3)} =E[14,,(&, ég(gl)))1A3(§3)]

Without loss of generality we may only consider A; o = A1 X Ay € & x &; since the product sigma algebra
&1 ® &; is generated by these rectangles. Since

Koy (215 Az) = ks 01 (1, 9(21); B3 X Ag)

is a regular conditional version of P(Eég S | £&1) by assumption (8) we may apply disintegration (e.g.

, , Thm. 6.4) to the measurable function

<P(9C1,902) =14, (372)f‘7:§\2.1(x1aw279(x1)§AS)

to obtain

E[p(&, 3(51)) &)= <P(€17932)Hg‘1(§1;d$2)

/ (10)
/

0(&1,2)ks3.011 (&1, 9(61): B3 X dag).

12
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We thereby have
]E|:1A1(§1)1A2( g(gl))“:ﬁ\zw (51755(51)79(51%143)}

—E[L, (€)p (668
w E[lAl(&)/<P(§17$2)“:x2\1(5179(51);E3 % dxz)}
Lemuma. 4.4 E|:1A1(§1)h73ﬁ2\'1 (€1, 9(&1); Az x A2)}

D E[14, (€)1 012 (6,5

_ ]E[lAl (€)1, (6514, <53>]~

The crucial step is the application of Lemma 4.4, which provides an integral representation of a regular
conditional distribution of &3, &Y | & that couples the two conditional kernels.

Lemma 4.4. For all Ay € &, As € &, all y € X and P¢, -almost all z1
Fgo1 (21,Y; Az X Ag) = /¢($17$2)H:s,2\1($1,y;E3 x dxs) (11)

= /1A2(l‘2)/ﬁ‘33_1(3317932,21;143)/*73,2\1(xl,y;Es X dx2).

In the remainder of the proof we will show this Lemma. To this end pick any A; € & . Then by definition
of the conditional expectation (e.g. , , chap. 8)

E[14, (§1)rs21 (21, y; A3 x Ag)]

®) E[1a,(£1)14,(80)14,(&3)]

D B[4, (60)1a, (6855121 (61, E; A3))

© E{lAl(fl)/1A2($2)’f:5\2.1(§17$2»y;AB)ff.‘%,Q\l(glvy;ES X d3)

Note that the constant function g = y is always measurable for the application of (8). The last step (x) is
implied by disintegration (e.g. , , Thm. 6.4)

BIf(6,60) 161 [ Fl6 )y €1id)

of the measurable function f(x1,x2) = 14, (x2)r3.1(21,x2; A3) using the probability kernel
Ky (w13 A2) = kg o1 (21,43 B X Ap)

which is a regular conditional version of P(¢) € - | £&;) by assumption (8), since the constant function g =y
is measurable. O

4.2.1 Proof of the main result (Theorem 2.10)

In this section we assume that X is a locally compact, separable and metrizable space and Y is a Polish
space. In this setting, we can use Proposition 2.4 to get rid of the assumption in Proposition 4.2. This
is done in the following corollary, which is then modified for conditional independence in Lemma 4.6. We
finally prove our main result using repeated applications of this lemma.

Corollary 4.5 (Automatic PIC). Let Z be a random variable in a standard borel space (E,B(E)), and f a
random variable in C(X,Y). Let W be a random element in an arbitrary measurable space (0, F). If there

exists a joint conditional distribution k for Z given (W,f(x)) then k is automatically PIC. That is, for all
B € B(E) all o(W) measurable X

P(Z € B|W,f(X)) = k(W,£(X),X;B),

13
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Proof. Since X = g(W) for some measurable function g, Proposition 4.2 with (&5,£5,&1) = (Z,f(y), W)
yields the claim, since a PIC joint probability kernel for &3,&Y given &; exists by Proposition 2.4. O

The proof of Theorem 2.10 (i) will follow from repeated applications of the following lemma. This lemma
slightly generalizes Corollary 4.5 to the conditional independence setting. Theorem 2.10 (ii) will follow from
(i) and an application of Proposition 2.4.

Lemma 4.6 (PIC allows conditional independence). Let Z be a random variable in a standard borel space
(E,B(E)), f a continuous random function in C(X,Y). Let W be a random element in an arbitrary measur-
able space (0, F). If there exists a joint conditional distribution k for Z given W, f(z) then for any random
variable X Wy (Z,f) in X

P(Z e B|W, X, f(X)) =W, f(X),X;B).

Proof. Observe that X is clearly measurable with respect to W* = (W, X). Our proof strategy therefore
relies on constructing a joint conditional distribution for Z given (W, f(z)) using x and apply Corollary
4.5.

Since X independent from (Z,f) conditional on W there exists a standard uniform U ~ #/(0, 1) independent
from (W, Z,f) such that X = h(W,U) for some measurable function h ( , , Prop. 6.13). Since
U is independent from W, Z,f we have by ( , , Prop. 6.6)

P(Z € B|W,U,f(z)) =P(Z € B|W,f(x)) = s(W,f(z),z; B)

for all z € X. Since o(W, X,f(z)) C o(W, U, f(z)) and (W, f(x)) is measurable with respect to o(W, X, f(z))
we therefore have

P(Z e B|W, X f(x)) = k(W.f(z),2; B) = K+(VVvX7f($)"T;B)’
—— ——
=W+ =W+
where kT is defined as constant in the second input. An application of Corollary 4.5 to ¥ yields the
claim. O

Proof of Theorem 2.10. We will prove (i) by induction over k € {0,...,n 4+ 1}. For any conditionally
independent evolution (X, )nen,, the induction claim is

P(Z € A| W, (£(X;))ico:k) (£:(@))iepn), Xjo:x))

(12)
=k (W, (£:(X3))ic0:k), (5:(@))icpn), Xo:k)> Tpen]; A)-

That is, we plugged in all the random variables up to index k¥ — 1. The induction start with & = 0 is given
by assumption and k = n + 1 is the claim, so we only need to show the induction step k — k + 1. For this
purpose we want to define W = (VV, (£:(X3))ico:r)» (Fi(24))ie(kin)» X[O:k)) and the kernel

Rz(km] (W7 fk (.’Ek), Tk; A) = "{(VV; (f'L (Xi))iG[O:k)7 (fl(xl))ze[kn]7 X[O:k)v Lk:n]s A)7

which is formally defined for any fixed (4., by mapping the elements of W into the right position. By
induction (12) we thereby have

P(Z e A|W,f(z)) = Rt o) (W, f(xp), 253 A).

We can now finish the induction using Lemma 4.6 if we can prove X} is independent from (Z, f) conditional
on W, because then we can also plug-in Xj. For the conditional independence we will use the characterization
in Proposition 6.13 by ( ).

Since X}, is independent from (Z, f) conditional on Fji_; there exists, by this Proposition, a uniform random
variable U ~ U(0,1) independent from (Z,f, Fi_1) such that X = h(§,U) for some measurable function h

and a random element £ that generates Fr_1. Due to Fr_1 C o(W) the element £ is a measurable function of

W and therefore Xj, = h(W,U) for some measurable function h. Since U is independent from (Z,f, Fj_1),

14
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it is independent from W as o(W) C o(f, Fx_1). Using Prop. 6.13 from ( ) again, X}, is

thereby independent from (Z,f) conditional on W.

What remains is the proof of (ii). Let x,, be fixed and define Z = (Z,f,,(x,)). Since & is a joint conditional
distribution for Z, £, (x,) given F, (fr.(2x))re[o:n) the kernel

Kz, (y[O:n)7 L[0:n)s B) = ’i(y[O:nﬁ L[0:n]; B)
clearly satisfies the requirements of (i) and thereby

P(ny(xn) €B | ]:nfl) = ’%(I/Va (fk(Xk))kE[O:n)7X[O:n)axn;B) = ’%(W7$n7B)

=W

Since W generates F,_; we are almost in the setting of Proposition 2.4, as we have continuity in z,,. However,
since X,, is not previsible we have to repeat the same trick we used in the proof of Lemma 4.6. Namely, X,
is measurable with respect to W+ := (W, X,,) and we will have to construct a joint conditional distribution
for Z,f(x,) given WT.

Since X 1s independent from Z, f conditional on W, there exists a standard uniform U ~ U (0,1) independent
from (W, Z, f) such that X,, = h(W,U) for some measurable function h ( , , Prop. 6.13). Since
U is independent from (W, Z, f), we have by ( , , Prop. 6.6)

P(Z,f(z,) € B|W,U) = P(Z,f(z,) € B| W)= &(W,x,;B)

for all z,, € X. Since o(W,X,,) C o(W,U) and W is measurable with respect to (W, X,,) we therefore
have 5 N -
P(Z,f(z,) € B|W,X,) = &(W,2;B) = kT (W, X,,, 7,; B),
~—— S~~~
—Wt W+
where 7 is defined as constant in the second input. Clearly, by definition of k™ via k, k™ is continuous in

T, and as a continuous joint conditional distribution it is PIC by Proposition 2.4. This finally implies the
claim

P(Z,f(X,) € B| Fn_1,Xn) = st (W', X,; B)
——
=W+ = K:(W (fk(Xk))kE[On)7 X[O:n)a X’m B) O
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A Gaussian conditionals

In this section we want to recall the canonical version of the conditional distribution of Gaussian random
vectors/functions.

Remark A.1 (Multivariate output). While we limit ourselves to real-valued functions in the following lemma,
the result may easily be extended to R? valued functions. To do so simply turn the output dimension into
an input, i.e. f(z); =: f(x,) for i € [1:d], where we recall the notation for discrete intervals

[i:7] = [i,7] N Z, [i:7) = [i,§) NZ, ete.

In other words we simply replace the domain X by X x [1:d]. This necessitates that we do not only consider
f(z,) given f(xo),...,f(x,—_1) but instead the the distribution of f(zy),...,f(z,) given f(zg),...,f(xr_1).

Lemma A.2 (Gaussian conditional distribution). Let (f(z)),ex with values in R be a Gaussian random
function with mean and covariance function

p(x) = Elf(z)]  and  Ce(z,y) = Cov(f(z),f(y)).

Then a reqular conditional distribution

P((F(aksr), o £(zn)) € A|Y) = (Y5 4)

16
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fork <n,Y = (f(zo),...,f(xr)) and v = (xo,...,zy) s given by the Gaussian distribution
ra(y; A) = w(z, 45 A)
o [ exp (=4t = el ) B @] ¢ = n(a.) )t (13)
where the posterior mean is given by

p(Trt1) . p(o)
Mnlk(xv y) = : +M [(Cf(xzv xj))i,je[o:k]} (y - : )
(@n) ()

and posterior covariance by

-1
Ynk(x) = (Ce(wi, 25))ije(hin] — M{(Cf(xiyxj))i,je[o:k]} M*

with
Ce(rs1,20) -+ Ce(Tpgr, wn)
M= : :
Ce(zn,wo) - Ce(Tn,xk)
Proof. Since (f(xo),...,f(xy,)) is multivariate Gaussian, this is simply a standard result about conditionals
of Gaussian vectors (e.g. , , Prop. 3.13). O

Definition A.3 (Canonical Gaussian conditional distribution). Since the definition of the regular conditional
distribution in (13) is not unique, we refer to this specific version as the canonical Gaussian conditional
distribution.

Remark A.4 (Joint kernel). The collection of kernels (k;)zexn+1 is a joint distribution, since it is measurable
in x,y for fixed A.
Remark A.5 (Continuity). If u and C¢ are continuous, then the characteristic function of the joint kernel

Rz, y;u) = exp (iuTumk(% y) — %UTEn\k(w)u)

is continuous in (x.y), since both fi,;, and %, are continuous in w(j.,). This can be seen directly from
the explicit expressions in Lemma A.2 as the z; with j > k are not involved in the matrix inversion. This
implies continuity of 2 (j.,) — (2, ;) in the weak topology by Lévy’s continuity theorem (e.g. ,
, Thm. 5.3).

Remark A.6 (Artificially breaking things). This canonical kernel may be artificially modified to be discon-
tinuous. E.g. with an indicator on {x = y}, which is a null set for every fixed x as Y has a density. The
resulting collection of kernels would still be a joint regular conditional distribution, however in contrast to
the canonical Gaussian conditional distribution they would not necessarily be PIC (see Prop. 2.4). Similarly,
the collection may be modified to not be a joint kernel.

B Topological foundation

In this section we show the evaluation function to be continuous and therefore measurable for continuous
random functions. For compact X this result can be collected from various sources (e.g. , ,
Thm. 4.2.17 and , , Thm. 4.19). But we could not find a reference for the result in this generality,
so we provide a proof.

Theorem B.1 (Continuous functions). Let X be a locally compact, separable and metrizable space”, Y a
Polish space and C(X,Y) the space of continuous functions equipped with the compact-open® topology. Then

"We do not need X to be metrizable but only regular and second countable (in metrizable spaces ‘second countable’ is
equivalent to ‘separable’ ( s , Cor. 4.1.16)). We choose this more specific definition to make it more obvious that
a locally compact Polish space satisfies the requirements. However, for the proof we will assume the more general setting.

8The sets M(K,U) = {f € C(X,Y) : f(K) C U} with K C X compact and U C Y open, form a sub-base of the compact-open
topology (e.g. , , Sec. 3.4). Le. the compact-open topology it is the smallest topology such that all M (K,U) are
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(i) the evaluation function
)X Y)xX =Y
(f;2) = f(x)

s continuous and therefore measurable.

(ii) C(X,Y) is a Polish space, whose topology is generated by the metric

d(f,g) .—ZQ TTdu(fg) with  dn(f,q) ._;eul?ndy(f(x),g(a;))

n=1
for any metric dy that generates the topology of Y and any compact exhaustion” (K,)nen of X, that
always exists because X is hemicompact!

(iii) The Borel o-algebra of C(X,Y) is equal to the restriction of the product sigma algebra of Y* to
C(X)Y), i.e. B(C(X)Y)) = B(Y)®X|C’(X,Y)'
Remark B.2 (Topology of pointwise convergence). The topology of point-wise convergence ensures that all
projection mappings 7, (f) = f(x) are continuous. It coincides with the product topology ( , ,
Prop. 2.6.3). Thm. B.1 (iii) ensures that the Borel-c-algebra generated by the topology of point-wise
convergence coincides with the Borel o-algebra generated by the compact-open topology.
Remark B.3 (Construction). The main tool for the construction of probability measures, Kolmogorov’s
extension theorem (e.g. , , Sec. 14.3), allows for the construction of random measures on product
spaces. This is only compatible with the product topology, i.e. the topology of point-wise convergence. But
the evaluation map is generally not continuous with respect to this topology ( , , Prop. 2.6.11).
(iii) ensures that this does not pose a problem as long as X and Y satisfy the requirements of Theorem B.1
and the constructed random process has a continuous version (cf. , , Thm. 3, ,
and references therein).
Remark B.4 (Limitations). While the compact-open topology can be defined for general topological spaces,
the continuity of the evaluation map crucially depends on X being locally compact ( , Thm.
3.4.3 and comments below). For X and Y Polish spaces, this implies C(X,Y) is generally only Well behaved
if X is locally compact.
Remark B.5 (Discontinuous case). Without continuity it is already difficult to obtain a random function
f that is almost surely measurable and can be evaluated point-wise. The construction of Lévy processes
in cadlag'® space only works on ordered domains such as R, where ‘right-continuous’ has meaning. Typi-
cally, discontinuous random functions are therefore only constructed as generalized functions in the sense of
distributions®! that cannot be evaluated point-wise (e.g. , ). In particular, we cannot hope to
evaluate generalized random functions at random locations. Nevertheless it may be possible to prove the
evaluation function to be measurable for more general separable functions.

Proof. Since X is locally compact, (i) follows from Proposition 2.6.11 and Theorem 3.4.3. by
(1939).

For (ii) let us begin to show that X is hemicompact/exhaustible by compact sets. Since the space X is
locally compact, pick a compact neighborhood for every point. The interiors of these compact neighborhoods
obviously cover X. Since every regular, second countable space’ is Lindelof ( , , Thm. 3.8.1),
we can pick a countable subcover, such that the interiors of the sequence (C;);en of compact sets cover the
domain X. We inductively define a compact exhaustion (Kp,)nen with Ky := C;. Observe that the set K,

open. Recall that the set of finite intersections of a sub-base form a base of the topology and elements from the topology can
be expressed as unions of base elements.

9The set X is hemicompact if it can be ezhausted by the compact sets (Kn)nen, which means that the compact set K, is
contained in the interior of K, 41 for any n and X = UnGN K.

Ofrench: continue & droite, limite & gauche, “right-continuous with left-limits”

HThe set of distributions is defined as the topological dual to a set of test functions. In particular, distributions are
continuous linear functionals acting on the test functions. Thereby one may hope that Theorem B.1 is applicable, but the set

of test functions is typically not locally compact (cf. Remark B.4).
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is covered by the interiors (int C;);en. Since K, is compact, we can choose a finite sub-cover (int C;);e; and
define K, 41 = UZ.€ ; CiUCpqq. Then by definition K, is contained in the interior of the compact set K11
and due to C,, C K, this sequence also covers the space X and is thereby a compact exhaustion.

It is straightforward to check that the metric defined in (ii) is a metric, so we will only prove this metric
induces the compact-open topology.

(I) The compact-open topology is a subset of the metric topology. We need to show that the sets
M(K,U) are open with respect to the metric. This requires for any f € M(K,U) an € > 0 such that the
epsilon ball Bc(f) is contained in M (K, U).

We start by constructing a finite cover of f(K). For any x € K there exists 0, > 0 with Bys, (f(x)) C U for
balls induced by the metric dy as U is open. Since K is compact, f(K) C U is a compact set covered by the
balls Bs, (f(x)). This yields a finite subcover Bs, (f(z1)),...,Bs,, (f(zm)) of f(K).

Using this cover we will prove the following criterion: Any g € C(X,Y) is in M(K,U) if

sulp( dy(f(z),g(z)) < § =min{d1,...,0mn}. (14)
IS
For this criterion note that for any = € K there exists ¢ € {1,...,m} such that f(x) € Bys,(f(z;)). This
implies

d(g(z), f(zi)) < d(g(x), f(x)) + d(f(x), f(2i)) < 265,
which implies g(K) C (i~ Bas,(f(z;)) C U and therefore g € M(K,U).

Consequently, if there exists € > 0 such that g € B.(f) implies criterion (14), then we have B.(f) C M(K,U)
which finishes the proof. And this is what we will show. Since K is compact and the interiors of K,, cover
the space, there exists a finite sub-cover K C |J;.; K; and therefore some m = max I such that K is in the
interior of Kp,. By definition of d,, it is thus clearly sufficient to ensure d,,(f, g) < d. And since p(z) = 75
is a strict monotonous function € := 27™p(d) does the job, since 27"¢(d(f,9)) < d(f,g) < € implies

(ITI) The metric topology is a subset of the compact-open topology. Since the balls B(f) form a base
of the metric topology it is sufficient to prove them open in the compact-open topology. If for any g € B.(f)
there exists a compact Cy,...,C,, C X and open Uy, ...,U, C Y such that g € ﬂ;"zl M(C;,U;) C Be(f),
then the ball is open since these finite intersections are open sets in the compact-open topology and their
union over g remains open. But since there exists r > 0 such that B,.(g) C B(f), it is sufficient to prove for
any r > 0 that there exist compact C; and open U; such that

g €V =N, M(C;,U;) € Br(9). (15)

For this purpose pick Ky from the compact exhaustion with sufficiently large N such that 2=V < 5. Pick
a finite cover Oy, ,...O,,, of Ky from the cover {Oy}reky with O, := g7 (B, /5(g(x))) and define the sets

Cj = Oi%ﬁ Ky Uj = Br/4(f(xj))

Clearly the U; are open and the C; are compact and we will now prove they satisfy (15). Observe that g € V
since for all j

Q(Cj) - g(Oxj) c B’I‘/S(f(x])) - Uj'

Pick any other h € V. Then for all z € Ky there exists ¢ such that € O, C C; and by definition of V'
this implies h(x) € U; and also g(x) € U; and thereby dy(h(z),g(x)) < r/2. This uniform bound implies
dn(h,g) <r/2 and therefore

d(g,h) < (XN: 2", (g,1)) + ( i 2) <dwlg. ) +27N <,
n=1

n=N+1

since d,,(f,g) < dn(f,g) for n < N. Thus h € B,(g) which proves (15).
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As C(X,Y) is clearly metrizable, what is left to prove are its separability and completeness. Separability
could be proven directly similarly to the proof of Theorem 4.19 in ( ) but for the sake of brevity
this result follows from Theorem 3.4.16 and Theorem 4.1.15 (vii) by ( ) and the fact that X
and Y are second countable. Completeness follows from the fact that any Cauchy sequence f,, induces a
Cauchy sequence f,(x) for any = by definition of the metric. And by completeness of Y there must exist a
limiting value f(x) for any x. The continuity of f follows from the uniform convergence on compact sets,
since every compact set is contained in some K, from the compact exhaustion (cf. last paragraph in (I)).

What is left to prove is (iii). Since the projections are continuous with respect to the compact open topology,
they are measurable with respect to the Borel-o-algebra. The product sigma algebra, which is the smallest
sigma algebra to ensure all projections are measuralbe, restricted to the continuous functions is therefore
a subset of the Borel o-algebra. To prove the opposite inclusion, we need to show that the open sets are
contained in the product o-algebra. Since the space is second countable ( , , Cor. 4.1.16) and
every open set thereby a countable union of its base, it is sufficient to check that the open ball B.(fy) for e > 0
and fy € C(X,Y) is in the product sigma algebra restricted to C(X,Y). But since Be(fo) = H ([0, ¢)) with
H(f) =d(f, fo), it is sufficient to prove H is o(7, : € X)-B(R)-measurable, where 7, are the projections.
H is measurable if H,(f) = d,(f, fo) is measurable, as a limit, sum, etc. ( , , Thm. 1.88-1.92)
of measurable functions. But since X is separable ( , , Cor. 1.3.8), i.e. has a countable dense
subset @), we have by continuity of f and fj

dn(f, fo) = sup dy(f(x), fo(z)) = sup dy(m(f), m=(fo))-

xeEK, zeK,NQ
Since dy is continuous and thereby measurable ( ) , Thm. 1.88), H,, is measurable as a countable
supremum of measurable functions ( , , Thm. 1.92). O
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