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ABSTRACT

By incorporating knowledge from observed tasks, meta-learning algorithms in-
spired by PAC-Bayes bounds aim to construct a hyperposterior from which an
informative prior is sampled for fast adaptation to novel tasks. The goal of PAC-
Bayes meta-learning theory is thus to propose an upper bound on the general-
ization risk over a novel task of the learned hyperposterior. In this work, we
first generalize the tight PAC-Bayes-kl bound to the meta-learning setting. Based
on the extended PAC-Bayes-kl bound, we further provide three improved PAC-
Bayes generalization bounds for meta-learning, leading to better asymptotic be-
haviour than existing results. By minimizing objective functions derived from
the improved bounds, we develop three PAC-Bayes meta-learning algorithms for
classification. Moreover, we employ localized distribution-dependent PAC-Bayes
priors for meta-learning to yield insights into the role of hyperposterior for learn-
ing a novel task. In particular, we identify that when the number of training task is
large, utilizing a prior generated from an informative hyperposterior can achieve
the same order of PAC-Bayes-kl bound as that obtained through setting a local-
ized distribution-dependent prior for a novel task. Experiments with deep neural
networks show that minimizing our bounds can achieve competitive performance
on novel tasks w.r.t. previous PAC-Bayes meta-learning methods as well as PAC-
Bayes single-task learning methods with localized distribution-dependent priors.

1 INTRODUCTION

A major limitation of deep learning techniques is the need of large amount of training data for new
tasks. To address this challenge, meta-learning (Thrun & Pratt, |1998; |[Hospedales et al., 2021), also
called learning-to-learn, has come into focus in recent years. In meta-learning, an agent extracts
information from observed tasks, and aims to facilitate adapting to novel tasks with no data being
observed so far. Over the last decade, meta-learning based algorithms have shown promising ability
to perform well on a wide range of machine learning problems, e.g., few-shot learning (Munkhdalai
& Yul 2017 |Snell et al, [2017) and reinforcement learning (Finn et al., [2017; [Liu et al., [2019).
However, theoretical properties about meta-learning still remain incompletely understood.

The pioneering theoretical framework for meta-learning was formulated by |Baxter; (2000), who first
assumed that all tasks in meta-learning are independently and identically distributed (i.i.d.) from an
unknown distribution, called environment, to ensure the relatedness of different tasks. Under this
assumption, many following works proposed different meta-learning bounds with different com-
plexity indicators, such as covering number (Baxter, 2000), Gaussian complexity (Maurer, |2009;
Maurer et al., 2016; Tripuraneni et al.,[2020) and generalized VC-dimension (Ben-David & Schuller,
2003). Other works include utilizing algorithmic stability (Bousquet & Elisseeff, [2002) to study the
convergence rate of meta-learning algorithms (Maurer, 2005} |Chen et al.| 2020). Particularly, PAC-
Bayes learning bounds (McAllester, [1999) are regarded as one of the tightest generalization bounds
(Langford, 2005 |Zhang et al., 2021)). This thus causes the recent surge of interest in studying meta-
learning with PAC-Bayes analysis (Pentina & Lampert, [2014; Amit & Meir, [2018).

By incorporating knowledge from n training tasks, PAC-Bayes meta-learning algorithm outputs a
distribution, termed hyperposterior, over the set of all priors (Pentina & Lampert, [2014). When en-
countering a novel task from the same environment, one informative prior can be generated from the
learned hyperposterior to achieve a low generalization risk on the novel task. The PAC-Bayes bound
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on the generalization risk of the learned hyperposterior is composed of three parts: the empirical risk
on training tasks, the environment-level complexity and the task-level complexity. However, most
existing PAC-Bayes meta-learning bounds suffer from a slow convergence rate. For example, the
task-level complexities in these bounds are slower than O(ﬁ) (with m samples per training task),

3

and always contain an extra term of O(ﬁ) or O(%) (see Table . Moreover, existing works lack
theoretical explanations for why an informative hyperposterior can facilitate novel task adaptation.

In this work, we focus on tackling the above two issues in PAC-Bayes meta-learning theory. Specif-
ically, the first issue to be addressed is the lack of ‘identical distribution’ between samples indepen-
dently drawn from different tasks, since different tasks in meta-learning are associated with different
distributions. We thus can not directly apply traditional PAC-Bayes-kl bound (that holds for i.i.d.
data) to meta-learning. To overcome this problem, we propose Lemma [2]to convert the independent
(but non-identically distributed) setting into i.i.d. setting. Hence, we can effectively study meta-
learning with traditional PAC-Bayes-kl analysis and derive a generalized PAC-Bayes-kl bound for
independent data in Theorem|[T] Based on the extended PAC-Bayes-kl bound, we further use its three
relaxations, i.e. PAC-Bayes classic/quadratic/A bounds (McAllester, [1999; |Pérez-Ortiz et al., 2021}
Thiemann et al., [2017)), to derive three improved bounds on the generalization risk of the learned
hyperposterior in Theorem [2| (which are still called PAC-Bayes classic/quadratic/A meta-learning

bounds for brevity). Concretely, the environment-level complexity of O( %) in our derived
PAC-Bayes meta-learning bounds halves the logarithmic dependence on the number n of training

tasks in the numerator. The task-level complexity of our classic bound has a rate of O( 1nn7 ),

without containing the extra term O(\/—%) or O(%) In particular, the task-level complexities of

our quadratic bound and A bound have a fast convergence rate of O(%) (see Table m) More-
over, to address the second issue, we employ localized distribution-dependent priors (Catoni, [2007)
to meta-learning for explaining the power of hyperposterior. ‘Localized’ means that the prior is
dependent on the data distribution of a particular task and is informative enough for fast adaptation.
Hence there is a recent surge of interest in revealing the similarities between the localized prior and
the meta-learned prior (Pentina & Lampert, 2014). We demonstrate that, sampling an informative
prior from hyperposterior can reach the same tight PAC-Bayes-kl bound as setting a localized prior
on a novel task, validating the ability of meta-learning models to adapt to a new task.

Overall, our main contributions are four-fold: (1) By reducing the independent setting to the i.i.d.
setting with the proposed lemma, we utilize traditional PAC-Bayes-kl analysis in i.i.d. case to de-
rive a generalized PAC-Bayes-kl bound for independent data. (2) Based on the relaxations of the
extended PAC-Bayes-kl bound, we further obtain three improved PAC-Bayes meta-learning bounds
and three bound-minimization meta-learning algorithms. (3) For the first time, we demonstrate that
when the number of training tasks is large, sampling a prior from an informative hyperposterior
with a specific distribution can achieve the same tight PAC-Bayes-kl bound as setting a localized
distribution-dependent prior for a novel task. (4) Experiments with deep neural networks show that
minimizing our derived bounds yields competitive results w.r.t. previous PAC-Bayes meta-learning
methods and single-task learning methods that use a localized distribution-dependent prior.

2 RELATED WORK

PAC-Bayes Theory. The goal of PAC-Bayes theory is to connect the generalization error of the
learned posterior with its empirical error and its KL-divergence with respect to some prior distri-
bution. Since its first appearance (McAllester, |1998; 1999), PAC-Bayes theory has been developed
by (Seeger, |2002; Maurer, |2004; (Catoni, |2007) and extended to more general cases, where the data
is non-i.i.d. (Ralaivola et al., 2010; Seldin et al., 2012) or the KL-divergence is replaced by other
divergence measures (Alquier & Guedj, [2018)). The subsequent works connected PAC-Bayes theory
to other research areas, such as statistical estimation problems (Zhang}, 2006 |Germain et al.||2016),
kernel methods like SVM (Langford & Shawe-Taylor, |2002)) or Gaussian process (Germain et al.,
2009; [Reeb et al.| [2018)), and theoretical properties of deep neural networks (Neyshabur et al., 2017}
2018). Another important branch of PAC-Bayes theory focuses on bounding the KL-divergence
with an elaborate choice of distribution/data-dependent prior, which was first proposed as localized
PAC-Bayes analysis in (Ambroladze et al., [2006; |Catoni, |2007) and further developed by (Parrado-
Hernandez et al., 2012} Lever et al., 2013} |Rivasplata et al., [2020). In this work, we utilize PAC-
Bayes-kl analysis to explore the generalization ability of meta-learning models. Moreover, we pro-
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vide a case in which sampling the prior from the learned hyperposterior can achieve an equivalent
PAC-Bayes-kl upper bound as setting a localized distribution-dependent prior on the novel task.

PAC-Bayes Meta-Learning Theory. Under the i.i.d. task environment framework proposed by
Baxter| (2000), |[Pentina & Lampert (2014)) first introduced the notation of ‘hyperposterior’ and pro-
vided a PAC-Bayes bound for meta-learning. Following this work, Pentina & Lampert (2015) ex-
tended PAC-Bayes meta-learning theory to the general case of non-i.i.d. tasks. Amit & Meir| (2018))
proposed a demonstration framework that can incorporate existing PAC-Bayes theories in single-
task learning to derive new PAC-Bayes bounds for meta-learning. |[Rothfuss et al.|(2021) gave a
PAC-bayes meta-learning bound for unbounded loss with exponential moment assumption. [Farid &
Majumdar| (2021) utilized both algorithm stability analysis and PAC-Bayes techniques to yield task-
level and environment-level complexities respectively. However the task-level complexities in most
these bounds have a slow convergence rate, such as O( e \F) (we suppress the complexity

factors in the numerator for clarity, hereafter) in|Pentina & Lampert (2014)), O( o~ f) in/Roth-
fuss et al.| (2021)), or O( In (Zﬁ) ) in|Amit & Meir|(2018);|Liu et al.|(2021)) (see Table|l . In contrast,

the task-level complexity in our derived classic bound has a convergence rate of O( mnvm”m ), and

even can achieve a fast rate of O(—-~) in our quadratic/\ bounds (see Theorem . Detailed
comparisons between these bounds can be found in Table[I] and the discussions below Theorem 2}

In (nm) )

3 PRELIMINARY
3.1 NOTATIONS FOR PAC-BAYES SINGLE-TASK LEARNING

For supervised learning problems, Z = X x ) is the product of input space X and output space ), H
is a class of hypotheses, and the loss function [ : H x Z — R is assumed to be bounded in the interval
[0, 1]. In single-task learning, an algorithm is given a size-m training sample S = {z;}!™,, with each
z; drawn i.i.d. from an unknown distribution D over Z. Let M;(A) define the set of probability
measures over the set A. In PAC-Bayes learning, the agent aims to output a posterior @ = Q(S, P)
over H by training an algorithm with sample .S and prior P over . For any hypothesis h € H,
its expected error over D is denoted by er(h, D) £ E_..pl(h,z) and its empirical error over S
is er(h,S) = L3 U(h,z). Then the expected error er(Q, D) with respect to (w.r.t.) the
distribution @) and its empirical counterpart er(Q, S) are defined as:

er(Q, D) £ Epger(h, D), ér(Q,S) = Epwgér(h,S). (1)

Denote the KL- divergence or relative entropy, between two distributions ) and P by KL(Q||P) =

En~q In 4 Y P, where 4 IF P is the Radon-Nikodym derivative of @ with respect to P. For Bernoulli
distributions with biases p and ¢ we use kl(p||q) as a shorthand for KL([p, 1 — p]||[¢,1 — ¢]), the
KL-divergence between the two distributions. Then, the classical PAC-Bayes-kl bound in single-
task learning (see e.g. [Maurer|2004, Thm 5) states that, for any 6 € (0, 1), any predefined prior P,
with probability at least 1 — 0 over the draw of i.i.d. sample S = {z;}/,, the binary relative entropy
between the expected error of any posterior () and its empirical error can be bounded by :

2y/m
KI(E(Q, 9)l[er(Q, D)) < “L@IP) ¥ In 757 )

m

3.2 NOTATIONS FOR PAC-BAYES META-LEARNING

In meta-learning, the agent observes n training datasets {.5; }7_;, where the samples in each .S; are
i.id. generated from distribution D; (i = 1,...,n) over the sample space Z (i.e., D; € M1(2Z)).
Within the meta-learning framework of Baxter (2000), these n different data distributions {D;}1_,
are assumed to be i.i.d. sampled from the same environment 7 (i.e., 7 € M1(M;(Z2))). Therefore,
the whole training data {S;}?_; in meta-learning are independently but non-identically distributed.
Most existing theoretical works take such independent meta-learning setting for analysis (Maurer,
2005} [Pentina & Lampert| 2014} Maurer et al.| 2016;/Amit & Meir, 2018} (Chen et al.| |2020; Rothfuss
et al., |2021) and our work follows this line. We also assume the size of each observed dataset
S; as m to facilitate comparisons among different meta-learning bounds. Then, under the PAC-
Bayes meta-learning framework proposed by [Pentina & Lampert| (2014)), the prior P is regarded as
a random variable sampled from a predefined distribution P over priors, called a hyperprior (i.e.
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Table 1: Different PAC-Bayes bounds on er(Q). Meta-Learning Bound = Empirical Error +
Environment-Level Complexity + Task-Level Complexity. n is the number of observed tasks,
m is the number of samples in S; (i € [n]). P and Q represent hyperprior and hyperposterior
respectively, both of which are probability measures over the set of all priors. P is the prior sampled
randomly from P, and Q; = Q(S;, P) is the posterior for the i-th training task obtained by training
PAC-Bayes single-task algorithm with the data S; and the prior P. C;, Cy > 1 are two constants.

Different Bounds ‘ Empirical Error ‘ Environment-Level Complexity ‘ Task-Level Complexity

(Pentina & Lampert|[2014) ‘ ér(Q) ‘ o( %\f‘m)) ‘ o] KL(QIP) 3% L%NQ KL@Q:lP) | Tl;,)
MLAP-M (Amit & Meir![2018} ‘ ér(Q) ‘ O/ KH@lP)tHnn ‘ oLy, \/KL@HPHEPNQKL(Q cLIP)1n (nm) )
MLAP-S (Amit & Meir||2018) ‘ ér(Q) ‘ o( /KL(QHP)-Hnn ‘ oty L(Q||P)+Ep~o I%(Q HP)-Hn(n\F))
PACOH (Rothfuss etal [2021) | ér(Q) | o(XHSIR) \ O(KL QW’”E im 2exo KLQIIR) 4 1)

A bound (Liu et al.|[2021) ‘ C1é(Q) ‘ O(y/XUQlP)tlnn) ‘ oLy, KLQUIPITEr~ o KLQ|IP)+In (nym) )
classic bound (ours) ‘ ér(Q) ‘ o(, /w) ‘ O( KL( oHr)HsPNQz n KL(Q \\P)+1n\/m)
quadratic bound (ours) ‘ er(Q) ‘ O(\/iw) ‘ ()(KL(QW)HE“Q Xy KL(Q HPHlnm)

) bound (ours) ‘ Chér(Q) ‘ O(\/iw) ‘ o KL(QIP)+Er~o Em” KL(Qi||P)+In \/W)

P € M1(M;y(H))). During the meta-training phase, with the prior P sampled from hyperprior P
for each observed task, the agent further incorporates the information from the n training tasks and
computes a hyperposterior @ € Mj(M;(H)). During the meta-test phase, an informative prior
is sampled from the learned hyperposterior Q to adapt to the novel task. The goal of PAC-Bayes
meta-learning algorithms is thus to learn an informative hyperposterior @ with a hyperprior P and
the training datasets {.S;}?_, as input. Formally, the quality of Q can be measured by the fransfer
risk (Maurer, [2009)) on the data distribution D randomly sampled from the environment 7:

er(Q) 2 EpogEp-Eg.pmer(Q(S, P), D). (3)
Due to the difficulty of minimizing er(Q) directly, we consider the average empirical error over
the n training tasks, which is called empirical multi-task risk ér(Q) and can be minimized during
meta-training phase, and the expected multi-task risk ér(Q) as the empirical proxies for er(Q):

é(Q) £ Epol/ny é(Q(S:, P),S:), r(Q) 2 Eprgl/n) er(Q(S:,P),Di). &)
=1 1=1

4 THEORETICAL RESULTS

In Section we extend the PAC-Bayes-kl bound from i.i.d. setting to independent meta-learning
setting. In Section [4.2] we use the extended PAC-Bayes-kl bound to obtain three improved PAC-
Bayes bounds for meta-learning. In Section we demonstrate that on a novel task, utilizing the
prior sampled from an informative hyperposterior can achieve the same tight PAC-Bayes-kl bound
as that obtained by setting a localized prior. Section [4.4] details how to develop PAC-Bayes meta-
learning algorithms with our three improved bounds. All proofs are deferred to the Appendix.

4.1 GENERALIZING PAC-BAYES-KL BOUND FROM I.1.D. SETTING TO INDEPENDENT
META-LEARNING SETTING

We first provide a PAC-Bayesian demonstration template that can cope with independent meta-
learning setting. Such demonstration strategy is originated from (Germain et al., 2009} [Lever et al.,
2013) for i.i.d. case. We simply generalize such framework to the independent case and use it to
analyze how to extend the PAC-Bayes-kl bound for independent but non-identically distributed data.

Lemmal Let § = (&1, ...,¢k) be a size-K random vector, with each component &i,(k € [K])
drawn independently (not necessarily identically distributional) according to the measure vy, over
the set Ay. Let F be a set of random variables f, 7 be a fixed measure over F that does not depend
onS. Let R(f) = % Zle E¢, gx(f, &), r(f) = % Zle gk (f, &), where g, : F x Ay, — [0,1]
is a bounded function. Let ® : [0,1] x [0,1] — R be a convex function. Then for any § € (0,1), any
t > 0, with probability at least 1 — & over the draw of S, for any distributions p over F, we have

E;, Ese!®Rr(f)
5

(B R(f), Epnpr(f)) < %[KL(pr) +1n
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To derive PAC-Bayes bounds on er(Q) for meta-learning, some existing works (Pentina & Lampert,
2014; 2015}, Rothfuss et al., 2021) can be considered to set the convex function ®(R(f),r(f)) =
R(f) — r(f) in Lemma (1| and use this lemma to bound er(Q) — er(Q) and er(Q) — ér(Q)
respectively. Concretely, using Hoeffding’s Lemma (Hoeffding, |1963) to bound Ee!®(Z(f).r(f))
with et’/8K | the right-hand-side (RHS) in the inequality of Lemma can be written in the form
of A/t + tB/K, where A,B > 0. Setting t = /K obtains a bound of slow rate O(1/vK)
on Ef ,R(f). Hence, we can see that, setting ®(R(f),(f)) = R(f) — r(f) just yields a
bound of slow convergence rate. To obtain an improved bound for meta-learning setting, we set
S(R(f),r(f)) = kI(r(f)||R(f)) and expect to derive generalized PAC-Bayes-kl bound that can
be converted to an explicit bound of fast rate O(In K/K) on E¢,R(f). Recall that for single-task
learning, setting all measures v,’s in Lemma[l|as the same, setting ®(R(f),r(f)) askl(r(f)||R(f))
and bounding Ege ¥("(1).E(f)) with 2¢/K, we can recover the PAC-Bayes-kl bound for the i.i.d.
case in Eq. (2). However, the i.i.d. assumption is a necessary condition to bound E e’ ¥1(r(f).2(f))
with 2v K (see Maurer| 2004, Eq.(1)). Hence, traditional PAC-Bayes-kl bound can not be directly
applied to meta-learning setting where there is no i.i.d. data assumption. To address this issue, we
use the following lemma to convert the independent setting into the i.i.d. setting, thus giving an
upper bound on EeX Kr(DIIR() with BeX k(& i=i YellA) of ii.d. random variables {V; }2 .

Lemma 2 Let X1, ..., Xk be a sequence of independent random variables, such that X}, € [0, 1]
almost surely and EXy, = uy, fork =1,..., K. Let Y1, ..., Y be i.i.d. Bernoulli random variables

with BY), = 3 Zszl pp = . Let X = Ele XY = 22{:1 Y},. Then we have

EeK K& S, Xulln) <« pok K(E S, illn)

A similar result can be found in (Maurer, 2004, Thm 1) where {X k}szl are i.i.d. data. Our de-
rived Lemma [2| can be considered as the generalized version where {X;}# | are just indepen-
dent random variables. The proof of Lemma [2] can be found in Corollary 2| of Appendix
Setting X}, as gx(f,&) (k € [K]), we can apply Lemma [2] to show that Ee® M (DIE(N) <

Eek k(% X0 Yill#) < 24/K, leading to the following generalized PAC-Bayes-klI bound.

Theorem 1 In the setting of Lemma |l set ®(R(f),r(f)) = kKl(r(f)||R(f)). Then for any 6 €
(0, 1), with probability at least 1 — & over the draw of S, we have for any p € My (F),
KB pr (1)|[B o R() < ST VIS

There are two points to note about the above Theorem [T} (1) Setting all measures v’s as the same,
we can obtain the traditional PAC-Bayes-kl bound for i.i.d. case in Eq. (2). (2) Actually, we can also
use the generalized chromatic PAC-Bayes bound in (Ralaivola et al.,[2010, Thm 28) (just set the frac-
tional chromatic number in it as 1) to obtain an upper bound of slow convergence rate O(y/In K/ K)
onE;.,R(f) of independent data. In the next section, by Pinsker’s inequalities k1(p||q) > 2(p—q)?
and k1(p||q) > (p — ¢)?/(2q), we will use the relaxations of the extended PAC-Bayes-kl bound (i.e.
the three explicit bounds on E ., R(f) in Corollary |3|of Appendix two of which have a fast
convergence rate O(In K/ K).) to derive three novel PAC-Bayes meta-learning bounds on er(Q).

4.2 THREE IMPROVED PAC-BAYES BOUNDS FOR META-LEARNING BASED ON EXTENDED
PAC-BAYES-KL BOUND

To give a bound on er(Q), we choose to bound er(Q) —er(Q) and er(Q) —er(Q). The derived two
bounds are called Environment-Level Complexity and Task-Level Complexity, respectively. In
this work, we first bound kl(er(Q)||er(Q)) and kl(ér(Q)||ér(Q)) with the extended PAC-Bayes-
kI bound in Theorem [I} and then give the explicit bounds on er(Q) — er(Q) and er(Q) — ér(Q).
Concretely, the explicit bounds are derived as: (1) After obtaining a bound on kl(ér(Q)||er(Q)), we
can only use Pinsker’s inequality kl(p||q) > 2(p — q)? to bound |é7(Q) — er(Q)|. (2) After deriving
the bound on kl(éi(Q)||er(Q)), we can still use the inequality kl(p||lq) > 2(p — ¢)? to bound
ler(Q) — er(Q)|. Besides, since ér(Q) < ér(Q), we can use the stronger inequality kl(p||q) >
(pgiq)Q to give a sharper bound on ér(Q). Combing the derived environment-level complexity and
task-level complexity with union bound yields three improved meta-learning bounds below.
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Theorem 2 Denote Q(S;, P) by Q; for brevity, ¥i € [n|. For any predefined hyperprior P €
M1 (M1(H)), any § € (0,1), with probability at least 1 — § over the draw of samples {S1, ..., S, },
simultaneously for all hyperposterior @ € My (M1(H)), we have

(i) PAC-Bayes-classic meta-learning bound.:

2v/n n . 2/nm
er(Q) < eAT(Q)—I—\/KL(Q”,P;n_'— In =5 +\/KL(Q||P) +Ep~o ) ;g KL(Q4||P) + In =5 .

(ii) PAC-Bayes-quadratic meta-learning bound:

KL In 2/ A + In /om A+ In m o
er(Q)<\/ (CI[P) +In 75 +(\/€r(Q)+ i +\/ +22 i )

2n 2nm m

where A = KL(Q||P) + Ep.o >y KL(Q;||P).
(iii) PAC-Bayes-\ meta-learning bound, for any A € (0,2):

2nm

er(Q) < ¢ KLQIP) +In 2" | &@(Q) , KL(QIIP) + Brro iy KLQIIP) + In 5
/ - 2n 1=A/2 nmA(l — \/2) :

The detailed comparisons between our derived three meta-learning bounds and existing bounds can
be found in Table [I] We can see that: (1) Compared with the environment-level complexities of
O( W) in|Amit & Meir| (2018)); Liu et al.{(2021), the environment-level complexities

of O(\ / W) in our derived three bounds halve the logarithmic dependence on the num-
ber n of training tasks in the numerator. (2) The task-level complexities in existing bounds can not

fully utilize the whole nm training samples (e.g., O(% S W) in[Amit & Meir (2018)
and O(A + ﬁ) inRothfuss et al.|(2021), where the definition of complexity A can be found in

ny/m
Theorem 2] (ii)). In contrast, the task-level complexities in our derived classic bound can fully utilize

the whole nm training samples (i.e., without the extra term O(ﬁ) or O( \/%) ) and has a conver-

gence rate of O(4/ Aﬂ:sim V). (3) Our derived quadratic bound and A bound can achieve a fast

rate of O (% V) (as long as the empirical multi-task risk €7(Q) is close to zero), much sharper

than that of O (W) in the quadratic bound and \ bound of [Liu et al.|(2021). To validate the
practical effectiveness of the above three improved bounds, we will set them as training objectives
to develop three bound-minimization meta-learning algorithms for classification in Section [4.4]

4.3 PAC-BAYES-KL BOUND ON NOVEL TASK WITH THE PRIOR SAMPLED FROM THE
INFORMATIVE HYPERPOSTERIOR

With PAC-Bayes-kl analysis, we explore the benefits of generating a prior from hyperposterior for a
novel task. Pentina & Lampert| (2014) have claimed intuitively that sampling a prior from hyperpos-
terior is similar to setting a localized prior for the novel task. In this work, we rigorously validate this
intuition. For the novel task, consider the localized prior P and the posterior () w.r.t. v over H as

Gibbs Distribution 48(p) = %exp{f’yEzle(h, 2)}, %(h) = é exp{—-=* Z;nzl I(h,z)},

where 8 = [, exp{—vE.pl(h, 2)}dv(h), 8" = [, exp{—L YT I(h, zj)}dv(h) (v > 0) are
normalization constants. Then for any § € (0, 1), with probability at least 1 — ¢, [Lever et al.| (2013}
Theorem 6) gives the tight single-task PAC-Bayes-kl bound with localized prior as follow:

~ 1/9° 2. 2ym 2y/m
Kl(ér(Q, S D <7<7 Rl M AL —)

(@@ 9)ler(@ D)) < — (0 + /= n 22 410 2L
To derive a PAC-Bayes bound on a novel task (randomly sampled from the environment) with the
prior generated from hyperposterior Q, we need to choose Q as a special form that has a high mass
around the informative prior, since directly analyzing the generalization ability of arbitrary Q is hard
and even unfeasible. In this work, we set the learned hyperposterior as the Dirac measure that only

&)

'Gibbs distribution P has a form of 42 (h) = % exp{—Hp(h)}, where H), is called energy function.
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has mass at an informative prior P. Such informative prior P should contain as much information
of the n training tasks as possible for transferring knowledge to the novel task. Thus, analogous
to the form of the localized Gibbs prior above Eq. (5) whose energy function is the expected loss
on the novel task YE .. pl(h, z), we assume the meta-learned prior P as a Gibbs distribution whose
energy function is defined as the expected loss on 7 training tasks X >~ | E..p,l(h, z). The formal
definition of the prior P sampled from Q is presented in Eq. (6) and the proof of the existence of the
intermediate measure v in Eq. (6)) can be found in Claim[I]in Appendix [B.3.1] Then we can derive
a tight PAC-Bayes-kl bound on the novel task D that is randomly sampled from the environment 7.

Theorem 3 In meta-test phase, consider a novel task equipped with training sample S =
{ZJ} " ~ D" where the distribution D is sampled randomly from environment T. Consider the
prior P sampled from the learned hyperposterior, and the posterior Q for this novel task as follow:

dpP ~ ~
+, (W=P(h)= fexp{—fZEzNDlh 2)}, —( ) =Q(h)= exp{— Zz (h,2;)}, (6)
where 3, 3 are both normallzanon constants. Denote E by E for brevtty. Then for any
D~1,8~D™ DS

§ € (0, 1), with probability at least 1 — 6, the following inequalities hold simultaneously,

@, B M@, 5)er(@,D)) < P KUQSPIP) T 02/

Ep s KLQ(S. P)IP) € 1+ 0(/ ™Y 4o (V0 | o [la/n tn iy

Denote the RHS of the above second inequality on Ep ¢ KL(Q(S, P)||P) by ¢(n,m), and the

RHS of the inequality in Eq. (5) by ¥(m) = %(% + 7y ZIn @ + In @) We expect to
compare ¢(n,m) and ¢ (m) to reveal the benefits of meta-learning over single-task learning. For
fair comparisons, in both settings, we set the same Gibbs posterior distribution ) over hypothesis
space for the novel task. The only difference is that, in meta-learning setting, the prior P sampled
from the hyperposterior has the form of Eq. (6) and only contains the information about the previous
n training tasks, and the upper bound ¢(n, m) is calculated on the expectation of the KL-divergence
w.r.t. the task environment distribution; while in single-task learning setting, the prior P is set as
an informative localized prior, and the bound ¢ (m) is calculated between such localized prior and

In (3y/7/6)

the Gibbs posterior. Therefore, for any fixed m, lim,, o, ¢(n,m) = 7—2 + v , and

lim,, o0 W 1 (m). This means that, when the number n of training task becomes

large, the upper bound on Ep ¢ KL(Q(S, P)||P) in meta-learning is tighter than the bound on
KL(Q||P) obtained by setting a localized prior in single-task learning. Such result does theoretically
reveal the benefits of sampling the prior from an informative hyperposterior in meta-learning.

4.4 PAC-BAYES BOUND-MINIMIZATION ALGORITHMS FOR META-LEARNING WITH
STOCHASTIC DEEP NEURAL NETWORKS

By setting the three bounds in Theorem [2| as minimization objectives, we can develop three PAC-
Bayes bound-minimization algorithms for meta-learning with deep neural networks. Concretely,
we use stochastic neural networks (e.g. [Blundell et al.|2015) and thus define the hypothesis
space H = {h, : w € R?} as the set of neural networks with certain parameters. We fur-
ther need to specify the form of hyperprior and hyperposterior. Following previous work (Amit
& Meir, [2018)), we set both the hyperprior and hyperposterior as the isotropic Gaussian distribu-
tion: P = N(0,k%1axa), Qo = N(0,6%514xa), where rkp, kg > 0 are constants, d is the
dimension of the parameter w of prior P, and 6 is the optimization parameter Then the KL-

divergence between Qg and P can be calculated as: KL(Qy||P) = HHHQ. Next, we consider the

form of prior and posterior over the hypothesis space 7. Recall that ’H is the family of func-
tions parameterized by a weight vector {h,, : w € R%}, the posterior/prior is thus the distribution
over R?. We choose the prior P and the posteriors Qo, (¢; € R? is the hyperparameter) to be
factorized Gaussian: Pp(w) = HZZIN(wk;Mpﬂk,UI%’k), Qp:(w) = Hi:lN(wk;uLk?Uzk)’
where = (up,pp) € R?? is composed of the means pp, and log-variances of each weight
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Table 2: Comparison of different PAC-Bayes bounds on 20 test tasks (the + shows the 95% confi-
dence interval) in 100/200-swap shuffled pixels environment and permuted labels environment.

100-Swap Shuffled pixels 200-Swap Shuffled pixels Permuted labels
Method Test bound  Test error (%) | Testbound  Testerror (%) | Testbound  Test error (%)
(Pentina & Lampert||2014) 0.189 £0.023  1.9394+0.001 | 0.2404+0.030  2.631 £0.002 | 6.026 £0.436 15.660 £ 0.063
MLAP-M (Amit & Meir[2018) | 0.137+£0.037  1.607 +0.000 | 0.197 +£0.019 1.948 £0.001 | 1.799 £0.056  4.229 + 0.003

MLAP-S (Amit & Meir[[2018) 0.133 £0.034 1.62940.001 | 0.28540.049 1.972+£0.001 | 4.947£0.339  8.600 £ 0.016
MLAP-VB (Amit & Meir/[[2018) | 0.138 £0.024 1.606 4 0.001 | 0.161 40.002 1.962+0.001 | 4.623 +0.308 9.754 £ 0.130
PACOH (Rothtuss et al.[|2021) 0.181£0.023 1.9194+0.001 | 0.221+0.029 2.630 £0.002 | 5.434 £0.416 12.520 £ 0.061

A-bound (Liu et al.[[2021}) 0.067 £0.015  1.630+0.001 | 0.1514+0.015 2.097 £0.001 | 3.830£0.181 11.340 £ 0.017
classic bound (ours) 0.138 £0.019  1.585+0.000 | 0.193+0.018 1.9114+0.001| 1.790 £0.054 4.164 £ 0.003
quadratic bound (ours) 0.081 £0.019  1.644 4+ 0.000 | 0.1574+0.024  1.929 £0.001 | 1.950 £ 0.051  4.753 £ 0.003
A bound (ours) 0.043 £ 0.008 1.575 4 0.001|0.093 +0.012 1.932+0.001 |1.698 + 0.051 4.064 £ 0.003

ppi = Ino},, k € [d]. The posterior vectors ¢; = (i, pi) € R24 has a similar structure. Thus,
the KL-divergence in task-level complexity of meta-learning bounds has a simple analytic form:
2 2 2

Erungo Yot KL(Qs|1Ps) = Epyng, 3 Yy {In 354 + W — 1}, where the ex-
pectation Py ~ Qy can be approximated through Monte-Carlo method by adding Gaussian noise
to the parameter 0, i.e., 0 := 0 + ¢, ~ N(0, mé[dxd). Computing the PAC-Bayes bounds in
Theorem [2] with the above results and using the gradient descent method to optimize the parameter
{0, ¢1, ..., ¢} can learn the hyperposterior Q. The detailed pseudo-code of our PAC-Bayes meta-
learning algorithms (including meta-training and meta-test parts) can be found in Appendix [C.2]

5 EXPERIMENTS

In this section, we run our proposed PAC-Bayes bound-minimization meta-learning algorithms on
image classification problems, and make detailed comparisons with existing methods. All experi-
mental details are set the same as that in (Amit & Meir, [2018; [Liu et al.||2021) for fair comparisons.

5.1 EXPERIMENTAL SETUP

Dataset and Task Environment. We conduct experiments with three different task environments,
constructed by augmentations of the MNIST dataset (Lecun et al.,|1998)). The first/second environ-
ment is termed permuted pixels, where each task is created by swapping a number of pixel locations
(i.e., 100 and 200 locations) for each image. The set of pixels to be swapped is fixed and different for
each classification task. The third environment is called permuted labels, where each task is created
by a random permutation of image labels. During the meta-training phase, each task is constructed
with 60,000 training images and 10,000 test images. During the meta-test phase, each task is con-
structed with much fewer training examples (2,000) and 10,000 test images. For permuted pixels
and permuted labels experiments, the number n of training task is set as 10 and 5 respectively.

Neural Network Architecture. We choose a 4-layer fully-connected network for shuffled pixels
experiments, and a 4-layer convolutional network for permuted labels experiments. We use the
bounded cross-entropy loss (Pérez-Ortiz et al., |2021) for model optimization. The optimizer is
Adam (Kingma & Ba, [2015) with a learning rate of 10~3 for running different algorithms. More
details about the network architecture and the experimental setting can be found in Appendix

5.2 EXPERIMENTAL RESULTS

Different PAC-Bayes Methods. We compare average test error and test bound on 20 meta-test
tasks among the following methods: (Pentina & Lampert, [2014), MLAP-M (Amit & Meir, 2018,
Theorem 2), MLAP-S (Amit & Meir, 2018, Theorem 4), MLAP-VB (Amit & Meir, 2018, Eq.(23)),
PACOH (Rothfuss et al., 2021, Theorem 2), A bound (Liu et al., 2021, Theorem 1). The detailed
formulations of the above PAC-Bayes meta-learning bounds can be found in Table[I] We reproduce
the experimental results of these methods by directly running the code released onlineE] from (Liu
et al., 2021), and run our algorithm by replacing others’ bounds with our bounds derived from
Theorem [2| Concretely, the test bound is calculated as a single-task PAC-Bayes bound on a novel
task with the 2,000 training samples, with a prior sampled from the learned hyperposterior. The
test error is the classification error on a novel task. The number of training epochs during the meta-
training/meta-test phase is set as 150/200 respectively. More details about the computation of the
test bound and test error can be found in Appendix[C.2] Experimental results are reported in Table[2]

2https ://github.com/tyliu22/Meta-learning-PAC-Bayes-bound-with-data-depedent-prior
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Figure 1: Comparisons of average test bounds and test errors between other three latest bounds and
our A bound on new tasks (average over 20 meta-test tasks from 100-pixel-shuffled environment).
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Figure 2: Comparisons of average test bounds and test errors between localized priors, and meta-
learned priors obtained by minimizing our A bound across a wide range of number of training tasks
and sample size per task (average over 20 meta-test tasks from 100-pixel-shuffled environment).
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Classification Performance. We can draw the following conclusions from the comparisons in Ta-
ble 2} (i) In all settings, minimizing our PAC-Bayes-\ bound can always achieve the tightest test
bounds the lowest test error over the meta-test tasks for different environments, which is consistent
with our theoretical analysis that A bound is the tightest bound derived in this work. (ii) Besides
PAC-Bayes-\ bound, our derived PAC-Bayes-classic bound and quadratic bound can also obtain
competitive performance in terms of test error and the quantity of test bound w.r.t. other methods.

5.3 MORE DISCUSSIONS

Comparisons between Our \ Bound and Others. We provide detailed comparisons of the con-
vergence performance in Figure [I] between our tightest A bound and other three classical bounds
(Pentina & Lampert, 2014; Amit & Meir, 2018} [Liu et al., 2021}, across a wide range of the number
n of the training tasks and the sample size m per task in 100-pixel-shuffled environment. When n
changes, m is set as 60, 000; when m changes, n is set as 10. We can find that, minimizing our A
bound always obtains the tightest test bounds and achieves competitive test errors on novel tasks.

Comparisons between Localized Priors and our Meta-Learned Priors. We provide detailed
comparisons between our meta-learned priors and different localized priors in Figure 2] Our meta-
learned priors are sampled from the hyperposterior obtained through minimizing our A bound in
Theorem@ The setting of n, m and the environment is the same as that in Figurem ‘Baseline ERM’
represents purely empirical risk minimization (ERM) over 2,000 training samples on each novel task.
‘k-ERM prior’ represents the localized prior learned from ERM over the k(€ (0,58,000)) training
samples (non-overlapped with the 2,000 training samples) from each novel task. ‘random prior’ can
be considered as ‘0O-ERM’ prior. The learned k-ERM prior is subsequently used for PAC-Bayes
single-task learning (with A bound) to compute test bound/error. More details of learning k-ERM
priors can be found in Appendix [C.4] We can see that: with the increase of n or m, the test bounds
and test errors of meta-learned prior can decrease to the low values achieved by setting the optimal
42,000-ERM prior, validating the benefits of sampling a prior from an informative hyperposterior.

6 CONCLUSION

In this work, we generalize the PAC-Bayes-kl bound from the i.i.d. setting to the independent
meta-learning setting. Based on the extended PAC-Bayes-kl bound, we provide three improved
PAC-Bayes meta-learning bounds. Minimizing the training objectives derived from these bounds
leads to three PAC-Bayes meta-learning algorithms, yielding competitive experimental results on
novel tasks w.r.t. existing methods. Moreover, we show that the PAC-Bayes-kl bound obtained by
sampling a prior from an informative hyperposterior is equivalent to the one obtained by setting
localized prior for the novel task, from both theoretical and experimental standpoints. Our ongoing
research includes extending our theoretical results to unbounded loss and heavy-tailed data.
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APPENDIX

APPENDIX A EXPLICIT FORM OF DIFFERENT PAC-BAYES BOUNDS FOR
META-LEARNING

We provide more details about different PAC-Bayes meta-learning bounds. The explicit form of
these bounds can be found in Table 3] which is the detailed version of Table|l|in the main paper.

Table 3: Explicit forms of different PAC-Bayes bounds on er(Q). Meta-Learning Bound =
Empirical Error + Environment-Level Complexity + Task-Level Complexity. n is the num-
ber of observed tasks, m is the number of samples in S; : € [n]). P,Q € Mi(Mi(H))
are hyperprior and hyperposterior respectively. P, Q; = Q(S;, P) € M;y(H) are the prior
and the posterior for the i-th training task. § € (0,1) is the confidence level. In MLAP-S
bound, A; = KL(Q||P) + Ep.g KL(Q;||P). In our quadratic meta-learning bound, A =
KL(Q||P) + Ep~o > i KL(Q;||P). In A bounds, X € (0,2).

Different Bounds | Empirical Error | Envir t-Level Complexity | Task-Level Complexity
(Pentina & Lampert|[2014) ‘ ér(Q) ‘ \lf (KL( QHP +3 +111%) ‘ KL(QHPHZ%‘%’NQ KL@:IP) 4 78\% + rlm In2
MLAP-M (Amit & Meir| 2018} ‘ a(Q) ekl S ‘ S yapyCIE KL()Q'”P)“"%%

dnim

A bound (ours)

|
MLAP-S (Amit & Meir|[2018} ‘ é(Q) ‘ 7}‘“%‘(‘{”;‘" 2 2y (A L A 50, 8]
PACOH (Rothfuss et al. | 2021 | 6 (Q) | LKL(QIIP)+ | KUQUPIEL B KUQUIIP) 4 (14 11nd)
A bound (Liu et al.|[2021) ‘ fj&%}z ‘ KL(ZHPHI % ‘ Ly KK QHP>+EPJAQ“I<7LA%.)\\P>+lu e
classic bound (ours) ‘ er(Q) ‘ \/W ‘ \/KL(QW)HEFNQ Zj%;nKL(QLHP)Hn e
quadratic bound (ours) ‘ ér(Q) ‘ \V KL(QHP)H + 2\/?7 AHZ"":;W Aﬂ;nj:‘;ﬁ
‘ ér(Q) ‘ KL (OH7’)+ln = KL(Q||P)+Ep~o Z,:] KL(Qi||P)+In 4/5"7

nmA(1-2/2)

APPENDIX B PROOF OF OUR THEORETICAL RESULTS

B.1 PROOF OF GENERALIZED PAC-BAYES-KL BOUND FROM 1.I.D. SETTING TO
INDEPENDENTLY BUT NON-IDENTICALLY DISTRIBUTED META-LEARNING SETTING

We first give the proof of LemmalI]in the main paper. Actually, the proof is proceeded with almost
the same sequence of arguments as that of (Lever et al.| 2013, Theorem 1) for i.i.d. case, with
the only difference being that the focused samples in Lemma [I| are independent but non-identically
distributed. We include its proof just for the sake of the completeness.

Proof Lemma |1} Using Fubini’s theorem to exchange E ... and Eg, then for any § € (0, 1), with
probability at least 1 — § we have
ESEwaeté(R(f)m(f))
]
>InE et PED ) (Markov)

In

d
zln/ et(b(R(f)’T(f))—ﬂ-dp (change of measure)
F dp

dm
2/ (lnetq)(R(f)7T(f)) —|—lnd )dp (Jensen)
F

=tE,®(R(f),r(f)) — KL(p||r)
>t®(E,R(f),E,r(f)) — KL(p||n). (Jensen) |

Next we need the following Lemmas [3}{4] to prove our proposed Lemma 2]in the main paper.

Lemma 3 (Seldin et al.| 2012, Lemma 1) Let X1, ..., Xk be a sequence of independent random
variables, such that Xy, € [0,1] almost surely and EXy, = g, fork = 1,.... K. Let Y1,..., Yk
be independent Bernoulli random variables such that EY);, = uy. Then for any convex function
g:[0,1]% - R, we have Eg(X1, ..., Xi) < Eg(Y1, ..., Yi).
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Lemma 4 (Hoeffding| 1956, Theorem 3) Let Y = Z,[f:l Y., where Yy, is a Bernoulli random vari-
able with EY), = .. Let Y ~ Bin(K, [1) be a Binomial random variable with ji = 3 Zszl ke

Then for any strictly convex function g : [K] = R, Eg(Y) < Eg(Y).

Based on Lemma|3{4] we can obtain a useful corollary that bound the the sum of independent [0, 1]-
valued random variables with the sum of i.i.d. Bernoulli random variables as follow.

Corollary 1 Let X1, ..., X be a sequence of independent random variables with X, € [0,1] al-
most surely (a.s.) and EXy = pp, Vk = 1,..., K. Let Y1,...,Yx be i.id. Bernoulli random
variables with BY,, = + Zle py. Let X = Z,[f:l XY = Z,[f:l Yy. Then for any strictly
convex function g:

Eg(X) <Eg(Y).

Proof. Let f be an affine function on [0, 1]%, such that f(X1, ..., Xi) = Zszl Xp. Then g(X) =
go f(Xi,...,Xk) can be considered as the composition of the affine function f and the strictly
convex function g. Hence g o f is a convex function on [0, 1]%. Then according to Lemma there
exists independent Bernoulli random variables {Yk}szl with EY), = ug, such that

Eg(X)=Ego f(X1,....,Xk) <Ego f(Y1,....Yk) = Eg(Y).
Finally, according to Lemmal] for any strictly convex function g, we can derive the following result,

Eg(Y) <Eg(Y) ®m

Corollary 2 (Lemma[2|in the main paper) In the setting of Corollary[l} we have

EeK K& S, Xulln) <« pok K(E S, lln)

Proof. Recall that k1(p||q) is a strictly convex function with respect to p (i.e., the second-order

2
%@Hq) =14 ﬁ > 0,Vp € (0,1)), and exp is a strictly-increasing convex func-

tion, hence exp{Akl(p|lg)} (YA > 0) is a strictly convex function with respect to p. Therefore
exp{ K kl(5||f)} is a strictly convex function w.r.t. x (just show that the second derivative is posi-
tive). Combining the above discussion with Corollary [T] finishes the proof. |

derivative

Remark 1 (the technical difficulty when obtaining our Corollary 2)
A previous result that is similar to our Corollary[)is the Theorem 1 in (Maurer, 2004), which states
that: for iid. random variables X1, ..., Xx with X, € [0,1] a.s. and EXy = p, define the

i.i.d. Bernoulli random variables X}, ..., X} with EX}, = p, then we have EeX ¥(x Cioa Xellw) <

EeX k(% X520 X410 It can be seen that our derived Corollary@is actually the generalized version
of Theorem 1 in (Maurer, 2004) by replacing the ‘i.id. Xi,..., Xk’ condition with a weaker
condition ‘independent X1, ..., X i . To core step to obtain such extension is the use of Lemma
(i.e. (Hoeffding| |1956, Theorem 3)) to reduce the independent setting into the i.i.d. setting. Such
extension is truly useful when dealing with independent but non-identically distributed setting (e.g.
meta-learning setting).

Now we are ready to employ the above Corollary [2[to derive our generalized PAC-Bayes-kl bound
for independent random variables, leading to the following proof of Theorem I]in the main paper.

Proof of Theorem E} For any fixed f € F, let {1}, be i.i.d. Bernoulli random variables with
En, = % Zle E¢, gx(f,&k). Then we have, for any fixed f € F,

E g MOWIRW) _ReK MG I, ac(£60lI4 Ti, B

<Eef Kl i mell % 25y Emw) (Corollary
<2VK,

where the last inequality holds due to the fact that for a binomial random variable 1 = Zszl ng ~
Bin(K,u) with K trials and success p for each trial, by (Maurer, 2004, Thm 1) we have

K

EeK K(#.m) _ Z (g)(%)k(%yﬁk e VK, 2VK)].
k=0

13
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Notice that kl(p||q) is also convex with respect to the pair (p, q), thus we can set the function ® in
Lemmal ] as the binary relative entropy kI, and set t = K to finish the proof:

1
KU(E ;e (F)|[Brnp R(F) <7 KL(p|7) + I EporEse MUWIRD) /5]

KL(pllm) |, n2VE/8)
- K

]
K

B.2 PROOF OF THREE IMPROVED PAC-BAYES BOUNDS FOR META-LEARNING BASED ON
EXTENDED PAC-BAYES-KL BOUND

Now we first give three relaxations of the generalized PAC-Bayes-kl bound derived in our Theo-
rem (1] based on the Pinsker’s inequality. We borrow the relaxation techniques from (McAllester,
1999; |Pérez-Ortiz et al | [2021;|Thiemann et al., 2017) and hence generalize their PAC-Bayes bounds
(i.e. PAC-Bayes-classic/quadratic/A bound) from i.i.d. setting to independent setting.

Corollary 3 In the setting of Theorem[I} the following inequality holds with probability at least
1 — 9 over the draw of sample S for any measure p over F, we have
(i) PAC-Bayes-classic bound:

KL(pl|7) +In (2vK/6)
[Esepr(f) = EfnpR(S)] < \/ Ve :

In particular, if B¢ ,7(f) < Efo,R(f), we can obtain two sharper PAC-Bayes inequalities,
(ii) PAC-Bayes-quadratic bound:

EfpR(f) < (\/Efwﬂ”(f) + KL(plim) —'2_[1? (2\/E/5) + \/KL(p|7r) —;Il? (2\/E/5))2.

(iii) PAC-Bayes-\ bound:

Eropr(f) | KLipln) +1n (2VE/0)
1—A/2 KA1-X2)

Proof (i) For the PAC-Bayes-classic bound, directly using Pinsker’s inequality kl(p||q) > 2(p —
q)? finishes the proof. Alternatively, we can also obtain a one-sided inequality for E¢.,r(f) —

Ef,R(f) Cor E;,R(f) — Ef~pr(f)) by replacing 2 in the RHS of two-sided bound with 5. W
(ii) For the PAC-Bayes-quadratic bound, note that if ¢ > p, then kl(p||q) > (p ;g)z. Therefore, if

YA€ (0,2), Ejf ,R(f) <

there exists a constant # > 0, such that kl(p||¢g) < 0, then we have (p q) < 6, which leads to the

below inequality:
q—p <20 (7
Note that Eq. (7) can be considered as the quadratic inequality on ,/g. Solving this inequality results

in the followmg inequality,
0 \/? )
< Z Z
= (\/5+P+y/35)

which finally gives the PAC-Bayes-quadratic bound if we set ¢ = Ey,R(f), p = E;~,r(f), and
0 — KL(p||7r)+Il(n 2VE/d) m

(iii) For the PAC-Bayes-\ bound, note that if ¢ > p, then kl(p||q) > (p 53)2. Therefore, if there

exists a constant # > 0, such that kl(p||q) < 0, then we have 2 2;1) < §. We then have for any
positive A > 0, [p — g| < v/2¢0 < £(Ag + 2Z%). Thus we have

\q
- T <p— q<f+f (3

Using just the above left-hand-side inequality, with simple rearrangement we finally obtain that
q(1—3%) <p+ %, thusforany A € (0,2):

<2 4 0
T=1232 " x1-a2)

14
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Combining the above results with the first assertion, we thus have with probability at least 1 — § over
the draw of S,

B, R(f) < Berlf) | KL@ln) + @VE/5)

=102 KA1 —\/2) "

Next we focus on giving the explicit upper bounds on the deviations er(Q) — ér(Q) and ér(Q) —
ér(Q). First, we use Corollary [3{i) to give an explicit bound on |er(Q) — er(Q)| as follow.

Proposition 1 Forany ¢ € (0,1), any pre-defined hyperprior P, with probability at least 1 — 6 over
the draw of n distributions {D;}!'_,, we have for any hyperposterior Q,

2/m
|er(Q)_e~r(Q>|§\/KL(QIIPQ)HJrln 3

Proof. Notice that we can rewrite er(Q), ér(Q) as the following form:
~ 1 ¢
er(Q) = EpnoE(p,s)~rxprer(Q(S, P), D), ér(Q) =Epno~ > er(Q(Si, P), Di).
i=1

Recall Theorem we thus set K = n, f = P, set the reference measure 7 = P, the
posterior measure p = Q, the observation & = (D;,S;), and set the function gi(f,&k) =
E,~qs,,p)Ez~p,l(h,z) € [0,1]. Then we can give an upper bound on the relative entropy

kl(er(Q)ler(Q)),

kl(er(Q)ller(Q)) <
With Pinsker’s inequality kl(p, q¢) > 2(p — q)?,

2y/n
KL(QHP)—Han'
n

W2/
ler(Q) —er(Q)] < \/KL(QHP;T:_I o [

Further, we can use Corollary i)-(iii) to give an explicit bound on ér(Q) in Propositions

Proposition 2 (PAC-Bayes-classic bound for er(Q)) For any predefined hyperprior P, any § €
(0, 1), with probability at least 1 — & over the draw of the training sample S = {S;},, for any
hyperposterior Q we have,

KL(Q|[P) + Epng 31 KL(Qi||P) + In 2™
2nm ’

ler(Q) —er(Q)] < \/

Proof. Notice that we can rewrite ér(Q), ér(Q) as the following form:

_ I
Q) = BpnoBny i )n@uscx@u— D Bewp Ui 2),
=1

N 1 n m
e(Q) = EpngB(hy o h)n@uxox@u = D > Wi 2i).
i=1 j=1
Recall Theorem we can set f = (P, hq, ..., hy,), the reference measure 7 = P x P™, the posterior
measure p = Q x [[;"; Q;, where Q; = Q(S;, P), and set the observations & = z;;, g (f, &) =
I(hi, zij). Then using Corollary [3{i), with probability > 1 — § we have,

KL(Q x [[} Qi||P x P") +1n ng.

ler(Q) —er(Q)] < \/

2nm
Furthermore, notice that KL(Q x [[; Qi[[P x P") = Egu» @, In % =
Eox1r, Qi(ln % +> 0, In (il%) = KL(Q||P) + Ep~g Y., KL(Q;||P), which completes
the whole proof. ]

15
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Proposition 3 (PAC-Bayes-quadratic bound for er(Q)) For any predefined hyperprior P, any
d € (0,1), with probability at least 1 — & over the draw of the training sample S = {S;}"_,, for any
hyperposterior Q we have,

_ _ A A \2
GT(Q) S(\/e'r(Q) + % + %)
where A = KL(Q|[P) + Epg Y1 KL(Qi||P) 4 In 2™

Proof. The main step is to use the PAC-Bayes-quadratic bound in Corollary ii) to bound er(Q).
The rest proof is similar to that of Proposition [2]and is left to readers. ]

Proposition 4 (PAC-Bayes-\ bound for er(Q)) For any predefined hyperprior P, any 6 € (0, 1),
with probability at least 1 — § over the draw of the training sample S = {S;}7,, for any hyperpos-
terior Q and any X\ € (0,2), we have,

_ é(Q)  KL(Q|IP) + Epno X1 KL(Qy||P) + In 2™
A S Vo R A1 — A/2) '

Proof. The main step is to use the PAC-Bayes-A bound in Corollary [3| (iii) to bound er(Q). The
rest proof is similar to that of Proposition |

Proof of Theorem 2} The main idea is to give bounds on kl(er(Q)||er(Q)) and kl(ér(Q)||er(Q))
respectively, and then combine them with union bound to give the explicit upper bound on er(Q).
(1) To bound kl(er(Q)||er(Q)), since we have no idea whether ér(Q) < er(Q) or not, we can not
use the quadratic bound or A bound. What we can use is just the classic bound given in Proposition[I]

/ n Y
Then we can derive a one-sided bound on er(Q) — ér(Q) with % (2) To bound

kl(er(Q)||er(Q)), since the empirical multi-task risk é7(Q) is strictly smaller than the expected
multi-task risk, we hence can use the PAC-Bayes-quadratic bound in Proposition [3] and the PAC-
Bayes-)\ bound in Proposition ] to bound é7(Q). Then combining the upper bound on ér(Q) with
the one-sided bound on er(Q) — ér(Q) in discussion (1), we can obtain the PAC-Bayes-quadratic
bound or A\ bound for meta-learning. For the PAC-Bayes-classic bound, note that we can obtain a
one-sided bound for €7(Q) — ér(Q) by replacing 2 with 3 in the bound of Proposition 2| Thus,
combining the one-sided bound on er(Q) — ér(Q) with the one-sided bound on er(Q) — ér(Q) in
discussion (1) finishes the proof. |

B.3 PROOF OF PAC-BAYES-KL BOUND ON NOVEL TASK WITH THE PRIOR FROM THE
LEARNED HYPERPOSTERIOR

B.3.1 PROOF OF THE EXISTENCE OF THE INTERMEDIATE MEASURE v IN EQ. (6)

In this section, we first give a proof of the existence of the intermediate measure v defined in Eq. (6).
Therefore, we can also guarantee the existence of the Gibbs meta-learned prior and the Gibbs pos-
terior defined in Eq. (6). We first give a basic lemma in measure theory as follow.

Lemma 5 (Yeh, [2014, Page 255, Prob.11.8) Given a measurable space (X,B). Let u be a o-
finite positive measure on (X, B) and let | be a p-integrable nonnegative extended real-valued
B-measurable function on X such that f # 0, p-a.e. on X. Define a set function v on B by setting

V(E) = /E fdu,VE € B.

(a) Show that v is a o-finite positive measure on (X, B).
(b) Show that v << u and 3—: exists, and g—; = f, p-a.e. on X.

17

(c) Show that g—” exists and (% = % w- and v-a.e. on X.
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Now we can prove how to construct the measure v € M;(H) defined in Eq. (6) of
main paper as follow. The core step is to show that the normalization constant § =
Sy exp{2 > E.up,l(h, z)}dP is well-defined (i.e., finite), such that the measure v is well-
defined. The finiteness of 3 holds due to the fact that the loss function [ is a bounded function. The
existence of the measure v € M (M (H)) defined above Eq. () can be proved in a similar way.

Claim 1 There exists a probability measure v € My (H) that satisfies the conditions in Eq. (@

Proof. Define a nonnegative function f : H — Rt as f(h) = Fexp{L 3, E.up,l(h, 2)},
where 3 = [, exp{2Z 3"  E..p,l(h,2)}dP is a normalization constant. Note that the loss
function [ has range [0,1], hence 3 < [, exp{y}dP = exp{y} < oo and hence the den-
sity function is well-defined. We then construct a set function over B(H), as defined by:
v(E) = [, fAP,.YE € B(H), where B(H) is a o- algebra over the space #. Then according
to the assertion (a) in Lemma [5] the set function v is a o-finite positive (probability) measure
on the space (H,B(H)). According to the assertion (c) in Lemma [ the measure P is abso-
lutely continuous with respect to the measure v (i.e., P << v), so the Radon-Nikodym deriva-

tive 90 = § = exp{—1 31, E.up,l(h, 2)}5, and dP = exp{—2 3" | E..p,l(h,2)}Bdv.
Therefore we have 1 = [, 1dP = [, Bexp{—1> "  E..p,l(h,z)}dv, then we obtain § =
1/ [ exp{=2 > E.op,l(h, 2) }dv. Similarly, we can construct the (posterior) probability mea-
sure Q; by deﬁmng the set function: Q;(E) = [ exp{—;-3""" I(h, 2;5)}dv/B],VE € B(H),
where 3] = [}, exp{— - Zml l(h, zij)}dz/ is the normahzatlon constant. |

B.3.2 PROOF OF PAC-BAYES-KL BOUND ON NOVEL TASK WITH THE LOCALIZED GIBBS
PRIOR FROM THE DIRAC HYPERPOSTERIOR

Next, we give a fundamental lemma which guarantees that the equality Eg [ fdQs = [ fd(EsQs)
holds. Such result will be exactly applied to the proof of Bounding II for Theorem [3]in the next sec-
tion. The proof of Eg [ fdQs = [ fd(EsQg) follows the steps of ‘standard method’ in measure
theory (Yeh|,|2014), but we have not found this result in the literature, hence we include the details.

Lemma 6 Denote the posterior distribution Q(S, P) by Qg for brevity. Define the set function
over the o-algebra B(H) of the hypothesis space H as: YA € B(H), (EDNTESNDm QS)(A) =
Ep~-Es.pnQs(A). Then we have following three assertions:

(a) Ep~+Eg~pmQg is a probability measure over H.

(b) ¥V integrable function f : H —-R, E E E f(h)=Epg, . Es pmsf(h).
Dt SD™ hmQ(S, P)

dEp sQ d
(©) =539 —Bp gis

Proof.

(a) For the first assertion, we have:

(i) (Ep~rEspmQs)(H) = Ep~rEspnQs(H) = Ep;Eg.pml=1.
(i) (Ep~rEs~pnQs)(0) = Ep.-Es.prQs() = 0.

(iii) For any pairwise disjoint set { A }72 ,, where Ay, € B(H), we have

(EDNTESNDT"QS) (UkAk) = EDNTESNDmQS(UkAk)

:EDNTESND"L ZQs(Ak ZEDNTESNDm QS Ak = Z EDNTESNDmQS)(Ak)a
k=1 k=1 k=1

where the exchange between » | and E holds due to Fubini’s theorem. Therefore,Ep...Es.pm Qs
is a probability measure over the hypothesis space H. ]

(b) For assertion (b), we take standard method to demonstrate that the equality holds.

(b)(i) First consider the case where f(h) is a simple function.
Let f =Y _, axla,, (ax > 0), where Ay, € B(H), 14, is the indicator function defined over Ay

17
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Then the right hand side of the equality has

RHS = ZaklAk EDNTESNDmQS)
H =1

= Z ay, (EDNTESNDmQS) (Ar) (assertion (a))
k=1

=Y axEprEs.pmQs(Ay)
k=1

=Ep~-Es.pm Y _ axQs(Ax)
k=1
=Ep~+Es~pmnEn~qsf(h) = LHS.

(b)(ii) Now consider the case where f(h) is a nonnegative function.
Then we can choose a series of nonnegative non-decreasing simple functions {fx}3>, 1 f (e,
limg, fx(h) = f(h), almost everywhere on #). Using Levy’s monotone convergence theorem,

RHS :/ li]1€rn fkd(EDNTESNDmQS)
H

=lim /H frd(Ep~rEs~pmQs)
=lmEp.+Es.pnEn.qs fi(h)  ((b)(1))
=Ep~Es~pnEn~qs lim fi(h)  (Levy)
—Ep;EspnEp-o. f(h) = LHS,

(b)(iii) Finally consider the case where f(h) is an integrable function.
Decompose f as f = f+ — f~, where fT = max(f,0), f~ = max(—f,0). From (b)(ii) we have,

+(h) = Epn mQs T (h),
D]EThNQ}?S,P)f ( ) h~Ep~-Es.p st ( )

E E E “(h) = Ep~ o f(h).
D~1 S~D™ hNQ(&P)f ( ) h~Ep~-Es~p st ( )

Therefore, using the linearity property of the integral we can obtain,

LHS=E E E (ff=7f)h)
D~7 S~D™ heoQ(S,P)

= E E E ffh)—- E E E [ (h)
D1 S~D™ haQ(S, P) D1 S~D™ huQ(S,P)

=EjBprBsopm@sf () = Envbp Es.pmqsf(h)
=En Ep..Es.pmQs (f+ —f7)(h) = RHS,
which finishes the proof for assertion (b). [ |

(c) For the last assertion, note that the Radon-Nikodym derivative dd%s > 0, then for any

subset £ C H, we have

d
/(EDS d%q)dp

/ / / 4Qs 4 pmg, )dP
My(2) Jzm dP

/ / / dQSdeDde (Fubini)
My (2) Jzm

:/ / /dQsdDde (change of measure)
Ml(Z) mJE
=(Ep,sQs)(E).

18
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Therefore we have that the Radon-Nikodym derivative of Ep sQs with respect to P is dEp.sQs _

ap
]

Proof of Theorem [3| Using the PAC-Bayes kl-bound in Theorem [I] for the i.i.d. setting, with
probability at least 1 — § we have,

<Ep,s KL(Q||P) + In (2/m/d)

m

Ep skl(er(Q, 5)[ler(Q, D)) <

Hence, we aim to bound the expectation of KL-divergence in the RHS of the above inequality.
Actually, we can decompose this term into three parts and bound these parts separately, that is,

dQ(S, P
Ep~rs~pm KL(Q(S, P)||P) = Ep~r s~pnEpq(s,p) In %
ﬂexp{** Z?:l U(h, 2j)}

ﬁ' exp{ i:l E l(h,z)}

=Ep sEnqs,p)

:ED,SEhNQ(SP lng —|—ED SEh~Q SP) ZEZND l h Z %Z h ZJ
i=1 J=1

n

—Ep sBiqesp ln ﬁﬁ +Ens[1 Y er(Q(S, P), D) — 1@ (Q(5, P), )]

i=1

=Ep sEpvq(s,p)In 7 +ED s| ZGT D;) — ver(Q(S, P), D)]

I

+ ED,S’Y [GT(Q(Sa P)a D) - é}(Q(Sv P)v S)]

I

I

Bounding I.
ED,S hlg = ED,S ln%
exp{—-=- Z 1 U(h, 25)}
=—Epgl
D5 n/y exp{—2 3" | E..p,l(h,2)}/P P(h )

n

= —ED7sln/H P(h) exp{—%z_:l(h,z] Z 2~on; (R, 2) Yy

m

<Ep sEth{ Zl (h, zj) _2 ZEZND I(h,z)} (Jensen Inequality of —In)

=1

_EDS[’yerPS ZerPD

=Ep her(P, D) - % Z er(P, Di)]

i=1

=[VEp~rer(P,D) — % > er(P, D)

=1

In (v/n/4)

<y oy (set m = p = P in Corollary [3]i))

where the last inequality holds with probability at least 1 — §.

19



Under review as a conference paper at ICLR 2022

Bounding II.

Eps[ > er(Q(S. P). D) —7er(Q(S. P), D)]

:% Z [Ep,sEnqs,p)l(h, Di) — Ep sEnq(s,p)l(h, D)]

=

:% : [er(Ep sQ(S, P), D) — Eper(Ep sQ(S, P), D)]
- \/m(ﬁ/éHKLéfD,sQ(& PIP) Corollary B)
(;)7 In (v/n/0) + KL(Ep,sQ(S, P)||P) (Lemmalg] (c))

2n

- \/ln (V/6) + ED;L KL(Q(S, P)||P)

(/) + By s KL(Q(S, P)IIP)
_7\/ 2n

(Convexity of KL — divergence)

For reader’s benefit, we provide more explanations for equality (), where @, P are density functions
of measures ) and P respectively, with respect to measure v. Actually from Lemmal(6|(c) we have,

dED,SQ(S7 P) . dQ(Sa P)
@ TG
v v
Then by reusing Lemma@ (c), we have,
KL(Ep,sQ(S, P)||P)
dED,SQ(Sa P)
dP
dQ(S, P)
dP

dQ(S, P) ,dP. -
=Enpp sos.n) W Eps——(7-)

_ Q(S, P)
=B e s [a ] BEPS T3

=KL(Ep,sQ(S, P)||P).

= Ep sQ(S, P).

=E; Ep sq(s,p) In

=Ei Ep s@s,p)InEp s

Bounding ITI.
Reusing the one-sided inequality in Corollary [3{i) and the Jensen’s inequality of the concave square
root function (i.e., f(t) = /t), we have with probability at least 1 — &,

Ep.s7[er(Q, D) - ér(Q, 9)] SVED,S\/ In (v/im/6) + KL(QI|P)

2m

Sv\/ln (v/m/s) +2Enf,s KL(Q||P)

Bounding I + IT + III.
Combining the above upper bounds I-III, and denoting Ep s(KL(Q(S, P)||P)) by 6 for brevity,
we have the following inequality,

GSV\/IH(?;?\?/%ﬁ/(S) +7\/m(g\/;??iawreﬂ\/ln(wﬁ/ane

2m
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fO <4/ M then we are done. Otherwise, using simple calculation and rearrangement, as
well as the basic inequalities va + b < v/a + Vb and Va < %1 , we have
02 1 2 In (34/n/0) 29y In (34/n/6)
2n 2n
oy \/ln(B\/ﬁ/é) +6 \/m (3v/m/d) + )2
2n 2m

_p(n (8v/n/6) +6 I (3yim/b) +6 \/m?’gﬁn?’{ﬁ +O(In B/ 41 B +92)
2n 2m nm
(ln(3f/5) 6 In(3ym/o)+6 +\/1n3g’71n3ﬁ . O(In 2/ 4 1 31 L0 )
- 2n 2m nm nm vnm
o/ InBvR/S)+6 Im(B3yvm/s)+6 [P Jp 3V g Wiy g g
<*( + + + + ).
2n 2m nm nm 2 vnm

Thus we have

In(3y/n/5) 2 A2 VQ\/(IH¥+1H@> 7

2
—9(2 il /I AN
0 9( v 2n + 2m + 2n + 2/nm + \/nm)
- 2(1n(3m/5)+\/1n3f1n \/1n3f+1 3f)
=7 2m nm 2y/nm ’

Note that if a quadratic function 22 — az — b < 0, we have = < % +4/b + < a + v/b. Thus,

G/ |, 2, PV ) e

6 <2 T4
=27 o om on o /nm Jnm
N (111(3\/5/5)+\/1n~"‘>gﬁm3ﬁ+\/(1nf’)ﬁ+1n35m))é .
7 2m nm 2¢/nm ’

APPENDIX C MORE DETAILS OF EXPERIMENTS

C.1 ARCHITECTURE OF DEEP NEURAL NETWORKS AND OPTIMIZATION SETTINGS

For shuffled pixels experiment, the network structure is designed as a 4-layer (3 hidden layers and
a linear output layer) fully-connected neural network, with 400 unites per layer. The total number
of parameters to be learned is 282 x 400 + 4002 + 4002 + 400 x 10 = 637,600. For permuted
labels experiment, the network structure is chose as a 4-layer convolutional neural network, with 2
convolutional layers of 10 and 20 filters (5 x 5 kernels), a linear hidden layer with 50 units and a
linear output layer. The total number of parameters is about 52 x 10410 x 52 x 204202 x 50450 x
10 = 25,750. We set hyperprior and hyperposterior parameters as kp = 2,000 and kg = 0.01
respectively. The confidence level in PAC framework is § = 0.1. We run all methods with 150
training epochs during the meta-training phase and 200 training epochs during the meta-test phase.

C.2 THREE BOUND-MINIMIZATION META-LEARNING ALGORITHMS FOR CLASSIFICATION
PROBLEM

In this section, we detail the procedure of our PAC-Bayes bound-minimization algorithms for meta-
learning. The algorithm is composed of two parts: meta-training part (Algorithm [T)) and meta-test
part (Algorithm [2). Note that in Section we have set the deep neural network as Bayesian net-
work (Blundell et al.l 2015)), therefore we can obtain the analytic form of different KL-divergences
and approximate the expectation with Monte-Carlo methods. Thus we can implement our algo-
rithm as follow. We only show the procedure of PAC-Bayes-A-bound-minimization algorithm. The
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Algorithm 1 PAC-Bayes-\ bound-minimization algorithm, meta-training phase
1: Input: Datasets from n training tasks: Si, ..., Sy, hyperprior P, hyperparameter A = 1.
2: Qutput: Parameter 6 of hyperposterior Qy.
3: Initialize:
4: 0= (up,pp) € R?%, ¢; = (i, p;) €ER?*i=1,....n.
5: while not converged do
6.
7
8

fori € {1,..n} do
Sample a mini-batch S} from datasets .S;.
: Compute Ep, .o, €7(Q;, S;) with the mini-batch S! by averaging Monte-Carlo draws.
9: Compute KL(Qp||P) with Eq. (9).
10: Compute Ep, o, KL(Qg,||Ps) with Eq. by averaging Monte-Carlo draws.
11: end for
12: Compute the PAC-Bayes-\ bound in Theorem [2| with Ep,.g,é7(Q;, S;), KL(Qy||P) and
EP9~Q(, KL(Q@.HP@), 1= 17 ceey N

13: Compute the gradient of PAC-Bayes-A bound w.r.t {6, ¢1, ..., ¢, } using backpropagation.
14: Take an optimization step.
15: end while
16: return ¢

Algorithm 2 PAC-Bayes-\ bound-minimization algorithm, meta-test phase

1: Input: Learned hyperposterior Qp, dataset S, 11 from task D,, 1, test data S*, hyperparameter
A=1
2: Output: Posterior Qg,., for D, 1, and the single-task PAC-Bayes-\ bound B(¢y,11) (i.e.,
test bound), classification error (i.e., test error).
Sample an informative prior P from Qg
Initialize: posterior Qg ,, as P
while not converged do
Sample a mini-batch S, , ; from datasets Sy, 1.
Compute the empirical loss E;q,,,, €7(h, Sp4+1) with the mini-batch S, ; by averaging
Monte-Carlo draws.

A A

8: Compute KL(Qg, ., ||P) with Eq. .
9: Compute the single-task PAC-Bayes-A bound B(¢,+1) in Corollary (iii) with

EhNQn+1 é%(h’ S"H-l) and KL(Q@LJA ||P)
10: Compute the gradient of the bound B(¢;,+1) W.r.t ¢,,+1 using backpropagation.
11: Take an optimization step.
12: end while
13: Use the random classifier b ~ Qg ., to classify S* to output test error.
14: return Q4 . ,, test bound B(¢,1) and test error.

other two algorithms based on our classic bound and quadratic bound can be inferred in a similar
way. Concretely, as shown in Section[d.4] by setting both the hyperprior and hyperposterior as the
isotropic Gaussian distribution: P = N(0, k% 14xa), Qo = N(0, % axa). the KL-divergence
between hyperposterior Qg and hyperprior PP can be calculated as:

_ llel3

KL(Ql|P) = 45
P

©))

Next, by choosing the prior Py and the posteriors Qg, (¢; € RY%) as factorized Gaussian:
Py(w) = szlN(wk;MP,kvajg—’,k)a Qo (w) = TT0_y N (wh; wi g, 07 ) the KL-divergence term

KL(Q4,||Ps) in task-level complexity has a simple analytic form:
n n,d 2 2 2
1 opr  Oik+ (Hik — HPEK)
Ep,n0, ) _KL(Qo o) = Epngyy D {In—5 + 3 —1},  (10)
i=1 ik=1 ik Pk

where the expectation Py ~ Qg can be approximated through Monte-Carlo method by adding
Gaussian noise to the parameter 6, as defined by 6 := 6 + €, e ~ N (0, KZQQIdxd).
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Figure 3: Average test bounds and test errors of our PAC-Bayes-classic bound on 20 meta-test tasks
for different pixel-shuffled environments. (a)-(b): Test bounds and test errors for different number
of training tasks. (c)-(d): Test bounds and test errors for different sample size per training task.
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Figure 4: Average test bounds and test errors of our quadratic bound on 20 meta-test tasks for
different pixel-shuffled environments. (a)-(b): Test bounds and test errors for different number of
training tasks. (c)-(d): Test bounds and test errors for different sample size per training task.

C.3 CONVERGENCE ANALYSIS OF OUR PAC-BAYES CLASSIC BOUND AND QUADRATIC
BOUND FOR META-LEARNING

We provide detailed convergence analysis of our derived three improved PAC-Bayes bounds for
meta-learning (i.e., classic/quadratic/\ bound) in Figure We also show performance compar-
isons among our derived three bounds on a novel task in Figure[§] The experiments are conducted
across a wide range of the number n of the training tasks and the sample size m per training
task. When n changes, m is set as 60,000 consistently; when m changes, n is set as 10. We
plot the average test error and average test bound on 20 meta-test tasks from three environments
with 100/200/300 pixel swaps. We can observe that: (i) With the increase of the number of train-
ing tasks or the sample size per training task, the test error and the test bound over the new task
can both decrease to a lower level, validating the asymptotic behaviour of our derived bounds. (ii)
Our bound-minimization method achieves better performance when the number of pixel swaps gets
smaller, which reveals the importance of task relatedness of the environment.

C.4 HOW TO LEARN DATA-DEPENDENT LOCALIZED PRIOR VIA EMPIRICAL RISK
MINIMIZATION (ERM)

In this section, we provide more details of how to learn data-dependent localized prior via empirical
risk minimization (ERM). Such content can be considered as the supplementary explanations of
Figure[2)in the main paper. Note that the localized prior defined in Eq. (3) is distribution-dependent.
However, it is difficult to set a distribution-dependent prior in practical applications, since
the data distribution is always unknown. Instead, we choose to set the data-dependent prior
(that can be obtained through ERM over a number of samples) as the localized prior on the novel
task. Actually, our strategy of learning a localized data-dependent prior is originated from (Parrado-
Hernandez et al.| 2012; [Liu et al., [2021). Concretely, there are three main methods in Figure @
baseline ERM, random prior, and k-ERM prior. Given a novel task associated with 2,000 i.i.d.
training samples .S, the details of running these three methods are listed as follow.

Baseline ERM Method. The baseline ERM method aims to minimize the following empirical risk
over the 2,000 training samples from the novel task with respect to a posterior Q:

2000
Q. 5) = Bnna gy O M=),
=1
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Figure 5: Average test bounds and test errors of our PAC-Bayes-\ bound on 20 meta-test tasks for
different pixel-shuffled environments. (a)-(b): Test bounds and test errors for different number of
training tasks. (c)-(d): Test bounds and test errors for different sample size per training task.
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Figure 6: Comparisons of average test bounds and test errors between our three PAC-Bayes bounds
(i.e., classic bound, quadratic bound and A bound) on a new task from 100-pixel-shuffled environ-
ment (average over 20 meta-test tasks). (a)-(b): Test bounds and test errors for different number of
training tasks. (c)-(d): Test bounds and test errors for different sample size per training-task.

and returns a learned posterior () for final classification, where the distribution () is initialized as a
random prior (i.e., Gaussian prior).

Random Prior Method. For the random prior method, the minimization objective is the following
PAC-Bayes-) bound for single-task learning (A € (0, 2), in practice we set A = 1):

&(@Q,8) , KL(QI|P) +In (2v/2000/0)
1—A/2 2000A(1 — A/2) ’

where the prior P is chose as the random Gaussian prior. The returned posterior @ is applied for
final classification over unseen data from the novel task.

k-ERM Prior Method. For the k-ERM prior method, we first use k training samples S’ on this
novel task (note that in MNIST dataset the & € (0, 58000) training samples are non-overlapped with
the predefined 2, 000 training samples) to run the following ERM procedure:

k
1
~ 0 o )
er(Q°,S") —EhNQo% E I(h, 2;).

=1

The returned posterior Q° is called data-dependent localized prior, and is applied as the initialized
prior to the following PAC-Bayes-A bound minimization procedure over 2, 000 training samples:

@(Q.S) | KL(QIQY) + In (2v/2000/5)
1—)/2 2000A(1 — A/2) ‘

The returned posterior () will be applied for final classification on test data over the novel task.
Details of the k-ERM localized prior algorithm can be found in Algorithm 3] Note that in Figure[2]
we set £ = 12,000, 24, 000, and 42, 000 respectively, and the ‘random prior’ can be considered as
the 0-ERM prior. We can see that with the increase of k, the k-ERM prior method obtains better test
performance. This indicates that with the increase of k, we can derive a localized prior with higher
quality for faster adaptation to novel task. However, in practice, we find that when we increase k
to a higher level (i.e., & > 42,000), the test performance of the k-ERM method can not be better
than that of 42, 000-ERM method. Therefore, we just plot the test bounds and test errors of k-ERM
methods (i.e., & < 42,000) in Figure |ZI Further, since all localized priors are set over the novel
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Algorithm 3 k-ERM localized prior algorithm with PAC-Bayes-\ bound, single-task learning set-

ting

16:
17:
18:
19:
20:

: Input: training dataset S,, 11,5 from task D, 11 (Sp1()S = 0, |S| = k), test data S*,

hyperparameter A = 1.
Output: Posterior Qy,,,, for Dy 1, and the single-task PAC-Bayes-A bound B(¢ny1) (e,
test bound), classification error (i.e., test error).
Initialize: localized prior Q° as a random Gaussian prior.
while not converged do > ERM over k samples to learn localized prior Q°
Sample a mini-batch S’ from datasets S.
Compute the empirical loss Ej, . goér(h,S) with the mini-batch S” by averaging Monte-
Carlo draws.
Compute the gradient of €7(QV, S) w.r.t the parameter of Q° using backpropagation.
Take an optimization step.
end while
Initialize: posterior Qy, ,, as the localized prior Q°

: while not converged do > PAC-Bayes learning with localized prior Q°

Sample a mini-batch S, , ; from datasets Sy, 1.

Compute the empirical loss E;~q, ,, €7(h, Sp41) with the mini-batch S}, ;| by averaging
Monte-Carlo draws.

Compute KL(Qy,,,, ||Q°) with Eq. (10).

Compute the single-task PAC-Bayes-A bound B(¢,41) in Corollary (iii) with
Enqg, i er(h, Sp41) and KL(Q¢H+1 ||QO)

Compute the gradient of the bound B(¢;,+1) W.r.t ¢,,+1 using backpropagation.

Take an optimization step.
end while
Use the random classifier b ~ Qg,, ., to classify S* to output test error.
return @, ., ,, test bound B(¢,1) and test error.

tasks, their test performance (i.e., test bounds and test errors) on novel tasks is irrelevant to the
setting of training tasks (i.e., the number n of training tasks and the sample size m per training task).
Therefore, in Figure 2| of the main paper, the plots of the test bound/error of localized priors
are all straight lines (with standard deviation) and do not change with the increase of n or m.

25



	Introduction
	Related Work
	Preliminary
	Notations for PAC-Bayes Single-Task Learning
	Notations for PAC-Bayes Meta-Learning

	Theoretical Results
	Generalizing PAC-Bayes-kl Bound from i.i.d. Setting to Independent Meta-Learning Setting
	Three Improved PAC-Bayes Bounds for Meta-Learning Based on Extended PAC-Bayes-kl Bound
	PAC-Bayes-kl Bound on Novel Task with the Prior Sampled from the Informative Hyperposterior
	PAC-Bayes Bound-Minimization Algorithms for Meta-Learning with Stochastic Deep Neural Networks

	Experiments
	Experimental Setup
	Experimental Results
	More Discussions

	Conclusion
	Explicit Form of Different PAC-Bayes Bounds for Meta-Learning
	Proof of Our Theoretical Results
	Proof of Generalized PAC-Bayes-kl Bound from i.i.d. Setting to Independently but Non-identically Distributed Meta-Learning Setting
	Proof of Three Improved PAC-Bayes Bounds for Meta-Learning Based on Extended PAC-Bayes-kl Bound
	Proof of PAC-Bayes-kl Bound on Novel Task with the Prior from the Learned Hyperposterior
	Proof of the Existence of the Intermediate Measure  in Eq. (6)
	Proof of PAC-Bayes-kl Bound on Novel Task with the Localized Gibbs Prior from the Dirac Hyperposterior


	More Details of Experiments
	Architecture of Deep Neural Networks and Optimization Settings
	Three Bound-Minimization Meta-Learning Algorithms for Classification Problem
	Convergence Analysis of Our PAC-Bayes Classic Bound and Quadratic Bound for Meta-Learning
	How to Learn Data-Dependent Localized Prior via Empirical Risk Minimization (ERM)


