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ABSTRACT

Many recent flow-matching and diffusion-style generative models rely on auxil-
iary stochastic dynamics during training: a richer process is simulated to define
conditional targets, but the auxiliary state is either intractable to sample at gener-
ation time or simply not part of the desired output. Existing Generator Matching
theory formalises conditioning on static latent random variables, and several re-
cent papers prove special cases of projection results for particular augmented-state
constructions. We introduce latent process generator matching, a general frame-
work that treats the observed generative state as a deterministic imageXt = Φ(Yt)
of a tractable Markov process Yt. We show that in this setting one may learn the
generator of a stochastic process on the image space which has the same one-time
marginal distributions as the projected process. This generalizes and subsumes the
discrete latent process results from the literature, and extends Generator Matching
from static latent variables to a rich family of time-dependent latent conditional
processes.

1 INTRODUCTION

In recent extensions of flow matching and diffusion approaches to generative modelling, one con-
structs a Markov process on an extended state space X × Z representing the conditional paths of a
generative model, but at generation time one wishes to simulate a process on X alone whose one-
time marginals coincide with those of the X -component of the joint process. This is the case for
Ifriqi et al. (2025), Nguyen et al. (2025), and Havasi et al. (2025). A related situation arises when
an auxiliary process is introduced to aid training but modelling its dynamics at generation time is
unnecessary or difficult, as in Billera et al. (2025b) and Kim et al. (2025). In each of these works,
the projection result and its associated loss are derived on a case-by-case basis, and all theorems are
restricted to marginalization over a discrete component of the extended state space. We introduce
a general framework that removes these restrictions: given a time-inhomogeneous Feller process
(Yt)0≤t≤1 on an arbitrary state space Y and a map Φ: Y → X , one may learn a linear parametri-
sation of the generator of a Feller process on X whose one-time marginals coincide with those of
(Φ(Yt))0≤t≤1. For Y = X × Z and Φ the projection onto the first coordinate, this subsumes these
prior works as special cases, allowing for a general class of latent processes (Zt)0≤t≤1 in a nearly
arbitrary state space Z , using the formalism of generator matching to allow for continuous, discrete,
or manifold-valued processes.

In particular, the learnt process at t = 1 samples from the distribution of Φ(Y1), which is the desired
data distribution. We give sufficient conditions for a loss function to be valid in this general setting,
recovering the results of the works cited above as corollaries. This result has broad applicability,
enabling the construction of a wide array of new flow matching schemes by allowing for a more
general class of latent spaces. As a concrete new application, we outline a non-projection Φ: Y → X
with manifold-valued latents for protein structure generation that separates chain-level rigid-body
motion from internal flexibility (§4), where the particular chain-level versus residue-level or internal
state is latent, and the model only sees the world state, which we plan to implement in future work.

∗Equal contribution.
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2 EARLIER WORK

Several recent generative models train with the aid of a latent stochastic process that is marginalised
out at generation time. We briefly survey these and note how the pushforward framework developed
herein subsumes the special-case justifications given in each.

2.1 GENERATOR MATCHING

Generator Matching (Holderrieth et al., 2025) unifies a large class of diffusion and flow match-
ing models by showing that one may learn the marginal generator of a time-inhomogeneous Feller
process by training against conditional generators, where conditioning is on a static latent random
variable Z (typically a pair of endpoints). The present work extends this to conditioning on a latent
stochastic process.

2.2 EDIT FLOWS, ONEFLOW AND FLOWCEPTION

Edit Flows (Havasi et al., 2025) solves variable-length discrete generation by adjoining a null token
ε to the alphabet and learning joint rates on an extended state space X ×Z . The projection onto the
first coordinate (stripping the null tokens) induces rates on X alone. Theorem 3.1 therein justifies
this projection for CTMCs. The same technique is employed by OneFlow (Nguyen et al., 2025) but
for interleaved token image generation and by Flowception (Ifriqi et al., 2025) for video generation
via learned frame-insertion rates. In the latter two, a continuous process depends non-trivially on a
latent discrete process which must be marginalised out. The theorems in Edit Flows, however, are
concerned only with the case where both the main and latent process are discrete.

2.3 BRANCHING FLOWS

Branching Flows (Billera et al., 2025b) introduces tree-structured conditional paths for variable-
length generation on manifold, Euclidean and discrete state spaces. The branching structure creates
an ambiguity over which element belongs to which branch, necessitating an auxiliary discrete pro-
cess. The resulting auxiliary generator matching result extends Theorem 3.1 of Havasi et al. (2025)
to the case of an arbitrary “main” state space, while still requiring the latent process to be discrete.

2.4 ANY-ORDER FLEXIBLE LENGTH MASKED DIFFUSION

Similarly to Havasi et al. (2025), “Any-order flexible length masked diffusion” (Kim et al., 2025)
solves the diffusion-model variable-length generation task. It uses flexible masked diffusion models,
extending the continuous stochastic interpolants of Albergo et al. (2025) to the discrete, variable-
length setting by training a neural network to learn the unmasking posterior and an insertion ex-
pectation, which determine the insertion/unmasking rates. During training one augments with an
auxiliary process st which keeps track of the indices of tokens as they are inserted. This auxil-
iary process is used during training and subsequently marginalised out for generation, similar to the
branch-index tracking process of Billera et al. (2025b), except specialised for the case of a discrete
state space.

3 PUSHFORWARD GENERATOR MATCHING

3.1 GENERATOR MATCHING

We briefly recall the Generator Matching framework of Holderrieth et al. (2025), which provides the
theoretical foundation for the present work. Let (X , dX ) be a Polish space. A time-inhomogeneous
Feller process (Xt)0≤t≤1 on X is characterised by its infinitesimal generator Lt, which acts on test
functions f ∈ T (X ) ⊂ C(X ) and determines the evolution of the time-marginals (pt)0≤t≤1 via the
Kolmogorov forward equation (KFE)

∂t⟨pt, f⟩ = ⟨pt, Ltf⟩, ∀f ∈ T (X ), t ∈ [0, 1).

This framework encompasses a wide range of generative processes. For instance, when X = Rd and
Ltf(x) = bt(x) · ∇f(x) + 1

2σ
2
t (x)∆f(x), the KFE is the Fokker–Planck equation of a stochastic
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differential equation. When X is a finite set and Ltf(x) =
∑

x′ ut(x
′ | x)[f(x′) − f(x)], it is the

forward equation of a continuous-time Markov chain with rates ut.

However, one does not need to learn the marginal generator Lt directly. Instead, given a latent
random variable Z, a conditional generator Lz

t parametrised by F z
t (x) for each realisation Z = z is

defined and a neural network F θ
t (x) is trained against these conditional targets. Training against the

conditional loss recovers the correct marginal generator via a gradient equality (Holderrieth et al.,
2025, Theorem 1).

3.2 LINEAR PARAMETRISATIONS OF INFINITESIMAL GENERATORS

The notion of a linear parametrisation, introduced in Holderrieth et al. (2025) and extended to time-
and state-dependent form in Billera et al. (2025a), is central to the training objectives of Generator
Matching.

Definition 3.1 (Linear parametrisation of a generator). Let Lt : T (X ) → C(X ) be the generator of
a Feller process on a Polish space X . A (time- and state-dependent) linear parametrisation of Lt

consists of:

(i) for each time t and x ∈ X , an inner product space (Vt,x, ⟨·, ·⟩Vt,x);

(ii) a linear map Kt,x : T (X ) → Vt,x;

(iii) a closed convex set Ωt,x ⊂ Vt,x and a target function Ft(x) ∈ Ωt,x;

such that for all f ∈ T (X ) it holds that

Ltf(x) = ⟨Kt,xf, Ft(x)⟩Vt,x . (1)

The map Kt,x encodes the “structural” part of the generator (e.g. finite differences for a CTMC, or
differential operators for a diffusion), while Ft(x) captures the learnable parameters (e.g. rates or
velocity fields). Training a neural network F θ

t (x) to approximate Ft(x) then recovers the generator
Lt.

3.3 MARGINAL AND CONDITIONAL GENERATORS

Theorem 3.2 (Pushforward Kolmogorov Forward Equation). Let (Y, dY) be a Polish space and let
(Yt)0≤t≤1 be a time-inhomogeneous Feller process on Y with infinitesimal generator Wt and time-
marginals (pYt )0≤t≤1, satisfying the regularity conditions of (Holderrieth et al., 2025, Appendix A.2)
(Assumption A.15). Let Φ: Y → X be a measurable map into a measurable space (X ,B(X ))
satisfying the domain compatibility conditions of Assumption A.16, and let pXt := Φ#p

Y
t . Assume

the following integrability condition (Assumption A.18): for every f ∈ T (X ) and every t ∈ [0, 1),

Eyt∼pY
t
[|Wt(f ◦ Φ)(yt)|] <∞. (2)

Define, for each t ∈ [0, 1) and each test function f ∈ T (X ),

Ltf(xt) := E[Wt(f ◦ Φ)(Yt) | Φ(Yt) = xt].

Then pXt satisfies the Kolmogorov forward equation with generator Lt:

∂t⟨pXt , f⟩ = ⟨pXt , Ltf⟩, ∀f ∈ T (X ), t ∈ [0, 1),

where ⟨µ, g⟩ :=
∫
g dµ. If additionally the KFE with generator Lt uniquely determines (pXt )0≤t≤1

(Assumption A.19), then Lt may be used within the Generator Matching framework of Holderrieth
et al. (2025). The proof is given in Appendix A.11; all assumptions are stated formally in Ap-
pendix A.10.

Remark 3.3. Assumption A.19 is non-trivial and a regularity-violating example is given in §3.7.2.

For many cases we will be concerned with “marginalising” a latent process to learn a base process.
We therefore state this special case as a corollary.
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Corollary 3.4 (Generator of a projected process). Specialising Theorem 3.2 to Y = X × Z and
Φ = πX : let (Xt, Zt) be a Feller process on X × Z with infinitesimal generator Wt, satisfying the
hypotheses of Theorem 3.2. Then

Ltf(xt) := E[Wt(f ◦ πX )(Xt, Zt) | Xt = xt]

generates a process on X with marginal measure pXt = [πX ]#p
X×Z
t , that is, Lt solves the Kol-

mogorov Forward Equation

∂t⟨pXt , f⟩ = ⟨pXt , Ltf⟩, t ∈ [0, 1).

Remark 3.5 (Compact-Z .). When Z is compact, integrability along the Z-fibre is automatic by
boundedness, and the domain condition reduces to the X -factor: for flows and diffusions (D(Wt) =
Ck

0 , k ∈ {1, 2}) it suffices that f ∈ Ck
0 (X ), and for CTMCs it is automatic. This covers any finite-

state latent Zt (§3.6.1, §3.7.1) and flow matching and diffusion on compact Riemannian manifolds
such as SO(3).
Remark 3.6. In Havasi et al. (2025) it is proven that if ut(x′, z′ | xt, zt) is a rate on X × Z that
generates pt(x, z) then

ut(x
′ | xt) :=

∑
z′∈Z

Ezt∼pt(·|xt)[ut(x
′, z′ | xt, zt)]

generates an x-marginal path pXt (x). This result follows as a special case of Corollary 3.4. For a
detailed discussion, refer to §3.6.1.

3.4 LATENT PROCESS CONDITIONAL GENERATOR MATCHING LOSS

In this section we establish which loss functions are valid for training a neural network to learn
the pushforward generator Lt of Theorem 3.2. One may train against a conditional target which
is defined pointwise for each realisation Yt = y of the latent process and still recover the correct
marginal generator via an equality of gradients. This generalises the conditional generator matching
paradigm of Holderrieth et al. (2025) from conditioning on a static latent variable to conditioning
on a latent stochastic process, and subsumes the special cases proven in Havasi et al. (2025); Billera
et al. (2025b).
Definition 3.7. (Latent process conditional generator). In the setting of Theorem 3.2, for each
yt ∈ Y define the conditional generator given Yt = yt at the point xt := Φ(yt) by

Lyt

t f(xt) :=Wt(f ◦ Φ)(yt), f ∈ T (X ).

This defines Lyt

t f only at the single point xt = Φ(yt), not as a function on all of X . When two
distinct y, y′ ∈ Y satisfy Φ(y) = Φ(y′), the conditional generators Ly

t and Ly′

t may assign different
values at the same point. This is expected, as they correspond to different conditioning events (since
Wt may introduce y-dependence beyond Φ(y)). By the definition of the pushforward generator in
Theorem 3.2, the marginal and conditional generators are related by

Ltf(xt) = E[LYt
t f(xt) | Φ(Yt) = xt]. (3)

Definition 3.8. (Conditional linear parametrisation). Suppose the conditional generator Lyt

t of Def-
inition 3.7 admits a time- and state-dependent linear parametrisation

Lyt

t f(Φ(yt)) = ⟨Kt,Φ(yt)f, F
yt

t (Φ(yt))⟩Vt,Φ(yt)

where Kt,xt
and Vt,xt

are as in the linear parametrisation of Lt and F yt

t (Φ(yt)) ∈ Ωt,Φ(yt). Then by
equation 3 and linearity of the inner product, the marginal generator inherits a linear parametrisation
with

Ft(xt) = E[FYt
t (xt) | Φ(Yt) = xt]. (4)

Remark 3.9. Observe that in the above, the linear parametrisation may only depend on the value
xt := Φ(yt) for each yt ∈ Y .
Definition 3.10. (Pushforward Conditional Generator Matching Loss). In the setting of Defini-
tion 3.8, let Dt,xt : Ωt,xt × Ωt,xt → R be a Bregman divergence and let F θ

t be a neural network
with F θ

t (xt) ∈ Ωt,xt for all t, xt. Assume that for all t ∈ [0, 1),

Eyt∼pY
t
[Dt,Φ(yt)(F

yt

t (Φ(yt)), F
θ
t (Φ(yt)))] <∞.
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The latent process conditional generator matching loss is

Lcgm(θ) := Et∼U [0,1],yt∼pY
t (dyt)

[Dt,Φ(yt)(F
yt

t (Φ(yt)), F
θ
t (Φ(yt)))].

Equivalently, by disintegrating pYt along Φ (Corollary A.13),

Lcgm(θ) = Et∼U [0,1],xt∼pX
t ,yt∼pY

t (dyt|Φ(Yt)=xt)
[Dt,xt(F

yt

t (xt), F
θ
t (xt))].

Definition 3.11. (Marginal Generator Matching Loss). In the setting of Definition 3.8, the marginal
generator matching loss is

Lgm(θ) := Et∼U [0,1],xt∼pX
t
[Dt,xt

(Ft(xt), F
θ
t (xt))].

Theorem 3.12. (Gradient equality of Conditional and Marginal Generator Matching Losses). Let
Lcgm(θ), Lgm(θ) be as in Definitions 3.10 and 3.11, and suppose the integrability conditions of
Definition 3.10 hold. Then

∇θLcgm(θ) = ∇θLgm(θ).

In particular, training against the conditional loss Lcgm (which only requires samples from the
process Yt) recovers the same stationary points as training against the marginal loss Lgm, which
depends on the generally intractable marginal target Ft.

Proof. See Appendix B.2.

3.5 CONDITIONING ON A LATENT PROCESS Zt

In many applications, the process of interest Xt evolves jointly with an auxiliary latent process Zt

that is used during training but discarded at generation time. This corresponds to the product-space
specialisation of the pushforward framework: we set Y = X ×Z , take Φ = πX to be the canonical
projection, and write Yt = (Xt, Zt). The pushforward marginals are then pXt = (πX )#p

Y
t , which is

simply the X-marginal of the joint law, and the conditional law pYt (dyt | xt) from Corollary A.13
reduces to the conditional law of Zt given Xt = xt, which we denote pt(dz | xt).
In this setting, the definitions of §3.4 take the following concrete form. The conditional generator
(Definition 3.7) for yt = (xt, zt) ∈ X × Z is

Lyt

t f(xt) =Wt(f ◦ πX )(xt, zt).

Remark 3.13. Since Φ = πX , the evaluation point Φ(yt) = xt is already determined by the
projection, so the dependence of the conditional generator on the xt-component of yt = (xt, zt) is
vacuous: the right-hand side Wt(f ◦ πX )(xt, zt) depends on xt only through the test function, not
through the conditioning. Accordingly, we write Lzt

t in place of Lyt

t :

Lzt
t f(xt) :=Wt(f ◦ πX )(xt, zt).

The marginal generator (Corollary 3.4) is

Ltf(xt) = E[LZt
t f(xt) | Xt = xt] =

∫
Z
Wt(f ◦ πX )(xt, z)pt(dz | xt).

If the conditional generator admits a linear parametrisation with F zt
t (xt) (Definition 3.8), the

marginal target is
Ft(xt) = E[FZt

t (xt) | Xt = xt].

The conditional generator matching loss (Definition 3.10) becomes

Lcgm(θ) = Et∼U [0,1],(xt,zt)∼pX×Z
t

[Dt,xt
(F zt

t (xt), F
θ
t (xt))],

and Theorem 3.12 guarantees ∇θLcgm(θ) = ∇θLgm(θ). Thus, one may sample jointly from
(Xt, Zt), use the latent state Zt to compute the conditional training target FZt

t , and train a network
F θ
t that receives only Xt as input. Equivalently,

Lcgm(θ) = Et∼U [0,1],xt∼pX
t (dx),zt∼pZ

t (dz|Xt=xt)[Dt,xt(F
zt
t (xt), F

θ
t (xt))],

Remark 3.14 (Fixed-endpoint conditioning with a latent process). The conditioning on Zt is com-
patible with additionally conditioning on a static latent variable Z (e.g. a pair of endpoints) in the
sense of Holderrieth et al. (2025). This double conditioning perspective, developed in §3.6, provides
a natural sampling procedure for the loss.
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3.6 FIXED-ENDPOINT CONDITIONING WITH A LATENT PROCESS

The conditional generator matching loss of Definition 3.10 requires sampling from the joint law
pYt (dyt). In many practical settings, this joint law is itself constructed by first choosing a static latent
variable z (typically an endpoint or pair of endpoints) and then running the process conditionally on
z. Indeed, suppose that

pYt (dyt) =

∫
pY(dyt | z)pZ(dz),

where z ∈ Z is a static random variable (e.g., points used to steer the conditional path) with law pZ ,
and pY(dyt | z) is the conditional law of the process at time t given z. For each realisation z and
each yt in the support of pY(· | z), the conditional generator

Lz,yt

t f(Φ(yt)) :=W z
t (f ◦ Φ)(yt)

depends both on the fixed latent state z and the current process state yt. This may be viewed from
two complementary angles:

(i) As a latent-process problem (§3.5): marginalise over z to obtain the law pYt (dyt). In this
case, the conditional generator is Lyt

t and the framework of §3.4 applies directly.

(ii) As a fixed-endpoint problem with process-valued conditionals: for each z, marginalise over
yt | z to obtain a generator Lz

t f(xt) := Eyt∼pY(·|z)[L
z,yt

t f(xt)] conditioned only on the
static latent, recovering the setting of Holderrieth et al. (2025). Marginalising further over
z recovers the full marginal generator Lt.

Both viewpoints lead to the same marginal generator and the same gradient equality (Theorem 3.12),
but the double-conditioning perspective makes explicit a practical sampling procedure for the con-
ditional loss. Substituting the disintegration into the loss of Definition 3.10 gives

Lcgm(θ) = Et∼U [0,1],z∼pZ(dz),yt∼pY(dyt|z)[Dt,Φ(yt)(F
z,yt

t (Φ(yt)), F
θ
t (Φ(yt)))], (5)

which suggests the following training procedure: (1) sample fixed latents z ∼ pZ ; (2) given z,
sample the latent process state yt ∼ pY(dyt | z); (3) compute the conditional target F z,yt

t and
evaluate the Bregman divergence.

3.6.1 EDIT FLOWS

We now show how the theory of Edit Flows (Havasi et al., 2025) is recovered as a special case of the
pushforward conditional generator matching framework of §3.4–§3.5. Let X and Z be finite sets and
let (Xt, Zt) be a CTMC on the joint state space X × Z with rates ut(x′, z′ | xt, zt) ≥ 0. Applying
the joint generator Wt of (Xt, Zt) to a test function of the form f ◦ πX and using Corollary 3.4, one
can show that

ut(x
′ | xt) =

∑
z′

Ezt∼pt(·|xt)[ut(x
′, z′ | xt, zt)] generates pXt (x) =

∑
z

pt(x, z), (6)

recovering the first part of Theorem 3.1 of (Havasi et al., 2025). Moreover, the conditional generator
admits a linear parametrisation (Definition 3.8) in which the Z-dependence is confined entirely to
the target vector F zt

t (xt) = (ũt(x
′ | xt, zt))x′∈X , where ũt(x′ | xt, zt) :=

∑
z′ ut(x

′, z′ | xt, zt)
is the total rate of the X -component jumping to x′. The gradient equality of the conditional and
marginal losses (the second part of Theorem 3.1 in (Havasi et al., 2025)) then follows directly from
Theorem 3.12. The complete derivations are given in Appendix D.

3.7 EXAMPLES

3.7.1 A ONE-DIMENSIONAL EXAMPLE

We illustrate the latent-process framework of §3.5 with a regime-switching diffusion whose con-
ditional paths exhibit discontinuous changes of drift direction, yet whose marginal generator is a
standard diffusion generator that can be learnt by a network receiving only the continuous compo-
nent Xt. Consider a joint process (Xt, Zt) on R × {−1,+1}, with fixed endpoints x0, x1 ∈ R,
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Figure 1: A) Conditional trajectories (training target) with switching, colored by the state of the
latent process, where 10 conditional sample paths are foregrounded, B) Model-learnt marginal tra-
jectories, C) Marginal distribution at t = 1, with histogram of generated samples matching the target
distribution.

evolving according to the following dynamics:

Zt | (Xt = xt, X0 = x0, X1 = x1) ∼
(
−λ1(xt, t) λ1(xt, t)
λ2(xt, t) −λ2(xt, t)

)
;

Xt | (Zt = zt, X0 = x0, X1 = x1) ∼
ztx1 −Xt

1− t
dt+ σtdBt.

where Bt is a standard Brownian motion. That is, conditional on the continuous component Xt

and the endpoints, Zt evolves as a CTMC with rates λ1(xt, t), λ2(xt, t). Conditional on the CTMC
value and the endpoints, Xt evolves as a Brownian bridge towards ztx1, that is, towards the target
x1 when Zt = +1 and towards −x1 when Zt = −1. The rates λ1, λ2 are chosen so that X1 = x1
a.s. in the conditional paths (see Appendix C for the construction). See Figure 1 A for representative
trajectories.

Since Zt and Xt evolve in a dependent manner, this falls outside the scope of Holderrieth et al.
(2025), which treats conditioning on a static latent variable Z. By Corollary 3.4, the marginal gener-
ator on R is nonetheless well-defined, and by Theorem 3.12 a network that receives only Xt may be
trained against the conditional loss. This is an instance of the double conditioning of §3.6: the static
latent is the pair of endpoints (x0, x1) and the process-valued latent is zt. In Appendix C we de-
rive the conditional generator and construct an x1-prediction linear parametrisation (Definition 3.8).
Taking the Bregman divergence to be the squared Euclidean norm, the training loss reduces to

Et∼U [0,1],(x0,x1)∼q,(xt,zt)∼pt(·|x0,x1)[∥ztx1 − xθ1(xt)∥2],

where the latent state zt appears in the target but is not passed to the network. At generation time,
the velocity is recovered via uθt (x) = (xθ1(x)−x)/(1− t), with no reference to the latent dynamics.
Figure 1 confirms that the learnt marginal paths are smooth, and the switching dynamics of the
conditional training target are effectively integrated out, while still retaining the property that the
marginal distribution at t = 1 matches the target.
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3.7.2 A REGULARITY-VIOLATING EXAMPLE

One may ask whether regularity of the base process Yt and smoothness of the map Φ suffice to guar-
antee that the pushforward process Φ(Yt) satisfies the KFE sufficiency condition (Assumption A.19).
The following example shows that this need not be the case, even for Φ ∈ C∞.

Example 3.15. Define Φ: R → R≥0 by

Φ(x) :=

{
e−1/x x > 0,

0 otherwise.

This function belongs to C∞(R). Let (Bt)t≥0 be a standard Brownian motion, so that (Bt,
1
2∂xx)

satisfies the Generator Matching regularity conditions of Holderrieth et al. (2025). The pushforward
Φ(Bt) has an atom at 0 for every t > 0, since P[Φ(Bt) = 0] = P[Bt ≤ 0] = 1

2 .

The corresponding marginal generator Lt satisfies Ltf(0) = 0 for every test function f . In Ap-
pendix E, we describe a one-parameter family of probability paths satisfying the KFE, violating the
uniqueness assumption on the KFE.

4 NON-PROJECTION PUSHFORWARDS

All examples in §3.7 and in the prior work discussed in §2 take Φ = πX to be a canonical projection.
1

Protein complexes are formed by multiple ‘chains‘, where residues within a chain are covalently
linked. We might wish to train a model via a conditional path that respects this structure. Each
residue in a protein backbone can be modelled by a point in R3 and an orientation in SO(3) (Jumper
et al., 2021). Further, let each chain have a shared orientation Rch,t ∈ SO(3), a centroid µt ∈ R3,
per-residue internal rotationsR(i)

res,t ∈ SO(3), and per-residue centroid-relative displacements p(i)t ∈
R3. For each chain, the latent space is

Y = SO(3)× R3 × SO(3)n × (R3)n,

and the map to observed (world-frame) coordinates is Φ: Y → SO(3)n × (R3)n,

Φ(Rch,t, µt, (R
(i)
res,t)i, (p

(i)
t )i) = (Rch,tR

(i)
res,t, Rch,tp

(i)
t + µt)i.

The chain rotation Rch,t acts on the internal geometry (orientations and displacements) while leav-
ing the centroid µt invariant. When Yt follows an SDE on Y , the pushforward through Φ induces
correlated rotational and translational noise at the observed level: all residue orientations are si-
multaneously rotated, and all positions are coherently tumbled about the centroid. This captures
chain-level rigid-body motion, while the per-residue components R(i)

res,t and p
(i)
t handle internal

flexibility. Preliminary calculations show that the resulting conditional generator admits a velocity-
only parametrisation in the sense of Definition 3.8, with all diffusion coefficients determined by the
observed state.

5 DISCUSSION

Here we have expanded Generator Matching to allow for conditional processes with latent time-
dependent variables with rich state spaces and dynamics. Recent examples have demonstrated the
utility of discrete-valued time-dependent latent variables, and we anticipate the value of an expanded
latent state space. In future work we plan to attempt to relax the regularity conditions for this, deepen
our understanding of when they might be violated in real practical examples, and to develop and
implement chain-level rotation example from section 4.

1Any pushforward Φ: Y → X can formally be subsumed by the projection framework: one embeds Yt 7→
(Φ(Yt), Yt) ∈ X × Y and projects onto the first coordinate. However, this reduction is artificial. The “latent”
component becomes the entire original process Yt, the joint law on X × Y is degenerate, and the geometric
structure of Φ is obscured.
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A PROOF OF THE PUSHFORWARD KOLMOGOROV FORWARD EQUATION

In this appendix we collect the measure-theoretic background needed to rigorously define the
marginal generator Ltf(xt) := E[Wt(f ◦ Φ)(Yt) | Φ(Yt) = xt] and to prove that it governs
the Kolmogorov forward equation for the pushforward measure pXt = Φ#p

Y
t . All results in §A.1–

§A.8 are standard and are cited from Bogachev (2007). We reproduce precise statements here for
completeness.
Remark A.1 (Notation). Our notation differs from Bogachev (2007) in two respects.

Conditional expectation. We use the standard notation E[f | B] and E[f | η] for the condi-
tional expectation of f with respect to a sub-σ-algebra B or the σ-algebra generated by a random
variable η, respectively. In Bogachev (2007) the same object is written EBf , or EB

µ f .

Markov kernels. In Bogachev (2007), a transition probability is written P (· | ·) : X1 × B2 → R
with the convention that P (x | B) places the conditioning point x in the first slot and the measurable
set B in the second. We instead write κ(B | x), which emphasises the conditional-probability
interpretation: κ(· | x) is a probability measure on B2 for each fixed x, while κ(B | ·) is a B1-
measurable function for each fixed B. Integrals against the kernel are written

∫
f(y)κ(dy | x).

A.1 CONDITIONAL EXPECTATION: DEFINITION AND EXISTENCE

Definition A.2. (Bogachev, 2007, Def. 2.12.2) Let F be some collection of functions in X that
have the same codomain. The smallest σ-algebra on X in which all functions belonging to F
are measurable is called the σ-algebra generated by F and is denoted by σ(F) (formally, this can
be defined as the intersection of all σ-algebras for which each function in F is measurable). In
particular, the σ-algebra generated by a random variable η is the smallest σ-algebra in which η is
measurable and is denoted by σ(η).
Definition A.3 (Conditional expectation (Bogachev, 2007, Def. 10.1.1)). Let (Ω,A , µ) be a prob-
ability space and let B ⊂ A be a sub-σ-algebra. For f ∈ L1(µ), a conditional expectation of f
given B is a B-measurable, µ-integrable function E[f | B] satisfying∫

Ω

gfdµ =

∫
Ω

gE[f | B]dµ (7)

for every bounded B-measurable function g. Equivalently,∫
B

fdµ =

∫
B

E[f | B]dµ, ∀B ∈ B. (8)

When B = σ(η) is generated by a measurable mapping (i.e. random variable) η, we write E[f | η]
in place of E[f | σ(η)].
Theorem A.4 (Existence and basic properties (Bogachev, 2007, Thm. 10.1.5 (1)-(2))). Let µ be a
probability measure on (Ω,A ) and let B ⊂ A be a sub-σ-algebra. For every f ∈ L1(µ) there
exists a B-measurable function E[f | B], unique µ-a.e., such that:

(1) E[f | B] is a conditional expectation of f given B in the sense of Definition A.3.

(2) If f is already B-measurable and integrable, then E[f | B] = f µ-a.e.

A.2 THE TOWER PROPERTY

Proposition A.5 (Tower property (Bogachev, 2007, Eq. (10.1.4))). Let B1 ⊂ B ⊂ A be sub-σ-
algebras. Then, for every f ∈ L1(µ),

E[E[f | B] | B1] = E[f | B1] = E[E[f | B1] | B], µ-a.e. (9)

A.3 THE DOOB–DYNKIN LEMMA

The conditional expectation E[f | η] is defined abstractly as any σ(η)-measurable random variable
satisfying the integral identity

∫
B
fdµ =

∫
B
E[f | B]dµ, for all B ∈ B. This means E[f | η]

10
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is determined only up to a set of measure zero, and a priori it is not clear that it can be written
as a deterministic function of the observed value of η. The Doob–Dynkin lemma resolves this by
characterising exactly which random variables are σ(η)-measurable (they are precisely the Borel
functions of η).
Theorem A.6 (Doob–Dynkin (Bogachev, 2007, Thm. 2.12.3)). Let I be a countable index set and
{fi}i∈I be a family of measurable functions on a nonempty space X . A function g on X is measur-
able with respect to σ({fi}i∈I) if and only if there exists a Borel-measurable function ψ : RI → R
such that

g(x) = ψ(fi1(x), fi2(x), . . .).

The consequence for conditional expectation is immediate. Since E[f | η] is σ(η)-measurable by
definition, the theorem (applied to the single-function family {fi} = {η}) guarantees the existence
of a Borel-measurable function hf : Y → R such that

E[f | η](ω) = hf (η(ω)), P-a.e. ω.
In words: the conditional expectation, which is a priori just some random variable on Ω, is in fact a
deterministic function of the observed value η(ω). This is what justifies the pointwise notation

E[f | η = x] := hf (x),

which evaluates the conditional expectation at a specific value x ∈ Y of the conditioning variable.
The function hf is unique up to redefinition on a set of (P ◦ η−1)-measure zero.

A.4 TRANSITION PROBABILITIES (MARKOV KERNELS)

Definition A.7 (Transition probability (Bogachev, 2007, Def. 10.7.1)). Let (X1,B1) and (X2,B2)
be measurable spaces. A transition probability (or Markov kernel) for this pair is a function κ : B2×
X1 → [0, 1] such that:

(i) for every fixed x ∈ X1, the map B 7→ κ(B | x) is a probability measure on B2;

(ii) for every fixed B ∈ B2, the map x 7→ κ(B | x) is B1-measurable.

A.5 THE KERNEL FUBINI THEOREM

Theorem A.8 (Kernel Fubini (Bogachev, 2007, Thm. 10.7.2)). Let κ be a transition probability
for (X1,B1) and (X2,B2), and let ν be a probability measure on B1. Then there exists a unique
probability measure µ on (X1 ×X2,B1 ⊗ B2) satisfying

µ(B1 ×B2) =

∫
B1

κ(B2 | x)ν(dx), ∀B1 ∈ B1, B2 ∈ B2. (10)

Moreover, for every f ∈ L1(µ), the iterated integral is well defined and∫
X1×X2

f(x1, x2)µ(d(x1, x2)) =

∫
X1

(∫
X2

f(x1, x2)κ(dx2 | x1)
)
ν(dx1). (11)

Remark A.9. In the above, recall that B1⊗B2 is the product σ-algebra generated by the collection
of rectangles {B1 ×B2 : B1 ∈ B1, B2 ∈ B2}.

A.6 EXISTENCE OF THE CONDITIONAL LAW AS A TRANSITION PROBABILITY

Theorem A.10 (Regular conditional distribution (Bogachev, 2007, Ex. 10.7.5)). Let (Ω,A ,P) be
a probability space and let S be a Souslin space (that is, S is the image of a Polish (complete,
separable, metrisable) space under a continuous mapping) and let (Y,AY ) be a measurable space,
and let

ξ : (Ω,A ) → (S,B(S)), η : (Ω,A ) → (Y,AY )
be measurable mappings (i.e., ξ and η are random variables taking values in S and Y , respectively).
Then there exists a transition probability (Markov kernel)

κ : B(S)× Y → [0, 1], (B, y) 7−→ κ(B | y),
such that for every B ∈ B(S),

P(ξ ∈ B | η) = κ(B | η), P-a.e. (12)
Moreover, the family {κ(· | y)}y∈Y is unique up to modification on a set of (P ◦ η−1)-measure zero.

11
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A.7 AGREEMENT OF THE KERNEL AND σ-ALGEBRA DEFINITIONS

The σ-algebra formalism produces the conditional expectation E[f(ξ) | η] as an abstract σ(η)-
measurable random variable, determined only P-a.e. The Doob–Dynkin lemma (Theorem A.6)
guarantees a Borel function hf with E[f(ξ) | η](ω) = hf (η(ω)), and one defines E[f(ξ) | η =
y] := hf (y). On the other hand, the kernel from Theorem A.10 gives a pointwise formula y 7→∫
S
fdκ(· | y). The following proposition, which is a special case of a general result connecting

regular conditional measures to conditional expectations (Bogachev, 2007, Prop. 10.4.18), shows
that the two coincide.
Proposition A.11 (Kernel representation of conditional expectation (Bogachev, 2007, Prop. 10.4.18,
Eq. (10.4.13))). In the setting of Theorem A.10, for every f ∈ L1(P) of the form f = φ ◦ ξ with φ
a Borel function on S, one has

E[φ(ξ) | η = y] =

∫
S

φ(s)κ(ds | y), (P ◦ η−1)-a.e. y. (13)

This is a consequence of the integral identity for regular conditional measures (Bogachev, 2007,
Thm. 10.4.5).

A.8 PUSHFORWARD AND CHANGE OF VARIABLES

Theorem A.12 (Change of variables / pushforward (Bogachev, 2007, Thm. 3.6.1)). Let µ be a non-
negative measure on (X,A ) and Φ: X → Y an (A ,B)-measurable mapping. A B-measurable
function g on Y is integrable with respect to the image (pushforward) measure Φ#µ := µ ◦ Φ−1 if
and only if g ◦ Φ is µ-integrable. In that case,∫

Y

g(y)(Φ#µ)(dy) =

∫
X

g(Φ(x))µ(dx). (14)

A.9 DISINTEGRATION OF AN INTEGRAL VIA A MARKOV KERNEL

Combining the preceding results yields the following identity, which is the key computational de-
vice in the proof of Theorem 3.2. Suppose ξ : Ω → S is a random variable in a Souslin space,
η := Φ ◦ ξ : Ω → X for a Borel map Φ, and κ is the regular conditional distribution of ξ given
η (Theorem A.10). Then for any P-integrable function of the form φ(ξ), the pushforward formula
(Theorem A.12) and the kernel Fubini theorem (Theorem A.8) give∫

Ω

φ(ξ)dP =

∫
X

(∫
S

φ(y)κ(dy | x)
)
(Φ#pξ)(dx), (15)

where pξ := P ◦ ξ−1 denotes the law of ξ.

We now specialise the above to the setting of Theorem 3.2.
Corollary A.13 (Conditional law of Yt given Φ(Yt)). Let (Y, dY) be a Polish space, let Φ: Y → X
be a (B(Y),B(X ))-measurable map, and let (Yt)0≤t≤1 be a stochastic process on Y with time-
marginals (pYt )0≤t≤1. For each t ∈ [0, 1], define pXt := Φ#p

Y
t . Then:

(i) Since Y is Polish (hence Souslin), Theorem A.10 provides a Markov kernel κt : B(Y) ×
X → [0, 1] such that

P(Yt ∈ B | Φ(Yt)) = κt(B | Φ(Yt)), P-a.e., ∀B ∈ B(Y).

We denote this kernel by
pYt (dyt | xt) := κt(dyt | xt), (16)

so that pYt (· | Φ(Yt) = xt) is the conditional law of Yt given Φ(Yt) = xt. This can also be
written

pYt (dyt | Φ(Yt) = xt) := pYt (dy | xt).

(ii) For any pYt -integrable function φ : Y → R, the disintegration identity in equation 15 gives∫
Y
φ(yt)p

Y
t (dyt) =

∫
X

(∫
Y
φ(yt)p

Y
t (dyt | xt)

)
pXt (dxt). (17)

12
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(iii) By Proposition A.11, the kernel integral and the conditional expectation agree:∫
Y
φ(yt)p

Y
t (dyt | xt) = E[φ(Yt) | Φ(Yt) = xt], pXt -a.e. xt. (18)

A.10 HYPOTHESES

We collect here the standing assumptions for Theorem 3.2. We first fix notation for the relevant
function spaces.
Definition A.14 (Function spaces). Let (S, d) be a metric space.

(i) C0(S) denotes the space of continuous functions f : S → R that vanish at infinity: for every
ε > 0 there exists a compact set K ⊂ S such that |f(s)| < ε for all s /∈ K. When S is
compact, C0(S) = C(S).

(ii) For k ∈ {1, 2, . . . ,∞} and S a smooth manifold (possibly with boundary), Ck
0 (S) denotes the

space of Ck functions that, together with all derivatives up to order k, vanish at infinity. When
S is compact, Ck

0 (S) = Ck(S).
Assumption A.15 (Generator Matching on Y). (Y, dY) is a Polish space. (Yt)0≤t≤1 is a time-
inhomogeneous Feller process on Y with infinitesimal generator Wt, time-marginals (pYt )0≤t≤1,
and test-function space D(Wt) ⊂ C0(Y), satisfying the Generator Matching regularity conditions
of (Holderrieth et al., 2025, Appendix A.2, Assumptions 1–5).
Assumption A.16 (Pushforward map). (X ,B(X )) is a measurable space equipped with a measure-
determining linear space of bounded test functions T (X ). The map Φ: Y → X is (B(Y),B(X ))-
measurable, and for every f ∈ T (X ) and every t ∈ [0, 1):

(i) f ◦ Φ ∈ D(Wt);

(ii) the map t 7→Wt(f ◦ Φ) is continuous in ∥·∥∞ on [0, 1).
Remark A.17. Assumption A.16 places conditions on the projection Φ from Y to X , and it does not
restrict the choice of neural network architecture or loss.
Assumption A.18 (Integrability). For every f ∈ T (X ) and every t ∈ [0, 1), the generator’s action
on the lifted test function is integrable:

Eyt∼pY
t
[|Wt(f ◦ Φ)(yt)|] <∞. (19)

If the conditional generator admits a linear parametrisation (Definition 3.8) with target F yt

t (Φ(yt)),
we additionally require

Eyt∼pY
t
[∥F yt

t (Φ(yt))∥Vt,Φ(yt)
] <∞, t ∈ [0, 1). (20)

Assumption A.19 (KFE sufficiency on X ). The KFE with the marginal generator Ltf of Theo-
rem 3.2 uniquely determines the probability path on X : if (qt)0≤t≤1 is any probability path with
q0 = pX0 := Φ#p

Y
0 and ∂t⟨qt, f⟩ = ⟨qt, Ltf⟩ for all f ∈ T (X ) and t ∈ [0, 1), then qt = Φ#p

Y
t for

all t ∈ [0, 1].

We remark that Assumption A.19 is non-trivial and we give an example of it being violated in §3.7.2,
despite Φ ∈ C∞ and Yt simply being a Brownian motion. Informally, KFE insufficiency may occur
when the first-order dynamics of the process (such as drift, diffusion, and instantaneous rate of
jumps in the Euclidean case) do not uniquely determine the marginal dynamics — that is, when
there exists a stochastic process whose instantaneous dynamics are indistinguishable from the target
process in X but which does not have the desired marginal distribution. This is exactly the failure
mode of Example 3.7.2. We note, however, that this hypothesis is agnostic to the dimensionality
of X and Y . For further discussion of uniqueness of the KFE, we direct the reader to Generator
Matching (Holderrieth et al., 2025), Appendix A.2.

Discussion of the hypotheses. Assumption A.15 is simply the statement that (Yt,Wt) is a Gen-
erator Matching process on Y . The proof of Theorem 3.2 uses Assumptions A.15–A.18. Assump-
tion A.19 is not needed for the KFE itself but is required in order to use the marginal generator Lt

within the Generator Matching framework.
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Domain compatibility. Since D(Wt) ⊂ C0(Y), condition (i) requires both that f ◦ Φ vanish at
infinity and that f ◦Φ belong to the domain of Wt, which may impose further regularity constraints
on Φ, e.g., differentiability.

Compactness. When Y is compact, C0(Y) = C(Y) and Ck
0 (Y) = Ck(Y), so the vanishing-at-

infinity requirement on f ◦ Φ is vacuous The remaining question is whether f ◦ Φ has sufficient
regularity to belong to D(Wt). For many standard generators, D(Wt) = Ck

0 (Y) = Ck(Y) for some
k (e.g. k = 2 for second-order differential operators, k = 0 for rate matrices), so it suffices that Φ
and f are Ck. Moreover, integrability (Assumption A.18) is automatic on a compact space, since
continuous functions are bounded and integration against a probability measure is finite. The most
important special case in which compactness simplifies the verification is the product-space setting
Y = X × Z , Φ = πX (see §3.5). When Z is compact, the domain compatibility and integrability
conditions along the Z-fibre are automatic for continuous integrands. This covers, for example, the
case of a continuous main process Xt jointly evolving with a finite-state latent CTMC Zt (as in the
example of §3.7.1), since any finite set is compact. It also covers flow matching and diffusion on
compact Riemannian manifolds, such as SO(3).

Non-compact state spaces. When Y is non-compact, condition (i) requires f ◦ Φ ∈ D(Wt) ⊂
C0(Y), so in particular f ◦ Φ must vanish at infinity. This is a genuine restriction on Φ. It holds
whenever Φ is proper (preimages of compact sets are compact). However, it may fail for general
maps such as projections πX : X × Z → X when Z is non-compact.

A.11 PROOF OF THEOREM 3.2

Proof. By the change-of-variables formula for the pushforward (Theorem A.12),

⟨pXt , f⟩ =
∫
X
f(xt)(Φ#p

Y
t )(dxt) =

∫
Y
f(Φ(yt))p

Y
t (dyt) = ⟨pYt , f ◦ Φ⟩. (21)

By Assumption A.16(i), f ◦ Φ ∈ D(Wt). Since Yt is generated by Wt and has time-marginals pYt ,
the KFE holds

∂t⟨pYt , f ◦ Φ⟩ = ⟨pYt ,Wt(f ◦ Φ)⟩ =
∫
Y
Wt(f ◦ Φ)(yt)pYt (dyt). (22)

Applying Corollary A.13(ii) with φ := Wt(f ◦ Φ), noting that φ is pYt -integrable by Assump-
tion A.18, we have∫

Y
Wt(f ◦ Φ)(yt)pYt (dyt) =

∫
X

(∫
Y
Wt(f ◦ Φ)(yt)pYt (dyt | xt)

)
pXt (dxt). (23)

By Corollary A.13(iii), the inner integral in equation 23 is precisely the conditional expectation
evaluated at the point xt:∫

Y
Wt(f ◦ Φ)(yt)pYt (dyt | xt) = E[Wt(f ◦ Φ)(Yt) | Φ(Yt) = xt] = Ltf(xt). (24)

Combining equations 21–24:

∂t⟨pXt , f⟩ =
∫
X
Ltf(xt)p

X
t (dxt) = ⟨pXt , Ltf⟩.

A.11.1 ALTERNATIVE PROOF VIA THE TOWER PROPERTY.

We also remark that the tower property (Proposition A.5) gives a shorter argument that avoids ex-
plicit use of kernels. Start from the weak KFE for Yt evaluated against f ◦ Φ ∈ T W :

∂tE[(f ◦ Φ)(Yt)] = E[Wt(f ◦ Φ)(Yt)]
The left-hand side equals ∂t

∫
f dpXt , since pXt = Φ#p

Y
t . For the right-hand side, apply the tower

property
E[Wt(f ◦ Φ)(Yt)] = E[E[Wt(f ◦ Φ)(Yt) | Φ(Yt)]]

= E[Ltf(Φ(Yt))]

=

∫
Ltf dp

X
t .

Combining both sides yields ∂t⟨pXt , f⟩ = ⟨pXt ,Ltf⟩.

14
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B GRADIENTS ARE PRESERVED

B.1 A PROPERTY OF BREGMAN DIVERGENCES

Here we restate a well-known property of Bregman divergences, seen in e.g. (Lipman et al., 2024;
Billera et al., 2025a).
Lemma B.1. (Expectations commute with Bregman divergences under gradients) Let Dϕ(a, b) =
ϕ(a)− ϕ(b)− ⟨a− b,∇ϕ(b)⟩ be a Bregman divergence, where ϕ : Ωϕ ⊂ V → R is strictly convex
and differentiable on the closed and convex domain Ωϕ ⊂ V . Let X be an integrable Ωϕ-valued
random variable such that E[|ϕ(X)|] <∞, and let fθ(x) ∈ Ωϕ. Then

∇θE[Dϕ(X, fθ(x))] = ∇θDϕ(E[X], fθ(x)).

Proof. Write b := fθ(x) for brevity. Since Ωϕ is closed and convex and X is an integrable Ωϕ-
valued random variable, one has E[X] ∈ Ωϕ, so Dϕ(E[X], b) is well-defined. We also remark that
the inner product term ⟨X − b,∇ϕ(b)⟩ has finite expectation since ∇ϕ(b) is deterministic and the
Cauchy–Schwarz inequality gives E[|⟨X,∇ϕ(b)⟩|] ≤ ∥∇ϕ(b)∥E[∥X∥] <∞.

Now, note that, expanding the Bregman divergence and taking expectations, we obtain

E[Dϕ(X, b)] = E[ϕ(X)]− ϕ(b)− E[⟨X − b,∇ϕ(b)⟩]
= E[ϕ(X)]− ϕ(b)− ⟨E[X]− b,∇ϕ(b)⟩.

On the other hand, expanding Dϕ(E[X], b) gives

Dϕ(E[X], b) = ϕ(E[X])− ϕ(b)− ⟨E[X]− b,∇ϕ(b)⟩.

Comparing the two expressions yields

E[Dϕ(X, b)] = Dϕ(E[X], b) + E[ϕ(X)]− ϕ(E[X]). (25)

The remainder E[ϕ(X)] − ϕ(E[X]) is independent of θ. Applying ∇θ to both sides eliminates this
constant and one has

∇θE[Dϕ(X, fθ(x))] = ∇θDϕ(E[X], fθ(x)).

B.2 PROOF OF THEOREM 3.12

Proof. We show that ∇θLcgm(θ) = ∇θLgm(θ). Writing the conditional loss in its disintegrated
form (Definition 3.10), we compute

∇θLcgm(θ)

= ∇θEt∼U [0,1]Ext∼pX
t
Eyt∼pY

t (·|Φ(Yt)=xt)
[Dt,xt

(F yt

t (xt), F
θ
t (xt))]

= Et∼U [0,1]Ext∼pX
t
∇θEyt∼pY

t (·|Φ(Yt)=xt)
[Dt,xt

(F yt

t (xt), F
θ
t (xt))]

= Et∼U [0,1]Ext∼pX
t
∇θDt,xt

(Eyt∼pY
t (·|Φ(Yt)=xt)

[F yt

t (xt)], F
θ
t (xt)) (Lemma B.1)

= Et∼U [0,1]Ext∼pX
t
∇θDt,xt

(Ft(xt), F
θ
t (xt)) (Eq. 4)

= ∇θEt∼U [0,1]Ext∼pX
t
[Dt,xt(Ft(xt), F

θ
t (xt))]

= ∇θLgm(θ).

In the third line, we apply Lemma B.1 to the inner expectation over yt, noting that the the random
variable corresponds to F yt

t (xt) ∈ Ωt,xt and the second argument F θ
t (xt) depends on θ but not on

yt, so the Bregman gradient-expectation interchange applies. In the fourth line, we use the identity
Ft(xt) = E[FYt

t (xt) | Φ(Yt) = xt] from equation 4.
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C ONE-DIMENSIONAL EXAMPLE

This appendix provides a derivation for the one-dimensional example of §3.7.1. The example is an
instance of the double conditioning of §3.6, in that the static latent variable is the pair of endpoints
(x0, x1), and the latent stochastic process is the CTMC state zt. We also note that in our empirical
example, the rate λx1

z (x, t) does not depend on the endpoint x1, but we present the general case.

C.1 THE CONDITIONAL GENERATOR

Fix endpoints x0, x1 ∈ R. We define the joint process (Xt, Zt) on R × {−1,+1}, condi-
tioned on x0, x1, by specifying its infinitesimal generator and initial distribution (X0, Z0) ∼
(δx0 ,Unif({−1, 1})).
For test functions g ∈ C2(R)⊗ C({−1,+1}), let

W x1
t g(x, z) = bz,x1

t (x)∂xg(x, z) +
1

2
σ2
t ∂xxg(x, z) + λx1

z (x, t)[g(x,−z)− g(x, z)], (26)

where bz,x1

t (x) := zx1−x
1−t and λx1

z (x, t) ≥ 0 is the rate of jumping from z to −z. Conditional on
Zt = z and x1, the continuous component Xt evolves as a Brownian bridge

dXt =
Ztx1 −Xt

1− t
dt+ σtdBt,

directed towards x1 when Zt = +1 and towards −x1 when Zt = −1, while the discrete component
jumps between ±1 at state-dependent rate λx1

z (Xt, t). The rates λx1
z are chosen so that X1 = x1

a.s. in the conditional paths. The resulting conditional trajectories are illustrated in subfigure B of
Figure 1.

Applying equation 26 to f ◦ πX , the CTMC term vanishes, giving the conditional generator

Lx1,z
t f(xt) =

ztx1 − xt
1− t

f ′(xt) +
1

2
σ2
t f

′′(xt). (27)

Rather than parametrising the velocity bz,x1

t (xt) =
ztx1−xt

1−t directly (which would require training
against a quantity that diverges as t → 1) we adopt an x1-prediction parametrisation. This admits
the linear parametrisation

Lx1,z
t f(xt) = ⟨Kt,xt

f, F x1,z
t (xt)⟩Vt,xt

with Ωt,xt
= Vt,xt

= R2, equipped with the Euclidean inner product, and

Kt,xtf =

(
f ′(xt)
1−t

−xtf
′(xt)

1−t + 1
2σ

2
t f

′′(xt)

)
, F x1,z

t (xt) =

(
ztx1
1

)
. (28)

Note that Kt,xt
depends on the joint state (xt, zt) only through xt, so this is a valid conditional linear

parametrisation in the sense of Definition 3.8.

C.2 TRAINING

By equation 4, the marginal target is

Ft(xt) = E[F x1,Z
t (xt) | Xt = xt] =

(
E[Zt | Xt = xt] · x1

1

)
.

The conditional dependence on zt has been integrated out, and the first component depends on
xt through the conditional mean E[Zt | Xt = xt], while the second component is constant. By
Theorem 3.12, a neural network F θ

t (xt) = (xθ1(xt), f
(2)
θ (xt))

T that receives only xt as input may
be trained against the conditional loss

Lcgm(θ) = Et∼U [0,1],(x0,x1)∼q,(xt,zt)∼pt(dx,dz|x0,x1)

[∥∥F x1,z
t (xt)− F θ

t (xt)
∥∥2]

and still recover the correct marginal target Ft(xt). Since F x1,z
t (xt) = (ztx1, 1)

T , the second
component is minimised trivially by f (2)θ ≡ 1 and may be fixed a priori, so it suffices to train only
xθ1 against

Et∼U [0,1],(x0,x1)∼q,(xt,zt)∼pt(·|x0,x1)

[∥∥ztx1 − xθ1(xt)
∥∥2] .
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D EDIT FLOWS AS A SPECIAL CASE

In this appendix we give the detailed derivation showing that Theorem 3.1 of Havasi et al. (2025) is
recovered as a special case of the pushforward conditional generator matching framework of §3.4–
§3.5. We assume that the state space is finite, which has no practical consequence but simplifies the
test function space to C(X × Z) ∼= R|X×Z|.

D.1 CONDITIONAL GENERATOR AND LINEAR PARAMETRISATION

Let X and Z be finite sets and let (Xt, Zt) be a CTMC on the joint state space X × Z with rates
ut(x

′, z′ | xt, zt) ≥ 0. Then the infinitesimal generator on the joint space acts on test functions
g ∈ C(X × Z) as

Wtg(xt, zt) =
∑

(x′,z′)

ut(x
′, z′ | xt, zt)[g(x′, z′)− g(xt, zt)]. (29)

We verify that the conditional generator Lzt
t of §3.5 admits a linear parametrisation in the sense of

Definition 3.8 in which Kt,xt and Vt,xt depend only on xt. Applying equation 29 to a test function
of the form f ◦ πX , we obtain

Lzt
t f(xt) =Wt(f ◦ πX )(xt, zt) =

∑
x′

[f(x′)− f(xt)]
∑
z′

ut(x
′, z′ | xt, zt)︸ ︷︷ ︸

=:ũt(x′|xt,zt)

. (30)

The quantity ũt(x′ | xt, zt) :=
∑

z′ ut(x
′, z′ | xt, zt) is the total rate of the X -component jumping

to x′, given the current joint state (xt, zt), irrespective of where z transitions. Taking Vt,xt
:= R|X |

with the standard inner product and defining

Kt,xt
f := (f(x′)− f(xt))x′∈X ∈ R|X |, F zt

t (xt) := (ũt(x
′ | xt, zt))x′∈X ∈ R|X |

≥0 ,

the conditional generator has the linear parametrisation

Lzt
t f(xt) = ⟨Kt,xt

f, F zt
t (xt)⟩Vt,xt

.

Both Kt,xt
and Vt,xt

depend on the current state (xt, zt) only through xt, so this is a valid conditional
linear parametrisation in the sense of Definition 3.8. The zt-dependence is confined entirely to the
training target F zt

t (xt).

D.2 RECOVERY OF THEOREM 3.1 OF HAVASI ET AL. (2025)

By equation 4 and the linearity of the inner product in the second argument, the linear parametrisa-
tion of the marginal generator has

Ft(xt) = E[FZt
t (xt) | Xt = xt],

whose x′-component is

Ft(xt)x′ = Ezt∼pt(·|xt)

[∑
z′

ut(x
′, z′ | xt, zt)

]
=
∑
z′

Ezt∼pt(·|xt)[ut(x
′, z′ | xt, zt)].

Writing ut(x′ | xt) := Ft(xt)x′ for the projected marginal rate, we recover the first part of Theo-
rem 3.1 of (Havasi et al., 2025). Indeed, as a direct consequence of Corollary 3.4, if ut(x′, z′ | xt, zt)
generates pt(x, z), then

ut(x
′ | xt) =

∑
z′

Ezt∼pt(·|xt)[ut(x
′, z′ | xt, zt)] generates pXt (x) =

∑
z

pt(x, z). (31)

The second part of Theorem 3.1 in (Havasi et al., 2025) states that if Dϕ is a Bregman divergence,
then

∇θE(xt,zt)∼pt
[Dϕ(ũt(· | xt, zt), uθt (· | xt))] = ∇θExt∼pt(x)[Dϕ(ut(· | xt), uθt (· | xt))].

In our setting, this is Theorem 3.12 applied to the conditional linear parametrisation above.
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E NON-UNIQUENESS OF THE KFE IN EXAMPLE 3.15

In this appendix we prove the claim made in Example 3.15, namely that the marginal generator
Lt arising from applying the map Φ(x) = e−1/x · I{x>0} to a standard Brownian motion does not
uniquely determine the probability path, so that Assumption A.19 fails. For this, we construct a one-
parameter family of probability paths all satisfying the same KFE with the same initial condition.

E.1 THE PUSHFORWARD GENERATOR

Recall that Φ: R → R≥0 is defined by Φ(x) = e−1/x for x > 0 and Φ(x) = 0 otherwise. Let
(Bt)t≥0 be a standard Brownian motion with generator Wtf(x) = 1

2∂xxf(x). For t > 0, the
pushforward marginals are

pXt (dx) =
1

2
δ0(dx) + ρt(x)dx, (32)

where ρt is the density on (0, 1) arising from the pushforward of the positive half of the Gaussian.

For xt ∈ (0, 1), the preimage Φ−1({xt}) is a single point w = −1/ log xt > 0, so the conditional
expectation in Theorem 3.2 simply becomes

Ltf(xt) = E[Wt(f ◦ Φ)(Bt) | Φ(Bt) = xt] =
1

2
(f ◦ Φ)′′(w)

=
1

2
Φ′(w)2f ′′(xt) +

1

2
Φ′′(w)f ′(xt).

Moreover, switching to xt = 0, since Φ and all its derivatives vanish at 0, the chain rule gives
(f ◦ Φ)(k)(0) = 0 for all k ≥ 1. Therefore

Ltf(0) = E
[1
2
(f ◦ Φ)′′(Bt) | Bt ≤ 0

]
= 0 (33)

for every f ∈ T (R≥0) and every t > 0.

E.2 A ONE-PARAMETER FAMILY OF SOLUTIONS

By the KFE, it holds that ∂t⟨pXt , f⟩ = ⟨pXt , Ltf⟩, which in our case becomes∫ 1

0

f(x)∂tρt(x)dx =
1

2
Ltf(0) +

∫ 1

0

Ltf(x)ρt(x)dx =

∫ 1

0

Ltf(x)ρt(x)dx. (34)

For any c ∈ [0, 1], we define probability paths

q
(c)
t (dx) :=

{
δ0(dx) t = 0,

cδ0(dx) + 2(1− c)ρt(x)dx t > 0.
(35)

SinceB0 = 0 a.s., we have pX0 = δ0, so every member of the one-parameter family shares the initial
condition q(c)0 = pX0 . For t > 0 and f ∈ T (R≥0), one has

∂t⟨q(c)t , f⟩ = 2(1− c)

∫ 1

0

f(x)∂tρt(x)dx = 2(1− c)

∫ 1

0

Ltf(x)ρt(x)dx, (36)

⟨q(c)t , Ltf⟩ = cLtf(0) + 2(1− c)

∫ 1

0

Ltf(x)ρt(x)dx = 2(1− c)

∫ 1

0

Ltf(x)ρt(x)dx. (37)

so q(c)t satisfies ∂t⟨q(c)t , f⟩ = ⟨q(c)t , Ltf⟩ for every c ∈ [0, 1]. Therefore, in this case, Assump-
tion A.19 fails.
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