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Abstract

The Johnson-Lindenstaruss lemma (Johnson &
Lindenstrauss),[1984) is a cornerstone result in di-
mensionality reduction, stating it is possible to
embed a set of n points in d-dimensional Eu-
clidean space into optimal £ = O(¢~?Inn) di-
mensions, while preserving all pairwise distances
to within a factor (1 £ ¢).

The seminal Fast Johnson-Lindenstrauss
(Fast JL) transform by Ailon and Chazelle
(SICOMP’09) supports computing the embed-
ding of a data point in O(dInd + k1n?n) time,
where the dIn d term comes from multiplication
with a d x d Hadamard matrix and the kIn’n
term comes from multiplication with a sparse
k x d matrix. Despite the Fast JL transform
being more than a decade old, it is one of the
fastest dimensionality reduction techniques for
many tradeoffs between €, d and n.

In this work, we give a surprising new anal-
ysis of the Fast JL transform, showing that
the kIn®n term in the embedding time can
be improved to (kIn’n)/a for an a =
Q(min{e~*In(1/e),Inn}). The improvement
follows by using an even sparser matrix. We
complement our improved analysis with a lower
bound showing that our new analysis is in fact
tight.

1. Introduction

Dimensionality reduction is a central technique for speed-
ing up algorithms and reducing the memory footprint of
large data sets. The basic idea is to map a set X C R? of n
high-dimensional points to a lower dimensional representa-
tion, while approximately preserving similarities between
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the points. The most fundamental result in dimensionality
reduction, is the Johnson-Lindenstrauss transform (John-
son & Lindenstrauss, |1984), which for any precision 0 <
€ < 1, gives amapping f : X — R* withk = O(¢ 21Inn)
such that

Yo,y € X o |[f(x) = f(y)ll2 € M+ e)llz—yll2. (1)

That is, the pairwise Euclidean distance between the em-
beddings of any two points ,y € X is within a factor
(1 £ €) of the original distance. The target dimensional-
ity of K = O(¢721Inn) is known to be optimal (Larsen
& Nelson, |2017; |Alon & Klartagl [2017). For algorithmic
applications where one can tolerate a small loss of preci-
sion, one can apply a Johnson-Lindenstrauss transform as
a preprocessing step to reduce the dimensionality of the in-
put. Since the running time of most algorithms depend on
the dimensionality of the input, this typically speeds up the
analysis while also reducing memory consumption.

A simple construction of a mapping f satisfying Equa-
tion is to let f(x) = k~'/2Ax, where A is a ran-
dom k X d matrix, having each entry i.i.d. A(0,1) dis-
tributed (Indyk & Motwanil [1998)). This results in an em-
bedding time of O(kd) to compute the matrix-vector prod-
uct Az. For some applications, this embedding time may
dominate the running time of the algorithms applied to the
embedded data, hence dimensionality reducing maps with
a faster embedding time has been the focus of much re-
search. The line of research on faster dimensionality re-
ducing maps splits roughly into two categories: 1) maps
based on sparse matrices, and 2), maps based on structured
matrices with fast matrix-vector multiplication algorithms.

Sparse JL. A sparse JL transform is obtained by replac-
ing the dense matrix A above with a matrix having only ¢
non-zero entries per column. Computing the product Ax
now takes only O(t¢d) time instead of O(kd). Perhaps even
more importantly, if the input vectors x € X are them-
selves sparse vectors, then the embedding time is further
reduced to O(t||z||o), where ||z]o denotes the number of
non-zero entries in z. This is particularly useful when ap-
plying JL on e.g. bag-of-words, n-gram or tf-idf repre-
sentations of text documents (Manning & Schiitzel |1999),
which are often very sparse. The fastest (sparsest) known
construction, due to Kane and Nelson (Kane & Nelsonl
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2014), achieves t = O(¢~!Inn), which nearly matches
a sparsity lower bound by Nelson and Nguyen (Nelson
& Nguyen, 2013)), stating that any Sparse JL must have
t = Q(e7'Inn/In(1/¢€)). Sparse JL thus improves over
classic JL by an ! factor.

While the lower bound by Nelson and Nguyen rules out sig-
nificant further improvements, the Feature Hashing tech-
nique by Weinberger et al. (Weinberger et al.| 2009) study
the extreme case of ¢ = 1. Since this is below the
sparsity lower bound, they have to assume that the ratio
v = ||z]|eo/]|2]|2 is small for all pairwise difference vec-
tors z = y — « for z,y € X to ensure Equation (I)) holds.
Determining the exact ratio v for which Equation (I)) holds
was subsequently done by Freksen et al. (Freksen et al.l
2018)) and generalized to t-sparse embeddings for all ¢ > 1
by Jagadeesan (Jagadeesan, 2019).

Fast JL. Ailon and Chazelle (Ailon & Chazelle, 2009)
initiated the study of JL transforms that exploit dense matri-
ces with fast matrix-vector multiplication algorithms. Con-
cretely, they defined the Fast JL transform where the em-
bedding of a vector = is computed as PH Dz, such that
D 1is a diagonal matrix with random signs on the diago-
nal, H is a d x d standardized Hadamard matrix and P is
a sparse k X d matrix. Computing Dz takes only O(d)
time, and multiplication with the Hadamard matrix can be
done in O(dInd) time. The key observation that permits
a very sparse matrix P, is that with high probability, the
vector y = H Dz has a small ratio v = ||yl /]|y]2, i-e.
no single entry contributes most of the “mass”. As was the
case for Feature Hashing, such a bound allows for an even
sparser random projection matrix P than what a Sparse JL
transform could achieve. Ailon and Chazelle proved that a
matrix P in which each entry is non-zero only with proba-
bility ¢ = O((In” n)/d) suffices for Equation . Thus the
expected number of non-zeroes in P is kdg = O(kIn®n)
(also with high probability) and the product Py can be
computed in O(kIn?n) time. This yields a total embed-
ding time of O(dInd + kIn”n).

Numerous follow-up works have attempted to improve over
the Fast JL construction of Ailon and Chazelle, in particular
attempting to shave off the & In” n additive term to obtain
a clean O(dInd) time embedding. These approaches nat-
urally divide into a couple of categories. First, a number
of constructions sacrifice the optimal target dimensionality
of k = O(¢~%1Inn) for faster embedding time. This in-
cludes e.g. five solutions with O(dInd) embedding time,
but different sub-optimal & = O(¢~2Innln*d) (Krah-
mer & Ward, 2011), k& = O(e~2In®n) (Do et al., 2009),
k=0 'In*?nn®?d + e 2Innln* d) (Krahmer &
Ward, [2011), ¥ = O(¢~2 In2 n) (Hinrichs & Vybiral,
2011} [Vybiral, 2010; [Freksen & Larsen, [2020) and k& =
O(e~2Innln*(Inn) In® d) (Jain et al.,[2020), respectively.

The second category is solutions where one assumes that
k is significantly smaller than d. Here there are two so-
lutions that both achieve O(dIn k) embedding time under
the assumption that k& = o(d'/?) (Ailon & Liberty, 2008;
Bamberger & Krahmer, |[2021). Among solutions that insist
on optimal k¥ = O(¢~?Inn) and that make no assumption
about the relationship between k and d (other than the ob-
vious k < d), only the recent analysis (Jain et al., [2020) of
the Kac JL transform (Kac||1958)) improves over the classic
Fast JL solution by Ailon and Chazelle for some tradeoffs
between ¢, d and n. The Kac JL transform works by repeat-
edly picking two coordinates and doing a random unitary
rotation on the two coordinates. After a sufficient number
of steps, one projects on to the first k = O(¢~?Inn) co-
ordinates and scales the coordinates appropriately. Since
each rotation takes O(1) time, the running time is propor-
tional to the number of steps needed. Jain et al. (Jain et al.
2020) showed that

O(dInd 4 min{dInn, klnnIn®*(Inn)n®d}) (2)

rotations suffice. Compared to the O(dInd + k1n®n) em-
bedding time of Fast JL, Kac JL is an improvement un-
less In®d > Inn/In*(Inn). Despite these numerous ap-
proaches to Fast JL, we still lack a clean O(dInd) or
O(d1In k) time solution.

Our Contributions. While Fast JL has been the focus
of a considerable amount of research, we give a surpris-
ing new analysis of the classic Fast JL transform by Ailon
and Chazelle. Our analysis shows that the sparsity pa-
rameter ¢ in the matrix P can be lowered by a factor
Q(min{e~'In(1/¢),Inn}), thereby yielding a similar im-
provement in embedding time. Concretely, we show that
Fast JL can embed a vector z in time:

dlnn,klnn~max 1, elnn .
€ In(1/e)

3)

While this rather complicated expression might seem like
an artifact of our proof, we complement our improved up-
per bound by showing the existence of a vector requiring
precisely this embedding time using the PH Dx Fast JL
construction. In later sections, we also give an intuitive de-
scription of where the different terms originate from.

O (dlnd—i—min{

Before giving more details on our results, let us thor-
oughly compare the bound to previous work. Compared
to the classic O(dInd 4 k1n®n) Fast JL bound, we ob-
serve that Equation is always bounded by O(dInd +
Elnnmax{l,elnn/In(1/¢)}), ie. the term O(kIn*n)
is improved by a factor Q(min{e =1 In(1/¢),Inn}). Also,
if we consider the case of ¢ = O(In(lnn)/Inn), then 1
takes the maximum value in the max-expression and the
bound simplifies to O(dInd + klnn). Comparing this
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clean bound to the Kac JL bound in Equation (@), this is
a strict improvement (for ¢ < In(lnn)/Inn).

We further show that one can replace the Normal variables
in the projection matrix P with i.i.d. Rademacher variables
and obtain the same embedding time as in Equation (3)),
thereby providing more efficient way to implement the Fast
JL construction with the same theoretical guarantees. This
is an improvement by a factor Q(min{e~!In(1/¢),Inn})
over the bound proved by Matousek (Matousekl, [2008])) for
the same construction, who showed that the embedding
time is bounded by O(dInd + kIn” n).

In the next section, we give a detailed description of the
Fast JL transform and formally state our new results.

2. The Fast JL Transform

In the spirit of (Ailon & Chazellel 2009) we now introduce
the notation for the Fast JL transform. Here we let d denote
the input dimension and & the output dimension. We as-
sume d is a power of two, which can always be ensured by
padding with 0’s. The Fast JL transform is the composition
of three matrices P € R¥*¢ and H, D € R%*¢. Here D
is a random diagonal matrix with independent Rademacher
variables (D);; is 1 or —1 with equal probability) on its
diagonal, H is the normalized d x d Hadamard matrix (de-
noted H in the following):
Hyo )
—Hg/o

()
V2 \l —1)7 V2 \Haj2
and P is a random matrix with the (i, 7)’th entry being
\/m bi jN; ; where b; ; is a Bernoulli random variable
with success probability/sparsity parameter ¢ and NN, ; is
a standard normal random variable, where all the b; ;’s,
N; ;’s and D; ;’s are independent of each other. The final
embedding of a vector z is then computed as k~*/2PH Dz.

Hy =

Analysis Sketch. As is standard in the analysis of JL
transforms, we observe that k~Y2PHD is a linear trans-
formation. Hence for k~'/2PHD to satisfy Equation (1)
for a set of points X, it suffices that k—'/2PH D preserves
the norm of every vector z = = — y with z,y € X to
within a factor (1 £ ¢). Also by linearity, we guarantee this
by arguing that k~'/2PH D preserves the norm of a fixed
unit vector x to within (1 4 ¢) with probability 1 — § when
k = O(e7%1g(1/4)). Setting 6 = 1/n> and applying a
union bound over all normalized difference vectors z/||z||
with z =  — y for 2,y € X ensures Equation (I)) holds
with probability 1 — 1/n. For shorthand, we from here on
use || - || to denote the norm || - ||2.

To build some intuition for the key ideas used to show
that the PH D construction approximately preserves the
norm of a unit vector with high probability, we first ob-
serve that H and D are both unitary matrices, hence H Dx

preserves the norm of any vector x. Moreover, if we ex-
amine a single coordinate (H Dx);, then it is distributed
as d~'/2Y . o;x; for independent Rademachers o; =
sign(H; ;)D;, ;. Standard tail bounds show that (HDz);
is bounded by 4/In(d/d)/d in absolute value with prob-
ability 1 — §/d when z has unit norm. A union bound
over all d coordinates gives that they are all bounded by
v/In(d/d)/d with probability 1 — §. Now that H Dz has
only small coordinates (recall z has unit norm), it suffices
to use a very sparse matrix P, precisely as in the analysis
of Feature Hashing. Recall that we will set § < 1/n3 and
thus the d term in In(d/0) is irrelevant for d < n. For sim-
plicity, we will thus assume d < n, which is also consistent
with previous work (it was assumed both for Fast JL (Ailon
& Chazellel |2009) and Kac JL (Jain et al.,|[2020)).

Upper Bounds. In their work, Ailon and Chazelle
showed that it suffices to set

q = O(In*(n)/d) (4)

to guarantee Equation (I)) for a set X of n points (with
probability 1 — 1/n by setting § = 1/n3). Their proof
follows the template above, union bounding over preserv-
ing the norm of all normalized pairwise difference vectors.
This results in an expected kdg = O(kIn® n) number of
non-zero entries in P. Our main upper bound result is an
improved analysis, showing that an even sparser P suffices:

Theorem 1. Let X be a set of n vectors in R® and let
k = ©(c?1lnn). Let further 0 < ¢ < C where C is
some universal constant. Then for

g=0 (min{e,mdn'max{l’lj(lln/g}}>7

it holds that k=2 PH D satisfies Equation (1) with prob-
ability at least 1 — 1 /n.

The above is also true for matrices P where instead of N; ;
variables one samples i.i.d. Rademacher variables.

Compared to Equation (), we notice that even if we ignore
the first term in the min-expression, our guarantee on g is
q = O(max{In(n)/d,e1In*(n)/(dIn(1/¢))), i.e. always at
least a factor Q(min{lnn,s~'1n(1/e)}) better. Also, for
the case of ¢ = O(In(Inn)/Inn), the 1-term in the max
dominates, and the expression for ¢ simplifies to a clean
g = O(ln(n)/d). Plugging in the value of ¢ from The-
orem 1| (and recalling k = ©(¢~21nn)), we get that the
number of non-zeroes of P is

1
kdg = 0O (min {5_1dlnn7klnn - max {17 lj(ln/rsl)}})

in expectation. Moreover, since this number is larger than
In n, it follows from a Chernoff bound that the number of
non-zeroes is strongly concentrated around its mean.
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Lower Bound. A natural question to ask now is whether
the above ¢ is optimal, or an even more refined analysis can
lead to further improvements. We show that our analysis is
tight for the case of Normal entries in the matrix P. In
particular, we give an example of a unit vector = such that
for the mapping k~'/2 PH Dz to preserve the norm of  to
within (1 £ €) with probability 1 — ¢, we cannot make P
sparser than in Theorem|I}

Theorem 2. For § > 0,¢ < r where r is a universal con-
stant and k = £=21n(1/5), there is a unit vector x € RY
for which we must have

0 (i o B fy IOV

Sfor ﬁ |PHDz| € (1=£e) to hold with probability at least
1—0, where P is the projection matrix with Normal entries.

For the reader concerned with assuming k& = £=21n(1/4),
we remark that Theorem [2| can also be shown with k£ =
ée=21n(1/6) for & > 1, and another universal constant r’.

Comparing Theorem [2] to Theorem [I] we observe that the
bounds on ¢ match exactly when setting § = n~°(1)_ This
means that the analysis of Fast JL. cannot be improved if
one attempts to show that any fixed vector has its norm pre-
served except with probability n~®() and doing a union
bound over all pairwise difference vectors. It is however
still conceivable that a more refined analysis could some-
how argue that there are only very few worst case vec-
tors in any set X. However, such an improved analysis
remains to be seen for any JL transform (when focusing
only on the type of guarantee in Equation (I}), whereas net-
based arguments have been used e.g. for subspace embed-
dings (Clarkson & Woodruff] 2013))). In this light, Theo-
rem [2]can be seen either as a hard barrier for Fast JL, or as
hinting at a way towards further improvements.

In the next section, we formally prove Theorem [I] and also
discuss how our analysis differs from the previous analysis
by Ailon and Chazelle and conclude by giving more intu-
ition on where the different terms in the expression for ¢
come from.

3. Upper Bound

In this section we give the proof of Theorem |l| for Nor-
mal variables in P, while the sketch for the result for
Rademacher variables in P can be found in Appendix [C]
We start by giving the high level ideas of our proof. As
in previous works, our analysis follows by arguing that for
any fixed unit vector z, it holds with probability at least
1 —1/n that |k~Y2PHDz|| € (1 £¢).

First, we observe that HD is a unitary matrix and thus
|[HDz| = ||z|| = 1 for a unit vector x. Moreover, any

single coordinate (H Dz); equals d /2 25:1 o;x;, where
the o; = D; ;sign(H, ;)’s are independent Rademacher
random variables. Thus in line with the analysis by
Ailon and Chazelle, we get that any coordinate (H Dzx);
is bounded by O(4/In(n)/d) in absolute value with prob-
ability 1 — 1/n*. A union bound over all d < n coordi-
nates (this assumption is also made in previous work) gives
that all coordinates of H Dz are bounded by O(1/In(n)/d)
with probability 1 — 1/n3.

What remains now is to argue that k—'/2||Pu|| € (1 +¢)
with high probability when © = H Dz is a unit vector with
all coordinates bounded by O(+/In(n)/d).

To simplify the analysis, we will argue that k=1 Pu|? €
(1 + ¢) with probability 1 — 1/n3. This is stronger
since v1+e C (1 £ ¢). To understand the distribu-
tion of || Pul|? for a fixed u, notice that the i’th coordi-
nate of Pu is given by Z?Zl g Y?u;b; jN; ; . Let us as-
sume that the Bernoulli random variables b; ; have been
fixed. In this case, (Pu); is a sum of weighted and in-
dependent A (0,1) random variables, hence (Pu); is it-
self N(0,q~ Y27, by ju?) distributed. Now define Z; =
ijl bijuf andlet Ny, ..., Ny beiid. N(0,1) variables.
Then for fixed values of the Bernoullis, ||Pul? is dis-
tributed as 2%, ¢~ Z; N2. Our proof now has two steps:
1.) Give a bound on the Z;’s that holds with high proba-
bility over the random choice of the Bernoullis b; ;, and 2.)
Use the bound on the Z;’s to argue that Y% | ¢~ ' Z;N?
behaves in a desirable manner.

In order to understand what type of bounds we need on
the Z;’s, we start by examining step 2. For this step, we
need a tail bound on Zle qilZiNf. When the Z;’s are
fixed, this is a weighted sum of sub-exponential random
variables. To analyse it, we use Proposition 5.16 from (Ver-
shyninl 2012), which gives upper bounds on the tails of
centered sub-exponential random variables:

Lemma 3 ((Vershynin, [2012))). Let Y7,..., Y} be indepen-
dent centered sub-exponential random variables. i.e., there
a constant C > 0 such that E[exp (CY;)] < e. Then for

any ai,...,ar € Rand R = a1Y1 + -+ + ax Yy we have
PRI > o] < 2exp (~ ), V0<a< foff
2 oo
|

P[IR| > ] < 2exp (- =)

" Nalle
where ¢ > 0 is an absolute constant.
Note that for a random variable N ~ A(0, 1), its centered
square (i.e. N? — 1) is a sub-exponential random variable.
Therefore, we can apply Lemma [3| to Zle q1Z;N? by
rewriting as 3¢ ¢ ' Zi(N2 — 1) + Y0, ¢ Z.

Examining Lemma [3] we see that we need two bounds
on the Z;’s, one on ), Z? and one on max; |Z;|. Thus,
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we focus on giving bounds on these two quantities. For
this, we will use that v = HDx has all coordinates
bounded in absolute value by O(1/In(n)/d) as observed
earlier. We then argue that the hardest such vector w, is
one in which precisely m coordinates all take the value
m~1/2 = O(y/In(n)/d) and the remaining coordinates
of w are all 0. This is also the hard vector analysed by
Ailon and Chazelle. In their analysis, they simply bound
Zle Z? by k(max; |Z;|)? and this is where we improve
over their work. Giving a tight analysis of >, Z? is far
from trivial and takes up the majority of Appendix [A]

For now, we state the concentration inequalities we need
and we provide the proofs in Appendix [A]

Lemmad. Fori=1,...,klet Z; = Z;l:l u3b; j where
the b; ;s are independent Bernoulli random variables with
success probability q and the u? ’s are positive real numbers
upper bounded by 1/m and summing to 1. For o < 1/4 it

holds

q mqn(l/a)
P Zi > —| < - -
e, 22 o] < v (-2

And to bound ), Z?2, we show the following:

Lemma 5. Let Z1,...,Z; be i.i.d. random variables
distributed as the Z;’s in Lemma Then for any t >
64 - 24e3¢’k and q > 8/(em), we have:

~my/tIn(\/t/23/(eq))
200 - 44 - 23 ’

k
72>t
=1

P

< 14 exp <

Before continuing, let us briefly argue that Lemma [3] is
tighter than using the approach of Ailon and Chazelle
where >, Z2 is merely bounded as k(max; Z;)?. For
large enough ¢, Lemma [5| roughly gives that P[Y", Z? >
t] < exp(—m~/tIn(v/t/q)). If we instead bounded 3, Z?
by k(max; Z;)?, then for any ¢, their approach would
need max; Z; < \/15/7 Choosing « such that \/17 =
q/(2a) and examining LemmjﬁLwe would roughly get
P[32; 27 > t] < kexp(—(m(y/t/k) In((\/t/k)/q))). We
would thus lose almost a factor v/k in the exponent. This
is basically where our improvement comes from.

Since Lemma 5| does not capture all tradeoffs between ¢, d
and n that we need, we also prove the following lemma:

Lemma 6. Let Z1,..., 7y, be i.i.d. random variables dis-
tributed as the Z;’s in Lemma ] with m = cod/Inn and
k = cie ?Inn and ¢ = cie, where ¢; > 1/co. For
e <cy'/(ed) and t > 2¢3e® Inn, we have that

P < 3p4er,

k
N Zi >t

=1

With the central lemmas laid out, we now give the full proof
details of Theorem|[I] We prove here the case of Normal en-
tries in P, and the case of Rademacher variables is proved

in Appendix

Proof of Theorem I}, Normal entries.

Proof. Let m = cad/Inn for a constant co > 0, and let
k = cie~21nn be such that ¢; > 1/cy. Let the success
probabilities of the binomial random variables b; ; in P be

g =max {c1/m,ciemin{1,In(n) / (mln(1/e))}}.

Assume for now that « € R? is such that u% < 1/m for all
i=1,...,dand ||ul|* = 1. By construction of P and the
2-stability of the standard normal distribution

k d

1Pull* =D | D V/1/qusbi, ;N

i=1 \j=1

2 k
d 1 2
4NTZZN2,
20"

where Z; = Z?Zl ufbi,j and N,’s are independent stan-
dard normal random variables. We first prove a bound on
S>¥ | Z;. For this, notice that -%_| Z; is a sum of inde-
pendent random variables, where each Z; is a sum of in-
dependent random variables with values between [0, 1/m)],
and E [Z;] = ¢. In Appendix[A] LemmdA1] we prove

P

k
S Zi ¢ (1+e/4)gk

=1

_ gmhke®
48 ’

< 2exp<

which is bounded by 2n=<//48 when ¢ > ¢1/m and k =

c1e~2Inn. Therefore, Z;f:l Z; € (1 &+ e/4)qk with prob-
ability at least 1 — 2n—¢1/48,

We continue with case analysis based on the value of g. Our
goal is to show that || Pu[|? = 5| ZiN2/q € (1+¢/4)k
with high probability (conditioned on v having bounded
coordinates as remarked earlier).

CASES ¢ = ¢1/m AND ¢ = ¢ieln(n)/(mlIn(1/¢)).

In both these cases we have ¢ > cieln(n)/(mIn(1/¢))
(due to the max in the definition of ¢ and ¢; /m < ¢;¢€). By
Lemmafd] taking o = & we have that || Z || < ¢/(2¢) with
probability at least 1 —k exp(—(mqln(1/¢e))/(32¢)) > 1—
n~¢1/32+1 ‘because mqIn(1/e)/e > ¢;lnnand k < n.

Since ¢ > ¢1/m, by Lemmawith t:= 64 -24e3¢%k, and
since ¢ > c1¢1n(n)/(mIn(1/¢)) we conclude that || Z||? <
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64 - 24 - e3q?k with probability at least

m/61- 21 3k In \/64246‘3 2k)/(25))

1—14exp | —
200 - 44 - 23
(c11n(n))3/?1n (22\/E>
>1—14exp | —
3001n (1/¢)

> 1 — 1dp—¢?/300,

Hence, in these cases we have that Zle Z; € (1£e/4)qk,
[Z]so < & and || Z]* < 64 - 24e®¢®k with probability
at least 1 — 17n~<1/300+1  We call such outcomes of the

variables Z; desirable.

Therefore, for desirable outcomes of the Z;’s, we have from
Lemmathatif:n = (g/4) Zle Zi > 1Z11?/||Z]| o, then
(with probability over the IV;’s)

k

k
P [;;ZiNf ¢ (1ie/4)$ZZ

c(e/0)r 7
§26Xp<‘ 1] )
§2exp<—

ngk/8> _ 2n—cc1/47

q/(2e)

where we used that Zle Z; > (1 — e/4)qk for desir-
able outcomes, and that & = ¢~ 21lnn. In addition, if
(e/4) Zle Z; < 1Z|I?/||Z]| 0, then by Lemma(and us-
inge < 1):

k

[Z “N2Z; & (1+e/4) Z

e/ L, 27
=2er (‘ 2|7 )

ce2?k?

—9 7001/(16-64-9663).
16-64~96e3q2k> "

< 2exp (—

Therefore, for desirable outcomes of the Z;’s, for r; :=
¢/(16 - 64 - 96¢3), it holds (with probability over the N;’s):

k

k
e 1 1

i=1 i=1

k

1

<P P “N}Z; € (1+e)k

— 4
=1

Since Z;’s and N;’s are independent, it follows that with
probability at least (1 — 2n~"1¢1) . (1 — 17n~¢1/300+1) >
1 — 34n~ min{ri1/300}e1+1 i holds that YF | N2Z;/q €
(1 £ ¢)k, as required.

CASE q = ci€.

In this case (we assume that e < ¢; ' /(4e)) from Lemma@
taking t := 2c3e® Inn it follows that ||Z|? < 2ciedInn
with probability at least 1 — 3n~4¢1. Therefore, with prob-
ability at least 1 — 5n~ /48 it holds that 2% | 7, €
(1 +¢/4)gk and || Z||* < 2¢3e® Inn, which we call as de-
sirable outcomes of Z;’s.

Similarly to the analysis in the previous case, using
Lemma [3| for desirable outcomes of Z;’s it holds that if
(e/4) 3121 Zi = || Z||?/|| Z]| oo then with probability over
the NV;’s, and using the trivial bound that the Z;’s are at
most 1, it follows that

k
[Z —NPZi ¢ (1+e/4))

= =1

< 2exp <_W>

Z;

Q|

12]]o0

< 2exp (_cequ:) _

where the last inequality follows from Zle Z; > (1 -
e/4)gk > qk/2 and the equality follows from eqk =
AElnn. Andif (e/4) S, Zi < 1 Z012/11Z] 0 Lemma
yields:

k
[Z “N2Zi & (1+¢/4) Z

< 2exp (— c((/4) Zz‘=1 Z;)? )

»QM—*

1211
22k
128c3edInn

< 2exp (

where the last inequality follows from £2¢?k?/Inn =
cte*In®(n)/(e*Inn) > ¢tln n.

> < 2nfccl/(12868),

Letting 72 = ¢/(128¢®) we conclude that for desirable out-
comes of the Z;’s, with probability

k k

1 1
1—2nm <P lz QNEZZ- SEEDY gzi)

i=1 i=1

k
1
<P|Y -NZie(l+e)k
q

i=1

Using the independence of the Z;’s and N;’s, we get that
¥ [ N2Zi/q € (1 + £)k holds with probability at least
(1 _ Qn_rzcl)(l _ 5n_c1/48) >1—10n" min{rg,l/48}cl.

CONCLUDING THE PROOF

By a similar argument to (Ailon & Chazelle, 2009)) in Equa-
tion (4), with probability at least 1 — 1/(2n?) it holds that
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u? = (HDx)? <In(n)/(cad) = 1/mforalli =1,...,d
simultaneously, when c is small enough (assuming d < n
such that Ind = O(Inn)), thus we have u? < 1/m as re-
quired.

Therefore, for all cases it suffices to set ¢y as a sufficiently

large constant so with probability at least 1 — 1/(2n3),
|Pull? = Y0, 1N2Z; € (14 ¢)k. Since D and P are
independent, with probability at least (1 — 1/(2n%))(1 —
1/(2n%)) > 1 —1/n3,itholds k~!||PHDx|]? € (1 + ¢).

To complete the proof of the theorem, we union bound over
all vectors z/||z|| where z = x — y with z,y € X, to
conclude that with probability at least 1 —1/n, k~*/2PHD
satisfies ().

It remains to claim that the choice of
¢ = max{ci/m,ciemin{1,In(n)/(mIn(1/e))}},

is equivalent to that claimed in Theorem [I} Recalling
that m = O(d/Inn), implies that our choice of g is
O(max{(Inn)/d,e min{1,In*(n)/(dIn(1/¢))}}). Since
(Inn)/d < (Inn)/k = O(¢?) = O(e), we can never have
(Inn)/d = w(e) and hence we can move the max into the

min
_0 . Inn 1 elnn
q= min< e, e max=< 1, 71n(1/5) .

This completes the proof of Theorem T} O

Di1SCUSSION OF EXPRESSION

Let us conclude by giving some more intuition on where
the different terms in the expression for ¢ originate from.
Recall from above that the hardest vector for k~'/2P is a
unit vector u with m = O(d/Inn) non-zero entries, each
of magnitude m /2. Also recall that each entry of P is the
product of a Bernoulli b; ; with success probability g and a
normal distributed random variable with variance 1/g.

The term In(n)/d in the expression for ¢ intuitively comes
from the following: There is a total of km Bernoulli ran-
dom variables b; ; that are each multiplied with the same
non-zero value uf This gives an expected kmgq of them
that are non-zero. Intuitively, since they are all multiplied
with the same coefficient, we need the number of non-zero
Bernouillis to be within ekmg of the expectation. A bino-
mial distribution with km trials and success probability ¢
deviates from its expectation by Q(v/kmg In n) with proba-
bility n~ /2 and thus we require \/kmgInn < ekmq. This
implies that we must set ¢ > In(n)/(e2mk) = Q(1/m) =
Q(ln(n)/d).

The terms ¢ In* n/(dIn(1/¢)) and € in the expression for g
come from the event that the square of the first coordinate,
(k=12 Pu)? is larger than ¢ (which causes a distortion if

the rest of the coordinates are concentrated). Conditioned
on the Bernoullis by ;, the square of the first coordinate is
the square of a normal distributed random variable. Hence
it is a factor Q(Inn) larger than its variance with probabil-
ity n=!/2. There are now two cases: 1. m < cIny,n for
a small constant ¢ > 0, and 2., m > clnl/q n.

In the first case, m < cIny /4 n, it happens with probability
at least n~'/2 that all Bernoullis b ; that are multiplied
with a non-zero coefficient take the value 1. In that case,
the first coordinate of £~1/2 P is normal distributed with
mean zero and variance 1/(gk) (since >, uj = 1). We
thus need Inn/(gk) < . Using that k = ©(¢~21Inn), this
means we have to set ¢ = Q(¢).

In the second case, m > cln; /qT» WE EXpect to see gm
non-zero Bernoullis b; ; that are each multiplied with 1/m
for the first coordinate of k~'/2Pu. However, by a “re-
verse” Chernoff bound, with probability at least n /2,
we see at least clny/,n non-zero Bernoullis. In that
case, the first coordinate of k~1/2 Py is normal distributed
with mean zero and variance ©((Ini/,n)/(mgk)) =
O(e?1Iny/4(n)/(dq)). Since the square of the first coordi-
nate was a factor In n larger than its variance with probabil-
ity n=1/2, we hence need e2InnIn; /,(n)/(dg) = O(e). If
we for simplicity approximate ¢ by € in In; /, 1, this gives
precisely ¢ = Q(e In? n/(dIn(1/¢))).

4. Lower Bound

In this section we give a sketch of the proof of Theorem 2]
The complete proof is in Appendix[B] In particular, we give
an example of a unit vector x € R, such that one must
have

0 o 0 52221 ))

to guarantee P[||[k~Y/2PHDz|| € (14¢)] > 1 — 6, where
P is populated with Normal variables.

The proof consists of two steps. In the first step, we show
that we must have ¢ = Q(In(1/§)/d). In the second step,
we use the result from step one to conclude that ¢ must
also be Q(emin{1,1n*(1/6)/(dIn(1/¢))}). Combining
the two, we have:

qg=Q (max{ln(1/5)/d,smin{1,1112(1/6)/((1111(1/6))}}) .

Noticing that it is always In(1/0)/d = O(In(1/9)/k) =
O(g?) = O(g), we can move the max inside the min and
obtain the bound claimed above.

In both steps, we use the same hard instance vector z. It
has the property that with probability at least 6¢ for a small
constant ¢ > 0, u = HDx has m = ©(d/In(1/4)) non-
zero entries, each of magnitude 1//m. Conditioning on
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such a transformed vector u = H Dz puts a lot of struc-
ture on u, which simplifies the analysis of the product Pu.
Indeed, if we consider a coordinate (Pu);, then this coor-
dinate is N'(0, 3 ; b; ju7/q) distributed if we condition on
the Bernoullis b; ;. But u? is 1/m for precisely m values
of j and O for all others. Thus _, b; ; u? /q is distributed as
1/(gm) times a binomial distribution with m trials and suc-
cess probability g. One part of the analysis is thus to study
this distribution. Secondly, if we consider || Pul|?, then this
is a linear combination of k& independent x? random vari-
ables, with the i’th being scaled by >, b; ; u? /q. Hence we
also need to understand the tail of such a distribution.

For the first step, i.e. showing ¢ = Q(In(1/6)/d), we ar-
gue that the sum of the coefficients 3 ; b; ju7/q deviates a
lot from its expectation with reasonable probability. More
precisely, notice that E[} ", bi,jui/q] = (mq)/(mq) =1
and thus E[3_; >~ biﬁjui/q] = k. But the sum of these
coefficients is itself distributed as 1/(mgq) times a bino-
mial distribution with mk trials and success probability g.
The number of successes in such a binomial distribution
deviates by additive Q(1/In(1/§)(mkq)) from its expecta-
tion mkq with probability at least §¢ for a small constant
¢ > 0. Intuitively, we need this deviation to be less than
emkq to preserve the norm of x (and thus w) to within
(1 £ €). This implies \/In(1/6)(mkq) = O(emkq) =
q=QIn(1/8)/(e?mk)) = Q(1/m) = Q(In(1/6)/d).

In the second step, we now use the fact that we know that
q is sufficiently large, such that coordinates 2,...,k of
Pu are reasonably well concentrated around their mean.
What establishes the second lower bound on ¢, namely
q = Q(emin{1,1n*(1/8)/(dIn(1/¢))}), is the possibility
that the first coordinate (Pu); may be so large that it alone
distorts the norm ||k~1/2Pu|%. In more detail, we show
that with good probability, we have Y7, k=1 (Pu)? €
(1 £e)(k—1)/k, i.e. on the last k — 1 coordinates, the
embedding k~'/?PH Dz preserves the norm of z as it
should (we work with k~'||Pu||? instead of k~'/2| Pul|
to simplify the analysis - and since the later is a weaker
statement by v/1+e C (1 £ ¢) it suffices to work with
k=Y||Pul/?). In this case, we show that unless ¢ is large
enough, the single coordinate k~!(Pu); contributes more
than ¢ to k=1 || Pul|? with probability more than 4.

In what follows, we show the existence of the vector x for
which v = HDz often has m = O(d/In(1/§)) coordi-
nates of magnitude 1/+/m, and the two steps of the proof
are given in Appendix

The hard instance.
that [ < lg, (1g2(1/\/25)) <1+ 1and define 7; = |/ &

ol

For €,6 > 0 set [ be the integer such

forall « < 2¢, and z; = 0 for rest coordinates.

Notice that Dz = z with probability 2=2' > v/25. Mul-

tiplying the Hadamard matrix H, with the vector x results
in Hx = [Hy1,..., Hy1]" /\/d, where Hy: is the unnor-
malized Hadamard matrix of size 2! x 2!, and 1 is all-ones
vector in R2'. Since the rows of the Hadamard matrix are
orthogonal, and its first row is all-ones, it follows that

(Hz): = = ,fori=0 mod (2)
0, otherwise

Therefore, u := Hx has d/ 2! non-zero entries, all of value
\/2!/d. This is the vector u we will analyze throughout the
remainder of the lower bound proof.

Using the definition of  we have that

2
d
ko[ o .
d 2
[Pul® = 201N
i=1 \j=1 q
P 2
21 k ol
= > biNig |
7.3 \i=

where the b; ;’s are Bernoulli random variables with suc-
cess probability ¢ and the V; ;s are N/(0, 1) distributed, all
independent of each other. Conditioned on the outcome of
the b; ;’s it follows from 2-stability of normal distribution

2
k

d
ol k

3 ZZbi,jNi,j L3 biN?,
j=1 i=1

1=1 =

l
where the b;’s are Zji 21 b; ; and the N;’s are independent
standard normal random variables.

5. Conclusion

In this paper we studied the embedding time of the classic
Fast JL transform (Ailon & Chazelle, [2009). We showed
that this famous algorithm is in fact faster than was proven
more than two decades ago in the original paper. In partic-
ular, we carefully analyzed the sparsity parameter q in the
sparse matrix P of the PH D embedding construction.

We showed that ¢ can be decreased by a factor of
Q(min{e~*In(1/¢),Inn}), resulting in the similar im-
provement in the O(kIn”n) term of the original embed-
ding time O(d g d+k In* n). Moreover, for the case of £ =
O(In(Inn)/Inn) our bound simplifies to O(dIn d+kInn)
which is a strict improvement of the Kac JL bound in Equa-
tion (2) in this regime. It is an interesting open question to
investigate the optimality of the Kac JL transform in the
regime of larger €’s.

We complimented our analysis with the lower bound, ef-
fectively showing that the the upper bound on ¢ cannot
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be further lowered down, if one is about to use the PH D
construction together with the union bound for obtaining
distortion guarantees on pairwise distances. However, this
does not rule out possible further improvements in the Fast
JL. embedding time using a different argument from the
standard union bound. We leave this as an intriguing open
question for future research.

As fast dimensionality reduction is widely used across
many applied communities, we believe its tight analysis
will be beneficial for practitioners.
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A. Concentration Inequalities Lemmas

The following lemma and its proof is similar to Lemma 2.3 in (Ailon & Chazellel 2009)), we reprove it here for complete-
ness.

Lemma Al. Fori = 1,...,klet Z; = Z?Zl u?bi,j where the b; ;’s are independent Bernoulli random variables with

success probability q and the uJQ s are positive real numbers bounded by 1/m and summing to 1. It holds that
k
P mZ; & (1+¢e)mgk| < 2exp(—mqke?/3).
i=1

Proof. For any ¢ > 0 we have

d
Elexp(cZ1)] = Z exp CZ uiby ;| P[b'],
bef0,1}4 =1
where ijl u3b; ; is an convex function in (ui, . .., u3), implying that exp(Z';:l u3b; ;) is also convex (as a composition
of the convex function 2?21 u?bj ; and the increasing convex function exp(-)). Further, E[exp(cZ1 )] is a convex function
in (u?,...,u3) as a linear combination with positive scalars of convex functions. Since the point (u3, ..., u3) lies in the
set {x € R¥|z; € [0,1/m)], Z?:l x; = 1} (which is a convex polytope), the function E[exp(cZ;)] obtains its maximum
on a vertex of the polytope. The choice of vertex does not change the distribution of the random variable, therefore without

loss of generality we may assume that ui, ..., u2, = 1/mand u2,,...,u3 = 0. Let  denote mgk and let A > 0, then

k k
P [Z mZ; > (1 —&—s)mqk‘] =P [ mZ; > (14+e)p
i=1 i=1

exp(—(1 +2)pN)

k
<E lexp(k Z mZ;)

=1

=E [exp(AmZ1)]" exp(—(1 + &) pA)

where the last inequality follows by Z,’s being i.i.d.

Since
E[exp(AmZy)] < E lexp (Amiu/m)bl,jﬂ = Efexp(Mb11)]"™ = [exp(Mg + (1 - )"
i=1 = [exp (Ig[1 + (exp(A) — 1)g])]™"
= exp((exp(A) — 1)mq)
we get that

k
P [Z mZ; > (1+ E)mqk] < exp((exp(A) — 1)mgk) exp(—(1 + €)pA) = exp((exp(A) — 1) — (1 — )M p).
Setting A = 1g(1 + ¢), we get
k
P [Z mZ; > (1+ E)mqkl <exp(le —(1+e¢)lg(l+e))p),

and using e — (1 +¢)lg(1 +¢) < —€2/3 for 0 < ¢ < 1 we obtain

k
P lz mZ; > (1+ a)mqk] < exp(—&u/3). &)
i=1

11
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Considering the case P {Z ~omZ; < (1— e)mqk} let A < 0 then

k

[ZmZ <(1-¢) mqk’} [ZmZ <(1-¢) 1 <E lexp()\ZmZi)

i=1 i=1

exp(—(1 —e)u)

=E [exp()\le)]k exp(—(1 —e)uN).

Similar estimations result in

k k
P [Z mZ; < (1 - 6)mqk] =P lz mZ; < (1 - 6)#] < exp((exp(A) — 1)mgk) exp(—(1 — €)uA)

) < exp((exp(A) — 1 — A(1 - £))u).

Setting A = 1g(1 — &) < 0, we obtain

k
P [Z mZ; < (1-— E)mqk] <exp((—e — (1 —¢)lg(1 —e))u),

i=1

and since —& — (1 — &) lg(1 —¢) < —2/2for 0 < & < 1 we get that

k
P [Z mZ; < (1-— E)mqk] < exp(—e%p/2). (6)

i=1

Finally, by Equation (3)) and Equation (6) we conclude that

k
P [Z mZ; & (1 :I:E)mqk] < 2exp(—mqke?/3),
i=1

for 0 < e < 1, as claimed.

O
Next, we restate and prove Lemma@
Restatement of Lemmald]
Lemma 4. Fori = 1,...,k let Z; = Z] 1 Uj 2b; j where the b; ;’s are independent Bernoulli random variables with

success probability q and the u? s are positive real numbers upper bounded by 1/m and summing to 1. For o < 1/4 it

holds

P { max Z; > q} < kexp (mqln(l/a)> .
i k 2

32«

Proof. First notice that by a union bound and Markov’s inequality we have that for ¢ > 0

P |:‘—Hllan' Z; > t} < kP[Z; > t] < kE [exp(cZy)] exp(—ct). (7)

Since

Elexp(cZ1)] = Z exp Zufbéj Pb'],

b'e{0,1}4

12
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d 27/ . . . 2 2 . . d 271 . ..
where > %, u7b; ; is an convex function in (uf, ..., ug), implying that exp(>__, ujb; ;) is convex as the composition
of the convex function with the increasing convex function exp(-). Since a linear combination with positive scalars of

convex functions is again a convex function, we conclude that Elexp(cZ1)] = 3 (130 eXp(Z‘;:l usb; ;)P is a

convex function in (u?,...,u2). Since (u?,...,u3) € {x € Rz, € [0,1/m]Vi € 1,...,d and Z;izl x; = 1} (which is

a convex polytope), the function E[exp(cZ )] obtains its maximum on a vertex of the polytope. The choice of vertex does

not change the distribution of the random variable, so we can without loss of generality assume that u?, ..., u2 = 1/m
d 2 2

and uz, ,q1,...,u; =0.

Using that the maximum of E[exp(cZ7)] is attained in such a vertex, we obtain that
exp(gibli) = (exp (i) g+ (1 fq)>m (8)
m ’ m

<o (m (o () a-1)) = o (£) ).

where the first equality follows from the bernoulli trailes b; ; being independent and identically distributed. The second
inequality uses that 0 < (1 + z) < exp(z) for z € RT. Now setting ¢ = m In(¢/q) (for t > ¢) and using Equation (7) and
Equation (8)

E[exp(cZ1)] <E

P { max Z; > t] < kE [exp (¢Z1)] exp (—ct) < kexp (mq (2 - 1) —mtln ;) .

i=1,...,

Now setting ¢ = ¢/(2a) > g we get that

1 1 1
P Z; < ——1——In— =
|:l:Ir11an ~ t] < koxp (mq <2a 2a . 2a>)

mq 1 mqln (1/«)
A1 -2a-Im—)) < A
k:exp(za ( 200 n2a>) _kexp( 90 )

where we in the second inequality we used that « < 1/4 s0 (1 — 2o — In(1/(2¢x)) < —In(1/x)/16. O

Next we give the proof of Lemma [5| For this, we need the following technical lemma about linear combinations of
independent Bernoulli random variables.

Lemma 7. Let Z = Z;‘l:1 u?bj where b; are independent Bernoulli random variables with success probability q and u?
are positive real numbers bounded by 1/m and summing to 1. We then have for t > q:

PlZ >t < <€tq>m.

Proof. The proof follows the proof steps in Lemmaf] For any ¢ > 0, we have

E[exp (¢Z)] < exp (mq (exp (%) - 1)) .

Thus by Markov’s, we have for ¢ > 0
P[Z > t] =Plexp (cZ) > exp (ct)] < exp (mq (exp (%) — 1)) exp (—ct) < exp (mq exp (%) - ct) .

Setting ¢ = mIn(t/q) gives
—mt
t t t t t
P[Z > t] < exp (mq —mtln > = exp (mt —mt ln> = exp <mt ln> = <> .
q q q cq €q

Restatement of Lemma 5]

13
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Lemma 5. Let Zy, ..., Zy be iid. random variables distributed as the Z;’s in Lemmald| Then for any t > 64 - 24e3¢°k
and q > 8/(em), we have:

k
In(\/£/2%(
P32 > 1| < lexp _mVEn(y//2/ (eq))
— 200 - 44 - 23

Proof. For simplicity we assume in the following that Ig, k is an integer. For j = 0, ...,1g,(k)/2, let E; denote the event
that there are at least 27 /(j + 1)? indices ¢ such that Z7 > ¢/(27%%) and let E; denote the event that there are at least
k/(29(j + 1)2) indices i with Z2 > ¢29-3 /k. We claim that if Y>¥_, Z2 > ¢, then one of the events E; or E’; must occur
for some j. Before we prove this, we briefly motivate why we need the two separate events F; and E; If we had only
defined the events £, but let j range all the way to lg, k, then either j = 0 or j = lg, k term would dominate. The issue
with this, is that the (j + 1)? term is sub-optimal (i.e. non-constant) for j = lg, k. One could simply try to remove the
1/(j + 1)? term, but this would not work as y_, 27 - t/27%% is w(t). Including 1/(j 4 1)* is precisely used to guarantee
that -, 27/(j + 1)% - t/27+3 = O(t). For that reason, we define the events E} that will handle the case of many indices
with small values.

Assume for the sake of contradiction that none of the events occur, then

k k oo "
Z;Ziz < Zzl{ZEZZJaa}ﬁ:Z%?)Z (222 3t

i=1 j=0
B gy k ¢ k oo +
= YL gml gt D 2j+321{zfzﬁ}
7=0 i=1 j=lg, k+1 i=1
lg,(k)/2 " k lg,(k)/2 ¢ k o tk
< X gmllemgt X g L lmmperen t ) g
§=0 i=1 §=0 i=1 j=lg, k+1
lg, (k) /2 : lgs(k)/2 i 5 k
127 127 t
< Z - . ) Z - 1 2~ 24 =3 + =
= T3 2 Z2> 12073
P (J+1) = k= (Zi25%—1 8
¢ lgy(k)/2 1 lgy(k)/2 k273 ¢
< —
S8 L (1P 2 K2 +1)?) 8
te= 1 t tm? ot
< - LT
= 4Z(j+1)2+8 168

Therefore, we have that P[Y>F | 72 > ] < E;g:?ék)m P[E;] + P[E]]. To bound P[E;], let S be any subset of 27 /(j + 1)?
indices in [k] and define the event E; s which happens when all i € S satisfy Z? > ¢/(2773). Notice since t > 64-24e>¢*k
and j < lg,(k)/2 we have t/2913 > 64 - 24e3¢k/(8k'/?) > 64 - 3¢3¢>k'/? implying that the ratio of \/t/29+3 with ¢ is
larger than 1, Lemmais applicable with Z > /t/27+3. Using a union bound over the events E; ¢ for any such set .S,
and that the Z;’s on such sets are independent and identically distributed, combined with Lemma [7)yields that,

6/274%29 /(j+1)°

= () ) (V) |
S
and bounding (2_7/(]’?+1)2) by k2'/(G+D’  we obtain

2 (m\/t/21+3 In (\/t/2j+3 / (eq)> ~In k)
(G +1)?

P[E;] <exp | —

For t > 8e%kq? and j < lg,(k)/2, we have \/t/2i%3/(eq) > \/Serq2/(8\/Ee2q2)) > k'/* and thus it follows that
In(+/t/23/(eq)) > In(k)/4. Using ¢ > 8/(em) we also have m+/t/27+3 > m/8e2kq®/(8Vk) > megk'/* > 8. By

14
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this we then obtain

(mvVE275 0 (V2755 (eq)) —nk) = my/8/27%3 n (VE7273/ (eq) ) /2
Thus letting f(5) = 22775/2m/tIn(\/t/27+3 /(eq))/(j + 1)? we get that

PlE,] < exp ( <2j1m¢t/2j+3 1n<¢t/2j+3/<eq>>>>

(G +1)?

239-5/2m/F In (\ /t]2i 73 (eq))
=exp | — - 5 = exp (—f (j)) -
U+1)

Now using that In(\/t/27+3/(eq)) > ln(\/64 -24e3¢2k/(8VE)/(eq)) > In(32-3¢) /2 = In(96¢) /2 for any j €
0,...,lgy(k)/2 and t > 64 - 24e3q?k we get that the ratio between f(j) and f(j + 1) for j € 0,...,lgo(k)/2 — 1 is
lower bounded by

pGan 2P/ (VIR ) G+1° 5120 n(2) /1n 966) G+ 1

FG G +2)° - (7 +2)°
By iteratively applying the above inequality for the ratio of consecutive terms of f we get that for j € 1,...,1g,(k)/2 that

(22 (1= 1n(2) /10 (96¢))) £ (0) _ 7' (0)
(j/+1)2 = 200 °

f =

where we in the last inequality have used that ((1 — 21In (2) /In (96¢))2'/2)3"/ (j/ +1)* > j'/200 for j' > 0.

Now using the above inequality for f we get by a geometric series argument that,

lga (k) /2 taz2(k)/2 if (0)
> FEl<en-r)+ Y e (-2
=0 =

£(0)
oxp (~19)
1 —exp (—%)

where we in the last inequality have used that f(0) = 275/2 . m\/tIn(1/t/23/(eq)) > 250, to say that 1/(1 —
exp(—£(0)/200)) < 2

Next we bound P[E’] . Again by a union bound over all sets of k/(27(j + 1)?) indices and Lemma we get:

, k = —m /1208 [k-k/ (20 (5+1)%)
U2 () s 4 1)) (VET TR (e0) |

<exp (—f(0)) + < 3exp (—2_5/2 -my/tIn (\/t/?/ (6(1)) /200) :

Bounding (k/@j (];‘—5-1)2)) from above by (€27 (j + 1)2)%/ (2’ G+1?) we get that

k-
27(j +1)2

P[E] < exp (

: (m\/tQj—?’/kln (\/t2j—3/k/ (eq)) I (er G+ 1)2))) .

For t > 24e3kq?, we have /t21-3/k/(eq) > V3e2J. Since (j + 1) < 3. 27 for all j > 0, V3e2/ is at least
\V€2972(5+1) > (e27(5 + 1)?)Y/* and thus In(+/t27-3/k/(eq)) > In(e2/(j + 1)?)/4. For ¢ > 8/(em), we also
have m/t27-3 /k > m+/3e3q% > 8 and hence:

m\/t27-3 [k In (\/t21—3/k/ (eq)) I (er G+ 1)2) > m\/12-3/k In (\/t21—3/k:/ (eq)) /2.

15
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Now let g(j) = mv/tkIn(\/t29-3/k/(eq)/((j + 1)?21/2+5/2) then we have

km/t27-3 /k In (\/tQi—3/k/ (eQ)>
- (j + 1) 20+

= exp (=g () -

P [E;] < exp

Now for any j € 0,...,lgy(k)/2 and t > 64 - 24e3¢®k it holds that In(,/t27-3/k/(eq)) is at least
In(+/32-24e3¢2k/(8k)/(eq)) > In(192e)/2. This implies that the ratio between g(j + 1) and g(j) for j €
0,...,1gy(k)/2 — 1is

g+ _ 27 (L (V) /i (VR E0) ) G4 1P 5o/ (14 1n (2) /10 (1926) (4 1)°

9(7) (G +2)? - (j+2)?

Now iteratively using the above relation on the ratio between g¢(j + 1) and g¢(j) and that g(lgy(k)/2) =
kY4my/EIn (t/(se2q2m) J(272(In(k) /2 + 1)%) we get for 7/ € 0, ..., lg,(k)/2 — 1 that

(lg, (k) /2 +1)% g (1g, (k) /2)
(27172 (1 + In (2) /In (192¢))) "2 797 (jr 412

EY4ma/tIn (t/(862q2\/ﬁ)>
(271/2 (1 + 1n (2) / In (192¢))) "5 *F/2 797 991789772
EY®ma/tn (t/(862q2\/E)>
(2-1/2 (14 1n (2) /In (192¢))) 522797 99 . 97/2

(lgy(k)/2 = j) K /om/in (1) (862 VE)
= 200 - 22 - 27/2 ’

9(j") >

>

>

(©))

where we in the second inequality have used that for 5/ > 0 we have (5’ + 1)2 <22- 27'/4 < 22 - k1/8 and where we in
the last inequality have used that for ' = 0,...,1g5(k)/2 — 1 we have

),(1@(1@)/2*1’) > (g (k)/2 — 5)/200.

(2_1/2 (1 +1n(2)/(In(192¢)))

Now using that Equation @]), also holds for j = 1g,(k)/2, and a geometric series argument we get that,
lgy (k) /2

EZ:O P [E]

RYSmyin (1 (8e2q*VE) )| T/ (Igy(k)/2 = ') K/ Smv/iin (¢/ (8¢** V) )
= e ( 22 - 27/2 ) M =P ( 200 - 22 - 27/2 )
EY®m+/tn (t/ (862(]2\/E>) exp (—kl/gm\/ﬂn (t/ <8e2q2\/E)> /(200 -22 - 27/2))
< exp ( 22.27/2 ) + 1 exp (7k1/8m\/{1n (t/ (862,12\/@)) /(200 - 22 - 27/2))
EY8ma/tIn (t/ (862q2\/E))
200 - 22 - 27/2 ’

5'=0

< 1lexp

where we in the last inequality have used that k/$m+/tIn(t/(8e2¢*v/k)) /(200 - 22 - 27/2) > 1/10 .

16
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By the above upper bounds on Zlg2(k)/ 2 P[E}] and Zlgz(k)/ *PE ;] we can conclude that

k

%

< esp (—min {K/5my/iln (1/ (8%VE) ) / (200 2. 27/2) ;mvEIn (V25 (eq)) / (200-27/2) })
< exp (—mv/ (200272 min {k/*1n (1/ (8¢22VR) ) /22, (¢/ (3¢0)) } )
mvin (Vi/2 (eq))

s Mo | == o5 ’

where we have used that the second term in the min is always the smallest, when it is scaled by 1/44, this follows from the
assumption about t > 64 - 24e3kq? implying that for any such given t there exist & > 1 such that ¢t = ¢8¢?kq? and we get

that the first term in the min is equal to /8 In (E\/E) /22 = k'/8(In (¢) + In (k) /2)/22 and the second term in the min
is equal to In (&) + In (k), where by the claim follows.

O

We now restate and present the proof of Lemmal6]

Restatement of Lemmal6]

Lemma 6. Let Z1,...,Zy be i.i.d. random variables distributed as the Z;’s in Lemma | I with m = cad/Inn and k =
e 2Inn and q = c1¢, where ¢; > 1/cy. Fore < c;'/(e4) and t > 2¢3e8 Inn, we have that

k

Py z7 >t

i=1

< 3p 4,

Proof. In the following we assume for simplicity that 1g, (k) and 1g,(¢) are integers. We proceed in a somewhat similar
fashion as in the proof of LemmalS] For j =g, ¢, ..., g, k let E; be the event that there are at least 27" /(j —1g, () +1)?
indices such that Z? > t/277!. Assume that none of the events E; occurs, we then have that

lgy k k
t
- 2j+1 Zl{Z1—27+1} + Z 2]+1 Z {Z1—27+1}
j:1g2(t) =1 j=lg, k+1
S 2 Py A
= ; : 2 j+1
w2 e 7+ 1" i Y
ten 1l toxl
<7 2ty > 5
j=1 7=0
2t
< 7 + 5 < t,

17
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where the first inequality follows by Z? < 1, so the sum of the terms 1 (Z2>1/20+13t /2971 starting at j = lg,(t) is always

greater than Z?. Thus we conclude that one of the events E; happens when Zle Z2% > t. Now by an union bound over
the events I; we have

k lg, (k)
Py 7z >t > P[Ej].
i=1 j:lg2(t)

When E; happens we know that there is a set S of 2771 /(5 —1g, () +1)? indices such that for i € S we have Z2? > t/27F1,
Thus the probability of each F; can be bounded by using a union bound over all such possible sets of indices (k choose
2771 /(5 — lgo(t) 4+ 1)?). Now using that the Z;’s are independent and identically distributed, the probability of each of
the sets .S splits into a product of probabilities P [ZZ2 >t/27 +1], where Lemma (7| can be used to bound each of these

probabilities. We note that Lemmawith Z > \/t/27+1 is applicable since /t/2111 /q > \/2c3e® In(n)/(2k)/(c1e) =

2c3e8/(2c3) > e*, where we have used the assumption that ¢ > 2c3e8 In(n). We now get that:
k VBT ma ey (1) 41)?
P[E;] < ( t/2i+1 eq)
0% (3-8 ety 1) (VP
27—1 (\/t/23+1mln (\/t/23+1/ eq ) —In (ek(j —lgy(t) + 1)2/2j_1))

<exp | — - )
(J —lgo(t) +1)2

. j—1 /(5 _ 2
where the last inequality follows by (2j_1/(j_’fg2(t)+1)2) < (ek(j — lgy(t) + 1)2/21—1)2J /G-le2 ()41

To evaluate the term /t/2+1m In (\/t/2ﬂ+1/ eq ) n (ek(j —lgy(t) + 1)?/2971) we notice the following four rela-
tions for j = 1gy(t), ..., 1gy (k)

Vt/2itm > \/20%68 In (n) / (2k)cad/In (n) > \/2c3e8e2/ (2¢1)cak/In (n) > 1/2c3eBey [2coe™ > ete™t,

(\/t/2j+1/(eq)> > \/2011368 In (n) / (2k)/ (ecie) = y/2c3e8/ (2e2c3) > €3,

2?—71 < e2k/t < e2c/ (2¢}ee?) <1/ (e'e?),
J—=1ga(t) + 1 <lgy(k/t) +1 <lgy (c1/ (2¢7€®e?)) + 1 =gy (2¢1/ (2c]e’e?)) <lg, (1/ (%?)),

where we have used that ¢; > 1/ca t > 2c3e®In(n), k = c1e721n(2) and d > k. By the above relations we conclude that
for sufficiently small &, we have that

Vt/2i  mn («/t/?j‘*‘l/(eq)) —In (ek(j —lg,(t) + 1)2/297Y) > \/£/27 imIn (\/t/21+1/ eq )
Hence for such ¢ and f(j) = 27/275/2\/tmIn (\/t/2j+1/(eq)> /(5 —lgo(t) + 1)? we have that

ST (Vi (eq)) /2 ,
P[E;] <exp | — - 5 =exp(—f(j)).
(J —1ga(t) +1)

Now using the assumptions that t > 2c3e® In(n) and ¢ = c1e we get that \/t/2111 /(eq) > \/2c3e8/2¢3 /e > €3 such that
forj =lgyt,...,lgo(k) — 1

FG+1) (j —lgs () + 1)* (1 — In(2) /6) V2
fG) ~ (+1-1lg, () +1)°

3
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using this iteratively we get that for j/ € 1,...,1g,(k) — lg, (%)

’

(1=1n(2)/6)v2)" flgst) _ j'f(lgy?)
(7' +1)2 = 150

fllgo(t) +35) >

where the last inequality follows by ((1 — In (2) /6) \@)] /(5" +1)% > j'/150 for j' > 1.

Now using a geometric series argument we get that

IN
@
»
e}
|

~

<

Jj=1 2(t)

< exp (—f(1g2t)/150) + Y _ exp (—jf(lg2 1)/150)
j=1

exp(—/f(Igyt)/150)
1 — exp(—f(lgy t)/150)
<o P (—=tmIn(1/(v2eq))/(600v/2))
T 1l—exp (—tm ln(l/(\/ieq))/(600\/§)) .

Now using that ¢ > 2ce®In(n) and ¢ < ¢;'/(4e) so In(1/(v/2eq)) > In(2) we end up with the following inequality
tIn(1/(v/2eq))/(600v/2) > cie®In(2)/(300v/2) In(n) > 4c} and since m > 1 we conclude that

exp (—tmIn(1/(v2eq)/(600v2) w7t

P 1—exp (—tm ln(l/(\@eq))/(GOO\@)) =7 A =

<2

k
>z >t
=1

where we in the last inequality have assumed that n > 2 and used that ¢; > 1, which completes the proof.

O
B. Proof of Theorem
As described in the sketch of the proof in Sectiond] we proceed with the following two cases (and two steps).
First case: ¢ = () (%) . For this case we need lower bounds on the tail probabilities for weighted sums of independent

XQ—distributions, thus we now restate Theorem 7 from (Zhang & Zhou, |2020) in a slightly weaker form.

Lemma 8 ((Zhang & Zhoul 2020)). Let g1, ..., gq be independent N(0,1) random variables and uy, ..., uq be non-
negative real numbers, then for constants 0 < c3 and Cs > 1 we have that Vx > 0

d
’ [Z wlet - 1) > ] > eyexp (052 ulf).
=1

We will also need the following reverse Chernoff bound from (Mousavi, 2010) which we restate in a multiplicative version
instead of an additive:
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Lemma 9 ((Mousavi, [2010)). Let X be a binomial random variable with r trials and success probability ¢ < 1/4. Then
Sorany 0 < ag < 1/4 it holds that

1
PriX > (1+ a)gr] > 1XP (—2a2q7‘) .

With the above lemma stated we proceed with the first step in the proof.

First step in proof of Theorem 2} We condition on the randomness in H D resulting in the fixed vector u as argued
earlier. In this case, we start by showing that ). b; is large with reasonable probability. Observe that ), b; is binomial
distributed with r = kd /2" trials and success probability g. Hence for o = /In(1/(46))/(8¢r), it follows from Lemmalgl
that either ag > 1/4 or ¢ > 1/4 or P[>, b; > qr + \/In(1/(4%8))qr/8] > §1/4.

If ¢ > 1/4 we are done. Likewise, if ag > 1/4 then ¢ > 1/(4c) implying that ¢ > /qr/(2In(1/(4%6))) > Q(c=2) by
assumptions on r = kd/2!, k = 1g(1/5)/e? and d/2' > 1 and we are done again.

Thus, what remains is the case of P[>, b; > qr + /In(1/(4%8))qr/8] > &'/, Let us condition on > ;b; >
qr + /In(1/(4%8))qr/8. Then by Lemma 8| with z = 0 we get P[>, b;(N? — 1) > 0] > c3. This implies
S biNZ >3 by > qr 4+ +/In(1/(445))qr /8 with probability at least c361/4. But (2!/(dq))(gr + /In(1/(4%6))qr/8) =
k + /In(1/(446))22lr /(8d2q) = k + Q(y/In(1/0)2'k/(gqd)). Thus with probability at least c35'/4, we have
(21/(dq)) >, biNE > k + Q(y/In(1/6)2'k /(gd)). And since || Pul|? 2 (2'/(dg)) >, biN? we also have that || Pul|? >
k 4+ Q(y/In(1/6)2'k /(qd)) with probability c36/*. Further since we noticed that the probability of H Dz = u is at least
/26 it now follows what with probability at least ¢36°/* we have that

%nmnmﬁ>1+m In(1/8)2'/ (kqd)).

Thus for § < ¢} it follows that we must have
Q<1MU®%K@®>§5

for % |PHDz|? to satisfy Equation (being a length preserving projection) with probability 6, which implies ¢ >
Q(In(1/6)2'/(e?kd)) = Q(In(1/5)/d) where we have used that 2! is ©(In(1/§)) by the choose of [, which completes the
proof of the first step.

Second case ¢ = Q (emin {1,In*(1/8) / (dIn(1/))}). In this section we show the second step of the lower bound.
We use the result from the first step which results in ¢ = Q(In(1/6)/d). The basic idea is to show that there is a reasonably
large probability that the first coordinate (Pu); is so large that it distorts the embedding of 2 by too much, even when all
other coordinates behave well.

In what follows we state the lemmas we will need in the proof of the second step. By the the first step, we already have our
claimed lower bound in Theoremwhenever © (max {In(1/6)/d,emin {1,In*(1/8)/(dIn(1/c))} }) = © (In(1/6)/d)
so we now consider the cases where ¢, d, d are such that

O (max {ln(1/§)/d,5min{1,1n2(1/5)/(dln(1/€))}})
= O (emin {1,ln2(1/5)/(d1n(1/5))}) ,

and then show that for
csIn(1/6)/d < q < 055min{171n2 (1/6)/ (dln(l/s))} , (10)

where ¢, is the constant from the lower bound ¢ > ¢41n(1/d)/d and ¢5 is a constant to be fixed later (but will be chosen
less than 1), we have that the projection fails with at least § probability.

We construct our hard instance as in step one, except that we will have to slightly adjust the value of [ (to deal with
constants). We thus set [ to be the integer such that [ < lg, <lg2((1/6)mm{1/50’64/1g2(e)})) <1+ 1 and define

1 . l
— <

. 57 fori <2
0, otherwise
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It thus follows that with probability 2—2' > gmin{1/50.ca/182()} the first 2! signs in D are 1, thus Dz = z with at least
probability §mint1/50.c4/1g2(e)}  We further notice that for the above x we have that

Z fori=0 mod (2')

0, otherwise

Notice that u has d/2' entries being /2! /d, and rest of the entries are 0. Let m denote the number of non-zero entries. If
In(1/6)/(gm) < cg then by the choice of [ and m = d/2 it holds that ¢ > In*(1/6) min {1/50, c4/1g, ()} /(ced), and
since © (max {In(1/6)/d,e min{1,In*(1/6)/(dIn(1/c))}}) = O(In*(1/8)/d), we are done. Hence, we may assume in
the following that

In(1/8)/(gm) > cs, (11)

where cg is at least 8, and will be chosen larger later.

For i € [1,k] let Z; denote a normalized sum of m independent Bernoulli random variables: Z; = (1/m)> ", b; ; and
N, denote a standard normal random variable, where all the Z;’s and the V;’s are independent of each other. Then, for the
u as described above we have by linear combinations of independent normal distributions that:

2
k

2 d i 2! i~ 1
Pul|® = b iNij | =Y =Z;N?
IPull £ 3| 2y gt | <20

i=1 \j=1

Next we present the lemmas we will use in the second step in the proof of Theorem [2 The proof of the lemmas is in
Appendix [B.T]

The following lemma states that with good probability the first coordinate of the projection vector Z; N /q is large.

Lemma 10. For 0 < €,0 < 1/4, ¢ sufficiently small (Equation ), and cg sufficiently large (Equation ) we have
with probability at least §/50H1/ 241/ that

We also would need to show that the sum of the coordinates, except Z1 N 12 /g, have a good concentration around its mean:

Lemma 11. For 0 <e < 1/4and 0 < § < 1/8 we have with probability at least 58 that

We are now ready to put the above lemmas together and complete the proof of Theorem 2}

Second step in proof of Theorem 2|

Proof. Let0 < e <1/4and0 < ¢ < 1/8. We choose ¢5 and ¢g according to Lemma|l10l This implies that with probability
at least §1/50+1/241/7 it holds that Z; N2 /q > 51n(1/8)e~". In addition, by Lemmall 1} - , Z:N2/q > (1-3¢)(k—1)
with probability at least §/8.
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Therefore, by independence of the Z;’s and the N;’s, with probability §'/20+1/2+1/7+1/8 for the vector u:

2 d . 1 2
|Pull> £ = Z;N;
- 4

1 M1
=-Z\N} + Y ~Z;N}

q —q
>5In(1/8)e ™t + (1 —3e)(k— 1)
=bek+k—3ck—1+4 3¢
=1+e)k+ek—-1+3¢
> (1+¢e)k,

where the last inequality follows by the assumptions on ¢ < 1/4 implying that ek = In(1/8)e™! >4 > 1 — 3e.

Since we have chosen [ such that [ < lg, (lg2((1/6)min{1/50’c4/lgz(e)})) < [ + 1, we have that with probability at
least 6*/°0 w = H Dz, independently of the outcomes of the b; ;’s and the N; ;’s. Therefore, by the law of conditional
probability, with probability at least §*/50+1/2+1/7+1/8+1/50 > § it holds that |[PH Dz|* > (1 + €)k. Thus we have
shown that for d, ¢ less than sufficiently small constants, we must have ¢ > cze min {1,In(1/6)/(d1n(1/e))} for the
mapping PH D to be a length preserving random projection with probability 1 — 4. O

B.1. Inequalities for the lower bound

In this section we proof Lemma and Lemma 11} Lemma|10|states that the first coordinate Z; N2 /q is Q(ek) with good
probability and Lemma says that Zf:z Z;N? /qis Q(k) with good probability.

We consider the cases where ¢, §, d are such that
csIn(1/6)/d < q¢ < cse min{1, lnz(l/é)/(dln(l/e)} (12)
where ¢, is the constant from Theorem [2]and c; is a constant to be fixed later and will be chosen to be < 1.

We have m = d/2! where [ < lg, <lg2((l /5)min{1/50.c4/ lg2<€>})) <1+ 1 implying that

m < 2d/(min{1/50, s/ 1g5(c)} 18,(1/8)) < 2d/(min{1/50, s/ lgy(c)} In(1/5)),
and
m = d/(min{1/50, c4/1g5(€) }1g2(1/6)) = d/(min{1/50, c4/1g(€) } 1g2(e) In(1/5)).

‘We notice that for ¢’s as in Equation and the above m we have that

min{1/50, ¢4/ 1gs(e)} 1go(e) In(1/6) /ey > In(1/6)/gm > min {1/50, c4/1g, (€)} In(1/e)/(2¢5¢), (13)
especially that 1/(gm) < 1.
We have that

In(1/6)/(gm) > ce, (14)

where cg is at least 8, and will be chosen larger later.

We consider the random variables Z; N7 /q and Zf:z Z;N?/q, where the Z;’s denotes normalized sums of independent
Bernoulli random variables Z; = (1/m) 37", b; and the N;’s denotes standard normal random variable, where all the
Z;’s and the N;’s are independent of each other.

We now present a technical lemma we will use in our proofs:
Lemma 12. Fora,x € R suchthat0 < x < 1and 0 < ax < 1 we have that

(1-2)"<(1—-ax/2).
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Proof. Cases x = 0,1 and az = 0 can be realised by insertion, and the case az = 1 corresponds to (1 — x)'/* < 1/2
which holds. Now for the remainding cases we first note by Taylor expansion of In(1 — z) = —> °° 2%/i that
(1—2)* =exp(—ad o, /i) and (1 — ax/2) = exp(— Y o, (az/2)" /i). So it suffices to show that >_:°  (ax/2)!/i <
ad 2, x"/i. Now using that az < 1 and that a geometric series with common ratio of 1/2 equals 2 we get that
S (az/2) )i = (az/2) 002, % < (ax/2)2 = az. We also have that az < a ) ;- z'/i. Hence we con-
clude that } ;2 (az/2)" /i < a ;- x'/i which proofs the claim. O

In what follows we prove Lemma[I3] Remark [T4]and Lemma[I5] which combined yield that with good probability we have
a lower bound of ©(¢~!) on the scaled binomial Z; /q.

Lemma 13. Ler 0 < €, < 1/4. Let further c; < 1 and L = ¢71n(1/0)/In(In(1/6)/(gm)) if m/L > 1, gm/L < 1 and
¢s (Equation (12))) is chosen so small that min {1/50, c4/1g, (€)} /(2c5) is greater than 2. We then have with probability
at least 0°7 that:

m

Z 1 1
Z1 _ L Z 7()177; > CgCt 7
a g m €4/Cs

with cs = In(2)/min {1/50, c4/1g, (e)}/(4v/2).

m o1

Proof. The idea of the proof is to divide the mm Bernoulli trails in Z; = )", by ; into L disjoint buckets of size m/L
(we choose c7 such that the bucket size is an integer), and then calculate the probability that all the buckets have at least
one success, and get thereby obtain the above lower bound on Z; /q.

Using that the buckets are disjoint so the events of buckets having a success in it is independent of each other the probability
of having at least one success in every disjoint bucket is (1—(1—¢)™/ %)%, Now using Lemmawith x=qganda =m/L
we get that (1 — (1 — q)m/L)L > (1— (1= (gm)/(2L)))" = ((gm)/(2L))*. Now plugging L into this expression we
get that

() (B /0 )y T 0
2L 2¢71n(1/6)

(I (n(1/8) / (gm)) 7/ mn /o) am)
207

5 > 87,

where the last inequality follows from the assumption that In(1/6)/(gm) > 8 (Equation (14)) so the first term in the second
to last expression is lower bounded by 1. Hence with probability at least 6°” we have that all the disjoint L buckets have at
least one success and hence on this event Z1 /¢ > L/(gm). Plugging L into the expression, using that z/ In  is increasing
for z > 3 and that In(1/8)/(gm) is lower bounded by min {1/50, c4/1g, ()} In(1/¢)/(2¢c5¢) (Equation (13)) which is at
least 3 by assumptions on c¢5 and £ < 1/4, it follows that

1 c7In(1/0) < crmin {1/50, ¢4/ 1g, ()} In(1/e)
g~ gmln(In(1/8)/(gm)) ~ 2cseln (min {1/50,cs/ gy (e)}In(1/e)/(2¢5¢))

Since min {1/50, c4/1g, (€)} /(2¢5) > 2 by assumption it holds that In (min {1/50, ¢4/ 1gs (€)} In(1/e)/(2¢5¢)) is less
than or equal to In ((min {1/50,c4/1g, (€)} /(2¢5¢))?), thus

5)

In(1/e) S In(1/e)
In (min {1/50, c4/1g, (€)} In(1/€)/(2c5¢)) ~ 21In (min {1/50,cs/lgs (€)} /(2¢5¢)) "

Now using that /(z 4+ a) with a, 2 > 0 is increasing in z, with @ = In (4/(cs min {1/50, ¢4/ 1g5 (€)})), z = In(1/¢) and
In(1/e) > In2 it follows that

In(2) S In(2)
2(In (min {1/50, ¢4/ 1gs (€)} /(2¢5)) +In(2)) = 41n (min {1/50,c4/1g, (e)} /(2¢5))
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Plugging this into Equation (I3) it follows that
1 S c; min{1/50, ¢4/ lg, (e)} In(2)

¢ T Beseln (min {1/50, cx/1g, (€)} /(2¢5))

Now using that «/ In(z) > \/x for x > 1 with & = min {1/50, c4/1g, (€)} /(2¢5), which is greater than 2 by assumptions,
we get that

min {1/50, c4/1g, (€)}
2¢5 In (min {1/50, c4/ g, (€)} /(2¢5

55 2 Vanin (1750, 1/ e (€]} /2es).

Thus we get
lZ - crIn(2)/min {1/50, c4/1g, ()} cser
gt 44/2¢5¢ NG
with cg = In(2)/min {1/50, ¢4/ lg, (€)}/(4v/2). O

We now notice that the assumption of gm/L < 1in Lemma for a fixed ¢; maybe be removed.
Remark 14. We may assume that gm/L < 1 in Lemmall 3|for a fixed c¢; holds by choosing cg sufficiently large.

Proof. To see this we notice that the assumption gm /L < 1 is equivalent to

gmIn (In (1/6) / (gm))
crn (1/6) =1

So if we can upper bound the left hand side by 1, we are done. To upper bound the left hand side we use that In (z) /x is de-
creasing for z > 3 so using this fact with 2 = In(1/8)/(gm) and In(1/8) /(gm) being lower bounded by ¢4 (Equation (14))
we get that
gmln (In(1/6)/(gm)) < Incg
cr ln(l/d) T creg ’

which is less than 1 for sufficiently large cg hence the assumption of gm /L < 1 for a fixed ¢; may be removed.

Lemma 15. Let the setting be as in Lemmaother than m/L < 1 then we have with probability 6° that

1
>
q — Cs€

—_

1
-z >
q

Proof. Now since 1/¢ > Zy/q happens if and only if Z; = (1/m)3_7", b1 ; = 1, hence all the Bernoulli trails in

the binomial being one, the above happens with probability ¢". This probability is less than or equal to (gm/ L)L since
m/L < 1 now the calculations in Lemma for (qm/(2L))" yields that g™ > §¢7. The later lower bound on 1/q follows
from g < cse (Equation (12)) O

We now show that with good probability we have that N is ©(In(1/6)).
Lemma 16. For x > 0 it holds that P [N2 > x} >1—+/1—exp(—2z/7).

Proof. First notice that the event { N? < 2} is equivalent to the event {—/z < N < /z}. Using this and that the density
functions of NV is (27)~'/2 exp(—22/2) we get that

N
P[N*<z] = /ﬁ(27r)1/2 exp(—2?/2)dx.

Now using the equation on the top of page 64 and equation (1.5) on the same page in (Pdlya, |1949) we get that the above
is at most /1 — exp(—2z /7). This conclude the proof since P [N? > z] =1 — P [N? < z]. O
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We will now combine Lemma[13] Remark [[4] Lemma[[3]and Lemma[T6]to show Lemmal[T0} recall that Lemma[I0]is.
Restatement of Lemma 10|

Lemma 10. For 0 < €,8 < 1/4, ¢ sufficiently small (Equation ), and cg sufficiently large (Equation ) we have
with probability at least 5'/50F1/2+1/7 thay

Proof. Let ¢; = 1/50 and now fix ¢g large enough such that gm/L < 1 as described in Remark and such that cg is
greater than 8. Then we have with probability §'/°° by either Lemma 13| (and accordingly small ¢5) or Lemmathat

1 . 1 Cs
7> %)),
g = <c5a’505\/a>

We now also choose cx so small that the above is greater than 2 - 5e 1.

Now using v/1—2 < 1 — /2 for x < 1 and that § < 1/4 it follows by Lemma that with probability

1 — /1 —exp(—In(1/8)/m) > §1/7 /2 > §/2F1/™ we have N > In(1/4)/2.

Now since that Z; and N} are independent we conclude that with probability §1/50+1/2+1/7 we have that

2-5In(1/6)  5In(1/9)
2¢ N e

1
—Z1N? >
q

which concludes the proof of Lemma [I0] O

We now restate and prove Lemma [I 1]
Restatement of Lemma

Lemma 11. For0 < ¢ < 1/4and 0 < § < 1/8 we have with probability at least 6/ that

k
=2

Z;N? > (1 —3¢)(k—1).

<=

Proof. Let X = (1/q) ZLQ Z;N? 4 (1/(mq)) Zf:z b; N2, where the b;’s are binomial random variables with m trails
and success probability g, the N;’s are standard normal random variables and the b;’s and the N;’s are all independent of
each other. We now notice since the b; N?’s are independent and identically distributed the variance of their sum i equal to
k — 1 times the variance of by N3:

k
Var (X) = (mlq) Z:Var (b:N7) = (]jn_q)gvar (b2NN3) .

Now using the independence of by and N2 and that the forth moment of a standard normal distribution is 3, and that the
first and second moment of a binomial random variable is respectively mq and (mq)? + mq(1 — q) we get that

Var (b2N3) = B [(023)°] — B [(52V3)]” = E [12] E [NF] — (E[ba] E [V3])”
=3 ((mg)* +ma(1 - ) = (mg)* = (ma)’ 2+ (1 - g)/ (mq)).
Now plugging Var(by N2) back into the expression of Var (X), yields that
Var (X) = (k= 1) (2+ (1 = g)/ (ma))

Now using that E[X] = (k — 1), the above calculation of the variance of X and Chebyshev-Cantelli’s inequality
PlY — E[Y] < —t] < Var(Y)/ (Var(Y) + t?) which holds for ¢ > 0, yields that
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G (k—1)(2+ (1-q)/(mq))
P A k— = 2
PLZ_;qZN ==t ”]<(k_1><2+<1_q>/<mq)>+<3€<k_1>>
(24 (1 q)/ (mq)) |
S 2t (-q)/(ma)+ B (k1)

Since y — y/(y + a) is increasing in y for a,y > 0, it now follows using this with a = (3¢)3(k — 1) and y =
2+ (1 —¢q)/(mg) <2+ 1 =3, where we have used that 1/(mgq) < 1 by the comment under Equation (13)), we get that

k
lynt<a- _ 3

Lastly using that k = In(1/§)/e%,e < 1/4and § < 1/8 we get2(k — 1) = In(1/8) — €2 > 2, and we conclude that

k
1 3 1/8 1
P SZN2P<(1-3)(k—1)| < <1—(1/8)"/8 <168,
which completes the proof. O

C. Rademacher Entries in P

We sketch the proof of Theorem [T] for the case of P being populated with i.i.d. Rademacher entries. Namely, P; ; =
bi,j7i,//q> where the ; ;’s are independent Rademacher variables, and b; ;s are Bernoulli with success probability ¢.
We will use the following upper bound (which is essentially a special case of the bound given in Lemma 3):

Lemma 17. Let a;; € R fori = 1,....,k and j = 1,...,d and a; = (a;1,...,a;q) € RL Let further
Y, = Z?Zl a; ;i ;, where the r; ; denote independent {—1, 1}-variables with mean 0. We then have

L, 2 ca? 168 flad*
P Y2 = lail*| > 2| < 2exp(— ———), for0<az < i= ;
i=1 Zi:l ||a7;|| maX;=1,..k ||ai||
k k 4
16 . ;
P Zﬁ—nainﬂzml <2exp(c——T ) fora > 02z i
=1

2 2
maxi=1,__k ||| maxi—1,....k |||
We note that the above lemma in general holds for any subgaussian random variables (note that Rademachers are indeed
subgaussian), implying the statement of Theorem [I|holds for any subgaussian variables in entries of P. We give the proof
of Lemma [I7]for completeness at the end of this section.

Proof of Theorem[I} Rademacher entries. As in the case of Normal variables let m = cpd/ Inn for a constant c,. Further,
let the embedding dimension k = c1e~21nn, where ¢; is such that ¢; > 1 /ca, and let g the success probabilities of the
binomial random variables b; ; in P be

g =max {c1/m,ciemin{1,In (n) / (mln(1/e))}}.

We assume that u is a vector in R? such that u2 < 1/m foralli = 1,...,d and |Ju/|*> = 1. Thus, the random variable of
interest is

2
d

1 k
2
[ Pull :QZ

u;bi, 745
i=1 \j=1

. . . 2 d
Using Lemma |17| with a;,;’s equal to b; ju; we have to consider [la;||” = >75_, u?

Z; = Z;l:l u?bm in the upper bound proof with normal random variables. Going through the upper bound proof ones
again and using Lemma [7] instead of Lemma [3] will result in exactly the same proof with the only difference in the
constants. O

b; ;’s which is what we denoted
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It remains to prove Lemma([I7]

Proof of Lemmal(I7] First, note the we can assume without loss of generality that ||al-H2 > Oforall 1 < ¢ < d, since
la;]|> = 0 implies ¥; = 0 and the inequalities are trivially true if all [|a;||> = 0. Next, since exp (—y) + exp (y) <
2exp (x2/2) for y € R, it follows that for s € R we have

E [exp(sai ;i ;)] < (exp(—sa; ;) + exp(sa; ;) /2 < exp ((sai;)*/2)

for all ¢, j. Thus it follows by independence of the r; ; that for all ¢ and s € R we have that

E [exp(sY;)]

((sa:.0)2/2) = exp (s Jlas]|* /2) .

Hz&

Thus the Y;’s are independent sub-Gaussian random variable with variance proxy parameter ||a; H2 as in the Definition 1.2
in (Rigollet & Hiitter, 2015). By Lemma 1.12 in (Rigollet & Hiitter, 2015) it follows that for Y;? — E [YQ] which by the

independence of the ; ;s is equal to Y2 — ||a||%, for |s| < 1/(16 ||as||*)
E [exp (s (Y2 ~ llall®) ) | < exp (162 flas]* /2) (16)

Thus if we consider 0 < s < 1/(16 max,._ |ja;||”) we get that

.....

exp( <ZY2 ||ai||2>>] < exp <16282§;|a¢||4/2> :

Now using Markov’s inequality it follows that

k k k
P ZYZQ —[ail)® > x} <E lexp (s (Z Y72 — a¢||2>)1 exp(—sz) < exp <162$2 Z lla:||* /2 — sx) .
i=1 i=1 i=1

If 2/ (162 sk ||ai||4) <1/(16maxy.._ g ||as||?) we set s = z/ (162 sk ||ai\|4> and get that

ZYQ llas]? >x] < exp (ﬁ/ <2 1622||a2|\ )) (17)

=1

If 2/ (162 sk ||ai||4) >1/(16maxy... g ||as||?) > s we get that = > (16%2?21 Hai||4) implying that

k

k
P ZYzQ = Z‘] < exp (16252 Z llaill* /2 — sx) <exp (sz/2 — sx) = exp (—sx/2).
i=1

i=1

Now choosing s = 1/(16 max;—1.__ |las||>) we get

.....

k
P V2 il > ] <xp (o (2, mox, o)) < exp (<a/ (216 wox o)) a9

i=1

Due to Equation holding true for |s| < 1/(16 max;—__ ||as||*), we can carry the above arguments for —(Ele Y2~
[|a:||?), and get the inequalities in Equations and 1) for P [Zf:l V2 — |la|® < —x} . Now setting ¢ = 1/(2 - 16?)

and union bounding over Zle Y2 — ||a;||* < —x and Zle Y2 — ||a;||* >  the claim follows. O
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