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ABSTRACT

This paper investigates the conformal isometry hypothesis as a potential explanation
for the hexagonal periodic patterns in grid cell response maps. We posit that grid
cell activities form a high-dimensional vector in neural space, encoding the agent’s
position in 2D physical space. As the agent moves, this vector rotates within
a 2D manifold in the neural space, driven by a recurrent neural network. The
conformal hypothesis proposes that this neural manifold is a conformal isometric
embedding of 2D physical space, where local physical distance is preserved by
the embedding up to a scaling factor (or unit of metric). Such distance-preserving
position embedding is indispensable for path planning in navigation, especially
planning local straight path segments. We conduct numerical experiments to
show that this hypothesis leads to the hexagonal grid firing patterns by learning
maximally distance-preserving position embedding, agnostic to the choice of the
recurrent neural network. Furthermore, we present a theoretical explanation of why
hexagon periodic patterns emerge by minimizing our loss function by showing that
hexagon flat torus is maximally distance preserving.

1 INTRODUCTION

The mammalian hippocampus formation encodes a “cognitive map” (Tolman, 1948; O’keefe & Nadel,
1979) of the animal’s surrounding environment. In the 1970s, it was discovered that place cells in
the rodent hippocampus fire at specific locations within the environment (O’Keefe & Dostrovsky,
1971). Later, another type of neurons, called grid cells, was identified in the medial entorhinal
cortex (Hafting et al., 2005; Fyhn et al., 2008; Yartsev et al., 2011; Killian et al., 2012; Jacobs et al.,
2013; Doeller et al., 2010). Unlike place cells, each grid cell fires at multiple locations that form
a hexagonal grid pattern across the environment (Fyhn et al., 2004; Hafting et al., 2005; Fuhs &
Touretzky, 2006; Burak & Fiete, 2009; Sreenivasan & Fiete, 2011; Blair et al., 2007; Couey et al.,
2013; de Almeida et al., 2009; Pastoll et al., 2013; Agmon & Burak, 2020). Grid cells are thought to
interact with place cells and play a crucial role in path integration (Hafting et al., 2005; Fiete et al.,
2008; McNaughton et al., 2006; Gil et al., 2018; Ridler et al., 2019; Horner et al., 2016; Ginosar
et al., 2023; Boccara et al., 2019), which calculates the agent’s self-position by accumulating its
self-motion. Thus, this has led to the view that grid cells form an internal Global Positioning System
(GPS) in the brain (Moser & Moser, 2016). Although grid cells have primarily been studied in spatial
contexts, recent research suggests that grid-like responses may also exist in more abstract, non-spatial
cognitive spaces (Constantinescu et al., 2016; Bellmund et al., 2018).

Numerous computational models have been proposed to explain the characteristic firing patterns of
grid cells. Early approaches focused on continuous attractor neural networks (CANN) (Amit, 1992;
Burak & Fiete, 2009; Couey et al., 2013; Pastoll et al., 2013; Agmon & Burak, 2020). More recently,
two papers (Cueva & Wei, 2018; Banino et al., 2018) learned recurrent neural networks (RNNs) on
path integration tasks and demonstrated that grid patterns emerge in the learned networks. These
results were further extended in subsequent studies (Gao et al., 2019; Sorscher et al., 2019; Cueva
et al., 2020; Gao et al., 2021; Whittington et al., 2021; Dorrell et al., 2022; Xu et al., 2022; Sorscher
et al., 2023). Besides RNN-based models, basis expansion models based on principal component
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analysis (PCA) with non-negativity constraints (Dordek et al., 2016; Sorscher et al., 2023; Stachenfeld
et al., 2017) have been proposed to capture interactions between grid and place cells.

While prior models have advanced our understanding of grid cells, the underlying mathematical
principles behind the emergence of hexagonal grid patterns remain elusive (Cueva & Wei, 2018;
Sorscher et al., 2023; Gao et al., 2021; Nayebi et al., 2021; Schaeffer et al., 2022). Recently, the
conformal isometry hypothesis has gained attention and has been studied in various papers on grid
cells. This hypothesis was formalized by Xu et al. (2022) with earlier explorations by Gao et al. (2021,
2019), and has been adapted and investigated in recent works (Schaeffer et al., 2023; Schoyen et al.,
2024). The conformal isometry hypothesis posits that grid cell activities form a high-dimensional
vector in neural space, encoding the agent's position in 2D physical space. As the agent moves,
this vector rotates within a 2D neural manifold, guided by a recurrent neural network (RNN). The
hypothesis proposes that this manifold is a conformal isometric embedding of the 2D physical space,
where local physical distance is preserved by the position embedding up to a scaling factor (or
unit of metric). Such distance-preserving position embedding is indispensable for path planning in
navigation, including planning local straight-path segments.

This paper investigates the conformal isometry hypothesis as a potential mathematical explanation for
the formation of hexagonal periodic patterns in grid cell response maps. Unlike previous studies (Xu
etal., 2022; Gao et al., 2021) that examined conformal isometry within models combining both place
cells and grid cells, we focus on a minimal setting: a single module of grid cells equipped with an
explicit metric. By reducing the system to its essentials, we bring the conformal isometry hypothesis
to the forefront and study the grid cell system in isolation with fewer assumptions. This approach
allows us to gain a sharper and deeper understanding of the hypothesis.

In this paper, we design numerical experiments in the minimalistic setting demonstrating that the
conformal isometry hypothesis underlies the hexagonal periodic patterns in grid cell response maps.
Speci cally, we show that the hexagonal periodic patterns emerge by learning the maximally distance-
preserving position embedding. To further validate this hypothesis, we conduct in-depth mathematical
analysis to show that hexagon periodic patterns emerge by minimizing our loss function, due to the
fact that the hexagon at torus exhibits minimal deviation from local conformal isometry, i.e., the
hexagon at torus forms the maximally distance-preserving position embedding.

Contributions. To summarize, our paper investigates the conformal isometry hypothesis as a possible
mathematical principle that underlies the grid cell system. Our contributions are as follows. (1) We
conduct a systematic numerical investigation of the conformal isometry hypothesis in a minimalistic
setting with a single module of grid cells. (2) We provide a general framework that is agnostic to
speci ¢ forms of transformation models, grid scales, and the number of neurons. (3) We present
a theoretical analysis demonstrating that the hexagonal grid patterns emerge by minimizing our
conformal and transformation loss function.

2 BACKGROUND

2.1 REPRESENTING SELFPOSITION

(@) (b) (c)

Figure 1: (a) The self-positiorx = (x1;X2) in 2D Euclidean space is represented by a vee{or) in
the d-dimensional neural space. When the agent movesythe vector is transformed to(x + x) =

F(v(x); x). (b)F(; x)is arepresentation of the self-motiorx. (c)M = (v(x);x 2 D)isa2D
manifold in the neural space, and is an embedding of the 2D Euclidean dBmain

Suppose the agent is at the self-positior ( X1; X2) 2 R? within a 2D Euclidean domaib. The
activities of the population of grid cells form ad-dimensional vectov (x) = (vj(x);i = 1;:::;d),
wherev; (x) is the activity of tha-th grid cell at positiorx. We call thed-dimensional vector space
of v the neural space, and we embedf the 2D physical space as a vectdi ) of thed-dimensional
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neural space. We may also call the veat(x ) the position embedding, following the deep learning
terminology (Vaswani et al., 2017). For each grid éell; (x), as a function ok, represents the
response map of grid cell

2.2 REPRESENTING SELFMOTION

At self-positionx = (X1;X2), assume the agent makes a movemext=( Xi1; Xz) and moves
tox + x. Correspondingly, the vecten(x) is transformed to(x + x). The general form of the
transformation can be formulated as:

v(x + Xx)= F(v(x); Xx); (1)

whereF can be parametrized by an RNN. See Figure 1(a). The input velocitgan also be
represented a§ r; ) in polar coordinates, wherer = k xKk is the displacement along the
heading direction 2 [0;2 ], sothat x = ( X3 = rcos; Xy = rsin). F(; X)Iis

a representation of the self-motiorx. See Figure 1(a-b). We can also wrkdv(x); Xx) =
F(v(x); r; ) with slight overloading of notatiof . The transformation model is necessary for
path integration and path planning.

2.3 CONFORMAL ISOMETRY

For eachx 2 D, such as a 1m 1m square environment, we embeds a vector (x) in the
d-dimensional neural space. Collectively,= (v(x);8x 2 D) is a 2D manifold in the neural space,
andM is an embedding dD. See Figure 1(c) (the shapeldfin the gure is merely illustrative). As
the agent moves iD, v(x) moves inM.

The conformal isometry hypothesis (Xu et al., 2022; Gao et al., 2021) proposéd that conformal
embedding oD. Speci cally, at anyx 2 D, for alocal x, we have

kv(x + x) v(x)k=sk xk+ ok xK); (2)

wheres is a constant scaling factor independenkaind x. As the agent moves ib by k xKk,
the vectowv(x) moves inM by sk xk.

Unit of metric. The scaling factos de nes the metric unit for distance preserving. For example, if
k xkis measured in meters, and we want to work in centimeters,geh00.

Intrinsic and extrinsic curvatures. For a constans, the intrinsic geometry of the manifold
remains Euclidean or at, i.eM is a folding or bending of the ab without distorting stretching
or squeezing. The intrinsic curvature Mdf is zero. But the extrinsic curvature bf is non-zero,
i.e., theo(k xk) term in (equation 2) grows ds xk increases. We want to minimize this term
for non-in nitesimalk xk so that distance is maximally preserved within a hon-in nitesimal local
range.

3 A MINIMALISTIC SETTING

3.1 ASSUMPTIONS

In this section, we seek to study the grid cell system with a minimal number of assumptions.
Speci cally, we make the following four assumptions:

Assumption 1L Conformal isometrykv(x+ x) v(x)k = sk xk+o(k xKk).Inthe minimalistic
setting, we specifg explicitly, in order to understand hosvaffects the learned hexagon patterns,
and conversely what the hexagon patterns reveal about the undeslyiings will enable us to gain a
deeper geometric understanding of the grid cell patterns. We shall discuss lesimif\gpendix .

Assumption 2 Transformationv(x + x)= F(v(x); X),whereF is arecurrent neural network.
We want to be agnostic abobt and our numerical experiments show that hexagon grid patterns
emerge regardless of the formfef In our experiments, we consider the following simple forms.

(1) Linear modelv(x + x)= v(x)+ B( )v(x) r,where r = k xkis the displacement, and
is the heading direction of x. B ( ) isad d square matrix.
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(2) Nonlinear model 1v(x + x) = R(Av (x)+ B( )v(x) r + b), whereR is elementwise
nonlinearity such as ReLW andB ( ) ared dsquare matrices, ardlisd 1 bias vector.

(3) Nonlinear model 2v(x + x)= R(Av(x)+ B( ) r+ b),whereB( )isad 1vectorb
is bias vector, an® is nonlinearity.

Assumption 3 Normalization: kv(x)k = 1 for eachx 2 D. kv(x)k? = P (Vi (x)? can be
interpreted as the total energy of the population of neuronsahpositionx . This normalization
assumption makes the conformal isometry assumption well-de ned. Otherwise, we can multiply the
vectorv(x) by an arbitrary constam so that the scaling factaris changed t@s. Such undesirable
arbitrariness is eliminated by the normalization assumption.

Assumption 4 Non-negativity:v;(x) 0 for eachi andx. This is the assumption studied by
Dordek et al. (2016); Sorscher et al. (2023); Stachenfeld et al. (2017). This is obviously true for
biological neurons. However, our ablation studies show that it is not necessary for the emergence of
hexagon grid patterns. On the other hand, this assumption does enable more stable learning of clean
patterns, because it greatly constrains the solution space.

The above assumptions form a minimalistic setting for studying grid cells, where place cells are not
involved. This enables us to study the grid cells in isolation with an explicit m&tric

Scaling property. Under the above assumptions, for a xed constatetw(x) = v(cx), then for
Assumption 1kw(x + x) w(X)k = kv(c(x + x)) v(ex)k = csk xk+ ok xk). For
Assumption 2y(x + Xx) = v(cx + ¢ x) = F(v(cex);c x) = F(w(X);c x)= F(#(x); X).
Assumptions 3 and 4 continue to hold. Therefore, a system with scaling factor be translated to
a system with scaling factas.

3.2 LEARNING METHOD

LetD bealm 1m Euclidean continuous square environment. We overky a 40 regular lattice
onD. We learnv(x) on the40 40 lattice points, but we treat as continuous, so that far off the
lattice points, we lev(x) be the bi-linear interpolation of the(x) on the 4 nearest grid points.

The loss function consists of the following two terms:
L1 Ex. x[(kv(x + x) v(x)k sk xk)?; 3)
Lo Ex; x[kv(x+ x) F(v(x); x)K; 4

whereL ; ensures Assumption 1 on conformal isometry, whilesatis es Assumption 2 on transfor-
mation. Sincd., is a one-step transformation loss, back-propagation through time is not required.

In L,, we assume x to be in nitesimal for local motion (e.gk xk 0:079. In L, however,
we assume X to be within a non-in nitesimal rangesk xk D (e.g.,D =1:25). In de ning

E x, we assume x follows uniform distribution within the ranges speci ed above. Lin, we
can also assume a more general distribufibnx), sothatL; = Ex[ (kv(x + x) v(x)k

sk xk)?p( x)d x].

We minimizeL = L; + L , over the set of/(x) on the 40 40 lattice points as well as the
parameters i, such a8 ( ) for the discrete set of directionsin the linear model. > Qis a
hyper-parameter that balandes andL ,. We use stochastic gradient descent to minirhizevhere

in each iteration, the expectationslirare replaced by the averages over Monte Carlo samples of
(x; Xx).

After each iteration, we set any negative elementg () to zero to enforce Assumption 4 on
non-negativity. Then we normalizer(x )k = 1 for eachx, ensuring Assumption 3 on normalization.

3.3 MAXIMALLY DISTANCE -PRESERVING POSITION EMBEDDING

While L, can be minimized to close to D4 has a non-zero minimum due to the non-in nitesimal
rangeD . For smallsk xk, the deviation is small due (k xKk) term. In fact, our experiment in
Section 3.5 shows that conformal isometry is nearly exactkorxk  :8. Beyond that point, the
deviation begins to increase due to the extrinsic curvature of the manifold. Mininizimgnounts
to nding the maximally distance-preserving position embedding at a given scaling switinin
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the rangeD . The reason we constrain the rangeslof x k is that under the scaling(x) = v(cx),
the deviation from conformal isometry Ly satis es:kw(x + x) w(x)k csk xk= kv(cx +
c x) v(ex)k skc xk.

3.4 NUMERICAL EXPERIMENTS

We perform numerical experiments in the minimalistic setting, testing the generality of our method
across various RNN parameterizations. Additionally, we varied the scaling faatat the number

of neurons. For x in Ly, we constrained it locally, ensurirgly xk  1:25 ForL,, k xk was
restricted to be smaller than 0.075.

The dimensions 0¥ (x), representing the total number of grid cells, were nominally s2dtr
both the linear model and nonlinear model 1, 40@0for nonlinear model 2. Notably, similar results
can be obtained with different numbers of cells, €50, for both the linear model and nonlinear
model 1. All the parameters are updated by Adam optimizer (Kingma & Ba, 2014).

(a) Learned grid cells (b) Toroidal analysis

Figure 2:Hexagonal periodic patterns learned in linear models. (a) Learned patterns of linear models with
different scales. (b) Toroidal structure spectral analysis of the activities of grid cells.

Hexagonal patterns We rst trained the linear model with manually assigned scaling fastor
minimizingL = L; + L ,. Figure 2(a) shows the learned ring patterns/gk ) for linear models

with the change of scaling factosswhich controlled the scale or metric. In Figure 2(a), each image
represents the response map for a grid cell, with each row displéyigdomly selected response

maps. The emergence of hexagonal periodic patterns in these response maps is evident. Consistency
in scale and orientation is observed within each scale, though variations in phases or spatial shifts are
apparent.

We also trained nonlinear models with various activation functions. In Figures 3(a-d), hexagonal
periodic patterns still emerge with nonlinear transformations, demonstrating that the grid-like patterns
are stable and easily learned regardless of the transformation type, grid scales, or number of neurons.

To evaluate how closely the learned patterns align with regular hexagonal grids, we recruited the most
commonly used metric for quantifying grid cells, the gridness score, adopted by the neuroscience
literature (Langston et al., 2010; Sargolini et al., 2006). The gridness scores and the valid rate
were reported in Table 1. Compared to other existing learning-based approaches, our models exhibit
notably high gridness scores) @nd a high percentage of valid grid cellg.(

Table 1:Gridness scores and validity rates of grid cells. ThEable 2:Scaling factos and estimated scale

last two rows represent the results of our models. for learned patterns in single-module linear
models.
MODEL GRIDNESY") VALID RATE(")
BANINO ET AL. (2018) 0.18 25.2% SCALING FACTOR  ESTIMATED SCALE
SORSCHER ET AL (2023) 0.48 56.1% -5 0.82
GAO ET AL. (2021) 0.90 73.1% S= -
OUR LINEAR 1.70 100.0% s=10 0.41
OUR NONLINEAR 1.17 100.0% s=15 0.27
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