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Abstract

The Busemann function has recently found
much interest in a variety of geometric ma-
chine learning problems, as it naturally de-
fines projections onto geodesic rays of Rie-
mannian manifolds and generalizes the no-
tion of hyperplanes. As several sources of
data can be conveniently modeled as proba-
bility distributions, it is natural to study this
function in the Wasserstein space, which car-
ries a rich formal Riemannian structure in-
duced by Optimal Transport metrics. In this
work, we investigate the existence and com-
putation of Busemann functions in Wasser-
stein space, which admits geodesic rays. We
establish closed-form expressions in two im-
portant cases: one-dimensional distributions
and Gaussian measures. These results en-
able explicit projection schemes for probabil-
ity distributions on R, which in turn allow us
to define novel Sliced-Wasserstein distances
over Gaussian mixtures and labeled datasets.
We demonstrate the efficiency of those origi-
nal schemes on synthetic datasets as well as
transfer learning problems.

1 INTRODUCTION

The Busemann function, introduced by Busemann
(1955), provides a natural generalization of affine
functions on non-compact metric spaces admitting
geodesics which can be extended to infinity. As such,
its level sets generalize the notion of affine hyperplanes
and so it provides a reliable means of projecting onto
geodesics. Thus, it has recently received a lot of
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attention in geometric Machine Learning approaches,
which aim at extending classical Euclidean algorithms
towards different spaces such as manifolds (Bronstein
et al., 2017; Papillon et al., 2025) for data analysis
purposes.

In particular, the Busemann function is well defined
on geodesically complete spaces, on which geodesics
can be extended to infinity in both directions. Al-
though this rules out compact manifolds, such spaces
include for instance hyperbolic manifolds, on which the
Busemann function has been widely used to perform
Principal Component Analysis (Chami et al., 2021), to
characterize directions and perform classification with
prototypes (Ghadimi Atigh et al., 2021; Durrant and
Leontidis, 2023; Berg et al., 2024, 2025), to define de-
cision boundaries for classification (Fan et al., 2023;
Doorenbos et al., 2024), to define layers of neural net-
works (Wang, 2021; Sonoda et al., 2022; Nguyen et al.,
2025b), or as a projection operator on geodesics in
order to define a Sliced-Wasserstein distance (Bonet
et al., 2023a, 2025b).

These successes in hyperbolic geometry suggest ex-
ploring the role of the Busemann function in other
non-Euclidean settings. Many real-world data are best
modeled as probability distributions. This is the case
for instance for documents that are distributions of
words (Kusner et al., 2015), single-cells (Bellazzi et al.,
2021; Haviv et al., 2025b), point clouds (Haviv et al.,
2025a; Geuter et al., 2025), or even images (Seguy and
Cuturi, 2015). Moreover, Gaussian mixtures (Chen
et al., 2018; Delon and Desolneux, 2020) or datasets
with discrete labels that can be represented as mix-
tures of discrete distributions (Alvarez-Melis and Fusi,
2020; Bonet et al., 2025a), can be seen as datasets of
probability distributions. One powerful way to endow
the space of probability distributions with a metric
consists in using Optimal Transport (OT) and, in par-
ticular, the Wasserstein distance (Villani, 2009). This
distance allows to define the Wasserstein space, which
enjoys a very rich geometry thoroughly studied in the
last decades, see e.g. (Ambrosio et al., 2008; Vil-
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lani, 2009; Santambrogio, 2015). Notably, it carries
a formal Riemannian structure, and admits geodesics.
Thus, the study of Busemann functions on the Wasser-
stein space is especially compelling for data analysis.
A key challenge, however, is that the Wasserstein space
is not geodesically complete, which prevents defining
the Busemann function along every geodesic. Fortu-
nately, for any base measure g, there is always at least
one geodesic starting from pg that can be extended to
infinity in one direction (Zhu et al., 2021).

Contributions. In this work, we first provide suffi-
cient conditions to characterize geodesic rays on the
Wasserstein space, i.e geodesics that can be extended
in one direction. We then investigate how to compute
the Busemann function along such geodesics. In full
generality, we show that this computation reduces to
solving an OT problem. In specific cases such as one-
dimensional or Gaussian distributions, the Busemann
function also admits closed-form expressions. Lever-
aging these closed-forms, we introduce new sliced dis-
tances between labeled datasets. Our results show
a strong correlation with classical distances between
datasets while being more computationally efficient.
Finally, minimizing these distances allows to flow
datasets, which we apply in a transfer learning setting.

2 WASSERSTEIN SPACE

In this section, we introduce the Wasserstein space
and its associated Riemannian structure. Then, we
study characterizations of geodesic rays on this space,
i.e. geodesics that can be extended to infinity in
one direction. In particular, we focus on absolutely
continuous probability measures, one dimensional
probability measures, and Gaussians.

2.1 Wasserstein Distance

Let P2(R?) = {u € P(RY), [|z||3 du(z) < oo} be the
space of probability measures in R? with finite second
moments. Optimal Transport (OT) provides a prin-
cipled way to define a distance on this space through
the 2-Wasserstein distance (Villani, 2009), defined for
all p,v € Po(R?) as

Wi = _int o=yl driza). ()
yE(p,v)

where IT(u, v) = {y € P(R*xR?), 7l = p, 75,7 = v}
is the set of couplings between p and v, 7t : (z,9) —
and 72 : (z,y) — y are the projections on the coor-
dinates, and # is the push-forward operator defined
such that Tyupu(A) = p(T7(A)) for a measurable
map T : R4 — R?, ;i € Py(R%) and Borelian A €
B(RY). In particular, Wy is a well defined distance,
and (P2(RY), W) is called the Wasserstein space.

The OT problem introduces two objects of inter-
est: the distance W5 and the optimal coupling v* €
IT,(p,v) solving (1). In the particular case where
p € P2ac(RY) is absolutely continuous with respect
to the Lebesgue measure, it is well known by Brenier’s
theorem (Brenier, 1991) that the optimal coupling ~v*
is unique and supported on the graph of a map T,
called the Monge map, i.e. v* = (Id, T)xp with T sat-
isfying Typ = v and Id :  — = the identity function.

Additionally, there are a few specific cases for which
the Wasserstein distance can be computed in closed-
form. In dimension d = 1, the Wasserstein distance is
only the L? norm between the quantile functions, i.e.
for all u,v € P2(R),

1
2(u,v) = 71u—71u2u
W3 (1, v) /Om() E W du, ()

where F ' and F; ' denote the quantile functions
of p and v. The optimal coupling is then obtained
as v* = (F, ', F;")4Unif([0,1]), and if g is ab-
solutely continuous, the OT map is the increasing
rearrangement T = F, ! o F, (Santambrogio, 2015,
Theorem 2.9). In higher dimensions, we usually do
not have a closed-form, except in particular cases such
as the Wasserstein distance between two Gaussian
distributions (Givens and Shortt, 1984; Gelbrich,
1990). Namely, for p = N(m,,X,), v = N(m,,%,)
two Gaussian distributions with respective means
My, My € R? and positive definite covariance matrices
PINDINNS S;'+(R), we get,

Wi, v) = my —mu |3 + B2, %), (3)

where B defines a distance between positive semi-
definite matrices, known in the literature of quantum
information as the Bures distance (Bhatia et al.,
2019), and is of the form

B(%,, 3y) = Tr (S, + 5 2(252@3)%) L@

Thus, we refer to the Wasserstein distance between
Gaussians as the Bures-Wasserstein distance BW,
and the space of Gaussians endowed with BW is
called the Bures-Wasserstein space BW(R?). Further-
more, the OT map between p and v is of the form
T:z = m, + Aj(x —m,) (Peyré and Cuturi, 2019,
Remark 2.31) where

AL =%, 5 (D8, 80) 8, (5)

N

Riemannian Structure. It is well known that the
Wasserstein space has a formal Riemannian structure
(Otto, 2001). In particular, it is a geodesic space:
for any measures g, 1 € Po2(R?), there is at least
one constant-speed geodesic, i.e. a continuous curve
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t €[0,1] = s € Po(R?) interpolating between 1o and
11, and satisfying

Vs, t € [0,1], Wa(ue, 1s) = [t — s|Wa(po, ). (6)

We call k, = Wa(uo,p1) the speed of the geodesic
(4t)tefo,1)- Such a curve is always a displacement inter-
polation (Bertrand and Kloeckner, 2012, Proposition
2.9), i.e. it is of the form (McCann, 1997)

vte[0,1], p = (1—t)r' + th)#v*, (7)

where v* € II,(uo, pt1), and is fully characterized by
Lo, 1 and v*. In the case where an OT map T exists
between g and py, e.g. if pg € Paac(R?), then the
geodesic curve can be further written as

vt e [0,1], = ((1—t)Id+ tT) 0. (8)

If the geodesic can be extended for any t € R, i.e. (6)
is satisfied for any s,t € R, it is called a geodesic line.
If (6) holds for any s,t € Ry, it is called a geodesic
ray (Bridson and Haefliger, 2013).

2.2 Geodesic Rays on (P3(R%), Ws)

Kloeckner (2010) first studied the conditions on the
measures po and gy under which the geodesics con-
necting them can be extended. For instance, in
(Kloeckner, 2010, Proposition 3.6), it was shown that
the geodesic curve t — p; is a geodesic line if and only
if p1 is a translation of pg. Consequently, construct-
ing geodesic lines is very restrictive. Geodesic rays are
more flexible, and are also the appropriate object that
allows defining Busemann functions: in (Zhu et al.,
2021), it is proved that for any py € Po(R?), there
exists at least one geodesic ray originating from it.

In this paper, we discuss how to characterize geodesic
rays on (Po(R?), Wy). First, if yp = 6, for some
g € R? then by (Bertrand and Kloeckner, 2016,
Lemma 2.1), we can extend any geodesic starting from
po and passing through pu; € Po(R?) as a geodesic
ray of the form p; = ((1 — t)zo + tId)xpy for any
t > 0, since the optimal coupling in this case is the
independent coupling v = po ® uy. However, for
an arbitrary po € Po(RY), not all geodesics can be
extended as geodesic rays.

In the setting of Brenier’s theorem, we show that
geodesics are rays if and only if the Monge map be-
tween pg and p; is the gradient of a 1-convex Brenier

2
potential function u, that is z — u(x)— % is convex.
Proposition 1. Let jg € P2ac(RY), p1 € Pa(RY),
and T the Monge map between pg and py. The curve
t— = ((1 —t)Id + tT)#MO is a geodesic ray if and
only if T is the gradient of a I1-convex function u.

This result is strongly related to (Gallouét et al., 2024,
Section 4) in which it is stated that a geodesic can be
extended on a segment [0, ] for a > 1 if and only if

2
x = au(z) — (a — 1)% is convex (or equivalently,
2
x = ulx) — (1 — é)% is convex). Taking the limit

a — 400, we recover the result of Proposition 1.

Note that o € Pa ac(R?) in Proposition 1 allows lever-
aging Brenier’s theorem and guarantees that there ex-
ists an OT map. In the one dimensional case, we can
further characterize geodesic rays starting from any
to € P2(R) with quantile functions. Indeed, denoting
FO_1 and F] ! the quantile functions of yg, 11 € P2(R),
the geodesic between po and p; at time t € [0,1]
is defined by pu; = ((1 —t)rl + t7r2)#’y* with v* =
(Fyt, Fy )4 Unif([0,1]) the optimal coupling between
o and pq. Then, for Ft_1 the quantile of the geodesic
at time ¢ € [0, 1], it is well known (see e.g. (Ambrosio
et al., 2008, Equation 7.2.8)) that

Vte[0,1), F,l =1 —t)Fy ' +tF7 (9)

As observed by Kloeckner (2010), non-decreasing
left-continuous functions are the inverse cumulative
distribution function of a probability distribution.
We can thus extend the geodesic as long as Ft_1 is
non-decreasing, which gives a condition on F|~ - Fo_l.

Proposition 2. Let pg, p1 € P2(R) and Fy ', Fit
their quantile functions. The geodesic between pgy and
w1 1s a ray if and only if Fl_1 —FO_1 s non-decreasing.

As an application of Proposition 2, we get the follow-
ing results on discrete 1D distributions with the same
number of samples, and on 1D Gaussian distributions.

Corollary 1. Letx1 < - <z, €ER, 1 <---<yn €
R, uo = %ZLI 0z, and pq = %Z?:1 0y,. Then, the
geodesic between pg and py is a ray if and only if for
all j>1, yi —x; <y; — 5.

Note that in the setting of Corollary 1, the geodesic is
given by f1y = L 37" | 6(1_4)z, 41y, 2 points are sorted.
Hence, the condition y; — x; < y; —x; for all 7 > ¢
ensures that there are no crossings between particles
for all time ¢ > 0 since x; +t(y; —x;) < z; +t(y; —x; ).
The optimal assignment between u; and us therefore
remains the same (the identity) for any s,¢ > 0.
Corollary 2. Let pig = N(mo,03), p1 = N(m,0?)
with mg,m1 € R, 09,01 € Ry. Then, the geodesic
between po and @y is a ray if and only if o1 > o0y.

Note that if 07 = o7 in Corollary 2, i.e. if the measures
are translated, we recover that the geodesic is indeed a
line, as it can be extended to infinity in both directions.
In the case of arbitrary 1D Gaussian distributions, we
can actually obtain the largest interval over which the
geodesic can be extended, see Appendix C.
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For Gaussians of any dimension, we have that the
Bures-Wasserstein space BW(R?) is geodesically con-
vex, i.e. the geodesic between two Gaussian dis-
tributions stays in BW(R?) at each time t € [0,1].
In particular, the geodesic between p = N(m,,%,)
and v = N(m,,%,) is given, for all ¢t € [0,1], by
pe = N(my, X)) (Altschuler et al., 2021) with,

my = (1 —t)m, +tm, (10)

Y= ((1—t)Ig+tA}) S, (1 —t)Iq + tA},).

As an application of Proposition 1, we can extend
Corollary 2 to Gaussian distributions for d > 1. In
particular, the condition g9 < o7 is extended to X
and ¥, through the partial (Loewner) ordering < on
ST(R), the space of positive semi-definite matrices,
defined by A = B if and only if A — B € S} (R).

Corollary 3. Let py = N(mg, o), 1 = N(mq,%q)

with mg,m1 € R? and £9,3; € S;+(R), Then, the

geodesic between pg and py is a geodesic ray if and
1

only if (232125)% = .

1 1
Note that this condition is implied by X7 = 33§ in
general by Furata’s inequality (Fujii, 2010, Theorem
1.3), and equivalent whenever ¥y and ¥; commute.

The conditions on py and g to obtain geodesic rays
can be seen as guaranteeing a certain regularity along
the geodesic. For instance, when pg € Paac(RY),
choosing (11 = Vuupe for a l-convex function u
(see Proposition 1) guarantees that the geodesic
always stays in PQ,aC(Rd). While it does not hold
for an arbitrary p; € P»(R?), it would be possible
to find the closest geodesic ray e.g. by minimizing
Wao(Vugpo, p1) with u 1-convex (Paty et al., 2020).
In the discrete case, these conditions can be inter-
preted in terms of particle dynamics: failure to satisfy
the conditions corresponds to particle crossings.

An alternative extrapolation of geodesic curves beyond
t = 1 was recently proposed by Gallouét et al. (2025)
by solving a suitable variational problem. Their ex-
trapolation coincides with the constant-speed geodesic
as long as the curve remains geodesic, and therefore co-
incides with a true geodesic for all ¢ > 0 when consid-
ering rays. Nonetheless, it is not the case for geodesics
that are not rays. In particular for p; a Dirac, their
solution merges particles after crossing at the Dirac.
In this work, we only consider true geodesic rays.

We also note that the conditions to have geodesic rays
are very similar to those where pg is smaller than
1 in the convex order when their first moments co-
incide, i.e. satisfying for all f : RY — R? convex,
[ fdpo < [ fdpa, see e.g. (Miiller, 2001, Theorem
4 and 6) for the Gaussian case, and (Shu, 2020) for

the 1D case. These conditions are also connected to
projections in the convex order, see e.g. (Alfonsi and
Jourdain, 2025, Proposition 3.3). We defer a more
comprehensive study of these relations to future work.

3 BUSEMANN FUNCTION

In this section, we first introduce the Busemann func-
tion in geodesic metric spaces. We then discuss how
to compute it in the Wasserstein space in general set-
tings, and in specific cases where a closed-form exists.

3.1 Background on the Busemann Function

In any geodesic metric space (X,d) that admits
geodesic rays, the Busemann function B7 associated
to a geodesic ray -y can be defined for any x € X, as in
(Bridson and Haefliger, 2013, I1.8.17),

B(x) = lim d(y(t),z) —t-d(y(0),7(1)). (1)

This function has attracted particular interest
in geometric Machine Learning as it provides a
natural generalization of hyperplanes on metric
spaces. Indeed, in the particular case of Euclidean
spaces, geodesic rays are of the form ~(t) = t6 for
6 € 591 = {0 € RY ||0]|2 = 1}, t € R, and the
Busemann function is given, for any z € RY, by
BY(z) = —(x,0). Therefore, its level sets are (affine)
hyperplanes. Moreover, the Busemann function
provides a principled way to project a point x € X
on the geodesic ray «. In fact, noticing that for any
s € Ry, B7(y(s)) = —s, the projection of z € X on
7 is given by P¥(z) = ~( — BY(z)). In particular, all
points on a level set of B are projected on the same
point. Note however that when —B7(z) < 0, there
is, in general, no guarantee that v( — B (x)) belongs
to the geodesic, but B7(x) € R is always well defined,
and provides a projection on R. In a Hilbertian space
(i.e. of null curvature), the Busemann projection is
actually equivalent to the coordinate of the metric
projection, i.e. —B7(x) = argmin, d(z,7(t)).

3.2 Busemann on the Wasserstein Space

As the Wasserstein space is not geodesically complete,
not all geodesic can be extended as a ray, and thus the
Busemann function is not defined along every geodesic.
Fortunately, any p9 € P2(R?) is the starting point of at
least one geodesic ray (Zhu et al., 2021, Theorem 1.1),
and in some particular cases, we can characterize them
as described in the previous section. Let (u):>0 be a
geodesic ray and k, = Wa(po, 1) its speed. Let us
define the Busemann function B* associated to (p¢)¢>0
by, for any v € Py(R?),

Bt(v) = tlgglo Wo (e, v) — Kyt. (12)
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Thanks to the Riemannian structure of (P2 (R?), W),
we can always assume that geodesics have unit speed,
i.e. K, =1, see Appendix A.1. In the following formu-
las of B*, this translates as a renormalization by r,,.

First, we show that B* admits a more convenient
form as an infimum over a suitable set of couplings
F(Movl’élvy) = {5/ € H(Movﬂ’hy)? 77;1425/ € HO(MO7M1)}
between pg, 1 and v, and such that the coupling be-
tween the two first marginals is optimal for (1).

Proposition 3. Let (ui)i>0 be a geodesic ray on
Pa(R%). Let v € Po(R?), then

B#(l/) = (13)
inf —/1—1/.1: — 0,y — o) d¥(x0, x1,Y).
YET (1o, p1,v) B {1 0:Y 0) d¥(zo,z1,Y)

We can refine the result in the case where the geodesic
ray is given by an OT map, i.e., when the OT map is
the gradient of a 1-convex function by Proposition 1.

Corollary 4. Let pg € P2ac(R?), p1 € P2(RY), and
assume the OT map T between pg and p is the gra-
dient of a 1-convex function. Let v € Py(RY), then,

B*(v) (14)

= inf —/s_l/Tm —xo,y — x9) dy(zo,y).
S eTlhow) m (T(20) 0y 0) dv(zo,y)

This problem is equivalent to the OT problem

in / IT(z0) — 20 — I3 dv(zory), (1)
YEI(po,v)

and can thus be solved using classical OT solvers.

In the specific case where g is a Dirac, we can also
leverage that any geodesic is a ray, and that the opti-
mal coupling is of the form v = po ® p1.

Corollary 5. Let ji9 = 05, where xg € R?, and 1 €
Pa(RY). Let v € Po(R?), then

B*(v) = inf —H;I /<£E1 — 2o,y — xo) dy(21,9).
'YGH(F“:V)

(16)

Note that (16) is equivalent to the OT problem
(1) between py and v. Letting p1 = 0, with
0 =21 — 1m0 € ST and (t) = 2 + 0, (16) is equal
to [ B7(y)dv(y) and thus the Busemann function lifts
from R? to Po(RY).

3.3 Closed-forms of the Busemann Function

In the cases mentioned above, we don’t have a closed-
form for the OT problem, and must therefore solve an
optimization problem to compute the corresponding

Busemann functions. Nonetheless, we can compute it
in closed-form whenever closed-forms for the Wasser-
stein distance and the geodesics are available. First,
we consider 1D distributions leveraging (2) and (9).

Proposition 4. Let (u¢)i>0 be a unit-speed geodesic
ray in P2(R) (i.e. k, =1), then for any v € Pa2(R),
Bv)=—(F; ' —Fy L Fy = Fy Yeqoap- (17

v

We observe that, up to a sign, (17) corresponds to the
inner product in L?([0,1]) between F; ' — F; ' and
F;' — F;', which are the quantiles centered around
Fy ! and is directly obtained from the Hilbert struc-
ture of the one dimensional Wasserstein space. Conse-
quently, the Busemann function between 1D Gaussians
is only an inner product on the product space R x R%}.
of the (centered) means and standard deviations.

Corollary 6. Let 19 = N(mg,03), u1 = N(my,0%),
v =N (m,o?) withmg,mi,m € R, 59, 01,0 € RY such
that o1 > o9 and W3(po, 1) = 1. Then,

B*(v) = —(m1—mg)(m—mp)—(c1—0¢)(c—09). (18)

More generally, on BW(R?), we leverage the closed-
forms of the Wasserstein distance (3) and geodesics
(10), which remain Gaussian at all time.

Proposition 5. Let (11:)i>0 be a geodesic ray charac-
terized by po = N(mo, o) and py = N(my, 1), and
such that K, = 1. Then, for any v =N(m,X%),
BN(I/) = —<m1 — mop, m — m0> + TI"(E()(Aﬁ(l) — Id))
~Tr((2%(Z — SoAl — A%, + $,)5%)3).  (19)

When all covariance matrices commute, e.g. if they
are diagonal matrices, (19) simplifies as

B*(v) = —(m1 — mg, m — my)
— (2} -85 -5k (20)

This corresponds to the inner product in the space R%x
Sq4(R). Moreover, we recover (18) in one dimension.

4 SLICING DATASETS

Building on the Sliced-Wasserstein distance, a compu-
tationally efficient alternative to the Wasserstein dis-
tance, we use the Busemann function to construct new
sliced distances to compare labeled datasets.

4.1 Sliced-Wasserstein Distance

Given two discrete distributions p™ = £ 3" | 6, and
=1 Dy 0y, € P2 (R?), the Wasserstein distance

T n
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between p™ and v™ can be computed in O(n3logn),
which is too costly for many applications. Thus, sev-
eral variants have been proposed, such as adding an
entropic regularization and using Sinkhorn’s algorithm
(Cuturi, 2013), mini-batchs (Fatras et al., 2020, 2021)
or low-rank solvers (Scetbon et al., 2021).

Another very popular alternative to the Wasserstein
distance, which enjoys much better computational
properties, is the Sliced-Wasserstein (SW) distance
(Rabin et al., 2012; Bonneel et al., 2015). It is based
on the attractive closed-form of the Wasserstein
distance in 1D (2), which can be computed in practice
between discrete distributions by sorting the samples
and therefore has a complexity of O(nlogn). Given
a parametric one dimensional projection P? : R — R
with 6 € ©, SW is then defined between p, v € Po(R?)
as the average of the 1D Wasserstein distances
between the projected distributions, i.e.,

SW(n.v) = [ W3Phu, Pl XO), (21)

for A € P(O©). In its original formulation, SW is
set for © = 891 e the unit hypersphere in
dimension d, A = U(S9"1), the uniform measure on
S4=1 and for any 6 € St P%(z) = (x,0). However,
there exist other variants with different projection
schemes, e.g. convolutions for image data (Nguyen
and Ho, 2022), manifold-aware projections (Bonet
et al., 2023a,b, 2025b), or more general non linear
projections (Kolouri et al., 2019; Chen et al., 2022).

4.2 Comparing Labeled Datasets

n

We consider a dataset D = {(zs,%:)},_,
samples z; € R? associated to a label y; from a set
of C classes Y = {1,...,C}. Class conditional dis-
tributions are given for a specific class y € ) by
e(y) = % 2im1 O L=y, With ny = 3700 1y,
the number of samples in the class y. A dataset
can then be represented by a probability distribu-
tion over the product space R? x Py(R%), i.e. as

%Z?:l O(aip(y:) € P2(R? x PQ(RdD'
Alvarez-Melis and Fusi (2020) proposed to use

of pairs of

dp((2,y), (@,9))" = ||z = '3 + W3 (o(v), (1))
(22)
as groundcost of an optimal transport problem on
Pg(Rd X Pg(Rd)), defining the Optimal Transport
Dataset Distance (OTDD), see Appendix A.4. How-
ever, OTDD is costly to compute as it requires to
solve O(C?) OT problems with n, samples to com-
pute the groundcost (22), and a global OT problem
with n = Ele n, samples. This has led to several
approximations and variants aimed at reducing the

computational cost, see e.g. (Hua et al., 2023; Liu
et al., 2025; Nguyen et al., 2025a; Bonet et al., 2025a).

Nguyen et al. (2025a) recently proposed a sliced dis-
tance for labeled datasets on Py (R? x Py(R?)). This
requires building a projection from R? x Py (R?) to R
to project the distribution of pairs (x;,¢(y;)) onto a
distribution in P2(R). Their construction can be bro-
ken down into combining two projections from RY — R
and from Py(R?) — R using the Hierarchical Hybrid
projection (Nguyen and Ho, 2024), which consists of a
random linear combination with weights in the sphere.
Especially, for any labeled sample (z,y) € R%x ), their
projection is of the form

k
PPNz, y) = a1 PP (z) + Z i M (Pi@(y)%
i=1
(23)
with P? : R — R any projection on a line, M?* :
P2(R) — R the moment transform projection and o €
S*. Plugging (23) into the Wasserstein distance term
on P2(R) in (21) defines the sliced OTDD distance
(SOTDD) on P2 (R% x P2(R%)).

4.3 Slicing Datasets with Busemann

As the Busemann function allows to project any prob-
ability distribution onto R, it is natural to use it as
a projection to define Sliced-Wasserstein distances for
the purpose of comparing labeled datasets.

From a computational perspective, we want to avoid
solving additional OT problems to compute the Buse-
mann functions. Therefore, we propose two new dis-
crepancies based on the closed-forms of the Busemann
function for 1D probability distributions (17) and for
Gaussians (19). In both cases, as in Nguyen et al.
(2025a), we use the Hierarchical Hybrid projection
from (Nguyen and Ho, 2024) to combine the projec-
tion P? : R* — R of the features and Q":Y — Rof
the labels, i.e. for a € S', we define for (z,y) € R¢x Y,

PO((2,y)) = ar PO(a) + 02Q"(y).  (24)

Gaussian Approximation. To leverage the closed-
form between Gaussian (19), we use a Gaussian ap-
proximation of the classes, with a possible dimension
reduction of the features beforehand as in (Hua et al.,
2023). Let us denote ¢ : R? — R? a dimension re-
duction operator with d’ < d, and, for p € Pg(Rdl),
the Gaussian approximation Z(u) = N (m(p), (k)
with m(s) — [ odp(x) and (1) = [(z - m(u)) @
(x — m(p)) du(z) the mean and covariance opera-
tors. The label projections are then given by Q"(y) =
B"(E(gp(y))) with n a geodesic ray on BW (R®).

To define a sliced distance, we also need to sample
a valid ray n so that the Busemann function is well



Clément Bonet, Elsa Cazelles, Lucas Drumetz, Nicolas Courty

ps =071, pp = 0.72 ps = 0.87, pp = 0.87 ps =087, pp = 0.8

3 4 5
SOTDD-10? (5000 projs)
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Figure 1: Spearman (pg) and Pearson (pp) correlation
between SOTDD, SWB1DG, SWBG and OTDD be-
tween subdatasets of CIFARI10.

defined. To do so, we choose to fix ng = N(0, Iy),
and sample 7; = AN(my,%;) such that m; € S9-1
1
1 € S;T(R) with £ = I, and W3(no,m) = 1.
To enforce ¥7 » I;, we remark that it is equiva-
lent to consider S = log;, (1) = £} — I3 = 0, where
log;, is the logarithm map in S *(R). Thus, we sam-
ple uniformly A € O4q(R) an orthogonal matrix and
0 € S971, and define S := Adiag(|0|)AT and X, =
expy,(S) = (Ia + S)?. To enforce W3(no,m) = 1, we
normalize (m; — mg,S) in the tangent space to have
a unit-speed geodesic ray, see Appendix B. Given two
datasets P,Q € P (R x Po(R?)), we define the Sliced-
Wasserstein Busemann Gaussian distance (SWBG) as

SWBG?(P,Q) = / W3(PJP, PLQ) dA(W),  (25)

with ¥ = (a,@,é,A,ml) and A\ the uniform measure
on the resulting product space.

1D Projections. To leverage the 1D closed-form of
the Busemann function (17), we can first project the
class conditional distributions in 1D, and define for y €
Y, Q"0 (y) = B" (Pigp(y)). Regarding 7, setting ny =
do, we get geodesic rays for any 71, and thus set n; =
N(my,0%) such that the speed &, = W3(no,m) =
m?2 4+ 02 = 1. Then, for u € P2(R), (17) writes

B () = —mim() — o1 [ 67 P () du. 29

with ¢ the cumulative distribution function of N'(0,1).
In practice, the geodesic ray can be sampled us-

ing m; ~ U([-1,1]) and setting o1 = /1 —m3.
Given P,Q € P2(R? x P2(RY)), we define the
Sliced-Wasserstein Busemann 1D Gaussian distance
(SWBI1DG) as

SWBlDGQ(P,Q):/W%(P;iP,P;ZQ) dA(), (27)

with 9 = (a,0,m;) and A = U(S* x S9! x [-1,1]).

Table 1: Correlation averaged over 10 sets of 50 boot-
strapped pairs of subdatasets of CIFAR10, for different
number of projections L.

L Spearman correlation (pg) Pearson correlation (pp)

SOTDD SWBIDG SWBG SOTDD SWBIDG SWBG

10 14.0411.3 44.31108 4024122 16.04129 38.61146 42.7195
50 30.54129 62.6164 40.4i9s 2524114  63.6463 428135
100 1555118 Tl.9:6a  68.1i70 2104114 739455 728454
500 521481 823422  T8.4u60 54.618s  83.5121 794477
1000 52.0£100  83.6148 83.7450 5314113 85.6435 849443
5000 72275  885i4s 89.3iss 754455  8T.8ips  89.0494
10000 726561 827145  86.Tis0 T704ss  8T.3i0s 90.2104

At the time of submission, we noticed the concurrent
work (Piening and Beinert, 2026) whose sliced con-
struction on Py (P2(R?)) is close to SWBIDG, even
though it is obtained from a different viewpoint. We
detail in Appendix A.3 the relation between the two
sliced distances.

Computational Properties. The sliced distances
can be approximated using Monte-Carlo projections.
Given L projections, the complexity of SWB1DG is
O(Ln(logn+d)), similarly to SOTDD. SWBG is more
costly as it requires to compute square roots of matri-
ces, which gives a complexity of O(LCd’ 3+ Ln(logn+
d) + C’d’ZNC) with N¢ = max, n,. We refer to Ap-
pendix E for numerical comparisons.

Slicing Mixtures. The constructions can also be
used to compare distributions on P(P2(R?)) by
setting a; = 0. In Appendix B, we investigate such
constructions to compare Gaussian mixtures.

5 EXPERIMENTS

In this Section, we compare the sliced-based distances
on labeled datasets. We first show that SWB1DG
and SWBG are better replacements for OTDD than
SOTDD, as they are more correlated with it. Then, we
show that these distances can be used to flow datasets
(Alvarez-Melis and Fusi, 2021), for instance to perform
transfer learning. We refer to Appendix E for details'.

5.1 Correlation with OTDD

To show that the sliced distances are suitable proxies
to the costly OTDD distance (Alvarez-Melis and Fusi,
2020), we measure the correlation between OTDD and
the sliced distances on image datasets.

Following (Nguyen et al., 2025a), we randomly split
the CIFAR10 dataset (Krizhevsky et al., 2009) to
get subdataset pairs, with sizes ranging from 5000
to 10000 samples, obtaining 200 pairs. Between each

!Code available at https://github.com/clbonet/
Busemann_Functions_in_the_Wasserstein_Space
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Iter 25
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Figure 2: Evolution of the WoW gradient flow of SWBG and SOTDD with the 3-rings dataset as target.

pair, we compute OTDD, SOTDD, SWB1DG and
SWBG. OTDD and SOTDD are computed using
the code shared by Nguyen et al. (2025a)%?. For
SWBG, we used a TSNE in dimension 10 for v using
the TorchDR library (Van Assel et al., 2024). The
projections are done using convolution projections, as
they better capture the spatial structure and are more
suitable to compare distributions of images (Nguyen
and Ho, 2022).

We report the results in Figure 1, where we first scat-
ter the values obtained in ordinate for OTDD, and
in abscissa for the sliced distances with 5000 projec-
tions. Then, we report the values of the Spearman
and Pearson correlations.The Pearson correlation is
equal to +1 when both quantities are linearly cor-
related while Spearman correlation is equal to £1 if
the quantities are monotonically related. We observe
that both SWB1DG and SWBG are better correlated
to OTDD than SOTDD. We note that the results
do not match those in (Nguyen et al., 2025a), where
they used only 10 pairs. We hypothesize that for such
small number of samples, the Spearman and Pearson
correlation are very sensitive to randomness. To ver-
ify the robustness of our results, we report in Table 1
the results obtained by bootstrapping 50 pairs of sub-
datasets, and averaging over 10 experiments. Using
this process for different numbers of projections, we
see that the Busemann based sliced distances always
outperform SOTDD, and often under a much smaller
number of projections.

5.2 Flowing Labeled Datasets

Flowing one dataset onto another is useful to solve
tasks ranging from domain adaptation to transfer
learning (Alvarez-Melis and Fusi, 2021; Hua et al.,
2023) or dataset distillation (Bonet et al., 2025a). This
is achieved by minimizing a discrepancy on the space
of datasets with respect to a target dataset, and start-
ing from the source dataset. Alvarez-Melis and Fusi
(2021) proposed to minimize OTDD while Hua et al.

2at https://github.com/hainn2803/s-0TDD
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2
WWz 104
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1078 T T T T T T
0 200 400 600 800 1000
Time (7- iter)

Figure 3: Convergence of the flow towards the 3-rings,
averaged over 100 random batches of the target.

(2023) minimized a Maximum Mean Discrepancy.

Bonet et al. (2025a) modeled this task as a minimiza-
tion problem over the space P2 (P2(R?)), representing

datasets with n samples by class as P = & 354, €
P2(P2(RY)) with pe = 1370 65, Lyyimep. A dis-
crepancy F(P) = D(P,Q) with P,Q € P3(P2(R?))
can be minimized by a Wasserstein over Wasserstein
(WoW) gradient descent on this space. In particular,
for P = &35 6,., the WoW gradient Vyy,,, F(P)
can be recovered by rescaling the Euclidean gradi-
ent of F(x) = F(P) for x = (2i¢)ic by nC, i.e.
Vww, F(P)(#e) (i) = nCVF(x);., see (Bonet et al.,
2025a, Proposition B.7). Given P* = L3577 6,
pk = L5 6,,., the WoW gradient descent corre-
sponds to updating each particle xf . as

VE >0, a7t = i, — TV wy, F(PY) (ue) (a7 ,). (28)
Thus, we propose to minimize the sliced distances us-
ing the bijection from Ps (P2(R?)) — P2 (R x P2(R?)),
and performing gradient descent on P»(P2(R?)).

Rings Dataset. We first focus on a toy example,
where the target dataset contains C' = 3 classes, and
each class forms a ring of n = 80 samples (Glaser et al.,
2021; Bonet et al., 2025a). We learn a distribution P
of the same form and with the same number of parti-
cles. In Figure 3, we show the convergence of the WoW
gradient flows of SOTDD, SWB1DG and SWBG with
the 3-rings dataset as target, averaged over 100 differ-
ent random batches of the target, and measured with
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Table 2: Accuracy of a classifier on augmented
datasets for k € {1,5,10,100}. M refers to MNIST,
F to Fashion MNIST and U to USPS.

Dataset k&  Trainedon Q OTDD SWBIDG SOTDD
1 26.045.3 30.544.0 41.343.4 43.445¢

Mto F 5 38.516.7 59.7+18 65.5116 645110
10 53~9i7.9 64-0i1.4 66.0i0_9 67'7i0.6

100 7l.lirs , 741106 720419

1 32.4479 39.5479 45.4443 50.115¢

Mto U 5 51.4498 73.3414 735414 7574108
10 60.3i10_1 72.712_7 77-8i1_4 80-1i1.0

100 87.5i0_7 - 90-1i0_4 89.6i()‘3

the WoW distance (i.e. the OT problem with W3
as ground cost, which we denote Wwy,, see Appendix
A.3). We use a step size of 7 =1 and 1000 iterations.
The best performing distance appears to be SWBG.
We also report the particles along the flows of SWBG
and SOTDD on Figure 2, clearly showing that the flow
of SWBG converges faster than the one of SOTDD.

Transfer Learning. We now counsider flowing im-
age datasets to solve a k-shot transfer learning task
(Alvarez-Melis and Fusi, 2021; Hua et al., 2023). In
this experiment, we consider a target dataset Q with
k samples by class, where k is typically small. To im-
prove the classification results, we augment the dataset
Q by concatenating it with samples flowed from an-
other dataset Py, from which we have n samples by
class. This is done by minimizing a distance on the
space of datasets with respect to Q, i.e. by minimizing
F(P) = D(P,Q) starting from Py. Any divergence on
P2 (R? x P2(R?)) may be chosen for D. We focus here
on comparing OTDD, SOTDD and SWB1DG for D.

We take Py as the MNIST dataset (LeCun and Cortes,
2010), and Q as Fashion MNIST (Xiao et al., 2017)
or USPS (Hull, 1994), and set k € {1,5,10,100} and
n = 200. We minimize SWB1DG and SOTDD using
the WoW gradient descent with step size 7 = 1 and
momentum m = 0.9. For the choice of the number
of projections for the Monte-Carlo approximation of
the sliced distances, and of the number of iterations
for the gradient descent, we perform a grid search.
We refer to Appendix E.4 for more details about the
experiment, and for the best parameters selected with
the grid search.

Once the dataset Py has been flowed towards Q, and
each class of the flowed dataset P7 has been matched
to a class of the target dataset Q by solving the WoW
OT problem, we train a LeNet5 on the augmented con-
catenated dataset. On Table 2, we report the accuracy
of the classifier evaluated on a test set. We report the
best results among the grid search for the classifier
trained on Q augmented with data flowed by minimiz-

Table 3: Runtime in seconds for the transfer learning
experiment from MNIST to Fashion MNIST.

Dataset  k-shot OTDD SWB1DG SOTDD
1 294.53 £5.21 13.53 +£0.42 14.07 +0.37
Mto F 5 1130.89 £ 108 13.84 £0.34 14.11+0.21
© 10 2294.13 £48 14.00+0.37 14.15+0.18
100 - 15.19 £0.49 15.31 £0.49

ing OTDD, SWB1DG and SOTDD. We also report
a baseline where the network was only trained on Q.
The results are averaged over 5 training of the net-
works, and 3 outputs of the flows for SWB1DG and
SOTDD, and are taken from (Bonet et al., 2025a) for
OTDD and the baseline.

The results are overall comparable between SWB1DG
and SOTDD. Additional details, as well as examples
of generated images, are provided in Appendix E.4.
In particular, for a large number of iterations, both
flows converge to good images. However, note that
improved image quality does not necessarily translate
into better performance on the transfer task.

Additionally, we report on Table 3 the runtimes for the
transfer learning experiment, averaged over 3 outputs
of the flows and trained for 5K epochs. We observe
that SOTDD and SWB1DG almost have the same
runtime, which is expected as they have the same com-
putational complexity up to constants, and both are
much more efficient than OTDD.

6 CONCLUSION

We studied in this work in which cases the Busemann
function is well defined on the Wasserstein space, and
how to compute it in practice. More precisely, we iden-
tified conditions to define geodesic rays on the Wasser-
stein space, showed that the Busemann function can
be computed in general by solving an optimal trans-
port problem, and derived closed-form formulas under
which it can be computed efficiently. Then, we lever-
aged these closed-forms to define new efficient Sliced-
Wasserstein distances on the space of datasets. Future
works will include improving the scalability of SWBG,
e.g. by using Gaussian approximations with low-rank
covariances (Bouveyron and Corneli, 2026), investigat-
ing other applications for the Busemann function such
as Principal Component Analysis on the Wasserstein
space (Cazelles et al., 2018; Vesseron et al., 2026), or
its computation on probabilities over manifolds.
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Supplementary Materials

A BACKGROUND

We provide in this section additional background on the Busemann function, on the Wasserstein space, on the
Wasserstein over Wasserstein space, and finally on Optimal Transport distances to compare labeled datasets.

A.1 Background on the Busemann Function

Let (X, d) be a geodesic metric space, i.e. a metric space, where each z,y € X can be linked by a continuous
curve v : [0,1] — X such that y(0) = z, (1) = y and which satisfies for all s,t € [0,1], d(v(s),7(t)) =

|t — s[d(v(0),~(1)).

Suppose that (X, d) admits geodesic rays, i.e. geodesic curves vy : R — X such that for all ¢, s > 0, d(y(t), 'y(s)) =
|t — s|d(7(0),7(1)). Well-known spaces in which any geodesic can be extended as a geodesic ray are Hadamard
spaces (Bridson and Haefliger, 2013), which are metric space of non-positive curvature, including Hadamard
manifolds such as Euclidean spaces, Hyperbolic spaces or the space of Symmetric Positive Definite matrices
(SPDs) with appropriate metrics.

The Busemann function BY associated to the geodesic ray  is defined, for all z € X, as (see e.g. (Bridson and
Haefliger, 2013, II. 8.17))

BY(z) = lim d(z,7(t)) — d(v(0),7(t)) = d(z,7(t)) — td(7(0),(1)). (29)

This function has attracted a lot of attention as it provides a natural generalization of affine functions, and thus
of hyperplanes through its level sets. Indeed, for X = R? v € R? and v(t) = = + tv for all t € R, the Busemann
function is equal to

Vy € R4, B(y) = —<y—x,”vvl|2>. (30)

Its level sets (BY)~1({t}) for t € R are called horospheres, and allow to define a generalization of affine hyperplanes
beyond the Euclidean space.

The Busemann function can also be computed in closed-form in many spaces, including hyperbolic spaces (Chami
et al., 2021; Bonet et al., 2023a), the space of SPDs with the Affine-Invariant metric (Fletcher et al., 2009, 2011)
or with pullback Euclidean metrics (Bonet et al., 2025b). However, it has attracted the most attention in spaces
where any geodesic is a ray. Thus, in this work, we provide an analysis of this function on the Wasserstein space,
which has non-negative curvature, and in which not all geodesics can therefore be extended as rays.

In its original formulation, the Busemann function does not depend on the speed of the geodesic d (7(0),7(1))
(Criscitiello and Kim, 2025). For instance, let X = M be a Hadamard manifold. If we consider two geodesic rays
~ and 4 both starting from x € M and with respective speed v € T, M and —— € T, M, i.e. v(t) = exp,(tv)

vl

and 7(t) = exp,.(tv/|[v||.), then BY(y) = BY(y) for any y € M. Indeed, let y € M,

) = I ) -
50 = 4w (1)) =

— lim_d{y.exp,(s0)) — sl (s t/l1v].) -
= lim_ d{yexp,(s0) — sd(3(0),7(1)
= B(y).

Thus, it can always be assumed that the geodesics are of unit speed, up to a normalization of its speed. This is
in particular the case on the Wasserstein space, leveraging its Riemannian structure.
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In term of applications, the Busemann function has been used to perform classification with prototypes
(Ghadimi Atigh et al., 2021; Durrant and Leontidis, 2023; Berg et al., 2024, 2025), to define boundary condi-
tions on manifolds for classification (Fan et al., 2023; Doorenbos et al., 2024) or define layers of neural networks
(Wang, 2021; Sonoda et al., 2022; Nguyen et al., 2025b). It has also been used to define projections on geodesics
subspaces to perform Principal Component Analysis on Hyperbolic spaces (Chami et al., 2021) or on geodesics
to define Sliced-Wasserstein distances on manifolds (Bonet et al., 2023a, 2025b). Recently, it has also received
attention to define notions of convexity and gradients on Hadamard manifolds (Criscitiello and Kim, 2025) and
more generally on Hadamard spaces (Goodwin et al., 2024).

A.2 Background on the Wasserstein space

We provide here some additional background on the Wasserstein space and on measure theory by recalling the
disintegration of a measure on product spaces.

Optimal Transport. We recall that Po(R?) = {u € P(R?), [|z||3 du(z) < oo}. Then, the Wasserstein
distance between y, v € P2(RY) is defined as

Wi = _int [ lle =yl driz) 32

with II(u, v) the set of couplings between u and v. Defining 7! : (z,y) — = and 72 : (z,y) — y the projections
on the coordinates, and # the push forward operator which satisfies for any measurable map T : R? — R? and
Borelian A € BRY), (T)(A) = u(T~1(A)), T, ) = { € Po(R? x RY), myy = p, 73y = v},

Note that Optimal Transport costs can be more generally defined between measures on any measurable spaces
X, Y and for any cost ¢ : X x) — R lower semi-continuous, using the Kantorovich formulation, i.e. for u € P(X),

veP),

We(p,v) = inf /c(m,y) dvy(z,y). (33)
yEI(p,v)

For X =Y = R? and c¢(z,y) = ||z — y||3, Wy defines a distance, and (P2(R%), W3) has a formal Riemannian
structure. Between g, 11 € Po(R?), we can always define a constant-speed geodesic ¢t € [0,1] +— u;, which
satisfies for all s,t € [0,1], Wa(us, ptt) = [t — s|Wa(puo, 1) (see e.g. (Santambrogio, 2015, Theorem 5.27)). In
particular, these curves can be written as McCann’s displacement interpolation (McCann, 1997)

Ve [0,1], e = (1 — )" +tm%)p, (34)

with v € I, (i, v) an optimal coupling between p and v.

When p € P2 ac(RY) is absolutely continuous w.r.t the Lebesgue measure, Brenier’s theorem (Brenier, 1991)
states that there is a unique optimal coupling v between p and v € P2(R?), and that this optimal coupling is
supported on a graph of a function, i.e. there exists T : R* — R? such that Tup=v and v = (Id, T)xp. In this
case, the geodesic between p € Ps .(R?) and v € P2(R?) is of the form

Ve e [0,1], pe = ((1—t)Id +¢T)pp. (35)

We can also define the notion of exponential map as expu(v) = (Id 4+ v)xp for any v € L?(u). Using this map,

the geodesic can be written as y1; = exp,, (t(T—Id)) for all ¢ € [0,1]. We can also define its inverse, the logarithm
map, as log, (v) = T}, — Id with T}, the OT map between y and v.

Thanks to the formal Riemannian structure, we can also define notions of gradients. We refer e.g. to (Ambrosio
et al., 2008) for details on their definition and properties.

Bures-Wasserstein Space. The Wasserstein distance between two Gaussian has a closed-form, and is named
the Bures-Wasserstein distance, i.e. for p = N(m,,%,), v = N(m,,%,) with m,,m, € R? and ¥,,%, €
SiT(R),

[N

)%). (36)

Tol=

1
W3(p,v) = BW?(u,v) = [|m, — my |3 + Tr(2, + £, — 2(E3 8,5
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Gaussian being absolutely continuous measures, there is also a unique OT map which is given by
_1 1 1 _1
vz € RY T(z) =m, + Al (x—my), with AJ=3%,%(3; 2@;)%& 2. (37)

In particular, since Txp = v, we also have the relation between the covariance matrices AZEH(AZ)T =3,.
Moreover, the geodesics are of the form, for any ¢ € [0,1], puy = ((1 —t)Id + tT)#u. Since the map =z —

(1—t)xz+tT(x) is affine for any ¢ € [0, 1], geodesics stay Gaussian at each time ¢, i.e. uy = N (my, X;). Moreover,
their closed-forms can be computed, and are given by (Altschuler et al., 2021)

my = (1 —t)m, +tm,
{Et = (1 =) g +tA) S, ((1 — t) Iy + tAY). (38)

When endowing the space of Gaussian BW(R?) = {N(m,¥), m € R%, ¥ € S T(R)} with the Bures-Wasserstein
distance, the space (BW(R?), BW) is actually a real Riemannian manifold (Bhatia et al., 2019), and not just
formally. Its tangent space at any p = AN (m,X) is the space of affine functions with symmetric linear term
(Diao et al., 2023, Appendix A.1). We identify it here as 7,BW(RY) = R? x S4(R) with S4(R) the space of
symmetric matrices in R4*?. Using this identification, the Riemannian metric is at any (m,, $,) € R? x ST*(R),
(m,S) € RE x Sy4(R), ||(m,S)]? = ||lm||3 + ||S||22# where HSHQEH = Tr(S%,S) (Takatsu, 2011). We can also
define the notion of exponential map at u =N (m,,3,) as, for any (m,S) € R x S4(R),

exp,,(m, S) =N(my+m,Iqs+ S)S,.(Ig+ 9)). (39)

As the mean part is Euclidean, we will often just focus on the covariance part, and write exps(S) = (Ig +
S)X(I4+ S). We can also define the logarithm map, for = N(m,,3,) and v = N'(m,,%,), as

log, (v) = (m, —my, A}, — Ia). (40)

My, 2y

Similarly, we can write S = 1ogZH (3,) = A} — 1. As it is a Riemannian manifold, we can also define notions of
Bures-Wasserstein gradients, see e.g. (Lambert et al., 2022; Diao et al., 2023).

This space is in particular of non-negative curvature (Takatsu, 2011), and thus not geodesically complete. There-
fore, not any geodesic can be extended towards infinity.

Disintegration. We also recall the definition of the disintegration, see e.g. (Ambrosio et al., 2008, Theorem
5.3.1), which will be useful in subsequent proofs.

Definition 1 (Disintegration of a measure). Let (Y,)) and (Z, Z) be measurable spaces, and (X,X) = (Y x
Z,Y @ Z) the product measurable space. Then, for u € P(X), we denote the marginals as py = 7T3;,u and

hz = Wip,, where ¥ (respectively %) is the projection on'Y (respectively Z). Then, a family (K (y, '))yey s a

disintegration of p if for ally € Y, K(y,-) is a measure on Z, for all A € Z, K(-, A) is measurable and:

Vg € C(X), /sz (y,2) du(y, 2 // 9(y, 2)K (y,dz) dpy (y),

where C(X) is the set of continuous functions on X. We can note p = py ® K. K is a probability kernel if for
dlyeY, K(y,Z) =1.

The disintegration of a measure actually corresponds to conditional laws in the context of probabilities. In the
case where X = RY, we have existence and uniqueness of the disintegration (see (Santambrogio, 2015, Box 2.2)
or (Ambrosio et al., 2008, Chapter 5) for the more general case).

A.3 Backgound on the Wasserstein over Wasserstein Space

When working with probability over probability distributions Po (Pg(Rd)), a natural metric is to use the OT
distance with Wy as groundcost, which we call the Wasserstein over Wasserstein (WoW) distance, i.e. for any
Pa Q € PZ (PQ(Rd))7

2
Wi, (P.Q) = _int [ Wh(u.v) dP(,v), (a1)

This defines a distance on Ps (’Pg(Rd)) (Nguyen, 2016), and the resulting space has also a geodesic structure
(Bonet et al., 2025a; Pinzi and Savaré, 2025). Moreover, several recent works have investigated the analog of
Brenier’s theorem on this space (Emami and Pass, 2025; Pinzi and Savaré, 2025; Beiglbock et al., 2025).
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WoW Gradients. Bonet et al. (2025a) recently defined a notion of gradient on (P2(P2(R%)), Ww,), see
(Bonet et al., 2025a, Definition 3.3). In their paper, they give a more general definition on manifolds, for clarity,
we report here the definition on Pz (P2(R?)). For any v € PQ(Rd x RY), denote ¢! (y) = mhy and ¢*(v) = ﬂi’y.
Moreover, let L? (P, TP2(R?)) = {€ : P2(R?) = TP2(RY), [[1€(1)[|72(,y dP (k) < oo}

Definition 2 (WoW Gradient on P2 (P2(R%))). Let F : P2(P2(RY)) — R. The WoW gradient of F at P €
P2 (P2(RY)), if it exists, is defined as the map & € L*(P,TP2(R?)), which satisfies for any Q € Po(P2(R?)) and
€{ €P2(P(R"xRY), ¢l =P, ¢% =Q, [[llz—yl3 dy(z,y)d (v) = Wiy, (P,Q)},

FIQ) = FP) + [[ (€ (e —a) daoa)d () +o(Wiv, (P, Q). (42)
In the following, we note Vwy,, F(P) =§ such a gradient.

Let F : Py (Pz(Rd)) % R be a function such that there exists for any discrete measure of the form P = & ZC Opn
with g = 23" 6,, ., a function F : R"*Y — R satisfying F(P) = F(x) with x = (2;¢)ic. The VVOW
gradient of F if well defined, can be obtained by rescaling the Euclidean gradient of F. More precisely,
Vi, F(P)(M?)(azi7c) = ’I’LCVF(X)Z')C (Bonet et al., 2025a, Proposition B.7). In practice, VF can be obtained
using backpropagation.

This gradient allows to perform gradient descent on (P (Pg(Rd)),WWQ), by the scheme, for any 7 > 0,
Vk Z O7 Pk+1 = eprk_ ( — TVWW2 F(Pk)) (43)
For P= & ZC Ou,, the scheme can be obtained by applying to each particle 9[; . the update,

Vie{l,....,n}, c€{1,...,C}, k>0, aft' = af, — 7Vwy, F(Pr)(u)(xf,). (44)

Computational Properties and Variants. The computation of Wy, can be costly. Indeed, for P =
L 8un and Q = L7 6, two discrete distributions with u?,v7 € Po(R?) empirical distributions with
n samples, it is required to first compute O(C?) OT distances with n samples, and a final OT distance with C
samples. In general, C' < n, and thus the computational complexity is O(C?n3logn).

To alleviate this computational burden, several approximations can be used. On one hand, it is possible to use
a less costly distance as groundcost, such as the Sliced-Wasserstein distance (Baouan et al., 2025; Piening and
Beinert, 2025), reducing the complexity to O(C?Lnlogn + C3logC). One could also use Linear OT (Wang
et al., 2013; Liu et al., 2025) as groundcost, hence allowing to compute only 2C OT problems instead of O(C?)
and reducing the complexity to O(Cn?logn). This is particularly appealing when there are lots of classes.

Piening and Beinert (2026) very recently proposed a doubled slicing distance to compare distributions on
P2(P2(RY)). Given a projection P? : R? — R for 6 € O, they first project in 1D the distributions pu € Py(RY)
using % (u) = P;;u € Ps(R), i.e. for P € 'Pg(Pg(Rd)) P € P2(P2(R)). Then, they project P? := <p#P in
Po(L?([0,1]) using, for any pu € Po(R), ¢(u) = F; ', and use the Sliced-Wasserstein distance on the Hilbert space

L2([0,1]) (Han, 2023). More precisely, they define for P,Q € P, (PQ(Rd))
DSWIP.Q) = [ SW30seP.0xhQ) AD) (15)

with the Sliced-Wasserstein distance defined on P5(L?([0,1])). For SW on this space, they use Gaussian on
Po (LQ([O7 1])) as slicing measure, which are sampled using Gaussian processes.

Note that given f € L2([0,1]) and § € ©, u ~ P is projected on R by the map Q/(u) = (f, Fp >L2([0 1)

While for SWB1DG, given a geodesic ray 7 on P(R) and 6 € O, the projection is Q"%(u) = B”(Piu) =

—(F7 - Fo_l,Ff_,glu — Fy ") 2o, using (17) and noting Fy " and Fy ' the quantile functions of 7y and 7.
#

Thus both DSW and SWB1DG are very similar as they use an inner product on L?([0,1]) for their projection.
However, they differ on how to sample the directions and on the projections. In particular, in SWB1DG, we
only sample directions which produce valid geodesic rays, and take elements from L?([0, 1]) which are difference
of left continuous and non-decreasing functions, while DSW can sample on the full space L?([0, 1]).
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A.4 Background on Optimal Transport Dataset Distances

A labeled dataset D = {(z;,v;)}", with z1,...,2, € X = R? the features and yy,...,y, € Y = {1,...,C}
their associated labels, which we suppose here to be discrete, can be represented as a probability distribution
up over X X Y, i.e. up = % Z?:l O(x:,y:)- Thus, a natural way to compare labeled datasets is through distances

on P(X x Y).

OTDD. Optimal transport distances can be defined on this space if provided a suitable groundcost on & x .
While there is usually a natural distance on X, it is less clear which cost to use on ) as the labels of the classes
might be chosen arbitrarily in practice. Thus, Alvarez-Melis and Fusi (2020) proposed to embed labels y €
in the space P2(X) through their conditional distributions, i.e. using an embedding ¢ : Y — Pa(X) defined
as o(y) = % > 100, 1qy,=y) where ny, = 37" 1,y is the cardinal of the class y, and to represent labeled
datasets as distributions on X' x Py(X’). One natural groundcost in this space is then the geodesic distance on
the product space, defined for any (z,y), (2/,y') € X x Y, as

dp((2,y), (', y))" = |z — 2|3 + W3 (o), 0(¥)). (46)

Then, Alvarez-Melis and Fusi (2020) proposed to compare two datasets D, D’ using optimal transport with this
ground cost, called the Optimal Transport Dataset Distance (OTDD):

OTDD*(D,D') = inf / dp ((z,9), (=) dy((z, ). (@' ). (47)

YE(pp,ppr)

For C classes, and a maximum of nc samples by class, OTDD requires solving O(C?) OT problems with n¢
samples, and a final OT problem of Cnec samples, which leads to the complete complexity of O(C3n,). It is
thus a very costly distance to compute. Alvarez-Melis and Fusi (2020) hence proposed to approximate it using
an entropic regularization for the final OT problem (Cuturi, 2013), and a Gaussian approximation for the C?
smaller OT problems, reducing the complexity to (’)(Cncd2 + C?d3 4+ e 2nZ,C? log(nCC’)) (Dvurechensky et al.,
2018), which remains quite costly.

Variants of OTDD. This prohibitive computational cost motivated the introduction of variants of OTDD.
For instance, Liu et al. (2025) proposed to embed the labels in R? using Multidimensional Scaling methods, and
to use Linear Optimal Transport (Wang et al., 2013), which allows computing only 2C' OT problems with n¢
samples. Hua et al. (2023) proposed to use dimension reduction on the labels to do the Gaussian approximation
in a lower dimensional space, and to compare the datasets with a Maximum Mean Discrepancy (MMD), while
Bonet et al. (2025a) proposed to represent datasets on P(P2(X)) and to compare them with a suitable MMD
on this space. Note that from this point of view, any distance introduced in Appendix A.3 could be used to
compare datasets.

Slicing OTDD. Nguyen et al. (2025a) recently proposed a Sliced-Wasserstein distance on the space P, (X X
Pa(X )) to compare labeled datasets. This requires to construct a projection from X x Po(&X) to R to be able
to project the distribution of pairs (z;, ¢(y;)) onto a distribution in Ps(R). Their construction is based on a
projection of the form, for any (z,y) € X x Y,

k
PO (z,y) = an P () + Z aip1 M (Pho(y)), (48)
i=1

with a € S*, P? : X — R and M? : P(R) — R the moment transform projection, defined for A € N and
i € Pr(R) as

l‘A
M (1) = / o5 due). (49)

The random linear combination corresponds to the Hierarchical Hybrid projection (Nguyen and Ho, 2024), and
allows to combine projection on different space in order to define a projection on a product space. In practice,
the A\ are sampled using a zero-truncated Poisson distribution, but this projection can be numerically unstable
when A is too big because of the Al
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B SLICING GAUSSIAN MIXTURES

B.1 Background on the Wasserstein over Bures-Wasserstein Space

Gaussian mixtures can be represented as discrete probability distributions on the space of Gaussian distributions
(Chen et al., 2018; Delon and Desolneux, 2020), i.e. as discrete distributions P € Py (BW(Rd)) of the form
P= 25:1 agdy, with pr = N(mg, X)), my, € RY ¥, € Sj+(R). Thus, a natural distance to compare Gaussian
mixtures is given by the OT distance with BW? as groundcost:

Why(P.Q = inf [ BWp0) U0, (50)

This defines a distance on P, (BW(R?)). As BW(R?) is a Riemannian manifold, P2 (BW(R?)) has a Riemannian
structure, and we can define notions such as geodesics or gradients.

Computational Properties. To compute it between two discrete Gaussian mixtures P = % Zszl a6, and
Q= Z,f:l Brdy, with py, = N(mf, ) and v, = N (mY,XY), it is required to compute O(K?) BW distances,
which has a complexity of O(K?2d?).

Variants. To alleviate this computational burden, several methods were proposed. First, Nguyen and Mueller
(2026) proposed to compare Gaussian mixtures seeing them as distributions over the product space R? x Sj*(R),
and endowing S T (R) with the Log-Euclidean metric as in (Bonet et al., 2023b, 2025b). However, it is not
specifically designed for Gaussian mixtures, and thus they also proposed to use a doubly SW distance.

Let P € P> (BW(R?)), 6 € S~ ! and ¢ : P5(R?) — P(R) defined as ¢ (u) = Pgﬁp. For any p = N (m,,%,) ~ P,
() = N((my,0),07%,0). Thus, PY = goiéP € P2(BW(R)). Moreover, the space of 1D Gaussian can be
identified as a product space over the means and standard deviations R x R*. For py = N(mg,X) € BW(R),
let = : BW(R) — R? such that Z(up) = (mg,0s). Then Z4PY € P2(R?). Piening and Beinert (2025); Nguyen
and Mueller (2026) proposed to define the Doubly Mixture Sliced-Wasserstein distance (DMSW) between P, Q €
P2(BW(R?)) as

DMSW?(P,Q) :AH SW3 (E49%P,240%Q) dA(6), (51)

where the inner SW is between the distributions of the mean and covariances in R2.

B.2 Slicing Gaussian Mixtures with Busemann

As the Busemann function allows to project any probability distribution onto R, it is natural to use it as
a projection to define Sliced-Wasserstein distances for the purpose of comparing mixtures, and in particular
mixtures of Gaussian. We discuss here how we can define Sliced-Wasserstein distances based on the closed-forms
of the Busemann function in 1D (17) and between Gaussian distributions (19). Note that both constructions are
very close to the one presented in Section 4.3, but specialized to mixtures of Gaussian. We refer to Appendix F
for numerical experiments.

Busemann on Gaussian. Leveraging the closed-form of the Busemann function between Gaussians (19), we
can project any atom of a Gaussian mixture on R. To define a sliced distance, we only need to construct geodesic
rays on which the Busemann function is well defined. We choose to fix g = N(0, I4), and sample ; = N (m1,X1)

1
such that my € S71, ¥y € ST (R) with 7 = I, and W3(no,m1) = 1.

1 1
To enforce X7 = I4, we remark that it is equivalent to log;, (X1) = ¥f — I = 0, where log;, is the logarithm map

in S;JF(R) (see Appendix A.2 for the definitions of exponential and logarithm map on the Bures-Wasserstein
space). Thus we sample S = Adiag(|0|)AT € ST (R) with A € O4(R) an orthogonal matrix, § € S9! and
define ¥ := expy, (S) = (Ig + S)?. To enforce W3 (1o, 71) = 1, we first observe that

W3 (no,m) = [[logy, (m)lIZ2 () = 1 —moll3 + [logs, (Z1)1%, = lmallz + IS1%,, (52)
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where [|S]|3,, = Tr(S%0S) (Takatsu, 2011). Therefore, we simply normalize the vectors in the tangent space to
obtain W3(no,m) = 1, i.e.
= Tl TTE
my
Sz S0 (53)

S=——5
NIRRT

Defining A = U(S9! x O4(R) x 81, ¥ = (my,A,0) and n” the resulting geodesic ray starting from 7y and
passing through 7;, we define for P,Q Gaussian mixtures, the Busemann Gaussian Mixture Sliced-Wasserstein
distance (BGMSW) as

BGMSW2(P, Q) = / W3(BY P, B, Q) dA(d). (54)

Busemann on 1D Gaussian. BGMSW requires to compute the Busemann function between Gaussian dis-
tributions, which might be computationally heavy in high dimension. Thus, we also propose a second distance,
by first projecting the Gaussian in 1D, and then leveraging the closed-form of the Busemann function for 1D
Gaussians (18). More precisely, we consider P = Zszl ogl,x with p* = N(my, Si). Denoting ?(n) = Piu
where P? = (0,-), we have P? := gpiP = Zszl O‘k(;P;uk with Pf‘#uk = N({my,0),07%,0) a one dimensional
Gaussian distribution.

For the choice of the geodesic ray, we set 79 = N(0,1) and 171 = N(mq,0%), where we sample m; € [—1,1]
uniformly, and fix o7 = 1 + /1 — m? to enforce o1 > ¢ and W3(ng,m1) = 1. Defining A = U(S4~* x [-1,1]),
we define the Busemann 1D Gaussian Mixture Sliced-Wasserstein distance (BIDGMSW) as

BIDGMSW?(P,Q) = / W3(BL" P, BY " 04Q) dA(9, my). (55)

We notice that this distance resembles DMSW. Indeed, for DMSW, the projection of u = N(m, %) ~ P on R is

given, for 65 € S41,0, € S*, by
0a)
Gd,al — 0 , (<m) d >> 56
Q") = (o (35 )). (56)

and 05,60, are sampled uniformly on the sphere. On the other hand, for BIDGMSW, the projection is, for n a
geodesic ray on BW(R) and 6 € $9-1

Q"(1) = B"(Py) = B (N'((m, 6),6750))

{m) )

Therefore DMSW and B1IDGMSW are very similar. The main difference is that the directions in R? for
B1DGMSW are centered around (0,1).

B.3 Properties of our Proposed Distances

The proofs of this section can be found in Appendix D.3.

Theoretical Properties. We first have that BGMSW is a pseudo distance.
Proposition 6. BGMSW s a pseudo-distance on BW(R?).

Showing that BGMSW is a distance would require to show that the Busemann function on BW(R?) allows
defining an injective Radon transform, which is outside the scope of this work.

Concerning BIDGMSW, we can exploit that the 1D Gaussian space is actually Euclidean, and thus we can show
that it is a well-defined distance, which is also bounded by Wy .

Proposition 7. For any P,Q € Ps (BW(Rd)),
BIDGMSW?(P, Q) < Wy (P, Q). (58)

Proposition 8. BIDGMSW is a distance on the space of discrete Gaussian miztures |y, GMMg(K), with
GMM,(K) the set of Gaussian miztures on R with K components.
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Computational Properties. On a computational point of view, we approximate BGMSW by a Monte-Carlo
approximation with L projections. Given discrete mixtures Py = Zszl a0y, and Qi = 25:1 Br0y, , BGMSW
requires to project K Gaussian with the Busemann function, which has a complexity of O(LKd?®). Then, it is also
required to solve a 1D OT transport problem with K samples. Thus, the full complexity is O(LK (d3 +log K ))
which can be costly in high dimension. On the other hand, BIDGMSW can be approximated with a complexity
of O(LK (log K + d)), which is much cheaper that BGMSW.

C ADDITIONAL RESULTS

In the case of arbitrary 1D Gaussian distributions, in addition to Corollary 2, we can obtain the largest interval
over which the geodesic can be extended, even in the direction ¢ < 0. The proof can be found in Appendix D.3.

Proposition 9. Let jig = N (mg, o) and py = N(m1,0%) two Gaussian distributions such that o1 > oq. Then,
the geodesic t — py is well defined on | — e +oo[. By symmetry, if o1 < oo, the geodesic is well defined on

.
oy 00
| = o0, =
0 1

In the setting of Proposition 9, the geodesic is given by s = N((l —t)mg + tmq, (1 —t)og + t01)2). Thus, we
observe that the geodesic property breaks at time ¢t = —o¢ /(01 — 09), for which (1 — t)og + toqy = 0, i.e. the
geodesic reaches a Dirac. This time is given by Proposition 9 for o1 # 0g. Note that in the limit case oy = o1,
the geodesic is defined on R and is a translation.

We also notice that the curve t — N'((1 — t)mg + tmq, ((1 — t)og + to1)?) could be extended on R, by allowing
(1 —t)og +toy < 0. This curve is geodesic on the right hand side and left hand side of ¢, = sign(c1 — 0¢) ;%%
Thus, it is piecewise geodesic on both sides of the Dirac.

Projections on Geodesic Rays in the 1D Gaussian Case. Let g = N(mg,02), p1 = N(my,0?) with
o1 > oo and such that W3(po, 1) = 1. As discussed in Section 3.1, the projection of v = A(m,o?) on the
geodesic given by i, = N ((1—t)mg +tmy, (1 —t)og +to1)?) is P*(v) = p_pu(,). However, if —B*(r) < 0, this
projection might be out of the original geodesic ray passing through wo and p. In particular, by Proposition 9,
we know that this happens when B*(v) > —%0

o1—o0¢’

Here we work with a unit-speed geodesic ray, that is W3 (uo, 1) = (m1 — mo)? + (01 — 09)? = 1 and thus
m1 — mog,01 — 0o € [—1,1]. We have two limiting cases. The first one is oy = o7 for which the geodesic ray

is actually a line and can be extended to R, which we recover here as — 01‘7_000 — —o%. The second one is
o1—0

01 = 1+ 0 for which the ray can be extended to [—og, +00[ and corresponds to a dilation. Moreover, in this
case, since 01 = 1+ 09 and m; = myg, we note that any 1D Gaussian will be projected on the geodesic since, for
any v = N(m,0?),

BM(V) = —(m — mo)(m1 - mo) - (0’ - 0'0)(01 - 00) = —(O’ - (J'())7 (59)

and thus the projection coordinate is —B*(v) = 0 — 0¢p < —0g <= o < 0, which is not possible.

Likewise, for o1 < o0g, the geodesic can be extended towards —oo and in the case of mg = my, the distributions
are also necessarily well projected on the geodesic since 01 = 0¢9 — 1 and B*(v) = 0 — 0p. Thus, —B*(v) =
og—0 >09 < —o>0.

We illustrate these observations on Figure 4. We choose pg = N(0,1) and p1 = N(0,0%) with o1 = % or
p1 = N(0,0?) with oy = % In the first case, this does not define a geodesic ray (even if the geodesic can be
extended toward —oo), but it does in the second case. We plot the projections of several Gaussian v; = N(0,0?)
(where the o; are plotted in the line ¢ = 0). We see that every points are projected on the geodesic as expected

by Proposition 9.

On Figure 5, we choose g = N'(0,1) and p1 = N (mq,0?) with m; = —/1 — (01 — 09)2. We observe that some
points projected onto the extended part of the geodesic are less consistent with the geometry.

We finally notice that when the first moments of g and pq coincide, then the conditions to have geodesic rays
are similar to conditions to have ug smaller than p in the convex order, see e.g. (Miiller, 2001, Theorem 4 and
6) for Gaussians or (Shu, 2020) in 1D for g € Paac(R?).
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D PROOFS

D.1 Proofs of Section 2

D.1.1 Proof of Proposition 1

Proof of Proposition 1. Thanks to Brenier’s theorem (Brenier, 1991) and since p is absolutely continuous with
respect to the Lebesgue measure, there is a unique OT map T between ug and w1, and T is the gradient of a
convex function, i.e. T = Vu with u convex.

First, let us suppose that the OT map T between pg and p; is the gradient of a 1-convex function u. Let
pit e pg = (1= 6)Id 4+ tT)gpo = ((1 —¢)Id + tVu)#uO. Then, on one hand, we have

W3 (ks pe) < (t = 5)*W3 (g0, p11)- (60)

Indeed, let v* € I, (o, 1) be an optimal coupling. Then, necessarily, denoting 7°(x,y) = (1 — s)x + sy, we have

for any s,t € R, (7%, 7")xy* € (s, pt). Therefore,

Wiao) < [ o =yl (e )" (220)

= [0 =)+ sy = (1= 00—ty d"(a.) (61)
= (s = 1)*W3(po, 111)-
Then, let « > 1 and 0 < s <t < . By the triangular inequality and the previous inequality, we have
Wo(po, i) < Wa(po, ts) + Wa(ps, pe) + Walpie, o) (62)

= (s +a—1)Wa(uo, p1) + Walps, pir).-
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2
Ifexw— (1- a)% + au(z) is convex (i.e. u is “L-convex), then its gradient z — (1 — a)z + aVu(z) is the

Monge map between g and pq as po = ((1 — a)Id + aVu)#uo, and thus W3(uo, pta) = a*Wa (o, 11). Hence,
we obtain

Wa(po, tta) = aWa(po, p1) < (s + o —)Wa(po, p1) + Walps, ) <= (t — s)Wa(po, 1) < Wa(ps, pe).  (63)
It allows to conclude that Wa (s, pit) = [t — s|Wa(po, p1) for all s, ¢ € [0, a]. In order to extend the result on Ry,

it has to be true for any a > 1, which corresponds to u being 1-convex. Thus, we can conclude that ¢ — pu; is a
geodesic ray.

For the inverse implication, suppose that pu; = ((1 —t)Id + tT)#uo is a geodesic ray. Then, for all s > 0,

W3 (s, f10) = s°W3 (110, p11)
- / ls(z — Vu(@)|Z duo(z)

_ / |z — (1 —s)x — sVu(z)|]2 duo(z)

— / 2 — Ts(2)]13 dpo(2),

(64)

where (Ts)gpo = ps with Ts : z +— (1 — s)z + sVu(z). By Brenier’s theorem, since the OT map is unique and
2
necessarily the gradient of a convex functions, we have that T, = Vu, with ug :  — (1 — s)% + su(z) =
2 2
% +s (u(aﬁ) - %) convex. Thus, for all s > 0,

1
I+ s(V2u—1I;) =0 <= V2u—1I; = —~I, (65)
s
It is true for all s > 0, hence taking the limit s — oo, we obtain V2u — I = 0, 4.e. u is 1-convex. O

D.1.2 Proof of Proposition 2

Proof of Proposition 2. By (Ambrosio et al., 2008, Equation 7.2.8), the quantile of y; is Fi ' = (1 —t)FO*1 +tF L
Then, we know that Ft_1 is a quantile function if and only if it is non-decreasing and left-continuous. As a linear
combination of left-continuous function, it is always left-continuous. It suffices then to find conditions under
which F,* is non-decreasing for all ¢ > 0. Let 0 < m < m’ < 1, then

F7Y(m) — F7Y(m!) = Fyt(m) — EyH(m/) + t(Ffl(m) — Fy Y m) — Fy N m!) + F(;l(m’)), (66)
and hence, Vi > 0

vm' >m, F, Y (m) — F,7H(m!) <0 <= Vm' >m, Fy(m) — Fy'(m) < Fy Y m') — Fy Y(m/)

1 (67)

< F;!' — F; ! non-decreasing.

O

D.1.3 Proof of Corollary 1

Proof of Corollary 1. We apply Proposition 2, and thus the resulting geodesic is a ray if and only if F; ! — Fy !
is non-decreasing, which is true if and only if for all j > i,

o <n> g (n) < g (i) iy (i) = F' (n) - R (i) <fo! (n) R (%1) (68)

<~ yi—ngxi—a:j.
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D.1.4 Proof of Corollary 2

Proof of Corollary 2. Let pg = N (mg,02) and ﬂl = N(my,0?) with mg,m; € R and 0¢,01 € Ry. It is well
known that for p € [0,1], Fy *(p) = mo + co¢~*(p) where ¢~! denotes the quantile function of the standard
Gaussian distribution A(0,1). In this case, for 0 < p < p’ < 1, we observe that

Fo ') = Fy ' (p) = o0(¢7 ' (0') — 07 (p), (69)
and therefore

(P = F @) = (BT = Fo ) = (B @) = Fr i) — (o' () — F5 ' ()

= (01— 00) (¢ () — ¢~ (D). i

Since ¢! is non-decreasing, Ffl — Fgl is non-decreasing if and only if 0y < ¢1. Thus, by Proposition 2, o¢ < o1
is a sufficient condition to define a geodesic ray starting from pg and passing through p;. O

D.1.5 Proof of Corollary 3

Proof of Corollary 3. Let o = N (mg, Xo) and g1 = N(mq, 1) with mg, m; € R? and g, ¥; symmetric positive
definite matrices. The Monge map between pg and p; is (Peyré and Cuturi, 2019, Remark 2.31)

Ve € RY, T(x) = A(z — mg) + mu, (71)

where A = 3, (EO PP ) EO . Let u:z— LAz, 2) + (my — Amg, z) = %HA%xH% + (my — Amg, z). Note

that we have Vu = T. Let us denote ¢ :  — u(x) — ”lH? Then, u is 1-convex if and only 1f V2g = 0 (with =
the partial order, also called the Loewner order), i.e.

Vigz)=A—-I; =0 < A> 1y
1 1 1 1
= SEANE = SEL,SE  eg. by (Bhatia, 2013, Lemma V.1.5) (72)
1
= (BZ5g)? = %

D.2 Proofs of Section 3
D.2.1 Proof of Proposition 3

First, we prove the following lemma relating the OT problem between the measures p; and v, and the problem
over couplings of (ug, i1, V).

Lemma 1. Let (j1t)i>0 be a geodesic ray. Lett >0 and v € Po(R%). Then,

Wi(unv) = o / le—yl2 dy(z,y) = inf / 11— a0 + tor — yI3 d(eo,zr,y),  (73)
YE (pe,v YET (po,p1,v)

where T'(po, p1,v) = {7 € (po, p1,v), 7r;’21 € I, (po, 1)} and 742 @ (x0,21,y) = (wo,21) is the projection
onto the first two coordinates.

Proof. On one hand, let 4 € T'(uo, pt1, ). Then, ~; := ((1 —t)mt + tﬂ'Q,Tr?’)#’y € II(u, v), and we have

Wier) = _inf [ o=y} daeo)
< [lle = sl a( ! + t5%,7%) 362, ) (74

- / 1L = t)ao + ter — gl dF(z0, 1, 9),
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and therefore, by taking the infimum over 4 € T'(ug, 1, ) on the right term,

Wg(ut, v) < inf : / (1 —t)xog + tog — yH% dy(zo, 1,y)- (75)

FET (o, p1,

On the other hand, let o; € I(us, v). By disintegration of o with respect to its first marginal, there exists a
probability kernel K; such that oy = pus ® K4, i.e., such that for any test function h,

[ by douten) = [ [ 1) Kol dy)da ). (76)
Let v* € T, (o, 1) an optimal plan, and define 7 as the measure verifying for any test function h
[ #eosrsy) anteo,rap) = [ [ o, wr) K= o+ t00,00) oo, ) (77)
We now verify that = € T'(uo, 11, 7). On one hand,
[ rantaong) = [[ ) K@ = a0 + to1,dy) dr* (@0, 0)

— [[ 1) Kiferdy) duatan) since = (1 = )" 4 45%)

(78)
= /h(y) do(x,y) by definition of the disintegration
= /h(y) dv(y),
and thus Wiﬁ = v. Moreover,
[ o) dnteosiniy) = [[ a0 Kol =)0+ b1, dy) dy* (o,
(79)
= /h(anxl) dv* (o, z1),
and thus 71';,:’27T =~* € II,(po, 11). Therefore, we can write
~inf /H(l—t)xo—l—tml —yl% dy(zo, z1,v)
FET (1o, p1,v)
< [0 = )20 + 1 = ol dnCan,a1.)
_ / (1 = t)o + ta1 — yll2 Ko (1 — t)zo + tar, dy) dy* (o, 21) (80)
— [[ o = 1B Ko dypnta)
= / |z — y||3 doy(x,y) by definition of the disintegration.
Hence, taking the infimum on the right hand side, we deduce
N inf /||<1_t)$0+t$1 _y”% d’?(x()amhy) SWS(Mt7V)a (81)
F€ET (po,p1,v)
and we can conclude. O

Let us now show that the infimum over T'(ug, p1,7) is attained and thus is a minimum. For this purpose, we
need prove the following technical results on I'(uo, p,v).
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Lemma 2. Let g, p1,v € P2(RY). Any sequence (3)n in the space T(uo, p1,v) = {7 € M(po, p1,v), W;fﬁ €
o (po, 1)} is tight.

Proof. Following the proof of (Santambrogio, 2015, Theorem 1.7), the singleton {uo}, {u1} and {v} are tight and
for all € > 0, there exist compacts Ko, K1, K, such that uo(R?\ Ko) < £, i (R*\ K1) < § and v(RY\ K,)) < £.
Therefore,

i (R x RT x RY) \ (Ko x K1 x K,))
<A ((RT\ Ko) x R x RY) + 4% (RY x (R*\ K1) x R) + 745 (RT x R x (R*\ K,)) <e. (82)

O
Lemma 3. Let po, p1,v € T'(po, t1,v). Then,
~inf /||(1 —t)xo + txy — y||3 d(zo,71,y) =  min /||(1 —t)xg + txy —yl|3 dY(z0, z1,y). (83)
€T (po,u1,v) YET (po,u1,v)

Proof. First, since any sequence in I'(ug, p1,v) is tight from Lemma 2, we have that T'(uo, 11, v) is a compact
subset of II(uo, p1,v) (see e.g. (Santambrogio, 2015, Proof of Theorem 1.4)). Then, by (Santambrogio, 2015,
Lemma 1.6), J : 5 = [|[(1 — t)xo + tx1 — y||3 d¥(xo, z1,y) is lower semi-continuous for the weak convergence of
measures and by Weierstrass theorem (see e.g. (Santambrogio, 2015, Box 1.1)), the infimum is attained. O

Proof of Proposition 3. Let t > 0 and v € Py(R?). Using Lemma 1, we have that

Wa(uv) = inf / 11 = )0 + ta1 — yl2 47 (z0, 71, 1)
AET (po,p1,v)
= inf /llxo —yl3 d¥(wo, 21,y) + * W3 (o, pa) — 2t/<l‘1 — xo,y — x0) dY(z0,71,Y)
FE (po,p1,v)

(84)

1
W2 , (l—i— inf [/ To — 2d~a:,x,
5 (o, p1) serd™ ) W2 (a0 ) [zo — yllz d¥(z0, 21,y)

2
BT — 0,y — xo) 47 :
twgmo,m)/ oy =) Wo’ml’w])

Thus, we have:

Wa(pe, v) — tWa(po, 1)
= tWa(po, f11)

2 1
1+ ——— inf 7/:5, 2 d~(zg, 1, f/xfx,fx d~x,x,}
\/ tW2 (10, f11) FET(toan ) {Qt [zo — yll3 d¥ (w0, 21,Y) (z1 0,Y 0) d¥(xo, x1,Y)

— tWa (o, 1)
= tWa(po, p1)

t—o0

1
14+ inf — —y||? dy(zg, z1, 7/ — x0,y — o) d¥(zg, 71, }Jrotl)
( EW3 (1o, 11) 7<T Gt s ) {Qt/”xo vz d¥(z0,71,9) = [ o1 = 70,y = 20) AY{z0, 31, 3) | + 0t

— tWa(po, p11)
: it (57 [ oo = vl a3l o0, ~ [ ) d3(z0,1,9)
= — in — xo — o, x1,y) — | (&1 — xo,y — @ Zo, T1, .
t—oo Wa(pto, p11) FET (o, ,v) \ 2t 07 Yl e Fn g LR e T Y
(85)
To conclude, we need to show that we can pass to the limit. First, let 4} be defined as
. . 1 2 1= -
st e argmin (o [ lleo —yl d3(ao,1,0) — [ (@ — 20, — w0) dAlao,m1,0) ) (56)
FED (o,p1,v) \ 2
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and let

3 e arguin — [(on— 0.y 0) difeo,r,y). (87)
YET (po,p1,v)

By definition of 4} and 4*, we have the following inequality:

1 » -
5 [ 120~ I} &5 (zo,,9) — [ (@1 = 0,y = 20) 45 0,1,

>~ 2t / HxO y||2 d’Y (1'071'172/) - /<£L'1 —Z0,Y —{L'O> d:y*(x07x1>y)‘ (88)

Let (tn)n be a sequence such that t, — oco. Any sequence in I'(ug, p1,v) is tight by Lemma 2. Hence, by
Prokhorov’s theorem, we can extract a subsequence &t*q;(n) converging in law towards Yoo € I'(to, pt1,7). Thus,
passing to the limit in (88), we have

—/<$1 —Zo,Y — $0> d’Yoo($07$1,y) < —/<$1 —Zo,Y — 96’0> dﬁ/*(l‘(}axlay)' (89)

But by definition, 4* is optimal in (87), therefore (89) is an equality. We can conclude that

1
B*(v) = inf —7/l‘—$, — x0) d¥(xg, T1,Yy). 90
( ) €T (po,p1,v) WZ(NO»/H) < ! 0y O> fY( 00 y) ( )

D.2.2 Proof of Corollary 4

Proof of Corollary 4. Let ug absolutely continuous w.r.t. the Lebesgue measure, and T the gradient of a 1-convex
function such that pu; = Twpo. Let us show that in this case I'(ug, p1,v) = {(71, T o 7!, 7%)uv, v € H(uo,v)},

where we recall that I'(uo, p1,v) = {¥ € I(uo, pa,v), 71'?1#’2’3/ € I, (po, p1) }-

On one hand, let v € I (uo, v) and 5 = (7!, Ton!, 72) 4. Then, we verify easily that the marginals are satisfied,
i.e., ﬂ;ﬂ = U, ﬂiﬁ/ = pq and 71'%& = v. Moreover,

/h(:co,xl) 07(z0,21,7) /h 2,7(x)) dy(@o,y /h 2, T(z)) dpiolx), (1)

and hence 7{_;2& = (Id7T)#M0 € HO(NOa;ul)' ThUS, {(’/TlaT ° 7T137TQ)#7’ 7€ H(/U’Oa V)} c F(MO?MI? V)'

On the other hand, let 4 € I'(uo, 11, 7). Thus, we know that 7r1’2§/ = (Id,T)x 0. Additionally, by the disinte-
gration theorem, there exists a probability kernel K such that ¥ = 71';,:2’3/ @K =(Id,T)ppo ® K, i.e.

/h(.]?oﬂl)]_, ) d7 o, T1,Y // o, T1,Y ((mOaxl)ady) d(ﬂ;2;§/)($0,.’1}1)

92
:/ h(zo,T(20),y) K ((wo,T(x0)),dy) duo(zo). .
Denoting K (z0,dy) = K ((z0, T(20)),dy) and defining v = 1o ® K, we obtain
/h 20,71,y) d3(z0, 71, / h(wo, T(w0), y) K (z0,dy)dpio (o)
— [ hlao. Tla0).0) a0 ) (93)

:/h(ﬂfo,l'l,y) d(7T17TO7T1,7T2)#’}/(130’$17y).
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Thus, ¥ = (7!, T o w!, 7%)4~. Moreover, we can verify that v € II(ug, ) as 71';#’7 = o by definition of v and

[ 1) i) = [[ ) Kl dpuoe
//h («)), dy)dpo(x)

/h d7 Zo, L1, )

~ [ ) (o).

Therefore, we can conclude that the two sets are equals, and rewrite the Busemann function from Proposition 3

in this case as 1

B*w) = inf _7/1_';2 — 20,y — % d Zo,Y)- 95
v veM(pow)  Wa(po, 1) {T(20) — o,y — wo) d(20,y) (95)
O

D.2.3 Proof of Corollary 5

Proof of Corollary 5. Let g = 64, with 29 € RZ  Recall that T'(uo,p1,v) = {7 € (po, p1,v), W;f’y €

I, (o, 1)} = {7 € W(uo, p1,v), quﬁ = o ® p1} since the optimal coupling between pg = dy, and pq is
po @ p1. Let us show that I'(uo, t1,v) = {0 @y, v € II(u1,v)} in this case.

On one hand, let v € TI(u1,v) and define ¥ = o ® 7. Then, trivially, we have that ¥ € I(ug, u1,v). Moreover,
let us verify that 7r?1¢’27y = po @ p1. For any continuous bounded function h,

[ o) () wo,n) = [ hao,mr) ditan, o)
= // h(zo, z1) dy(21,y)dpo(zo) (96)
= // h(xo, 1) dpa(z1)dpo(zo)-

ThllS, {/1/0 X7, 7€ H(/’L]J V)} - F<M07M17V)'

On the other hand, let 4 € T'(uo, 1, ). Since w;f?y = po @ 1, we can disintegrate ¥ as 5 = (uo ® u1) ® K, i.e.
for any h,

/h(x(]wrl? y) dy(zo, z1,y // (z0,21,y) K ((z0,21),dy) dp(z1)dpuo(zo). (97)
Let us define the distribution ., satisfying for pg-a.e. zo,
/h($0,$1, Y) dvao (71, Yy // 20,21, Yy) K ((z0,21),dy)dps (21). (98)

First, we can verify that for ugp-a.e. x, 77#%0 = |41 as

/h 21)dYe, (21, y / h(z1)K ((zo, x1), dy)dp (#1) = /h(wl)dul(ml). (99)

Moreover, we can also disintegrate 5 w.r.t. po as 7 = po ® K. By uniqueness of the disintegration, we have for
Ho-a.e. T,

/ / B, 9) K (20, 21), dy) dus (1) = / B, ) (o, (der, dy)), (100)

i€ Yoo = f((mo, -). Integrating w.r.t po, we get that the left hand side is equal to [ hdy by (97). But we also

/// h(z1,y) K (o, 1), dy)dpn (1) dpo(x0) = // h(z1,y) (/K(($07$1)>dy)duo($o)> dpur (1)
/ / 21,y) K(er, dy)dun (1),

(101)
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where K (z1,dy) : = K( T, 1), dy) dpo(zg). Thus, we deduce that wi?’f? = 11 ® K. Integrating the right hand
side of (100), we get for any bounded measurable function h

/h(ffl,y) dy(zo, 21,y) = /h(fﬁ, )/d'yzo(xl, )dpto (o) // (z1,y) K(x1,dy)du; (z1). (102)

It implies that 7., = 1 ® K for pp-a.e. zo and thus that K does not depend on z. Finally, we can conclude
that 4 = po ® v with v = p; @ K € I(uq,v). O

D.2.4 Proof of Proposition 4

Proof of Proposition 4. Let (ut)i>0 be a geodesic ray. Recall that W3 (o, p1) fo |F ( )| du =
|Fo ! — Ft2 Z2([o,1))- Moreover, the quantile functions of any measure on the geodesic ray is of the form,
VE>0, F =1 —t)Fy P+ tFT L (103)

Thus, we have, for any v € P(R), t > 0,

Wa (v, i) — tWa(p, po) = | F = Fy7 22 0,1)) — tWapa pio)
= F = (=0 Fy = tF 2o,y — tWa(ha, o)

=||F =Ry —t(F - 71)||L2([0,1]) — tWa(p1, po)
= \/”F Y= Fy oy — 26 = B FT = Fy Yoy + 2W3(a, o)
_tWQ(ulvlf[’O)
= tWy (1, o) 17#<F‘17F‘1 FrY—FyYpe +o0 1
2(15 Ho W21, p10) o >t 0 /L2([o,1]) f (104)
— tWa(p, po)
1 1
= tW 1— ——— (7 —F L P — FE =
‘oo 2(:”1’,“0)( tW%(M17MO)< v 0o %1 0 >L2([071])+0 t
—tWQ(NhMO)

Pt —Fyt
-y <FV_ F_ — L : > -
- T = Fy ez o / e,

Thus, we can conclude that

R T
B (v) = — <FV = Fyt O > | .
T = Fy g0 / ey

For a unit-speed geodesic ray (u)¢>0, we have ||[F; " — F0_1||L2([0’1]) =1, and we then recover (17). O

D.2.5 Proof of Corollary 6

Proof of Corollary 6. Recall that for any n = N(m,o?), for all u € 10,1], F_ (u) m + oo~ (u) where ¢! is
the quantile function of N'(0,1), therefore satisfying fo (u) du = 0 and fo 2du=1.

Thus, let pg = N(mg,0d), p1 = N(my,0%), v = N(m,0?) with mg,m1,m € R, 00,01,0 € R} and o1 > oy,
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W32 (o, 1) = 1. Then, by Proposition 4, we have
Bi(v) = —(F{ ' = Fg L F = Fy Hzon)
= —((m1 —mo) + (01 — 00)¢p~ ", (m — mg) + (0 — 00)d™ ") £2(j0,1))

= —(m1 —mg)(m —mg) — (my1 —myg)(c — 0’0)/0 ¢ (u)du

~ (m—mo)(o — ) | 6 (w)du — (o1 — 00)(& — 00) / () du o)
— —(my = mo)(m — my) — (o1 — 50) (o — )
—((aze) (522)
More generally, if Wa(po, pt1) > 0, we have
R T iU on
]

D.2.6 Proof of Proposition 5
Proof of Proposition 5. We will use here that for any geodesic ray ~, lim;_, o d(z’éi(tt))ﬂ =1 (cf (Bridson and
Haefliger, 2013, II. 8.24). Then we know that

d(z,~(t)* — t?

Jim s = Jim (da, (1) — 1), (108)
d(l‘, 7(;1) —1 _ (d(xa W(t)) — t;id(l‘,’y(t)) + t) — (d(.’L‘, 'y(t)) _ t) d(xv 72(?) +1 P B"/(x) (109)

In our case, we have for any ¢t > 0, u; = N (my, Z;) where

{mt = (1 —t)mo + tmy (110)

S = ((1—t)Ig +tA)So((1 — t) I+ tA),
with 4 = Eg%(zézlzé)%zgf (see e.g. (Altschuler et al., 2021, Appendix A.1)). Then, using AYXqA = X1, we
have for any t > 0,

—mll2 ¢t 1
M = 7||m1 —m0||§+<m1—m0,mo—m>+0 e (111)
2t 2 t
Tr (S t 1
ét t) = 5’1‘1‘(20 — 2¥0A + 21) + TY(ZOA — 20) +0 (t) (112)
Tr((22%,22)3) 1 1) *
w =T <25(20—20A—A20+21)25 +O(t>) : (113)
Additionally, by hypothesis,
1 1
W3 (0, 1) = [[ma = moll3 + Te(So + 31 — 2T ¥ 38)?) = 1, (114)
and since 11 1 1
Sod = ¢ (B X15¢) 7%, 7, (115)
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we get
1 14
Te(BpA) = Tr((S25,52)%). (116)
Therefore, we obtain
W%(Vvﬂt) _t2
2t
[y — m|) + Tr (zt ry - 2(2%2152%)%) 2
B 2t
t
=5 ([lm1 — mol|3 + Tr(Zo 4+ By — 250A)) + (m1 — mo, mo — m) + Tr(So A — X)
1
1 1 1 2 t 1
—Tr 22(2072()‘4714204*21)224»0 Z *54»0 E
t 117
= §W5(uo,u1)+<m1 — g, mo —m) + Tr(3e4 — ) (117)
s . A 1
—Tr 22(20—20A—A20+21)22+0 ? —§+O ;
= (m1 — mo,mg —m) + Tr(SgA — o)
1
~Tr <<2%(20 — YA — A%+ X)X 4+ 0 (1)) ) +0 (1)
—— (my —mo,mo — m) + Tr(Se(A — 1)) — Tr((S2 (S0 — Bod — AZo + £1)£2)2).
O

D.3 Proofs of Appendix

D.3.1 Proof of Proposition 7

Proof of Proposition 7. Let P,Q € Ps (BW(Rd)). Recall that for any § € S¢1, P9 = QD;P, and for any p =
N(m, %) ~ P, () = Pl = N((m,0),07560) = N (myg, 03) where we note m,,, = (m,0) and o7 = 6736.

Then, for any 6 € S9! and 71 = N(my,0?), let T € II,(P,Q), Ty = (¢%, ¢%) s € TI(P?,Q) and ~, =
(B",B") 4Ty € H(BZEPO,B;ZEQQ). Recall that W3 (19, m1) = (m1 —mg)? + (01 — 09)? = 1.

Then, we have

W2(BLP, BLQ’ - / I dn(
2( #Q7) = 'yEH(B"HPleB”QG |z —y[? dy(z,y)

< /|x—y\ (2, y)

= / |B"(g) — B"(v)[* dTa (g, )

=S o)

< W2(n0,m1) - / W2 (49, vs) AT (ug,v5) by Cauchy-Schwartz

2
dTo (1o, ve)

(118)

- /W§ (" (1), " (v)) dT(p,v)
_ / W3(P4u, Pyv) dT'(u, v)

< /W%(u, v) dl'(u,v) since P? 1-Lipschitz

= Wiw(P,Q) since I' € I, (P, Q).
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By integrating w.r.t. A, we can conclude that

B1IDGMSW?(P,Q) < W3y (P,Q). (119)

D.3.2 Proof of Proposition 8

Proof of Proposition 8. The symmetric, positivity, and triangular inequality are clear by classical arguments.

For positive definiteness, let P,Q € [Jy o GMM4(K) such that BIDGMSW(P,Q) = 0. Then, there exists K > 0
such that P = Y1 | a8y, and Q = Y0 Bid,, .
First, note that we can rewrite BIDGMSW as

BIDGMSW2(P.Q) = [ SW3(Z4Ps.24Q) dA(), (120)

with Z(N(m, 0?)) = (m, o), and PY = @iﬁp

Thus, BIDGMSW (P,Q) = 0 implies that for A-almost all § € S9!, SW%(PO,QQ) = 0. However, SW is a
Pullback-Euclidean Sliced-Wasserstein distance. Thus, by (Bonet et al., 2025b, Proposition 26), it is a distance

and thus Py = Qp. Moreover, this also implies that W%(Zszl aképi“k,zllf:l Bmpﬁyk) = 0, and thus by

integrating w.r.t € S9!, the Sliced-Wasserstein distance between the mixtures seen in Py(R?) is equal to 0.
Thus, as SW is a distance, we can conclude that P = Q. O

D.3.3 Proof of Proposition 9

Proof of Proposition 9. Let pg = N(mg,03) and puy = N(my,0?) such that oy > 0¢. Extending the geodesic
between g and g1 on J1 — «, 0] for @ > 1 is equivalent to extending the geodesic between uy and po on [0, «f.
Thus, we first find a condition to extend the geodesic between py and .

The Monge map T between p; and jg is defined for all z € R as T(x) = 2(z —m1) + mo = h'(z) with
h:x— 2 (z —mq)? + moz. Then, by (Gallouét et al., 2024, Section 4), we know that we can extend the

20‘1

geodesic linking 1 to po on [0, o for @ > 1 if and only if h is

O‘Tfl-convex, i.e. if and only if

a—1 0o a—1 o1 «
>0 <= — > — — <

B (x) — < :
o1 o o a—1

(121)

Therefore, we deduce that we can extend the geodesic ray starting from po and passing through p; at ¢ =1 on
]—(a—1),+oc[if and only if ;%5 > 71 > 1 (the last inequality results from the geodesic ray condition oy > oo).

Thus, we find that the largest possible value « > 1 satisfying inequality (121) is Ul"jgo as
Q o oo — 0 o o
> s o> T g L (122)
a—1" o9 oo 0o 01— 00
and for « = —Z— 1 —a = —=—%2—. Hence the geodesic ray can be extended at least over the interval
| — 4—00[.1 ’ T O

E EXPERIMENTS ON LABELED DATASETS

We report here experimental details of the experiments done in Section 5. We begin with comparing the runtime
of the different sliced distances. Then, we detail the experiment of correlation between the sliced distances and
OTDD, as well as the gradient flows and transfer learning experiments. All the experiments are done on a Nvidia
v100 GPU.
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Figure 6: Comparison of the runtime in second between SOTDD, SWB1DG and SWBG on subsets of MNIST.

E.1 Runtimes

The theoretical computational complexity between SOTDD, SWB1DG and SWBG is about the same w.r.t the
total number of samples n, i.e. (’)(Ln(logn + d)) We verify this on Figure 6 by plotting the runtime between
subsets of MNIST with different number of samples. We observe the same asymptotic runtime, which are super

linear. The runtimes reported are averaged over 10 tries, but appear stable. For SWBG, we used a dimension
reduction in R'® with TSNE.

E.2 Correlation

Drawing inspiration from the experiment of (Nguyen et al., 2025a), we consider OTDD to be the ideal distance
between datasets and we aim to approximate it, or at least, we want to obtain bahavior similar to that of OTDD
while being more efficient to compute. To assess the similarity between the sliced distances and OTDD, we
measure their correlation.

Our protocol is the following, we first subsample a dataset, with random batchs of size between 5000 and 10000
samples. Then, we compute both the OTDD distance and the sliced distances between the pairs of batchs.
Finally, we compute the Pearson and Spearman correlations to have a quantified value of the correlation. For
pairs of data (z;,y;)7,, noting 2" = £ 3" z; and §" = L 3" | y;, the Pearson correlation pp is defined as

_ Do (i = 7")(yi — 7") _ Cov(X,Y)
Vi (@i = 27230 (yi — )2 0Xx0y

and is equal to =1 when both quantities are linearly correlated. The Spearman correlation pg is defined similarly,
but between the order statistics, i.e. (Toy(i)s Yoy (i))ie1 With T, 1) < -+ < Zoyny a0d Yoy (1) < o+ < Yoy (n)
the sorted samples. This allows to recover if the quantities are correlated also in a non affine way. We use SciPy
(Virtanen et al., 2020) for their computation in practice.

pp (123)

OTDD and SOTDD are computed using the code from Nguyen et al. (2025a) available at https://github.
com/hainn2803/s-0TDD. For OTDD, the inner distances between the classes are computed by using the POT
solver (Flamary et al., 2021, 2024) of the Wasserstein distance. The outer loss is computed using Sinkhorn
with an entropic regularization of ¢ = 1073 and is debiased. SOTDD is computed using 5 moments. We
report the results of all the sliced distances with 5000 projections on CIFAR10 on Figure 1, and with L €
{10, 50, 100, 500, 1000, 5000} projections on CIFAR10 on Figure 8 and on MNIST on Figure 7. On MNIST, we
use in every cases linear projections, while on CIFAR10, we use convolution projections (Nguyen and Ho, 2022).
We use the code of (Nguyen et al., 2025a) for the choice of the random convolutions. For SWBG, we embed
labels as Gaussian in R'Y using TSNE, with the TorchDR library (Van Assel et al., 2024).

To obtain reasonably meaningful and statistically significant results, we report the results for 200 pairs of
datasets on Figures 1, 7 and 8. In each case, we observe that SWB1DG and SWBG outperform in general
SOTDD. Moreover, both the Spearman correlation pg and the Pearson correlation pp are close to 1, indicating
an affine correlation. To emphasize this linear correlation, we also fit a linear regression on each of these figures.

Finally, we report the results by averaging over 10 sets of 50 bootstrapped pairs over the 200 initial ones. We
report the results for different number of projections on Table 4 on MNIST and FashionMNIST. We observe
again the superior results of SWB1DG and SWBG over Sliced-OTDD for a much smaller number of projections.


https://github.com/hainn2803/s-OTDD
https://github.com/hainn2803/s-OTDD
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E.3 Gradient Flows on Rings

The ring dataset is composed of 3 rings, where each ring is seen as a class of 80 samples. Thus, the target is

Q= 305, + 305, + 305, With 0. =

>

i—1

0z, . and n = 80. On Figure 2, we evenly sample the points on each
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Table 4: Correlation for different number of projections averaged over 10 datasets of 50 bootstrapped pairs.

Projections MNIST CIFAR10
Spearman correlation (pg) Pearson correlation (pp) Spearman correlation (pg) Pearson correlation (pp)

SOTDD SWBIDG SWBG SOTDD SWBIDG SWBG SOTDD SWBIDG SWBG SOTDD SWBIDG SWBG

10 444464 5781113 6154104 36.24122  60.24122 6134131 14.0411.3  44.31108  40.24122 16.0412.9  38.61146 42.T195

50 425489 81.6445 83.4.24 39.84115  81.7T442 82.842 30.5412.9 62.6464 40.449.8 2524114 63.6463 428435

100 62.6474  84.0162 84.3.35 559195  86.0433 83.7+3.4 1554118  7T1.9464 681172 21.04114 739455 728454
500 67.0475 90.441.7 91.246 64.617.0 904491 91.642 521481 82.3429 78.4+6.0 54.618.8 83.549 794477
1000 77441 896115  91.0415 75.6+83 915113 921415 52.0+10.9  83.6148  83.T450 53.1411.3  85.6135  84.914s
5000 78.846.2 914418 92.6416 778458 914415 93.0416 722475 88.544.8 89.3138 754455 87.842.8 89.042.4
10000 78.743.9 89.84+0.2 91.3415 78.9443 911490 92.641.7 72.646.1 82.T448 86.74130 771443 873128 90.2193

Table 5: Best hyperparameters on the k-shot transfer learning experiments for SWB1DG and SOTDD.

SWBIDG SOTDD
MNIST to FMNIST MNIST to USPS MNIST to FMNIST MNIST to USPS
k=1 k=5 k=10 k=100 k=1 k=5 k=10 k=100 k=1 k=5 k=10 k=100 k=1 k=5 k=10 k=100
Projections 5K 5K 1K 10K 10K 10K 1K 10K 10K 5K 10K 1K 5K 10K 10K 10K
Gradient steps 1K 10K 10K 20K 1K 20K 20K 20K 10K 10K 10K 20K 1K 10K 10K 20K

ring, and thus have always the same target. On Figure 3, we sampled 80 points uniformly on each ring, which
means they may not be evenly spaced. In addition, we averaged the results over 100 different samples of the
target.

We compare on Figure 3 the convergence of the WoW gradient flows of SOTDD, SWB1DG and SWBG towards
the target. These flows are approximated by performing a WoW gradient descent (see Appendix A.3 for details)
over P = %5;“ + %5#2 + %6#3 with each p of the form p, = L 3" 4, for n = 80, with 1000 iterations, and a
step size of 7 = 1.

We also tried minimizing SOTDD, SWB1DG and SWBG with a; = 0, i.e. comparing the measures on
P2 (P2(RY)) instead of on Py (R? x P2(R%)). However, while it may be enough to compare the distributions,
the sliced distances were not capable in this case to flow the points towards the rings. The flows only recovered
roughly the means, and the first moments, but the particles did not exactly match the target rings. Thus, it is
important to use the representations on Po (Rd X Pg(Rd)) to flow datasets with these distances.

E.4 k-shot Learning

We provide the details of the k-shot learning experiment, inspired from (Alvarez-Melis and Fusi, 2021). In this
task, we want to learn a classifier on a dataset from which we have access to k samples by class, where k is
typically small. Alvarez-Melis and Fusi (2021) proposed to solve this task by flowing a source dataset, from
which we have access to more samples by class, towards the dataset of interest, hence augmenting each class
with new additional images.

Let D* be the dataset of interest and C' € N* its number of classes. Let us denote Q = & ZC 10yr = Y(up+) with

vk = %Z?:l dy¢ the target dataset, considered here on P;(P2(R?)). Alvarez-Melis and Fusi (2021) proposed
to flow the datasets by minimizing F(P) = OTDD(P Q) starting from Py = ¢(up,) with up, an initial dataset
with n > k samples by class, i.e. Pop = & ZC 1 0,0 and pgt = LS 10 e0. Alvarez-Melis and Fusi (2021)
proposed several strategies to minimize OTDD. For 1nstance approx1mat1ng the label distributions by Gaussian,
they minimized it using gradient flows on the product space R? x R% x SJJr( ), by flowing simultaneously the
samples, the means and the covariances in a decouple way.

Following (Alvarez-Melis and Fusi, 2021), several works proposed to solve this task. In particular, Hua et al.
(2023) solved it by minimizing the MMD with a Gaussian kernel over the product space R? x RP x Sl‘f T(R),
using a dimension reduction to obtain embedding of the labels in a space of dimension p < d, and using a
Riemannian gradient descent on the Bures-Wasserstein space for the covariance part. More recently, Bonet et al.
(2025a) proposed to minimize an MMD on Ps(P2(R?)) with kernels on P»(R?). In particular, they used the
SW-Riesz kernel K (u,v) = —SWa(u,v), and used a Wasserstein over Wasserstein Gradient descent to minimize
it, endowing Ps (Pg(Rd)) with Wy, .

In this work, we also perform the gradient descent in (Wwy,, P2 (P2(R%))) following the theory derived in (Bonet
et al., 2025a), and minimize SOTDD and SWB1DG. The scheme to minimize F(P) = D(P,Q) with D any
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Figure 9: Examples of images output by the flows for the transfer learning task on Fashion MNIST and USPS
with & = 10 and the best performing hyperparameters, for SWB1DG (Left) and SOTDD (Right).
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Figure 10: Examples of images output by the flows for the transfer learning task on Fashion MNIST and USPS
with k& = 10, 100K epochs and 10K projections, for SWB1DG (Left) and SOTDD (Right).

differentiable divergence on Ps (PQ(Rd)) is, for any £ >0, c€ {1,...,C} and i € {1,...,n}, and step size 7 > 0,

£ = a2 Vg PP () (a5, (124)

7 (3

where the Wasserstein over Wasserstein gradient V., F(PZ)(M’J*Z)(:L’?’Z) is obtained by rescaling the Euclidean

gradient of F(x%) = F(PY) for x{ = (5., i.e. Vww, F(PY) (um!) (25") = nCVF(xL) (Bonet et al., 2025a,
Proposition B.7). In practice, VF is obtained by backpropagation.

Details of the Experiments. The datasets of interest on which we learn classifiers are Fashion-MNIST
and USPS. Thus, the number of class is always C' = 10, and we use k € {1,5,10,100}. For the source
dataset Py, we always use MNIST with n = 200 samples by class. In Table 2, we report the accuracy
obtained by training a LeNet-5 neural network for 50 epochs, with a AdamW optimizer and a learning
rate of 3 -107% We also average the results for 5 trainings of the neural network, and 3 outputs of the
flows. The code to set-up the experiment is taken from the github of (Bonet et al., 2025a) available at
https://github.com/clbonet/Flowing_Datasets_with_WoW_Gradient_Flows. = We compare the results
between the baseline where the neural network is trained directly on the target dataset D* with k samples by
class, and minimizing OTDD. These results are taken from (Bonet et al., 2025a, Table 2).

For the minimization of SOTDD and SWB1DG, we choose a step size of 7 = 1, a momentum of m = 0.9, and
do a grid search over the number of gradient steps T' € {100, 200, 500, 1000, 10000, 20000} and the number of
projections L € {500, 1000,5000,10000} to approximate the integrals. We report in Table 2 the best results
over this grid search, and on Table 5 the values of the hyperparameters giving the best results. We also show
on Figure 9 examples of images in each class obtained after minimizing respectively SWBG and SOTDD, for
k = 10. We observe that these images are not always very clean. Thus, to show that minimizing these distances
allows to obtain good looking images, we also report on Figure 10 results for £k = 10, L = 10K and T' = 100K,
which however gave worse results than the ones reported in Table 2. We hypothesize that the presence of noise
can help the classifier to better generalize and thus to improve the accuracy results.


https://github.com/clbonet/Flowing_Datasets_with_WoW_Gradient_Flows
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Figure 11: Detection of the number of clusters in dimension d = 2.

F EXPERIMENTS ON GAUSSIAN MIXTURES

We show how the Gaussian Busemann Sliced-Wasserstein distances compare with Wgw, Wsw and DSMW on
the tasks of clustering detection and gradient flows.

F.1 Clustering Detection

We perform the same experiment as in (Piening and Beinert, 2025, Section 4.3). We want to fit a Gaussian
mixture on a dataset. A common technique is to use an EM. However, the number of clusters in the mixture
needs to be specified and is not necessarily known beforehand. For K components, denote Px € Ps (BW(Rd))
the corresponding mixture. Piening and Beinert (2025) propose to compute the distances between Py and Py q
for £ > 1, and to find the smallest £ € N* such that adding more components does not change the fitted model.
To do so, they increase k until the distances vanish.

We report on Figure 11 the results using the same setting as (Piening and Beinert, 2025), i.e. we have 1500
samples of a mixture in dimension d = 2 with 4 clusters. On Figure 12, we add an experiment in dimensions
d € {3,5,10,20} with K € {4,5,6} components, with means distributed uniformly on a sphere with radius
r = 100 and random covariance matrices. In every cases, we observe that the results between DSMW, BGMSW
and BIDGMSW are very close.

For DMSW, we use the code of (Piening and Beinert, 2025), available at https://github. com/MoePien/sliced_
O0T_for_GMMs and for Wy, we use the implementation of POT (Flamary et al., 2021).

F.2 Flows

As a proof of concept, we show on Figure 13 the trajectories of flows minimizing Wgw, DMSW, BGMSW and
B1DGMSW over P(BW(R%)). We use the code from POT (Flamary et al., 2021) of an example minimizing
Wgw and available at https://pythonot.github.io/auto_examples/gaussian_gmm/plot_GMM_flow.html#
sphx-glr-auto-examples—-gaussian-gmm-plot-gmm-flow-py.

In this experiment, we start from a mixture with 3 Gaussian, with weights, means, and covariances randomly
sampled. The target is a mixture with 2 Gaussian with also weights, means and covariances randomly sampled.


https://github.com/MoePien/sliced_OT_for_GMMs
https://github.com/MoePien/sliced_OT_for_GMMs
https://pythonot.github.io/auto_examples/gaussian_gmm/plot_GMM_flow.html#sphx-glr-auto-examples-gaussian-gmm-plot-gmm-flow-py
https://pythonot.github.io/auto_examples/gaussian_gmm/plot_GMM_flow.html#sphx-glr-auto-examples-gaussian-gmm-plot-gmm-flow-py
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Figure 12: Detection of the number of clusters in dimension d > 2.
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Figure 13: Flows of Gaussian Mixtures minimizing Wgw, DMSW, BGMSW or BIDGMSW.

Then, we optimize over the weights, means and covariances using the Adam optimizer and with projection steps
to stay on the space of Gaussian mixtures, i.e. we use a softmax to project the weights and clip the eigenvalues of
the matrices to project the covariances in the space of positive definite matrices. The gradients are obtained using
backpropagation. Note that this way of minimizing does not correspond to a gradient descent in Ps (BW(Rd)),
which would not allow to change the weights, see e.g. (Bonet et al., 2025a, Appendix D.7) for a discussion on
how to handle different number of components in the mixture.
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