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Abstract
Autoregressive decoding, a major bottleneck in
LLM inference, requires a complete forward pass
for each token generation. Speculative decoding
mitigates this cost by using a fast draft model to
propose multiple candidate tokens and a verifier to
accept or correct them, while preserving the target
distribution. Token Verification (TV), a common
baseline verification method for multi-step drafts,
repeatedly applies a single-step verification rule
in the sequence direction and stops at the first re-
jection. However, it is suboptimal even for drafts
with a single candidate per step. We propose
Layer Verification (LV), a new modular lifting
strategy that converts any single-step verification
rule into a draft-tree verifier, improving accep-
tance efficiency over TV. LV assigns appropriate
scores to each tree node according to a single-step
verification rule, coordinating acceptance mass
across nodes within each layer. It then sweeps the
draft tree layer by layer, selecting the accepted
endpoint and sampling the corrected token. We
prove that LV is lossless and preserves the target
distribution when the underlying single-step ver-
ifier is lossless. Notably, when instantiated with
Global Resolution (Thomas & Pal, 2026b), LV
attains near-optimal expected acceptance length
in both single-step multi-candidate and multi-step
single-candidate drafts. Experiments on synthetic
autoregressive models and LLM decoding corrob-
orate the efficacy and efficiency of our method.

1. Introduction
Autoregressive large language models (LLMs) are deployed
across a wide range of applications. However, their infer-
ence efficiency is often hindered by the need to perform as
many forward passes as the number of generated tokens,
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limiting their usability and scalability. Speculative decod-
ing (Stern et al., 2018; Xia et al., 2023; Leviathan et al.,
2023) mitigates this bottleneck by using a fast draft model
to propose candidate tokens for multiple next steps and a
verifier (an LLM with a draft verification rule or the rule
itself) to accept or correct those proposals in parallel, while
matching the target distribution. This approach allows mul-
tiple tokens to be generated with a single call to the target
model, reducing latency without sacrificing generation qual-
ity. See Xia et al. (2024); Hu et al. (2025a) for more details.

Recent work has made substantial progress on the former
component, via training a stronger draft model and improv-
ing the construction of draft trees (Cai et al., 2024; Chen
et al., 2024; Li et al., 2024a;b; 2025; Wang et al., 2025). In
this paper, in contrast, we focus on the latter component:
the verification rule design (cf. Fig. 1). Given a draft tree
and draft/target conditional probability masses for each tree
node, designing a verification rule becomes a mathematical
problem closely related to optimal transport: how should
one maximize acceptance efficiency while ensuring the final
output distribution matches the target distribution?

Prior verifier designs mostly focus on the single-step setting,
concerning the next-token candidates. Representative exam-
ples include speculative sampling (SPS) (Leviathan et al.,
2023), k-sequential selection (K-SEQ) (Sun et al., 2023),
recursive rejection sampling (RRS) (Jeon et al., 2024; Yang
et al., 2025), and Global Resolution (GR) (Thomas & Pal,
2026b). When such single-step verifiers are applied to chain-
/tree-structured drafts, the standard approach is to repeatedly
invoke them token by token in the forward sequence direc-
tion. We call this approach Token Verification (TV).1 In this
sense, TV is not a specific verifier by itself, but rather a
meta-algorithm that lifts a single-step verifier to multi-step
drafts, including both chains and trees. Here, we use the
term “lifting strategy” to refer to such a meta-algorithm.

Despite its popularity, TV has a clear weakness. It dis-
cards subsequent draft tokens after a rejection, so it cannot
account for the joint acceptance probability for the entire de-
coded sequence. For this, especially for single-chain drafts,
TV has been shown to be suboptimal in terms of decoding
efficiency (Sun et al., 2025). These limitations are exacer-

1This is also called SpecTr or DraftSelection in Sun et al. (2023).
We bring the name TV from Sun et al. (2025).
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Figure 1. Overview of verification rules for speculative (tree) decoding. Italicized entries denote lifting strategies that extend single-step
verifiers to multi-step drafts. In particular, LV-lifted SPS recovers BV in the single-chain case, while LV-lifted K-SEQ, RRS, and GR
yield tree verifiers in the multi-candidate setting. †Thomas & Pal (2026a) design their algorithm specifically for multi-chain drafts rather than general tree shapes.

bated for tree-shaped drafts, where evaluating the full tree
could allow longer accepted paths per target-model call.

To address this issue, we introduce a new lifting strategy,
Layer Verification (LV), for speculative tree decoding. Each
iteration of LV decomposes into two stages: the forward
node-scoring stage and the backward sampling stage. In the
first stage, LV assigns each draft tree node an appropriate
score through a forward pass, interpreted as the probability
that the final accepted path passes through the node. We
design a computationally feasible scoring rule by extending
the flow-network perspective on verifiers (Sun et al., 2024;
Thomas & Pal, 2026b) to multi-step setups, efficiently dis-
tributing mass across competing branches (Sec. 3). In the
second stage, LV converts these scores into a lossless ver-
ification rule. It operates by sweeping the draft tree layer
by layer from the deepest layer, deciding whether a node
in the current layer should be the endpoint of an accepted
path; the corrected token is then sampled from a resampling
distribution computed at that endpoint.

We prove that LV preserves the target distribution when-
ever instantiated with a lossless single-step verifier. More-
over, our experiments corroborate that LV-lifted verifiers
consistently outperform their TV counterparts across tree
structures and benchmarks in both block efficiency (i.e.,
generated sequence length per target-model forward pass)
and throughput (tokens/sec).

Our contributions are summarized as follows:
• We propose Layer Verification (LV), a novel two-stage

meta-algorithm that converts any single-step verifier into
a multi-step verifier for tree-shaped drafts. (Sec. 4).

• We prove that LV is lossless whenever the underlying
single-step verifier is lossless (Thm. 4.3). Notably, when
equipped with GR, LV yields a (near)-optimal block effi-
ciency for single-step multi-candidate & multi-step single-
candidate drafts. To our knowledge, this is the first loss-
less verification rule to achieve optimality in both settings.

• We numerically evaluate LV on controlled toy setups

and LLM decoding (Sec. 5). We mainly compare LV-
lifted single-step verifiers (among {K-SEQ, RRS, GR})
with their TV counterparts. The toy experiment validates
both the losslessness of LV and its ability to accept more
draft tokens than TV. Real-world experiment on Spec-
Bench (Xia et al., 2024) corroborates the benefits of LV
in both block efficiency and throughput.

1.1. Significance of Studying a Lifting Strategy
We explore the ‘lifting strategy’ as a new design axis in
speculative decoding, an underexplored direction in most
prior works. We ask whether a better lifting strategy can
accept more tokens per target-model call while preserving
the target distribution, given the same single-step verifier.

Notably, TV can be strictly suboptimal in multi-step settings.
Sun et al. (2025) demonstrate this in the simplest multi-step
setting: single-chain drafts with one candidate token per
step. They propose Block Verification (BV), an optimal
single-chain verifier for block efficiency, verifying an entire
draft block at once by considering the joint distribution,
rather than verifying tokens step by step. This raises the
question of whether we can improve TV in multi-step, multi-
candidate settings, although finding an ultimately optimal
verifier is combinatorially difficult.

We highlight two major recent works studying multi-step
verifiers. Traversal Verification (TRV) (Weng et al., 2025)
extends RRS to tree drafts via a tree traversal and subsumes
BV for single-chain drafts. However, it does not generically
incorporate other single-step verifiers; thus, beating RRS is
difficult even in the single-step setting. Greedy Multi-Path
Block Verification (GBV) (Thomas & Pal, 2026a) selects
one of multiple draft chains and applies BV, but it is not
immediately applicable to general trees with branching at
multiple depths. However, a lifting strategy such as LV
separates local verifier design from tree-level coordination,
thereby making the problem more tractable and modular.

A successful lifting strategy would amplify the value of prior
advances in single-step verification. The modular frame-
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work allows existing single-step verifiers to be reused in
a stronger multi-step verifier, eliminating the need for re-
design from scratch. Thus, a single improvement to the
lifting strategy can enhance many existing verifiers, and
future single-step verification advances can be easily inte-
grated into the tree-level lifting framework.

2. Overview of Problem Settings
Vocabulary and Strings. The vocabulary Σ is a finite set
of tokens. A string over Σ is a finite sequence of tokens in
Σ. We denote the set of all finite-length strings by Σ∗. For a
string s1s2 · · · ∈ Σ∗ and a sequence of indices J , we often
use the J-substring as sJ = (sj)j∈J .

Draft/Target Models & Distributions. We view the draft
model Ms∼(p, T ) as a tree generator equipped with a base
draft distribution p and a tree configuration T = (V,E).2

Denote the set of depth-t nodes by Lt (t=0, . . . ,H); the
path from root to a node v by Path[v]; child nodes by Ch[v];
parent node by par[v]; and immediate siblings (including
itself) by Sib[v] := Ch[par[v]]. Denote by pv the draft
conditional probability given draft prefix XPath[v] (of non-
leaf v). When Ms receives a prefix x0 ∈ Σ∗ as an input, it
returns a draft tree whose node v ∈ V contains a candidate
symbol xv ∈ Σ, as well as pv(·) if v is non-leaf. Conversely,
the target model Mb ∼ q receives the draft tree and assigns
each node v a conditional target probability qv(·) in parallel.

Speculative Tree Decoding (Alg. 3). We focus on the class
of verifiers that take T (defined above) as input and return
a decoded sequence (i.e., the accepted draft token path + a
corrected token at the end), without modifying the target
distribution in subsequent verification rounds.

We refer readers to Appx. D for a more detailed description
of our problem setting and relevant discussions.

3. Flow-Network Perspective on Verifiers
We revisit verification rules from the perspective of flow
networks. Its implications for multi-step verification are the
main motivation for our LV, as will be introduced in Sec. 4
Refer to Appx. C for a brief introduction to flow networks
and the relevant notation. Throughout this section, drafts
are sampled with a fixed prefix x0.

3.1. Single-Step Drafts

Consider a single drafted token X1 ∼ p(· | x0). If a verifier
accepts a token x ∈ Σ with conditional probability a1(x)
given X1 = x, then the unconditional accepted mass at x is

f(x→x) := Pr [X1 = x and X1 is accepted] = p(x)a1(x).

Any lossless verifier should meet two capacity constraints:

2We focus on a fixed tree configuration and i.i.d. with-
replacement sampling of candidate tokens for child nodes at each
tree node, unless specified otherwise.

f(x→x)≤p(x) since x can be accepted only after drafted,
and f(x→ x)≤ q(x) since the final output cannot assign
more mass to x than the target distribution does, to prevent
overestimation and guarantee losslessness. Thus, we have
f(x→x)≤min{p(x),q(x)} (∀x ∈ Σ).

Fig. 2a depicts this constraint formulated as a flow net-
work from source s to sink t. Conversely, any feasible
flow f defines a verifier by accepting X1 = x with con-
ditional probability a1(x) = f(x → x)/p(x) for every
x ∈ Σ. The gap between the target-to-sink flow f(x→ t)
and the sink-side capacity q(x) naturally defines the re-
sampling distribution of corrected token, thereby achieving
losslessness. Moreover, the maximum acceptance mass at x
is min{p(x), q(x)}, offering the optimal acceptance mass
a⋆1(x) = min{p(x), q(x)}/p(x) = min {1, q(x)/p(x)},
which recovers SPS (Leviathan et al., 2023).

Single-step Multi-Candidate Drafts. We can construct a
similar flow network (with more source-side nodes) to ana-
lyze the case of proposing multiple next-token candidates:
see Fig. 2b. We defer its detailed description to Appx. C.1.

3.2. Multi-Step Drafts
Let us consider the simplest multi-step setting: a single
chain. Consider a draft sequence X1:H of length H . The
verifier accepts a prefix X1:t for some t = 0, . . . ,H . First,
let us see how a lossless multi-step verification rule induces
recursive flow-network-type constraints on probabilities,
and vice versa. For 1 ≤ t ≤ H , define conditional and
t-unconditional acceptance mass given x<t as

at(xt |x<t) = Pr [Accept Xt = xt |x0, X≤t = x≤t] ,

ft(xt→xt |x<t) = Pr [Accept Xt = xt |x0, X<t = x<t] .

Note that ft(xt→xt |x<t) = p(xt |x<t)at(xt |x<t) repre-
sents the probability of accepting at least t tokens in a row,
given x<t. From now on, let us omit the conditions if clear
from the context; let pt(·) = p(· |x≤t) and similarly qt(·).

At t = 1, the same set of constraints applies as in Sec. 3.1:
f1(x→ x) ≤ min{p0(x), q0(x)}. In general (t → t + 1),
we have two capacity constraints: ft+1(x→ x) ≤ pt(x)
since x can be accepted only after drafted, and ft+1(x→
x) ≤ qt(x)at(xt) since the target mass qt(x) can contribute
only when the acceptance at step t is guaranteed (∀x ∈ Σ).
These constraints across H steps naturally translate into H
flow networks, each with flows defined by ft, as depicted in
Fig. 2c. Notably, the target-side capacities are “scaled” by
at(xt), naively comparing to the single-step case.

Next, we explain how maximizing the expected acceptance
length tout relates to solving max-flow problems for all flow
networks ft(. . .) jointly. Observe that

E[tout] =
∑H

t=1 Pr [tout ≥ t] ∵ Summation by parts

=
∑H

t=1

∑
x≤t

Pr [tout≥ t,X≤t=x≤t]

=
∑H

t=1

∑
x<t

p(x<t) ·
∑

xt
ft(xt→xt |x<t),
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(a) Single-step single-candidate. (b) Single-step double-candidate. (c) Two-step single-candidate.
Figure 2. Flow-network visualizations of verification rules (Σ = {a, b, c}) The edge labels indicate their capacities.

and it is a (non-negatively) weighted sum of values of all
flow networks we consider. In the current setting, a greedy
sequential maximization (t = 1, . . . ,H) yields the joint
maximum flows, which offers with a⋆0 := 1 that

a⋆t+1(xt+1) = min {1, a⋆t (xt) · qt(xt) / pt(xt)} (t ≥ 0).

It precisely recovers BV (Sun et al., 2025).

4. Layer Verification
The chain example in Sec. 3.2 suggests tracking the proba-
bility that the accepted draft path includes a node; we call
this the node’s inclusion score. LV leverages this idea to
design a draft-tree verifier in two stages. First, a forward
node-scoring stage assigns inclusion scores layerwise by
transforming a single-step verifier into a feasible flow net-
work. Second, a backward sampling stage determines the
endpoint of the accepted path from the deepest layer of the
draft tree and samples a corrected token from a residual
distribution. We begin with the latter stage, as it provides a
high-level skeleton of LV: as long as the first stage is per-
formed correctly, we can derive the endpoint selection and
residual correction rules that guarantee that LV is lossless.

4.1. Backward Sampling Stage for Losslessness

We here describe the main loop of LV that determines an
accepted draft token path and samples a correction token, as
standard verification rules do.

Suppose we have an inclusion score precomputed for each
node, as defined below.

Definition 4.1 (Inclusion Score). For a node v ∈ Lt, its
inclusion score av

(
XPath[v], XSib[v]

)
(or, av in short) is to

be determined by the probability of accepting all nodes in
Path[v], given draft tokens at Path[v]∪Sib[v]. In particular,∑

v∈Lt
av = Pr

[
tout ≥ t

∣∣XL≤t

]
≤ 1; we let a0 = 1.

It implicitly assumes the independence of the inclusion score
from the draft tokens outside Path[v] ∪ Sib[v]. We can con-

sider a more general form that also yields an essentially iden-
tical proof of our LV’s losslessness. However, we choose
this definition here for practical convenience in later descrip-
tions, allowing us to consider a small-scale flow network
per node and its draft tokens, converted from a single-step
verifier. In particular, the quantity

fv
(
xCh[v] → x̃

∣∣XPath[v]

)
:=

∑
w∈Ch[v]

aw
(
XPath[v], xCh[v]

)
pv(xCh[v]) 1[xw = x̃]

can be interpreted as a flow from a tuple node xCh[v] to a
target token x̃ in the flow network associated with the node v,
since it represents the probability of accepting a node w with
token xw = x̃ given its ancestors’ draft tokens. In addition,
let us define a useful quantity called outgoing flow at target
token x̃ as flowv(x̃) :=

∑
xCh[v]

fv(xCh[v] → x̃).

To design LV as a lossless verification rule, we introduce the
following assumption on the inclusion scores, which directly
extends the flow-network analogy described in Sec. 3.

Assumption 4.2. Fix a depth t<H , node v∈Lt, and x̃∈Σ.
Then, given draft tokens up to depth t + 1, the inclusion
scores (Defn. 4.1) must satisfy flowv(x̃) ≤ qv(x̃) · av .

We note that any lossless verifier satisfies the assumption
above, as it is necessary to have valid formulas of an accep-
tance rate (i.e., probability of selecting v as the accepted
endpoint) and a residual distribution at node v (∈ Lt):

hv := Pr [vout=v | tout ≤ t] =
av −

∑
x′∈Σ flowv(x

′)

1−
∑

v′∈Lt

∑
x′∈Σ flowv′(x′)

,

(1)

presv (x̃) := Pr [Y = x̃ | vout=v] =
qv(x̃) · av − flowv(x̃)

av −
∑

x′∈Σ flowv(x′)
, (2)

omitting the conditioning on draft tokens.

Based on these ingredients, we now present the bottom-up
selection stage in Alg. 2. We also present our theoretical
result for the losslessness of LV.
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Theorem 4.3 (Losslessness of LV). Assume that all inclu-
sion scores assigned in a draft tree satisfy Assum. 4.2. Then,
the backward sampling stage of Layer Verification (Alg. 2)
generates a sequence with identical distribution as the target
distribution q(·). (Refer to Appx. F for the proof.)

Algorithm 1 Forward Node-Scoring Stage of LV

Input: Draft tree T = (V,E): every v ∈ V has a draft token
Xv and draft (if non-leaf) and target conditional probabilities
pv(·), qv(·); Single-step verifier “VERIFY”

Output: Inclusion scores & Outgoing flows (∀v∈V )
1: a0 ← 1
2: flowv(x̃)← 0 for all (v, x̃) ∈ V × Σ s.t. Ch[v]=∅
3: for t = 0, 1, . . . , H − 1 do
4: Lt ← {v ∈ Lt : Ch[v] ̸= ∅}
5: λv ← av/

∑
v∈Lt

av

6: for each v ∈ Lt do in parallel
7: Set source-side cap.’s pv(xCh[v]) over Σ|Ch[v]|

8: Set target-side cap.’s av
λv

qv(x̃) over Σ
9: Set target-side cap. 1− av

λv
of dummy token (⊥)

10: Get feasible flows fv(xCh[v]→ x̃) using VERIFY
11: flowv(x̃)← λv ·

∑
xCh[v]

fv(xCh[v]→ x̃) ▷ scaled flow
12: for each w ∈ Ch[v] do in parallel
13: aw ←

λv·fv(XCh[v]→Xw)

pv(XCh[v])
· 1
#[Xw∈XCh[v]]

14: end for
15: end for
16: end for

Algorithm 2 Backward Sampling Stage of LV

Input: Draft tree T = (V,E): every v ∈ V has a draft token
Xv and draft (if non-leaf) and target conditional probabilities
pv(·), qv(·); (av, flowv(·))v∈V from the node scoring stage

Output: Accepted draft path & Corrected token
1: for t = H,H − 1, . . . , 0 do
2: Compute hv (∀v ∈ Lt) as Eqn. (1)
3: h⊥ ← 1−

∑
v∈Lt

hv ▷ ⊥ /∈V : dummy node
4: Sample vout∼Categorical

(
(hv)v∈Lt∪{⊥}

)
5: if vout ∈ Lt (i.e., vout ̸= ⊥) then
6: Sample y ∼ presvout(·) (Eqn. (2))
7: return (xv)v∈Path[vout], y
8: end if ▷ Otherwise, move upward by a layer
9: end for

4.2. Forward Scoring Stage for Lifting 1-Step Verifier
The backward stage shows that losslessness reduces to a
scoring problem: it is enough to construct inclusion scores
av and outgoing flows flowv(·) satisfying Assum. 4.2. The
role of the forward stage is precisely to produce such scores
and flows. At each nonleaf node v, LV utilizes the chosen
single-step verifier to solve a scaled local flow problem so
that the resulting outgoing flow satisfies Assum. 4.2. This
condition ensures that the residual distribution in Eqn. (2)
is valid, which is the key requirement for the backward
sampling stage to be lossless.

We start from the root score a0 = 1 and execute the scoring
steps layerwise, moving towards the deepest layer of the
draft tree. Suppose that the scores of all nodes in depth t

have already been computed. LV then computes the scores
for nodes in Lt+1: for each non-leaf node v ∈ Lt, it uses
the chosen single-step verifier to send feasible token-level
flow from v to its children, under the target-side capacity
avqv(·), following the same principle as in the chain case.

Another main ingredient of LV is a multiplier for draft-side
capacities. Let Lt := {v ∈ Lt : Ch[v] ̸= ∅} be the collec-
tion of non-leaf nodes in Lt and At :=

∑
u∈Lt

au be the
sum of non-leaf nodes in Lt. LV uses the source-side mul-
tiplier λv := av/At for each non-leaf node v ∈ Lt. Once
these multipliers are determined, LV applies the chosen
single-step verifier, or equivalently the corresponding flow-
network solver, to the local verification problem at each
node v; the draft-side capacities are scaled by λv , while the
target-side capacities are scaled by av. Then, the scores of
the children of v are determined by taking the ratio of the
child-specific flow to the original, unscaled draft probability
of the realized child tuple. Repeating this layerwise recur-
sion from t = 0 to H − 1 assigns scores to the whole draft
tree. Refer to Fig. 3 (Appx. E) for an illustrative example.

Remark. The choice of the base single-step verifier deter-
mines how LV routes the local flow at each non-leaf node.
In particular, since GR is a near-optimal max-flow solver
for single-step multi-candidate verification, LV instantiated
with GR as its base verifier inherits this near-optimality
when H = 1. On the other hand, when the draft is a sin-
gle chain, the method reduces to the optimal BV rule in
the multi-step single-candidate case. To our knowledge,
this is the first lossless tree-verification framework that is
(near-)optimal for both single-step multi-candidate drafts
and multi-step single-candidate drafts.

5. Experiments
Due to the space limit, we defer Tabs. 1, 2 and 3, containing
our main experimental results, to Appx. A.4.

5.1. Toy Experiments
Draft Generation. We randomly generate synthetic logits
to construct base draft and target distributions, p and q, over
a fixed vocabulary set Σ. We generate drafts using three
types of draft tree structures: multi-chain, complete-tree,
and tapered-tree, each with depth H and maximum branch
count (i.e., the maximum number of child nodes) b. Addi-
tional details of the synthetic draft-generation procedure are
provided in Appx. G.

Compared Methods. We compare LV-lifted single-step
verifiers S ∈ {K-SEQ, RRS, GR} to their TV-counterparts:
‘LV + S’ versus ‘TV + S’. We also include two specialized
multi-step baselines: TRV and GBV; we evaluate GBV only
on multi-chain drafts, as it is specifically designed for them.

Metrics. We report the average number of accepted tokens
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per verification call to evaluate and compare the efficiencies
of several methods. For statistical significance, we also
report standard errors (SE) in parentheses. Also, we measure
the total variation distance (TVD, a half of ℓ1 distance)
over ΣH+1 between the empirical distribution of generated
sequences (by Ntrial Monte Carlo sampling) and the joint
distribution induced by the target q. Every time we sample
a draft tree, we call the synthetic verifier once to decode a
sequence of length≤ H+1, and then sample the remaining
tokens from q to fill the generated sequence to length H +1.
To evaluate losslessness, we also compute the same TVD
for samples of the same length drawn directly from q and
use this as the baseline: we interpret a verifier as lossless
when its TVD matches this baseline.

Results. The main results of our toy experiments are shown
in Tab. 1. First, all verification methods match the baseline
TVD to three decimal places across all draft structures. The
TVD values are not expected to be close to zero, since
they are computed between two distributions over a large
sequence space. Thus, the relevant comparison is against the
direct target sampler, and the observed agreement indicates
that LV preserves the target distribution.

We also observe that LV consistently yields longer accep-
tance lengths than its TV counterpart. Among all evaluated
methods, LV-lifted GR achieves the largest accepted length
on every draft structure. These results suggest that the bene-
fit of LV is not tied to any particular single-step verifier but
rather to the lifting strategy itself. This is especially relevant
because several practical speculative-decoding systems, in-
cluding SpecInfer (Miao et al., 2024), Medusa (Cai et al.,
2024), and EAGLE (Li et al., 2024a), can be viewed under
our taxonomy as using a TV-lifted RRS. We provide more
ablation studies in Appx. G. Across various settings, LV-
lifted verifiers consistently accept more tokens than their
TV-lifted counterparts while remaining lossless.

5.2. Real-World Benchmark on LLM Decoding
Tasks. We conduct LLM decoding experiments on Spec-
Bench (Xia et al., 2024), a standard benchmark for assessing
decoding methods of LLMs on diverse domains.

Draft and Target Models. We use Llama3 series mod-
els (Grattafiori et al., 2024): Llama3.1-8B-Instruct as the
target model and Llama3.2-1B-Instruct as the draft model.
Also, we mostly adopt the draft generation and verification
pipelines from the PyTorch implementation of EAGLE (Li
et al., 2024a). The draft trees are generated from the outputs
of several parallel forward passes of the draft model, rather
than following the exact EAGLE-based draft construction
that uses hidden features as well, since the Llama3-based
draft model is not tailored for such a framework.

Compared Methods & Implementation Details. As in
the toy experiments, we compare LV and TV, each instan-

tiated with a single-step verifier from {K-SEQ, RRS, GR},
and (the with-replacement candidate-sampling counterpart
of) TRV. Each single-step verifier is converted into a flow
network representation and used in the lifting strategy. For
a favorable computation, we apply top-k sampling with
k = 20 for the draft model’s candidate token generation
across all methods, and we limit the maximum branching
count to 2; namely, we test a multi-chain tree (with 2 chains
of H ∈ {4, 5}) and a complete binary tree (H ∈ {4, 5}).
Note that the original implementation of RRS is sequential
over candidate tokens of each node’s children. This is a bit
different from our TV + RRS implementation-wise; hence,
we also run TV with RRS in its original ‘default’ form, as
in EAGLE’s default verification rule.

Results. We report the overall statistics (average & SE)
obtained by running 4 random seeds in Tabs. 2 and 3. First,
we consistently observe that LV-variants outperform their
TV-counterparts in both block efficiency and throughput. In
particular, we report ∆(LV, TV)

BE , the percentage improvement
in block efficiency of LV over TV, which ranges from 0.5%
to 1.8% across settings. Notably, LV-lifted GR achieves the
best block efficiency in all settings, while LV-lifted RRS
rivals it in decoding speed. We also find that ∆(LV, TV)

BE esca-
lates as the draft trees deepen, while the speedups compared
to the Baseline3 (i.e., decoding without drafts) shrink a bit,
possibly due to the need for one more parallel forward pass
of 1B-scale draft model per verification round. Moreover,
we compute the perplexity of the generated sequences with
the target model to confirm generation quality. We also
provide detailed results for each of the six different domains
of the Spec-Bench dataset in Appx. H.

6. Conclusion
This work identified the lifting strategy for single-step ver-
ifiers as an underexplored design axis in speculative tree
decoding. While prior multi-step implementations have
largely relied on Token Verification (TV), we proposed
Layer Verification (LV), a new lifting strategy that coordi-
nates acceptance mass across nodes within the same layer
rather than verifying each continuation with purely token-
by-token decisions. Theoretically, LV preserves the target
autoregressive distribution as long as the single-step verifier
it is paired with is lossless. Empirically, toy experiments
numerically validate LV’s losslessness and show consistent
improvements in the average accepted length. On Spec-
Bench, LV consistently improves both block efficiency and
throughput over TV counterparts across draft structures
and single-step verifiers, with LV-lifted GR achieving the
strongest block efficiency. Overall, our results reinforce
the value of prior advances in single-step verification and
highlight lifting as a promising direction for verifier design.

3Baseline: Block Efficiency = 1 (by definition); To-
ken/s = 35.05 (±0.01); Perplexity = 1.33.
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A. Miscellaneous Addenda
A.1. Broader Impacts

This work studies verification algorithms for speculative decoding and aims to improve the efficiency of autoregressive
language model inference. Its potential positive impacts include reducing inference latency, improving hardware utilization,
lowering serving costs, and making large language model deployment more accessible. Our work does not introduce new
model capabilities, datasets, or deployment mechanisms, and the societal risks are therefore limited. There are no potential
risks or negative social impacts that the authors are aware of.

A.2. Limitations

First, our empirical evaluation on Spec-Bench is currently limited to a small number of draft-tree structures, temperatures,
and model pairs. We plan to provide additional empirical validation across a wider range of settings in a future revision.
Second, Layer Verification requires access to the outgoing flow induced by the underlying single-step verifier to run the
backward stage. This information is not necessarily required for Token Verification; therefore, LV may require additional
implementation effort for single-step verifiers. In the with-replacement draft-sampling setting considered in our main
experiments, the outgoing flow of existing verifiers can be computed efficiently. However, without-replacement sampling
over the full vocabulary can make it intractable to compute the outgoing flow exactly. We remark that this issue can be
mitigated by restricting draft sampling to the top-k candidate tokens by base-draft probability mass, without harming overall
generation quality.

A.3. LLM Usage

We used large language models (LLMs) as auxiliary tools for writing assistance and implementation support. In particular,
LLMs were used to polish the paper’s writing and grammar and to assist with writing experimental code, especially for
the C++/CUDA implementation of the verification algorithms. The core algorithmic ideas, including the design of Layer
Verification, the theoretical analysis, and the experimental methodology, were developed by humans and did not originate
from LLM-generated suggestions.

A.4. Deferred Results of Main Experiments

Table 1. Toy experiment results, (|Σ| , H, b, ρ, τp, τq, Ntrial) = (15, 4, 2, 0.5, 1.0, 1.0, 106).

Method
Multi-Chain Tapered-Tree Complete-Tree

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 2.26 (±0.04) 0.2567 2.50 (±0.04) 0.2568 2.66 (±0.04) 0.2568
LV + K-SEQ 2.51 (±0.03) 0.2568 2.73 (±0.04) 0.2567 2.88 (±0.04) 0.2568

TV + RRS 2.18 (±0.04) 0.2568 2.42 (±0.04) 0.2568 2.47 (±0.04) 0.2567
LV + RRS 2.41 (±0.03) 0.2567 2.61 (±0.04) 0.2567 2.65 (±0.04) 0.2569

TV + GR 2.44 (±0.04) 0.2567 2.70 (±0.05) 0.2568 3.18 (±0.05) 0.2568
LV + GR 2.66 (±0.03) 0.2567 2.88 (±0.04) 0.2568 3.28 (±0.05) 0.2567

TRV 2.45 (±0.03) 0.2568 2.67 (±0.04) 0.2567 2.71 (±0.04) 0.2567

GBV 2.60 (±0.03) 0.2567 – – – –

Baseline – 0.2569 – 0.2567 – 0.2567
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Table 2. LLM decoding experiment on Spec-Bench (with trees of depth 4).

Method
Multi-Chain (4,2) Complete-Tree (4,2)

Block Eff. ∆(LV, TV)
BE Token/s Speedup PPL Block Eff. ∆(LV, TV)

BE Token/s Speedup PPL

TV + K-SEQ 3.56 (±0.01) 42.38 (±0.13) +20.9% 1.33 3.70 (±0.00) 43.14 (±0.11) +23.1% 1.33
LV + K-SEQ 3.60 (±0.01) +1.12% 42.62 (±0.09) +21.6% 1.33 3.74 (±0.01) +1.08% 43.39 (±0.17) +23.8% 1.33

TV + RRS 3.58 (±0.01) 42.63 (±0.12) +21.6% 1.33 3.72 (±0.01) 43.75 (±0.18) +24.8% 1.33
LV + RRS 3.60 (±0.01) +0.56% 42.90 (±0.13) +22.4% 1.33 3.74 (±0.01) +0.54% 44.09 (±0.15) +25.8% 1.33

TV + GR 3.59 (±0.01) 42.21 (±0.10) +20.4% 1.33 3.78 (±0.01) 44.19 (±0.16) +26.1% 1.33
LV + GR 3.62 (±0.01) +0.84% 42.45 (±0.10) +21.1% 1.33 3.80 (±0.01) +0.53% 44.37 (±0.19) +26.6% 1.34

default 3.58 (±0.01) 42.30 (±0.09) +20.7% 1.33 3.72 (±0.01) 43.33 (±0.15) +23.6% 1.33

TRV 3.61 (±0.00) 42.28 (±0.03) +20.6% 1.33 3.74 (±0.01) 42.76 (±0.09) +22.0% 1.33

Table 3. LLM decoding experiment on Spec-Bench (with trees of depth 5).

Method
Multi-Chain (5,2) Complete-Tree (5,2)

Block Eff. ∆(LV, TV)
BE Token/s Speedup PPL Block Eff. ∆(LV, TV)

BE Token/s Speedup PPL

TV + K-SEQ 3.92 (±0.01) 40.59 (±0.15) +15.8% 1.33 4.14 (±0.01) 39.73 (±0.07) +13.4% 1.33
LV + K-SEQ 3.99 (±0.01) +1.79% 40.90 (±0.05) +16.7% 1.33 4.20 (±0.02) +1.45% 39.75 (±0.14) +13.4% 1.33

TV + RRS 3.94 (±0.01) 40.74 (±0.25) +16.2% 1.33 4.15 (±0.02) 40.24 (±0.26) +14.8% 1.33
LV + RRS 3.98 (±0.02) +1.02% 41.14 (±0.19) +17.4% 1.33 4.19 (±0.00) +0.96% 40.61 (±0.15) +15.8% 1.33

TV + GR 3.97 (±0.01) 40.70 (±0.20) +16.1% 1.33 4.23 (±0.02) 40.51 (±0.15) +15.6% 1.33
LV + GR 4.03 (±0.02) +1.51% 40.92 (±0.12) +16.7% 1.33 4.29 (±0.01) +1.42% 40.71 (±0.15) +16.1% 1.34

default 3.96 (±0.01) 40.32 (±0.17) +15.0% 1.33 4.17 (±0.02) 39.84 (±0.18) +13.7% 1.33

TRV 3.99 (±0.01) 40.47 (±0.04) +15.4% 1.33 4.19 (±0.01) 38.84 (±0.15) +10.8% 1.33

B. Related Work
In this section, we briefly review prior research on speculative decoding. We first provide an overview of speculative
decoding in Appx. B.1. We then discuss verifier-based methods, covering single-step verifiers in Appx. B.2 and multi-step
verifiers in Appx. B.3.

B.1. Speculative Decoding

Speculative decoding accelerates autoregressive generation by employing a lightweight mechanism to draft several future
tokens (or a tree of candidate continuations) and a verifier to accept or correct them. Much of the literature studies how to
obtain high-quality drafts with low overhead.

One line of work uses an auxiliary drafter. Early methods use a faster auxiliary model, such as a smaller autoregressive
approximation model or an independently optimized drafter, to propose multiple tokens before verification by the target
model (Xia et al., 2023; Leviathan et al., 2023; Chen et al., 2023). Since the speedup highly relies on draft-target distribution
alignment, Zhou et al. (2024) improve the drafter through knowledge distillation. Feature-level drafters such as EAGLE
instead exploit hidden states of the target model to improve draft accuracy (Li et al., 2024a;b; 2025).

A second line of work reduces or removes the need for a separate draft language model. Medusa (Cai et al., 2024) augments
the target model with multiple lightweight prediction heads; Hydra (Ankner et al., 2024) improves this head-based paradigm
by making draft heads sequentially dependent. Self-speculative methods instead reuse the target model itself, for example
by exiting at early layers and then verifying or correcting with the remaining layers (Elhoushi et al., 2024).

A third line focuses on the structure and efficiency of the draft itself. SEQUOIA (Chen et al., 2024) and adaptive-tree
methods (Wang et al., 2025) optimize draft-tree topology. Recently, parallel and diffusion-inspired drafters such as DART
(Liu et al., 2026) and DFlash (Chen et al., 2026) aim to reduce draft-stage latency by predicting multiple future positions in
parallel.
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B.2. Single-Step Verification Rules

An orthogonal line of work studies the verification problem. We first focus on designing a single-step verifier: given one
or more drafted next-token candidates, we aim to maximize acceptance while exactly preserving the target distribution.
Speculative Sampling (SPS) (Leviathan et al., 2023) solves the single-candidate case via maximal coupling. Sun et al.
(2023) formulate the multi-candidate next-token problem as optimal transport and propose an efficient approximation solver
named K-SEQ. Jeon et al. (2024); Yang et al. (2025) propose Recursive Rejection Sampling (RRS), which sequentially
tests multiple candidates while updating the residual distribution after each rejection. Khisti et al. (2025) introduce an
importance-weighted sampler that reduces the multi-candidate problem to a single-candidate setting and design an effective
weighted sampler for the special case of two candidates. Most recently, Global Resolution (GR) (Thomas & Pal, 2026b)
provides a near-optimal solver for the optimal transport formulation by leveraging polymatroid structure and convex
minimization.

Here, K-SEQ, KHISTI, and GR focus on the case where the candidates are sampled in a with-replacement manner, while
RRS can handle both with- and without-replacement drafts. Meanwhile, some works (Sun et al., 2024; Hu et al., 2025b)
design specialized draft sampling schemes that enable more tractable single-step verifiers.

B.3. Multi-Step Verification Rules

For longer chains or trees, existing approaches fall into two broad umbrellas. The first family extends a single-step verifier
via Token Verification (TV): a local next-token rule is applied repeatedly from the root to deeper positions, and verification
terminates once the accepted trajectory can no longer be extended. The original chain-based speculative decoding method of
Leviathan et al. (2023) follows this pattern. The single-step verifiers discussed above are also evaluated in those works on
tree drafts via the same TV-style lifting. In particular, among lossless speculative-decoding methods that use non-greedy
probabilistic draft models and whose main contribution lies in draft construction or systems design rather than verification,
TV-lifted RRS is the de facto verifier; representative examples include SpecInfer (Miao et al., 2024), EAGLE (Li et al.,
2024a), and SEQUOIA (Chen et al., 2024).

The second family instead designs global multi-step verifiers directly, rather than obtaining them through TV. Hu & Huang
(2024) introduce Tree Monte Carlo (TMC) and derive a chain verifier that strictly improves upon token verification in the
single-chain setting. Sun et al. (2025) propose Block Verification (BV), which jointly verifies an entire drafted block and
is optimal for single-chain verification; consequently, on a single chain, BV dominates TV-based lifting of single-step
speculative decoding. Weng et al. (2025) extend this line to general trees with Traversal Verification (TRV), a bottom-up,
RRS-based procedure that reduces to BV on single-chain drafts and is therefore optimal in that setting. By contrast, in the
degenerate single-step case, it collapses to an RRS-style local rule and is thus suboptimal. Finally, Thomas & Pal (2026a)
propose Greedy Multi-Path Block Verification (GBV) for the multi-chain setting, where one drafted chain is selected from
multiple candidates and then verified using BV under a skewed draft distribution. In summary, TMC and BV are single-chain
verifiers, GBV is a multi-chain verifier, and TRV is a tree verifier.

11



Layer Verification Accelerates Speculative Tree Decoding

C. Flow Network
In this section, we introduce the basic definitions and concepts of flow networks that are needed to understand the flow-
network perspective used in Sec. 3 and 4. For a more detailed introduction, we refer readers to Chapter 26 of Cormen et al.
(2022).

A flow network can be viewed as a directed graph through which some resource is routed. The vertices represent intermediate
locations, the directed edges represent possible routes, and each edge has a capacity that limits how much resource can be
sent along that route. The network has a distinguished source vertex, where flow enters, and a distinguished sink vertex,
where flow leaves. A feasible flow must respect the edge capacities and must not create or destroy resources at intermediate
vertices.

Formally, let G = (V,E) be a flow network with a capacity function c : V ×V → R≥0. We write c(u→ v) for the capacity
of the directed edge from u to v, and set c(u→ v) = 0 whenever (u, v) /∈ E. Let s be the source of the network, and let t
be the sink. A flow in G is a function f : V × V → R≥0 satisfying the following two properties:

• Capacity constraint: For all u, v ∈ V ,

0 ≤ f(u→ v) ≤ c(u→ v).

• Flow-conservation constraint: For all u ∈ V − {s, t},∑
v∈V

f(v → u) =
∑
v∈V

f(u→ v).

Here, f(u→ v) denotes the amount of flow sent from u to v. The capacity constraint states that the flow on each directed
edge must be nonnegative and cannot exceed its capacity. The flow-conservation constraint says that every intermediate
vertex simply relays flow: the total amount entering the vertex must equal the total amount leaving it.

The value |f | of a flow f is the total amount of flow sent from the source to the sink:

|f | =
∑
v∈V

f(s→ v)−
∑
v∈V

f(v → s).

In all flow networks considered in this paper, no edge sends flow into the source, so this reduces to

|f | =
∑
v∈V

f(s→ v)

The maximum-flow problem asks for a feasible flow with the largest possible value. This problem appears in many settings
where a limited resource must be routed through constrained intermediate stages, such as water through a pipe network,
goods through a supply chain, or materials through a production process. In such examples, the maximum-flow value
represents the largest amount of resource that can be transported from the source to the sink without violating any capacity
constraint.

Lastly, flow-network perspectives have recently been used to study speculative decoding, particularly for designing and
analyzing single-step multi-candidate verifiers. The key observation is that a verification rule can be interpreted as a feasible
routing of probability mass in an associated flow network, and maximizing the flow yields an optimal verifier that achieves
the maximum acceptance probability (see Sec. 3.1 and Appx. C.1). SpecHub (Sun et al., 2024) formulates the single-step
multi-candidate verification problem from optimal transport and linear programming perspectives, and presents an equivalent
maximum-flow formulation. Global Resolution (Thomas & Pal, 2026b) further develops this perspective in the same
single-step multi-candidate setting by exploiting additional structure of the induced flow network to obtain a more efficient
near-optimal solver. Whereas these works use flow networks to analyze single-step verification with multiple next-token
candidates, this paper extends the flow-network perspective to the multi-step setting and uses the resulting insights to
motivate Layer Verification.
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C.1. Omitted Description of Single-Step Multi-Candidate Flow Network

We here allow the draft model to propose k next-token candidates. Then, a verifier can accept a single token among them.
Let X = (X1, . . . , Xk) be the drafted tuple sampled from a distribution over Σk induced by p; let us write the tuple’s
probability as p(X).

The corresponding flow network is shown in Fig. 2b. The source-to-tuple edge for X has capacity p(X) and the target-to-sink
edge for x has capacity q(x). Also, there is an edge from the tuple node X to the token node x if and only if the draft tuple
contains x; this reflects that the verifier accepts only a token contained in the sampled tuple. Such a flow f induces a lossless
verifier that accepts token x ∈ X with probability f(X → x)/p(X), and the sink capacities ensure that the accepted token
mass never exceeds q. The resampling distribution for the verifier is defined similarly.

This flow network clarifies why the multi-candidate problem is more difficult. Its first layer has |Σ|k tuple nodes, and
the bipartite (sub-)graph between tuples and tokens is dense for moderate k. Thus, the exact maximum flow is generally
expensive, and K-SEQ, RRS, and GR can be viewed as efficient feasible-flow constructions; GR is near-optimal under i.i.d.
multi-candidate draft sampling.

We leverage the fact that any lossless single-step verification rule can be converted into a flow network with two layers
between the source and sink nodes, as illustrated in Fig. 2b. It is a crucial step in the forward node-scoring stage of LV,
where we use the flow network instantiation to compute scores for each tree node.

13
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D. Detailed Notation & Problem Settings
D.1. Vocabulary and Strings

The vocabulary/alphabet Σ is a finite set of permissible tokens. A string over Σ is a finite sequence of tokens in Σ. We write
a concatenation of two strings x and y by ‘x · y’, or ‘x, y’, or ‘xy’. We also use a special token EOS to mark the end of
a string, indicating where a language model stops the decoding. We denote by Σ = Σ ∪ {EOS} an extended vocabulary;
we do not explicitly distinguish it from Σ in the main text for the sake of simplicity. Also, the Kleene star ‘∗’ is used for
defining the set of all finite-length strings recursively as

Σ∗ =
⋃
i≥0

Σi, where

{
Σ0 = {ε} , (ε : the empty string)
Σi =

{
xy : x ∈ Σi−1, y ∈ Σ

}
. (i ≥ 1)

We are particularly interested in a language (i.e., a certain subset of strings) Σ∗{EOS} := {x · EOS : x ∈ Σ∗} ⊂ Σ
∗
.

For a string x ∈ Σ
∗
, we write x<i := x1 · · ·xi−1 and x≤i := x1 · · ·xi, where x<1 = ε. Also, let xi:j := xixi+1 · · ·xj

if i ≤ j but xi:j := ε otherwise. More generally, given a sequence of indices J , we often use a shorthand notation
xJ = (xj)j∈J .

We denote by |x| the length of a string x, i.e., the number of tokens in x before the leftmost EOS. Namely, while |ε| = 0, if
x ∈ Σ

ℓ
for ℓ ≥ 1,

|x| = min {ℓ} ∪ {i : 1 ≤ i ≤ ℓ− 1, xi+1 = EOS} .

Note that the special token is not counted into the “length”. In particular, |x · EOS| = |x| if x ∈ Σ∗. Lastly, we often
consider distribution functions defined over Σ (or Σ

∗
). Let us assume that every distribution µ(·|c) (for some c ∈ Σ

∗
) of our

interests satisfies that µ(x|c) = 1[x ∈ EOS∗] if EOS ∈ c, i.e., no other tokens than EOS can be generated after EOS from µ.

Draft Tree and Its Construction We consider a tree-shaped draft T = (V,E) generated by a draft/small model Ms

and verified by the target/big model Mb. We index the vertices/nodes of T as non-negative integers: V = {0, . . . , n}. For
convenience, we assign node indices in breadth-first search (BFS) order, starting from the root node “0”. Given the depth H
of T , let us write the layers Lt of tree T , defined as the collection of all nodes at depth t = 0, . . . ,H . Hence, via the BFS
numbering of the nodes, it holds that L0 = {0}, L1 = {1, 2, . . .}, etc.; thereby satisfying

0 ≤ t < t′ ≤ H =⇒ maxLt + 1 ≤ minLt′ ; as well as
H⋃
t=0

Lt = V.

For each node v ∈ {0, . . . , n}, we often use the following notation:

• Depth of v: tv = t ⇐⇒ v ∈ Lt.

• Children, or child nodes, of v: Ch[v] := {w ∈ V : (v, w) ∈ E} ⊂ Ltv+1 if tv < H; in particular, Ch[v] = ∅ if tv = H .

• Parent of v ̸= 0: par[v] = u ⇐⇒ u ∈ Ch[v].

• (Immediate) siblings of v: Sib[v] = Ch[par[v]] if v ̸= 0; Sib[0] = {0} = L0.

• The candidate token xv ∈ Σ at v ≥ 1 (i.e., non-root), generated by the draft model Ms. An exception is that we use
x0 ∈ Σ∗ as a given context/query string.

• The path Path[v] from the root (0) to v, defined as Path[v] = (0 = u0, u1, . . . , utv = v) satisfying (ut−1, ut) ∈ E and
ut ∈ Lt for all t ≤ tv .

Let us write the base draft distribution over Σ generated by the draft model Ms as p, while we use q for the target distribution,
which we equip Mb with. That is to say, the probability that Ms and Mb generate a sequence x1 · · ·xH ∈ Σ

H
given a

context x0 ∈ Σ∗ is

p (x1 · · ·xH |x0) =

H∏
i=1

p (xi |x0x<i) and q (x1 · · ·xH |x0) =

H∏
i=1

q (xi |x0x<i) , respectively.
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For the sake of simplicity, let us denote by Pv[·] the conditional probability for given candidate tokens (xi)i∈Path[v] on the
path from the root to the node v ∈ V :

Pv[·] := P
[
·
∣∣ (xi)i∈Path[v]

]
.

Likewise, for each node v ∈ V , let us define

pv(·) := p
(
·
∣∣ (xi)i∈Path[v]

)
; qv(·) := q

(
·
∣∣ (xi)i∈Path[v]

)
.

Draft Tree Construction We view draft model Ms as a draft tree generator equipped with a predefined, fixed tree
configuration (namely, number of nodes, number of children per node, height, etc.), as done in many practical tree-based
methods in the literature (Miao et al., 2024; Cai et al., 2024; Li et al., 2024a). Nevertheless, we remark that our theoretical
guarantee that LV is lossless remains true whenever the realization/instantiation of children of every draft tree node only
depends on the node itself or its ancestors.

There are several strategies to construct a draft tree using the draft distribution p. Here, we review three of them, focusing on
how to sample the children’s candidate tokens at each node.

• With-replacement (i.i.d.) sampling. At each node v, the candidate tokens for its children are sampled independently
from pv . Hence,

Pv

[
(xj)j∈Ch[v]

]
=

∏
j∈Ch[v]

pv (xj) .

• Without-replacement random sampling. At each node v, the candidate tokens for its children are sampled from pv
without duplicates. It is defined as a sequential sampling process as follows: if we take account of an ordered set of child
nodes Ch[v] = {cv, cv + 1, cv + 2, · · · },

Pv [xcv ] = pv (xcv ) ;

Pv [xcv+1 |xcv ] =
pv (xcv+1) · 1[xcv+1 ̸= xcv ]

1− pv (xcv )
;

Pv

[
xcv+2

∣∣xcv :(cv+1)

]
=

pv (xcv+2) · 1
[
xcv+2 /∈ xcv:(cv+1)

]
1−

∑cv+1
ℓ=cv

pv (xℓ)
;

...

∴ Pv

[
(xj)j∈Ch[v]

]
=

∏
j∈Ch[v]

pv (xj) · 1
[
xj /∈ xcv :(j−1)

]
1−

∑j−1
ℓ=cv

pv (xℓ)
.

• Almost-greedy sampling. At each node v with c = |Ch[v]| ≥ 1 children, the c− 1 candidate tokens are deterministically
chosen as the top c− 1 tokens σ1, · · · , σc−1 ∈ Σ in terms of pv , i.e.,

pv (σ1) ≥ pv (σ2) ≥ · · · ≥ pv (σc−1) ≥ pv (σ) (∀σ /∈ σ1 · · ·σc−1).

The remaining “random” child is assigned a randomly sampled symbol different from the top c− 1 symbols. Thus, if we
choose r ∈ Ch[v] as the index of the random child,

Pv

[
(xj)j∈Ch[v]\{r} = σ1 · · ·σc−1

]
= 1;

Pv [xr] = Pv

[
(xj)j∈Ch[v]

]
=

pv (xr) · 1[xr /∈ σ1 · · ·σc−1]

1−
∑c−1

s=1 pv (σs)
.

In particular, a specific case with rv = maxCh[v] (placing the random child last) is proposed and analyzed by Hu et al.
(2025b), referred to as ‘greedy draft sampling’.4

Note that, in this paper, we mainly focus on the i.i.d. sampling for simplicity, unless specified otherwise. However, our
proposed meta-algorithm can be applied under any of these draft sampling schemes whenever the flow-network formulation
of a single-step verifier is computationally tractable.

4Do not confuse it with greedy decoding, a completely deterministic method with zero temperature.
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D.2. Speculative Tree Decoding

The problem setting we are interested in this paper is formally summarized in Alg. 3. It is a strict generalization of the
speculative decoding framework studied by Leviathan et al. (2023); Sun et al. (2025): see Alg. 3 of Sun et al. (2025). One of
the major features of this framework is that it assumes a class of verification rules (applied in Line 5) that do not modify
the probability masses for subsequent verification rounds. Sun et al. (2025) prove the optimality of BV under single-chain
drafts in this setting. Notably, Thomas & Pal (2026a) further argue that the optimality holds even outside such a setup. It
means that, at least in a multi-step, single-candidate setup, exploring outside this class of verification is not necessary.

Algorithm 3 Speculative Tree Decoding (SPECDEC)

Input:

• Prefix x ∈ Σ∗

• Draft tree generator Ms, associated with draft distribution p

• Target model Mb, associated with target distribution q

• Tree verification subroutine: VERIFY (e.g., TV, LV, TRV, GBV)
Output: Decoded string (∈ L = Σ∗{EOS})

1: while EOS /∈ x do
2: x0 ← x

3: Construct T = (V,E) ∼Ms (· |x0), keeping pv(x
′) = p

(
x′

∣∣xPath[v]

)
for ∀v ∈ V, x′ ∈ Σ.

4: ▷ Obtain draft tree and conditional probabilities.

5: Call Mb and obtain qv(x
′) = q

(
x′

∣∣xPath[v]

)
for ∀v ∈ V, x′ ∈ Σ in parallel. ▷ Parallel scoring.

6: Get the accepted tokens with draft verification: ▷ Draft verification and correction.

(Xi)i∈Path[vout], Y = VERIFY
(
T , {pv(·)}v∈V , {qv(·)}v∈V

)
.

7: x← x · (Xi)i∈Path[vout] · Y. ▷ Concatenate decoded tokens to the prefix.

8: end while
9: ℓ← (number of symbols in x), so that x ∈ Σ

ℓ

10: |x| ← min {i : 1 ≤ i ≤ ℓ− 1, vi+1 = EOS}
11: return (xi)i≤|x| · EOS
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E. Detailed Implementation of Layer Verification
First, here we provide a more detailed pseudocode for Alg. 2.

Algorithm 4 Backward Sampling Stage of Layer Verification (LV)

Input:

• Draft tree T = (V,E) of depth H ≥ 1 with node set V =
⋃H

t=0 Lt

• Draft distributions over Σ: {pv(·)}v∈V , where pv(·) := p
(
·
∣∣ (xi)i∈Path[v]

)
• Target distributions over Σ: {qv(·)}v∈V , where qv(·) := q

(
·
∣∣ (xi)i∈Path[v]

)
• Node scoring subroutine: SCORING

Output: Accepted path of candidate tokens X = (xv)v∈Path[vout] ∈ Σ
∗

and corrected token y ∈ Σ

1: (av)v∈V , (flowv(·))v∈V ← SCORING
(
T , {pv(·)}v∈V , {qv(·)}v∈V

)
▷ Node scores (Defn. F.1) and outgoing flows (Eqn. (3)).

2: for t = H,H − 1, · · · , 0 do
3: hv ←

av−
∑

z∈Σ flowv(z)

1−
∑

v∈Lt

∑
z∈Σ flowv(z)

(∀v ∈ Lt) ▷ Acceptance rates for each node.

4: h⊥ ← 1−
∑

v∈Lt
hv ▷ Rejection rate. (Here, ⊥ /∈ V is a dummy node.)

5: Sample vout ∈ Lt ∪ {⊥} with probability hvout

6: if vout ∈ Lt (equivalently, vout ̸= ⊥) then
7: X ← (xv)v∈Path[vout]

8: pres(·)← normalize (qvout(y) · avout − flowvout(y))y∈Σ

▷ Resampling distribution, where normalize (ϕ(a))a∈S := ϕ(·)∑
a ϕ(a)

9: Sample y ∈ Σ with probability pres(y). return X, y

10: end if
11: end for

Next, we provide some additional discussion on the “outgoing flow” flowv(z | draft_tokens): for each node v ∈ Lt and a
symbol z ∈ Σ, it is defined as below.

flowv

(
z
∣∣XL≤t

)
:=

∑
w∈Ch[v]

E
[
aw

(
XL≤t+1

)
1[Xw = z]

∣∣XL≤t

]
=

∑
w∈Ch[v]

∑
xLt+1

∈Σ
∗

s.t. xw=z

P
[
XLt+1 = xLt+1

∣∣XL≤t

]
aw

(
XL≤t

, xLt+1

)
.

(3)

In particular, flowv(z | draft_tokens) = 0 if Ch[v] = ∅.

When we implement the layerwise verification (Alg. 4), we determine each node score av(·) at node v to be independent of
draft tokens at nodes not sharing the path from the root to its parent. As a result, the node score satisfies that

av
(
xL≤t

)
= av

(
x̃L≤t

)
if ∀u ∈ Path[v] ∪ Sib[v] : xu = x̃u,

i.e., av depends only on the draft token path up to xv and on the candidate tokens at nodes sharing the same parent. This
is a natural assumption in the dependency structure of node scores due to the draft tree sampling, which satisfies the path
independence:

P
[
XLt+1

∣∣XL≤t

]
=

∏
v∈Lt

P
[
XCh[v]

∣∣XPath[v]

]
.

To reflect the simplified node-dependency in the node scores, we may write

av
(
xL≤t

)
= av

(
xPath[v], xSib[v]

)
= av

(
xPath[u], xCh[u]

)
, if u = par[v].
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Thanks to this, the definition of the outgoing flow in Eqn. (3) can be simplified as

flowv

(
z
∣∣XPath[v]

)
=

∑
w∈Ch[v]

E
[
aw

(
XPath[v], XCh[v]

)
1[Xw = z]

∣∣XPath[v]

]
=

∑
w∈Ch[v]

∑
xCh[v]∈Σ

∗

s.t. xw=z

P
[
XCh[v] = xCh[v]

∣∣XPath[v]

]
aw

(
XPath[v], xCh[v]

)
,

factoring out all the draft-sampling probabilities for XLt+1\Ch[v].

Although fully characterizing all node inclusion scores will still yield a valid implementation of LV, relying solely on
these scores might be computationally inefficient. In our practical implementation of LV, we compute both the essential
node score corresponding to the draft token assigned at the node and the outgoing flows, which provides us with a more
computation-efficient implementation.

E.1. Illustration of Layer Verification

Fig. 3 illustrates the forward node-scoring stage of LV.

Figure 3. Forward scoring stage of Layer Verification.

In this example, the draft tree has two non-root layers.

The forward node-scoring stage begins by computing a1, a2, a3, which are the scores of the nodes 1, 2, 3 ∈ L1. This step is
exactly the single-step, multi-candidate verification problem described in Appx. C.1. Specifically, the single-step verifier
finds a feasible flow f0 in the flow network shown on the bottom-left side of Fig. 3. For the realized child tuple (a, b, c) at
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the root, the scores are assigned by

a1 =
f0((a, b, c)→ a)

p((a, b, c))
,

a2 =
f0((a, b, c)→ b)

p((a, b, c))
,

a3 =
f0((a, b, c)→ c)

p((a, b, c))
.

We then move to the second step of the forward node-scoring stage. For each nonleaf node in L1, LV builds a local flow
network. The key difference from the root step is that each local network now has two multipliers: λv for the draft-side
capacities and av for the target-side capacities. Here, λv is obtained by dividing av by the total score of the nonleaf nodes in
L1. In the example, the nonleaf nodes are 1 and 3, so

λ1 =
a1

a1 + a3
, λ3 =

a3
a1 + a3

.

The right side of Fig. 3 shows these two local flow networks. The single-step verifier finds feasible flows f1 and f3 for
the networks associated with nodes 1 and 3, respectively. For node 1, whose realized child tuple is (a, b), the scores of its
children are assigned by

a4 =
f1((a, b)→ a)

p((a, b) | a)
,

a5 =
f1((a, b)→ b)

p((a, b) | a)
.

Similarly, for node 3, whose realized child tuple is (b, c), the scores are assigned by

a6 =
f3((b, c)→ b)

p((b, c) | c)
,

a7 =
f3((b, c)→ c)

p((b, c) | c)
.

Once the multipliers are fixed, the local flow problems for different nonleaf nodes in the same layer are independent.
Therefore, the feasible flows for all nodes within one layer can be computed in parallel.

In the general case, the same scoring procedure is applied layer by layer: after all scores in Lt are computed, LV constructs
the scaled local flow problem for every nonleaf node in Lt, solves these local problems in parallel, and uses the resulting
flows to assign the scores in Lt+1. This continues until scores have been assigned to all nodes in the final layer.

Once the node-scoring phase is complete, LV proceeds to the backward sampling stage. Using the node scores and
token-level flows computed in the forward node-scoring phase, this stage completes the algorithm by defining the stopping
rule at each node and the corresponding residual distribution. The forward stage is designed so that the mass assigned to
accepted draft continuations does not exceed the corresponding target mass. The backward stage then uses the remaining
difference between the target mass and the accepted mass to define a valid residual correction step, thereby making LV
lossless.

E.2. Using Single-Step Verifiers with Scaled Capacities

Most single-step verifiers are designed for a normalized local verification problem. In the flow-network view, this means
that the source-side capacities sum to one and the target-side capacities also sum to one. Let us call this normalized class of
local problems F .

In LV, however, the local verification problem at each nonleaf node v may have scaled capacities. Let pv(X) denote the
draft probability of a child tuple x at node v, and let qv(z) denote the target next-token probability after Path[v]. The local
problem that LV needs to solve has source-side capacities sum to λv and target-side capacities sum to av . Since λv = av/At

and At ≤ 1 (note that At is the sum of au for u ∈ Lt), we have av ≤ λv . Let us call this scaled local problem Gv .
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The key idea is that any problem in Gv can be reduced to a normalized problem in F . We divide all capacities in the local
problem by λv. Then the source-side capacities sum to 1, and the target-side capacities sum to av/λv. Their total mass is
av/λv = At, which may be smaller than one.

To make the target side normalized as well, we introduce a dummy token ∆. The dummy token is never proposed by the
draft model, so it has zero draft probability. On the target side, it carries the missing mass:

q̃v(z) =
av
λv

qv(z), z ∈ Σ,

and
q̃v(∆) = 1− av

λv
.

Now the source-side capacities sum to one and the target-side capacities also sum to one. Therefore, the transformed
problem belongs to the normalized class F , and we can apply the chosen single-step verifier without changing its internal
rule.

Let f̃v be the feasible flow returned by the single-step verifier on this transformed problem. We then rescale the real-token
part of this flow by λv:

fv(X → z) := λv f̃v(X → z), z ∈ Σ.

This gives a feasible flow for the original LV problem. Indeed, the source-side constraint becomes∑
z∈Σ

fv(X → z) ≤ λvpv(X),

and the target-side constraint becomes ∑
X

fv(X → z) ≤ avqv(z).

Thus, the rescaled flow is valid for the scaled local problem Gv .
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F. Proofs for Layer Verification
In this section, we provide our rigorous proofs about the validity of our proposed Layer Verification. To this end, we first
prove that our choice of resampling distribution leads to a lossless draft tree verification rule (Appx. F.1). Subsequently, we
provide a derivation of valid acceptance rates (Appx. F.2).

Let us summarize necessary notation and problem setting for our proofs.

• (Xv)v∈V be the collection of Σ-valued random variables, each for candidate token of node v. We write xv as a realization
of Xv . One slight exception for the sake of simplicity: we use X0 ≡ x0 for the given prefix x0 ∈ Σ∗.

• vout ∈ V be the node such that the verification algorithm accepts the path Path[vout] from the root to the node vout. Also,
let tout = tvout ≥ 0 be the length (i.e., the number of non-root nodes) of the accepted path Path[vout].

• Y be the corrected token, sampled from a resampling/residual distribution conditioned on the candidate tokens in
Path[vout].

• Z1:tout ∈ Σ
tout be the output of the verification algorithm, i.e., decoded string from a given tree. Also, let us sample

Zt ∼ q (· |Z<t) for tout < t ≤ H , independently from Z1:tout , to complete a virtually decoded string Z1:H ∈ Σ
H

. Let zi
be a realization of Zi. For simplicity, we also use Z0 = z0 = x0.

• L≤t =
⋃t

t=0 Lt ⊂ V be the set of all nodes of the draft tree up to depth t ∈ {0, · · · , H}. Similarly, let L<t =
⋃t−1

t=0 Lt ⊂
V (t ∈ [H]).

• For notational simplicity, we write □S = (□v)v∈S for a subset of nodes S ⊂ V .

• We define a partial order between nodes: v ⪯ v′ iff Path[v] ⊆ Path[v′].

F.1. LV is a Lossless Tree Verification Rule

We would like to show: for any t ∈ [H] and z≤t ∈ Σ
t
,

P [Z≤t = z≤t |x0] = q (z≤t |x0) , (Losslessness)

i.e., the decoded output from the verification algorithm on a randomly sampled draft tree has the same joint distribution as
the target distribution.

To this end, we define the following algorithm-dependent objects properly: the node inclusion scores av (subtree) (Defn. F.1)
and the resampling distributions presv (· | subtree) (Defn. F.2).
Definition F.1 (Node Inclusion Score for LV; General form of Defn. 4.1). For a node v ∈ Lt, define its node inclusion
score as the probability of accepting all nodes in the path from the root to v conditioned on all candidate tokens up to layer t,
namely,

av
(
XL≤t

)
:= P

[
v ⪯ vout

∣∣XL≤t

]
.

In particular, a0 (x0) = 1, and
∑

v∈Lt
av

(
XL≤t

)
= P

[
tout ≥ t

∣∣XL≤t

]
≤ 1.

Definition F.2 (Resampling distribution for LV; See Eqn. (2)). For a node v ∈ Lt, define the resampling distribution
associated with v, presv , as the probability of corrected token Y conditioned on vout = v (i.e., the verification algorithm
accepts the path Path[v] exactly) given all candidate tokens up to layer t, namely,

presv

(
z′
∣∣XL≤t

)
:= P

[
Y = z′

∣∣XL≤t
, vout = v

]
.

To prove that LV is lossless, we first assume that the node inclusion scores for all nodes in V are determined, as in the
following assumption.
Assumption F.3 (Assum. 4.2). For each depth t = 0, . . . ,H− 1, node v ∈ Lt, randomly sampled candidate tokens XL≤t+1

,

strings X0 = z0 ∈ Σ∗, z≤t ∈ Σ
t
, and token z′ ∈ Σ, the node inclusion scores satisfy the following:

q (z′ | z0:t) av
(
XL≤t

)
≥

∑
w∈Ch[v]

E
[
aw

(
XL≤t+1

)
1[Xw = z′]

∣∣XL≤t

]
,

where the expectation is over the randomness of the draft tokens.
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Let us choose the resampling distributions based on the given node inclusion scores as follows: for 0 ≤ t ≤ H , v ∈ Lt, and
XL≤t

satisfying XPath[v] = x0 · z≤t = z0:t,

presv

(
z′
∣∣XL≤t

)
←

q (z′ | z0:t) av
(
XL≤t

)
−

∑
w∈Ch[v]

E
[
aw

(
XL≤t+1

)
1[Xw = z′]

∣∣XL≤t

]
av

(
XL≤t

)
−

∑
w∈Ch[v]

E
[
aw

(
XL≤t+1

) ∣∣XL≤t

] , (4)

which is identical to the right-hand side of Eqn. (2). In particular, we choose presv

(
z′
∣∣XL≤t

)
= q (z′ | z0:t) if v is a leaf

node, i.e., Ch[v] = ∅ (including the case of t = H). We remark that the denominator above is exactly the sum of the
numerators across all z′ ∈ Σ. Hence, under Assum. F.3, presv is a valid probability function over Σ for each v ∈ V :

presv

(
·
∣∣XL≤tv

)
≥ 0 and

∑
z′∈Σ

presv

(
z′
∣∣XL≤tv

)
= 1.

Proof of Losslessness. Now, we proceed with induction on t = 1, 2, ...,H .

Base case: t = 1.

P [Z1 = z1 ∧ tout ≥ 1 |x0]

= P [∃v ∈ L1 : Xv = z1 ∧ v ⪯ vout |x0]

=
∑
v∈L1

P [Xv = z1 ∧ v ⪯ vout |x0] ∵ The events {v ⪯ vout} are disjoint (∀v ∈ L1)

=
∑
v∈L1

∑
xL1

∈Σ
∗

s.t. xv=z1

P [XL1 = xL1 |x0] P [v ⪯ vout |x0, XL1 = xL1 ]

=
∑
v∈L1

∑
xL1

∈Σ
∗

s.t. xv=z1

P [XL1 = xL1 |x0] av (xL1) ∵ By the definition of av (·) (Defn. F.1)

=
∑
v∈L1

E
[
1[Xv = z1] av

(
XL≤1

) ∣∣x0

]
.

Summing this up across z1 ∈ Σ yields that

P [tout ≥ 1 |x0] =
∑
v∈L1

E
[
av

(
XL≤1

) ∣∣x0

]
.

These imply that our particular choice of the resampling distribution (Eqn. (4)) can be rewritten as

pres0 (z1 |x0) =
q (z1 |x0)− P [Z1 = z1 ∧ tout ≥ 1 |x0]

1− P [tout ≥ 1 |x0]
.

Furthermore, this means that

P [Z1 = z1 ∧ tout = 0 |x0]

= P [Y = z1 |x0, vout = 0] · P [tout = 0 |x0] ∵ The only node in layer 0 is the root node “0”

= pres0 (z1 |x0) {1− P [tout ≥ 1 |x0]} ∵ By definition of pres0 (Defn. F.2)

= q (z1 |x0)− P [Z1 = z1, tout ≥ 1 |x0].

Thus, we have

P [Z1 = z1 |x0] = P [Z1 = z1 ∧ tout ≥ 1 |x0] + P [Z1 = z1 ∧ tout = 0 |x0]

= q (z1 |x0) .
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Inductive case: t→ t+ 1. Fix any t ∈ [H − 1] and suppose the following holds:

P [Z≤t = z≤t |x0] = q (z≤t |x0) .

Observe that the following holds for every t = 0, · · · , H − 1.

P [Z≤t+1 = z≤t+1 ∧ tout ≥ t+ 1 |x0]

= P
[
∃w ∈ Lt+1 : XPath[w] = z0:t+1 ∧ w ⪯ vout

∣∣x0

]
=

∑
w∈Lt+1

P
[
XPath[w] = z0:t+1 ∧ w ⪯ vout

∣∣x0

]
∵ The events {w ⪯ vout} are disjoint (∀w ∈ Lt+1)

=
∑

w∈Lt+1

∑
xL≤t+1

∈Σ
∗

s.t. xPath[w]=z0:t+1

P
[
XL≤t+1

= xL≤t+1

∣∣x0

]
P
[
w ⪯ vout

∣∣x0, XL≤t+1
= xL≤t+1

]

=
∑

w∈Lt+1

∑
xL≤t+1

∈Σ
∗

s.t. xPath[w]=z0:t+1

P
[
XL≤t+1

= xL≤t+1

∣∣x0

]
aw

(
xL≤t+1

)
∵ By definition of av (·)

=
∑

w∈Lt+1

E
[
1
[
XPath[w] = z0:t+1

]
aw

(
XL≤t+1

) ∣∣x0

]

=
∑
v∈Lt

E

1[XPath[v] = z0:t
]
·

∑
w∈Ch[v]

E
[
aw

(
XL≤t+1

)
1[Xw = zt+1]

∣∣XL≤t

] ∣∣∣∣∣∣x0

 .

P [Z≤t+1 = z≤t+1 ∧ tout = t |x0]

= P
[
Y = zt+1,∃v ∈ Lt : XPath[v] = z0:t ∧ v = vout

∣∣x0

]
=

∑
v∈Lt

P
[
Y = zt+1 ∧XPath[v] = z0:t ∧ v = vout

∣∣x0

]
∵ The events {v = vout} are disjoint (∀v ∈ Lt)

=
∑
v∈Lt

∑
xL≤t

∈Σ
∗

s.t. xPath[v]=z0:t

P
[
XL≤t

= xL≤t

∣∣x0

]
P
[
v = vout

∣∣XL≤t
= xL≤t

]
P
[
Y = zt+1

∣∣XL≤t
= xL≤t

, v = vout
]

=
∑
v∈Lt

E
[
1
[
XPath[v] = z0:t

]
· P

[
v = vout

∣∣XL≤t

]
P
[
Y = zt+1

∣∣XL≤t
, v = vout

] ∣∣x0

]
=

∑
v∈Lt

E
[
1
[
XPath[v] = z0:t

]
· P

[
v = vout

∣∣XL≤t

]
presv

(
zt+1

∣∣XL≤t

) ∣∣x0

]
. ∵ By definition of presv

P [Z≤t+1 = z≤t+1 ∧ tout < t |x0]

= P [Z≤t = z≤t ∧ tout < t |x0] P [Zt+1 = zt+1 |x0, Z≤t = z≤t ∧ tout < t]

= {P [Z≤t = z≤t |x0]− P [Z≤t = z≤t ∧ tout ≥ t |x0]} · q (zt+1 | z0:t) ∵ Zt′ ∼ q (· |Z<t′) if t′ > tout

= {q (z≤t |x0)− P [Z≤t = z≤t ∧ tout ≥ t |x0]} · q (zt+1 | z0:t) ∵ Inductive hypothesis

= q (z≤t+1 |x0)−
∑
v∈Lt

E
[
1
[
XPath[v] = z0:t

]
q (zt+1 | z0:t) av

(
XL≤t

) ∣∣x0

]
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Observe that

P
[
v = vout

∣∣XL≤t

]
= P

[
v ⪯ vout

∣∣XL≤t

]
− P

[
v ≺ vout

∣∣XL≤t

]
= av

(
XL≤t

)
−

∑
w∈Ch[v]

P
[
w ⪯ vout

∣∣XL≤t

]
= av

(
XL≤t

)
−

∑
w∈Ch[v]

E
[
P
[
w ⪯ vout

∣∣XL≤t+1

] ∣∣XL≤t

]
= av

(
XL≤t

)
−

∑
w∈Ch[v]

E
[
aw

(
XL≤t+1

) ∣∣XL≤t

]
,

which is the same as the denominator of our specific choice of the resampling distribution presv

(
zt+1

∣∣XL≤t

)
(Eqn. (4)); in

other words,

P
[
v = vout

∣∣XL≤t

]
presv

(
zt+1

∣∣XL≤t

)
= q (zt+1 | z0:t) av

(
XL≤t

)
−

∑
w∈Ch[v]

E
[
aw

(
XL≤t+1

)
1[Xw = zt+1]

∣∣XL≤t

]
.

Plugging this into the expansion of P [Z≤t+1 = z≤t+1 ∧ tout < t |x0], we can derive

P [Z≤t+1 = z≤t+1 ∧ tout < t |x0]− q (z≤t+1 |x0)

= −
∑
v∈Lt

E
[
1
[
XPath[v] = z0:t

]
q (zt+1 | z0:t) av

(
XL≤t

) ∣∣x0

]
= −P [Z≤t+1 = z≤t+1 ∧ tout ≥ t+ 1 |x0]− P [Z≤t+1 = z≤t+1 ∧ tout = t |x0].

Rearranging this, we conclude that

P [Z≤t+1 = z≤t+1 |x0] = P [Z≤t+1 = z≤t+1 ∧ tout ≥ t+ 1 |x0]

+ P [Z≤t+1 = z≤t+1 ∧ tout = t |x0]

+ P [Z≤t+1 = z≤t+1 ∧ tout < t |x0]

= q (z≤t+1 |x0) .

Remark F.4. In fact, we have derived Eqn. (4) in the opposite order as the losslessness proof presented so far. We first have
formalized the definition of presv as in Defn. F.2. Then, we have reverse-engineered the formula for presv which necessarily
satisfies (Losslessness) for every tv ∈ [H].

F.2. Acceptance Rates of LV

Now, we define and design the acceptance rate at each node of the draft tree.
Definition F.5 (Acceptance rate for LV; See Eqn. (1)). For a node v ∈ Lt, define its acceptance rate as the probability of
vout = v given that we know the accepted depth tout is no larger than t (i.e., the verification algorithm rejects everything
from depth > t) given all candidate tokens up to layer t, namely,

hv
(
XL≤t

)
:= P

[
vout = v

∣∣XL≤t
, tout ≤ t

]
.

In particular, h0 (x0) = 1.

In the validity proof of LV (Appx. F.1), we do not need to define and design the acceptance rules explicitly. However, the
hierarchical structure of a draft tree introduces a natural recurrence between the node inclusion scores for two consecutive
layers. The appropriate design of acceptance rates hv (·) for our algorithm appears spontaneously from the recurrence.

With this sketch of derivation, we aim to derive the acceptance rates as: for 0 ≤ t ≤ H and v ∈ Lt,

hv
(
XL≤t

)
←

av
(
XL≤t

)
−

∑
w∈Ch[v]

E
[
aw

(
XL≤t+1

) ∣∣XL≤t

]
1−

∑
w∈Lt+1

E
[
aw

(
XL≤t+1

) ∣∣XL≤t

] , (5)
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which is identical to the Eqn. (1). In particular, if t = H and v ∈ LH , then hv
(
XL≤H

)
= av

(
XL≤H

)
(∵ Ch[v] = LH+1 =

∅). We also remark that Eqn. (5) satisfies hv
(
XL≤t+1

)
∈ [0, 1], thereby having a valid range of values if Assum. F.3 holds.

This is because
⋃

v∈Lt
Ch[v] = Lt+1 and

∑
v∈Lt

av
(
XL≤t

)
≤ 1 (see Defn. F.1).

Derivation of Eqn. (5). If t = H and v ∈ LH , then by Defn. F.5,

hv
(
XL≤H

)
= P

[
vout = v

∣∣XL≤H
, tout ≤ H

]
= P

[
vout = v

∣∣XL≤H

]
= av

(
xL≤H

)
.

Thus, let us fix any t ∈ {0, . . . ,H − 1} and v ∈ Lt. We begin with the decomposition of av
(
XL≤t

)
.

av
(
XL≤t

)
= P

[
v ⪯ vout

∣∣XL≤t

]
∵ Defn. F.1

= P
[
v = vout

∣∣XL≤t

]
+ P

[
v ≺ vout

∣∣XL≤t

]
.

The first term can be manipulated as

P
[
v = vout

∣∣XL≤t

]
= P

[
tout ≤ t ∧ v = vout

∣∣XL≤t

]
= P

[
tout ≤ t

∣∣XL≤t

]
· P

[
v = vout

∣∣XL≤t
, tout ≤ t

]
=

(
1− P

[
tout ≥ t+ 1

∣∣XL≤t

])
· hv

(
XL≤t

)
∵ Defn. F.5

=
(
1− E

[
P
[
tout ≥ t+ 1

∣∣XL≤t+1

] ∣∣XL≤t

])
· hv

(
XL≤t

)
∵ Tower law

=

1− E

 ∑
w∈Lt+1

P
[
w ⪯ vout

∣∣XL≤t+1

] ∣∣∣∣∣∣XL≤t

 · hv (XL≤t

)

=

1−
∑

w∈Lt+1

E
[
aw

(
XL≤t+1

) ∣∣XL≤t

] · hv (XL≤t

)
.

On the other hand, the second term is simply

P
[
v ≺ vout

∣∣XL≤t

]
=

∑
w∈Ch[v]

P
[
w ⪯ vout

∣∣XL≤t

]
=

∑
w∈Ch[v]

E
[
P
[
w ⪯ vout

∣∣XL≤t+1

] ∣∣XL≤t

]
∵ Tower law

=
∑

w∈Ch[v]

E
[
aw

(
XL≤t+1

) ∣∣XL≤t

]
.

Combining these, we have a recurrence between inclusion scores of v and ∀w ∈ Lt+1:

av
(
XL≤t

)
=

1−
∑

w∈Lt+1

E
[
aw

(
XL≤t+1

) ∣∣XL≤t

] · hv (XL≤t

)
+

∑
w∈Ch[v]

E
[
aw

(
XL≤t+1

) ∣∣XL≤t

]
.

Finally, we obtain Eqn. (5) by rearranging the terms in the equation above.
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G. Additional Details of Toy Experiments
The synthetic draft and target distributions are controlled by three parameters: a similarity parameter ρ and two temperature
parameters τp and τq. Concretely, we draw a shared Gaussian component uc and two independent Gaussian perturbations
ϵpc , ϵ

q
c . For a chosen 0 ≤ ρ ≤ 1, the draft and target logits are defined as

ℓpc = ρuc + (1− ρ)ϵpc , ℓqc = ρuc + (1− ρ)ϵqc .

The conditional draft and target distributions are then obtained by applying softmax with temperatures τp and τq , respectively:

p(·|c) = softmax(ℓpc/τp), q(·|c) = softmax(ℓqc/τq).

Our toy experiments involve 3 tree-draft structures: multi-chain, complete-tree, and tapered-tree, each parameterized by a
branching budget b. In a multi-chain draft, only the root branches with branching budget b, and each child then continues as
a chain. In a complete-tree draft, every internal node has exactly b children. The tapered-tree topology is designed to lie
between the other two extremes. The root is first expanded into b children. For any non-root node v, let idxv be the sibling
index of v (starting from zero) among those children. Then, the number of children assigned to v is

|Ch[v]| = max {|Sib[v]| − idxv, 1} ,

where par[v] denotes its parent and |Sib[v]| is the number of children of its parent (i.e., immediate sibling nodes). The
example draft structures for b = 3 are illustrated in Fig. 4.

(a) Multi-chain (b) Complete-tree (c) Tapered-tree

Figure 4. Draft structures with b = 3.

Computation detail of TVDs. To evaluate losslessness, we complete every verifier output to length H+1 using exact target
sampling. Specifically, if a verifier accepts a prefix x1:a and then samples a corrected token y, we form z1:a+1 = (x1:a, y),
and then sample za+2:H+1 autoregressively from the target distribution q. Given N Monte Carlo samples, we estimate the
empirical distribution q̂dec of completed sequences and compute the total variation distance:

TVD(q̂dec, q) =
1

2

∑
z∈ΣH+1

|q̂dec(z)− q(z)| .

In what follows, we report the ablation results. Unless otherwise stated, we use the baseline configuration

(|Σ| , H, b, ρ, τp, τq, Ntrial) = (15, 4, 2, 0.5, 1.0, 1.0, 106).

We ablate one factor at a time while holding all other factors at their baseline values. Specifically, we consider the following:

1. Depth: H ∈ {2, 3, 4, 5} → Tabs. 4, 5 and 6;
2. Branching budget: b ∈ {1, 2, 3} → Tabs. 7, 8 and 9;
3. Temperature: (τp, τq) ∈ {(0.5, 0.5), (0.75, 0.75), (1.0, 1.0), (1.5, 1.5)} → Tabs. 13, 14 and 15;
4. Similarity: ρ ∈ {0.0, 0.25, 0.5} → Tabs. 10, 11 and 12.

26



Layer Verification Accelerates Speculative Tree Decoding

We report the metrics with mean ± standard errors (SEs) over 20 random seeds. These ablations serve two purposes: (1) to
verify that losslessness is maintained, and (2) to evaluate whether each LV-lifted verifier achieves a higher average accepted
length than its TV-lifted counterpart.

All experiments were run for 30 hours on a system with two AMD EPYC 7763 64-core processors.

27



Layer Verification Accelerates Speculative Tree Decoding

Table 4. Toy experiment ablation on tree depth H with Complete-Tree drafts.

Method H = 2 H = 3 H = 4 H = 5

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.55 (±0.02) 0.0622 2.15 (±0.03) 0.2257 2.66 (±0.04) 0.6219 3.09 (±0.05) 0.9177
LV + K-SEQ 1.58 (±0.02) 0.0621 2.25 (±0.03) 0.2258 2.88 (±0.04) 0.6219 3.47 (±0.05) 0.9176

TV + RRS 1.48 (±0.02) 0.0619 2.02 (±0.03) 0.2254 2.47 (±0.04) 0.6219 2.83 (±0.05) 0.9176
LV + RRS 1.51 (±0.02) 0.0619 2.11 (±0.03) 0.2257 2.65 (±0.04) 0.6221 3.13 (±0.04) 0.9176

TV + GR 1.73 (±0.03) 0.0620 2.49 (±0.04) 0.2257 3.18 (±0.05) 0.6219 3.82 (±0.06) 0.9176
LV + GR 1.75 (±0.03) 0.0624 2.54 (±0.04) 0.2255 3.29 (±0.05) 0.6218 4.00 (±0.06) 0.9175

TRV 1.52 (±0.02) 0.0620 2.15 (±0.03) 0.2259 2.71 (±0.04) 0.6219 3.23 (±0.05) 0.9176

Baseline – 0.0619 – 0.2257 – 0.6217 – 0.9174

Table 5. Toy experiment ablation on tree depth H with Tapered-Tree drafts.

Method H = 2 H = 3 H = 4 H = 5

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.52 (±0.03) 0.0621 2.07 (±0.04) 0.2256 2.50 (±0.04) 0.6219 2.83 (±0.05) 0.9176
LV + K-SEQ 1.56 (±0.02) 0.0616 2.19 (±0.03) 0.2260 2.73 (±0.04) 0.6219 3.22 (±0.04) 0.9176

TV + RRS 1.47 (±0.02) 0.0619 2.00 (±0.03) 0.2254 2.42 (±0.04) 0.6219 2.76 (±0.05) 0.9175
LV + RRS 1.50 (±0.02) 0.0619 2.09 (±0.03) 0.2257 2.61 (±0.04) 0.6219 3.07 (±0.04) 0.9175

TV + GR 1.66 (±0.03) 0.0616 2.25 (±0.04) 0.2256 2.70 (±0.05) 0.6218 3.04 (±0.05) 0.9175
LV + GR 1.68 (±0.03) 0.0623 2.32 (±0.03) 0.2256 2.88 (±0.04) 0.6219 3.36 (±0.04) 0.9177

TRV 1.51 (±0.02) 0.0619 2.13 (±0.03) 0.2255 2.67 (±0.04) 0.6216 3.16 (±0.05) 0.9175

Baseline – 0.0621 – 0.2259 – 0.6216 – 0.9175

Table 6. Toy experiment ablation on tree depth H with Multi-Chain drafts.

Method H = 2 H = 3 H = 4 H = 5

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.46 (±0.02) 0.0620 1.92 (±0.03) 0.2257 2.26 (±0.04) 0.6219 2.51 (±0.04) 0.9175
LV + K-SEQ 1.50 (±0.02) 0.0620 2.05 (±0.03) 0.2260 2.51 (±0.03) 0.6221 2.92 (±0.04) 0.9176

TV + RRS 1.41 (±0.02) 0.0620 1.85 (±0.03) 0.2255 2.18 (±0.04) 0.6221 2.42 (±0.04) 0.9176
LV + RRS 1.44 (±0.02) 0.0621 1.97 (±0.03) 0.2260 2.41 (±0.03) 0.6223 2.79 (±0.04) 0.9176

TV + GR 1.58 (±0.03) 0.0621 2.07 (±0.04) 0.2259 2.44 (±0.04) 0.6219 2.71 (±0.05) 0.9176
LV + GR 1.60 (±0.02) 0.0621 2.17 (±0.03) 0.2255 2.66 (±0.03) 0.6216 3.08 (±0.04) 0.9177

TRV 1.46 (±0.02) 0.0621 1.99 (±0.03) 0.2253 2.45 (±0.03) 0.6223 2.84 (±0.04) 0.9175

GBV 1.56 (±0.02) 0.0623 2.13 (±0.03) 0.2257 2.60 (±0.03) 0.6220 3.00 (±0.04) 0.9177

Baseline – 0.0619 – 0.2255 – 0.6217 – 0.9177
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Table 7. Toy experiment ablation on branching counts with Complete-Tree drafts.

Method b = 1 b = 2 b = 3

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.96 (±0.04) 0.6219 2.66 (±0.04) 0.6219 3.04 (±0.04) 0.6217
LV + K-SEQ 2.21 (±0.04) 0.6219 2.88 (±0.04) 0.6219 3.21 (±0.04) 0.6219

TV + RRS 1.97 (±0.04) 0.6221 2.47 (±0.04) 0.6219 2.75 (±0.04) 0.6219
LV + RRS 2.22 (±0.04) 0.6218 2.65 (±0.04) 0.6221 2.89 (±0.04) 0.6218

TV + GR 1.97 (±0.04) 0.6218 3.18 (±0.05) 0.6219 3.70 (±0.04) 0.6219
LV + GR 2.21 (±0.04) 0.6220 3.29 (±0.05) 0.6218 3.73 (±0.04) 0.6219

TRV 2.22 (±0.04) 0.6218 2.71 (±0.04) 0.6219 2.97 (±0.04) 0.6218

Baseline – 0.6219 – 0.6217 – 0.6219

Table 8. Toy experiment ablation on branching counts with Tapered-Tree drafts.

Method b = 1 b = 2 b = 3

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.96 (±0.04) 0.6219 2.50 (±0.04) 0.6219 2.82 (±0.04) 0.6218
LV + K-SEQ 2.21 (±0.04) 0.6219 2.73 (±0.04) 0.6219 3.02 (±0.04) 0.6218

TV + RRS 1.97 (±0.04) 0.6221 2.42 (±0.04) 0.6219 2.69 (±0.04) 0.6220
LV + RRS 2.22 (±0.04) 0.6218 2.61 (±0.04) 0.6219 2.84 (±0.04) 0.6220

TV + GR 1.97 (±0.04) 0.6218 2.70 (±0.05) 0.6218 3.06 (±0.03) 0.6218
LV + GR 2.21 (±0.04) 0.6220 2.88 (±0.04) 0.6219 3.18 (±0.03) 0.6219

TRV 2.22 (±0.04) 0.6218 2.67 (±0.04) 0.6216 2.93 (±0.04) 0.6219

Baseline – 0.6219 – 0.6216 – 0.6218

Table 9. Toy experiment ablation on branching counts with Multi-Chain drafts.

Method b = 1 b = 2 b = 3

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.96 (±0.04) 0.6219 2.26 (±0.04) 0.6219 2.39 (±0.03) 0.6220
LV + K-SEQ 2.21 (±0.04) 0.6219 2.51 (±0.03) 0.6221 2.64 (±0.03) 0.6220

TV + RRS 1.97 (±0.04) 0.6221 2.18 (±0.04) 0.6221 2.29 (±0.03) 0.6215
LV + RRS 2.22 (±0.04) 0.6218 2.41 (±0.03) 0.6223 2.51 (±0.03) 0.6218

TV + GR 1.97 (±0.04) 0.6218 2.44 (±0.04) 0.6219 2.61 (±0.03) 0.6218
LV + GR 2.21 (±0.04) 0.6220 2.66 (±0.03) 0.6216 2.80 (±0.02) 0.6220

TRV 2.22 (±0.04) 0.6218 2.45 (±0.03) 0.6223 2.57 (±0.03) 0.6219

GBV 2.22 (±0.04) 0.6220 2.60 (±0.03) 0.6220 2.55 (±0.03) 0.6221

Baseline – 0.6218 – 0.6217 – 0.6221
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Table 10. Toy experiment ablation on distribution similarity (ρ) with Complete-Tree drafts.

Method ρ = 0.0 ρ = 0.25 ρ = 0.5

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.42 (±0.07) 0.4608 1.95 (±0.06) 0.5721 2.66 (±0.04) 0.6219
LV + K-SEQ 1.66 (±0.07) 0.4612 2.21 (±0.06) 0.5723 2.88 (±0.04) 0.6219

TV + RRS 1.34 (±0.06) 0.4607 1.82 (±0.06) 0.5722 2.47 (±0.04) 0.6219
LV + RRS 1.51 (±0.06) 0.4605 2.02 (±0.05) 0.5724 2.65 (±0.04) 0.6221

TV + GR 1.58 (±0.08) 0.4605 2.26 (±0.08) 0.5723 3.18 (±0.05) 0.6219
LV + GR 1.80 (±0.08) 0.4608 2.46 (±0.07) 0.5720 3.29 (±0.05) 0.6218

TRV 1.54 (±0.07) 0.4604 2.07 (±0.06) 0.5723 2.71 (±0.04) 0.6219

Baseline – 0.4608 – 0.5721 – 0.6217

Table 11. Toy experiment ablation on distribution similarity (ρ) with Tapered-Tree drafts.

Method ρ = 0.0 ρ = 0.25 ρ = 0.5

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.31 (±0.06) 0.4608 1.80 (±0.06) 0.5718 2.50 (±0.04) 0.6219
LV + K-SEQ 1.52 (±0.07) 0.4606 2.06 (±0.06) 0.5724 2.73 (±0.04) 0.6219

TV + RRS 1.30 (±0.06) 0.4604 1.78 (±0.05) 0.5720 2.42 (±0.04) 0.6219
LV + RRS 1.47 (±0.06) 0.4608 1.97 (±0.05) 0.5722 2.61 (±0.04) 0.6219

TV + GR 1.37 (±0.07) 0.4608 1.93 (±0.06) 0.5723 2.70 (±0.05) 0.6218
LV + GR 1.58 (±0.07) 0.4606 2.15 (±0.06) 0.5719 2.88 (±0.04) 0.6219

TRV 1.50 (±0.07) 0.4607 2.02 (±0.06) 0.5726 2.67 (±0.04) 0.6216

Baseline – 0.4606 – 0.5722 – 0.6216

Table 12. Toy experiment ablation on distribution similarity (ρ) with Multi-Chain drafts.

Method ρ = 0.0 ρ = 0.25 ρ = 0.5

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.18 (±0.06) 0.4608 1.63 (±0.05) 0.5720 2.26 (±0.04) 0.6219
LV + K-SEQ 1.39 (±0.06) 0.4607 1.88 (±0.05) 0.5722 2.51 (±0.03) 0.6221

TV + RRS 1.15 (±0.05) 0.4604 1.58 (±0.05) 0.5724 2.18 (±0.04) 0.6221
LV + RRS 1.32 (±0.06) 0.4610 1.79 (±0.05) 0.5723 2.41 (±0.03) 0.6223

TV + GR 1.25 (±0.06) 0.4609 1.74 (±0.06) 0.5719 2.44 (±0.04) 0.6219
LV + GR 1.46 (±0.06) 0.4606 1.98 (±0.05) 0.5721 2.66 (±0.03) 0.6216

TRV 1.34 (±0.06) 0.4609 1.82 (±0.05) 0.5722 2.45 (±0.03) 0.6223

GBV 1.47 (±0.06) 0.4606 1.97 (±0.05) 0.5722 2.60 (±0.03) 0.6220

Baseline – 0.4607 – 0.5719 – 0.6217
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Table 13. Toy experiment ablation on temperature with Complete-Tree drafts.

Method (τp, τq) = (0.5, 0.5) (τp, τq) = (0.75, 0.75) (τp, τq) = (1.0, 1.0) (τp, τq) = (1.5, 1.5)

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.55 (±0.08) 0.2919 2.20 (±0.06) 0.4934 2.66 (±0.04) 0.6219 3.17 (±0.03) 0.7511
LV + K-SEQ 1.77 (±0.08) 0.2919 2.45 (±0.06) 0.4936 2.88 (±0.04) 0.6219 3.33 (±0.02) 0.7512

TV + RRS 1.47 (±0.08) 0.2915 2.06 (±0.06) 0.4935 2.47 (±0.04) 0.6219 2.95 (±0.03) 0.7514
LV + RRS 1.64 (±0.08) 0.2918 2.25 (±0.05) 0.4939 2.65 (±0.04) 0.6221 3.10 (±0.02) 0.7515

TV + GR 1.72 (±0.10) 0.2915 2.58 (±0.07) 0.4937 3.18 (±0.05) 0.6219 3.79 (±0.02) 0.7512
LV + GR 1.93 (±0.09) 0.2917 2.75 (±0.07) 0.4935 3.29 (±0.05) 0.6218 3.80 (±0.02) 0.7511

TRV 1.67 (±0.08) 0.2916 2.31 (±0.05) 0.4935 2.71 (±0.04) 0.6219 3.15 (±0.02) 0.7513

Baseline – 0.2918 – 0.4932 – 0.6217 – 0.7511

Table 14. Toy experiment ablation on temperature with Tapered-Tree drafts.

Method (τp, τq) = (0.5, 0.5) (τp, τq) = (0.75, 0.75) (τp, τq) = (1.0, 1.0) (τp, τq) = (1.5, 1.5)

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.43 (±0.08) 0.2916 2.05 (±0.06) 0.4939 2.50 (±0.04) 0.6219 3.04 (±0.03) 0.7511
LV + K-SEQ 1.64 (±0.08) 0.2916 2.30 (±0.05) 0.4936 2.73 (±0.04) 0.6219 3.21 (±0.02) 0.7514

TV + RRS 1.42 (±0.07) 0.2918 2.00 (±0.05) 0.4936 2.42 (±0.04) 0.6219 2.92 (±0.03) 0.7511
LV + RRS 1.59 (±0.07) 0.2912 2.21 (±0.05) 0.4938 2.61 (±0.04) 0.6219 3.07 (±0.02) 0.7513

TV + GR 1.50 (±0.08) 0.2916 2.19 (±0.06) 0.4938 2.70 (±0.05) 0.6218 3.26 (±0.02) 0.7510
LV + GR 1.70 (±0.08) 0.2918 2.41 (±0.06) 0.4938 2.88 (±0.04) 0.6219 3.36 (±0.02) 0.7512

TRV 1.62 (±0.08) 0.2915 2.26 (±0.05) 0.4937 2.67 (±0.04) 0.6216 3.13 (±0.02) 0.7512

Baseline – 0.2913 – 0.4934 – 0.6216 – 0.7508

Table 15. Toy experiment ablation on temperature with Multi-Chain drafts.

Method (τp, τq) = (0.5, 0.5) (τp, τq) = (0.75, 0.75) (τp, τq) = (1.0, 1.0) (τp, τq) = (1.5, 1.5)

Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD Accept Len. Avg. TVD

TV + K-SEQ 1.29 (±0.07) 0.2914 1.85 (±0.05) 0.4936 2.26 (±0.04) 0.6219 2.77 (±0.02) 0.7512
LV + K-SEQ 1.50 (±0.07) 0.2920 2.10 (±0.05) 0.4936 2.51 (±0.03) 0.6221 2.98 (±0.02) 0.7515

TV + RRS 1.26 (±0.07) 0.2918 1.79 (±0.05) 0.4939 2.18 (±0.04) 0.6221 2.68 (±0.02) 0.7514
LV + RRS 1.44 (±0.07) 0.2918 2.01 (±0.05) 0.4940 2.41 (±0.03) 0.6223 2.88 (±0.02) 0.7515

TV + GR 1.36 (±0.07) 0.2913 1.98 (±0.06) 0.4935 2.44 (±0.04) 0.6219 2.99 (±0.02) 0.7512
LV + GR 1.57 (±0.07) 0.2917 2.22 (±0.05) 0.4936 2.66 (±0.03) 0.6216 3.14 (±0.02) 0.7513

TRV 1.46 (±0.07) 0.2917 2.04 (±0.05) 0.4937 2.45 (±0.03) 0.6223 2.93 (±0.02) 0.7512

GBV 1.58 (±0.07) 0.2917 2.20 (±0.05) 0.4937 2.60 (±0.03) 0.6220 2.98 (±0.02) 0.7513

Baseline – 0.2913 – 0.4933 – 0.6217 – 0.7511
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H. Additional Details of LLM Decoding Experiments
Task. The Spec-Bench dataset (Xia et al., 2024) comprises 480 queries, randomly sampled from six different domains (80
queries each) of real-world natural language benchmarks:

1. Multi-Turn Conversation: MT-Bench (Zheng et al., 2023);

2. Translation: WMT14 DE-EN (Bojar et al., 2014);

3. Summarization: CNN/Daily Mail (Nallapati et al., 2016);

4. Question Answering: Natural Questions (Kwiatkowski et al., 2019);

5. Mathematical Reasoning: GSM8K (Cobbe et al., 2021);

6. Retrieval-Augmented Generation: Natural Questions (Kwiatkowski et al., 2019) + top-5 documents retrieved from
DPR (Karpukhin et al., 2020).

In Tabs. 16, 17, 18 and 19, we display all experimental results summarized for each of six domains.

Draft and Target Models. We use pretrained weights of Llama3 series models (Grattafiori et al., 2024). In particular,
following a similar experimental setting used by Weng et al. (2025), we use Llama3.1-8B-Instruct5 as a target model
and Llama3.2-1B-Instruct6 as a draft model. We set the generation configurations for both the draft and target models to
top_p=0.9 and temperature=0.6, using the default parameters in generation_config.json.

Implementation Details. We mostly adopt the draft generation, verification, and metric computation pipeline from the
PyTorch implementation of EAGLE (Li et al., 2024a), contained in the GitHub repository of Spec-Bench.7 To reduce the
total runtime, we use a small value of max_new_tokens=128: we stop decoding when the generated sequence exceeds
128 tokens. Since the Llama3-based draft model is not tailored for EAGLE-based draft tree generation, we slightly modified
the draft construction code so that the draft trees are generated from the outputs of several parallel forward passes of the
draft model, rather than exploiting hidden features as in EAGLE’s pipeline.

For each tree configuration (double-chain tree or complete binary tree with depth 4 or 5), we run experiments for all eight
verification methods in ({TV, LV} × {K-SEQ, RRS, GR}) ∪ {default, TRV}, for 4 different random seeds (0, 1, 2, 3). The
method called ‘default‘ is equivalent to TV + RRS in terms of acceptance rules but keeps the original implementation of
RRS which sequentially determines acceptance (or rejection) of next-token candidate tokens, one by one; on the other
hand, TV + RRS is the TV-lifted algorithm by converting RRS into an equivalent flow network, as we do in LV + RRS.
Motivated by the experimental settings of Sun et al. (2024) and Thomas & Pal (2026b), we limit the number of child nodes at
each draft tree node and set the top-k sampling parameter of the draft model to be k = 20 in order to encourage a favorable
computation of single-step verifiers’ flow-network formulations.

All verification rules are efficiently implemented with a PyTorch C++/CUDA extension: C++ handles the verification logic
and launches CUDA kernels for expensive per-node probability computations for TV and LV.

Hardware Details. We run all experiments on a server with four RTX A6000 GPUs (each with 48GB VRAM) and two
AMD EPYC 7763 64-core CPUs. We build four disjoint Docker containers, each with exclusive access to a single GPU and
32 CPU cores; each experiment runs in a single container. For a fixed tree configuration, all experiments across 8 verification
methods and 4 random seeds are run within 13.45 GPU hours.

5https://huggingface.co/meta-llama/Llama-3.1-8B-Instruct. Released with Llama3.1 Community License.
6https://huggingface.co/meta-llama/Llama-3.2-1B-Instruct. Released with Llama3.2 Community License.
7https://github.com/hemingkx/Spec-Bench. Released with Apache-2.0 license.
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Table 16. Spec-Bench results on Multi-Chain (4,2).

Method
Multi-Turn Conversation Translation Summarization

Block Eff. ∆(LV, TV)
BE Token/s Speedup Block Eff. ∆(LV, TV)

BE Token/s Speedup Block Eff. ∆(LV, TV)
BE Token/s Speedup

Baseline 1.00 (±0.00) 35.85 (±0.01) +0.0% 1.00 (±0.00) 36.25 (±0.02) +0.0% 1.00 (±0.00) 32.96 (±0.02) +0.0%

TV + K-SEQ 3.61 (±0.01) 44.04 (±0.11) +22.8% 3.15 (±0.05) 37.13 (±0.64) +2.4% 3.34 (±0.01) 38.47 (±0.12) +16.7%
LV + K-SEQ 3.66 (±0.00) +1.39% 44.29 (±0.15) +23.5% 3.17 (±0.03) +0.63% 37.21 (±0.35) +2.6% 3.38 (±0.02) +1.20% 38.76 (±0.06) +17.6%

TV + RRS 3.62 (±0.00) 44.22 (±0.06) +23.4% 3.16 (±0.04) 37.48 (±0.53) +3.4% 3.36 (±0.02) 38.86 (±0.16) +17.9%
LV + RRS 3.64 (±0.02) +0.55% 44.57 (±0.23) +24.3% 3.15 (±0.05) -0.32% 37.17 (±0.57) +2.5% 3.39 (±0.02) +0.89% 39.15 (±0.26) +18.8%

TV + GR 3.63 (±0.02) 43.75 (±0.09) +22.0% 3.18 (±0.04) 37.03 (±0.44) +2.2% 3.38 (±0.02) 38.56 (±0.20) +17.0%
LV + GR 3.68 (±0.02) +1.38% 44.32 (±0.25) +23.6% 3.15 (±0.02) -0.94% 36.78 (±0.33) +1.5% 3.38 (±0.01) +0.00% 38.47 (±0.05) +16.7%

default 3.64 (±0.01) 44.07 (±0.15) +22.9% 3.17 (±0.02) 37.06 (±0.25) +2.3% 3.35 (±0.02) 38.41 (±0.14) +16.5%

TRV 3.67 (±0.01) 44.14 (±0.08) +23.1% 3.22 (±0.04) 37.37 (±0.46) +3.1% 3.36 (±0.01) 38.19 (±0.09) +15.9%

Method
Question Answering Mathematical Reasoning Retrieval-Augmented Generation

Block Eff. ∆(LV, TV)
BE Token/s Speedup Block Eff. ∆(LV, TV)

BE Token/s Speedup Block Eff. ∆(LV, TV)
BE Token/s Speedup

Baseline 1.00 (±0.00) 36.46 (±0.01) +0.0% 1.00 (±0.00) 36.27 (±0.01) +0.0% 1.00 (±0.00) 31.65 (±0.07) +0.0%

TV + K-SEQ 3.37 (±0.02) 41.17 (±0.24) +12.9% 4.09 (±0.01) 50.27 (±0.25) +38.6% 3.53 (±0.01) 37.35 (±0.19) +18.0%
LV + K-SEQ 3.44 (±0.01) +2.08% 41.82 (±0.16) +14.7% 4.11 (±0.02) +0.49% 50.24 (±0.23) +38.5% 3.56 (±0.02) +0.85% 37.43 (±0.17) +18.3%

TV + RRS 3.39 (±0.03) 41.61 (±0.28) +14.1% 4.09 (±0.01) 50.37 (±0.14) +38.9% 3.53 (±0.03) 37.45 (±0.37) +18.3%
LV + RRS 3.43 (±0.03) +1.18% 42.08 (±0.33) +15.4% 4.11 (±0.01) +0.49% 50.63 (±0.23) +39.6% 3.53 (±0.00) +0.00% 37.51 (±0.13) +18.5%

TV + GR 3.39 (±0.02) 41.08 (±0.19) +12.7% 4.10 (±0.01) 49.87 (±0.15) +37.5% 3.53 (±0.04) 37.10 (±0.32) +17.2%
LV + GR 3.44 (±0.02) +1.47% 41.42 (±0.12) +13.6% 4.15 (±0.01) +1.22% 50.28 (±0.18) +38.6% 3.56 (±0.03) +0.85% 37.14 (±0.31) +17.3%

default 3.39 (±0.01) 41.23 (±0.17) +13.1% 4.10 (±0.01) 49.95 (±0.24) +37.7% 3.52 (±0.01) 36.86 (±0.15) +16.5%

TRV 3.41 (±0.03) 41.02 (±0.33) +12.5% 4.13 (±0.02) 49.97 (±0.21) +37.8% 3.54 (±0.01) 36.92 (±0.13) +16.6%

Table 17. Spec-Bench results on Complete-Tree (4,2).

Method
Multi-Turn Conversation Translation Summarization

Block Eff. ∆(LV, TV)
BE Token/s Speedup Block Eff. ∆(LV, TV)

BE Token/s Speedup Block Eff. ∆(LV, TV)
BE Token/s Speedup

Baseline 1.00 (±0.00) 35.85 (±0.01) +0.0% 1.00 (±0.00) 36.25 (±0.02) +0.0% 1.00 (±0.00) 32.96 (±0.02) +0.0%

TV + K-SEQ 3.75 (±0.01) 45.10 (±0.20) +25.8% 3.31 (±0.02) 38.14 (±0.22) +5.2% 3.50 (±0.01) 39.07 (±0.17) +18.5%
LV + K-SEQ 3.81 (±0.01) +1.60% 45.56 (±0.26) +27.1% 3.28 (±0.04) -0.91% 37.80 (±0.50) +4.3% 3.51 (±0.01) +0.29% 39.07 (±0.17) +18.5%

TV + RRS 3.77 (±0.01) 45.75 (±0.12) +27.6% 3.33 (±0.03) 38.75 (±0.47) +6.9% 3.49 (±0.02) 39.38 (±0.26) +19.5%
LV + RRS 3.78 (±0.02) +0.27% 46.02 (±0.27) +28.4% 3.30 (±0.04) -0.90% 38.56 (±0.40) +6.4% 3.53 (±0.00) +1.15% 39.83 (±0.15) +20.9%

TV + GR 3.84 (±0.00) 46.38 (±0.18) +29.4% 3.30 (±0.01) 38.25 (±0.24) +5.5% 3.55 (±0.02) 39.84 (±0.19) +20.9%
LV + GR 3.84 (±0.01) +0.00% 46.37 (±0.31) +29.4% 3.34 (±0.03) +1.21% 38.63 (±0.40) +6.6% 3.58 (±0.00) +0.85% 40.01 (±0.06) +21.4%

default 3.78 (±0.01) 45.47 (±0.14) +26.8% 3.28 (±0.02) 37.91 (±0.32) +4.6% 3.52 (±0.02) 39.31 (±0.20) +19.3%

TRV 3.80 (±0.00) 44.75 (±0.14) +24.8% 3.30 (±0.03) 37.18 (±0.46) +2.6% 3.54 (±0.02) 38.71 (±0.15) +17.5%

Method
Question Answering Mathematical Reasoning Retrieval-Augmented Generation

Block Eff. ∆(LV, TV)
BE Token/s Speedup Block Eff. ∆(LV, TV)

BE Token/s Speedup Block Eff. ∆(LV, TV)
BE Token/s Speedup

Baseline 1.00 (±0.00) 36.46 (±0.01) +0.0% 1.00 (±0.00) 36.27 (±0.01) +0.0% 1.00 (±0.00) 31.65 (±0.07) +0.0%

TV + K-SEQ 3.50 (±0.01) 41.88 (±0.10) +14.9% 4.21 (±0.02) 50.96 (±0.35) +40.5% 3.62 (±0.03) 37.41 (±0.22) +18.2%
LV + K-SEQ 3.55 (±0.02) +1.43% 42.30 (±0.29) +16.0% 4.27 (±0.02) +1.43% 51.37 (±0.22) +41.6% 3.65 (±0.03) +0.83% 37.64 (±0.36) +18.9%

TV + RRS 3.51 (±0.03) 42.56 (±0.39) +16.7% 4.24 (±0.02) 51.78 (±0.25) +42.8% 3.65 (±0.02) 38.00 (±0.08) +20.1%
LV + RRS 3.56 (±0.00) +1.42% 43.16 (±0.21) +18.4% 4.26 (±0.02) +0.47% 52.01 (±0.16) +43.4% 3.70 (±0.01) +1.37% 38.47 (±0.15) +21.6%

TV + GR 3.61 (±0.01) 43.46 (±0.21) +19.2% 4.29 (±0.02) 51.99 (±0.32) +43.3% 3.70 (±0.01) 38.52 (±0.13) +21.7%
LV + GR 3.64 (±0.01) +0.83% 43.65 (±0.17) +19.7% 4.35 (±0.01) +1.40% 52.70 (±0.10) +45.3% 3.71 (±0.03) +0.27% 38.30 (±0.23) +21.0%

default 3.52 (±0.02) 42.10 (±0.15) +15.5% 4.21 (±0.01) 50.84 (±0.16) +40.2% 3.64 (±0.04) 37.37 (±0.34) +18.1%

TRV 3.52 (±0.01) 41.26 (±0.14) +13.2% 4.25 (±0.01) 50.62 (±0.09) +39.6% 3.69 (±0.01) 37.53 (±0.12) +18.6%
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Table 18. Spec-Bench results on Multi-Chain (5,2).

Method
Multi-Turn Conversation Translation Summarization

Block Eff. ∆(LV, TV)
BE Token/s Speedup Block Eff. ∆(LV, TV)

BE Token/s Speedup Block Eff. ∆(LV, TV)
BE Token/s Speedup

Baseline 1.00 (±0.00) 35.85 (±0.01) +0.0% 1.00 (±0.00) 36.25 (±0.02) +0.0% 1.00 (±0.00) 32.96 (±0.02) +0.0%

TV + K-SEQ 3.97 (±0.02) 42.21 (±0.30) +17.7% 3.35 (±0.04) 34.33 (±0.29) -5.3% 3.63 (±0.01) 36.52 (±0.19) +10.8%
LV + K-SEQ 4.05 (±0.01) +2.02% 42.43 (±0.11) +18.3% 3.47 (±0.04) +3.58% 34.94 (±0.26) -3.6% 3.71 (±0.02) +2.20% 37.08 (±0.11) +12.5%

TV + RRS 3.99 (±0.02) 42.32 (±0.37) +18.0% 3.41 (±0.04) 34.75 (±0.46) -4.1% 3.65 (±0.01) 36.80 (±0.22) +11.6%
LV + RRS 4.05 (±0.02) +1.50% 42.95 (±0.18) +19.8% 3.45 (±0.06) +1.17% 35.26 (±0.65) -2.7% 3.70 (±0.03) +1.37% 37.15 (±0.23) +12.7%

TV + GR 4.04 (±0.02) 42.44 (±0.17) +18.4% 3.38 (±0.05) 34.38 (±0.63) -5.2% 3.67 (±0.02) 36.73 (±0.22) +11.4%
LV + GR 4.09 (±0.03) +1.24% 42.62 (±0.19) +18.9% 3.45 (±0.05) +2.07% 34.61 (±0.41) -4.5% 3.71 (±0.01) +1.09% 36.75 (±0.11) +11.5%

default 4.03 (±0.03) 42.09 (±0.28) +17.4% 3.44 (±0.02) 34.58 (±0.20) -4.6% 3.67 (±0.02) 36.50 (±0.29) +10.8%

TRV 4.08 (±0.01) 42.22 (±0.17) +17.8% 3.48 (±0.05) 34.74 (±0.40) -4.2% 3.69 (±0.03) 36.40 (±0.25) +10.5%

Method
Question Answering Mathematical Reasoning Retrieval-Augmented Generation

Block Eff. ∆(LV, TV)
BE Token/s Speedup Block Eff. ∆(LV, TV)

BE Token/s Speedup Block Eff. ∆(LV, TV)
BE Token/s Speedup

Baseline 1.00 (±0.00) 36.46 (±0.01) +0.0% 1.00 (±0.00) 36.27 (±0.01) +0.0% 1.00 (±0.00) 31.65 (±0.07) +0.0%

TV + K-SEQ 3.71 (±0.03) 39.32 (±0.15) +7.8% 4.66 (±0.01) 49.55 (±0.27) +36.6% 3.88 (±0.03) 35.69 (±0.35) +12.8%
LV + K-SEQ 3.73 (±0.02) +0.54% 39.24 (±0.11) +7.6% 4.71 (±0.02) +1.07% 49.87 (±0.13) +37.5% 3.93 (±0.04) +1.29% 36.03 (±0.27) +13.8%

TV + RRS 3.68 (±0.01) 39.06 (±0.19) +7.1% 4.66 (±0.02) 49.63 (±0.37) +36.8% 3.91 (±0.04) 35.91 (±0.25) +13.5%
LV + RRS 3.71 (±0.02) +0.82% 39.26 (±0.18) +7.7% 4.70 (±0.02) +0.86% 49.98 (±0.18) +37.8% 3.92 (±0.04) +0.26% 36.07 (±0.24) +14.0%

TV + GR 3.70 (±0.01) 38.99 (±0.24) +6.9% 4.69 (±0.02) 49.45 (±0.29) +36.3% 3.96 (±0.03) 36.13 (±0.31) +14.2%
LV + GR 3.81 (±0.03) +2.97% 39.67 (±0.27) +8.8% 4.76 (±0.01) +1.49% 49.78 (±0.08) +37.3% 4.01 (±0.05) +1.26% 36.20 (±0.32) +14.4%

default 3.68 (±0.04) 38.46 (±0.29) +5.5% 4.65 (±0.02) 48.74 (±0.24) +34.4% 3.90 (±0.05) 35.56 (±0.49) +12.4%

TRV 3.75 (±0.03) 39.10 (±0.29) +7.2% 4.66 (±0.02) 48.82 (±0.26) +34.6% 3.94 (±0.03) 35.79 (±0.24) +13.1%

Table 19. Spec-Bench results on Complete-Tree (5,2).

Method
Multi-Turn Conversation Translation Summarization

Block Eff. ∆(LV, TV)
BE Token/s Speedup Block Eff. ∆(LV, TV)

BE Token/s Speedup Block Eff. ∆(LV, TV)
BE Token/s Speedup

Baseline 1.00 (±0.00) 35.85 (±0.01) +0.0% 1.00 (±0.00) 36.25 (±0.02) +0.0% 1.00 (±0.00) 32.96 (±0.02) +0.0%

TV + K-SEQ 4.20 (±0.02) 42.24 (±0.20) +17.8% 3.56 (±0.02) 34.56 (±0.17) -4.7% 3.87 (±0.02) 34.33 (±0.13) +4.2%
LV + K-SEQ 4.27 (±0.02) +1.67% 42.40 (±0.17) +18.3% 3.61 (±0.02) +1.40% 34.54 (±0.22) -4.7% 3.90 (±0.02) +0.78% 34.16 (±0.13) +3.6%

TV + RRS 4.22 (±0.02) 42.92 (±0.30) +19.7% 3.59 (±0.02) 35.13 (±0.40) -3.1% 3.89 (±0.02) 34.77 (±0.21) +5.5%
LV + RRS 4.28 (±0.02) +1.42% 43.41 (±0.22) +21.1% 3.59 (±0.03) +0.00% 35.20 (±0.31) -2.9% 3.90 (±0.01) +0.26% 34.81 (±0.06) +5.6%

TV + GR 4.31 (±0.01) 43.19 (±0.21) +20.5% 3.60 (±0.02) 34.73 (±0.09) -4.2% 3.96 (±0.01) 35.03 (±0.16) +6.3%
LV + GR 4.34 (±0.02) +0.70% 43.22 (±0.30) +20.6% 3.70 (±0.03) +2.78% 35.35 (±0.25) -2.5% 4.00 (±0.01) +1.01% 35.09 (±0.15) +6.5%

default 4.22 (±0.02) 42.22 (±0.18) +17.8% 3.61 (±0.05) 34.66 (±0.50) -4.4% 3.87 (±0.01) 34.37 (±0.10) +4.3%

TRV 4.27 (±0.01) 41.39 (±0.10) +15.5% 3.61 (±0.07) 33.36 (±0.64) -8.0% 3.90 (±0.02) 33.40 (±0.16) +1.4%

Method
Question Answering Mathematical Reasoning Retrieval-Augmented Generation

Block Eff. ∆(LV, TV)
BE Token/s Speedup Block Eff. ∆(LV, TV)

BE Token/s Speedup Block Eff. ∆(LV, TV)
BE Token/s Speedup

Baseline 1.00 (±0.00) 36.46 (±0.01) +0.0% 1.00 (±0.00) 36.27 (±0.01) +0.0% 1.00 (±0.00) 31.65 (±0.07) +0.0%

TV + K-SEQ 3.89 (±0.03) 39.19 (±0.29) +7.5% 4.87 (±0.04) 49.27 (±0.26) +35.9% 4.03 (±0.02) 33.44 (±0.24) +5.6%
LV + K-SEQ 3.95 (±0.02) +1.54% 39.19 (±0.19) +7.5% 4.92 (±0.02) +1.03% 48.98 (±0.28) +35.0% 4.11 (±0.05) +1.99% 33.53 (±0.22) +5.9%

TV + RRS 3.86 (±0.02) 39.28 (±0.27) +7.7% 4.86 (±0.04) 49.60 (±0.52) +36.8% 4.07 (±0.02) 33.96 (±0.16) +7.3%
LV + RRS 3.95 (±0.03) +2.33% 40.19 (±0.31) +10.2% 4.92 (±0.01) +1.23% 50.23 (±0.33) +38.5% 4.13 (±0.05) +1.47% 34.29 (±0.29) +8.3%

TV + GR 3.98 (±0.03) 39.91 (±0.26) +9.5% 4.99 (±0.04) 50.31 (±0.38) +38.7% 4.08 (±0.04) 33.82 (±0.17) +6.9%
LV + GR 4.06 (±0.03) +2.01% 40.34 (±0.16) +10.6% 5.04 (±0.01) +1.00% 50.62 (±0.22) +39.6% 4.15 (±0.03) +1.72% 34.08 (±0.20) +7.7%

default 3.94 (±0.06) 39.31 (±0.50) +7.8% 4.90 (±0.01) 49.27 (±0.04) +35.8% 4.11 (±0.07) 34.08 (±0.37) +7.7%

TRV 3.96 (±0.05) 38.19 (±0.46) +4.8% 4.93 (±0.01) 48.54 (±0.20) +33.8% 4.07 (±0.03) 32.76 (±0.10) +3.5%
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