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Abstract

Creating large-scale high-quality labeled datasets is a major bottleneck in supervised machine
learning workflows. Threshold-based auto-labeling (TBAL), where validation data obtained
from humans is used to find a confidence threshold above which the data is machine-labeled,
reduces reliance on manual annotation. TBAL is emerging as a widely-used solution in
practice. Given the long shelf-life and diverse usage of the resulting datasets, understanding
when the data obtained by such auto-labeling systems can be relied on is crucial. This is the
first work to analyze TBAL systems and derive sample complexity bounds on the amount
of human-labeled validation data required for guaranteeing the quality of machine-labeled
data. Our results provide two crucial insights. First, reasonable chunks of unlabeled data
can be automatically and accurately labeled by seemingly bad models. Second, a hidden
downside of TBAL systems is potentially prohibitive validation data usage. Together, these
insights describe the promise and pitfalls of using such systems. We validate our theoretical
guarantees with extensive experiments on synthetic and real datasets. !

1. Introduction

Machine learning (ML) models with billions of parameters are used to obtain state-of-the-art
performance in many applications, e.g., object identification Redmon and Farhadi (2017),
machine translation Vaswani et al. (2017), and fraud detection Zeng and Tang (2021). Such
large-scale models require training on large-scale labeled datasets. As an outcome, the
typical supervised ML workflow begins with the construction of a large-scale high-quality
dataset. Datasets with up to millions of labeled data points, have played a pivotal role in
the advancement of computer vision. However, collecting labeled data is an expensive and
time consuming process. A common approach is to rely on the services of crowd-sourcing
platforms such as Amazon Mechanical Turk (AMT) to get ground-truth labels.

1. A detailed version of the paper will be appearing in NeurIPS 2023.
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Figure 1: High-level workflow threshold-based auto-labeling (TBAL). Box (B) shows the
key component estimating the auto-labeling region using validation data and
autolabeling points in it.

Even with crowd-sourcing, obtaining labels for the entire dataset is expensive. To reduce
costs, data labeling systems that partially rely on using a model’s predictions as labels have
been developed. Such systems date back to teacher-less training Fralick (1967). Modern
examples include Amazon Sagemaker Ground Truth SGT (2022) and others Superb-Al
(2022); Samsung-SDS (2022); Airbus (2022); Venguswamy et al. (2021). These approaches
can be broadly termed auto-labeling.

Auto-labeling systems aim to label unlabeled data using predictions from ML models that
are often trained on small amounts of human-labeled data which can produce incorrect
labels. The shelf life of datasets is longer than those of models, e.g., ImageNet continues
to be a benchmark for many computer vision tasks Deng et al. (2009) fifteen years after
its initial development. As a result, to reliably train new models on auto-labeled datasets
and deploy them, we need a thorough understanding of how reliable the datasets output by
these auto-labeling systems are. Unfortunately, many widely used commercial auto-labeling
systems SGT (2022); Samsung-SDS (2022) are largely opaque with limited public information
on their functionality. It is therefore unclear whether the quality of the datasets obtained can
be trusted. To address this, we study the high-level workflow of a popular threshold-based
auto-labeling (TBAL) system (see Figure 1).

We emphasize that our goal is to understand such systems and their performance—mnot to
promote them as a superior alternative to other approaches. Our goal is:

Goal: Develop a fundamental understanding of TBAL systems. This is crucial: there
is a lack of theoretical understanding of reliability of these systems despite their wide
adoption.

The TBAL systems we study (Figure 1) work iteratively. At high level, in each iteration,
the system trains a model on currently available human-labeled data and decides to label
certain parts of unlabeled data using the trained model by finding high-accuracy regions
using validation data. It then collects human labels on a small portion of unlabeled data



that is deemed helpful for training the current model in the next iteration. The validation
data is created by sampling i.i.d. points from the unlabeled pool and querying human labels
for them. See section 7 for detailed description of the algorithm. In addition to training
data, the validation data is a major driver of the cost and accuracy of auto-labeling, and
will be a key component in our study.

Our Contributions: We study TBAL systems (Figure 1) and make the following contribu-
tions:

e Provide the first theoretical characterization of TBAL systems, developing tradeoffs
between the quantity of manually-labeled data and the quantity and quality of auto-labeled
data (Section 3).

e Empirical results validating our theoretical understanding on real and synthetic data
(Section 9).

Our results reveal two important insights. Promisingly, even poor-quality models are
capable of reliably labeling at least some data when we have access to sufficient validation
data and a good confidence function that can accurately quantify the confidence of a given
model on any data point. On the downside, in certain scenarios, the quantity of the validation
data required to reach a certain quantity and quality of auto-labeled data can be high.

2. Threshold-Based Auto-Labeling

Notation: Let the instance and label spaces be X and Y = {1,...,k}. We assume that
there is some deterministic but unknown function f* : X +— ) that assigns true label
y = f*(x) to any x € X. We also assume that there is a noiseless oracle O that can provide
the true label y € Y for any given x € X'. Let X,, € X denote a sufficiently large pool of
unlabeled data to be labeled.

The goal of an auto-labeling algorithm is to produce accurate labels ¢; € ) for points
X; € Xpoor While minimizing the number of queries to the oracle. Let [m] := {1,2,...,m},
A C [N] be the set of indices of auto-labeled points, and X, (A) be these points. The
auto-labeling error éA'(Xpool(A)) and the coverage ﬁ(Xpool(A)) are defined as

E(Xpoot(A)) 1= Ni S 1@ # (i) and P(Xpoot(A)) := 14] _ Na (1)

@ ieA N N
where N, denotes the size of auto-labeled set A. TBAL algorithm aims to auto-label the
dataset so that £(Xpea(A)) < €, while maximizing coverage P(Xpo0i(A)) for any given
€q € (0,1).

Hypothesis Class and Confidence Function: A TBAL algorithm is given a fixed
hypothesis space H and a confidence function g : H x X + T C RT that quantifies the
confidence of h € H on any data point x € X. Confidence functions include prediction
probabilities and margin scores. For example, when H is a set of unit-norm homogeneous
linear classifiers, i.e. hy(x) = sign(w’x) with w € {w € R? : ||w]||z = 1}, a reasonable
confidence function is g(hw,x) = |[w’x]|.

Note that the target f* might not be in the hypothesis space H. Our analysis (Section 3)
shows that the TBAL algorithm can work well, i.e., accurately label a reasonable fraction of
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Figure 2: Comparison of TBAL and Active Learning followed by Selective Classification (AL+SC)
on the Circles dataset (Sec. 2.1) using linear classifiers and confidence functions. (a)
Samples auto-labeled, queried, and left unlabeled. (b) The auto-labeling error and coverage
achieved. (50 trials.)

unlabeled data with simpler hypothesis classes that do not contain the target hypothesis
f*. We illustrate this with a simple example in Section 2.1 and Figure 2. Note as well
that the features x could be raw features or representations from self-supervised techniques,
pre-trained models etc. We analyze TBAL in settings (i) with no assumptions on the features
and (ii) when the the features are linearly separable. We refer the reader to section 7 for
detailed description of the algorithm.

2.1 Comparison between Auto-Labeling, Active Learning and Selective
Classification

Active learning: The goal of active learning Settles (2009) (AL) is to find the best model in
hypothesis class H by training with less labeled data compared to passive learning. This is
usually achieved by obtaining labels for the most informative points. Note that the end goal
1s to output a model from the function class whose predictions on new data as good as the
best model in the function class could.

Selective Classification: The goal of selective classification (SL) El-Yaniv and Wiener (2010)
is to find the best combination of the hypothesis and selection functions to minimize error
and maximize coverage of selection regions.

Auto-Labeling: The output of an auto-labeling procedure is a labeled dataset (not a model).
When the hypothesis class is of lower complexity, it is often not possible to find a good
classifier. The goal of auto-labeling is to label as much of the unlabeled data as accurately
as possible with a given function class and with limited labeled data from humans.

Is active learning alone enough to auto-label data? AL has been found to be effective
in reducing the amount of labels needed to learn versus passive learning, particularly in
low-noise cases Hanneke (2014). Using auto-labeling using AL followed by SC may be
effective in such settings. However, in real-world scenarios, noise levels may be higher and
the hypothesis class could be misspecified. In these instances, using the model learned
through active learning to automatically label all data may result in a high number of errors.



We illustrate this difference between AL, SL, and auto-labeling through an example. Suppose
the data consists of two concentric circles, one for each class, with the same number of points
per class (Figure 2(a)). This setting is not linearly separable. We run TBAL, AL, and
AL followed by SL with an error tolerance of ¢, = 1% and linear classifiers and confidence
functions. The results are shown in Figure 2. Note that the multiple optimal linear classifiers
will all incur an error of 50%. AL algorithms can only output models that make at least
50% error. If we naively use the output model for auto-labeling, we can obtain near full
coverage but incur around 50% auto-labeling error. If we use the model output by AL with
threshold-based SC, labeling error is reduced. However, it can only label ~ 25% of the
unlabeled data. In contrast, TBAL is able to label almost all of the data accurately (close
to 100% coverage) with less than 1% auto-labeling error.

3. Theoretical Analysis

The performance of the TBAL algorithm 1 depends on many factors including the hypothesis
class, the confidence function, the data sampling strategy, and the size of the training
and validation data. In particular, the amount of validation data plays a critical role in
determining the auto-labeling threshold, which in turn affects the accuracy and coverage.

We derive bounds on the auto-labeling error and the coverage for Algorithm 1 in terms of
the size of the validation data, the number of auto-labeled points N(gk), and the Rademacher
complexity of the extended hypothesis class %79 induced by the confidence function g. Our
first result, Theorem (3.1), applies to general settings and makes no assumptions on the
particular form of the hypothesis class, the data distribution, and the confidence function.
We then instantiate and specialize the results for a specific setting in Section 8.5. We provide
the following guarantees on the auto-labeling error and the coverage.

Theorem 3.1. (Overall Auto-Labeling Error and Coverage) Let k denote the number of

rounds of the TBAL Algorithm 1. Let ng),n((f) denote the number of validation and auto-
labeled points at epoch i and ') = | XO|. Let X,001(Ar) be the set of auto-labeled points at

the end of round k. Nék) = Z;C:l ngi) denote the total number of auto-labled points. Then,
with probability at least 1 — §/2,

. Sl (s e L 4 oy, 2 [ 1 8k
5(Xpool(Ak)> SZW Ea(hz,tz'|Xv )Jr;(%ngj)(?{ ) + — an)log(F)

i=1 tVa —_—— 0 B
(a) S
ko (i
+;t (; @mng) (HT9) + N@) log(%) >
(©)
and with probability at least 1 — §/2,
k 2
P (X poot (Ar))> > P(XO(hi, 1)) — 2%, (HT9) — % log <%> (2)
i=1



Discussion. We interpret the result, starting with the auto-labeling error g (Xpoot (Ak))-

The term (a) é\a(ﬁi,f¢|X1(,z)) is the empirical conditional error in the auto-labeled region
computed on the validation data in ¢-th round, which is at most ¢,. Thus, summing term
(a) over all the rounds is at most €,. The term (b) provides an upper bound on the excess
error over the empirical estimate term (a) as a function of the Rademacher complexity of
HT+9 and the validation data used in each round. The last term (c) captures the variance
in the overall estimate as a function of the total number of auto-labeled points and the
Rademacher complexity of HT*9. If we let ngi) > n, i.e. the minimum validation points
ensured in each round, then we can see the second term is O(R,,,(H*9)) and the third term

is O (\/ 1/ nv>. Therefore, validation data of size O (1/€2) in each round is sufficient to get

a O(¢e,) bound on the excess auto-labeling error. The terms with Rademacher complexities
suggest that it is better to use a hypothesis class and confidence function such that the
induced hypothesis class has low Rademacher complexity. While such a hypothesis class
might not be rich enough to include the target function, it would still be helpful for efficient
and accurate auto-labeling of the dataset which can then be used for training richer models
in the downstream task. The coverage term provides a lower bound on the empirical coverage
in terms of the true coverage of the sequence of estimated hypotheses h; and threshold #;.

We note that the size of the validation data needed to guarantee the auto-labeling error in
each round by Algorithm 1 is optimal up to log factors. This follows by applying a result on
the tail probability of the sum of independent random variables due to Feller (1943):

Lemma 3.2. Let ¢1,¢o and 0 > 0. Let x; € X be a set of n i.i.d. points from X with
corresponding true labels y;. Given (h,t) € HT9, let E[(ﬁoﬁl(h,t,xi,yi) — 5(h,t|X))2] =
n 2

o2 > o for every x; for o; > 0 and let > 02 > ¢ then for every e € [0, %] with
Ny < 1%32 log(4cy) the following holds w.p. at least 1/4, E,(h, t|X) > Eu(h, | X) + €.

Therefore, if a sufficiently large validation set is not used in each round, there is a constant
probability of erroneously deciding on a threshold for auto-labeling. Such a requirement
on validation data also applies to active learning if we seek to validate the output model.
Bypassing this requirement demands the use of approaches that are different from threshold-
based auto-labeling and traditional validation techniques. We note the possibility of using
recently proposed active testing techniques Kossen et al. (2021), a nascent approach to
reducing validation data usage. The technical details and proofs are deferred to section 8.
We validate our theoretical analysis through experiments on real and synthetic datasets.
Please see section 9 for the details of experiments.

4. Conclusion and Future Work

In this work, we analyzed threshold-based auto-labeling systems and derived sample com-
plexity bounds on the amount of human-labeled validation data required for guaranteeing
the quality of machine-labeled data. Our study shows that these methods can accurately
label a reasonable size of data using seemingly bad models when good confidence functions
are available. Our analysis points to the hidden downside of these systems in terms of a
large amount of validation data usage and calls for more sample-efficient methods including
active testing.
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5. Appendix Organization

The appendix is organized as follows. We begin with discussing the related works in section
6, then provide the details of the auto-labeling algorithm in section 7. We summarize the
notation in Table 1 and section 8.2. Then we give the proof of the main theorem (Theorem
3.1) followed by proofs of supporting lemmas. We provide details of its instantiation for
finite VC-dimension hypothesis classes and the homogeneous linear separators case. Then,
we provide the technical details of the lower bound (Lemma 3.2). Then we provide details
of experiments in section 9 and 10. In section 10.3 we provide additional insights into
auto-labeling using PACMAP Wang et al. (2021b) visualizations of auto-labeled regions in
each round.

6. Related Work

We review the related literature in this section.

There is a rich body of work on active learning on empirical and theoretical fronts Settles
(2009); Dasgupta (2011); Hsu (2010); Hanneke (2014); Citovsky et al. (2021); Ren et al.
(2020). In active learning, the goal is to learn the best model in the given function class with
fewer labeled data than in classical passive learning. To this end, various active learning
algorithms have been developed and analyzed, e.g., uncertainty sampling Tong and Koller
(2001); Mussmann and Liang (2018), disagreement region based Cohn et al. (1994); Hanneke
(2007), margin based Balcan et al. (2007); Balcan and Long (2013), importance sampling
based Beygelzimer et al. (2009) and others Chaudhuri et al. (2015). Active learning has
been shown to achieve exponentially smaller label complexity than passive learning in
noiseless and low-noise settings Dasgupta et al. (2005); Balcan et al. (2007); Hanneke (2007,
2014); Balcan and Long (2013); Dasgupta (2006); Hsu (2010); Chaudhuri et al. (2015);
Krishnamurthy et al. (2017); Katz-Samuels et al. (2021). This suggests, in these settings
auto-labeling using active learning followed by selective classification is expected to work
well. However, in practice we do not have favorable noise conditions and the hypothesis
class could be misspecified i.e. it may not contain the Bayes optimal classifier. In such cases,
Kadridinen (2006) proved lower bounds on the label complexity of active learning that are
order wise same as passive learning. These findings have motivated more refined goals for
active learning — abstain on hard to classify points and do well on the rest of the points.
This idea is captured by the Chow’s excess risk Chow (1970) and some of the recent works
Shekhar et al. (2021); Shah and Manwani (2020); Puchkin and Zhivotovskiy (2021); Zhu
and Nowak (2022) have proved exponential savings in label complexity for active learning
when the goal is to minimize Chow’s excess risk. The classifier learned by these methods
is equipped with the abstain option and hence it can be readily applied for auto-labeling.
However, the problem of misspecification of the hypothesis class still remains. Nevertheless,
it would be interesting future work to explore the connections between auto-labeling and
active learning with abstention. We also note that similar works on learning with abstention
are done in the context of passive learning Cortes et al. (2016).

Another closely related line of work is the selective classification where the goal is to equip a
given classifier with the option to abstain from the prediction in order to guarantee prediction
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quality. The foundations for selective classification are laid down in El-Yaniv and Wiener
(2010); Wiener and El-Yaniv (2011); El-Yaniv and Wiener (2012); Wiener and El-Yaniv
(2015) where they give results on the error rate in the prediction region and the coverage
of a given classifier. However, they lack practical algorithms to find the prediction region.
A recent work Gelbhart and El-Yaniv (2019) proposes a new disagreement-based active
learning strategy to learn a selective classifier.

Recent work studies a practical algorithm for threshold-based selective classification on
deep neural networks Geifman and El-Yaniv (2017). The algorithm estimates the prediction
threshold using training samples and they bound the error rate of the selective classifier
using Gascuel and Caraux (1992). We note that their result is applicable to a specific setting
of a given classifier. In contrast, in the TBAL algorithm analyzed in this paper, selective
classification is done in each round and the classifiers are not given a priori but instead
learned via ERM on training data which is adaptively sampled in each round.

Another related work Qiu et al. (2020) studies an algorithm similar to TBAL for auto-labeling.
Their emphasis is on the cost of training incurred when these systems use large-scale model
classes for auto-labeling. They propose an algorithm to predict the training set size that
minimizes the overall cost and provides an empirical evaluation.

Well-calibrated uncertainty scores are essential to the success of threshold-based auto-labeling.
However, in practice, such scores are often hard to get. Moreover, neural networks can
produce overconfident ( unreliable) scores Hein et al. (2018). Fortunately, there are plenty
of methods in the literature to deal with this problem Platt (1999); Wu et al. (2003).
More recently, various approaches have been proposed for uncertainty calibration for neural
networks Gawlikowski et al. (2021); Minderer et al. (2021); Wang et al. (2021a); Krishnan and
Tickoo (2020); Ma et al. (2021); Seedat and Kanan (2019). A detailed study of calibration
methods and their impact on auto-labeling is beyond the scope of this work and left as
future work.

There is another line of work emerging towards auto-labeling that does not rely on getting
human labels but instead uses potentially noisy but cheaply available sources to infer labels
Ratner et al. (2016, 2018); Fu et al. (2020). The focus of this paper, however, is on analyzing
the performance of TBAL algorithms SGT (2022); Airbus (2022) that have emerged recently
as auto-labeling solutions in systems.

7. Description of the algorithm

The TBAL algorithm is given in Algorithm 1. It starts with an unlabeled pool X, and an
auto-labeling error threshold e. For ease of exposition, the algorithm is given the labeled
validation set D,q of size N, separately. In practice, it is created by selecting points at
random from X0

The algorithm starts with an initial batch of ns random data points and obtains oracle labels
for these. The algorithm works in an iterative manner using the following steps.
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Algorithm 1 Threshold-based Auto-Labeling (TBAL)

Input: Unlabeled pool X, Auto labeling error threshold ¢,, Seed data size ng, Batch

size for active query ny, Labeled validation data pool D,;.

Output: Doy = {(x4,7i) : VXi € Xpoor }

— = = = =
oW 22

15:
16:

X?Sl) = Apool; D,f,z)l Dval
D(%)ery = randomly,query,batch(Xle) M)
Remove queried points from qul)
Dggc)nn = ¢’ i =1 DOUt Dgt)t = Dz(zt)ery
while X % ¢ do
‘ADt(:’zzzn = D]E:’azln) U D‘(Jlu)ery
h; = empirical risk min(#, Dér)am)
t; = Estimate Threshold(X. 5), €, hi, DU )
Dl = (%, hi(x)) = x € X{, ghi,x) > 4}
Remove auto—labeled points from X, @)
+1)
Dz()zal val N\ {xe D”E;Zal g(hi,x) > £;}
D(glut,% = actlve,query,batch(hi, X& ), np)
Remove queried points frqm Xl(f)
Dout = Dout U D((Mztg U D((gzj;g)/
1=1+1
end while

Algorithm 2 Estimate Threshold

Input: ff), Xq()i), €a, ilz‘, no
Output: Threshold ;

1:
2:
3:

T ={g(hi,x) : x € X
Ty = {t € T: | X (hi, t)| > no} U {00}
t; = min{t € Tj : é\a(ﬁi,ﬂXél)) +C16; < €a)

(2)

irain- 1t 1S used to train

Data obtained in each iteration ¢ is added to the training pool D
a model h; by performing empirical risk minimization (ERM).

. Finding the region to auto-label: where h; can auto-label accurately. The algorithm

estimates a threshold #; on the confidence score above which it can auto-label with the
desired auto-labeling accuracy on the validation data (see Algorithm 2). Thresholds that
have too little validation data are discarded, as they produce large errors. The minimum
threshold is found such that the sum of the estimated error and an upper confidence
bound, e.g., using the standard deviation of the estimated error é;(iu, t|X1(,i)), is at most
the given auto-labeling error threshold.

Auto-label the points in the pool, Xff), which have confidence g(ﬁi, x) > t;. These are
added to the set D,,; and removed from the unlabeled pool. The validation points that
fall in the auto-labeled region are also removed from the validation set so that in the next
round the validation set and the unlabeled pool are from the same region and the same
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distribution. Removing the auto-labeled points from X, is a crucial step in the TBAL
algorithm that enables it to focus only on the remaining unlabeled regions in the next
iteration.

4. If there are points left in X},,,1, the algorithm selects points using some active querying
strategy, obtains human labels for them, and adds them to the training pool.

This process continues until there are no data points left to be labeled. The algorithm then
outputs the labeled dataset, which is a mixture of human- and machine-labeled points.

8. Proofs
8.1 Glossary

The notation is summarized in Table 1 below. More detailed notation is in section &8.2.

8.2 Basic Definitions and Setup

Let X be the instance space and p(x) be a density function supported on X. For any x; € X
let y; be its true label. Let X = {x1,...,xx} be a set of N i.i.d samples drawn from X.
Let set S C X denote a non-empty sub-region of X and S C X NS be a set of n > 0 i.i.d.
samples.

Definition 8.1. (Hypothesis Class with Abstain) We can think of the function g along with
set T as inducing an extended hypothesis class H(T9). Let HT:9 = # x T. For any function
(h,t) € HT9) is defined as

(3)

O0.W.

(h,t)(x) == {TX) if g(h,x) >t

Here (h,t)(x) =L means the hypothesis (h,t) abstains in classifying the point x. Otherwise,
it is equal to h(x).

The subset S(h,t) C S where (h,t) does not abstain and its complement S(h,t) where (h, t)

abstains, are defined as follows,

S(h,t):=={x e S: (h,t)(x) #L}, S(h,t):=={x€8&:(ht)(x) =1}

Probability Definitions: The probability P(S) of subset S C X and the conditional
probability of any subset S’ C S are given as follows,

P(S) = P(S|X) = / p)dx,  PSIS) = DS b sy = BS(h, 1))

X€ES P(S‘X) ’

The empirical probabilities of S and S’ C S are defined as follows,

- S _ S’ -
P(S)::||X||, IP’(S’|S)::||S||, B(h,1[S) =

1S(h, t)]
5]
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Symbol Definition

X feature space.

y label space.

H hypothesis space.

h a hypothesis in H.

X,y X is an element in X and y is its true label.

S, S S C X is a sub-region in X, S = {x1,...,X,} i.i.d. samples in S.
Xpool unlabeled pool of data points.

X n)
X0 0
hi, b
X @
x (@)

ml)
Xpool (Ak)

HT9
N

Lo—1(h,x,y)
0y (h,t,x)
lo—1(h,t, %, y)
R (H, lo—1)
R (HT9,01)
%n(HT’gv%_—l)
R (HT9)
E(h,t|S)
h,t|S)
h,t|S)
h,t|.S)

a(h, t[S)
a(h,t]5)

o

™

)

™

set of validation points at the beginning of ith round and n) = ]qui)\.
set of auto-labeled points in ith round and n{) = |X6(Li)|.
ERM solution and auto-labeling thresholds respectively in ¢th round.
unlabeled region left at the beginning of ith round i.e. {x € X : g(hj,x) < f; Vj < i}.
unlabeled pool left at the beginning of ith round i.e. {x € X0 : g(?zj, x) < fj Vi <i}.
number of auto-labeling mistakes in i¢th round.
number of rounds of the TBAL algorithm.
set of all auto-labeled points till the end of round k.
confidence function g : H x X — T. Where T C R, usually 7' = [0, 1]
Cartesian product of H and T the range of g.
koo ()
i1 M-
L(h(x) # y).
L(g(h,x) = t) .
gO—l(hv X, y) ’ ZJ-((h7 t)? X).
Eo,s| suppey = Sy oilo—1(h, i, yi)} :
Emg Sup(h7t)6HT,g % Z?:l O'Z[J_(h, t, XZ):| .

Eos | SUD(npyerero 3 i1 Oilo1 (Bt i, Z/z’)] :
%n(”l—l, gO—l) + %n(HT’g, KJ_) .

IEx|$[£0L—1 (h’ i, X, y)} :

ﬁ E‘zﬂl K(J)_—l (h‘a t, X, yi)-

Eﬂs[ﬁj_(h,f,)()].

ﬁ Zli'l €y (h,t,xi,yi)

E(h,t|S)/P(h,t|S).

E(h,tS)/P(h, t|5).

Table 1: Glossary of variables and symbols used in this paper.

Loss Functions:
defined as follows,

The loss functions and the corresponding Rademacher complexities are

lo_1(h,x,y) = 1(h(x) #v), Li(ht,x):=1(g(h,x)>1), Lo 1(ht,x,9) =Lo_1(h,x,y) L1 (h,t,x).
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Error Definitions: Define the conditional error in set S C X as follows,

p(x
Eh1S) = Exslth 1t x. ) = [ 6 (htixy) Eoax
xeS P(S)

Then, the conditional error in set S(h,t) i.e. the subset of S on which (h,t) does not abstain,

E(h,1|S)

Ea(h,t|S) = E(h,t|S(h,1)) := Exsnp o1 (h.t, %, y)] = P(h,1[S)

Similarly, define their empirical counterparts as follows,

Z K(J]_*l(hvuxi)yi%

E(h,t]S) == |S| Sl (htxi ), Ealh,t]S) = E(h,tS(h,1)) =
x;ES(h,t)

x; €S

1S (R, 1)]
Note that,

Yotaltxiy) = Y Loalhtxiy) = Y Loa(h i)

x;€S XiES(h,t) XiGS(h,t)

Rademacher Complexity: The Rademacher complexities for the function classes induced
by the H,T, g and the loss functions are defined as follows,

%n H,e— ::Eo' Ze h 19 Y1
( 01) 521612 2001 xy)}

R (HT9,0,) :=Epg| s 1 (bt }
( 1) s (htlelngn;o- 1 (ht,%;)

R, (HT9,03,) = Eo s sup Zazﬁo 1 t,xi,yi)}.
~(h, HTQ =1

R (HT9) == R, (H, 50—1) + R, (M9, 0,)

Definition 8.2. (Hypothesis Class with Abstain) The function g (along with set T') induces
an extended hypothesis class H"9. Let H7"9 = H x T. For any function (h,t) € H9 it
defined as (h,t)(x) = h(x) if g(h,x) >t and L otherwise.

Here (h,t)(x) =L means (h,t) abstains in classifying the point x. Otherwise, it is equal to
h(x). Let § C X denote a non-empty sub-region of X and S C S be a finite set of i.i.d.
samples from S. The subset S(h,t) C S denotes the regions where (h,?) does not abstain.
Its probability is S(h,t) :=={x € S : (h,t)(x) #L}, P(h,t|S) :==P(S(h,1)|S), P(h,t|S):=

%. In general we use P(S) to denote the probability mass of set S and P(S'|S) for
the conditional probability of &’ C S given S. Their empirical counterparts are @(S ) and

P(5'|S), respectively.

Define the conditional error in set S C X as E(h,t|S) = EX|S[Z 1(h,t,x,y)] and the
conditional error in set S(h,t) i.e. the subset of S on which (h,t) does not abstain
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denoted by E(h,t|S(h,t)) as follows: E(h,t|S) 1= Exs[lg_(h.t,x,y)] and Ey(h,t|S) =

E(h,t|S(h,t)) = gEZ ;‘gg Similarly, define their empirical counterparts as follows, & (h,t]S) =

EineSEO—l(hvtaXivyi)ﬂé\a(h7t‘5) = g(h,t’S(h,t)) = mineS(h,t) E(J)_—l(hﬂf?xivyi)
) 10

In this notation, the auto-labeling error in i-th epoch is given by, é’\a(ﬁi, fi|X1(Li)) =m
where m( i) _ ijexﬁ,”(ﬁi,t}) 63-_1(%, ti,X;,y;) is the number of auto-labeling mistakes in i-th
epoch and n{) = |X1(f)(ﬁi, t;)| is the number of auto-labeled points in that epoch.

Rademacher Complexity: The Rademacher complexities for the function classes induced
by the H, T, g and the loss functions are defined as ‘R, (’HT’Q) =R, (7—[, 50,1) +R, ("HT79, Zl).
Let ilz and ¢; be the ERM solution and the auto-labeling threshold at epoch . Let n € (0,1)
be a constant such that P(hg, £;|X®) > p, for all i. Let X () denote the validation set, and

n$ and nY) the number of validation and auto-labeled points at epoch i. Let &, (hi, t; |X )
be the empirical conditional risk of h; in the region where g(hZ7 x) > t; evaluated on the

validation data Xl(, ),

8.3 Proofs for the General Setup
We begin by restating the theorem here and then give the proof.

Theorem 3.1. (Overall Auto-Labeling Error and Coverage) Let k denote the number of
rounds of the TBAL Algorithm 1. Let ng),ng) denote the number of validation and auto-
labeled points at epoch i and n') = | XO|. Let X,001(Ar) be the set of auto-labeled points at
the end of round k. Nék) = Zk 1 n((l) denote the total number of auto-labled points. Then,
with probability at least 1 — /2,

and w.p. at least 1 —§/2

2k2

k
7) pool Ak: Z Z E - an(z) (/HT’Q) - WI g (85]{;)

Proof. Recall the definition of auto-labeling error,

5 kom® , o
E(Xpoar(Ar)) =3 el m( = 0 - &, (h, ] X 0).

=1 a
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Here, m((f) is the number of auto-labeling mistakes made by the Algorithm in the ith round
and éA'a (IAM, fi|X (i)) is the auto-labeling error in that round. Note that we cannot observe
these quantities since the true labels for the auto-labeled points are not available. To
estimate the auto-labeling error of each round we make use of validation data. Using the
validation data we first get an upper bound on the true error rate of the auto-labeling region
ie. &, (ﬁl, fi|X(i)) in terms of the auto-labeling error on the validation data g, (ﬁl, t}|X7§’))
and then get an upper bound on empirical auto-labeling error rate ga (ilz, t}\X (i)) using the
true error rate of the auto-labeling region.

We get these bounds by application of Lemma 8.3 with d3 = §/4k for each round and then
apply union bound over all k epochs. Note that we have to apply the lemma twice, first to
get the concentration bound w.r.t the validation data and second to get the concentration
w.r.t to the auto-labeled points.

) < £ (j, £1XD) + 2 gy, 2 |1 8k

ol 120) < & (R BIX0) 9 (M) 4y [ log(5>
i 7 x) 0y 4 2 royy 2 |1 8k
Eulh, 1 X0) < £, 20) + 298 0 (H19) + |5 108 ()

Substituting &, (ﬁ,, t;|x (i)) by its upper confidence bound on the validation data.
o . ~a . 2 2
Ea(hiy 8| X D) < & (hiy ] X)) + Emn(” (H"9) + ;9% o (HT9)
b v p e

+50 Tii)log(ik)Jr; Tij)log(i{{)-

Having an upper bound on the empirical auto-labeling error for i round gives us an
upper bound on the number of auto-labeling mistakes m((f) made in that round. It allows
us to upper bound the total auto-labeling mistakes in all £ rounds and thus the overall

auto-labeling error as detailed below,

E( Xpoot(A ) D) — ) . & (] XD
( pool( k))—zjv(k)v Mg’ = MNg” * a( i» til )

i=1 {Va

Since we have an upper bound on the empirical auto-labeling error in each round, we have an
upper bound for each m((f), which are used as follows to get the bound on the auto-labeling

error,
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S0 s
— - @ . Sa, (hlatz‘X )
in“ Ealhis il XO) 4+ 298 o (179) + 2 [0 ()
= 7 none B\ nl) "\
k(@)
nl I A 7 2 1 8k
<3 (Bl + Do 000) + 2 s ()
=1 +Va :
4 Ty 2 1 8k
+ E%”S‘Z) (H79) + n\ n® log (6))

ko () o , 1
<Y o (Bl X0) + 29 (0089) 28 (080 + 2 1o () )
0 0

i=1 N(gk) pO nv
k (2)
ng 2 1 8k
+> <po ng;)log<5>)

k
i=1 Na

The last term is simplified as follows,

k ”z(f) 9 1 Sk 9 F n((f) N m
;J\fém(% nfj)log<5)>_po';Nék) n((f)log(5)
2 1 o [, (8k
:%.W; ng log<7)
2 Sk Eoy/nl)
= 170 -1/ log <7) . ZZ:; thk)
2 8k k
S }70 log <?> . W

The last inequality follows from the application of the inequality [|ull; < Vk||u||2 for

any vector u € RF. Here we let u = [\/ﬁgl),...,\/ﬁgk)], and since Vi \/n,(zi) > 0 so,
S via® = [Jully and Ng = |ful3.
SiaVne Ve _ VE [k
N lall3 = [lulf3 [[ulf2 N
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To get the bound on coverage we follow the same steps except that we can use all the
unlabeled pool of size n(i) to estimate the coverage in each round which gives us the bound
in terms of n(® and N as follows,

~ 1
P(Xpoot (Ar)) = > nld
=1
k (i)
R o O]
N 4 n()
=1
1 k
_ LS00 B x )
3 2o B x )
1 k
I O I AD <O
N ZAZln P(h;, t;| X)
> zk:”(i) P (e £:)00) — 298 (H79) — /- log (%)
BE=1E AN nt n® o \%

We bound the first term as follows,

n® o (i -
: NP<hi’t"‘X()>:ZN' P(x (@)

=1 7

Substituting it back we get,

k
~ PUPEA 1 8k k 8k
P (Sp(0) 2 3P0 ) = 2900 (47) = i 108 () = 55 ()
k
LA 4k2 8k
@D (h. £)) — Ty 2 or
> ;IP’(X (hi, 1)) = 29,0 (H"9) — || - log ( : )
For the last step we use the inequality v/a + vb < \/2(a + b) for any a,b € R, [ |
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Next we state the result for uniform convergence between &, (h t‘S) (h t‘S) and give its
proof.

Lemma 8.3. For any d3,p, € (0,1), let S and S be defined as above. Let P(h,t|S) > p, and
P(h,t|S) > pV(h,t) € HT9I, the following holds w.p. at least 1 — 63/2

|Ea(h,

S)| < + 2o, (HT0) + 2 l1og(53) V(h,t) € HT9.  (4)

Dy D n 3

) = Eu(hyt

Proof. We begin with proving one side if the inequality and the other side is shown by
following the same steps. The proof is based on applying the uniform convergence results for
E(h,t|S) and P(h,t|S) from Lemma 8.4. The main difficulty here is that Eg[€, (h,t]9)] #
Sa( , ), so we cannot directly get the above result from standard uniform convergence
bounds.

We prove it, by using the results from the Lemma 8.4 and restricting the region S such that
it has probability mass at least p,.

By definitions of é’a( , ) and éA’a( , ) we have,
E(h,t|S) = P(h,t|S) - Ea(h,t|S) and  E(h,t[S) = P(h,t|S) - & (h,t|S).
Let & = +/(1/n)log(2/61),&2 = +/(1/n)log(2/d2). From lemma 8.4 we have,
E(h,t|S) < E(h,t]S) + 2%, (HT9) + &1 V(h,t) € HT9  wop. 1—d1/2. (5)
B(h,t|S) < P(h,t|S) + 2R, (HT9) + & V(h,t) € HTY  w.p. 1—32/2. (6)
Plugging in the above definitions of errors in equation (5) we get,
P(h,t|S) - Ea(h,t|S) < B(h,t|S) - E(h,t|S) + 20, (HT9) + &1 (7)
P(h,tS) » R, (HT9) &
a(h,t|S) < ———=LE (h,t 2 ,
Ea(h:118) < 15y Ea (1 118) + 250~ + 5 1) (®)

Substituting @(h,ﬂS ) from equation 6 in the above equation, we get the following w.p.
(1—61/2)(1 = d62/2),

(R, t|S) + 2R, (HT9) + &\ o 2R, (HT9) & T
( Plh,1[S) )Ea(n.1[8) + PO aS) | Phas) TUmt e
I T R VO v S
_< ht|5 B, t|5))5 (1 t18) + i ais)” + Bih. 15)
. 2R, (HT9) - £ 2 2%, (#19) &1
= &t t8) + 5,15y o 15) + 5 sy 1)+ B st )
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Using upper bound é\a (h, t‘S) < 1 in the second and third terms,

Ro(H™)  &+&

h,t T9wp. >1— (61 + 89)/2.
P aS) T Phas) b eHTwp 2 1= (004 02)/

) < &(h,

Using P(h, t|S) > p,

Ea(h,

)+4

Ea(h,t]S) < Ea(h,t]S) + 9% (H9) + b+l V(h,t) € HT9 w.p. > 1 — (61 + 52) /2.

yo3
Letting 0; = 8y = 63 and & = & = > gjves & = pogin log (%) and
~ 4
Ea(h,t|S) < Ea(h,t|S) + ;mn(HTvg) +¢&  V(ht)eH wp. > 1—d3.
0
This proves one side of the result, the other side of results follows similarly. |

Lemma 8.4. Let S C X be a sub-region of X and S = {x1,...,x,} be a set of n i.i.d
samples in S drawn from distribution Px. Let {yi,...yn} be the corresponding true labels,
let R, (HT’g) be the rademacher complexity of class H*9 then for any 61,62 € (0,1) we have,

~ 2
E(,t|S) — E(h,t]|S)| < 2R, (HT9) + —log(dl) V(h,t) e HT9  wp. 1—61/2. (9)

B(h, 1) — B(h, 1|S)] < 2R, (HT) + 1og(522) W(ht) € HT9  wp. 1—8y/2. (10)

Proof. The proof is similar to the standard proofs for Rademacher complexity based gener-
alization error bound. Since we work with the modified loss function and hypothesis class
to include the abstain option, thus for completeness we give the proof here. The proofs
for error and probability bounds are very much the same except for the change in the loss
function. We give the proof for the error bound here.

The result follows by applying McDiarmid’s inequality on the function ¢(S) defined as below,

$(S) = sup  E(h,t|S) — Es(h,t]S).
(h,t)eHT 9

To apply McDiarmid’s inequality we first show that ¢(S) satisfies the bounded difference
property (Lemma 8.6). This gives us,

01

E(h, 1]8) — Es(h, 1]S) < ¢(S) < Es[(S)] + 102;(521) v(h,t) € HT  wp. 1 5
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Using the bound on Eg[¢(S)] from Lemma 8.5 we get,

E(h,1]S) < E(h, 1]S) + 2%, (HT) + | > 1og(521) V(ht) € HT9 wp. 1— %
Similarly, the bound for other side is obtained which holds w.p. 1 — §;/2 and combining
both we get eq. (9).

The bound of probabilities is obtained by following the same steps as above but with a
different loss function, ¢, , since P(h,t|S) is the probability mass of the region where (h,t)
does not abstain.

Lemma 8.5. Let S C X be a sub-region of X and S = {x1,...,X,} be a set of n i.i.d
samples in S drawn from distribution Px. Let {yi,...yn} be the corresponding true labels
and let R, (’HT’Q) be the Rademacher complexity of the function class H'9 defined over n
1.1.d. samples. Then we have,

ES[ sup  E(h, 1]S) —é(h,tyS)] < 29, (HT9). (11)
(h,t)eHT 9

Proof. Let S = {X1,%2,...X,} be another set of independent draws from the same distri-
bution as of S and let the corresponding labels be {71, ...9,}. These samples are usually
termed as ghost samples and do not need to be counted in the sample complexity.

Es| sup g(h,t\S)—E(h,tyS)}:Es' sup Eg[é(h,ﬂé)]—g(h,tm)].
(h,t)yeHT9 S (ht)eHT:9

—Eg| sup Eg[ﬁ(h,ﬂé)—f(h,ﬂsﬂ].
S (ht)eHT9

gES'ES[ sup [E(h,t\é)—é(h,tw)}”.
(ht)eHT9

- Esvg[h:;gg [E(h,11S) — E(h,119)]).

=E
(ht)eHT9

s,g[ sup [ Zfo 1 (B t, i, Gi) —iiz&_l(h,t,xh%)”

:EU,S,S'[ sup [ Zazﬁo 1(hyt, X4, 9:) Zazﬁo 1(h,t Xz,yz)”.

heHT9 i=1

§E0~[ sup ol htxl,yl)}—f—
sl Z o1

Ems[ sup — U'Eé—l(haﬁx'ay')}
(h,t)EHT’g”; Z o

= 2R, (H19, 45 4).
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< 2R, (HT9).

In the last step we used the upper bound on the Rademacher complexity from Lemma 8.7. B

Lemma 8.6. (Bounded Diﬂ’erelwe) Let S be a set of i.i.d samples from Px then for
P(S) = sup(, pyenr.o E(h, t|S) — E(, t|S), with probability at least 1 — 0,

(5) < Eslo(S)] + || 7o) (12)

Proof. 1t is proved by showing that ¢(S) satisfies the conditions (in particular the bounded
difference assumption) needed for the application of McDiarmid Inequality. To see this, Let
S ={x1,X2,...Xj,..., X} and let S = {x1,%2,...X},...,X,}, L.e. S and S’ may differ only
on the i*" sample.

[6(S) = @) = | sup  E(ht|S) — E(h.t|S) = sup  E(h,1]S) — E(h,1]S")].

(h,t)eHT9 (h,t)eHT9

<| sup (g(h,tyS) —E(h,1]S) — E(h, t|S) + E(h,t\s’)) ‘
(ht)eHT9

=| sup ( (h,t|S) — E(h, ]S’ )))
(ht)eHT9

= sup 0z (h,t,x;,y;) 0z (h,t,xj,y
(hteHTg( Z 0— 1 AR ‘S/|zze;g, 0— 1 J J)))

= sup ( EO (Rt x5, y5) — Kéfl(h,t,xj,yj)) +
(h,t)eHT9

5(60—1(}%&&‘7%) EO 1(hs t X3,y 7’))))

1
:’ sup (*(ﬂé',l(h,t,xi,yl) EO l(h t,x w z)))’
(ht)eHT:9 T

1
S —
n
The last step follows since E&fl is a 0-1 loss function so letting Ko{l(h, t,xi,y;) = 1 and
ly1(h,t,x5,y!) = 0 gives an upper bound on the difference. Thus we can apply McDiarmid
Inequality here and get the bound.

The relationship between the Rademacher complexities is obtained using the following
Lemma 8.7 due to DeSalvo et al. (2015).

Lemma 8.7. (DeSalvo et al. (2015)) Let €o_1,£1,05 , be the loss functions defined as above
and the Rademacher complexities onn i.i.d. samples S be R, (’H, 60_1) , R (HT’Q, Kl) ;R (’HT’Q, Eéﬁl)
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respectively. Then,
R (HT9, 6g_y) < Rn(H, lo1) + R (HT9,01) = Ry, (HT9). (13)

Detailed proof of this lemma can be found in DeSalvo et al. (2015). The result follows by
expressing g1 - £ as ({p—1 + ¢ — 1)+ and then applying Talagrand’s contraction lemma
Ledoux and Talagrand (1991).

8.4 Bounds for Finite VC-Dimension Classes

Here we specialize the auto-labeling error and coverage bounds to the setting of finite VC-
dimension classes and then instantiate for a specific setting of homogeneous linear classifiers
and uniform distribution.

Lemma 8.8. Mohri et al. (2012) (Corollary 3.8 and 3.18). Let the VC-dimension of function
class induced by F be any class of functions from X — YU{L}, and £: Y U{L} — {0,1}
be a 0-1 function. Then,

R (F, 0) < \/QV(S’ 9 log (V(‘? e))‘ (14)

Corollary 8.9. (Auto-Labeling Error and Coverage for Finite VC-dimension Classes) Let
k denote the number of rounds of TBAL algorithm 1. Let V(HT9) = d Let Xpoo1(Ay) be the

set of auto-labeled points at the end of round k. N(gk) = Zle n((f) denote the total number
of auto-labeled points. With probability at least 1 — 4§,

. ko
5 pool Ak Z C(L

© 4

and

P (Xpool (A1) = ip(w(m,m) - %\/ ]2V (leog () +1os (%sk))'
=1

Proof. The proof follows by substituting the Rademacher complexity bounds for finite VC
dimension function classes from Lemma 8.8 in the general result from Theorem 3.1.

5A( Xpool(Ar)) < Z na < il E‘X(l) s (D‘im(j) (HT’Q) —i—‘ﬁngo (HT’Q)) +é 1, log (—
0

i=1 N p() nrgb)

(@ o —

(c)
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We first simplify the terms dependent on nq(}i) as follows. Here we use the inequality

Vva+vb < \/2(a+b) for any a,b € RT.

o (0070) o0 (5F) < | 210g () + [ 10e ().

Uz Uz

2

< nzi)(leog <67zl ) + log (8;)>

Next, we simplify the terms dependent on n((f) as follows. First, we substitute the Rademacher

complexity using the bound in Lemma 8.8 and then apply the same steps as in the proof
of Theorem 3.1 to bound Zle ngi) / Nék) by \/k /N(Ek) followed by the application of
Va+vb < \/2(a+b) to get the final term.

0 k0 B
g, T, k 8k g 2d eng k 8k
; O (HT9) + s < ; N\ (=) + o8 (5)

<3 Y o () ¢ [ (%)
<\ 3 () | s ()
<\ (2 () < ()

8.5 Linear Classifier Setting

Next, we consider a simple setting where active learning is known to be optimal to see
if TBAL can offer similar performance guarantees. To do so, we instantiate results from
3.1 to homogeneous linear separators under the uniform distribution in the realizable
setting. Let Px be supported on the unit ball in R, X = {x € R? : |x|| < 1}. Let
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W={wcRe: ||w|lz =1} =Sy, H = {x > sign((w, x)) ¥w € W}, the score function be
given by g(h,x) = g(w,x) = |[(w,x)|, and set T = [0, 1]. For simplicity, we will use W in
place of H.

Corollary 8.10. (Overall Auto-Labeling Error and Coverage) Let W;,t; be the ERM solution
and the auto-labeling margin threshold respectively at epoch i. Let m(,z),n((;) denote the number
of validation and auto-labeled points at epoch i. Let the auto-labeling algorithm run for

k-epochs. Then, w.p. at least 1 — /2,

n®

E(Xpoot (Ar)) Zk: e (A hi 1| X ('))+;i ?)<2dlog< y )+log<85k>)>

U]

(b

+;0< J\iﬁk) <2d10g( ]\;( )) +log(85k)>>

~
[

=

and w.p. at least 1 —§/2,

73( Xt AR))> 1—m1ntz\/m_2k\/ <2dlog< ;V) + log (8;7)).

These results imply that by ensuring the sum of the empirical validation error term (a) and
the upper confidence interval to be less than €, in each round of the algorithm we can ensure
that the overall auto-labeling error remains below ¢,. Furthermore, by applying standard
VC theory to the first round, we obtain that #; < 1/2. Therefore, right after the first round,
we are guaranteed to label at least half of the unlabeled pool. We empirically observe that
TBAL has coverage at par with active learning while respecting the auto-labeling error
constraint (See Figure 4(a)).

Here we instantiate Theorem 3.1 for the case of homogeneous linear separators under the
uniform distribution in the realizable setting. Formally, let Py be a uniform distribution
supported on the unit ball in RY, X = {x € R? : ||x|| < 1}. Let W = {w € R?¢ :
[[wlla = 1} =S4 and H = {x — sign((w,x))Vw € W}, the score function is given by
g(h,x) = g(w,x) = |(w,x)| and set T' = [0, 1]. For simplicity, we will use W in place of H.

Corollary 8.10. (Overall Auto-Labeling Error and Coverage) Let W;,t; be the ERM solution
and the auto-labeling margin threshold respectively at epoch i. Let nq(f),ng) denote the number
of validation and auto-labeled points at epoch i. Let the auto-labeling algorithm run for

k-epochs. Then, w.p. at least 1 — /2,

k z (@)
4 2 eny 8k
E(Xpool(Ar)) SZ ( (Wi, 1| X)) + o (Z.)<2dlog< 7 >+1 g(5>>>
P %,_/ b n

(a) !

(®)
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4 2%k eN® 8k
200225 (2d1og (22 ) 4 10g (28
e s (2o () 1 ()

~~
C

and w.p. at least 1 —§/2

N ) 2 eN 8k
> 1 — mind. B 4 ov
P(Xpoot(Ar)) > 1 milntZ 4d/m 2k:\/N <2dlog< 7 ) +log( 5 ))

Proof. The bound on auto-labeling error follows directly from Theorem 8.9 as the VC
dimension for this setting is d. For the coverage bound, we utilize the fact that the
distribution Py is the uniform distribution over the unit ball. This enables us to obtain ex-
plicit lower bounds on the coverage. The details are given in Lemma 8.11 and Lemma 8.12. B

Lemma 8.11. Let the auto-labeling algorithm run for k-epochs and let Ww;,t; be the ERM
solution and the auto-labeling margin threshold respectively at epoch i. Let X be the
unlabeled region at the beginning of epoch i, then we have,

k
Z]P’( (’)(Wz,t,)) >1- mmt 4d/m. (15)
i=1

Proof. Let X (Wi, t;) = {x € X : |(W;,x)| > #;} denote the region that can be auto-labeled
by W;,t;. However, since in each round the remaining region is X the actual auto-labeled
region of epoch i is x = {x € X0 : |(W;,x)| > £;}. Let X(W;,t;) denote the complement
of set X'(W;, ;).

Now observe that X, = ulex(ﬁ” and X (Wy, ) C X, because any x € X (Wy, ty) is either
auto-labeled in previous rounds i < k or if not then it will be auto-labeled in the k™ round.
More specifically, any x € X (Wy, {1,) is either in Uf;llXéi) and if not then it must be in Xék).
Thus the sum of probabilities,

ZIP’( ’) Wz,tl ZIF’
= P(Xa)
> minP(X(\fvi,fi))
=1- max[P(é\_’(v?f,,fl))

> 1 —mint;\/4d/m
7

The last step used Lemma 4 from Balcan et al. (2007)) with v; = #; and 72 = 0 to upper
bound P(X (W;,%;)) by t;1/4d/m. The lemma is stated as follows in Lemma 8.12, [ |
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Lemma 8.12. (Balcan et al. (2007) (Lemma 4)) Let d > 2 and let x = [x1,...x4] be
uniformly distributed in the d-dimensional unit ball. Given v; € [0,1],v2 € [0, 1], we have:

_ 2
P((en7) € 0] x s 1) < T (- 5 208)

8.6 Lower Bound

Lemma 3.2. Let ¢1,c0 and 0 > 0. Let x; € X be a set of n i.i.d. points from X with
corresponding true labels y;. Given (h,t) € HT9, let E[(Cg_(h,t, %, y;) — 5(h,t|X))2] =
0?2 > o for every x; for o; > 0 and let " 02 > ¢ then for every e € [0, 22:701»1012] with
n, < 122° log(4cy) the following holds w.p. at least 1/4, Eu(h, t|X) > Eu(h, t|X) + €.

€

Proof. 1t follows by application of Feller’s result stated in lemma 8.13. |

Lemma 8.13. (Feller, Lower Bound on Tail Probability of Sum of Independent Random
Variables) There exists positive universal constants ¢1 and ca such that for any set of
independent random variables X1, ..., Xy, satisfying E[X;] = 0 and |X;| < M, for every

i€ {l,....,m}, if >t E[(X)?] > ¢4, then for every e € [0, Xﬂ#\/(?m]

2

IP’(; X; > €) > caexp (12 ZTZE[(XZ‘)Q]) (16)

9. Experiments

We study the effectiveness of TBAL on synthetic and real datasets. We validate our
theoretical results and aim to understand the amount of labeled validation and training data
required to achieve a certain auto-labeling error and coverage. We also seek to understand
whether our findings apply to real data—where labels may be noisy—along with how TBAL
performs compared to common baselines.

Baselines: We compare TBAL to the following methods:

a) Passive Learning (PL) queries a subset of the points randomly to train a model from a
given model class and then uses it to predict the labels for the remaining unlabeled pool.

b) Active Learning (AL) (using margin-random query strategy, described below) trains a
model from a model class and uses it to predict the labels for the remaining unlabeled
pool.

c) Passive Labeling + Selective Classification (PL+SC) first performs passive learning to
train a model from a given model class. Then it performs auto-labeling on the unlabeled
data using threshold-based selective classification with the model output by passive
learning. Only those unlabeled points that are deemed as fit to be labeled by the selection
function are auto-labeled.
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Figure 3: Effect of variation of validation data size with and without using a UCB on error
estimates. We keep the maximum number of training samples fixed at 500, 4000,
5000 for Unit-ball, IMDB and Tiny-Imagenet respectively.

d) Active Learning + Selective Classification (AL+SC) first performs active learning (using
margin-random query strategy) to train a model from a given model class. It then

performs auto-labeling using threshold-based selective classification with the model output
by active learning.

For selective classification in the above methods, we use Algorithm 2 to estimate the threshold
and use it to perform auto-labeling. In experiments, we adapt Algorithm 2 slightly—instead
of estimating a single threshold for all classes, we estimate thresholds for each class separately.

Active Querying Strategy: We use the margin-random query strategy for querying the
next batch of training data. In this strategy, the algorithm first sorts the points based on
the margin (uncertainty) score and then selects the top Cny, (C' > 1) points from which ny
points are picked at random. This is a simple and computationally efficient method that
balances the exploration and exploitation trade-off. We note that other active-querying
strategies exist; we use margin-random as our standard querying strategy to keep the focus
on comparing auto-labeling—not active learning approaches.

Datasets: We use five datasets, three synthetic and two real. For each dataset, we split the
data into two sufficiently large pools. One is used as X,y on which auto-labeling algorithms
are run and the other is used as X,4; from which the algorithms subsample validation data.

a) Unit-Ball: is a synthetic dataset of uniformly sampled points from the d-dimensional
unit ball. The true labels are generated using a homogeneous linear separator with
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w = [1/Vd,...,1/V/d]. We use d = 30 and generate N=20k samples, out of which 16k
are in X, and 4k are in X,q.

b) Tiny-Imagenet tin is a subset of the larger ImageNet Deng et al. (2009) dataset, designed
for image classification tasks. It consists of 200 classes, each with 500 training images and
50 validation and test images. With a total of 100,000 images, Tiny ImageNet provides a
diverse and challenging dataset. We use precomputed embeddings of the images using
CLIP Radford et al. (2021).

c) IMDB Reviews Maas et al. (2011) is a comprehensive collection of movie reviews, consisting
of 50,000 individual reviews. It is a balanced dataset of positive and negative labels. We
use the standard train set of size 25K and split into X,, and X, of sizes 20K and 5K
respectively. We compute embeddings of reviews using a pretrained transformer model
Reimers and Gurevych (2019).

d) CIFAR-10 Krizhevsky et al. (2009) is an image dataset. We randomly split the standard
training set into X,y of size 40k and the validation pool of size 10k. We use the raw
features for model training.

Models and Training: For the linear models, we use SVM with the usual hinge loss and
train it to loss tolerance 1075, To train a multi-layer perceptron (MLP) on the precomputed
embeddings of IMDB and Tiny-Imagenet we we use SGD with a learning rate of 0.05 and
batch sizes 64, 256 respectively. To train the medium CNN we use SGD with a learning rate
of 1072, batch size 256, and momentum of 0.9. More details on model training are in the
Appendix.

The score function g: For SVMs we use the standard implementations of Wu et al.
(2003); Platt (1999) in sklearn to get the prediction probabilities and use them as the score
function. Neural networks use softmax output.

9.1 Role of Validation Data

The TBAL algorithm uses validation data to estimate the auto-labeling errors at various
thresholds to determine the threshold for automatically labeling points accurately. Thus, it
is crucial to have accurate estimates of the auto-labeling errors. Our analysis shows that to
get such good estimates, large amounts of validation data are needed. In this section we
study the effect of varying the amount of validation data on auto-labeling performance .

Setup: We fix the maximum training data size N, and run the algorithm with different
amounts of validation data. We also consider the two cases where the algorithm uses an
upper confidence bound on the error estimate and where it does not. We use the Unit-Ball,
Tiny-Imagenet and IMDB datasets for this study with /N, = 500,2000 and 5000, respectively,
and the auto-labeling error thresholds ¢, = 1%, 5%, 10%, respectively. Initial seed data of
size ng is 20% of N, and query batch size ny, is 5% of Ng; C' = 2 for both AL and TBAL for
both datasets. We give the same initial seed samples of size n, to all the methods to ensure
they have the same starting point.

Results: Figure 3 demonstrates the impact of validation data on the performance of TBAL
and other algorithms. The auto-labeling error and coverage of TBAL and other methods are
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Figure 4: Results for varying the maximum number of samples algorithm can use for training
while providing sufficient validation samples.

affected by the amount of validation data provided. When the validation data is insufficient,
the auto-labeling error of TBAL increases. However, as more validation data is used, the
auto-labeling error and coverage of TBAL improves. Providing too little X, can lead to
incorrect estimates of the auto-labeling error, which in turn results in poor auto-labeling
performance. This is further highlighted in our theoretical analysis as seen in Theorem 3.1.
We also take a more nuanced look at the performance when the algorithm uses an upper
confidence bound (with C; = 0.25) on the estimates and when it does not. We see the
effects of not using any upper confidence bound (i.e. C; = 0). Figures 3(a)3(c), 3(e) show
the results when C7 = 0 and Figures 3(b), 3(d), 3(f) show the results when C; = 0.25.
These show that not using UCB leads to high auto-labeling error (i.e. not meeting the
guarantees) even when there is a sufficient amount of validation data. This can happen with
high coverage as well—yielding a dataset with large error. On the other hand using UCB,
i.e. C1 = 0.25, the algorithm can keep the auto-labeling error below the given threshold but
suffers in coverage.

9.2 Role of Training Data Size

The labels queried for model training also play an important role in the process while
incurring costs to obtain. The next experiment focuses on the impact of training data on
auto-labeling.

Setup: We limit the amount of training data the algorithm can use and record the resulting
auto-labeling error and coverage. We ensure all algorithms have sufficiently large but equal
amounts of validation data. We run on Unit-Ball, IMDB, Tiny-Imagenet, CIFAR-10 datasets
with the same values of ng, np, and C' as in previous experiments.

Results: Figures 4(a), 4(b), and 2(b) indicate that TBAL and methods utilizing selective
classification (AL4+SC, PL4SC) maintain a high level of accuracy, even in scenarios where
minimal training samples are used. This is expected as the threshold estimation method
(when used with sufficient validation data) will find auto-labeling thresholds such that the
auto-labeling error does not exceed €¢,. The impact of training data size can be seen clearly
in the coverage achieved by the algorithms. As expected, with fewer training samples the
model has low accuracy leading to low coverage. However, as more samples are acquired, a
more accurate model within the function class is learned, resulting in increased coverage.
The Appendix has additional discussion and results on other datasets.
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10. Additional Experiments

In this section, we discuss additional experiments on the role of hypothesis class in auto-
labeling datasets and experiments for studying the role of confidence function in auto-labeling.
Finally, we visualize PACMAP embeddings of the CIFAR-10 and MNIST data points to get
a sense of auto-labeling regions in various rounds of the algorithm.

10.1 Additional Experiments on Role of the Hypothesis Class
First, we provide details of the datasets used in the following experiments.

Datasets:

XOR: is a synthetic dataset. Recall that it is created by uniformly drawing points from 4
circles, each centered at the corners of a square of with side length 4 centered at the origin.
Points in the diagonally opposite balls belong to the same class. We generate a total of
N = 10,000 samples, out of which we keep 8,000 in X, and 2,000 in the validation pool
Xval-

MNIST: Deng (2012) is a standard image dataset of hand-written digits. We randomly
split the standard training set into X,,, and the validation pool X, of sizes 48,000 and
12,000 respectively. While training a linear classifier on this dataset we flatten the 28 x 28

images to vectors of size 784.
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Figure 5: Comparison of Threshold-Based Auto-Labeling (TBAL) and Active-Learning
followed by Selective Classification (AL+SC) on XOR-dataset. Left figure (a)
shows samples that were auto-labeled, queried, and left unlabeled by these methods.
Right figure (b) shows the auto-labeling error and coverage achieved. The lines
show the mean and the shaded region shows 1-standard deviation estimated over
10 trials with different random seeds.

XOR Experiment: We run the TBAL algorithm 1 with an error tolerance of ¢, = 1%.
we use 20% of N, as seed training data and keep query size ny, as 5% of N,. We compare
it with active learning and active learning followed by selective classification. The given
function class and selective classifier are both linear for all the algorithms. The results are
shown in Figure 5. Clearly, there is no linear classifier that can correctly classify this data.
We note that there are multiple optimal classifiers in the function class of linear classifiers
and they will all incur an error of 25%. So, active learning algorithms can only output
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(a) Auto-labeling MNIST data using a linear (b) Auto-labeling MNIST data using LeNet clas-
classifier. The validation size used here is 12k. sifier. The validation size used here is 12k.

Figure 6: Auto-labeling performance on MNIST data using different models (hypothesis
classes) as a function of samples available for training. The left figure (a) shows the
results with the linear classifier and the right figure (b) shows the results with the
LeNet classifier. The auto-labeling error threshold €, = 5% in both experiments
and the algorithms are given the same amount of validation data. The lines show
the mean and the shaded region shows 1-standard deviation estimated over 5
trials with different random seeds.

models that make at least 25% error. If we naively use the output model for auto-labeling,
we can obtain near full coverage but incur 25% auto-labeling error. If we use the model
output by active learning with threshold-based selective classification, then it can attain
lower error in labeling. However, it can only label ~ 25% of the unlabeled data. In contrast,
the TBAL algorithm is able to label almost all of the data accurately, i.e., attain close to
100% coverage, with an error close to 1% auto-labeling error.

MNIST Experiment: For training LeNet LeCun et al. (1998) we use SGD with a learning
rate of 0.1, batch size of 32, and train for 20 epochs. We use auto-labeling error threshold
€q = H%. We use 20% of N, as seed training data and keep query size n; as 5% of N,. The
results are presented in Figure 6 we observe that TBAL using less powerful models can still
yield highly accurate datasets with a significant fraction of points labeled by the models.
This confirms the notion that bad models can still provide good datasets.

10.2 Role of Confidence Function

The confidence function g is used to obtain uncertainty scores is an important factor in auto-
labeling. In particular, for threshold-based auto-labeling we expect the scores of correctly
classified and incorrectly classified points to be reasonably well separated and if this is not
the case then the algorithm will struggle to find a good threshold even if the given classifier
has good accuracy in certain regions.

Setup We perform auto-labeling on the CIFAR-10 dataset using a small CNN network
with 2 convolution layers followed by 3 fully connected layers PyTorch (2022). We use two
different scores for auto-labeling, a) Usual softmax output b) Energy score with temperature
= 1 LeCun et al. (2006). We vary the maximum number of training samples N, and keep
20% of N, as seed samples and query points in the batches of 10% of N,;. The model is
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(a) Auto-labeling CIFAR-10 data using a small (b) Auto-labeling CIFAR-10 data using a small
network and softmax scores. Validation size = network and energy scores. Validation size =
10k. 10k.

Figure 7: Auto-labeling performance on CIFAR-10 data using a small network and different
scoring functions. The left figure (a) shows the results with softmax scores and
the right figure (b) shows the results with the energy score. The auto-labeling
error threshold €, = 10% in both experiments and algorithms are given the same
amount of validation data. The lines show the mean and the shaded region shows
1-standard deviation estimated over 5 trials with different random seeds.

trained for 50 epochs, using SGD with a learning rate of 0.05, batch size = 256, weight decay
= 5¢~* and momentum=0.9. The auto-labeling threshold is set to 10%.

Results The results with softmax scores and energy scores used as confidence functions can
be seen in Figures 9(a) and 9(b) respectively. We see that for both of these cases, TBAL
does not obtain a coverage of more than ~ 6%. We observe that using the energy score as
the confidence function performed marginally better than using the softmax scores. We note
that this is the case even though the test accuracies of the trained models were around 50%
for most of the rounds. Note that CIFAR-10 has 10 classes, so an accuracy of 50% is much
better than random guessing and one would expect to be able to auto-label a significant
chunk of the data with such a model. However, the softmax scores and energy scores are
not well calibrated, and therefore, when used as confidence functions, they result in a poor
separation between correct and incorrect predictions by the model. This can be seen in
Figure 9 where neither of the softmax and energy scores provides a good separation between
the correct and incorrect predictions. We can also see that the energy score is marginally
better in terms of the separation, which allows it to achieve slightly better auto-labeling
coverage in comparison to using softmax scores. This suggests that more investigation is
needed to understand the properties of good confidence functions for auto-labeling which
is left to future work. For a more detailed visualization of the rounds of TBAL for this
experiment, see Figures 11 and 12 in the Appendix.

10.3 Auto Labeling Visualization

In this section, we visualize the process of TBAL. We use the dimensionality reduction
method, PACMAP Wang et al. (2021b), to visualize the features of the samples. For neural
network models, we visualize the PaCMAP embeddings of the penultimate layer’s output
and for linear models, we use PaCMAP on the raw features. In these figures, each row
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Figure 8: Results for varying the maximum number of samples algorithm can use for training
while providing sufficient validation samples.
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(a) Histogram of scores in round 2. (b) Histogram of scores in round 6.

Figure 9: Histograms of scores computed on the validation data in a few rounds of TBAL
run on CIFAR-10 with a small net. We picked two rounds where it auto-labeled
the most i.e. around 800 points.

corresponds to one TBAL round. Each figure shows a few selected rounds of auto-labeling.
Each figure has four columns (left to right), which show: a) The samples that are labeled
by TBAL in the round are shown in that row. b) The embeddings for training samples
in that round. c¢) The embeddings for validation data points in that round. d) The score
distribution for the validation dataset in that round.

In Figure 10 we see visualizations for auto-labeling on the MNIST data using linear models.
In this setting the data exhibits clustering structure in the PACMAP embeddings learned on
the raw features and the confidence (probability) scores produced are also reasonably well
calibrated which leads to good auto-labeling performance.

The visualizations for the process of TBAL on CIFAR-10 using the small network (a small
CNN network with 2 convolution layers followed by 3 fully connected layers PyTorch (2022))
with energy scores and soft-max scores for confidence functions are shown in Figures 11 and
12 respectively. We note that both the energy scores and soft-max scores do not seem to
be calibrated to the correctness of the predicted labels which makes it difficult to identify
subsets of unlabeled data where the current hypothesis in each round could have potentially
auto-labeled. We also note that the test accuracies of the trained models were around 50%
for most of the rounds of TBAL even though the small network model is not a powerful
enough model class for this dataset. Note that CIFAR-10 has 10 classes, so the accuracy of
50% is much better than random guessing and one would expect to be able to auto-label a
reasonably large chunk of the data with such a model if accompanied by a good confidence
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function. This highlights the important role that the confidence function plays in a TBAL
system and more investigation is needed which is left to future work.

Note that, in our auto-labeling implementation we find class specific thresholds. In these
figures, we show the histograms of scores for all classes for simplicity. We want to emphasize
that the visualization figures in this section are 2D representations (approximation) of the
high-dimensional features (either of the penultimate layer or the raw features).
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Figure 10: Auto-labeling MNIST data using linear classifiers. Validation size = 12k. Max-

imum training samples = 1600. Each round algorithm queries 160 samples.
Coverage of auto-labeling is 62.9% with 98.0% accuracy. For the rounds we show,
the test error rates are 21.4%, 13.9%, 12.5%, 10.2%, and 9.8%, respectively. For
four columns (left to right), we show: a) The samples that are labeled by TBAL
in this round. b) The embeddings for training samples. ¢) The embeddings for
validation data points. d) The score distribution for the validation dataset.
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Figure 11: Auto-labeling CIFAR-10 data using a small network and energy scores. Validation
size = 10k. Maximum training samples = 25k. Each round algorithm queries
2500 samples. Coverage of auto-labeling is 5.3% with 90.0% accuracy. For the
rounds we show, the test error rates are 56.6%, 55.2%, 55.6%, 53.0%, and 49.3%
respectively. For four columns (left to right), we show: a) The samples that are
labeled by TBAL in this round. b) The embeddings for training samples. c)
The embeddings for validation data points. d) The score distribution for the
validation dataset.
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Figure 12: Auto-labeling CIFAR-10 data using a small network and softmax scores. Val-
idation size = 10k. Maximum training samples = 25k. Each round algorithm
queries 2500 samples. Coverage of auto-labeling is 2.3% with 91.0% accuracy.
For the rounds visualized here in each row, the test error rates of the trained
classifiers are 56.6%, 59.1%, 52.8%, 50.5%, and 51.7% respectively. For four
columns (left to right), we show: a) The samples that are labeled by TBAL in
this round. b) The embeddings for training samples. ¢) The embeddings for
validation data points. d) The score distribution for the validation dataset.
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