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Abstract

As Machine Learning (ML) becomes deeply
embedded in societal infrastructure, assess-
ing the risks posed by these models has grown
increasingly critical. Real-world deployment
further complicates this assessment: model
owners may apply strategic updates in re-
sponse to dynamic environments (e.g., finan-
cial markets), potentially undermining key
guarantees. We formalize this setting and
address two goals: (i) accurately estimat-
ing a target auditing property— such as group
fairness— using a minimal number of labeled
samples; and (ii) characterizing the complex-
ity of strategic updates by identifying the sub-
set of admissible updates that preserve the
property. To this end, we propose a generic
algorithmic framework for efficient PAC au-
diting, powered by an Empirical Property
Optimization (EPO) oracle. For statisti-
cal parity, we establish distribution-free au-
dit bounds characterized by the SP dimen-
sion, a new combinatorial measure that cap-
tures the complexity of admissible strategic
updates. Finally, we show that our frame-
work naturally extends to other properties,
including prediction error and robust risk.
Code is available at https://github.com/
AyoubAjarra/Auditors-with-prospects.

1 INTRODUCTION

The rise of algorithmic decision makers in high-stakes
domains such as healthcare, finance, and employment
(Aboy et al. 2024; Montag and Finck 2024; Obermeyer
et al. 2019; Raji and Buolamwini 2019) has made al-
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gorithmic regulation a central challenge. While regu-
lation can take different forms (Vecchione et al. 2021),
accurately auditing properties of stochastic ML mod-
els has emerged as the computational bedrock. In
trustworthy ML, the focus is to ensure that ML mod-
els meet social and ethical constraints, such as fair-
ness measures, robustness, and privacy guarantees,
often through accurate assessment of property viola-
tions (also known as, auditing) (Le Merrer et al. 2023;
Madaio et al. 2020; Raji et al. 2020). This has spurred
significant interest in ML communities to develop ac-
curate and reliable auditing algorithms (Ajarra et al.
2024; Cohen et al. 2019; Hsu et al. 2024; John et al.
2020; Kearns et al. 2018; Neiswanger et al. 2021; She
et al. 2025; Yan and Zhang 2022).

However, real-world assessments of algorithmic bias
are complex due to model drift and can fundamentally
alter the very properties under audit (Lu et al. 2018;
Widmer and Kubat 1996). These shifts may occur
in several scenarios. For instance, in evolving opera-
tional scales, a business (managed by a model owner)
expands and gains access to vastly larger and more
diverse datasets (e.g., customer transactions and mar-
ket signals). Under such conditions, simple models like
linear classifiers or decision trees may underfit, failing
to capture the emergent complexity of data. In par-
ticular, the underlying model class itself may change.
For example, a model trained under stable market con-
ditions using linear assumptions may perform poorly
when markets become highly volatile, as nonlinear de-
pendencies emerge (Cont 2001). In such regimes, the
model owner needs to update its model to flexible
architectures, such as neural networks, that poten-
tially yield superior predictive performance (Goodfel-
low et al. 2016). This motivates new auditing frame-
works that allow model updates without compromising
the audited property. Yan and Zhang (2022) studies
the auditing of Statistical Parity (Definition 1) under
the assumption that the auditor knows the hypothesis
class F to which the model under audit belongs. They
introduce manipulation-proofness as a robustness cri-
terion for auditing procedures, which is achieved by
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constructing a version space V(S) C F induced by a
teaching set S. Specifically, the version space is defined
as V(S)={f" e F: f'(x) = f(x), ¥(x,y) € S}, where
f € F is the model under audit. An audit is said to be
manipulation-proof if the auditor’s estimate of the fair-
ness property remains invariant for all models in V().
In other words, once the auditor constructs V(.5) based
on the observed input-output S, any strategic update
to the model that remains within V(S) cannot change
the audit outcome. Crucially, the size of this teach-
ing set scales with the sample complexity required
to reconstruct the model. Consequently, if the model
owner is constrained from altering predictions on these
audit points, the model itself remains essentially un-
changed with high probability. This effectively pre-
cludes meaningful model updates during the audit pro-
cess, rendering the manipulation-proofness condition
overly restrictive in general applications. Moreover,
their approach assumes a known hypothesis class F
(i.e., linear classifiers) and does not account for model
updates that alter the underlying model class itself, a
scenario that is common in practice when models are
retrained, fine-tuned, or replaced with architectures of
different structure. In this work, we extend the au-
dit setting by allowing arbitrary updates to the post-
audit model from a (potentially) different model class
F. We refer to such updates not altering the property
under audit as prospects. On the other hand, Yan
and Zhang (2022) focuses on reconstructing the model
using a fixed model class, and thus, characterizes the
complexity of auditing under manipulation-proofness
via classical learning-theoretic measures (e.g., the dis-
agreement coefficient and VC-dimension). They leave
open the question of whether alternative information-
theoretic measures could yield a more flexible charac-
terization of audit complexity. In this work, we resolve
this question in the non-interactive regime, in which
the auditor has a one-shot access to samples. We ask:

Q1: Given a strategic class F, what is the
information complezity of auditing group fairness
without full model reconstruction ' ?

Q1 seeks a combinatorial characterization of the
classes of strategic updates F for which group fair-
ness auditing with prospects is feasible. In particular,
it asks how the complexity of F governs the amount
of information required to certify fairness properties
without learning the model itself. As model classes
grow increasingly expressive — most notably with the
use of neural networks that go far beyond linear de-
cision boundaries — a complementary question natu-
rally arises:

'For example, in terms of learning-theoretic complexity
measures such as VC dimension

Q2: If the strategic class grows arbitrarily in VC
dimension, can strategic updates still admit
information-theoretically feasible fairness auditing?

In highly overparameterized regimes, learning is
known to become information-theoretically hard, with
VC dimension serving as a proxy for combinatorial
complexity. Q2 investigates whether fairness auditing
may nevertheless remain strictly easier than learning,
even for highly expressive model classes.

Related work. There are two main lines of work
in this context. One that tries to wverify whether a
property of an ML model shoots over a certain thresh-
old. This has been extensively studies in the case of
robustness (Cohen et al. 2019; Salman et al. 2019),
group fairness measures, like SP (Albarghouthi et al.
2017; Neiswanger et al. 2021), and individual fair-
ness (John et al. 2020). Hsu et al. (2024); Kearns
et al. (2018) aimed to verify (SP) through a reduction
to weak agnostic learning. Hsu et al. (2024) studied
this framework for Gaussian feature distributions and
homogeneous halfspace subgroups, and demonstrate
the problem’s computational hardness. Though the
initial literature focused on verification, it requires a
priori knowledge of a valid threshold, which is hard to
pre-define without social and application context. The
other line of works try to accurately and statistically
estimate the property under audit. Neiswanger et al.
(2021) proposes a Bayesian approach to estimate dis-
tributional properties. Wang et al. (2022) estimates
simpler distributional properties, e.g. mean, median.
For ML models, Yan and Zhang (2022) further pro-
pose active learning algorithms to sample efficiently
and audit SP of a model under the assumption that
its class is known a priori. A detailed discussion on
related work is deferred to Appendix A.

Contributions: A New Framework. Our work
introduces a general framework for the auditing prob-
lem under strategic updates that applies to unknown
strategic classes. We shift the goal of the auditor from
merely estimating the property value to also requir-
ing the auditor to output a subset of the strategic
class that preserves this property under audit (prospect
class, Definition 6). This generalizes the standard no-
tion of manipulation-proofness to settings involving
wider range of model updates.

1. Universal Auditor. We propose a generic algo-
rithm EPO (Algorithm 1) framework that, given the
property of interest, outputs an estimate of the prop-
erty and the prospect class. Specifically, we define au-
diting losses for different properties: SP, learning error,
learning stability, and robust risk.

2. Fairness audits and SP dimension: We fo-
cus on statistical parity as our primary property of
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Figure 1: A schematic of black-box auditing with prospects.

interest. We provide sample complexity guarantees
for finite and infinite hypothesis classes. We intro-
duce a new capacity measure called the SP dimension
to weakly audit infinite hypothesis classes (Definition
2). We demonstrate its relationship to VC dimen-
sion. For multiple protected groups, we prove that any
shattered set must include instances from distinct pro-
tected groups, providing new insights into multi-group
auditing scenarios.

3. Measuring coverage of prospect class: We in-
troduce the prospect ratio as a data-dependent mea-
sure to measure the coverage of the prospect class. For
statistical parity, we provide concentration bounds on
the estimation of the prospect ratio.

Finally, we numerically demonstrate that our frame-
work yields good estimates of SP and prospect class
for real-life datasets and multiple ML models.

2 PRELIMINARIES

In this section, we present the problem formulation
and introduce illustrative examples of properties of ML
models, leading to a formalization of the PAC audit-
ing framework under model updates in two distinct
settings (i.e., weak and strong auditing).

Notations. Let X and ) be the input and output
spaces of an ML model, respectively. The input data
follows a distribution Dy. D denotes the joint distri-
bution over the product space X x ), and F denotes
a class of models from X to ). An unknown and pos-
sibly randomized learning model f : X — } labels the
inputs from X. A property of the ML model is defined
as a functional p : F x P — R that takes the model
and the corresponding data-generating distribution to
yield a real number, where P is a class of generating
distributions.

2.1 Examples of properties

Statistical parity measures discriminative bias
in positive predictions between two protected
groups (Feldman et al. 2015).

Definition 1 (Statistical Parity). Let {Xp, X1} de-

note a partition of the input space based on a bi-
nary protected attribute (e.g., gender, where Xy cor-
responds to females and X; to males). The statisti-
cal parity of a model f € F measures the discrep-
ancy of its predictions with respect to the two protected

groups Xy and Xy, i.e. u(f,D) =] P [f(z) =1z €
ZNDX
Xol = P [f(z) =1z € Xl
IN’D‘X

A model is fair across protected groups if it achieves
small statistical parity value. Definition 1 can be ex-
tended to multiple protected groups by the maximum
discrepancy between groups.

Expected risk. Measures the expectation of predic-
tion errors by a model f on input-output pairs gener-
ated by D (Mohri et al. 2018). For the class of binary

classifiers, u(f,D)= P [f(z) #y].

(z,y)~
Learning stability. Measures the discrepancy in
predictive performance across two environments. For
a model trained on a distribution D, and de-
ployed on Dgpipe.  We define its learning stabil-
P [f(z) # y] -

z,y)~Darc
( )IPD [f(z) # y]’ This definition is closely related
Z,Y)~ Pshift

to distribution shifts; however, distribution shift itself
is a property of the data alone: Dy # Dgpnire (Ben-
David et al. 2010; Taori et al. 2020). Our definition
evaluates how stable the model’s performance remains
under such shifts. Details are given in Appendix B.

A

lty as :u(fa DsrCaDshift) -

Robust Risk. After deploying an ML model, we
come across inputs that are noisy or manipulated by
an adversary. To ensure safety, it is necessary to ver-
ify that the ML model is robust against such per-
turbations of the input. Robustness is measured us-
ing robust risk and is further ensured by minimizing
the robust risk (e.g., works on adversarial ML (Liu
et al. 2021)). For any z in X, let U(z) denote the
set of perturbations acting on input z, and let D* de-
note the resulting distribution after the true model
deployment. Robust risk is defined as u(f,D,U) =

E [su Lge, }
(2.9)~D zeul(ox) f(2)#y



2.2 Auditing Problems

As discussed in the introduction and illustrated in Fig-
ure 1, the auditor is given access to a strategic class
F, takes as input a set of i.i.d samples (labeled by the
post-audit model and inaccessible to the auditor) and
the desired property u, and outputs both an estimate
of the property and a property-preserving class that we
refer to as the prospect class. Formally, an auditing
problem is defined as a quintuplet (X, Y, F, P, u, L),
where f is the model under audit. ¢ is a loss that
depends implicitly on the property under audit p. De-
tails on how the loss function depends on the audited
property are provided in Appendix B, where we define
loss functions for the properties discussed above and
show how our framework extends to broader auditing
problems. In the following, we make no assumptions
about f. In particular, we do not assume knowledge of
the model class. Indeed, f may be a randomized ma-
chine learning algorithm whose behavior depends on
an unknown randomization mechanism. In the next
section, we introduce a novel auditing setting that not
only evaluates existing models but also yields prospec-
tive machine learning models for future deployment
(aka Prospect class, see Definition 6). We establish
a formal connection between auditing properties of
black-box models with prospective guarantees and ag-
nostic learning of those properties from data within a
strategic class F.

3 AUDITING WITH PROSPECTS

During the auditing process, the model owner provides
the auditor with a finite set of samples labeled by a
black-box model. Subsequently, the owner may wish
to update their decision rule; this strategic update is
communicated to the auditor. To accommodate such
strategic updates, the auditor identifies the prospect
class: subclass of the strategic class that preserves the
audited property. Agnostic auditing refers to the sce-
nario where the pre-audit model is not an element of
the strategic class. The prospect class must include
models that have the same property as the pre-audit
model (defined as OPT(u, D, F) = minyecr |up(f) —
#(D)]). Realizable auditing corresponds to the sce-
nario where the pre-audit model belongs to the strate-
gic class, and in this case OPT(u, D, F) = 0. This mo-
tivates Definition 2, where in weak auditability, find-
ing one model in the prospect class suffices. Finally,
let OPT(1, S, F) = minfes s, (f) — u(S)].

Definition 2 (Weakly p-auditable class). We call an
algorithm A to be (e, d)-weak auditor for a given au-
diting problem (X, Y, h, F, P, 1) when it uses a sample
set S of size m sampled from any D € P to yield a

model A[S] and an estimate up(A[S]) satisfying:

B [l Ais)) - OPT(s D, 7)) 2 ] <,
where €, € (0,1) and m is a bounded function of
the problem parameters and (1/e,1/8). We say that
a strategic class F is weakly p-auditable if for all
(€,0) € (0,1)2, there exists an (e,d)-weak auditor.

Algorithm 1 EPO Oracle

Require: Training dataset D = {(z;,y;)}",, Strate-
gic class F, Property to audit
Ensure: Estimate of the property [, prospective
model f
1: Define empirical risk for pu: &, (f, 1)
2: Use an ERM oracle to solve the optimization prob-
lem:

A: i 5m )
f = argmin (f, 1)

3: return f and ﬂm(f)

From ERM to Auditors: Auditing with loss
functions. Algorithm 1 proposes a generic frame-
work for using ERM oracles to weakly audit any prop-
erty p of an ML model f given a strategic class F.
Broadly, the intuition is that if we can define a loss
function to audit each of the properties, we can use
the samples collected from the black-box model f to
learn a prospective model f € F. One can use any
off-the-shelf ERM solver, like SGD, Adam, ADMM,
etc., in Line 2. The following definition extends weak
auditability by saturating the strategic class and iden-
tifying all models within the prospect class that satisfy
the audited property.

Definition 3 (Strongly p-auditable class). We call
an algorithm A to be (e,0)-strong auditor for a given
auditing problem (X, Y, F, P, ) when it uses a sample
set S of size m sampled from any D € P to yield a
class of models A[S] C F and an estimate up(A[S])
satisfying:

(i) Correctness:

B | sup |up(f) — OPT(u,D, F)| = | <4
S~D™ LreAlS)

(ii)) Completeness:

inf — OPT D.F) <el<d
Mm[feggc[s] i (f) (1D, F)| < | <

A[S] C F is a subclass of models that achieve a small
error on the training set S. We say that a hypothesis
class F is strongly p-auditable if for all (e, 8) € (0,1)2,
there exists an (¢, 0)-strong auditor.



Strong auditability is governed by two key conditions:
correctness, which requires all models in the prospect
class to preserve the same property as the pre-audit
model, and completeness, which ensures the hypothe-
sis class has been fully exhausted by including all mod-
els that share the property p with the pre-audit model.
The resulting prospect class serves as the set of poten-
tial post-audit models.

4 AUDITING STATISTICAL
PARITY

In this section, we focus on characterizing the prob-
lem of auditing statistical parity. In the black-box
setting, the auditor can only access a pool of labeled
instances by f, which we denote S. This is equiva-
lent to assuming access to an empirical distribution Dg
that encodes the discriminative behavior of the black
box model with respect to the fixed protected groups.
From now on, we denote the protected groups by Aj
and X, which form a partition of the input space X.
Similarly, for a finite sample S, let Sy C & denote
samples from the first protected group and S; C A}
from the second protected group.

4.1 Weakly Auditable classes

We characterize the complexity using the minimum
number of samples required for each protected group
(mo and my). This approach differs from existing
methods that rely on the total sample size (m =
mo + m1), which requires assuming specific propor-
tions between protected groups Yan and Zhang (2022).
By considering the minimum samples needed for each
group independently, our method remains valid re-
gardless of how the probability mass is concentrated
across protected groups, making it more robust to
group imbalances in real-world scenarios. To rigor-
ously define PAC weakly auditing of statistical parity,
we denote by F C 2% the strategic class (a generaliza-
tion of the hypothesis class). With this structure, we
present the strategic lemma linking EPO oracle solvers
over pairs of points from different protected groups to
uniform convergence in statistical parity.

Lemma 1 (Strategic Lemma). Let €,6 € (0,1), m :
(0,1)2 — N. Suppose that the following holds:

e Estimation accuracy. A outputs fs from F:
LB [ls(ss) — OPT(S.7)| > 5] < 4.
o Uniform convergence. F verifies P [ﬂf €
S~Dm
Folun(f) — as(Hl > 5]< 3.

Then, A is (€, 0)-weak auditor for statistical parity.

Lemma 1 establishes that uniform convergence over
the property, combined with empirical audit risk min-
imization, guarantees weak auditing PAC auditing of
that property. This lemma is risk-free, unlike the one
used to derive VC bounds, which uses the intermediate
of a loss function that we do not consider here. The
proof is given in Appendix C.

Finite Strategic Class. We first present a result
on the sample complexity for weakly auditable finite
classes.

Theorem 2 (Agnostic weak auditability). If F is a
finite hypothesis class, than F is weakly auditable, with
respect to statistical parity, for any distribution on X x

()]

Theorem 2 offers an intuitive understanding of the au-
diting hardness, highlighting in the case of a finite
class that auditing SP using weak auditing framework
requires more sample complexity than both learning
and reconstructing the model. The proof is given in
Appendix D.1.

Y with a sample complezity O

Infinite Hypothesis Class. The finiteness of F
poses inherent limitations for auditing, as such a hy-
pothesis class may not contain models that satisfy the
desired post-audit stakes. This may result in a sin-
gleton prospect class (pre-audit model), rendering the
auditing process ineffective. Therefore, we extend our
analysis to infinite strategic classes. Here, VC dimen-
sion falls short in tightly measuring the complexity of
SP auditing. We illustrate this in the following exam-
ple:

Example 1. Consider a set X C R? where the pro-
tected attribute is ’gender’ and the second feature is
‘age’. In the context of classification in R? using linear
classifiers (Figure 2), it is known that the VC dimen-
sion of this class is three. However, if the three points
that can be shattered by the class of linear classifiers
share the same protected attribute (gender), they are
collinear and cannot be shattered.

Next, we define group traces of the strategic class F
with respect to the protected groups Xy and Xj.

Definition 4 (Group-Traces of a strategic class). Let
X denote an uncountable space, F a set of subsets of
X, and S a finite subset of X. The group-traces of
F in the protected groups of S = Sy U Sy, denoted by

AZP(S), is defined as AFF(So, S1) = {(A07A1)\A0 -
Sy, A1 € S1,dc € f,AO = cﬂSo,Al = cﬁSl}.
Intuitively, the set of group-traces of a concept class F

represents all possible discriminatory behaviors within
F with respect to the protected groups.
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Figure 2: Illustration of SP dimension for the case of
non-homogeneous classifiers in R?

Lemma 3. For any finite and non-empty sample
sets So and Sy drawn from the first and second pro-
tected groups, respectively, the set Ag_-P(SO, S1) is well-
defined.

Proof To establish the result in Lemma 3, it is suffi-
cient to show that, for any concept class F of VC(F) =
d, and for any shattered set S = {x1,---,z4} shat-
tered by F, not all elements of S can belong to the
same protected group. By the definition of VC dimen-
sion, the total number of dichotomies u for the sample
S is 2¢. We assume by contradiction that all elements
of S belong to a single protected group. Without loss
of generality, we assume that S C Xj. Let 2’ be any
point from X;. For all i in [29], let ¢; denote the con-
cept from F that realizes the dichotomy wu;. Since Xj
and X; form the set of components of X (XoNX; = 0),

each ¢; can be extended to ¢ and ¢}, such that 2’ € ¢?
and 2’ ¢ c}.

Hence, F realizes 24! dichotomies over S U {z'}.
In other words, S U {z'} shatters F. This is a
contradiction because VC(F) = d. |

We say that a sample
(So,51) = 2/%1 + 15| —

Definition 5 (SP dimension).
S SP-shatters by F when |ASF

2150l 21511 The SP dimension of a class F of subsets
of X is
SP(F) £ log, |A5F (S0, S1)] -
(F) s 0gy |AF (S0, 51)]

In contrast to Yan and Zhang (2022), whose approach
relies on pre-audit model reconstruction via a teaching
set and is characterized by classical learning-theoretic
complexities (e.g., the disagreement coefficient and VC
dimension), the SP dimension of a concept class F cap-
tures only those group-wise dichotomies that exhibit
distinct discriminatory behaviors. It achieves this by

quotienting out redundant symmetries between pro-
tected groups that induce equivalent discrimination
patterns within F.

Example 2. As illustrated in Figure 2, for non-
homogeneous linear classifiers in R?, the VC dimen-
sion is 3, which implies 23 = 8 possible dichotomies.
Given Lemma 3 requiring at least one point from each
protected group to be in the shattered set, the figure de-
picts this configuration. The same-colored squares in
Figure 2 illustrate the same behavior of dichotomies;
Consider the green square as an example: it demon-
strates a specific behavior with respect to protected
groups by assigning a positive label to only one point
from the first protected group. This constraint reduces
the total number of valid dichotomies from 8 to 5. This
is equivalent to computing SP dimension using defini-
tion 5: 25P(F2) =23 43 22 _ 2l =5,

Theorem 4 (Quantitative characterization). For
any concept class F, the minimum number of sam-
ples m(F,e,8) > 0 required to weakly audit SP is

lower bounded by Q) (SP(]:)), while Algorithm 1 re-

quires (’)(ﬁ)2 max{log 2, 2SP(F) log 3% )

ples. Here, o € (0,1) is the ratio of samples from
two protected groups.

sam-

Theorem 4 characterizes the sample complexity
bounds for weak auditability when the auditor is given
m samples, distributed such that am samples come
from the first group and (1 — «)m samples from the
second group. For this setting, the theorem establishes

both necessary and sufficient conditions: a sample size
of O (SP(]-‘)

) is necessary for weak auditability, while

a sample size of (9( max{log ?,2SP( ) log 32¢ 32¢ ) is
sufficient.

Corollary 5 (Qualitative characterization). A con-
cept class F is agnostic and realizably weak auditable

if and only if SP(F) is finite.

The proofs are given in Appendix D.3. These bounds
establish that weak auditability has a complexity mea-
sure similar to learnability. Specifically, the learning
problem of a hypothesis class F has a sample com-

VC(f)+1og(1/6>)

plexity upper bound of O ( and a lower

bound of Q2 (%@) These bounds show a tight cor-

respondence with the bounds for weakly auditing. Al-
though, as discussed previously, the SP dimension is
upper bounded by the VC dimension. Meaning that
the SP dimension allows for fewer possible group be-
havioural dichotomies compared to classification di-
chotomies. The sample complexity, however, remains
the same up to constant factors.

Proposition 6 (Learnability vs. Auditability). For



any F with finite VC and SP-dimensions, VC(F) >
SP(F).

Proposition 6 shows that auditing statistical parity has
a lower information complexity than learnability. This
difference arises because the auditing problem takes
advantage of the input space’s structure, specifically
the symmetry between protected groups. This sym-
metry makes it easier to analyze how models behave
with respect to protected groups, compared to the
more complex task of learning the model’s behavior
across the entire input space. The proof is given in
Appendix D.2.

4.2 Strongly auditable classes

We begin by analysing the bounds for strongly audit-
ing the finite hypothesis classes.

Theorem 7 (Strongly auditable finite
classes). Any  finite hypothesis class 15
strongly  auditable with a sample complexity

O(max{ e%log‘éi| , loglg% log@ })

without prospect with prospect

The provided bounds highlight the inherent difficulty
of covering the entire prospect class in terms of error
when the hypothesis class is finite. This shows the
fundamental trade-off of achieving strong auditability

(correctness: 6% and completeness: log%) that im-
=2

poses an additional cost on sample comi)lexity. The
proof is in Appendix E.1. The completeness con-
straint on strong auditability for infinite model classes
presents a fundamental challenge (details in Appendix
F). To address it, we introduce a new characterization
based on the prospect ratio. We begin by formally
defining the prospect class, which serves as building
blocks for the prospect ratio definition that follows.

Definition 6 (Prospect class). Given a distributional
property u, strategic class F, and a parameter € €
(0,1), the true prospect class with respect to p is the
subclass of models in F that have the same property
up to : P(F,e) 2 {f € F: [u(f) - pl(f)] < e},

The empirical prospect class with respect to p is the
subclass of models in F that have the same property p
on S, up to e P(F,e) 2 {f € F : |s(f)—u(f)| < e}
where f* € argmin|u(f) — p*|, u* is true property of

fer

the black-box model, and € is a threshold.

Definition 7 (Prospect ratio). The prospect ratio is
the volume of the prospect class compared to the hy-
pothesis class F, i.e. r(€) = %. V:F—R"is
volume function.

To address the challenge of infinite prospect classes,
we need a systematic way to measure their volume.

This can be achieved by reducing the search space to
a finite set of representative models through a proba-
bility measure over the model class F. Let v denote
this probability measure on F. While the choice of v
affects the prospect ratio’s value and is largely arbi-
trary, it enables us to work with a manageable sub-
set of models. When F is finite, a natural choice of
v is the uniform distribution, which reduces to the
case of strongly auditing finite classes. Let n denote
the sample size of models drawn from the strategic
class. The prospect ratio is influenced by two distinct
sources of uncertainty: (1) uncertainty due to sam-
pling models from the prospect class and (2) uncer-
tainty due to sampling points from protected groups.
This induces two types of errors. Let fi,---, fn be
n models sampled independently from v, and 7, (¢) =
7 im1 Lpep(ro:nle) £ 5 300 Ly ep(re- We de-
fine the estimator for the prospect ratio as:

1 n

TAn,mg,ml (5) = 2ak=1 1

m 1 m
mo 2;:01 I[fk(m):l T my 2,7:11 1fk,(m}):1

<e

where x;’s and x;v’s are samples from the first and sec-

ond protected group, respectively.

Theorem 8 (Concentration of prospect ratio). For
alle,v,7 € (0,1), P{r(e—v) =7 < Frmg,m, (€) < r(e+

v)+ T} > (1 — exp {7;(27222%'3 })n(l — exp(—n7?))2.

The prospect ratio estimation error exhibits exponen-
tial dependence on the size of the prospect class. While
obtaining sufficient samples from each protected group
is important for accurate statistical parity estimation,
the sample size requirement with respect to models
from the hypothesis class is exponentially more criti-
cal for achieving strong auditability (Appendix E.2).

Auditable but TUnlearnable: Infinite VC
Classes. The following proposition 9 provides a nega-
tive answer to the second question posed in the intro-
duction. This question is equivalent to asking whether
we can reduce an infinite set of dichotomies to a finite
set that captures all distinct behaviors with respect to
protected groups.

Proposition 9. Any class of infinite VC dimension
can not be weakly or strongly auditable.

The proof is given in Appendix E.3.

5 NUMERICAL EXPERIMENTS

As discussed in Section 4.2, auditing an infinite hy-
pothesis class is generally intractable. To address this,
we adopt the sampling-based approximation described
therein: we draw a fixed number of hypotheses to con-
struct a finite representative subset. This subset pre-
serves the geometric structure of the underlying strate-
gic class while enabling the empirical evaluation of SP.
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Figure 3: Comparison of errors in statistical parity estimation and prospect ratio across different sample sizes.

5.1 Experimental Setup

Within this finite approximation, we evaluate ERMP
(Algorithm 1) for strong auditability according to con-
ditions (i) and (ii) in Definition 3. While Yan and
Zhang (2022) evaluates the prospect class using its

diameter, max — ") which captures the
fﬁf/ep(h)u(f) n(f") p

worst-case spread of statistical parity values consis-
tent with the observed data, a small diameter may
arise simply because the prospect class contains only
a single model. Such a scenario would trivially sat-
isfy fairness but violate the completeness requirement
of strong auditing, namely that the auditor must con-
sider a sufficiently rich set of compliant models. To
address this limitation, we complement the diameter-
based analysis with an evaluation of condition (ii) us-
ing the estimated prospect ratio, which better reflects
diversity of the prospect class beyond statistical error.

We evaluate our approach on two standard fairness
benchmarks: the COMPAS dataset (Angwin et al.
2016), where groups are defined as Caucasian and non-
Caucasian, and the STUDENT PERFORMANCE dataset,
with groups defined as Female and Male. The true
black-box model is a logistic regression classifier with
{5 regularization, trained on the original labels using
scikit-learn’s default solver (Pedregosa et al. 2011).
We consider two strategic model updates: one replac-
ing the original model with a multi-layer perceptron
(MLP), and another with a random forest.

5.2 Audit Fidelity Evaluation

We assess the fidelity of our auditing procedure along
two dimensions: (a) Prospect class comprehensiveness:
We measure the prospect ratio, the fraction of hy-
potheses that match the true model’s statistical parity,
and observe its convergence across increasing labeling
budgets. As shown in the first row of Figure 3, the esti-
mated ratio converges to the ground-truth ratio (com-
puted on the full dataset), empirically validating that

our algorithm reliably captures the true prospect class
in the strong auditing setting. (b) Prospect class cor-
rectness: We evaluate whether models in the prospect
class indeed exhibit statistical parity equivalent to the
true model. The second row of Figure 3 shows that the
statistical parity estimation error for prospect models
decreases with budget and remains consistently below
our tolerance threshold € = 0.005, confirming the cor-
rectness of our prospect class construction.

5.3 Audit’s Runtime Evaluation

EPRM does not scales with the labeling budget, par-
ticularly for simpler strategic updates (i.e., random
forests) requiring only 3 ms per sample on average
(see Table 1 and Figure 5). This runtime accounts for
both statistical parity estimation and prospect class
construction. Additional details and hardware specifi-
cations are provided in Appendix G.

6 DISCUSSION & FUTURE WORK

We characterize the class of allowable strategic model
updates by model owners — namely, those that pre-
serve the value of the audited property. We establish
a necessary and sufficient condition in terms of the
SP dimension, a complexity measure strictly weaker
than VC dimension. Our results suggest three natural
directions for future work: (i) extending the frame-
work to interactive settings via sequential, property-
aware complexity measures; (ii) embedding audited
properties directly into model architectures to obtain
optimal, property-preserving predictors; and (iii) de-
veloping manipulation-proof audit definitions that are
concept-class-agnostic and dimension-free.
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Supplementary Materials

A Extended Related Works

A.1 Estimating Distributional Properties

The auditing of properties of ML models has been explored in various contexts. For example, Rastegarpanah
et al. (2021) investigated model instability under feature imputation in a black-box setting, with guarantees
on data minimization. More relevant to our work, several studies have focused on auditing group fairness to
examine discriminatory behavior with respect to protected groups. In particular, Kearns et al. (2018) studied
the statistical parity audits through a reduction to weak agnostic learning, where auditing is defined as verifying
whether SP exceeds a given threshold. Building on this, Hsu et al. (2024) recently explored a specific case of this
reduction, focusing on auditing SP under Gaussian feature distributions for homogeneous halfspace subgroups,
and demonstrated the problem’s computational hardness. Similarly, Chugg et al. (2023) examined the same
verification problem within the statistical framework of hypothesis testing. More closely related to our work, Yan
and Zhang (2022) examined auditing statistical parity via estimation instead of verification. In their approach,
manipulation-proof constraints are enforced through active sampling. However, restricted to a finite hypothesis
class, their method relies on reconstructing the model before plugging in the estimator. This limitation leads
to the potential omission of hypotheses that could expand the size of the manipulation subclass, reducing the
overall effectiveness of the auditing process.

In contrast to previous approaches, a variant of this problem has been investigated to audit distributional prop-
erties, where the focus is on estimating characteristics of an unknown distribution. Examples of such properties
include Shannon entropy, the size of the distribution’s support, support coverage, and various distribution met-
ric distances (such as KL divergence and other divergence measures). Common approaches are often based on
plug-in estimators that approximate the unknown distribution, typically requiring a logarithmic-factor increase
in additional samples. Recent works by Hao and Orlitsky (2020); Hao et al. (2018) have explored this challenge
within the realm of discrete distributions, incorporating smoothness assumptions and proposing an estimator
that amplifies data relative to the empirical estimator by a factor v/logn. Hao and Li (2020) extended the
problem to the multi-distribution setting to estimate discrete distribution properties over a class of discrete
distributions over [k] considering their mixtures (mixing strategies) and maintaining smoothness conditions with
sample complexity O(ﬁ). Sriperumbudur et al. (2012) explores integral probability metrics for continu-
ous distributions, expanding upon various known distance metrics between distributions, such as total variance,
Wasserstein distance, among others. Sriperumbudur et al. (2012) further extended their analysis to kernelized
distances, enriching the understanding of distance measures in the context of continuous distributions.

A.2 Auditing with Prospects: Connections to Rashomon Sets

Recent work has studied the complexity of learning ”simple” models, which carry nuanced meanings across ML
communities. For example, in healthcare applications, simplicity often refers to developing explainable models
that address the black-box inexplainability problem Rudin (2019). Alternatively, in fairness-aware machine
learning, simplicity can mean identifying fair models within an equally accurate model class Agarwal et al.
(2018). This phenomenon, known as the Rashomon effect, aims to explore multiple perspectives of the joint
dataset distribution, revealing different truths. The Rashomon set represents a collection of models that achieve
comparable performance but differ in their explanations or underlying patterns. The Rashomon ratio, introduced
by (Semenova et al. 2022), quantifies this effect by measuring the volume of the Rashomon class relative to the
hypothesis class.

Definition 8 (Rashomon set). Given ¢ > 0, a dataset S, a hypothesis class H and a loss function ¢,



1. The true Rashomon set is:

Rp(H,e) £ {h € H: Lp(h) < argminlp(h') + €}
h'eH

2. The empirical Rashomon set is:

Rs(H,e) 2 {heH: Lg(h) <argminlg(h') + €}
h'eH

where Lp and Lg are the true and empirical risk respectively, defined as Lp = E)D{l(h, (z,9)}, Ls =
T,y

(
X k().

(w,y)€S

While Rashomon sets and prospect classes both explore sets of models that maintain specified performance
properties, such as bounded learning error or auditing error, their theoretical foundations differ significantly.
Rashomon sets have primarily been studied in the context of finite hypothesis classes Semenova et al. (2022),
where the central theoretical challenge is not the information-theoretic complexity of learning 2, but rather
quantifying the relative simplicity of learning with respect to the empirical data distribution. This simplicity
is formally captured by the Rashomon ratio, which measures the proportion of models achieving a specified
performance threshold. Consequently, practitioners typically focus on selecting a single ’simple’ model from the
Rashomon set, rather than characterizing its complete structure or geometric properties. In contrast, prospect
classes, central to manipulation-proof auditing theory, require explicit characterization of all models that satisfy
the auditing criteria. This comprehensive enumeration requirement arises from the need to reason about all
possible ways a model owner might manipulate the pre-audit model while maintaining acceptable performance.

The distinction highlights that prospect classes and Rashomon sets, despite their structural similarities in charac-
terizing sets of property-preserving models, serve fundamentally different theoretical objectives: while Rashomon
sets focus on quantifying model simplicity within finite hypothesis classes via the Rashomon ratio, prospect classes
are concerned with the information-theoretic complexity of learning the entire set of property-preserving models
in potentially infinite hypothesis spaces.

B Additional Auditing Scenarios

In statistical learning, we study models that aim to replicate the behavior of the data-generating distribution.
While the ultimate goal is to approximate this behavior, stronger theoretical guarantees, such as those under
the realizability assumption, are often obtained by assuming that some model within the hypothesis class exactly
captures the joint distribution of the data. This perspective can be reframed in an auditing context: instead of
seeking a model with minimal error, we audit models whose error is close to that of a given reference model (the
model under audit)®. In other words, the task becomes estimating the true error of the reference model—mnot
necessarily the minimum error achievable over the hypothesis class, but rather the smallest error attainable by
models whose performance is comparable to that of the fixed reference model. In this setting, the regulator,
denoted by R (the auditor), operates in a black-box regime: the internal structure of the learning algorithm
(illustrated by the left part in Figure 1) is inaccessible. The auditor R is limited to a single pass over data
sampled from the joint distribution D and must output a prospect model (in the weakly auditable framework) or
a prospect class (in the strongly auditable framework) that approximates the true error of the black-box model
under audit.

Although this black-box auditing scenario may not correspond directly to real-world applications, it serves as a
theoretical generalization of agnostic learning to other model properties that are practically relevant for regulatory
compliance. This abstraction extends Algorithm 1 to diverse auditing contexts and underscores the robustness
of agnostic frameworks, demonstrating their relevance in regulatory settings where access to a model’s internal
parameters or architecture is restricted.

2as this is already characterized by the VC dimension.
3Note that this error need not be zero.



An analogy for PAC-audit: Bridging concepts. As explained above, in the context of statistical learning,
the property p corresponds to the true error. Here, the ground truth is zero (i.e., u(D) = 0) since the data-
generating distribution D itself encodes the correct labeling. In this setting, the prediction error and the learning
error are tightly coupled: for every hypothesis f € F, the (true) auditing error |u(f) — u(D)| coincides with
the standard true learning error Lp(f) = P,y)~p|f(2) # y]. Thus, this is a special case in which the auditing
discrepancy can be expressed directly as a joint functional of the hypothesis and the distribution, i.e., |u(f) —

p(D)| = p(f, D).

In summary, classical PAC learning outputs a single hypothesis that, with high probability, has true error close to
the minimum, along with a provable generalization bound. This can be viewed as a special case of weakly audit
(Definition 2), which generalizes the framework by replacing the error functional with a distributional property
of interest p.

B.1 Loss Functions in The Context of Audits

Rather than estimating the audited property directly, our framework aims to emulate a black-box reference model
with respect to a fixed target property. Conventional estimation approaches focus solely on estimation error,
overlooking a key constraint introduced earlier: the model owner must adapt their model to satisfy strategic
objectives, which we term prospects. To address this, we propose a new class of loss functions explicitly tied to
the property of interest. Below, we present a general definition of these loss functions, formulated in terms of
multiple populations encoded within the property.

Definition 9. For any auditing problem, let {X;};c; denote a feature partition of X, u a distributional property
defined over this partition, f* the model under audit, and f the model produced by the auditor.
e The audit loss is defined as £, : Y11 — [0,1].

o The audit risk is defined as:

Eu(f) £ E [Cu((f (i), yi)ier, (f (i), yi)ier)|wi € X

(@y)~D "

o Let S = J,c; Si denote a set of instances sampled i.i.d from D, where S;, C X;. For all i € I, let m;
denote the cardinal of S; and S; = {(1’7, yf) iy. Letm = [[;c; mi. The empirical auditing risk with respect

to S is

Z"X

m

&N & =3 ()i ien)

In the audit loss function defined above, the comparison is made pointwise between the output of the model
under audit and that of the auditor’s reference model (i.e., the prospect model), evaluated over the relevant
population(s). Notably, the loss function inherently depends on the distributional property of interest, as it
encodes distinctions across multiple populations. This generalized formulation extends the classical PAC learning
framework—which is typically restricted to a single data distribution—to settings involving multiple populations.
Consequently, it enables learning and evaluation with respect to properties that are defined jointly over more
than one population. As we now illustrate through concrete examples, the audit problem naturally reduces to a
risk minimization problem analogous to those central to statistical learning theory.

B.2 Weakly Audits for General Distributional Properties

In this section, we demonstrate that Definition 9 applies to a broad class of distributional properties (examples
in section 2) in the weak auditing setting (definition 2). We further show that minimizing the expected audit loss
(i.e., the audit risk) yields models whose predictions are statistically close to the true property values, thereby
extending classical estimation problems to the learning-theoretic setting of approximating audited properties.

In the following, f* denotes the model under audit, which is accessible only via a finite set of labeled samples,
and f denotes the auditor’s prospect model.



B.2.1 Learning Error

As discussed previously, standard learning problems are evaluated in a single population (the dataset). Conse-
quently, in Definition 9, we have |I| = 1. The goal is to approximate the model under audit f* with the auditor’s
prospect model f in the same data distribution D. In this setting, the audit loss (for binary classifiers *) is
defined as:

C(f(), ), (F* (@), 9) = [T @)y — L= @)y

The corresponding audit risk is the following.

Proposition 10. Audit Risk minimization implies weakly audit of the learning error.

Proof Let (¢,0) € (0,1)2, S denotes an audit set of size m, and fs = f a prospect model, by the Jensen’s
inequality:

nlfs) = wl=| B M@y =L@z

< E [t ~ 1.
< B pllrs@ry = L @el]

= E [U(fs(z),y), (f*(x),y))]

(z,y)~D

=&(fs)

This is true for every audit set S sampled i.i.d from D. Therefore, we have:

2. {|M(fs) —pt > 6} S [&(fs) > 6}

. 2 o
c/c: v(e.d) € (0.1, B [5M(fs) > e} <d—= B [m(fs) w>el <o

One may ask whether the VC dimension still characterizes the information complexity of weak auditability. The
answer is affirmative: the classic proof, based on a union bound over all hypotheses in a class of finite VC
dimension, carries over unchanged, since the audit loss remains a binary function of model predictions.

B.2.2 Statistical Parity

Statistical parity is a group fairness property defined with respect to a binary protected attribute, comparing
outcomes across the two resulting populations (i.e., |I| = 2). Accordingly, the audit loss function operates on
pairs of predictions, one from each group, and is defined over V2. Formally, for inputs z¢ and z; drawn from
each protected group, the audit loss is:

£((F0),w0)s (@), 91)) 2 | (Lptaor=n = Liten=n) = (Lr+ om0 = L-Gony=m)

4The same results generalize to different models, including regressions via the convexity property of the squared loss.



Where yg and y; are often assumed constants equal to one, and interpret statistical parity as equality of positive
prediction rates across groups. The loss is zero for a given pair if f and f* exhibit the same group-wise disparity:
that is, the difference in the prediction between groups of the model under audit matches that of the prospect
model. The corresponding audit risk is the following.

&(f) = (oo vy [5((f($0),y0)7 (f*(m),yl)) ‘(3007931) € X x &

Proposition 11. Audit Risk minimization implies weakly audit of the statistical parity.

The proof follows similarly to that of Proposition 10.

Multi-group Fairness. The preceding arguments extend naturally to the multi-group fairness property, which
involves p protected groups. This property is defined as the maximum discrepancy in positive prediction rates
across all pairs of groups:

pu(f)=max| P [f(x)=1llzeX]— P [f(z)=1ze X

(i,9)€I x~Dx z~D|x

where |I| = p. The audit loss and audit risk are the ones given in definition 9.

B.2.3 Learning Stability

For a model trained on a distribution Dy, and deployed on Dgp;5:. We defined the learning stability of f as
p(f, Dsre, Dsniee) = P [f(x) #y]— P [f(z) # y]’ Here, the property is defined with respect to
T,Y)~ Psre Z,Y)~ Pshift

two distinct data distributions: a source distribution and a shifted distribution. We demonstrate that the earlier
theoretical guarantees generalize to such settings, where audited properties depend on multiple distributions
rather than on subpopulations of a single distribution. The audit loss function operates on pairs of predictions
from two models (the prospect model and the model under audit) evaluated on samples from two distinct
distributions. Specifically, for a given input, the loss takes as arguments the outputs of both models on both
distributions, resulting in a function defined over Y*. Formally, the loss is defined as:

f(((f(x), y), (F(2),9); (F(2), ), (f*(@), ﬂ))) 2 L@y — Lr@2) — L@ty — Ly@)2a)

And the audit risk for learning stability is:

e = By [(((00.0@).0). (0@, 00@.9))
(Z,9) ~Dsnis

As in the earlier setting, our results extend to properties defined over distinct distributions:

Proposition 12. Audit risk minimization implies weakly auditing of the stability of learning.

Proof Let (¢,6) € (0,1)%. We follow the same previous steps:

e = By (@ 6@ (5@ (@) )

(z,9)~Dsrc

(Z,9)~Dsnirt
(U = Ls@ra) = (Mg @rnw = Ls-@r9)] |

(mvy)NDsrc
(%,9)~Dsnist

H (L@ = Li@rza) = L@y = Lp-@)20)

>

(f”Ly)NDsrc
(mvy)NDsllift

= |p(f) — |



Hence,

B ) —w>d < B [6uss) >

C/C: V(ed) € (0.1 B [gﬂ(fs) > e} 6= P [m(fs) — | > e] <5

B.2.4 Robust risk

For any « in X, let U (x) denote the set of admissible perturbations of . The robust risk of a classifier f defined as

w(f,D,U) = ( I[;I { sup 1 f(z);,gy:|. Similarly to previous discussed properties, we extend the audit framework
z,y)~D z€U(x)

to the property of robust risk with respect to arbitrary perturbation sets. Extending the audit framework to this

notion of robust risk, defined with respect to arbitrary perturbation sets, we introduce the following auditing

loss:

t((hU(2)),y), (R*U(z)),y)) = 25? )|]1h(z)3£y = Lyesy|

And the corresponding audit risk:

&u(h) = E [ ((hU(x)),y), (h*U(x)),y))]

 (@y)~D
Proposition 13. For any set of perturbations U, risk minimization implies weakly auditing robust risk.

An intriguing question arises: which strategic classes (hypothesis classes) F are weakly auditable with respect
to an arbitrary perturbation set ? The answer depends crucially on the interaction between the perturbation
set U and the strategic class F.

We conjecture that the capacity measure ©y/(H), introduced by Montasser et al. (2022), provides a meaningful
characterization of the complexity of adversarially robust learning. This measure is defined as

i = u
@u(?—[) = max {n cNU {OO} ‘ J a finite SUbgraph G = (V; E) of G?—L such that }

V orientations O of G, 3 v € V with outdeg(v; O) > %.

Conjecture 14. There exists an (€,0)- weakly auditor for the robust risk auditing problem (X, Y, H, P, pu, bu)
if and only if a complexity measure Dy (H) if finite.

The conjecture says that Dy (F) effectively captures the intrinsic difficulty of robust risk weakly audit, thereby
extending the characterization from robust statistical learning to the weakly audit of the robust risk.

C Proof of strategic lemma

Before proceeding with the proof, we restate the lemma 1 for clarity.

Lemma 1 (Strategic Lemma). Let ¢,6 € (0,1), m: (0,1)? — N. Suppose that the following holds:

e Estimation accuracy. A outputs fs from F: P [\ﬂg(fs) - O/P\T(S, F)| > %} <
S~Dm



e Uniform convergence. F verifies < P |3f € F,up(f) — as(f)| > §}< g
Dm

Then, A is (e, 0)-weak auditor for statistical parity.

Our goal is to select, from the strategic class F, a prospect model that minimizes estimation error. This involves
two key ingredients: (i) an algorithmic property, the use of an empirical audit risk minimizer to select the model.
And (ii) a statistical property, uniform convergence which guarantees that the empirical performance generalizes
to unseen data.

Proof

To unify the audit problems, we prove the result for an arbitrary distributional property; the claim for statistical
parity then follows immediately. Let D be a distribution in X x ), S be a set of samples from D, and fgs € A(S)
denote the prospect model produced by the auditor A(S). By the triangle inequality,

lup(fs) — opt(D, F)| < |up(fs) — its(fs)| + |fss(fs) — opt(D, F)| + |opt(D, F) — opt(D, F)|

This inequality is verified for any S sampled i.i.d from D™, and hence,

Pswon | l1p(fs) = OPT(D, F)| < | 2 Pswon [lun(fs) = fis(f)] < 5|+ Pswon | liis(fs) - OPT(D, F)| < <]+

Ps~pr {IOPT(D,]—‘) — opt(D, F)| < %} _9

Equivalently,

€

Pspn [mp( fs) — opt(D, F)| > e] < Ps~pr [|m>(fs) —as(fs)l > 3

€
Ps~on [lopt(D, F) = opt(D, F)| > £

|+ Pson [5(75) —opt(D, F)| > £+

On the other hand,

wlm wlm

lup(fs) — is(fs)] > § = Jh e F,|up(h) — fis(h)| >
lopt(D, F) —opt(S, F)| > § = 3h e F,|up(h) — ps(h)| >

By uniform convergence property of F,

N € N €
Pswon |l1(fs) = opH(D. F)| > € < Pswnn |lun(fs) — fis(fs)| > 5|+ Pswon [is(fs) = opt(D. F)| > 3
<94
The lemma holds for any distributional property. In particular, it applies to statistical parity. |

D Proofs for weakly auditable classes

D.1 All finite classes are weakly auditable (Proof of Theorem 2)

We begin by restating Theorem 2:



Theorem 2 (Agnostic weak auditability). If F is a finite hypothesis class, than F is weakly auditable, with
respect to statistical parity, for any distribution on X x Y with a sample complexity (9( R—? log %—‘ )

Proof For i€ {0,1}, let m; denote the sample size of the i-th protected group.

Since F is finite, it is sufficient to show the uniform convergence property with respect to statistical parity and
deduce the result using Lemma 1.

From Lemma 24, we have

m0m162
18(mg + my)

€

) }

B [lun(f) - fis(f)] =

< expq{—
S~D" ]_ P

By triangle inequality, we have for all f € F:

m0m162
18(m0 —+ ml)

B [lun(f) = OPT(S.F)| = £ ] < exp{~ } (1)

SN'D7L
By the union bound over finite strategic class F, and Claim 21, the right part in inequality 1 is upper bounded
. . . 8|F
by ¢ if the sample complexity m verifies m = O ( {% log lT‘—D
|

D.2 Relationship between VC and SP dimensions

The SP dimension of a strategic class F is the largest integer m = mgy + my such that there exists a set of myg
resp. my) points from the first protected group (resp. second protected group) that can be SP-shattered (i.e.,
for every possible pair labeling (dichotomy) in a certain set of strategically feasible labels, there exists a classifier
f € F that induces that statistical parity value after the labels are revealed.

By definition, the set of SP-realizable dichotomies on any sample is a subset of the set of all dichotomies
realizable by F in the standard (shattering) definition. Since the VC dimension is the maximum m such that
all 2™ dichotomies are realizable, it follows that if F cannot shatter a set of size m in the VC sense, it cannot
SP-shatter it either. Therefore, the SP dimension cannot exceed the VC dimension.

D.3 Weakly auditability does not extend to all infinite classes

First, we prove a technical lemma showing that SP dimension is well defined.

Lemma 15 (Lemma 3). For any finite subsets Sy and S1 drawn from the first and second protected groups
respectively, the set A2F(Sy, S1) is well defined.

Proof To establish the result in Lemma 3, it is sufficient to show that, for any concept class C of VC(F) = d, and
for any shattered set S = {x1, -+, x4} shattered by F, not all elements of S can belong to the same protected

group.
By the definition of VC dimension, the total number of dichotomies for the sample S is 2¢. We assume by

contradiction that all elements of S belong to a single protected group. Without loss of generality, we assume
that S C Xy. Let 2’ be any point from Xj.

For all 7 in [Qd], let ¢; denote the concept from C that realizes the dichotomy u;. Since Xy and X form the set
of components of X (Xy N Xy = (), each ¢; can be extended to ¢ and ¢}, such that 2/ € ¢ and 2’ ¢ c}.

Hence, C realizes 2%+! dichotomies over S U {z'}. In other words, S U {2} shatters C. This is a contradiction
because VC(C) = d. |



D.3.1 Upper Bound on Sample Complexity.

Before proceeding with the proof, we clarify the notion of sample complexity used in this work. In the audit
problem involving multiple populations, valid inference requires that every population contributes sufficient data.
Let the set of populations be indexed by I, and for each i € I, let m; denote the minimum number of samples
required from population ¢ to ensure correctness of the audit. To enforce a uniform sampling scheme, where the
same number of samples is drawn from each group, we define the (scalar) sample complexity as m := max;ec; m;.
Thus, collecting m samples from each population guarantees that every group ¢ € I receives at least its required
number m; of samples, independent of the index set I. Our approach to sample complexity differs fundamentally
from classical methods. While traditional bounds typically assume a homogeneous population or ignore group
structure, our group fairness audit framework explicitly accounts for data drawn from two distinct protected
groups, requiring new complexity analyses to ensure equitable performance.

An important practical implication follows: Auditors may face strategic manipulations from the model
owner that adjust the relative proportions between groups. This choice of sample complexity thereby manages
the problem of class imbalance with considerable flexibility, provided that the sample size for each group never
falls below this established threshold.

Let (X x Y, QX x ), D) denote a probabilistic space, where X can be uncountable. Let F denote the strategic

class, containing functions defined from X to ). And let C denote the corresponding concept class,

C:{C:CQX,EILEJ:,IEC = ]lc(x):l}

For a sample S of size 2m, we use the notation S” to denote the first m instances in sample S, and S< to denote
the remaining m instances in sample S (i.e. S = (5%, 59)).

In the following, p denotes the SP dimension of F (therefore of C), for every protected group samples Sy and Sy
of sizes mg and m; respectively, HEP(ZmO, 2mq) denotes the SP-growth function defined as follows:

ISP (mg, m1) = ma AZP (S, S
p (mo,m1) S:‘S‘:m§+m1| 7 (S0,51)]
SP(F)=p

We first prove the following theorem:

Theorem 16. Let e, € (0,1) and C a concept class of SP dimension p. The probability that the empirical
SP-auditing risk of at least one concept differs from the true SP-auditing risk by more than € in an i.i.d sample
S ~ D of size mg + my with min(mg,my) > ;% log ﬁ satisfies the following inequality:

P [suplu(e) - (0] > €] < QLS (2mo, 2my) exp 20 M1) 2
S~Dm L ceC 16

As we will see in the proof, « can be any constant in (0,1) depending on the problem parameters. By proving
this result, the proof follows from Claim 22.

We begin by proving the following lemma:

Lemma 17. For all a € (0,1), min(mg, m;) > 5 log ﬁ,

€
B [swlun(c) ~ps(l > | <a_ P [suplug(e) — ps:() > 5]
s~pm L e S~Dp2m L cec 2

Interpretation of the result: For a sample size of ;% log ﬁ, if we repeat the experiment of measuring the
random quantity of empirical statistical parity twice, the probability that the outcomes deviate by at least half
of epsilon between the two experiments provides a lower bound on the probability that the empirical estimate
deviates by more than epsilon from the true value of statistical parity. This provides the first step to prove
uniform convergence.



Now we proceed with the proof of Lemma 17:
Proof
Let K¢ 2, denote the event”:

Ke,2m e {S 1S C (X x y)zm,sucp|u5>(c) — pga(c)] > f}
ce

By the definition of expectation, we have,

P (Keam) = / Lx., (S)dD*™(S)
S~D2m Se(XxYy)2m

By Fubini’s theorem,

P (Keom) = / / T ((S”, %) dD™ (") dD™ (5%
S~D2m See(xxy)m Jsae(xxy)m '

Let Je,m denote the event we seek to establish an upper bound on its probability:

Teom = {S 18 C (X x V)", sup|up(c) — ps(c)| > 6}
ceC

Since Je m C (X x V)™, we obtain:

S~D2m

P (’Ce,2m)2/ / ]l,ge,m(<5>75<‘>)dDm(SD)dDm(Sq)
SPETe,m J SIE(XXY)™

By definition of J, , for every S” in J. , there exists a concept cg« that verifies the following inequality:

lpp(cse) — pse(cs»)| > €

On the other hand, by the inverse triangle inequality, we have for any S* in J. ,, and any S<in (X x Y)™:

s (pse) — psa(es»)| = |puse (cs») — pp(cs»)| — |nsa(cs>) — pp(cs»)|

We deduce that for any S in (X xY)™ a sufficient condition to have (5%, S9) € Ke am, is |usa(css ) —pup(cse)| <

Let Age denote the set of these events:

Ag 2 {s< LS9 C (X x V)™, |usaless) — ppless)| <

j

N

We have shown that:

5The event in the right side of the inequality in Lemma 17.

£
3¢



S9e Agr = <S‘>7S<]> S Ke,Qm

By implementing this in inequality 2, we obtain:

SN’DZm

P (Keom) > / / L. (%) dD™ (S%) dD™ (59) (3)
SPE€Te,m JSIE(XXY)™

By using the result in Lemma 24, we have for all S* in X :

P [lnse(es) — moles)| < 5] 21— exp

—momi 62 }
S<I~Dm )

2(m0 —+ mi

min(mg, m1 )€ }

Zl—exp{— 1

Where the second step follows from Claim 21. The right side is bigger than « for min(mg, my) > 6% log ﬁ We
have shown that for any m such that, min(mg,m) > ;% log ﬁ, and any S* € Je !

/ L, (S)dD™(59) > a
Sde(xxy)m

By implementing this in inequality 3, we obtain the desired result.

Remark: Measurability constraints in the integration. We can observe that 7 ,, and K¢ 2., are measur-
able events when C is countable or finite. In the general case, even when C is measurable, it does not imply that
the events inside the integral are measurable. A relaxed assumption of measurability is assuming C is indexed
by a collection of Borel sets in an Euclidean space (Ben-David et al. 1990; Pollard 2012).

Lemma 18.

P (Keam) < TSP (2mo, 2my) exp — 0. m) 2
s~pim 16

WHere p = SP(C)

Proof Let I, m, the symmetric group defined on [2my] x [2m]:

Mogmy 2 { (M0, m1) € 63,,, (i, ) € [2mo] x 2],
(Wo(i) =i Amo(mo+14) =mo+ l) V (ﬂo(i) =mg+1iAmo(mo+1) = i),

(m1(6) = i Amy(my +) = my +4) V (m1() = my + i Ay (my +i) = i)}

We have, |IIy,| = 2motm1 = 2m,

By the i.i.d assumption on sampling from D, and given the definition of the permutation set (where the permu-
tation acts independently over each protected group), for any 7 € Iy, such that = = (7, 71):
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S~D2m
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Hence, for every permutation 7 € Ils,,, such that © = (mg, m1):

B, (Keom) = [ L., ((S)) 4D (3)
S~D2m Se(xxy)zm
1

_ T 2m
SEID O N TG SN

we€llam

1 S
_ / ZT{'GHQm ’fne,zm (ﬂ-( )) dDQm(S)
Se(xxy)zm 2

For a fixed S C (X x Y)?™, if we denote (mg,m1) — Ts((mo,m1)) (7 — Ts(w) ) the random variable, such that

Ts(m) = 1k, ,,, (7(S)), the term inside the integral can be seen as the expectation over Ily,, with the uniform
distribution of Ts ().

We have,

Ts(m
P (Keam) = / —2”6”2;; s( )dDQm(S)
S~D2m SE(XXy)2m 2
R 1 &
E (T ): [aec:— Lo, et — — S Togo. -
Tt (Tlapm) S(ﬂ—) mNZ/{I(PHle) c |m0 Zl ( mo(i))=1 my Zl ( 7,1(@)) 1
w1 ~U (T2m g ) = =
1 X 1 & €
- mio Z]]'C(xwo('rrL0+i))=1 + mil Z]lc(xﬂl(ml+i))=1| > 5]
=1 i=1
1 mo mo
= P BeeCil— (Y Lt =t = D ety o= )
WlNu(Hzm,l) |m0 ; (Wo(z)) 1 Z:Zl (7r0(7nO+1,)) 1

ﬂ-lNu(HZnLl)
1 /= my .
_ E(Zﬂc(xﬂ1(l)) =1- Z]lc(f"rl(7'7'1+i)):1)| > 5):|
=1 i=1

For each fixed ¢ € C,

mo mo 1 mo mo
. uI(EHQ )[(Z ]lC(l'Tro(i)) =1- Z ]IC(xWo(mo+i)) = 1)} = E(Z Le(z;) =1— Z ]l]lc(an0+i)=1)+
o~ mq i=1 i=1 =1 i=1

i=1 i=1

(3 1l = 1= Y ) = 1)
=0



By symmetry of the permutations between the first and second protected groups, we have:

mi
Le(@m i) =1 L@, (myti :1)}:0
7r1~Z/{(H2m1 [(Z (@ ; (Try (ma+i))

Applying the Discrepancy Hoeffding inequality again (Lemma 24), for every S C (X x Y)?™ and ¢ € C,

— min(mg, mq) 2

E (TS(W)) < exp 16

TrNZ/l(Hzm)

By applying the union bound over group-wise traces for the protected groups Xy and X7, exhibiting different
discriminative behaviors, we have:

— min mo, My
P (Keom) < [AF(8)] exp — 20000
S~D2m 16
—min(mg, m1

< HEP(QmO, 2my ) exp %3
The final step by applying Sauer lemma ( Claim 25) twice on each protected group, which is true since an SP
dichotomy exist when each of the points conditionned on each of the protected group define a dichotomy (can
be classified following a concept ¢ in C).

D.4 Lower bounds on sample complexity: Hardness of weakly auditing

Let (€,8) € (0,1)% and C denote a concept class of VC dimension d + 1. Let Z = {xg,z1 -+ , 24} be a subset of
X that shatters C. For any finite subset S of X', we denote Sy (resp. Sp) the subset of S whose elements belong
to the first (resp. second) protected group.

For any ¢, € C, let cAy' = {(x,2') € Xy x X1 : Lyee — Lyee # Lyeer — Luree ). Intuitively, this defines the set
of pairs from the two protected groups, where ¢ and ¢ behave differently . For any concept ¢, we say that a
concept ¢’ is SP- consistent with (.9, ¢) if for every pair (z,2’) € Sy X S1, Lpce — Lprce = Lpce — Lpee

By Lemma 3, there exists two points for Z such that each one belongs to a different protected group. Without
loss of generality, we assume that xg € Xy and z7 € &Xy. Let Zg = ZN Ay and Z; = ZN &Y, and dy = |2y,
= | 21|, where Zj (resp. Z1) is indexed by Zy (resp. Z;).

Let Dy denotes the marginal distribution on X supported on Z, and defined as

P {350} _ 1-8e

Dx

P{z1}=0

Dx

Vi € {273 7d}: P {xl} = d8€1
Dx

Since Dy is supported on Z, we assume without loss of generality that X = Z and C C 2%.
Let Co,1 = {{xo,wl} UT,T C {x2, 23, 7$d}}
And S, = {S C X : |Sy| = mo, |Si| = m1,mg < L, my < L}

¢ and ¢’ do not behave the same with respect to the pair (z,z).



We further assume that the auditor A is (possibly) randomized, and takes as input w denoting a sequence of
boolean random variables sampled independently (i.e. A = A(S;w)). And without loss of generality, we assume
that (xo, 1) € A(S;w) whenever concepts are selected from Cy ;.

For any fixed c € C and S € Sy, let p= P [A(S;w)] andp' = P [C]

x~Dy z~Dx

W(AS; @) =@l =D D me=D, D p— > mt Y, > nil

k€Zox€A(S;w) k€L z€A(S;w) keZozrEc keZ,xzrEc
k#0 k#1 k#0 k#1
8

=N MR ED VD MIRED SDMIEDBD M|

k€Zox, €A(S;w) k€L iz eA(S;w) keTprr€Ec keZzx€c
k#0 k#1 k#0 k#1

_ d8f1 [(@,27) € 20 x 21+ (,2') € AS;w)Al]

On the other hand, suppose we have a uniform distribution over the concept class Cy ;. For each ¢ € Cy 1, there
are exactly 24070 (resp. 2417™1) concepts that are consistent with (Sp, ¢) (resp. (Si,c¢)). For any of the couples
(xz,2') € Zy x Z; that are not in S, % of the SP-consistent concepts will contain this couple and % will not.
We deduce that A(S;w) behaves the same as ¢ with respect to this couple for exactly % of these 2do—mo+di—m1

SP-consistent concepts. Therefore:

do — dy —
E [(m,x’)ezole:(m,x’)eA(S;w)AécH2 0~ Mmo £
cNUCO,l 2
_d-m
-2
d
> 2
4

Where the second step follows from the fact that S € S,,. Since d = dy + dy, we have shown that:

E[as:w) —uo)] > 20 > 2 (1)

c~Ucq 4

This is true for every value of S and w,

2ed
E A(S; — > > 2
ol s A ) — ] 2 775 2 2
Therefore there exists ¢ € Cy,1, such that:
2ed
E [ln(a(S:0)) = n(0)l] 2 7775 2 26

On the other hand, we have for all (z,2’) € Xy x A:

(]leA(S;w) =T, N ]lz/eA(S;w) = ]l:E’EC) \Y (]lmeA(S;w) 7é Tpee N ]lx’eA(S;w) 7é ]lw’eC) <— (LL', l‘l) ¢ A(S,w)A(l)c

We deduce,



1- P {A(S,w)Aédx € Xo,l’/ € Xl] = P {]lxeA(S;w) =Tzec N ]lw’eA(S;w) = ]lz’ec)
x~Dx z~Dx
I,NDX IINDX

\ <]lx¢A(S;w) =Tzec N ]lac’éA(S;w) = ]lm’€c|$ € Xo,l'/ € Xl}

< ]P; |:]leA(S;w) =lzec A ]lw’EA(S;oJ) = ]lx/€c|x € XQ,[E’ € X1:|
xrx~LDx
z'~Dyx

+ IP;J [ﬂx@(s;w) =Tpce Algrga(siw) = lareclz € Xp, 2’ € X1}
x~Dx
E/NDX

<1- ) IE)D {]lng(S;w) =Tzec. VvV ]lx/éA(S;w) = ﬂz’€c|x € XO»:E/ € Xl}

IINDX

+ IP;) [ﬂng(s;w) =loece ANMypgacsiw) = Laeclr € Xy, 2’ € ?ﬁ}
xr~LDx
wINDX

]P; |:A(57W)A(1)C“T € X, S X1:| > ]P,JD |:]1$¢A(S;w) =1gee V 11’¢A(S;w) = ]12?/6(!|x € Xo,ZEl € X1:|
xr~LDx xr~LDx
:E/NDX I,ND){

- ]I; {]l:cgéA(S;w) =lgec A ]lx’g’EA(S;w) = ]laz’€c|1' € Xo,fl € Xl}
z~Dx
I/NDX

> P |:]11¢A(S;w) = lzeclz € Xo} + P {]lm’éA(S;w) =lyecla’ € X1]
X z'~Dx

xz~D

Lemma 19.

P []IIQA(S;UJ) =lecclr € Xo} + P [ﬂwm(s;w) = Loecla’ € Xl] 2 [u(A(S;w)) = u(o)]
z'~Dx

INDX

Proof By triangle inequality,

[(A(S;w)) — p(e)| < [ (A(S;w)) — 1O (c)] + | (A(S;w)) — p'(c)]
< P (A(S;w)) = w2 ()| + ' (A(S;w)) — p' (o)
< 2 []lﬁZA(S;w) = lae |z € Xo} + B [ﬂx/mam =Tpecla’ € Xl}
[ ]
We have proved the following:
HAS:0) —p@ < P [ASw)Alde € X.o € A (5)
a:INDP;

On the other hand, since A(S;w) is always correct on (zg, 1) with respect to ¢, then for all (z,2') € Ay x Xj:

(z,2") € A(S;w)Abe = (x,2") # (20, 71)

We deduce:



P [A(S;w)ALe|X € X, X' € Xl} < P {X Lo AX #i|X € X, X' € X

XNDX XNDX
X'~Dyx X'~Dy
< P [X # o)
X~Dyx
= 8¢
Implementing this in the inequality 5 gives:
[(A(S;w)) — p(c)| < 8e (6)

From the inequalities in 4 and 6, we get:

2 < B [[n(A(Si) - u(0)]] < e P [11(A(S50)) = ple)] > €] + e(g; [11(AS5w)) = ()] > ¢ = 1)
Therefore,

P [n(AS:w) ~ u(e)] > els € S >

~|

On the other hand,

P |In(A(S;w) = ()] > €] = P [[n(h(S50)) = a(e)| > dS € 5| B[S € S

S,w S,w
1 ~
> -p[S € 5y
s
Let Ty (resp. T1) denote the number of realizations of {z2,z3...,z4} in a sample Sy (resp. S1)

_ d d
P{Sm}z P{TOS—O/\Tlg—l}
o o 9 9

i . do dy
= < a0 o
P {mm(To,Tl) < min( 573 )}

Dm

The last term is bounded by the probability that a binomial( min(mg,m;), 8¢) is less than min(%", %)
By applying Bernstein inequality 23,
- min(%e, 4y — 8 min(mg, my )€
]P’{Sm}ZI—exp— 2’2
Dm 8 min(mg, m1)e(l — 8¢)
51— exp _ min(do, dl) — 16 min(mg, m1)e>
16 min(mg, m1 )e(1 — 8¢)
For min(mg,m1) = %, we can simplify the right term and for ¢ < %,5 < % the sample complexity
min(dg,dl)

min(mo,my) > =5



E Proofs for strongly auditable classes

E.1 All finite classes are strongly auditable (Theorem 7)

We start by restating Theorem 7:
Theorem 7 (Strongly auditable ﬁnite classes). Any finite hypothesis class is strongly auditable with a sample
complexity O(max{ 4 5 log 5 7l , log log =5 7l })

\"_/ %,_/

without prospect

with prospect

Proof Let m®™ (resp. m®™P) denote the sample complexity for correctness (resp. completeness). Let f*
denote the black-box model under audit accessible through a set of labeled samples S, S|, denotes the projection
of S on the input space X. u* denotes the true value of statistical parity of the model under audit f*, i.e.,

wr = p(fr)
Step 1: Bounding sample complexity for correctness m°**. Let .}idenote theset {f € F,|up(f)—p*| >
€}. In the following, we decouple the subclass A[S] from S using the set F by showing the following:

Since the realizability assumption holds, and A[S] = {f € F,us(f) = ws(f*)}, we have: {S;,3h €
A[S] lpp(f) — | > €} S {82, Fh € Fopus(f) = ps(f)}
We deduce,

P 3heA[S],|uD(f)—u*|>E]< P [3h€]}»/~ts(f):us(f*)

S~ DmEOrT S~ DmEOrT
<2

‘ SN’D"LCO”
feF

<)
‘ SN,D/H-LCOY‘I‘
fer

<ZH ij[hxz —yz]

fefll o

[ (f)= us(f)]

l\f z0, 1) € So X S1 1 (f(w0) = vo A f(z1) =y1) V (f(20) # Yo A f(21) # ¥1)

corr

S |f|e—€m
The first inequality comes from the result of the claim, the second inequality comes from the union-bound, the
fourth inequality comes from the i.i.d assumption, and the fifth inequality comes from the definition of F.

This result shows that a sample size of (’)( log IF\) is sufficient for correctness.

Step 2: Bounding sample complexity for completeness m™P. In the following proof, we use the same
decoupling argument with an extra cost over e proportion of samples that leads to a small true error but a

"large” (nonzero) empirical error. Let F denote the complement of the set :7} defined in the previous step. That
is F = {f € F,|up(f) — p*| < e}, and set T to be the set T = {S|,,3f € F\ A[S],Vx € S, : f(z) # y}.

Claim 20. The following is true:
{Sjz. 30 € F\A[S], lup(f) — 1| < €} C{S),,3h € F,us(f) — ps(f*) =0} UT.

Proof: Let S|, and h € F \ A[S] such that, |up(f) —p*| <e€



Since f ¢ A[S], up(f) # us(f*), but since |up(f) — p*| <€, let T denote the fraction of samples from S, that
induce the error, that is for all z € T, h(z) # y.

We have partitioned S|, into a subset Sy that agrees with the true function on the labels, that is us, (f) = ps, (f*),
and another subset that verifies: P (7) < ¢, which concludes the proof of the claim.
D

T~

We deduce the following:

+ P [Vxes,xeﬂ

S~ Dmeomp S~ DmEOmP S~ pmeomp

3f € FNAS] [up(f) — w7 < e] < P lﬂf € Fous(f) = ps(f*)

< s(f) = + P_|7]
< Z H 1 —e + Z H €
feF i=1 heF i=1

corr corr
m

< |Fle ™ +|Fle

This result shows that a sample size of O(max{ log =5 If\

171 }) is sufficient for correctness.

E.2 Concentration bounds on prospect ratio (Theorem 8)

We first begin by restating the theorem:
Theorem 8 (Concentration of prospect ratio). For all e,v,7 € (0,1), P{r(e —v) — 7 < Fpmg,m4 (6) < r(e+v) +

T} > (1 — exp {m}%}) (1 — exp(—nt?))2.

Proof Let ¢,v,7 € (0,1) By the definition of the estimator of prospect ratio:

n
A 1
2 A
T = — 1 1
n,m07m1 nE : o Lg (e)=1— EJ 1]lfk(z’) 1l<e

Since we sample independently fi’s from F, the random variables I P are also
mQ

m
9 ﬂfk(z )=17" nil E] 1 fk("r/) 1I<e
independent and take values in [0, 1].

By Hoeffding inequality:
P{|Fn(e) = 7(e)| = 7} < 2exp{—2n7?} (7)
On the other hand, let S be sample that contains mg points from first protected group and m; points from

second protected group. By applying Lemma 24 on each function fj over equally size subsamples of size 7%, we
have for all k € [n]:

2
—2v*moma }

SN]I;%{mS(fk) — po(fr)] = v} <exp {m

By the independence of the events:

P lnf \us(fk) o (fr)l H ﬂ{|l~ts fr) = po(fi)l = v} (8)

S~Dn n



We deduce:
—20%mom n
P sup |/i — <v}>(l—exp{ ———
P s lis(f) = po () < v 2 (1= exp { 2R )
Now let k € [N], such that |is(fx) — pp(fr)| > v
for all 7 in (0, 1),

fr€P(F,e) = |i—pfr) <e<e+v
= fkeﬁ(f,e—f—v)

Since this is true for all k’s, we deduce: 7 < 7(e + v)
Similarly if fr € P(F,e —v), we have 7#(e — v) < () In other words, 7(e — v) < 7(€) < F(e + v)
Therefore, R
P {sup |as(fr) = po(fe)l < v} SP{F(e —v) <7 (e) < Fe+v)}
S~D'n k€E[N]
From Equation 8 and Equation9, we deduce:
—2U2m0m1 n . S -
(1 — exp {7}> <P{r(e —v) <7(e) < T(e+v)}

n(mo + mq)

By the inequality in 7 and the inequality 10, we deduce the desired result.

E.3 Infinite classes are not auditable (Proposition 9)

We start be restating Proposition 9:

Proposition 9. Any class of infinite VC dimension can not be weakly or strongly auditable.

Proof We prove the result by showing a lower bound on the SP dimension that depends on the VC dimension.

Let F denotes a hypothesis class and S denotes a sample that SP-shatters F, Sy (resp. S1) the subset of S

belonging to the first protected group (resp. second protected group).
Since S SP-shatters F, by the result in Lemma 3, we have :

max(|Sol, |51]) < |S] -2

3
gmax(|Sol,|S1]) « olSI(1 _ 2

Hence, for all S that SP-shatters F:

9lS| _ gmax(|Sol.IS1)) > Sols|
=1

And since
2lSI _ gmax(|Sol.|S1]) < 9lSI _ glSol _ 9l51]

We deduce:



3
SP(F) > log, § + VO(F)

This implies that if the VC dimension is infinite then SP dimension is also infinite. |

F Extended Technical Details For Statistical Parity Audit

F.1 Hardness of Identifying Prospect Class.

When the prospect class is infinite, any algorithm attempting to exhaustively evaluate all models in the prospect
class would never terminate. This challenge can be illustrated through linear classifiers in two dimensions, as
shown in Figure 4. In this example, any line passing through the blue region belongs to the prospect class,
resulting in infinitely many candidate models.

Y

Group 1 Group 2

Figure 4: Tllustration of prospect class for linear classifiers. Group 1 (yellow) and Group 2 (green) represent the
two protected groups. Any classifier in the region delimited by f; and fo has the same statistical parity value.

F.2 Relationship between Prospect Ratio and SP-dimension.

The prospect ratio and SP dimension serve fundamentally different purposes in our analysis. While the SP
dimension, like other complexity measures such as VC dimension, characterizes the capacity of a hypothesis class
to generalize finite-sample properties to distributional ones, the prospect ratio serves a distinct role. Specifically,
it quantifies the likelihood of finding models that satisfy post-audit requirements while maintaining equivalent
properties under audit values. A key distinction is that the prospect ratio is inherently data dependent, whereas
the SP dimension is determined uniquely by the hypothesis class structure.

G Extended experimental details and additional datasets

G.1 Experiment & Implementation Details

All experiments were conducted on an 11th Gen Intel® Core™ i7-1185G7 processor (3.00 GHz, 8 cores) with
32.0 GiB of RAM. Implementation details and instructions for reproducing our results are provided in the
supplementary code repository: https://anonymous.4open.science/r/Auditors-with-prospects-050F.

Figure 5 extends Figure 3 by reporting runtimes across datasets and strategic set transitions. In Experiment (a),
the true prospect ratio (defined as the cardinality of the true prospect set divided by that of the sampled model
from the strategic class) is 0.075. Despite this sparsity, Algorithm 1 accurately identifies the prospect set using
only 200 samples. Notably, estimation accuracy improves monotonically with sample size, while runtime remains
stable, exhibiting only bounded, non-monotonic fluctuations. In Experiment (b), where the true prospect ratio
increases to 0.125, the algorithm similarly recovers the prospect subset with high fidelity, achieving vanishing
statistical error and low computational overhead. We further validate our approach on the Student Performance


https://anonymous.4open.science/r/Auditors-with-prospects-050F
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Figure 5: Comparison of Runtimes, errors in statistical parity estimation, and prospect ratio across different
datasets and strategic sets.

Table 1: Summary of experimental results for a budget of 1000 samples.

Dataset Strategic Class Estimation Error Ratio Error Runtime (ms)
COMPAS MLP 2.33 x 1072 2.5x 1073 1.9
COMPAS Random Forest 2.33 x 1072 5x 1073 1.3
STUDENT PERFORMANCE MLP 8.22 x 1073 0 1.7
STUDENT PERFORMANCE  Random Forest 8.22 x 1073 2.77 x 10717 1.2

dataset (Silva 2008), using gender as the protected attribute, and observe consistent behavior: the auditor
reliably captures the full prospect class with minimal runtime and negligible estimation error.

These findings align with the broader empirical analysis in Section 5. As shown in Figures 3 and 5, the auditor
effectively recovers the entire prospective class, as measured by the prospect ratio. Concurrently, it preserves
statistical parity, demonstrating stability of fairness properties under audit. Crucially, this is achieved without
sacrificing flexibility in model updates and predictive performance, illustrating a favorable trade-off between
accuracy and completeness.

Applicability to LLM Auditing. While our experiments focus on traditional predictive models, our frame-
work is particularly well-suited for auditing dynamic systems such as large language models (LLMs). LLMs
undergo frequent updates that can shift their fairness behavior over time (Chen et al. 2024; Schaeffer et al.
2023), and recent benchmarks reveal substantial subgroup disparities across models (Parrish et al. 2021). Our
estimator’s sample efficiency, stability under distribution shift, and ability to operate without full model access
make it a promising candidate for continuous fairness monitoring in such settings, a direction we leave for future
work.



H Useful Technical Results

Claim 21. For all mg, m; € RT,
. ( ) < 2m0m1
min(mg,mp) < ————
0:m) S

Claim 22. For a > 1,b > 0, if the following holds:
x > 4alog2a + 2b

We have:
x>alogx+b

Claim 23 (Bernstein inequality). When X1, -+, X,, are independent random variables, with P[X;] < M almost
surely for all i € [n], the following holds

t2/2
g < - t) = 2o (‘ ST XA+ Mt/3)

Lemma 24 (Discrepancy Chernoff bounds). If Q1, - ,Qmy, R1,- -+ , Rm, are independent random variables
taking values in [0, 1], then:

n

Z(Xi - E[Xi])

i=1

—2m0m1 62

mo = By = (EQuy — ERpn,) > €] <
P |Qum (BQum, ~ ERyn,) > ¢] < exp om0
The following claim will serve to derive upper bounds for improper auditing.

Claim 25. For all m,s € N,
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