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Abstract

Optimization problems with group sparse regularization are ubiquitous in various popu-
lar downstream applications, such as feature selection and compression for Deep Neural
Networks (DNNs). Nonetheless, the existing methods in the literature do not perform par-
ticularly well when such regularization is used in combination with a stochastic loss func-
tion. In particular, it is challenging to design an algorithm that is computationally efficient,
has a convergence guarantee, and is able to compute group-sparse solutions. Recently, a
half-space stochastic projected gradient (HSPG) method was proposed that partly addressed
these challenges. In this paper, we present a substantially enhanced version of HSPG that
we call AdaHSPG+ that makes two noticeable advances. First, AdaHSPG+ is shown to have
a stronger convergence result under significantly looser assumptions than those required
by HSPG. This improvement in convergence is achieved by integrating variance reduction
techniques with a new adaptive strategy for iteratively predicting the support of a solution.
Second, AdaHSPG+ requires significantly less parameter tuning compared to HSPG, thus mak-
ing it more practical and user friendly. This advance is achieved by designing automatic and
adaptive strategies for choosing the type of step employed at each iteration and for updating
key hyperparameters. The numerical effectiveness of our proposed AdaHSPG+ algorithm is
demonstrated on both convex and non-convex benchmark problems.

1 Introduction

In many machine learning tasks, people not only want to compute solutions with small predic-
tion/generalization error but also seek easier to interpret models by identifying essential problem structure
and filtering redundant parameters (Lin et al., 2019; |Wen et al., 2016). One popular technique to achieve
this goal is the use of structured sparsity-inducing regularization (Bach et all 2012b; lJenatton et al.l 2010;
Hu et al., |2017)) that encodes the model architecture. When this type of regularization is combined with an
appropriate loss function, one is able to recover structured sparse solutions (Deleu & Bengio, [2021)).

The non-overlapping group-sparse regularizer (Yuan & Lin, [2006) has proved useful in machine learning
applications. It also plays an essential role for more general structured sparse learning tasks since problems
with overlapping group sparsity (Bach et al.,|2012a)) or hierarchical sparsity (Jenatton et al. |[2011) are often
solved by converting them into an equivalent non-overlapping group-sparse problem (e.g., by introducing
latent variables (Bach et al) [2012b)). In general, structured sparsity has found numerous applications in
computer vision (Elhamifar et al., |2012]), signal processing (Chen & Selesnick, |2014)), medical imaging (Liu
et al., 2018)), and deep learning (Scardapane et al., 2017} |Li et al., 2020; |Chen et al., 2021)).

1.1 Problem Formulation
In this paper, we study the group-sparse regularization problem (sometimes called the mixed ¢; /{5 problem)
1 N
min {v(@) = = > fil@)+ A lliel,l | (1)
xR N = 90
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where ||| denotes the ¢o-norm, f is the average of N continuously differentiable functions f; : R — R, G is
a set of disjoint subsets of Z = {1,2,...,n} (each g € G represents a group of variables), A, > 0 is the weight
for group g, and r(x) is the mixed ¢; /¢5 norm. E| Larger values for A, result in greater group sparsity but
may produce more model bias. In practice, A4 is usually tuned to achieve an acceptable balance between
sparsity and model generalizability.

1.2 Literature review

Problem has been well studied in deterministic optimization, and there are many algorithms capable
of returning sparse approximate solutions (Yuan & Linl 2006} [Roth & Fischer] 2008; Huang et al., [2011}
Ndiaye et al., 2017). Proximal methods are popular approaches for solving the structured non-smooth
optimization problem . These methods include the proximal-gradient (PG) method, which only uses first-
order derivatives. When N is huge, stochastic methods become essential because they use small subsets of
the data each iteration, whereas deterministic methods perform costly evaluations using the entire dataset.

The proximal stochastic gradient method (Prox-SG) (Duchi & Singer, 2009) is the natural (stochastic)
extension of the PG method. The regularized dual-averaging method (RDA) (Xiao), 2010; [Yang et al., [2010)
applies the dual averaging scheme from (Nesterov, 2009)) to Prox-SG. To improve the convergence rate, there
exists a set of incremental gradient methods inspired by stochastic average gradient (SAG) (Roux et al.|
2012) that utilize the average of accumulated past gradients. For example, the proximal stochastic variance-
reduced gradient method (Prox-SVRG) (Xiao & Zhang, |2014) and proximal spider (Prox-Spider) (Zhang
& Xiao, 2019) use multi-stage schemes based on the well-known variance reduction technique proposed in
SVRG (Johnson & Zhang), |2013)) and Spider (Fang et al., 2018). SAGA (Defazio et al., [2014) is a blend of
ideas from SAG and Prox-SVRG.

Compared to deterministic methods, the above state-of-the-art stochastic algorithms for solving problem
have weaknesses (Chen et all [2020a; 2021)). In particular, these stochastic algorithms typically struggle to
achieve near optimal solutions that are also group sparse because of the randomness in the algorithm and
the limitations in ensuring sparsity.

To address the drawbacks of stochastic proximal methods, a two-stage algorithm called HSPG (half-space
stochastic projected gradient method) was recently proposed with the aim of improving numerical perfor-
mance, specifically to improve solution sparsity (Chen et all 2020b; 2021)). In the first stage, a subgradient
algorithm is ran to seek an estimate of a solution. The second stage uses the solution estimate from the first
stage to define a certain half-space that is used to improve the sparsity of the solution returned in the first
stage. Although HSPG was shown to perform well in initial testing, it has limitations. First, since HSPG is
a two-stage method, it is unable to converge when an insufficiently accurate solution estimate is provided
from the first stage. This is not ideal from both a theoretical and numerical performance perspective since
much computational effort is likely wasted in stage one in an attempt to ensure an accurate enough solution
estimate. Second, the analysis provided for HSPG does not extend to the mixed ¢;/¢5 problem since it is
not Lipschitz continuous in a neighborhood of the origin. Third, the numerical performance of HSPG relies
heavily on tuning a couple of crucial hyperparameters, which is typically quite time consuming. The focus
of our research is to address the weaknesses of the HSPG approach, as we describe in the next section.

1.3 Our contributions

We overcome the weaknesses of HSPG discussed above by proposing an adaptive half-space stochastic projected
gradient method (AdaHSPG+). Our main contributions can be summarized as follows.

e Improved algorithmic design and convergence theory. Our proposed approach AdaHSPG+ is
a significance improvement upon HSPG. First, unlike HSPG, our AdaHSPG+ is not a two-stage method,
and therefore does not require a “good enough” solution estimate be provided from a first stage.
Second, although we use a similar half space projection scheme to enhance solution sparsity, our
strategy for choosing the groups that define the half space are significantly different from that
used in HSPG. Consequently, unlike HSPG, we establish a convergence theory that holds for problems

IThe name £1 /¢2 norm stems from the fact it can set the norm of some subvectors (indexed by induced g) to zero, hence is
equivalent to selecting a subset of a group of variables that are nonzero.
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that are not Lipschitz continuous in a neighborhood of zero, such as the group sparse problem
considered in this paper. Even though the HSPG theory does not hold in our setting, it is interesting
to note that the theory provided for HSPG (for other types of regularizers) is an expectation-type
result that holds with a certain probability. In contrast, the convergence theory we present is a
pure expectation-type result, akin to standard results for stochastic gradient methods. The key
to achieving these improvements over HSPG is an automatic and adaptive strategy that decides the
iterations for which the half space projection scheme should be used.

e Numerical performance. We numerically demonstrate the effectiveness of AdaHSPG+ on com-
monly tested convex (logistic regression) and non-convex (deep neural networks (DNNs)) problems.
In the convex setting, AdaHSPG+ performs similarly to HSPG and significantly outperforms Prox-SG
and Prox-SVRG. For the nonconvex setting, AdaHSPG+ significantly outperforms all of the methods
including HSPG, especially in terms of solution sparsity. These numerical gains are due to the combi-
nation of the above described enhancements and a new automatic and adaptive strategy for defining
a key hyperparameter that defines the half space projections.

1.4 Preliminaries and notations

Unless specified otherwise, ||-|| represents the ¢3 norm, and |.A| denotes the cardinality of a set A. [N] is the
index set {1,2,---, N} and N, and R, are the set of positive integers and positive real numbers, respectively.
For a nonempty set B C [N], we define the batch function induced by the set B

fs(z) : !

=15 > fi(m) and yp(@) = fa(x) + r(x).

i€B

For any vector « € R” and g € G, [z], € RI9! is the subvector obtained by restricting & to the elements
in g. For any [z], # 0, the partial gradient of ¢ over [x], is defined as Vg ¢p(x) = V,fe(x) + Vyr(x).
In other words, Vg ¢p(x) = dyg(x)/d[x],. For any n > 0, the proximal operator induced by r is defined
as Prox,, (x) := arg ming,cgn» 2—1n||u — z||3 + r(u), which has a closed-form solution (Beck, [2017, Example

6.19), i.e., [Prox,, (x)], = (1 -
the index set B as

W) [z]4. Furthermore, we define the proximal gradient step over
gl -

sp(x;n) = Prox,, (x —nV fs(x)) — =, (2)

and when B = [N], we simply write s(x;n) and s(x;7) is the negative of gradient mapping defined in (Beckl,
2017, Definition 10.5) The quantity ||s(xz;n)|| is a stationarity measure for problem (1)) (Beck, 2017, Theorem
10.7). Since solution sparsity is of great interest in this paper, we define the concept of support.

Definition 1.1. The support of a point € R™ with respect to G is Supp(x) := {g € G | [x], # 0}.

2 AdaHSPG+ Algorithm

In this section, we propose an Adaptive Half-Space Stochastic Projected Gradient (AdaHSPG+) method for
solving problem that uses optimal support prediction, space decomposition, and half-space projections.
An overview of the algorithm is presented in Section [2.I] For every epoch, either an Enhanced Half-Space
step or a Prox-SVRG step is performed based on an automatic switching mechanism. In general, the
Prox-SVRG step guides how we estimate the solution support (the non-zero groups of variables), and the
Enhanced Half-Space step is designed to improve the sparsity of the iterates. These two steps work
together along with the switching mechanism to drive convergence of the iterates generated by AdaHSPG+.

2.1 Main algorithm

At the beginning of the kth epoch, we partition the groups of variables into two sets. To form these sets, let
us choose a constant x € (0,00) and define the function

_ Pl 20,0+ oue Izl
T(w8)i={g € | lfaly] #0.le +ss(el, £ 0,10 ol > ) ®)
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Algorithm 1 AdaHSPG+ for solving .

1: Input: zp € R, n >0, € € (0,1), (g, 1, k) € R, (myp, my, b) € N3
2: for epoch £k =0,1,2,... do
3: Randomly sample an index set Bj, C [N], and then compute V fg, (zx) and step sg, (zx,7) as in (2)).

4: Compute Z}'* and Z™ using ().

5: Compute the measures Xj° = ||[s5, (zr, 1)l and xi™ = [|[sB, (@K, n)]zms|| -

6: if X > )™ then

7 Call Algorithm [2| to get the next iterate: xp41 < EHS(xk, g, €, &, mp).

8: else

9: Call Algorithm [3[to get the next iterate: xy41 < PSVRG(z, V [, (xk),n, mp,b).
10: end if

11: Set ag+1 (e.g., constant or diminishing step size).

12: end for

which we use to define the sets
IH,S =Z(xy, Br) and I,I;'HS = g\z}js. (4)

These sets aid in the identification of the zero/non-zero groups at a solution. In particular, the groups of
variables in 78 are input to the Enhanced Half-Space step computation to explore further whether they
should remain nonzero. This makes sense since g € Z}S for the given z;, and minibatch By, if and only if
the following conditions hold: (i) z is nonzero over the group g (i.e., ||[xx]q]| # 0); (ii) the batch proximal
gradient step over By predicts that group g is in the solution support (i.e, &y + s, (Tr,1)]g # 0), and (iii)
the restriction of xj to group g is sufficiently far from the origin (i.e., ||[xxlq|| > &||V4¥5, (zk)|), which is
needed for our convergence analysis.

The switching mechanism that we have designed uses X% and x}** in line [5| of Algorithm [1|to decide which
one the two spaces of variables we should currently explore further. This makes sense since the sizes of x}°
and xJ¥ indicate the amount of progress one might expect to achieve by continuing to optimize over the
variables in 7} (Enhanced Half-Space step) and Z}™® (Prox-SVRG step), respectively. If x5 > ;i\ JH5 the
algorithm proceeds with the Enhanced Half-Space step; otherwise, the algorithm performs the Prox-SVRG
step and then generates a new partition of the groups. The value chosen for u gives preference to either the

Enhanced Half-Space step or Prox-SVRG step.

2.2 An enhanced half-space step

Algorithm 2 Enhanced Half-Space step (EHS).

1: Input: &, € R™, ai >0, € € (0,1), mp, >0, and x > 0.
2: Initialize Tp0 = Th.

3: fort=20,--- ,my —1do

4: Randomly sample an index set By ¢ C [IV].

5: Form I}ft = I(&k+, Br+) and Igf‘ts =G\I5.

6 Compute vlgsjt?/’Bk,t(ik,t) which is well defined.

7 Compute a trial iterate Lp.t+1 as

8 [Eriralzs, < [Trizs, — Vs Up, (Ere), [ Brpsi]zs < [@rodzs.
9 Set, i’k,t-’,—l — PI‘Oszst (.Cf}kﬂg_;,_l; j]@t) using .

10: end for Y

11: return Ty < Ti,m,

If the Enhanced Half-Space step (EHS) is computed during the kth epoch of AdaHSPG+, then the goal is
to explore group sparsity with respect to the current candidate support set. Specifically, in Algorithm [2] we
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form the partial stochastic gradient of ¥ over groups of variables in IE,St, where I}:i =TI(Zkt,Brt), Tr and
By + are the tth iterate and mini-batch of Algorithm and Z(-,-) is defined in , and then take a stochastic
gradient step (see line [8|in Algorithm to obtain & +11. For ¢t = 0, the gradient of f computed over By, as
part of the switching mechanism in Algorithm [I] can be reused. Next, a half-space projection operator

0 if []f[z] < €|lfa]y|® and g € T
(2] otherwise

[Projz (z; )], = { (5)

is performed on &y +11 to obtain &y ;1. A graphical illustration of the projection procedure is presented
in The intuition behind the above projection is to project groups of variables to zero when the
stochastic gradient step crosses over the boundary of the hyperplane H, = {z, € RI4l | [2]] zg—e||[x], I? = 0}
depicted in The parameter € in determines the distance between the boundary of H, and the
origin, and therefore controls how aggressively sparsity is sought. Larger values of € are more likely to lead
to solutions with greater group sparsity. For convenience, we let Zp* as the index set of the groups of
variables that are projected onto zero via (3) and Zi%® = 70, \ IR as the index set for the remaining
complementary groups in Z;% .

(a) (b) (c)

Figure 1: An illustration of the proposed half-space projection. (a) The restriction of the current iterate to
group g, namely [Zj ]y, is not sufficiently far from the origin. The Enhanced Half-Space step does not
perform an update. (b) Here, [#y,], is sufficiently far from the origin, and a stochastic gradient step does
not cross the boundary of the hyperplane H,. The projection leaves [y ¢+1], unchanged. (c) Here, [€¢]4 is
sufficiently far from the origin, and the stochastic gradient step crosses the boundary of #,. The projection
sets [i}c’tJrl]g = 0, thus creating a sparser solution estimate.

2.3 A Prox-SVRG step

When Algorithm [1| chooses to compute the Prox-SVRG step during the kth epoch, we simply perform m,,
updates of a basic Prox-SVRG method as described in Algorithm

Algorithm 3 Prox-SVRG step (PSVRG).

: Input: x, € R”, n >0, m, > 0, and Vg, (k).

: Set Ci’k70 — Tf.

: fort=0,---,mp,—1do
Randomly sample an index set By ¢ C [N] such that |By | = b.
Vkt 4 5 2icny, (Vi(@kt) = V(@) + V fs, (1)
Zp1 — Proxg, (Er,e — nk¢)

end for

return Tii1 < Tgm,

@ NP g W

Prox-SVRG extends Prox-SG by adding a variance reduction technique (see |Johnson & Zhang| (2013)); Xiao
& Zhang| (2014))), which has been frequently studied in |J Reddi et al.| (2016); [Li & Li| (2018). Compared
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to Prox-SG, Prox-SVRG enjoys a stronger convergence theory and often performs better on convex experi-
ments, although this numerical advantage often disappears on non-convex problems such as those in various
DNN applications (Defazio & Bottou, [2019).

Although the proximal gradient operator is known to identify the solution support (asymptotically and
under certain assumptions) in the deterministic setting, the story is different in the stochastic regime. In
fact, stochastic methods applied in our setting typically return dense solution estimates (e.g., see Chen et al.
(2021))). In AdaHSPG+, however, the Prox-SVRG step is complemented by the Enhanced Half-Space step
to promote sparse solutions.

3 Convergence Analysis

In this section, we describe the convergence results for the proposed AdaHSPG+ algorithm; all proof may be
found in the appendix. We assume the following hold throughout.

Assumption 3.1. The function f; : R™ — R is continuously differentiable and has an L-Lipschitz continuous
gradient for all ¢ € {1,2,--- , N}, d.e., f; is L-smooth. It follows that f is also L-smooth.

Assumption 3.2. The function ¢ is bounded below, i.e., ¢)(x) > 1) for all € R"™ and some ¢ € R.
Assumption 3.3. The step size sequence {ay} satisfies > po j o = 0o and Yo, af < o0.

Assumption 3.4. The iterate sequence {x} is bounded, i.e., || < M for all k and some M > 0.

Assumption and Assumption are standard in the literature (Xiao & Zhang, [2014} |Johnson & Zhang),
2013; [Rosasco et al., [2019). Assumption and Assumption are used in (Ljung, [1977)) to analyze the
convergence behavior of stochastic gradient descent. Assumption [3.4] is reasonable in our setting since the
regularizer penalizes the magnitude of variables, and {||x||} remained bounded in our numerical tests.

We can prove that the Enhanced Half-Space step has the following sufficient decrease property.

Lemma 3.5. If the Enhanced Half-Space step is computed during the kth epoch of Algom'thm then the
tth iterate Ty 111 computed in Algorithm@ satisfies

- - ~ l1—e¢ L - 2 La 5 2
Eg, , [0(@kt41) | Tre] < (k) — - = H[iﬂk,t]zf’ﬁw —ay (1-2E HVIW”w(wk,t) ‘
oy 2 k.t 2 k,t
Amax (2 ~ Loo®I(|Bis| < N)
+ ek [[[®k.e]ql k ’ ,
K7€ 2|Bk t
gETEw :

where the expectation is taken with respect to By, and conditioning on &y .. 1(-) is the indicator function, and
Amax = max{\, | g € G}. Furthermore, o? is the bounded variance constant satisfying E ||V fi(x) — V f(z)|| <
o2, with the expectation taken with respect to randomly sampled i. (The existence of the constant o? follows
from the finite-sum structure of f(x), the uniform sampling scheme, and Assumptions and )

Lemma shows that for step size oy sufficiently small and |By,| sufficiently large, the Enhanced
Half-Space step is expected to decrease the objective function .

For completeness, we present the sufficient decrease property of Prox-SVRG from (Li & Li, 2018| pg. 14).

Lemma 3.6. If the Prox-SVRG step is computed during the kth epoch of AlgOM'thm and B, < N, |By¢| =

min(m?2, N), my(m, —1/2) <b, and n < &, then

mp—1 me—1
- 1 (1B Nno2
Elp(zr)] < E |9(zr-1) — E m ||S(53k,t;77)||2 + E W

t=0 t=0

Lemma shows that when the batch size By, is sufficiently large, the Prox-SVRG step is expected to yield
a decrease in the objective function .

We are now ready to state the main convergence theorem.
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Theorem 3.7. Under Assumptions and with € € (0,1), n € (0, 6%], ap < min{@,l} and

|Bi| = N for all k, my(m, —1/2) <b, and |By;| = min(m2, N) for all k and t, then Algom'thm generates
a sequence of iterates {xy tren such that liminfy_, E[||s(xk;n)]]] = 0.

Theorem [3.7)shows that if the sequence {zj }ren computed by Algorithm I has a limit point, then that limit
point will be a stationary point in expectation. We remark that this theorem only establishes the asymptotic
convergence result, whereas the previous works (Li & Li, 2018; |Pham et al., 2020 establish the complexity
bounds. The main challenge that prevents us from establishing such a convergence result is the diminishing
stepsize used in the Enhanced Half-Space step. We conjecture that with additional variance reduction
integrated into the Enhanced Half-Space step one might be able to establish such a result. Here, we avoid
the variance reduction technique in the Enhanced Half-Space step because the practical performance on
deep learning tasks is significantly better.

We then reveal the sparsity identification property of AdaHSPG+ as stated in Theorem [3.8] which requires a
non-degeneracy assumption, which is similar to (Chen et al., 2018 Nutini et al., |2019). Define

0<d:= in - inf (A= [[[V/s(z")]g]) (6)

1

- m

2 ge10(2*) BC[n]

Theorem 3.8. Given any k € Ny, if the kth epoch performs Enhanced Half-Space step, and aj <
1/L, then for any t € {0,...,my, — 1}, ||&z — x*|| < %, (@1t + 8(Tk,t;1)] 70 ()" T#0(31.,) 7 0, and

K < mingezo @) |[@rigll /|| [VUB,., (Er1)lg|| hold, then AdaHSPG+ yields I°(x*) C I%(&g441), where I°(x)
collects groups of variables that are 0 at x.

Remark 3.9. Theorem @ shows that if &, ; falls into an ¢>-ball centered at x* with radius no greater than
%, then AdaHSPG+ identifies the sparsity pattern over the groups on which proximal method fails to
identify, d.e., [Zx, + S(Zk,t;1)]70(@* )220 (3, ,) 7 0- Comparing with the radius min{d/L, axd} required from
Prox-SG (Lemma 7 AdaHSPG+ requires an fs-ball with larger radius, i.e., % > min{d/L, a;d} as
ar < 1/L and € € (0,1), thereby is superior to Prox-SG in terms of sparsity identification.

Remark 3.10 (AdaHSPG+ versus HSPG). We provide a more detailed comparison between AdaHSPG+ and HSPG.
The HSPG algorithm is a two-stage algorithm. In the first stage, subgradient descent steps are computed for
a fixed number of epochs (denoted by Kgwiten). The second stage uses the nonzero groups of the solution
estimate computed in the first stage to define a half space similar to, but different from, ours (more on
this below). The rest of the second stage involves the repeated computation of stochastic subgradient steps
followed by projections defined using the halfspace. Such a design has two drawbacks. First, the switching
constant Kgwitcn is determined offline. In practice, for each new problem, users need to spend significant time
tuning this constant to get acceptable results. Second, by only performing iterations based on the halfspace
after Kgwiten epochs (i.e., no longer allowing stochastic proximal gradient steps to be performed), it is more
likely that HSPG will predict groups to be zero while they are in fact nonzero at the solution. This is because
in the second stage, only non-zero groups of variables are updated. To avoid this unfortunate possibility in
their convergence analysis, the authors make rather strong assumptions that are either unlikely to hold in
practice or impossible to verify in practice (e.g., they require the point computed during the first stage to
be close enough to the solution, which is typically unknown in practice). Moreover, the analysis for HSPG
requires the regularizer to be differentiable with Lipschitz continuous gradient, which does not hold at the
origin for the group regularizer considered in this paper; thus, the analysis does not apply in our setting.

To overcome the drawbacks of HSPG, we proposed an automatic and adaptive switching mechanism that
avoids the need for a two-stage algorithm, thus avoiding the challenge of finding a good value for Kgwitch-
To overcome the strong smoothness assumption required by HSPG, our AdaHSPG+ uses a more sophisticated
definition of the set Z}® used to compute the Enhanced Half-Space step. In particular, for a group g to
be included in 7}, our definition requires [x;], to be sufficiently far from the origin (see (3))). This is in
contrast to HSPG, wherein every nonzero group is included in Z}S. This difference, in some sense subtle, is
crucial in establishing our stronger convergence theory under weaker assumptions on the regularizer. For
additional aspects related to our contributions with respect to HSPG, see our contributions in Section [I.3]



Under review as submission to TMLR

4 Numerical Experiments

In this section, we demonstrate the effectiveness of AdaHSPG+ on non-convex problems. The experimental
results well validate that AdaHSPG+ significantly outperforms proximal methods in terms of significantly better
group sparsity exploration and maintain competitive objective function convergence. In Appendix we
also include convex experiments comparison.

4.1

We first describe the hyperparameters used in Algorithm [I We designed an adaptive update for e. At the
end of an epoch, if (i) an Enhanced Half-Space step was computed during the previous and current epoch,
(ii) the group sparsity of the iterate did not improve compared to the iterate at the beginning of the previous
epoch, and (iii) the optimality measure is sufficiently small (i.e., x5 < 0.1), then we consider enlarging
€ by setting € + min{2¢,0.999}. Anytime any of (i)—(iii) do not hold, we consider reducing € by setting
€ + max{0.001,0.5¢}. We set x < 10~* to favor the inclusion of more groups from G into I;®. We set <1
to give equal preference to the Enhanced Half-Space step and the Prox-SVRG step. Prior testing showed
that our numerical results are rather insensitive to p except when p > 1, which would significantly favor
Prox-SVRG step. The mini-batch size |By,| for all k and ¢ is set to the same number b, whose definition
will change for the convex and non-convex problem settings (these will be discussed in their corresponding
sections below). We set |B| = N, which is the total number of data samples. my, and m; are both set as the
ratio between the total number of samples and the mini-batch size. The choice of 7 and hyperparameters for
Prox-SG, Prox-SVRG, and HSPG are discussed separately below for the convex and non-convex experiments.

Implementation details

4.2 Image classification via convolutional neural network

We now consider popular Deep Neural Networks (DNNs) for image classification tasks to demon-
strate the effectiveness of AdaHSPG+ on non-convex problems. Specifically, we use the popular
benchmark DNN architectures VGG16 (Simonyan & Zissermanl [2014)), ResNet18 (He et al. [2016),
and MobileNetV1 (Howard et all [2017) on the two commonly tested datasets CIFAR10 (Krizhevsky &
Hinton), [2009) and Fashion-MNIST (Xiao et al., 2017)). As in (Li et al. |2020; |Chen et all |2021), we conduct
all experiments using 300 epochs with a mini-batch of size b = 128 on a GeForce RTX 2080 Ti GPU. We
choose A\, = 1073 for all g € G as in Chen et al.| (2021). We remark that A, = 1072 is the best regularizer
coeflicient among power of ten after fine-tuning with balancing the model performance and group sparsity. If
Ag is too large, then the performance would significantly deteriorate; if A4 is too small then no group sparsity
is yielded. The step size «y is initialized as 0.1, and then decreased by a factor of 0.1 every 75 epoch. The
variables of each filter in the convolutional layer and each row of weighting matrix in the linear layer are
clustered as one group following Deleu & Bengio| (2021)). In we report the same metrics as for the
convex experiments, wherein all results are averaged by three runs with the best values marked as bold.

demonstrates the superiority of AdaHSPG+ in the non-convex setting. In particular, AdaHSPG+ com-
putes significantly higher group sparsity levels compared with all of the competing methods. Prox-SVRG does
not perform well compared to the other methods since the variance reduction techniques may not work as
desired for deep learning applications (Defazio & Bottou, 2019)). Runtime comparison maintains consistency
to that in convex settings. See more in Appendix[B.2] Finally, we note that all methods perform comparably
in terms of generalization error on the validation set.

Table 1: Results non-convex problems with various neural network architectures and datasets, where we
report numbers in the form of final ¢ / group sparsity ratio / validation accuracy for non-convex problems.

Model Dataset Prox-SG Prox-SVRG HSPG AdaHSPG+
Vee16 CIFAR10 0.593 / 54.0% / 90.6% 0.825 / 14.7% / 89.4% 0.591 / 74.6% / 91.1%  0.591 / 76.1% / 91.0%
Fashion-MNIST 0.544 / 19.1% / 93.0% 0.613 / 0.5% / 92.7% 0.541 / 39.7% / 93.0% 0.539 / 51.2% / 92.9%
B 711;5;1;1; T 7 7 CIFARIO ~ = 0323 /265% /94.1% ~ 0.361 / 2.8% / 942%  0.312 / 41.6% / 94.4% ~ 0.311 / 42.1% / 94.5%
Fashion-MNIST 0.127 / 0.0% / 94.8% 0.145 / 0.0% / 94.6% 0.120 / 10.4% / 94.9%  0.119 / 48.9% / 94.9%
o~ CIFARIO = ~ 0.401 /581% /91.7% ~ 0.652 /29.2% / 90.7% ~ 0.4037/ 65.4% / 92.0%  0.402 / 71.5% / 91.8%

MobileNetVl g hion-MNIST

0.229 / 62.6% / 94.2%

0.246 / 42.0% / 94.2%

0.230 / 74.3% / 94.5%

0.241 / 78.9% / 94.6%

Remark 4.1. One might ask whether we may replace Prox-SVRG step with vanilla Prox-SG? We remark that,
first, Prox-SVRG step allows for a better theoretical convergence guarantee. Second, although Prox-SVRG
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performs worse than Prox-SG for deep learning tasks as stand-alone algorithms, AdaHSPG+ performs better
when using the Prox-SVRG step because of its ability to better identify the solution support; consequently,
the majority of steps in AdaHSPG+ are Enhanced Half-Space steps.

Remark 4.2. Tt is also interesting to compare the testing accuracy of different neural network architectures
trained by sparsity-inducing algorithms and popular algorithms used in the deep learning community. Specif-
ically, we use the stochastic gradient descent with momentum (SGD + M) and AdaHSPG+ as an example, and
report the results in including two metrics. One is accuracy difference, which is defined as the pre-
diction accuracy achieved by AdaHSPG+ minus the prediction accuracy achieved by SGD + M). And the other
is model compression rate. One can observe that, in most cases, for neural networks trained by AdaHSPG+,
there is little or even no loss in the testing accuracy while the model sizes are reduced by at least 45%. This
phenomenon brings benefits like faster inference and the potential deployment of models on edge devices.

Table 2: Accuracy difference and model compression rate achieved by AdaHSPG+ and stochastic gradient
descent with momentum on different neural networks and datasets.

Dataset Metric VGG16 ResNet18 MobileNetV1
Cifar10 Accuracy Difference M -1.6% 1.5% -2.6%
Model Compression Rate (1)  76.1% 42.1% 71.5%
. Accuracy Difference 1t -0.6% 0.0% -0.4%
Fashion-MINST r0 4] Compression Rate (1) 51.2%  43.9% 78.9%

We then investigate the evolution of our evaluation metrics during the training process. The results are
shown in [Figure 4] and [Figure 5| which include the objective function 1, group sparsity ratio, and validation
accuracy. AdaHSPG+ performs better than the other methods in terms of group sparsity since it consistently
exhibits a higher group sparsity ratio in the majority of training epochs.

We next sweep the regularizer coefficient A over {1072,1073,10~%}. As shown in Figure [2| AdaHSPG+ con-
sistently exhibits the frontiers of the Pareto curves over CIFAR10 experiments, which demonstrates the

superiority of HSPG-family methods over better group sparsity exploration and competitive objective con-
vergence in practice compared with proximal methods.

-
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L it Sh Sl P ———————_—_#-—--a
e RRREEEELEEEE Wy ) | S-ex - s N
X sol Dmx#(,n\ ¥ 80 DProx.SVRC Prox-SG X sol Prox.SVRG ProxSG X
> by >
5} N g 9
g T = g
= 60 Prox-SVRG - 2 60|~ = 60
S S S S
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(a) VGG16 on CIFARIO (b) ResNet18 on CIFAR10 (c) MobileNetV1 on CIFAR10

Figure 2: Validation accuracy versus group sparsity under varying regularizer coefficient \’s.
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We end this section by fine-

tuning the step size (learn- 100 100~
. & p. . ( . = Prox-SG AdaHSPG+ _ Pm\ sQ AdaHSPG+
ing rate) by considering multi- g |, eoe » O IS e -
3 i 90} , : X onl® ; i
step (M}lltlstep) _ scheduler 5 oo, oy . & 9 prox SVRG
and cosine annealing sched- 5
o o
uler (Cosine) (Loshchilov & < | T ok
=] =]
Hutter, [2016) with differ- : mp— g ]
ent starting value «g from = oy =107 = oy =107
. > Tor =10 > 7o =102
{1.0,0.1,0.01}. For multi-step il "%
scheduler, we divide the step L L L L L | ! | | | | |
0 20 40 60 80 100 0 20 40 60 80 100

Group Sparsity (%)
(a) Multi-Step Scheduler

Group Sparsity (%)

size by 10 for every [1/4T],
ie, ap = ag X O.ltk/(o‘%T)J,
where T is the total number
of epochs. For Cosine sched-
uler, we use the default parameters provided by Pytorch with the period length as the maximum epoch
T. The results are presented in Figure [3] we observe that for different step size schedulers and initial step
sizes, AdaHSPG+ consistently exhibits the frontier among all Patero curves. The results well validate the
superiority of HSPG-family methods over group sparsity exploration and achieving models with competitive
generalization performance compared with proximal methods.

(b) Cosine Annealing Scheduler

Figure 3: Validation accuracy versus group sparsity under varying step sizes.

4.3 Question and answering via large-scale transformer

We follow (Chen et all [2021) to show the scalability of AdaHSPG+ by training and pruning the large-scale
transformer Bert (Vaswani et al., [2017)), evaluated on SQuAD, a question-answering benchmark
. The structures inside Bert consist of embedding layers, fully connected layers, and multi-head
attention layers. For fairness, we do not prune the embedding layers following the prior Bert compression
works (Deleu & Bengio, 2021). As (Chen et al., 2021), we selected A, as 1072 for all groups g € G with
10% and 30% group sparsity upper bound constraints. We compared with the best results of an adaptive
proximal method ProxSSI presented in (Deleu & Bengio, 2021)).

Table 3: Pruning Bert on SQuAD.

Method Group Sparsity | Exact | Fl-score i I
Baseline 0% 81.0% 88.3% al S
ProxSSI Deleu & Bengio| (2021 16.5% 72.3% | 82.0% K |!e i Admseer
ProxSSI Deleu & Bengio| (2021 23.9% 66.2% | T7.5%  Eeb o
HSPG [Chen et al.| (2021 10.0% 75.0% | 84.1% % ‘
HSPG [Chen et al.| (2021 30.0% 72.3% | 82.1% I
AdaHSPG+ 10.0% 75.2% | 84.3% i
AdaHSPG+ 30.0% 72.6% | 82.5% I 3 30

Group Sparsity (%)

As shown in Table [3] AdaHSPG+ significantly outperforms ProxSSI (Deleu & Bengio), [2021)) in terms of
achieving better exact match rate and Fl-score and higher group sparsity levels. In particular, with a
similar Fl-score of around 82%, HSPG-family methods could reach 1.8x higher group sparsity (30% versus
16.5%). Furthermore, if the proximal method yielded more group sparsity from 16.5% to 23.9%, their
model performance dramatically regressed to 77.5% F1-score, which was not comparable with the 82%-84%
Fl-scores of HSPG-family methods. The reason proximal methods are not working well for deep learning
applications is that their group sparsity exploration heavily relies on the selection of the regularizer coefficient
A and the learning rate a. The proximal method has to increase either A or a to yield satisfactory group
sparsity, which may noticeably deteriorate the model performance. In sharp contrast, HSPG-family methods
feature a Half-Space projector that provides a novel mechanism for producing group sparsity which explores
group sparsity without such heavy dependency over A\ and «, thereby typically achieving solutions with
competitive performance but remarkably higher group sparsity levels.

10
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(c) MobileNetV1 on CIFAR10

Figure 4: The evolution of 1, group sparsity ratio, and validation accuracy over the epochs.

5 Conclusion

In this paper, we proposed AdaHSPG+, which is a significant upgrade of the recently proposed algorithm HSPG,
to solve optimization problems with group sparse regularization. AdaHSPG+ takes advantage of variance re-
duction techniques and is equipped with a novel adaptive strategy for estimating the support of a solution.
We showed that AdaHSPG+ has a much stronger convergence result under milder assumptions when com-
pared with HSPG. Numerically, thanks to a new adaptive and automatic hyperparameter tuning strategy
and switching mechanism, AdaHSPG+ requires fewer hyper-parameter fine-tuning efforts compared to HSPG.
Finally, the proposed AdaHSPG+ outperforms popular stochastic proximal methods on the non-convex deep
neural network benchmark problems, in terms of various performance measures that include final objective
function value, solution group sparsity ratio and generalization error.

11
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Figure 5: The evolution of 1, group sparsity ratio, and validation accuracy over the epochs.
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A Proofs.

A.1 Proof of Lemma

Lemma If the Enhanced Half-Space step is computed during the kth epoch of Algorithm (I} then
the tth iterate &5 41 computed in Algorithm [2 satisfies

Ep, [V(Zk,t11) | Zrt] < Y(Brt) — (1 < ) H tlzpor|| — o (1 - Lak) HVIGR'W(O% t)”2

Laio?1( )
||[:Ek7t]9|| 2|Bk,t| ’

2
Amaxak

2
K<€
GRAD
9eTyy

where the expectation is taken with respect to By ; and conditioning on &y, 4, I(+) is the indicator function,

)\ma,x = maX{Ag | ge g}7

([@r,elg—r Vo, , (@r,0) " [Er,e]g
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. <
s {g €Ty | IR Seh
RAD PRUJ
Z,S p Lyt

and o2 is the bounded variance constant satisfying

E|Vfi(@) - V@) <o

with the expectation taken with respect to randomly sampled i. (The existence of the constant o2 follows
from the finite-sum structure of f(z), the uniform sampling scheme, and Assumptions and )

Proof. We first prove the existence of o. By Assumption and Lipschitz continuity of V f;(z), one can see
that |V fi(«)] is uniformly bounded by some constant C. By definition

9 N— N
IVf(x NQZHVL + % Z Y. V@)V ().

j=i+1

Therefore,
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for some o > 0.

Next, we prove the main result. An Enhanced Half-Space step can be written as &y 41 = T, — ardp,t,
where

Vo, , (@) if g € IEWP
[r.tlg = 4 lnlg/ ek if g € TR, (7)
0 g€ TS,
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Let &+ € Or(@k+) and &g ¢41 € Or(&g 141). Therefore
V(@r,i+1) = P(Br,e — ardi,e)
= f(®kt — ndit) + 7(Zpt — ndpt)

< f(@k1) — axVf(&k) > T(Zp,t) — O‘kflzt+1dk,t

2
L
=YP(Bp,e) — apV (2, t)Tdk ¢+ 5 ak l|d, t” — o (1 — €t + §k,t]T dr ¢
L
=U(Zry) — ar [V(Tre) + &, " di + §ai ||dk,t||2 + ag [ — fk:,t+1]T di t,

where the only inequality holds by the convexity of r, Assumption and @

Since &+ and & ¢+41 are arbitrary, consider the following specific choices:

Tt ] . #0
AgriZrdds ip g e 770 Meeary f9€ Tl e
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where Ilf,? ={9€G | [®k]g # 0}, Il(c),t = {9 €G | [#r]y = 0}, uy € RII, and [Juy|| < 1.

For any g € Z7"7, by definition g € IZ . and g € I0 ., it follows that

[€k,t]g = [Er,41]g for all g € TR

If we now define p , = €||[@¢]4 /[, then it follows that

e — Erirr]” die = 3 Agldi]? {Il{ﬁr t] B [iilat-i-l]g ]
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where the first equality holds by @D, the second inequality holds by Cauchy-Schwarz inequality, and the
third inequality holds by the non-expansiveness of the Euclidean projection and the fact that ||[Zx.],] > o7,
and [|[Zy,41]g] > pj., for all g € TP, We would like to point out for the third inequality that it holds as

P [k il d 0} ([ ®r,e 41l
&k, Jqll M&x,e+1]ql

are the projections of [&j ], and [& 41]4 onto the ball centered at the origin with

radius pj ;, respectively. Since [@ ], and [2,¢41], are outside the ball, for all g € ZF%*®, the result follows

from the non-expansiveness of projections. Combining this inequality with . we obtain
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where the only equality holds from .

Notice that for any g € Z;%7, by definition, one has ([Zx.]g fakvg¢3k,t(ik7t))T [Erilg < €l[@rilgl
Taking expectation with respect to By, it follows that ([€x,]q — akvgw(im))T [Zr,t]lg < € ||[§i:k7t]gH2. Re-

arranging terms, one gets
N AT - 2
—a (Vth(Zry))" [Erilg < (€= 1) [[@relgl”-
Summing over all g € Zp*Y for the above inequality, one has

T 2
—ap (Vzgigiw(ik,t)) [k ez < (e—1) )’[ik,t]z;%[;J

(11)

Note that

T B T
[ ]z — ok (szﬁgﬂ/}(ka,t)) [d,] 75705

= —ay (Vzg'jgﬂw(ik,t))T (Vzgﬁgwsk,t(ik t)) - (VIPRUJ¢(fik t))T [Tk t] 2y

< —ag (Vzgﬁgﬂﬁ(ik,t))T (vfi“,'i"wsk’f(i ) o H

—ay, (Vzgsw(-’fk,t))T [dy )z = —auy (Vzgﬁng(ik,t))

IPRUJ

(12)

where the second equality holds by (7). Now, taking the expectation with respect to By ¢ on (12), one has

2 1—¢ 2

€73

(@, t] 2700

—aiE {(Vzgﬂ/}(ik,t))T [dk,t]l'zs] < —oy H[Vw(iik,t)}zgjgb (13)

Similarly,

2

2 R 2 1
H[dk,t]zgs = Hvzgﬁngsk,t(wk,t)H + o? H[wm]zgfgl (14)

Since for any random vector Y, E[||Y — E[Y]||*] = E[||Y||] = |[E[Y]||?, by taking the expectation with respect
to By ¢, one obtains

E {Hvzgﬁ"wm,t(ik,t)‘ﬂ — Vzgfgnlb(iik,t) ’ +E _"szﬁnwlgk’t(ik,t) - Vzg_ﬁnw(ﬁék,t)“z}
< ||Vt (2.1 LE {vaBkt Th,t) ol }
2

o (15)
= in‘fiD@[J(mk’t) +E HB t|| Z {sz Vf(wkt)}
1€EBy,
:, oM <)
Bt ’

= || Voot (x. 1)

where I(-) is the indicator function. Again, taking the expectation with respect to By, on (L4), together
with , one has

2 21(|Bre| < N . 21 . 2
E M[dkvtbés } < U(||l§';€t|t|) + Hvzggﬂil)(wk,t) + o2 H[ﬂik,t]zp““ : (16)
) k
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Finally taking expectation over the entire history over , together with and , one concludes

2 1—eH

Ep, [0@ci1) | Bhal < 0(@0) = o | (V@0 o
Lo2 [U2H(|B;€,t| < N)

IFRDJ

2 /\maxa2 ~
+ kN |l @k el

+ Hvzikﬁndj(:ﬁk’ﬂ

2
CL‘k t IPRUJ
v

2
2 |Br.+| K2€e geziw
- La 2 1—e¢ L . 2
= (Ep,) — on(1— =) ”VIGRMZJ Tp)|| — < - ) H[Cbk,t]zpw
Qg 2 k.t
Amax s . Laio®1(|By| < N)
/Q26 H[wk?,t]!}” + 2|Bk t| )
geTem :

which completes the proof. O

A.2 Proof of Theorem [3.7]

Theorem Under Assumptions , and with € € (0,1), 7 € (0, 5], o < min{M 1} nd
|Bi| = N for all k, m,(m, —1/2) <b, and |B+| = min(m?2, N) for all k and ¢, then Algorithm Igenerates

p7

a sequence of iterates {xy }ren such that lim infy_, o E[||s(zx; n)||] = 0.

Proof. We first introduce the index sets
Kp :={k : kth epoch proceeeds Prox-SVRG step} and (17)
K = {k : kth epoch proceeeds Enhanced Half-Space step}. (18)

Summing over the first [ epochs and taking expectation over all past history, we have

I
Bl ()] = B | (o) + Y (t(ax) — 7#(5%—1))]
k=1
=E |¢(zo) + Z b(@r) — V(@) + D ("/’(wk)_w(kal))} (19)
eKn KEKp
Y ¥ [ak (1225 |Vt + (1; < g) | e 2]
keKm t=0 k ’
! Amax O Lo2a? M !
+ E | =5 ([ @r,e]gll + k E||s(@.m)ll° . (20)
kez/c:H ; we T 2B 36L ’ kezz; ; o

holds since the index set {1,...,I} can be partitioned into two disjoint sets Ky and Kp. When
k € Kg, we upper bound the E{Bk,t}le[w(mk) — ¢(xk—1)|rK—1] using Lemma similarly we use
Lemma (3.6 m 6| for k € Kp. Then, we use the Law of Total Expectation to get E[¢(xy) — ¥(xr-_1)] =
E[E{BM}T [W(xg) — Y(xk—1)|TE—1]] for the next inequality, which leads to the upper bound presented

in Usmg Assumption E 3.4] yields
2 1—c¢
+ — = H IPRDJ

mp—1
]E[’l/]( < 'l/) wO Z Z E |:O[k 1-— % HVIGRAM/} )

key t=0
mn 2.2 mp—1
maxaang Lo Qg
22 ( AT 6L772 >3 Els@ran)l’, (21)
keKy t=0 keKp t=0
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where ng = |G|. Now let I — oo, by the Assumption and the Assumption one concludes that

mp—1

Z Qp Z E |:HVIGRAD1/) wkt :| < 00, (22)
mp— 2

B el( o] <
mp—1

> Y Els(@rasn)’ < oo (24)

kekp t=0

By the design of the algorithm, we consider three cases.

Case-1.

Case-2.

Case-3.

|Kp| =00 and |Kp| < oo. From (24)), we conclude lim infy,_,o E ||s(xx; n)|| = 0.

|Kp| < 0o and |Kg| = oo. Since

2 2

Is@enl® = ||is@eimlze | +||is@emlze| (25)

in order to show that liminfy o E|s(xr;n)|| = 0, it is sufficient to show that
liminf;, oo E H[S(w’fm)]fﬁs =0 and liminfy_, E H[S(.’Bk;n)]zgﬂs” = 0 holds simultaneously.

We first prove liminfkﬁooEH [s(zk;n)]zs||. Since |[Ky| = oo and }°; ) = oo, we conclude from

. ) that liminfj_,o >, 'E [Hvzww(@k,t)m = 0. Notice that once a group of variables being

projected to 0, that group will never be included in the computation of the Enhanced Half-Space
step anymore based on the design of AdaHSPG+. Hence, there exits a K > 0 that for all k > Kt €

{0,...,mp, — 1}, TE¥® = T}, holds, which implies lim inf_, th {Hvlﬁtw(ik,t)m = 0. By
Lemma 2.4 in |Curtis et al.| (2020), we have

|Vasv@en| 2 |is@rmlas (26)
holds for all k and ¢ € {0,...,mj, — 1}. Since &y = xx, I,f,rgd =I;"%® and (26), we have
mp—1
lim infEH (@r; )z || < limint Y E [HVIHS b(@n) } —0,
k—o0 k—o0 o k.t
hence lim inf_, o }EH[s(azk, n)}zis =0.
We then prove lim inf,_,o E H [s(@k;n)|zms|| = 0. By the line |§| of Algorithm
(i o) 1 < 3 =~ [istenlzp | <+ [[[vet@) (21)
ki ) || = X PR wn)lzg|| < Kz

where the final inequality holds from . Taking expectation and liminf on both side concludes
that

=0. (28)

1
i i N NHS < —1li i HS
Hpnint s | < i nf B V4@l

|Kp| = 0o and |Kg| = oo, then the result follows from the Case 1.
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A.3 Proof of Theorem [3.8|

In this section, we compare the group sparsity identification property of AdaHSPG+ and Prox-SG. First, recall
the non-degeneracy assumption

0<d:=5 min il (A~ |[Vfs(@")]]). (29)

O(z*) BS[n]

N | =

Theorem Given any k € Ny, if the kth epoch performs Enhanced Half-Space step, and aj <
1/L, then for any ¢t € {0,...,my, — 1}, ||@s — ™| < 1726?2@7 (@1t + S(Zk.t;1)]|70(@*)nz#0(3,,.,) 7 0, and
K < mingezo @) [|[Erilgll /|| [VB, . (®k,t)lg|| hold, then AdaHSPG+ yields Z(x*) € I%(&# 111), where I°(x)

collects groups of variables that are 0 at .

Proof. First, if g € Z°%(x*) (N Z°(Zx1), then we have [Zy ], = 0, which implies g € Z}. Thus [Z], =
[k ++1]g = 0 as the kth epoch perform Enhanced Half-Space step, and therefore g € Z°(x*) (" Z%( &k 141)-

Now, if g € Z°(x*) N Z7° (&), for any inner-iteration ¢ € {0,...,my, — 1}, there are three cases to consider.
o Case-1. g € I%(x*) N I},

o Case-2. g € I%(x*) NI (&) N{g € G : [@rly + [(Zh.1;0)]y = 0}~
o Case-3. g € 7%(x*) ﬂﬁéo(im) N {g €G: |[[rgll < KIVgs, ,( ||}

Based on the conditions provided above for Theorem the Case-2 does not hold due to
condition [Z:s + [s(Zrn)]y # 0, and the Case-3 does not hold due to condition x <
mingezo (g [[[@r,elgll / ||[V0B,., (#k.4)]g|| Therefore, it is sufficient to consider g € Z°(x*) NI,

@k, — au Vs, , (Zn0)] L [Zh,tly — €@l

= [@xlo 1 = k[Vom, . (@r0)] [Brlg — € ll[En)gll”

T
—(1— ) |Er sl — ax ([stk,xazk,tn +A[““’”]) (Bl

[[@k,elg (30)
=(1 =€) [[[Z,d]o]* - ak[Vka,,,(ik,t)]gT[ik,t]g — A [|[Zolg
<(1- 6) 1@ ,elg1” + cwr |1V Foi (@)l 110l | — e h][Z,e) ]
= [[Zrelgl {1 = o) [Zr.lgll + o [[[V fi5 . (Zrt)]g[| — rA}
By the Lipschitz continuity of V£, we have that for each g € Z°(x*) N Z7% (&),
98] 9 € Ll -l = L | o
IV f50 (@n,)]g|| < LN[Erelgll + [V f5. ()|
Combining with the definition of §, which implies that H V5. (x¥)] H < A — 26 that
1V f51.0 @r)lg | < LI[Zrlgll + A~ 20 (32)
Hence combining with ||[Z ]4]] < 1—251-?@7 can be further written as
[kt — Vs, , Tk} [Erilg — €ll[@rg]l
<NZe gl {1 = &) lZrelgll + o [[[V 5, (@re)lg|| — arA}
S@k,lgll {1 =€) [[[h,e]gll + arL |[[E.elgll + kA — 2216 — ar A}
=@k dlgll {(1 — €+ ar L) [[[#,elg [l — 205} (33)
~ 20%5
< 1- L)————— — 240
<Honelal {1 - e ant) 20— 2005

=||[®x.tlg]] 2ard — 2046) = 0.

21



Under review as submission to TMLR

which shows that [, — Vg, ,(Zr1)]] [y < 6||[ifk,t}g||2. Hence the group projection operator is
triggered on ¢ to map the variables to zero, then g € Z°%(& ¢11), i.e., [@k,t41]g = 0. Therefore, the group
sparsity of * can be successfully identified by Half-Space step, i.c., Z°(z*) C Z°(&y 111). O

We show the generic sparsity identification property of Prox-SG for any mixed ¢ /¢, regularization for p > 1.

Lemma A.1. If |z —2*||, < min{6/L, ayé}, where 1/p+1/p" =1 (p' = oo if p = 1), then the Prox-SG
yields that for each g € I°(x*), [Tr11]y = 0 holds, i.e., I°(x*) C I0(xp41).

Proof. Tt follows from the reverse triangle inequality, basic norm inequalities, Lipschitz continuity of V f(x)
and the assumption of this lemma that for any g € G,

IV fsi @il = NV fa (2ol < IV fi (1) = Vi ()],

< IV (xr) = Vs, (27, (34)
1
< Lz, —2z"|, §L-Z =4.
By (34), we have that for any g € Z°(z*),
IV f (i)l < NV IB (2 )], +0<A=26+6=A-90, (35)

where the final inequality holds due to [[V fs, (")]g,, < A — 26 by the definition of § proposed before.
Combining and the assumption of this lemma, the following holds for any «j > 0 that

2k — Vi, (@i)lgll, < ll@klgll, + lanV I, (@)l < ard + ar(A = 8) = arA (36)

which further implies that the Euclidean projection yields that
Projiil| o) ([®r — axV f5, (@0)]y) = [&1 — iV fi,, (@1)]g- (37)
Combining with (| .7 the fact that proximal operator is the residual of 1dent1ty operator subtracted by
Euclidean project operator onto the dual norm ball and [x], = 0 for any g € T(x m 01 , we have

that
[Trt1lg = Proxa, ., ([2k — eV f5, (@k)]g)
I - Projiflitan| (e — anV fi, (a0)], (38)
= [z — axV [, (zr)], — [xr — V[, (zk)], = 0,

consequently Z°(z*) € Z°(xy 1), which completes the proof. O

B Additional Experiments

B.1 Convex setting

As in (Xiao & Zhang, 2014; Curtis et al., 2020), we first consider the convex logistic regression problem
with mixed ¢, /¢5-regularization for binary classification. Given N data samples (d1,11),..., (dn,IN), where
d; € R" and [; € {—1,1} denote the feature vector of the ith data sample and the corresponding ground
truth label, respectively, the problem is formulated as

Tq.
(x5 b)e]R"+1 N Zlog el dﬁb)) + Z)\g ||[90]g
geg
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where b € R is the bias. We consider different regularization strengths by choosing A4 from {1072,1073,107%}
for all g € G and lead to different levels of sparsity in the obtained solutions, correspondingly. To form G,
we sequentially go through the variables collecting them into 100 groups.

We select all datasets from the LIBSVM repository (Chang & Linl 2011)) that (i) have at least 100 features
so that the formulation of G is well defined, (ii) have at least 10* samples so that a stochastic approach is
appropriate, (iii) can be stored in main memory (16 GB), and (iv) have an accompanying test set so that
the testing error can be computed to evaluate the models obtained. Based on these criteria, we ended up
with the four publicly available large-scale datasets a9a, kdda, revl, and w8a (see for more details).
All convex experiments are conducted on a 64-bit operating system with an Intel i7-7700K CPU @ 4.20 GHz
and 16 GB random-access memory.

Table 4: Summary of datasets.

Dataset # of Training Samples # of Testing Samples # of Features Attribute
ada 3.26 x 107 1.63 x 107 1.23 x 107 binary {0, 1}
kdda 8.41 x 10° 5.10 x 10° 2.02 x 107 real [-1, 4]
revl 2.02 x 10* 6.77 x 10° 4.72 x 10* unit-length
w8a 4.97 x 10* 1.50 x 10* 3.00 x 102 binary {0, 1}

All algorithms tested were run for a maximum of 100 epochs. The mini-batch size b is set to
min{256, [0.01N'|} as suggested in (Yang et al.,[2019). The step size «y is set following the approach in (Xiao
& Zhang, 2014), wherein an upper bound for the Lipschitz constant L is computed as max; ||d;|” /4, and
then aj, = 4/ max; ||d;||* for Prox-SG, Prox-SVRG, HSPG, and AdaHSPG+. For HSPG we set € < 0 and switch
to the Half-Space step after 50 epochs (these are the default values for HSPG).

We use the final objective value of 1, group sparsity ratio, and testing accuracy as metrics to evaluate the
performance of an algorithm. The group sparsity ratio is the ratio between the number of zero groups in
the solution returned and the total number of groups. All metrics are obtained by averaging across five
independent runs. We report the results for A\, € {1072,1073,10~*} forallg € G in where we mark
the best values in bold font to facilitate comparison. As shown in the tables, larger values for A, result in
greater group sparsity ratios and worse final objective values and testing accuracy. One also can observe that
the solutions with A\, = 1072 are zeros for the dataset rcvl and the solutions with Ay, = 1073 and A\, = 1073
are full dense for some datasets. This is indeed expected behavior since, for a given problem, there are two
thresholds A > 0 and A > 0. Whenever Ag > \, the solution becomes 0, i.e., the group sparse ratio is 100%;
on the other hand, when \; < A, the solution becomes fully dense, i.e., group sparse ratio is 0%. A and A
varies from one problem to the other.

AdaHSPG+ and HSPG clearly perform the best in terms of the group sparsity ratio over the test problems,
and all of the algorithms perform similarly in terms of the objective function value and testing accuracy. In
addition, we provide relative runtime in Appendix which shows that AdaHSPG+ has competitive runtime
compared with HSPG.

Table 5: Results convex problems for A\, € {1072,1073,10~*} for all g € G, where we report numbers in the
form of final 1) / group sparsity ratio / testing accuracy.

Dataset Prox-SG

Prox-SVRG

AdaHSPG+

Ay =102

aa 0.438 / 73.0% / 83.6%
kdda 0.183 / 98.0% / 87.1%
revl 0.693 / 100.0% / 47.5%
w8a 0.167 / 78.0% / 97.0%

0.438 / 86.0% / 83.7%
0.183 / 99.0% / 87.1%
0.693 / 100.0% / 47.5%
0.166 / 99.0% / 97.0%

0.438 / 86.0% / 83.7%
0.184 / 99.0% / 86.9%
0.693 / 100.0% / 47.5%
0.166 / 99.0% / 97.0%

0.438 / 86.0% / 83.7%
0.183 / 99.0% / 87.1%
0.693 / 100.0% / 47.5%
0.166 / 99.0% / 97.0%

aa 0.347 / 28.0% / 85.0%
kdda 0.133 / 0.0% / 89.3%
revl 0.461 / 0.0% / 93.2%
w8a 0.118 / 3.0% / 97.2%

0.347 / 58.0%/ 85.0%
0.133 / 0.0% / 89.2%

0.464 / 44.2% / 93.2%
0.119 / 16.5% / 97.2%

0.347 / 60.0% / 85.0%
0.133 / 0.0% / 89.3%

0.461 / 47.0% / 93.2%
0.113 / 36.0% / 97.2%

0.347 / 58.0% / 85.0%
0.133 / 0.0% / 89.3%

0.461 / 47.0% / 93.2%
0.113 / 36.0% / 97.2%

a%a 0.327 / 3.0% / 85.0%
kdda 0.112 / 0.0% / 89.5%
revl 0.164 / 0.0% / 95.9%
w8a 0.097 / 0.0% / 97.5%

0.327 / 15.0% / 85.0%
0.112 / 0.0% / 89.5%
0.176 / 0.0% / 95.8%

0.096 / 0.0% / 97.5%

0.327 / 25.0% / 85.0%
0.112 / 0.0% / 89.5%
0.164 / 0.0% / 95.9%
0.097 / 0.0% / 97.5%

0.327 / 25.0% / 85.0%
0.112 / 0.0% / 89.5%
0.164 / 0.0% / 95.9%
0.096 / 0.0% / 97.5%
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B.2 Additional Experimental Results

mm Prox-5G
mm Prox-SVRG . Prox-5G
mm HS5PG == Prox-5VRG
== AdaHSPG+ = HSPG
Lok == AdaHSPG+
B i
205 B g{lﬁ -
= k
= =
0.0 0.0
ala kdda revl wHa CIFARIO FMNIST CIFARIO FMNIST CIFARIO FMNIST
VGGI6  VGGI6 ResNetl8 ResNet18 MobileNet MobileNet

Figure 6: Relative runtime over
convex experiments

We reported the relative runtime for both convex and non-convex experiments in Figure [fland[7], respectively,
where the relative runtime is computed by dividing the average runtime of each solver on each dataset by
the the averaged maximum runtime on that test. As shown in Figure [6|and [7] it is apparent that AdaHSPG+
is competitive to Prox-SG and HSPG, since it only requires computing gradient estimation over a large batch

per several epochs.

Figure 7: Relative runtime over non-convex experiments

We finally provided the error bar analysis for the representative non-convex experiments in Section as
Figure [§] from which we can see the all algorithms performs reliable on the tests with slight fluctuations
because of the randomness of stochastic gradient calculation. Remark here that for convex experiments,
all the algorithms achieve nearly the same performance, i.e., objective value, group sparsity and testing
accuracy, thereby no error bar figures are presented.

Il Objective Value
08 os{ MM Group Sparsity
: B Top-1 Accuracy
061 @M Objective Value

mm Group Sparsity
04{ WEE Top-1 Accuracy 0.4

I Objective Value 02
- Group Sparsity i
mmm Top-1 Accuracy

00 00
ProxSG  ProxSVRG HSPG AdaHSPG ProxSG  ProxSVRG HSPG AdaHSPG ProxSG  ProxSVRG HSPG AdaHSPG

(a) VGG16 on CIFAR10 (b) ResNet18 on Fashion-MNIST (c) MobileNetV1 on CIFARI10

Figure 8: Numerical results of representative non-convex experiments in the view of mean plus standard
deviation. The figure is best viewed in color. Blue, orange and green bars refer to as objective function
value, group sparsity ratio and top-1 accuracy, respectively. Lower blue, higher orange, and higher green

bars are more desirable.
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