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Abstract

We study the effect of baselines in on-policy stochastic policy gradient optimization,
and close the gap between the theory and practice of policy optimization methods.
Our first contribution is to show that the state value baseline allows on-policy
stochastic natural policy gradient (NPG) to converge to a globally optimal policy at
an O(1/t) rate, which was not previously known. The analysis relies on two novel
findings: the expected progress of the NPG update satisfies a stochastic version of
the non-uniform Lojasiewicz (NL) inequality, and with probability 1 the state value
baseline prevents the optimal action’s probability from vanishing, thus ensuring
sufficient exploration. Importantly, these results provide a new understanding of
the role of baselines in stochastic policy gradient: by showing that the variance of
natural policy gradient estimates remains unbounded with or without a baseline,
we find that variance reduction cannot explain their utility in this setting. Instead,
the analysis reveals that the primary effect of the value baseline is to reduce the
aggressiveness of the updates rather than their variance. That is, we demonstrate
that a finite variance is not necessary for almost sure convergence of stochastic
NPG, while controlling update aggressiveness is both necessary and sufficient.
Additional experimental results verify these theoretical findings.

1 Introduction

The policy gradient (PG) [29] is a key concept in reinforcement learning (RL), lying at the foundation
of policy-based and actor-critic methods, and responsible for some of the most prominent practical
achievements in RL [27, 28} [1 1]]. However, progress in the theoretical understanding of PG methods
is recent, and a number of the techniques used in practice still lack rigorous support, particularly in
the online stochastic regime where an action is sampled from the current policy at each iteration. We
study stochastic policy optimization in more detail to close this gap between theory and practice.

In stochastic policy optimization, the two most common techniques for improving the basic algorithm
are to include on-policy importance sampling (IS) and subtract a baseline. Including on-policy
IS provides unbiased gradient estimates, but introduces high variance when an action’s sampling
probability is close to 0. Meanwhile, subtracting a baseline remains a heuristic [26] that has strong
empirical but limited theoretical support. One possible benefit of a baseline is that it provides variance
reduction [10], which has motivated work on designing alternative baselines that further reduce
variance [30, 4,20l 31]. However, other work [7]] has shown that variance reduction is not necessarily
aligned with policy learning quality. To date, it has remained unclear how a baseline impacts the
quality of the ultimate solution found by policy gradient optimization. We resolve this question in
this work.
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Recent progress in the theory of deterministic PG has shown that, given exact gradients, softmax
policy gradient is able to converge to a globally optimal policy at a O(1/t) rate [24]. Unfortunately,
despite this guarantee, the constants in this rate can be extremely large [19] due to initialization
sensitivity and poor performance at escaping sub-optimal plateaus [23]. Therefore, in the exact
gradient setting, several techniques have been considered for mitigating the weaknesses of softmax
PG, leading to better constants [2]] or even exponentially faster rates of O(e™“?) for ¢ > 0. Such
improvements include adding entropy regularization [24} 6], normalizing the gradients [22], or
applying natural policy gradient (NPG) [6} 14} 21]].

However, in the on-policy stochastic optimization case, recent studies [21 7] show that naively apply-
ing the above techniques, such as normalization or NPG, leads to unexpectedly worse performance
than stochastic PG. That is, techniques that accelerate convergence in the exact policy gradient setting
become unsound in the stochastic gradient setting, by inducing a non-zero probability of failure (i.e.,
failing to converge to a globally optimal solution) [21]]. Such failures occur even when stochastic
PG can still converge to a global optimum in probability. Previous work has indicated that one key
reason behind the failure of these acceleration strategies arises from their “over-committal behaviour”
in the stochastic setting, which occurs independently of the variance of the gradient estimates [7]].
That is, baseline techniques with higher variance can still better avoid over-committal behaviour (i.e.,
premature convergence) and ultimately achieve better policy optimization [[7].

To resolve this issue, we develop a deeper understanding of the role of baselines in stochastic policy
optimization based on the following contributions. First, we establish a new result that combining
on-policy IS with a value function baseline and natural policy gradient (NPG) can achieve almost
sure convergence to a globally optimal policy at a O(1/t) rate. This result is based on two novel
findings: (i) At any iteration ¢, the conditional expected progress of the algorithm’s next iterate
obeys a stochastic non-uniform ELojasiewicz (NL) inequality. (ii) The use of the state value baseline
(with appropriate learning rate control) almost surely prevents the probability of the optimal action
from vanishing. These findings show that a key role of the value baseline is to automatically
ensure “sufficient exploration” during on-policy stochastic optimization. Next, we provide a detailed
understanding of how baselines modulate the circular interaction between stochastic action sampling
and updating. Although a baseline has no effect on exact gradients, it can play a major role in
stochastic gradients. In this respect, we first show that the PG estimator variance is unbounded with or
without a baseline, hence variance reduction cannot be the primary effect. Instead, our analysis reveals
that the key role the baseline plays in ensuring global convergence is to reduce the aggressiveness
of updates. That is, finite variance of the gradient estimates is not necessary for ensuring global
convergence, while properly controlling update aggressiveness is both necessary and sufficient.

The remainder of the paper is organized as follows. Section 2]provides the main results that establish
the almost sure O(1/t) convergence rate of stochastic NPG with on-policy IS and state value baseline
to a globally optimal policy. Section [3|then develops the new understanding of the role of the baseline
by going beyond standard variance reduction arguments. Section 4] provides some simulations to
verify the results, and Section [5|concludes the paper with a brief discussion.

2 On-policy Stochastic Natural Policy Gradient

We first consider a one-state Markov Decision Process (MDP) defined by a finite action space

[K] == {1,2,..., K} where the true mean reward vector is r € [0, 1]%. The policy optimization
problem is to maximize the expected reward,
max E [r(a)], e

0:[K]>R a~mg(-)

where the policy 7y is parameterized by 6 using the standard softmax parameterization,

exp{f(a)}

mo(a) = , foralla € [K]. 2)
Larerxy expif(a)}

Our focus in this paper is on on-policy optimization, where at each iteration ¢ > 1 the current policy

T, is used to sample one action and perform one update.

For the sampled action a;, a noisy reward observation x:(a;) € R is drawn from an unknown
distribution with expected value r(a;). We make the following assumption that the observed reward
x¢(a) is sampled from a bounded distribution: z;(a) € [—Rmax, Rmax] With probability one.



Assumption 1 (Bounded sampled reward). For each action a € [K]|, the true mean reward r(a) is
the expectation of a bounded reward distribution, i.e.,

Rmax
r(a) = / x - Po(x)p(dx) 3)

Rmax

where (1 is a finite measure over |— Ruax, Rmax|, and P,(x) > 0 is the probability density function
with respect to i, and Ry,.x > 0 is the reward range. We let R, denote the reward distribution for
action a defined by the density P, and base measure |i.

Then, given a sampled reward observation x;(a) ~ R,, an unbiased estimate of the expected reward
vector r can be formed by on-policy importance sampling (IS).

Definition 1 (On-policy importance sampling (IS)). At iteration t, sample one action a; ~ Ty, (+)
and observe one reward sample x(a;) ~ Rg,. Let zi(a) = 0 for all a # as. Then the IS reward

estimate is constructed as 7 (a) = Hi‘;:([;‘)} - z¢(a) forall a € [K].

If the true mean reward r(a;) is observed for sampled actions a;, we have the simplified IS estimator.

Definition 2 (Simplified on-policy importance sampling (IS)). At iteration t, sample one action

a; ~ 7, (+). The IS reward estimate is then constructed as 7+(a) = % -r(a) forall a € [K].

Definition [2] will be used for illustrating ideas and new understandings in Section 3] while the main
results in Section[2]are based on Definition [Tl

2.1 Failure Without a Baseline

First, to establish context, we review an existing negative result for the representative algorithm,
natural policy gradient (NPG) [13]], which for the softmax parameterization is defined as follows.

Update 1 (NPG with on-policy stochastic gradient). 0;11 < 6, + n - 7, where wg(a) is by Eq. .

It is known that NPG behaves problematically with on-policy IS, even if the true mean reward r(a;) is
observed. In particular, NPG converges to a sub-optimal deterministic policy with a constant positive
probability in this case, as shown by [7, 21].

Proposition 1 (Theorem 3 of [21]])). Using Update where T is from Deﬁnition[é] andr € (0,1]%,
we have, with positive probability, 3, . mo,(a) — 1 as t — oc.

Essentially Proposition[T]asserts that Update [I)is too aggressive: if sub-optimal actions are sampled ¢
times successively, their probabilities will become exponentially close to 1;i.e., 1 =3~ . 7o, (a) €

O(e~“"). It follows that [],2, > arta To,(a) > 0; that is, the on-policy sampling process a; ~
7o, (+) has a non-zero probability of sampling sub-optimal actions forever, which implies that there is
a positive probability that 7y, fails to converge to an optimal deterministic policy.

2.2 Global Convergence with a Value Baseline

Despite the above failure, we now prove that subtracting a value baseline rectifies the problem for
NPG. Consider the modified update that includes a baseline.

Update 2 (NPG, on-policy stochastic gradient with value baseline). 0,1 < 0, +n- (ft — l;t), where
mo(a) is by Eq. , bi(a) = (% - 1) by forall a € [K], and b, = g, r.

Since softmax(#) = softmax(# + c- 1) for all ¢ € R, Update [2]is equivalent to the following update
if 7; is by Definition I} Given the same 7y,, Updates and produce the same next policy 7y, . , .
¢ (ay )—W;t T

7o, (at)

Update 3. 0,1 (a) < 0;(a)+n- 1=t (zi(a) — w4 7), ie, Opp1(ar) < Op(ar)+n-

o, (a)

and 0411 (a) < 0;(a) for all a # ay.

>

Unfortunately, the variance of this update is not uniformly bounded whenever 7y, (a) is close to
0 for at least one action a € [K] (Proposition , therefore standard stochastic gradient analysis



for bounded variance estimators [25} 33} [17} 132] cannot be applied. Instead, we develop two new
techniques to establish global convergence results, both of which rely heavily on using baselines.

Lemma|T]provides the first key technique, which we refer to as the stochastic NE inequality.
Lemma 1 (Stochastic non-uniform Lojasiewciz (NL)). Suppose Assumption|l|holds. Let v € [0,1]%
a* = argmax,c(x) r(a), and A = r(a*) —maxazq- r(a). Using Update|2|with on-policy sampling
a; ~ 7, (+) and IS estimator 7+,

(1) if 7 is from Definition 2] then with constant learning rate n) > 0, we have, for all t > 1,

ﬂ;+1T — 71'2;7" >0, almost surely (a.s.), and “é)

Bilms, 7] =m0, 2 oo (a) - (r(e?) = mr)’, s)

where B[] is on randomness from on-policy sampling a; ~ my, (-).
(2) if 74 is from Definition[l} then with learning rate,

7o, (ar) - |r(ar) — mg,r|

= 6
n S ©)
we have, forall t > 1,
1 K
T T
Et[79t+1'f’] - 7T9t7" 2 W Z ﬂ—Gfr‘ (7)
1 A *\ 2 * T 2
> - .= . . _
= 16- R?nax K_—1 e (Cl ) (T(a’ ) o, T) ) (8)

where B[] is on randomness from on-policy sampling a; ~ 7y, () and reward sampling x ~ R, .
Remark 1. We have n € O(1/t) in Eq. (6) after knowing the convergence rate later:

We refer to 7g, (a*)? in Eq. (8)) the stochastic NL. coefficient. Lemmalls a stochastic generalization
of the NL 1nequallty, which has been w1dely used in provmg global convergence of softmax PG
variants [24} 23] 22| [21} 34]]. It is stochastic since Eq. (7)) contains an expectation. It is non-uniform
because Eq. (8) depends on 6, which cannot be uniformly lower bounded away from 0 across the
entire domain of § € R (that is, one can always find 6 such that 7y (a*) is arbitrarily close to 0).

The key idea of Lemmal[I]is as follows. If 7; is from Definition 2] then by algebra we have,

r(i)fwgtr s T
exp {77- W} =1 (r(@) — m,7)

{ .T(i)ﬂr(,Ttr} 1-mg, (i)
EXP\T T, 7o, (1)

K
Et[ﬂ;+lT] — T, 7 = Z?Tot (1) )

Since (e“Y —1) -y > 0forall y € Rand ¢ > 0, Eq. @) is non-negative (letting y := r(i) — w;,';r

and ¢ := /=, (i)). However, this is not true if 7; is from Deﬁnition where we have,

z—my T .
- - K Rumax {QXP {77' o, ?;) } - 1] - (r(d) - ﬂ-;;r)

Ee [ﬂ-et+17ﬂ] Mo, T = Z 7o, (i) - / P
i=1 t

— Rumax Lz
eXp{ Tor 5 }* mtm

Note that (e“’/ —1)-y<0ify’ -y <0andc > 0 (letting y =z — 7T9t7‘, yi=r(i)— ﬂ(;zr, and
¢ = /7, (). For a “good” action (r (i) — 7r9Tt r > 0), if unfortunately its sampled reward is “bad”
(z— w‘;r r < 0), then the update will make negative progress Similar things happen for a “bad” action

(r(i) — 7r9 r < 0) with “good” sampled reward (x — 79 r > 0). Itis then necessary to use 7 like
Eq. (6), to control the non-linear sigmoid-like functions in the progress by piecewise linear functions
(Lemma|[T3) to get non-negative expected progresses. According to Eq. (8), we have

- Pi(z)pu(dx). (10)

Et[wgtﬂr]—ﬂetrzo, (11)

which implies that Update 2] achieves non-negative progress in expectation. Combining Lemmal]
with Doob’s supermartingale convergence theorem then leads to the following result.

Corollary 1. The sequence {ﬂ';: T}i>1 converges with probability one.



Corollary |l|asserts that, the random sequence 7r9Tt r produced by Update [2|asymptotically approaches
some finite value (since 74 r € [0, 1]), ruling out the possibility of divergence (oscillating forever).

However, this does not necessarily imply that w(;: r — r(a*) as t — co. A subtlety arises in bounding
the stochastic NE coefficient in Eq. (7) away from 0, which requires a second key technique.

Lemma 2 (Non-vanishing stochastic NE coefficient / “automatic exploration”). Using Update 2| with
conditions in Lemmaand 7t from Deﬁnition for an arbitrary initialization 6, € R®, we have,

c = gﬁ 7, (a*) > 0, almost surely (a.s.). (12)

2

Lemmas andtogether guarantee that ﬂ';t r — r(a*) as t — oo. In fact, using the “variance-like
expected progress (Eq. (7)), Corollary [T|implies that 7, approaches a “generalized one-hot policy” as
t — oo. Lemma 2] then argues by contradiction that 7, cannot approach a sub-optimal “generalized
one-hot policy” as t — oo, which will imply that the optimal action’s probability must approach 1
and achieve Eq. (12). Proof details in the appendix and intuitions in Section [3|reveal that Update 2]
achieves a form of “automatic exploration” by using a baseline, i.e., maintaining 7, (a) decay no
faster than O(1/t), such that every action will be sampled infinitely many times in a long run. Finally,
combining Lemmas |1| and [2] we establish not only asymptotic convergence of NPG to a global
optimum, but also a global convergence rate of O(1/t) in terms of the sub-optimality gap.

Theorem 1 (Almost sure global convergence rate). Using Update 2| with on-policy sampling a; ~
7o, (+), the IS estimator 7 in Definition |} 1) in Eq. @, and any initialization 01 € RX | we have,

. - 16-R2,, K-1
]E[(’/T 77r0t) T]S AE[CQ] N 1 ) and (13)
A -2 t
s { 16 Rf%lax g o) T} see A (1

where T = argmax ca (k) 7 'r is the optimal policy, Ry is the sampled reward range from
Assumption A = r(a*) — maxg.q- 7(a) is the reward gap of r, and ¢ > 0 is from Lemma

2.3 General MDPs

Next, we generalize these results to finite Markov decision processes (MDPs). Given a finite set X,
let A(X) denote the set of all probability distributions on X. A finite MDP is defined as a tuple
M = (S, A,r,P,v), where S and A are finite state and action spaces, respectively. 7 : S x A — R
is the expected reward function, P : S x A — A(S) is the probability transition function, and
v € [0,1) is the discount factor. We also extend Assumption [I| to every (s,a) € S x A and
assume there is a reward distribution R, , with expectation r(s,a), uniformly bounded within
[— Rimax; Bmax)- Given a policy 7 : S — A(A), at each time ¢ > 0, an agent is given a state s; € S,
takes an action a; ~ m(-|s;), then receives a scalar reward observation x(s;, a;) ~ Rs, 4, and a
next-state s¢11 ~ P(:|s¢, a;). The value function of 7 at state s is defined as

oo

v'r(se, ar)
0

V7 (s) = S0 =s|. (15)
agr~m(-]se),

sgr1~P(-|st,at)

t=

The policy optimization problem for a general MDP is to maximize the expected value of the policy,

T — o
9;SIQ?AX—>RV (p) = 0: 3% AsR SNIE(.) Ve, (16)

where p € A(S) is an initial state distribution, and 7y (+|s) = softmax(0(s,-)),

_ exp{0(s,a)}
mo(als) = S oxp(0(s,a)] forall (s,a) € S x A. (17)

Given a policy , its state-action value is defined as Q7 (s, a) == r(s,a)+~v->_ ., P(s|s,a) - V7 (s'),
and its advantage function is defined as A™(s,a) = Q™(s,a) — V™ (s), for (s,a) € S x A.
The state distribution of 7 is defined as d (s) = (1 — ) - >~ 7" - Pr(s; = s|so, 7, P). We
also denote d(s) = Eq () [d7 (s)]. Given p, there exists an optimal policy 7* such that
V™ () = maxps a4 V7 (p). We denote V*(p) i= V™" (p) for conciseness.

For a general MDP, we assume the initial state distribution p is “sufficiently exploratory” [2, 24, 18]



Assumption 2 (Sufficient exploration). The initial state distribution satisfies ming u(s) > 0.

At iteration ¢, the NPG method uses the current state distribution to sample one state s; ~ d,”* (-),
then uses on-policy sampling to sample one action a; ~ g, (+|s). For the sampled state action pair
(st,at) € S x A, the state-action value Q™ (s;, a;) is then used to perform update. The current state
value function V™ (s,) is used as the baseline, as shown in Algorithm|I]

Algorithm 1 NPG, on-policy stochastic natural gradient

Input: Learning rate n > 0.
Output: Policies 7y, = softmax(6;).
Initialize parameter 61 (s, a) for all (s,a) € S x A.
while t > 1 do
Sample s; ~ d,,”* (), and a; ~ 7, (-|s¢).
Or1(s0,a0) < Op(sr,a0) + - <‘;"‘;j(‘;:|¥)9" (s¢)
end while

According to the performance difference lemma, we have,

VT () = VIO ) = T2 S0 () 3 (s als) o (als) - Q7 (). (19

S a

where the inner summation over actions is similar to (mt 1 Wgt) r in one-state MDPs. This
connection allows us to generalize LemmalI]to the following result.

Lemma 3 (Stochastic NL). Using Algorithm[Z]with constant n > 0, we have, forall t > 1,

V™1 (s9) — V™ (s0) > 0, a.s., Vso € S, and (19)
. w* =1 : FYPNIRY .
BV ()] = V7 () 2 2Ot S| et GRS (v ) - V()" (20)

where B[] is on randomness from state sampling s; ~ d,,’* (), on-policy sampling a; ~ g, (-|s;),
and a*(s) is the action selected by the optimal policy 7* under state s.

Next, similar to Lemma 2] we can develop a set of contradictions that establish the following result.
Lemma 4 (Non-vanishing stochastic NL coefficient / “automatic exploration”). Using Algorithm!|]]
with the conditions in Lemma with arbitrary initialization 61 € RS*A we have,

= _inf * 8. 21
ci= inf m(a*(s)ls) >0,  as @21
By combining Lemmas [3|and d] we obtain the following result that generalizes Theorem [I]

Theorem 2 (Almost sure global convergence rate). Using Algorithm|I|with any initialization 6, €
RXE, under the same assumptions as Lemmas there exists a C' > 0 such that for all t > 1,

* T 1+ n dz* S 1
E[V — V7o < Nl == d 22
V) (]l < n-(1- 7)* - min, u(s) ‘ M E[e?] ¢t an 22)
. n-(l—’y)4-min5 n(s) . dﬁ* - . -t (V* _ e
hr?zslup { s e S (V™ (p) = V™ (u)) p < oo, a.s., (23)

where T* is the global optimal policy, S is the state number, ming p(s) > 0 by Assumptian and
¢ = infy>1 ses mg, (a*(s)]s) > 0 is from Lemmad]

3 Understanding Baselines in On-policy Stochastic Policy Optimization

Section [2] shows that using a value function baseline in on-policy stochastic NPG can ensure con-
vergence to a globally optimal policy. However, the mechanism behind this finding requires further
elucidation. Preliminary studies [7} 21]] have observed that subtracting a baseline can reduce the
committal behavior of PG-based estimators, suggesting that this effect might be more important
than variance reduction. A mathematical characterization of “committal behavior” is from using the
following concept of “committal rate” [21]].



Definition 3 (Committal Rate, Definition 2 of [21]]). Fix r € (0,1]¥ and 6, € RE. Consider a
policy optimization algorithm A. Let action a be the sampled action forever after initialization and
let 6, be produced by A on the first t observations. The committal rate of algorithm A on action a
(given r and 01) is,

k(A,a) = sup {a >0:limsupt® - [1 —mp,(a)] < oo} . (24)

t—o0

The larger the committal rate « is, the more aggressive one update is. In this section, we provide a
new, deeper understanding of how a baseline improves the convergence behaviour of a stochastic PG
based method using Definition 3] However, [21] only studied the deterministic reward setting i.e., 7
is from Definition[2] We follow the same settings in this section.

3.1 Baselines Do Not Control Update Variance in NPG

We begin from the well known result that value baselines have no effect on exact policy gradients.

Proposition 2 (Unbiasedness of NPG). For NPG with and without a state value baseline, corre-
sponding to Updatesandrespectively, we have By, .z, () [fi] = Eoynmo, () [t — bt =7

According to Proposition 2] Updates [I|and [2] become identical if the exact policy gradient is available,
hence both enjoy an O(e~¢*) convergence rate to a global optimum (c > 0) [14} 21]]. Therefore, a
state value baseline can only have an effect if the policy gradient has to be estimated from a stochastic
sample. However, we find that the variance of the NPG updates remains unbounded in the stochastic
setting, regardless of whether a state value baseline is used.

Proposition 3 (Unboundedness of NPG). For NPG without a baseline, Update we have
2
Eq,~mo, () ||ft||§ = ZQE[K] % For NPG with a state value baseline, Update |2| we have

N A (r(a)—mg,m)>
anmt(.) |#e — be]|2 = ZGE[K] — %’ K. (71'&:1")2 +2- (wgr) ~(rT).

o, (a)

According to Proposition [3] whenever 7y, nears a one-hot probability distribution over [K] (which

2 _ T 2
it must converge to), there exists at least one action a € [K] such that both ;‘e(a()a) and (T(aTze Zf)"r)
t

become unbounded, implying an unbounded scale for both Updates [T] and . Yet we know from
Proposition|I] that not using a baseline fails with positive probability, while from Theorem ] subtract-
ing a state value baseline ensures almost sure convergence to a global optimum. The fact that the
variance of both updates is unbounded suggests that it is difficult to draw conclusions on the effect
of the baseline from a variance reduction perspective alone. An alternative analysis is required to
explain the fundamental difference between Updates [T]and 2]

3.2 Coupled Sampling and Updating

In on-policy stochastic policy optimization, sampling and updating are coupled as shown in Fig-
ure [T} At iteration ¢, the data collected depends on the current policy, since on-policy sampling
is used a; ~ mp, (), while the policy is updated from the observations collected based on a;.
This coupling introduces complexity in the optimization process as
well as in the analysis. However, this coupling is also fundamental
to understanding the circular interaction created by any on-policy Sampling
stochastic optimization method. That is, on-policy stochastic op- a; ~ 7, (+)
timization faces an exploration-exploitation dilemma: a learning
algorithm can improve the policy and increase the probability of
choosing actions that yield higher rewards (exploitation), but it must Updating
not do so too aggressively lest it fail to identify possibly higher- tt+1 g, 46, a,n)
reward actions (exploration). Striking a proper balance between
exploration and exploitation is key to achieving good convergence
properties. Different levels of update aggression create different
circular effects between sampling and updating, which is central to
determining almost sure convergence to a global optimum.

Figure 1: Coupled on-policy
sampling and updating [21}
Figure 2].



3.3 The “Vicious Circle” of Being Too Aggressive

First we illustrate a negative effect, the “vicious circle” of being too aggressive.

Lemma 5 (Bad sampling). Let 7y, (a) € (0, 1) be the probability of sampling action a using online
sampling a; ~ o, (+), forallt > 1. If 1 — mp, (a) € O(1/t'7€), where € > 0, then ], mg, (a) > 0.

Note that Lemma 5] characterizes sampling behaviour under general conditions that do not otherwise
depend on specific updates. However, according to Lemma 5] if an action’s probability approaches 1
strictly faster than O(1/t), by whatever means, it becomes possible to not sample any other action
forever, which creates a “lack of exploration” phenomenon as it is known in RL. In particular,
on-policy stochastic NPG without a baseline can produce such a sequence of {mg, (a)};>1.

Lemma 6 (NPG aggressiveness). Fix sampling a; = a for allt > 1, using Update|l|with constant
learning rate 1) > 0, where i is from Definition |2} we have 1 — p,(a) € O(e™¢?) forall t > 1,
where ¢ > 0.

According to Definition [3| we have x(NPG, a) = co, meaning that NPG without baseline is very
aggressive. Note that Lemma|[6only characterizes the aggressiveness of Update [I| with the sampling
fixed to be a; = a for all t > 1. Lemmas [5|and [6] together describe the “vicious circle” between
sampling and updating that can be created by overly aggressive updates. First, in on-policy sampling,
there will always be a non-zero probability of “bad luck”; that is, with positive probability a set of
sub-optimal actions can be sequentially sampled for multiple steps. Second, an overly aggressive
update will only exaggerate the weakness of the sampling procedure by increasing the sampled
sub-optimal actions’ probabilities rapidly (Lemma [6). Third, this exaggeration can worsen data
collection for subsequent updating by further increasing the prevalence of sub-optimal actions.
Such a vicious circular interaction between sampling and updating can happen repeatedly, and its
self-reinforcing nature can create a non-zero probability that the cycle occurs forever (Lemma [3)),
resulting in convergence to a sub-optimal deterministic policy (a stationary point for both sampling
and updating).

3.4 The “Virtuous Circle” of Not Being Too Aggressive

Next, we demonstrate a positive effect, the “virtuous circle” of not being too aggressive.
Lemma 7 (Good sampling). Let my, (a) € (0,1) and a; ~ w9, (), forallt > 1. If Y72, (1 — mp, (a))
=00 (eg., 1 —mp,(a) € Q(1/t)), then [[;2, o, (a) = 0.

As in Lemma[5] Lemma[7]only characterizes the effect of sampling behaviour under general conditions
that do not otherwise depend on specific updates. Here we see that if an action’s probability approaches
1 no faster than O(1/t), it is no longer possible to avoid sampling any other action forever; that is,
sufficiently slow modification of the sampling probabilities forces persistent exploration such that
every action is sampled within some finite time with probability 1. In particular, subtracting a value
baseline in on-policy stochastic NPG produces such a sequence {mg, (@) };>1.

Lemma 8 (Value baselines reduce NPG aggressiveness). Fix sampling a; = a for allt > 1. Then
using Update [Z] with a constant learning rate n > 0 and 74 from Deﬁnitionobtains 1—mp,(a) €
Q(1/t) forall t > 1.

According to Deﬁnition with value baselines, we have x(NPG, a) = 1, meaning that the aggres-
siveness of NPG update is reduced. As in Lemmal6] Lemma|[8|only characterizes the conservativeness
of Update 2] with fixed sampling of a; = a for all ¢ > 1. Lemmas [7]and [§]now describe a “virtuous
circle” between sampling and updating that is created by using not too aggressive updates. First,
even in a worst case situation (e.g., an adversarial initialization), where a sub-optimal action has a
dominant probability 7y, (a) ~ 1, under on-policy sampling all actions will eventually be sampled.
Second, conservative updating will mitigate the effect of the extreme sampler by not increasing
the sub-optimal action’s probability too rapidly (Lemma 8)). Third, sustained diversity in sampling
will eventually draw a better action than the current dominating sub-optimal action (Lemma [7).
Finally, once better actions are sampled, the update will improve subsequent sampling by decreasing
the probability of the dominating sub-optimal action. In particular, this is achieved by increasing
value baselines to be larger than the dominating sub-optimal action’s true mean reward, such that
the dominating sub-optimal action will start losing probabilities. This virtuous circular interaction
between sampling and updating ensures sufficient exploration, which prevents the iteration from
converging to a sub-optimal deterministic policy.



3.5 How a State Value Baseline Reduces Update Aggressiveness

Based on Lemmas [5| and [7} the boundary between “too aggressive” and “not too aggressive” is
precisely ©(1/t). We now explain how a state value baseline in NPG will control update aggres-
siveness. First, without a baseline, sampling a sub-optimal action a € [K] for ¢ times makes its
parameter behave as 6;(a) € O(t), since r(a) € ©(1). On the other hand, other action parameters
will behave as 6,(a’) € O(1) if they are only sampled a constant number of times. Under the softmax
parameterization Eq. , this will imply that 1 — 7, (a) € O(e™¢"), which is far too aggressive.
Second, using a state value baseline, under repeated sampling the parameter increase for a sub-optimal
action a € [K] will be damped. In particular, whenever the policy is close to deterministic, say

76, (a) ~ 1, we also have 7, 7 ~ r(a). Therefore, since

r(a) — ﬂ';r = Z 7, (a') - (r(a) —r(a’)) <1 —my,(a), (25)
a’'#a

the closer 1 — mp, (a) is to 0, the smaller r(a) — my r will be. This means even if a is sampled
repeatedly for ¢ times, we obtain 6;(a) € O(logt) and 1 — 7y, (a) € (1/t) (Lemmal8). Thus, the
effect of baseline is to modify the sampling to lie exactly on the boundary of being good enough.
From this argument the key role of the value baseline is to reduce update aggressiveness to achieve
a particular effect on long-term sampling, rather than simply reduce variance. It also shows how
using an appropriately un-aggressive update is both necessary (Lemma[3)) and sufficient (Lemmal[7)
to achieve almost sure convergence to a global optimum in on-policy stochastic policy optimization.

4 Simulations

We conducted simulations to verify the two main results above: asymptotic convergence toward
globally optimal policy 7* in Lemma and the O(1/t) convergence rate in Theorem E]

4.1 Asymptotic Convergence

We first consider a one-state MDP with K = 20 actions and true mean reward vector r € (0,1)%,
where the optimal action is a* = 1 with true mean reward (1) ~ 0.97 and best sub-optimal
action’s true mean reward r(2) = 0.95. The sampled reward is observed with a large noise, e.g.,
x ~ —2.03 and = &~ 3.97 with both 0.5 probability for the optimal action, such that (1) =
0.5 (—2.03) 4+ 0.5 - 3.97. Details about 7 and the reward distributions can be found in the appendix.

To verify asymptotic convergence to a globally optimal policy in Lemma 2] we consider the iteration
behaviors of Update under an adversarial initialization, where 7p, (2) & 0.88, i.e., a sub-optimal
action starts with a dominating probability. This is the worst case scenario for Lemma[2] where the
optimal action only has a small chance to be sampled, while the sampled reward noise is very large.

As shown in Figure the expected reward w;)z r quickly approaches and remains stuck around

r(2) ~ 0.95 initially, as expected. However, after about 8 x 10° iterations, the policy y, finally
escapes the sub-optimal plateau and approaches the optimal reward r(1) ~ 0.97. This simulation
result is consistent with Lemma @ i.e., for an arbitrary initialization, the introduction of a value
baseline eventually makes 7y, approach a globally optimal policy within finite time, while additionally
the optimal action’s probability never vanishes, inf;>1 mg, (a*) > 0, as shown in Figure

4.2 Convergence Rate

We run Update 2| with a uniform initialization, i.e., g, (a) = 1/K for all ¢ € [K], and calculate

averaged sub-optimality gap (7" — 7T9t)T r across 20 independent runs, using deterministic reward
settings where 7; is from Definition [2] As shown in Figure [2c| where both axes are in log scale,

the slope is approximately —1, indicating that log (7* — mg,) r = —logt + C, or equivalently
(m* — T, )" r = C’/t, which is consistent with Theorem
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Figure 2: Adversarial initialization (a) and (b); uniform initialization (c).
5 Conclusion

This work clarifies some of the longstanding mysteries those have separated the theory and practice
of policy gradient optimization. The major finding is a state value baseline reduces the aggressiveness
of the on-policy stochastic NPG update, which turns out to be necessary and sufficient for achieving
almost sure convergence to a global optimum. The deeper understanding of the circular dependence
between on-policy sampling and updating also dispels a common misconception about variance
reduction, showing that bounded variance estimators are not necessary for achieving global conver-
gence. The main technical innovation is the stochastic NL inequality, and the subsequent arguments
that establish global convergence, both of which depend critically on the value baseline.

This work leaves open a number of interesting questions. First, the O(1/t) convergence rate contains
an initialization dependent constant in Lemma 2] resulting from plateaus as observed in Figure
which does not appear in results that use the direct parameterization [§]. Thus the difficulty appears
due to the non-linear softmax transform. Removing or improving this constant would impact practical
performance, so investigating other techniques, such as regularization, optimism or momentum might
be helpful. Second, the results in this paper use the true state values as the baselines. It would be
interesting to consider the effect of estimating the value baseline or using alternative baselines in policy
optimization. Finally, the O(1/t) last iteration convergence rate implies an optimal O(log T') regret
in stochastic bandit problems [[16]. The explanation of the circular dependence between sampling
and updating is specific to on-policy PG optimization, but it is also consistent with the exploration
exploitation dilemma in RL. In other words, this work suggests a completely new approach to the
exploration-exploitation trade-off, achieving provable bounds with ever requiring explicit uncertainty
estimates, nor any concrete instantiation of the principle of optimism under uncertainty.
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