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On the Learning Dynamics of Label-Noise Memorization in ReLU MLPs
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Abstract
Understanding the mechanisms of memorization
in neural networks remains an open and challeng-
ing problem. In this work, we study label-noise
memorization in two-layer ReLU MLPs through
the learning dynamics of the first-layer weights1.
Our analysis suggests that label noise initially
attenuates first-layer magnitude evolution while
largely preserving weight directions, before in-
ducing competing magnitude and directional dy-
namics between clean and noisy samples. Experi-
ments on MNIST further suggest that these com-
peting dynamics can reach a dynamical equilib-
rium prior to memorization, indicating that memo-
rization can emerge without significant distortion
of the first-layer weights.

1. Introduction
Deep neural networks can fit noisy labels while still gener-
alizing to unseen data (Zhang et al., 2016), a phenomenon
related to benign overfitting (Bartlett et al., 2019) and, more
broadly, memorization of noisy or long-tailed samples (Feld-
man, 2020). Understanding how neural networks memo-
rize is important not only for assessing the implications
of memorization on generalization performance, but also
for data privacy and safety. Prior works have identified a
two-stage learning behavior in which networks first general-
ize on clean patterns before memorizing noise (Arpit et al.,
2017), with memorization often emerging in deeper layers
(Baldock et al., 2021). Others suggest that memorization is
confined to a small set of neurons distributed across layers
(Maini et al., 2023). Several theoretical works have studied
benign overfitting in linear settings (Bartlett et al., 2019)
or smoothed-ReLU networks (Frei et al., 2022). However,
understanding how memorization emerges through neuron-
level learning dynamics in ReLU networks remains an open
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question. In this work, we study label-noise-induced mem-
orization in two-layer ReLU MLPs through the evolution
of the first-layer weights. Our analysis suggests that la-
bel noise initially attenuates first-layer magnitude evolution
while largely preserving weight directions, before inducing
competing magnitude and directional dynamics between
clean and noisy samples. Experiments on MNIST further
suggest that these competing dynamics can reach a dynami-
cal equilibrium prior to memorization, indicating that mem-
orization can emerge without significant distortion of the
first-layer weights.

Our work differs from (Kou et al., 2023; Han et al., 2025),
as we do not consider a convolutional structure to indepen-
dently process signal and noise. An extended related work
section can be found in Appendix A.1.

2. Preliminaries
Let D = {(xi, yi)}Ni=1 ⊂ Rd × {0, 1} denote a binary
classification dataset. We consider a fully connected neural
network with a single hidden layer of width m:

hiα = ReLU
(
w(1)⊤

α xi + b(1)α

)
, α = 1, . . . ,m

zi =

m∑
α=1

w(2)
α hiα + b(2)

pi = σ(zi)

where w
(1)
α ∈ Rd and b

(1)
α ∈ R are the input weights and

bias of neuron α, w(2)
α ∈ R is the weight connecting neuron

α to the output neuron, and b(2) ∈ R is the output bias.
Here, σ(·) denotes the sigmoid function. The model with
parameters θ is trained by minimizing the empirical binary
cross-entropy loss L(θ). To study learning dynamics, we
consider gradient flow, the continuous-time limit of gradient
descent, as the learning rate η → 0 (Saxe et al., 2019).

2.1. Learning Dynamics of the Hidden Layer

Applying the chain rule to the first-layer parameters
yields:

dw
(1)
α

dt
= w(2)

α
1

N

N∑
i=1

ei1{hiα>0}xi, (1)

db
(1)
α

dt
= w(2)

α
1

N

N∑
i=1

ei1{hiα>0}. (2)
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where ei(t) = yi−pi(t) denotes the prediction residual and
1{·} denotes the ReLU gating function, restricting the sum to
samples satisfying hiα > 0. This motivates the time-varying
effective dataset Dα(t) = {i : w(1)⊤

α (t)xi + b
(1)
α (t) > 0}.

Then Eq. (1) can be written as:

dw
(1)
α (t)

dt
= w(2)

α (t)Gα(t)

where Gα(t) =
1
N

∑
i∈Dα(t) ei(t)xi defines the effective

learning signal for neuron α, given by a weighted average
over samples in its effective dataset. Finally, decomposing
w

(1)
α (t) into magnitude rα(t) and direction uα(t) yields:

drα(t)

dt
= w(2)

α (t) ⟨Gα(t),uα(t)⟩, (3)

duα(t)

dt
=

w
(2)
α (t)

rα(t)
Π⊥

uα(t)Gα(t) (4)

where ⟨·, ·⟩ denotes the standard inner product, and Π⊥
u v =

v−⟨v,u⟩u is the projection of v onto the subspace orthogo-
nal to u. We refer to Gα(t) as the target vector, since uα(t)
converges (duα

dt = 0) when uα(t) aligns with Gα(t), given
that w(2)

α (t) ̸= 0.

3. Memorization Dynamics in MLPs
In this work we study how fitting label-noise affects the
dynamics of the hidden layer weights w(1)

α (t). As shown in
Eqs. (3), (4), the update direction is determined by the target
vector Gα(t), while w

(2)
α (t) scales its magnitude. Thus,

understanding how label noise alters the target vector Gα(t)
is central to understanding the mechanisms of memorization
in this setting.

3.1. Noise Model

We consider training on a corrupted dataset D =
{(xi, ỹi)}Ni=1, where the observed labels ỹi are generated
from clean labels yi ∈ {0, 1} via independent symmetric
label noise:

ỹi =

{
yi, with probability 1− ρ,

1− yi, with probability ρ,
0 < ρ < 1

2 .

We consider a label noise-rate ρ < 0.5 to retain informative
signal. Equivalently, let mi ∼ Bernoulli(ρ) independently,
such that ỹi = (1−mi)yi +mi(1− yi).

3.2. Early Learning Regime

We study the dynamics near initialization for a 2-layer
MLP with weights w(1),w(2) ∼ N (0, σ2

wI), σw ≪
1, and zero-initialized biases. For small initialization
scales, weight norms evolve much slower than directions,
drα(t)

dt ≪
∥∥∥duα(t)

dt

∥∥∥, a phenomenon known as silent align-

ment (Atanasov et al., 2021). We can therefore treat w(2)
α (t)
rα(t)

as constant during this phase. Furthermore, the sigmoid
can be approximated by zeroth-order pi(t) ≈ 1

2 , since the
weights remain small.

As a neuron’s direction uα(t) evolves, its effective dataset
may also change. However, (Pinson, 2026) shows that under
similar conditions, it is rapidly attracted to a stable effective
dataset, which it subsequently retains during early learning.
Experiments further suggest that Dα(0) differs only slightly
from the stable dataset D∗,early

α (Appendix ??). We there-
fore approximate each neuron by a fixed effective dataset
D∗,early

α from initialization. This still differs from a linear
model, where all neurons share the same effective dataset,
namely the full dataset.
Proposition 3.1 (Early-time learning signal). Under the
early-learning assumptions, the target vector can be ex-
pressed as:

Gα(t) ≈
(1− 2ρ)

2
Sα (5)

where

Sα =
1

N

∑
i∈Dα(0)

(2yi − 1)xi. (6)

Proof: See Appendix A.2.

The vector Sα corresponds to the class-separation direc-
tion within D∗,early

α , capturing the difference between pos-
itive and negative samples. Substituting into Eqs. (3), (4)
yields:

drα(t)

dt
∝ (1− 2ρ)

2
⟨Sα,uα(t)⟩ (7)

duα(t)

dt
∝ 1

rα(t)

(1− 2ρ)

2
Π⊥

uα(t)Sα (8)

Therefore, in this regime, label noise attenuates the ex-
pected update dynamics by a factor (1− 2ρ) relative to the
clean-label case, without changing the weight trajectory.

3.3. Onset of Memorization

Motivated by empirical evidence that neural networks first fit
clean patterns before memorizing noise (Zhang et al., 2016;
Arpit et al., 2017; Stephenson et al., 2021), we analyze the
onset of memorization, where clean samples are confidently
classified while noisy samples are not yet fitted.

We consider a regime in which the logits are large, |zi(t)| ≫
1, so that the sigmoid operates near saturation, and the
effective datasets Dα(t) remain locally stable. We further
assume that over this time window, each effective dataset
Da(t) is independent of label noise, so that noisy labels
remain uniformly distributed within the effective datasets. In
this regime, samples are confidently classified with respect
to their clean labels, while noisy samples are misclassified.

Defining the functional margin with respect to the clean
label as µi(t) := (2yi − 1)zi(t), the sigmoid in the satu-
rated region can be approximated by a first order asymptotic

2
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expansion as pi(t) ≈ yi + (1− 2yi)e
−µi(t).

Proposition 3.2 (Learning signal at the onset of memoriza-
tion). Under these assumptions, the target vector can be
expressed as:

Gα(t) ≈ −ρSα(t) +Rα(t), (9)
where

Rα(t) =
1

N

∑
i∈Dα(t)

(2yi − 1)e−µi(t)xi.

Proof: See Appendix A.3.

The learning signal consists of a noise-induced drift
−ρSα(t) and a margin-dependent correction Rα(t). The
drift term opposes the early-learning class-separation di-
rection to fit noisy samples, therefore reducing margins,
while Rα(t) is a margin-weighted average over samples
with weights scaling as e−µi(t), increasing the relative con-
tribution of lower-margin samples. Substituting into Eqs. 3
and 4 yields:

E
[
drα(t)

dt

]
∝ −ρ⟨Sα(t),uα(t)⟩+ ⟨Rα(t),uα(t)⟩, (10)

E
[
duα(t)

dt

]
∝

−ρΠ⊥
uα(t)Sα(t) + Π⊥

uα(t)Rα(t)

rα(t)
. (11)

Thus, the dynamics are governed by a competition be-
tween drift and correction: the drift term −ρSα(t) reduces
alignment with the class-separation direction, while Rα(t)
provides a margin-dependent correction. This interaction
may lead to small adjustments in both magnitude and di-
rection, allowing the network to fit noisy samples without
significantly disrupting the learned features. A simplified
toy-model illustrating these competition dynamics is pro-
vided in Appendix A.4.

Remark. Proposition 3.2 corresponds to a simplified setting
in which the effective datasets are primarily determined by
the underlying clean structure, while label noise acts as an
independent perturbation. This holds in a simpler setting
where the model is first trained on clean data, and label
noise is subsequently introduced.

4. Experiments
To validate the theoretical assumptions and the proposed
framework, we consider a balanced binary subset of the
MNIST dataset, denoted by D, consisting of N = 3000
total samples of the digits 1 (y = 1) and 0 (y = 0).

We define Dc and Dn as the clean (unaltered labels) and
noisy (flipped labels) versions of D, respectively. We con-
sider two identical MLPs of hidden dimension m = 1000,
fc(θc) and fn(θn), trained on Dc and Dn. Both models are
initialized with the same parameters, with weights sampled
from N (0, 10−3), and biases initialized to zero. The models
are then trained via gradient descent for 300k epochs, while
we evaluate the dynamics for ρ ∈ {0.05, 0.1, 0.2, 0.3, 0.4}.

4.1. Early Learning Regime

As described in Prop. 3.1, in the early learning regime,
noise scales the first-layer magnitude dynamics by a factor
(1− 2ρ) without affecting the corresponding directional dy-
namics. To evaluate this regime, we train fn with learning
rate η = 10−3 and fc with (1 − 2ρ)η, and compare their
directional (Fig. 1, top-left) and magnitude (top-right) up-
dates. Aligned with Prop. 3.1, we observe that during early
training epochs, noise has negligible effect on the first-layer
directional dynamics, while the corresponding magnitude
dynamics are attenuated by a factor (1− 2ρ) (equivalent to
a clean model trained with a scaled learning rate).

Figure 1. (top-left): cosine similarity between directional up-
dates sim(∆uc ,∆un); (top-right): radial-update norm ratio
∥∆rn∥/∥∆rc∥; (bottom-left): accuracy of fn on clean samples;
(bottom-right): accuracy of fn on noisy samples.

4.2. Onset of Memorization

High functional margin assumption. Proposition 3.2 as-
sumes a training state in which all samples are confidently
classified with respect to the clean (unflipped) labels, i.e.,
µi(t) ≫ 1 for all i = 1, . . . , N . In this case, samples
with corrupted labels are misclassified with respect to their
observed (flipped) labels.

Fig. 2 illustrates the average functional margin µ̃i(t), with
respect to the observed labels, aggregated over clean (top-
left) and noisy (top-right). The corresponding model accu-
racies for clean and noisy samples are shown in the bottom
row. We observe that as the noise rate increases, the devia-
tion from the high-margin assumption is amplified, although
the model continues to fit the underlying signal before adapt-
ing to corrupted labels.

Antagonistic dynamics of memorization. As suggested
by Prop. 3.2, clean and noisy samples can induce compet-
ing effects on the first-layer weight magnitude rα(t) and
direction uα(t) dynamics. To evaluate this beyond the sim-

3
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Figure 2. Functional margins (w.r.t observed labels) and accuracy
of fn prior to memorization. (top-left): clean-sample margins;
(top-right): noisy-sample margins; (bottom-left): clean-sample
accuracy; (bottom-right): noisy-sample accuracy.

plified theoretical setting, we analyze the training dynamics
of fn with noise ratio ρ = 0.2, aligned with experimen-
tal studies considering small or intermediate noise rates
(Garg et al., 2023; Maini et al., 2023). We decompose
the target vector as Gα(t) = Gα,c(t) + Gα,n(t), where
Gα,c(t) and Gα,n(t) denote the clean and noisy contribu-
tions, respectively. As shown in Eqs. (3), (4), the inner
products ⟨Gα,c(t),uα(t)⟩ and ⟨Gα,n(t),uα(t)⟩ govern the
respective components to magnitude dynamics, while the
orthogonal projections Π⊥

uα(t)Gα,c(t) and Π⊥
uα(t)Gα,n(t)

drive directional evolution. By concatenating neuron-wise
target vectors and directions into layer vectors G and u, we
study the collective first-layer dynamics.

Fig. 3 illustrates the competition dynamics between clean
and noisy samples, on first-layer weights magnitude and di-
rection. Throughout training, the directional components in-
duced by clean and noisy samples remain negatively aligned
(cos(Π⊥

UGc(t),Π
⊥
UGn(t)) < −0.98, see Appendix A.5),

indicating that clean and noisy samples consistently attempt
to rotate the first-layer weights in opposing directions.

During early training, indicated by the blue region,
the magnitude components exhibit opposite signs, while
∥⟨Gc(t), U(t)⟩∥ > ∥⟨Gn(t), U(t)⟩∥. Furthermore, clean
and noisy samples induce opposing directional contribu-
tions while ∥Π⊥

UGc(t)∥ ≫ ∥Π⊥
UGn(t)∥ (Appendix. A.5),

yielding cos(Π⊥
UG(t),Π⊥

UGc(t)) ≈ 1. Together, these ob-
servations validate the early-learning regime in which noise
attenuates the evolution of the first-layer weight magnitude
while having limited effect on the directional dynamics.

As clean samples become correctly classified, the corre-
sponding prediction residuals decrease, reducing the con-
tribution of Gc(t) to both the magnitude and directional
dynamics. In the orange region, competition emerges as
∥⟨Gn(t), U(t)⟩∥ ≳ ∥⟨Gc(t), U(t)⟩∥, leading noisy sam-

Figure 3. Early and full training dynamics of clean/noisy competi-
tion. Left column: first 1200 epochs. Right column: full training
trajectory. (top): clean/noisy accuracy; (middle): magnitude-
dynamics components ⟨Gc(t), U(t)⟩ and ⟨Gn(t), U(t)⟩; (bot-
tom): alignment between the net directional component Π⊥

UG(t)
and the corresponding clean/noisy directional components.

ples to increasingly influence the magnitude evolution until
⟨U(t), G(t)⟩ → 0. At the same time, the alignment be-
tween the net directional component and the corresponding
clean directional contributions is progressively reduced, in-
dicating that that noisy samples also inflict a directional
drift. Notably, this transition occurs prior to memorization,
suggesting that these competition dynamics can emerge
without significantly altering the learned first-layer features.
Interestingly, these competition dynamics appear to reach a
dynamical equilibrium from this point onwards, where the
net directional component oscillates between the compet-
ing clean and noisy directional contributions, while the net
radial component remains close to zero.

5. Conclusion
This work studies memorization under label noise in 2-layer
ReLU MLPs through the learning dynamics of first-layer
weights. Our analysis suggests that label noise can initially
attenuate the effective learning signal before inducing com-
peting directional and magnitude dynamics between clean
and noisy samples. Experiments on MNIST further sug-
gest that these competition dynamics can reach a dynamical
equilibrium prior to memorization, indicating that noisy-
label fitting can emerge without substantial distortion of
first-layer representations.

4
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A. Appendix
A.1. Related Work

The statistical view of memorization as a synonym of overfitting was challenged by (Zhang et al., 2016), who showed that
neural networks with sufficient capacity to achieve zero training loss can still generalize to unseen data, even without explicit
regularization. (Arpit et al., 2017) further demonstrated that learning progresses in stages, with simple patterns fitted first,
followed by harder and noisier samples. Based on these observations, (Feldman, 2020) formalized memorization as the
self-influence of a training sample, defined by the change in its prediction when it is included versus excluded from the
training set.

Memorization Proxy Metrics: Several works study memorization through metrics that correlate with atypical sample fitting.
(Carlini et al., 2019) show that non-representative samples tend to exhibit lower adversarial distance. (Jiang et al., 2020)
introduce the C-score, which measures the consistency of predictions between models trained on random subsets of the
original dataset, finding that atypical samples exhibit low C-scores. More recently, (Garg et al., 2023) relate memorization
to loss geometry, showing that the loss landscape exhibits high curvature around atypical samples.

Label noise induced memorization: Building on the observations of (Zhang et al., 2016; Arpit et al., 2017), another line
of work studies memorization through the injection of label noise into the training data. In this setting, memorization
is implicitly defined as the process of fitting noisy samples, providing an experimental framework that avoids reliance
on computationally intensive self-influence metrics. (Baldock et al., 2021) introduce prediction depth as a measure of
example difficulty, showing that early layers capture simple structure while deep layers memorize noisy samples. This
is also supported by (Stephenson et al., 2021), who study the evolution of manifold geometric properties during training,
showing that memorization emerges in deeper layers and later stages of training. However, (Maini et al., 2023) showcase
that memorization is not confined to final layers, but can be localized to a small set of neurons distributed across the network.
Finally, prior works (Maennel et al., 2020; Anagnostidis et al., 2022) study the extreme case of fully random labels, showing
that useful representations may still emerge even in the absence of signal under certain conditions.

Theoretical work: Several theoretical works sought to explain the capacity of overparameterized models to fit noisy samples
while achieving low test error, a phenomenon termed benign overfitting (Bartlett et al., 2019). Benign overfitting has been
studied in a variety of settings, including linear regimes (Belkin et al., 2019; Cao et al., 2021; Chatterji & Long, 2022),
neural tangent kernel (NTK) regimes (Li et al., 2021), and neural networks with smooth activations (Cao et al., 2022; Frei
et al., 2022). (Kou et al., 2023) further extends these results to neural networks with ReLU activations. Finally, the two-stage
behavior of generalization prior to memorization has been theoretically studied in linear models (Liu et al., 2020) and 2-layer
homogeneous ReLU networks (Kou et al., 2023; Han et al., 2025), under simplified data and architectural assumptions.

A.2. Proof of Proposition 3.1

Under the early-learning assumptions, logits remain small and the sigmoid output can be approximated by zeroth order as
pi(t) ≈ 1

2 , giving residuals

ẽi(t) = ỹi − pi(t) ≈ ỹi −
1

2
.

Under the label-noise model ỹi = (1−mi)yi +mi(1− yi), a short calculation gives

ỹi −
1

2
=

1

2
(1− 2mi)(2yi − 1).

Substituting into the target vector:

Gα(t) ≈
1

2N

∑
i∈Dα(0)

(1− 2mi)(2yi − 1)xi.

We partition Dα(0) into clean and noisy subsets

Dα,c = {i ∈ Dα(0) : mi = 0}, Dα,n = {i ∈ Dα(0) : mi = 1},

so that

Gα(t) ≈
1

2N

 ∑
i∈Dα,c

(2yi − 1)xi −
∑

i∈Dα,n

(2yi − 1)xi

 .
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Since mi
i.i.d.∼ Bernoulli(ρ) independently of (xi, yi), for a large enough dataset the flipped samples form an approximately

representative ρ-fraction of Dα(0), and thus∑
i∈Dα,c

(2yi − 1)xi ≈ (1− ρ)
∑

i∈Dα(0)

(2yi − 1)xi,
∑

i∈Dα,n

(2yi − 1)xi ≈ ρ
∑

i∈Dα(0)

(2yi − 1)xi.

Substituting back:

Gα(t) ≈
(1− ρ)− ρ

2N

∑
i∈Dα(0)

(2yi − 1)xi =
1− 2ρ

2
Sα,

where Sα = 1
N

∑
i∈Dα(0)(2yi − 1)xi depends only on the clean samples. □

A.3. Proof of Proposition 3.2

Under the memorization regime, we assume a state where the logits are large, |zi(t)| ≫ 1, so that the sigmoid operates near
saturation, and the effective datasets Dα(t) remain locally stable. In this regime, samples are confidently classified with
respect to their clean labels, while noisy samples are misclassified.

In the saturation region, for |zi(t)| ≫ 1 the sigmoid admits a first-order series approximation. Recall that for |x| < 1, the
geometric series gives

1

1 + x
= 1− x+ x2 − · · · ≈ 1− x,

to first order. For z ≫ 1, we have e−z ≪ 1, so setting x = e−z:

σ(z) =
1

1 + e−z
≈ 1− e−z.

For z ≪ −1, we have ez ≪ 1, so setting x = ez:

σ(z) =
ez

1 + ez
≈ ez.

Defining the functional margin with respect to the clean label as µi(t) := (2yi − 1)zi(t), note that under the high-margin
assumption µi(t) ≫ 1 for all i, since samples are confidently classified with respect to their clean labels. For a clean sample
with yi = 1, we have zi(t) ≫ 1 and µi(t) = zi(t), so the first case applies. For a noisy sample with yi = 0 misclassified as
positive, we have zi(t) ≪ −1 and µi(t) = −zi(t), so the second case applies. Both cases therefore unify as

pi(t) = σ(zi(t)) ≈ yi + (1− 2yi)e
−µi(t),

which can be verified directly: for yi = 1 this gives 1− e−µi(t), and for yi = 0 this gives e−µi(t) = ezi(t), recovering both
cases.

In the saturation region, the sigmoid σ(z) = (1 + e−z)−1 behaves as

σ(z) ≈

{
1− e−z, z ≫ 1,

ez, z ≪ −1,

since e−z ≪ 1 for z ≫ 1 and ez ≪ 1 for z ≪ −1. Defining the functional margin with respect to the clean label as
µi(t) := (2yi − 1)zi(t), both cases unify as

pi(t) = σ(zi(t)) ≈ yi + (1− 2yi)e
−µi(t),

since µi(t) ≫ 1 by the high-margin assumption. The residual is therefore

ẽi(t) = ỹi − pi(t) ≈ ỹi − yi − (1− 2yi)e
−µi(t).

Using the noise model ỹi = (1−mi)yi +mi(1− yi), we have

ỹi − yi = mi(1− 2yi),

8
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which yields
ẽi(t) ≈ (1− 2yi)

(
mi − e−µi(t)

)
.

Substituting into the target vector:

Gα(t) ≈
1

N

∑
i∈Dα(t)

(1− 2yi)
(
mi − e−µi(t)

)
xi.

Since mi
i.i.d.∼ Bernoulli(ρ) independently of (xi, yi), for a large enough dataset we approximate the empirical average of

mi over Dα(t) by its mean ρ, giving

Gα(t) ≈
1

N

∑
i∈Dα(t)

(1− 2yi)
(
ρ− e−µi(t)

)
xi = − 1

N

∑
i∈Dα(t)

(2yi − 1)
(
ρ− e−µi(t)

)
xi.

Defining

Sα(t) =
1

N

∑
i∈Dα(t)

(2yi − 1)xi, Rα(t) =
1

N

∑
i∈Dα(t)

(2yi − 1)e−µi(t)xi,

yields
Gα(t) ≈ −ρSα(t) +Rα(t).

A.4. A Reduced Toy Model for the Onset of Memorization

As shown in the previous section, the expected learning signal decomposes into two components: a noise-induced drift
−ρSα(t), where ρ denotes the label noise rate, and a margin-dependent correction Rα(t). The drift term opposes the
class-separation direction, reducing margins, while the correction term assigns larger weight to low-margin samples. This
suggests a competition between fitting noisy samples and preserving clean margins.

To capture this interaction, we introduce a reduced toy model describing the evolution of average margins. Let mc(t) and
mn(t) denote the average margins of clean and noisy samples, respectively, both measured with respect to the observed
labels. We consider a regime in which the network has already learned the clean class structure, so that

mc(0) ≫ 1, mn(0) ≪ 0.

To model the trade-off between fitting noisy labels and preserving clean margins, we introduce the ansatz

ṁc(t) = −k ṁn(t), k > 0,

which yields the constraint
mc(t) + kmn(t) = C,

where the constant C is determined by initial conditions.

We model the learning signal through the pressure function

P (t) = (1− ρ)e−mc(t) + ρe−mn(t),

where ρ ∈ (0, 1) is the label noise rate. The two terms capture the exponentially decaying contribution of well-classified
clean and noisy samples.

Substituting mc(t) = C − kmn(t) gives

P (t) = (1− ρ)e−Cekmn(t) + ρe−mn(t).

We then consider gradient flow on P (t):

ṁn(t) = − dP

dmn
(t),
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which yields
ṁn(t) = ρe−mn(t) − k(1− ρ)e−Cekmn(t).

This reduced dynamics makes the competition explicit. The first term increases mn(t) when noisy samples are misclassified,
while the second term grows as mn(t) increases, reflecting the cost of reducing the clean margin. The system therefore
balances two opposing effects: pressure to fit noisy labels and resistance from degrading clean-sample margins.

Figure 4. Dynamics of the reduced toy model. Noisy margins mn(t) increase while clean margins mc(t) decrease, with both trajectories
converging to a stable trade-off. Higher noise levels ρ lead to stronger shifts toward fitting noisy samples.

Special case k = 1. Setting k = 1 and choosing symmetric initial conditions

mn(0) = −1, mc(0) = 1,

gives C = 0 and mc(t) = −mn(t). The dynamics reduce to

ṁn(t) = ρe−mn(t) − (1− ρ)emn(t).

Introducing y(t) = emn(t) yields
ẏ(t) = ρ− (1− ρ)y2(t), y(0) = e−1,

which admits an explicit solution. Therefore,

mn(t) = log y(t), mc(t) = −mn(t).

As depicted in Fig. 4, this solution illustrates the qualitative behavior of the system: noisy margins increase from negative
values, while clean margins decrease from positive values, and both converge to a stable trade-off determined by the noise
level ρ.

A.5. Further Illustrations

Stable Effective Dataset Assumption. In Prop. 3.1 we approximate each neuron’s effective dataset by its value at
initialization, Dα(t) ≈ Dα(0), motivated by the result of (Pinson, 2026) that neurons are rapidly attracted to a stable
effective dataset under similar conditions. To validate this empirically, we track how much the effective datasets of the
noisy model drift relative to those of the clean model at initialization. For each neuron α, we define the binary gating vector
gα(t) ∈ {0, 1}N , where

[gα(t)]i = 1
{
w(1)⊤

α (t)xi + b(1)α (t) > 0
}
,

so that [gα(t)]i = 1 if and only if sample i ∈ Dα(t). We measure the cosine similarity between the clean model’s gating
vector at initialization gcα(0) and the noisy model’s gating vector at time t, gnα(t):

cos(gcα(0), g
n
α(t)) =

gcα(0)
⊤gnα(t)

∥gcα(0)∥ ∥gnα(t)∥
,
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and report the neuron-averaged quantity 1
m

∑
α cos(gcα(0), g

n
α(t)) over the first 200 epochs, for ρ ∈

{0.05, 0.10, 0.20, 0.30, 0.40}.

As shown in Fig. 5, the cosine similarity remains high throughout early training across all noise rates, indicating that the
effective datasets of the noisy model stay closely aligned with those of the clean model from initialization. This suggests
that label noise does not meaningfully distort the effective datasets during early learning, supporting the approximation
Dα(t) ≈ Dα(0) used in Prop. 3.1.

Figure 5. Neuron-averaged cosine similarity between the clean model gating vectors gcα(0) and the noisy model gating vectors gnα(t)
over the first 200 epochs, for varying noise rates ρ. The cosine similarity remains close to 1 across all noise rates, supporting the stable
effective dataset assumption of Prop. 3.1.

Directional Competition Dynamics. We hereby provide additional experimental evidence to support the competition
dynamics described in Section 4.2.

(a) (b) (c)

Figure 6. Directional competition dynamics. (a) Cosine similarity between the clean directional component Π⊥
UGc(t) and the noisy

contributions Π⊥
UGn(t) over the full training trajectory. (b) Directional component norms during early training (c) Directional component

norms over the full trajectory

Fig. 6(a) depicts the cosine similarity between the clean and noisy directional components Π⊥
UGc(t) and Π⊥

UGn(t) over the
full training trajectory. The two components remain strongly antiparallel, with cos(Π⊥

UGc(t),Π
⊥
UGn(t)) < −0.98. During

the early learning regime, ∥Π⊥
UGc(t)∥ ≫ ∥Π⊥

UGn(t)∥ Fig. 6(b), so the net directional component remains dominated by the
clean contribution and no significant rotational drift is induced. As clean samples become correctly classified, ∥Π⊥

UGc(t)∥
decays until ∥Π⊥

UGn(t)∥ becomes comparable in magnitude (Fig. 6(c)), at which point the noisy component can induces a
directional drift and the competition dynamics emerge. Finally, the two components exhibit an equilibrium which converges
slowly to zero.
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