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Abstract

Despite recent theoretical progress on the non-convex optimization of two-layer
neural networks, it is still an open question whether gradient descent on neural
networks without unnatural modifications can achieve better sample complexity
than kernel methods. This paper provides a clean mean-field analysis of projected
gradient flow on polynomial-width two-layer neural networks. Different from prior
works, our analysis does not require unnatural modifications of the optimization
algorithm. We prove that with sample size n = O(d>!) where d is the dimension
of the inputs, the network trained with projected gradient flow converges in poly(d)
time to a non-trivial error that is not achievable by kernel methods using n < d*
samples, hence demonstrating a clear separation between unmodified gradient
descent and NTK. As a corollary, we show that projected gradient descent with a
positive learning rate and a polynomial number of iterations converges to low error
with the same sample complexity.

1 Introduction

Training neural networks requires optimizing non-convex losses, which is often practically feasible
but still not theoretically understood. The lack of understanding of non-convex optimization limits
the design of new principled optimizers for training neural networks that use theoretical insights.

Early analysis on optimizing neural networks with linear or quadratic activations [29} 36} |51} 35|
635,138, 148,139, 160] relies on linear algebraic tools that do not extend to nonlinear and non-quadratic
activations. The neural tangent kernel (NTK) approach analyzes nonconvex optimization under certain
hyperparameter settings, e.g., when the initialization scale is large and the learning rate is small
(see, e.g., Du et al. [30Q], Jacot et al. [43]], Li and Liang [50], Arora et al. [10], Daniely et al. [26]).
However, subsequent research shows that neural networks trained with practical hyperparameter
settings typically outperform their corresponding NTK kernels [9]. Furthermore, the initialization and
learning rate under the NTK regime does not yield optimal generalization guarantees [[76, 22 [77, [34].

Many recent works study modified versions of stochastic gradient descent (SGD) and prove sample
complexity and runtime guarantees beyond NTK [23} 12} 158 |52} 11,7}, 15, [79L [78}, 25} |6} 167, [70} 120L 59].
These modified algorithms often contain multiple stages that optimize different blocks of parameters
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and/or use different learning rates or regularization strengths. For example, the work of Li et al. [52]
uses a non-standard parameterization for two-layer neural networks and runs a two-stage algorithm
with sharply changing gradient clipping strength; Damian et al. [23]] use one step of gradient descent
with a large learning rate and then optimize only the last layer of the neural net. Nichani et al. [59]
construct non-standard regularizers based on the NTK feature covariance matrix, in order to prevent
the movement of weights in certain directions which hinder generalization. Additionally, Abbe
et al. [2]] only train the hidden layer for O(1) time in the first stage of their algorithm, and then train
the second layer to convergence in the second stage. They do not study how the population loss
decreases during the first stage. However, oftentimes vanilla (stochastic) gradient descent with a
constant learning rate empirically converges to a minimum with good generalization error. Thus,
the modifications are arguably artifacts tailored to the analysis, and to some extent, over-using the
modification may obscure the true power of gradient descent.

Another technique to analyze optimization dynamics is the mean-field approach [21}, 156} 57, 61,
28l 12 144,162 [76]], which views the collection of weight vectors as a (discrete) distribution over R4
(where d is the input dimension) and approximates its evolution by an infinite-width neural network,
where the weight vector distribution is continuous and evolves according to a partial differential
equation. However, these works do not provide an end-to-end polynomial runtime bound on the
convergence to a global minimum in the concrete setting of two-layer neural networks (without
modifying gradient descent). For example, the works of Chizat and Bach [21]] and Mei et al. [56] do
not provide a concrete bound on the number of iterations needed for convergence. Mei et al. [57]]
provide a coupling between the trajectories of finite and infinite-width networks with exponential
growth of coupling error but do not apply it to a concrete setting to obtain a global convergence result
with sample complexity guarantees. (See more discussion below and in Section[3]) Wei et al. [[76]
achieve a polynomial number of iterations but require exponential width and an artificially added
noise. In other words, these works, without modifying gradient descent, cannot prove convergence to
a global minimizer with polynomial width and iterations. We also discuss additional related works in

Appendix

In this paper, we provide a mean-field analysis of projected gradient flow on two-layer neural networks
with polynomial width and quartic activations. Under a simple data distribution, we demonstrate that
the network converges to a non-trivial error in polynomial time with polynomial samples. Notably,
our results show a sample complexity that is superior to the NTK approach. As a corollary, we show
that projected gradient descent with polynomially small step size and polynomially many iterations
can converge to a low error, with sample complexity that is superior to NTK. Our proof is similar to
the standard bound on the error of Euler’s method.

Concretely, the neural network is assumed to have unit-norm weight vectors and no bias, and the
second-layer weights are all %n where m is the width of the neural network. The data distribution is

uniform over the sphere. The target function is of the form y(z) = h(q, z) where h is an unknown
quartic link function and ¢, is an unknown unit vector. Our main result (Theorem 3.4) states that with
n = O(d*') samples, a polynomial-width neural network with random initialization converges in
polynomial time to a non-trivial error, which is statistically not achievable by any kernel method with
an inner product kernel using n < d* samples. To the best of our knowledge, our result is the first to
demonstrate the advantage of unmodified gradient descent on neural networks over kernel methods.

The rank-one structure in the target function, also known as the single-index model, has been well-
studied in the context of neural networks as a simplified case to demonstrate that neural networks can
learn a latent feature direction g, better than kernel methods 58 2 23 [16]]. Many works on single-
index models study (stochastic) gradient descent in the setting where only a single vector (or “neuron”)
in R is trained. This includes earlier works where the link function is monotonic, or the convergence
is analyzed with quasi-convexity [46}40,155}64], along with more recent work [69} 72} [11] for more
general link functions. Since these works only train a single neuron, they have limited expressivity in
comparison to a neural network, and can only achieve zero loss when the link function equals the
activation. We stress that in our setting, the link function & is unknown, not necessarily monotonic,
and does not need to be equal to the activation function. We show that in this setting, the first layer
weights will converge to a distribution of neurons that are correlated with but not exactly equal to
G, SO that even without bias terms, their mixture can represent the link function h. Our analysis
demonstrates that gradient flow, and gradient descent with a consistent inverse-polynomial learning
rate, can simultaneously learn the feature g, and the link function %, which is a key challenge that is
side-stepped in previous works on neural-networks which use two-stage algorithms [58| [1, 12 23] [14].



The main novelty of our population dynamics analysis is designing a potential function that shows
that the iterate stays away from the saddle points.

Our sample complexity results leverage a coupling between the dynamics on the empirical loss for
a finite-width neural network and the dynamics on the population loss for an infinite-width neural
network. The main challenge stems from the fact that some exponential coupling error growth is
inevitable over a certain period of time when the dynamics resemble a power method update. Heavily
inspired by Li et al. [52]], we address this challenge by using a direct and sharp comparison between
the growth of the coupling error and the growth of the signal. In contrast, a simple exponential growth
bound on the coupling error similar to the bound of Mei and Montanari [54] would result in a d©()
sample complexity, which is not sufficient to outperform NTK.

2 Preliminaries and Notations

We use O(+), <, 2 to hide only absolute constants. Formally, every occurrence of O(z) in this
paper can be simultaneously replaced by a function f(z) where |f(x)| < Clz|,Vx € R for some
universal constant C' > 0 (each occurrence can have a different universal constant C and f). We
use a S b as a shorthand for ¢ < O(b). Similarly, Q(x) is a placeholder for some g(x) where
lg(x)| > |z|/C,Vx € R for some universal constant C' > 0. We use a = b as a shorthand for

a > (b) and a =< b as a shorthand to indicate that a 2 b and a < b simultaneously hold.

Legendre Polynomials. We summarize the necessary facts about Legendre polynomials below,
and present related background more comprehensively in Appendix [C| Let P, 4 : [-1,1] — R
be the degree-k un-normalized Legendre polynomial [12]], and Py q(t) = /Ny, qaPx a(t) be the
normalized Legendre polynomial, where N 4 2 (TR — (4473 s the normalizing factor.
The polynomials Py, 4(t) form an orthonormal basis for the set of square-integrable functions over
[—1, 1] with respect to the measure p4(t) = (1 — t2) = % ﬁ,
u = (uy,- - ,uq) is uniformly drawn from sphere S?~!. Hence, for every function h : [-1,1] — R
such that E; ., [h(t)?] < oo, we can define hy g £ By, [h(t) Py q(t)] and consequently, we have

h(t) = Yo hie.aPr.alt).

i.e., the density of u; when

3 Main Results

We will formally define the data distribution, neural networks, projected gradient flow, and assump-
tions on the problem-dependent quantities and then state our main theorems.

Target function. The ground-truth function y(z) : R — R that we aim to learn has the form
y(z) = h(q, x), where h : R — R is an unknown one-dimensional even quartic polynomial (which
is called a link function), and ¢, is an unknown unit vector in R%. Note that h(s) has the Legendre
expansion h(s) = /A”L()_’d + ﬁz,dPZ,d(s) + E4,d?4,d(s)-

Two-layer neural networks. We consider a two-layer neural network where the first-layer weights are
all unit vectors and the second-layer weights are fixed and all the same. Let o(-) be the activation
function, which can be different from h(-). Using the mean-field formulation, we describe the neural
network using the distribution of first-layer weight vectors, denoted by p:

A
fo(x) £ Eynplo(uz)]. (3.1
For example, when p = unif({uy,...,u,}), is a discrete, uniform distribution supported on m
vectors {uy, ..., up}, then f,(z) = L 3" o(uz),ie. f, corresponds to a finite-width neural
network whose first-layer weights are uy, ..., u,,. For a continuous distribution p, the function

fo(-) can be viewed as an infinite-width neural network where the weight vectors are distributed
according to p (and can be viewed as taking the limit as m — oo of the finite-width neural network).
We assume that the weight vectors have unit norms, i.e. the support of p is contained in S¢~!.
The activation ¢ : R — R is assumed to be a fourth-degree polynomial with Legendre expansion

o(5) = Y peo Ok.aPr.als).



The simplified neural network defined in Eq. (3.1)), even with infinite width (corresponding to a
continuous distribution p), has a limited expressivity due to the lack of biases and trainable second-
layer weights. We characterize the expressivity by the following lemma:

Lemma 3.1 (Expressivity). Let y5 = h2 d/02,4 and 4 = h4 d/Ga.4. Suppose for some d and
s, there exists a network p such that f,(x) = h(q, =) on S¥=1. Then we have G¢ 4 = ho 4, and
0 <92 < 4 < v2 < 1. Moreover, if this condition holds with strict inequalities, then for sufficiently

large d, there exists a network p such that f,(z) = h(g, ) on S4=1. (A more explicit version is
stated in Appendix|G.1})

Informally, an almost sufficient and necessary condition to have f,(z) = h(q, ) for some p is that
there exists a random variable w supported on [0, 1] such that E[w?] s 2 and E[w?] ~ ~4, which is
equivalent to 0 < 72 < 74 < 72 < 1. In particular, assuming the existence of such a random variable
w, the perfectly-fit network p that fits the target function has the form

q*Tu 4 w, and u — q*qju | q*Tu is uniformly distributed in the subspace orthogonal to ¢, . (3.2)

Motivated by this lemma, we will assume that 72, 7,4 are universal constants that satisfy 0 < 73 <
v4 < 9 < 1, and d is chosen to be sufficiently large (depending on the choice of v, and 7).
In addition, we also assume that 74 < O(432), that is, the equality 73 < ~y, is somewhat tight —
this ensures that the distribution of w = ¢, u under the perfectly-fitted neural network is not too
spread-out. We also assume that 7, is smaller than a sufficiently small universal constant. This
ensures that the distribution of ¢, under the perfectly-fitted network does not concentrate on 1,
i.e. the distribution of w is not merely a point mass around ¢,. In other words, this assumption
restricts our setting to the most interesting case where the landscape has bad saddle points (and thus is
fundamentally more challenging to analyze). We also assume for simplicity that 5 4 = ho,q (because
otherwise, the activation introduces a constant bias that prohibits perfect fitting), even though adding

a trainable scalar to the neural network formulation can remove the assumption. If &g ¢4 = hg 4, then
we can assume without loss of generality that 5y g = iL()_’d = 0, since 69 4 and iAzo,d will cancel with
each other in the population and empirical mean-squared losses (defined below). In summary, we
make the following formal assumptions on the Legendre coefficients of the link function and the
activation function.

Assumption 3.2. Let vo = ho /02,4 and vy = i14 /04,4 We first assume vy > 1.1 72 For
any universal constant ¢y > 1, we assume that 65 d/cl < 04 d <cy- 02 & and v4 < 01'72 For a
sufficiently small universal constant co > 0 (which is chosen after cy is ‘determined ), we assume
0 < 9 < co. We also assume that d is larger than a sufficiently large constant cs (which is chosen
after c1 and cs.) We also assume iLQd = 60,q =0, and i?fl,d = il37d =0.

Our intention is to replicate the ReLU activation as well as possible with quartic polynomials;
our assumption that 65 ; < 637 , is indeed satisfied by the quartic expansion of ReLU because

@27(1 = d~1/2 and r/eF127d = d~'/2 (see Proposition [C.3). Following the convention defined in
Section we will simply write &Z)d = 6§)d, ya > 1175, and v4 < 42

Our assumptions rule out the case that 4 = 73, for the sake of simplicity. We believe that our
analysis could be extended to this case with some modifications. Our analysis also rules out the
case where 7, = 0 and ~y4 # 0, due to the restriction that 4 < cl’yg. The case vo = 0 and 4 # 0
would have a significantly different analysis, and potentially a different sample complexity, since our
analysis in Section[4.2]and Section [5| makes use of the fact that the initial phase of the population and
empirical dynamics behaves similarly to a power method, which follows from v, being nonzero.

Data distribution, losses, and projected gradient flow. The population data distribution is assumed
11 d

to be SY~1. We draw n training examples 1, ..., x, ~ S%~!. Thus, the population and empirical
mean-squared losses are:
Lo=2 B (h@-s@)’  ad D)= 3 (e - s@)® . 63
— . an — xl — a:l . .
p 2 ;chd 1 \77 ’ T 2n = ’

To ensure that the weight vectors remain on S, we perform projected gradient flow on the empirical
loss. We start by defining the gradient of the population loss L with respect to a particle w at p and



the corresponding Riemannian gradient (which is simply the projection of the gradient to the tangent
space of S471):

V.L(p) = wNIS%_l [(fp(z) — y(z))o'(uTx)x] , and grad, L(p) = (I —uu')V,L(p). (3.4)

Here we interpret L(p) as a function of a collection of particles (denoted by p) and V, L(p) as
the partial derivative with respect to a single particle u evaluated at p. Similarly, the (Riemannian)

gradient of the empirical loss L with respect to the particle v is defined as

n

VaL(0) = = S (olwn) — yle)o’ (u wdei, and grad, (o) = (7 wu")VuL(p) . 35)
i=1

Population, Infinite-Width Dynamics. Let the initial distribution pg of the infinite-width neural
network be the uniform distribution over S%~!. We use x to denote a particle sampled uniformly at
random from the initial distribution pg. A particle initialized at y follows a deterministic trajectory
afterwards — we use u; () to denote the location, at time ¢, of the particle that was initialized at
X. Because u,(+) is a deterministic function, we can use X to index the particles at any time based
on their initialization. The projected gradient flow on an infinite-width neural network and using
population loss L can be described as

Vx € S uo(x) = x, (3.6)
du

;iX) — —grad, L(py), 3.7)

and p; = distribution of u;(%y) (Where x ~ po) . (3.8)

Empirical, Finite-Width Dynamics. The training dynamics of a neural network with width m can
be described in this language by setting the initial distribution to be a discrete distribution uniformly
supported on m initial weight vectors. The update rule will maintain that at any time, the distribution

of neurons is uniformly supported over m items and thus still corresponds to a width-m neural
iid

network. Let x1,...,xm ~ S?! be the initial weight vectors of the width-m neural network,
and let po = unif({x1,...,Xm}) be the uniform distribution over these initial neurons. We use
X € {x1,- .-, Xm]} to index neurons and denote a single initial neuron as 4o (x) = x. Then, we can
describe the projected gradient flow on the empirical loss L with initialization {x1, . .., Xm } by:
dug(x =~
;E ) = 7gradﬁt(x)L(pt) ) (3.9)
and p; = distribution of 4 (y) (Where x ~ po) . (3.10)

We first state our result on the population, infinite-width dynamics.

Theorem 3.3 (Population, infinite-width dynamics). Suppose Assumption[3.2|holds, and let € € (0,1)
be the target error. Let p; be the result of projected gradient flow on the population loss, initialized
with the uniform distribution on S*~1, as defined in Eq. . Let T, . = inf{t > 0| L(p;) <
%(&g’d + 63 4)€°} be the earliest time t such that a loss of at most %(637(1 + 63 4)€? is reached. Then,

we have

1 log log d)2°
The S —5— logd + %bg (E) G.11)
, 03,472 05,4672 €

The proof is given in Appendix [D] The first term on the right-hand side of Eq. (3.T1]) corresponds to
the burn-in time for the network to reach a region around where the Polyak-Lojasiewicz condition
holds. We divide our analysis of this burn-in phase into two phases, Phase 1 and Phase 2, and we
obtain tight control on the factor by which the signal component, g, u, grows during Phase 1, while
Phase 2 takes place for a comparatively short period of time. (This tight control is critical for our
sample complexity bounds where we must show that the coupling error does not blow up too much
— see more discussion below Lemma[5.4]) Phases 1 and 2 are mostly governed by the quadratic
components in the activation and target functions, and the dynamics behave similarly to a power
method update. After the burn-in phase, the dynamics operate for a short period of time (Phase 3) in
a regime where the Polyak-Lojasiewicz condition holds. We explicitly prove the dynamics stay away
from saddle points during this phase, as further discussed in Section



We note that Theorem 3.3] provides a concrete polynomial runtime bound for projected gradient flow
which is not achievable by prior mean-field analyses [21} 56, 2] using Wasserstein gradient flow
techniques. For instance, while the population dynamics of Abbe et al. [2]] only trains the hidden
layer for O(1) time, our projected gradient flow updates the hidden layer for O(log d) time. The
main challenge in the proof is to deal with the saddle points that are not strict-saddle [32] in the loss
landscape which cannot be escaped simply by adding noise in the parameter space [45] 49| 24]
Our analysis develops a fine-grained analysis of the dynamics that shows the iterates stay away
from saddle points, which allows us to obtain the running time bound in Theorem [3.3| which can be
translated to a polynomial-width guarantee in Theorem[3.4] In contrast, Wei et al. [76] escape the
saddles by randomly replacing an exponentially small fraction of neurons, which makes the network
require exponential width.

Next, we state the main theorem on projected gradient flow on empirical, finite-width dynamics.

Theorem 3.4 (Empirical, finite-width dynamics). Suppose Assumption [3.2] holds. Suppose ¢ =
Toglogd log 5 s the target error and T . is the running time defined in Theorem Suppose n >

d*(log cl)ﬂ(1 for any constant ju > 3, and the network width m satisfies m > d2 D112 (Jog d)* (D),

and m < d° for some sufficiently large universal constant C. Let p; be the pr0]ected gradient flow
on the empirical loss, tnlnallzed with m uniformly sampled weights, defined in Eq. (3.10). Then,
with probability at least 1 — W over the randomness of the data and the initialization of the

finite-width network, we have that L(pr, ) < (63 4+ 63 4)€>.

Plugging in ;« = 3.1, Theorem [3.4] suggests that, when the network width is at least d*% (up to
logarithmic factors), the empirical dynamics of gradient descent could achieve 62, (1/loglog d)?
population loss with ¢3! samples (up to logarithmic factors).

max (

In our analysis, we will establish a coupling between neurons in the empirical dynamics and neurons
in the population dynamics. The main challenge is to bound the coupling error during Phase 1 where
the population dynamics are similar to the power method. During this phase, we show that the
coupling error (i.e., the distance between coupled neurons) remains small by showing that it can be
upper bounded in terms of the growth of the signal ¢ u in the population dynamics. Such a delicate
relationship between the growth of the error and that of the signal is the main challenge to proving a
sample complexity bound better than NTK. Even an additional constant factor in the growth rate of
the coupling error would lead to an additional poly(d) factor in the sample complexity. Prior work
(e.g. Mei et al. [S7]], Abbe et al. [2]]) also establishes a coupling between the population and empirical
dynamics. However, these works obtain bounds on the coupling error which are exponential in the
running time — specifically, their bounds have a factor of X7 where K is a universal constant and
T is the time. In many settings, including ours, (log d) time is necessary to achieve a non-trivial
error, (as we further discuss in Section and thus this would lead to a d°(") bound on the sample
complexity, where O(1) is a unspecified and likely loose constant, which cannot outperform NTK.
Our work addresses this challenge by comparing the growth of the coupling error with the growth of
the signal, which enables us to control the constant factor in the growth rate of the coupling error.

Projected Gradient Descent with 1/poly(d) Step Size. As a corollary of Theorem [3.4] we show
that projected gradient descent with a small learning rate can also achieve low population loss in
poly(d) iterations. We first define the dynamics of projected gradient descent as follows. As before,
we let X1,..., Xm % S4-1 be the initial weight vectors, and we let p = unif({x1, ..., Xm}) denote
the uniform distribution over these vectors. Thus, we can write a single neuron at initialization as

to(x) = x for x € {x1,-..,Xm}- The dynamics of projected gradient descent, on a finite-width
neural network and using the empirical loss L, can be then described as

i (x) = n - gradg, ) L(5)
I (x) = - gradg, (, L(p1)ll2
and p; = distribution of @ (x) (Where x ~ o) . (3.13)

Uig1(x) = (3.12)

where 1 > 0 is the learning rateE] We show that projected gradient descent with a 1/poly(d) learning
rate can achieve a low population loss in poly(d) iterations:

3There are a long list of prior works on the loss landscape of neural networks [55| [64] [72| 46 [16| [15| 111 [66]
7113311804 [18]).
*See Chapter 3, page 20 of Boumal [17], accessed on August 21, 2023.



Theorem 3.5 (Projected Gradient Descent). Suppose we are in the setting of Theorem Let p; be
the discrete-time projected gradient descent on the empirical loss, initialized with m weight vectors
sampled uniformly from S?~1, defined in Eq. lb Finally, assume that n < m fora
2,dT7%%,d4
sufficiently large universal constant B. Then, L(pr, /m) S (&g,d + ‘}id)€2~

Theorem [3.3|follows from Theorem [3.4]together with a standard inductive argument to bound the
discretization error. The full proof is in Appendix [F]

The following theorem states that in the setting of Theorem [3.4] kernel methods with any inner
product kernel require 2(d*(In d)~%) samples to achieve a non-trivial population loss. (Note that the

zero function has loss B, _ga—1[y(2)%] > (hy.q)?.)

Theorem 3.6 (Sample complexity lower bound for kernel methods). Let K be an inner product kernel.
Suppose d is larger than a universal constant and n' < d*(Ind)~S. Then, with probability at least 1/2
over the randomness of n i.i.d data points {x;}_, drawn from S*=1, any estimator of y of the form

fla) =0 BiK (w4, %) of {w;}1y must have a large error: B ga—1 (y(z) — f(2))? > 3(ha,a)?.

Theorem [3.4]and Theogem@] together prove a clear sample complexity separation between gradient
flow and NTK. When hy g < Omax (i.€., 72, 74 < 1), gradient flow with finite-width neural networks
can achieve (hy,4)(log log d)~2 population error with @3 samples, while kernel methods with any
inner product kernel (including NTK) must have an error at least (54 4)2/2 with d®9 samples.

On a high level, Abbe et al. [2| 3] prove similar lower bounds in a different setting where the target
function is drawn randomly and the data points can be arbitrary (also see Kamath et al. [47], Hsu
et al. [42], Hsu [41]]). In comparison, our lower bound works for a fixed target function by exploiting
the randomness of the data points. In fact, we can strengthen Theorem [3.6/by proving a Q(ﬁﬁ 4) loss
lower bound for any universal constant & > 0 (Theorem[H.2). We defer the proof of Theorem [3.6/to
Appendix

4 Analysis of Population Dynamics

4.1 Symmetry of the Population Dynamics

A key observation is that due to the symmetry in the data, the population dynamics p; has a symmetric
distribution in the subspace orthogonal to the vector g,. As a result, the dynamics p; can be precisely
characterized by the dynamics in the direction of g,.

Recall that w = ¢]u denotes the projection of a weight vector u in the direction of ¢,. Let
2z = (I — q.q, )u be the remaining component. For notational convenience, without loss of generality,
we can assume that g, = e; and write u = (w, 2), where w € [~1,1] and z € V1 — w? - §972.
We will use this convention throughout the rest of the paper. We will use wy(x) to refer to the first
coordinate of the particle u;(x), and z;(x) to refer to the last (d — 1) coordinates.

Definition 4.1 (Rotational invariance and symmetry). We say a neural network p is rotationally
invariant if for u = (w, z) ~ p, the distribution of z | w is uniform over /1 — w2S%=2 almost surely.
We also say p is symmetric w.r.t a variable w if the density of w is an even function.

We note that any polynomial-width neural network (e.g., p) is very far from rotationally invariant,
and therefore the definition is specifically used for population dynamics. If p is rotationally invariant
and symmetric, then L(p) has a simpler form that only depends on the marginal distribution of w.

Lemma 4.2. Let p be a rotationally invariant neural network. Then, for any target function h and
any activation o,

N 2
L(p) = 3>z (&k,d Eyp[Pra(w)] — hk7d> . .1

In addition, suppose h and o satisfy Assumption and p is symmetric. Then

52 2 52 2
L(p) = 5 (EuNP[PQ,d(w)] - ’72) + %d(]EuNP[Pz;,d(w)] - 74) . (4.2)




The proof of Lemma4.7]is deferred to Appendix [D.1] Eq. (4.1) says that if p is rotationally invariant,
then L(p) only depends on the marginal distribution of w. Eq. says that if the distribution of
w is additionally symmetric and o and h are quartic, then the terms corresponding to odd k£ and
the higher order terms for & > 4 in Eq. vanish. Note that P, 4(s) ~ s® and Py 4(s) ~ s* by
Eq. (C.4). Thus, L(p) essentially corresponds to matching the second and fourth moments of w to
some desired values 7y, and 4. Inspired by this lemma, we define the following key quantities: for
any time ¢ > 0, we define Dy ; = Eyp, [Po,a(w)] — v2 and Dy = Eyp, [Ps,a(w)] — 74, Where p;
is defined according to the population, infinite-width dynamics (Eq. (3.6), Eq. and Eq. (3.8)).

We next show that the rotational invariance and symmetry properties of p; are indeed maintained:
Lemma 4.3. Suppose we are in the setting of Theorem At any time t € [0,00), pt is symmetric
and rotationally invariant.

Rotational invariance follows from the rotational invariance of the data. To show symmetry, we use
Eq. (4.1), and the facts that P 4 is an odd polynomial for odd %k and p; is symmetric at initialization.
Using Lemma[4.2)and Lemma[4.3] we obtain a simple formula for the dynamics of w:

Lemma 4.4 (1-dimensional dynamics). Suppose we are in the setting of Theorem[3.3] Then, for any
X € S, writing wy := wy(x), we have

dwt

=0 w) - (Pulw) + Qu(w), (4.3)

2u(we)

where for any w € [=1,1], we have Pi(w) = 263 ;D3 yw + 463 4Dy yw, and Qy(w) = A Dw +
~2 ~2
AP w3, where |)\d(1)|, |)\d(3)\ < Uz’dIDQ’tlzg“'dID‘l’tl. More specifically, A = Q&S’dDZt .

A2 6d-+12 3 52 6d+9
2603 4Das - 552 and 2B = 463 4Dt - $77.

1 _
d—1

Eq. (#.3) is a properly defined dynamics for w because the update rule for w; only depends on w;
and the quantities Do ; and D, ; — additionally, D> ; and D, ; only depend on the distribution of w.
We henceforth refer to the w; () as particles — this is well-defined by Lemrna

4.2 Analysis of One-Dimensional Population Dynamics

We also use ¢ € [—1, 1] to refer to the first coordinate of , the initialization of a particle under the
population dynamics. We note that ¢ = (x, e1) and therefore, the distribution of ¢ is ug. For any
time ¢ > 0, we use w;(¢) to refer to w;(x) for any y € S?~1. This notation is also well-defined by
Lemma[d.4] We divide our proof of Theorem 3.3]into three phases, which are defined as follows. For
ease of presentation, we will only consider particles w;(¢) for ¢ > 0 in the following discussion. Our
argument also applies for ¢ < 0 by the symmetry of p; (Lemma[.3).

Definition 4.5 (Phase 1). Let wyax = @ and 1y = %. Let T1 > 0 be the minimum time such

that wr, (L4) = Wmax = @. We refer to the time interval [0,T1] as Phase 1.

Note that essentially all of the particles are less than ty = 10\%1 at initialization by tail bounds for j14.

During Phase 1, the term corresponding to D5 ; in the velocity dominates, and all particles grow by a

ﬁ factor. During Phase 1, the loss does not decrease much, but a large portion of the particles

have grown by a large factor. During Phase 2, the particles and their velocity will become large.

Definition 4.6 (Phase 2). Let T5 > 0 be the minimum time such that either Do 7, = 0 or D4 1, = 0.
We refer to the time interval [T, Ts] as Phase 2. Note that Ty > T} by Lemma

Definition 4.7 (Phase 3). Phase 3 is defined as the time interval [T, 00).

We divide this phase into two cases, which are both more challenging to analyze than Phases 1 and

2: (i) D21, = 0and Dy 7, < 0, and (ii) Do 7, < 0 and D4 7, = 0. Here we discuss Case 1 —

the analyses of Cases 1 and 2 are in Appendix [D.5]and Appendix [D.6|respectively. Suppose Case

1 holds, i.e. Dy 7, = 0 and Dy 7, < 0. Then, for all £ > T5, we will have Dy ; > 0 and Dy; <0

(Lemma|D.19|and Lem, meaning that for t > T5 a poly(~y2) fraction of particles will be far
D.17]

from 0 and 1 (Lemma|D.17). However, this does not guarantee a large average velocity — unlike



in Phases 1 and 2, the velocity v(w) = P;(w) + Q¢(w) defined in Lemma 4.4/ may have a positive
root r € (0, 1), and the root r can give rise to bad stationary points because for certain values of
r, if p degenerates to the singleton distribution on the root r, the velocity at » would be exactly 0.
Indeed, we can construct such an r, intuitively because Dy ; and D, ; have different signs in Py(w)
and Q:(w) = O(1/d) is a lower order term (Lemma [D.33)).

Thus, we must leverage some information about the trajectory to show that the average velocity
is large when Do, Dy have different signs. To this end, we prove that Eq.,, [(w — 7)%] >
Eo,w~p, (w — w')? is large by designing a novel potential function ®(w) := log(—==). We show
that |®(w) — ®(w')] is always increasing for any two particles w, w’ (Lemma|D.13). Because  is
Lipschitz on an interval bounded away from 0 and 1, a lower bound on |®(w) — ®(w’)| also leads
to a lower bound on (w — w’)?, and thus the particles away from 0 and 1 will have a large variance.
Recall that when Dy ; > 0 and Dy, < 0, a large portion of particles are away from 0 and 1, and
hence, the average velocity is large. In Appendix B} we include simulations to illustrate the effects of
Phases 1, 2 and 3.

5 Analysis of Empirical, Finite-Width Dynamics

Coupling Between Empirical and Population Dynamics. To analyze the difference between the
empirical and population dynamics, we define an intermediate process p;, where the initial particles
are from py, but the dynamics of the particles then follow the population trajectories:

po = po = unif({x1, ..., Xm}),
and p,; = distribution of u; () (where x ~ po) . 5.1

For x ~ unif({x1,...,Xm}), let @ (x) = us(x). Let 'y be the joint distribution of (@ (x), %t (x))-
Then, I'; forms a natural coupling between p; and p;. We will use @, and u; as shorthands for the
random variables @ (), @i:(x) respectively in the rest of this section. We define the average distance

A; =E @, a,)~r, |4 — @]|3]. Intuitively, f,, () and f5, (x) are close when @, and i, are close,
which is formalized by the following lemma:

= T Then, with probability at least
2,d 4,d
1 — exp(—d?) over the initialization, we have for all t € [0,T) that E,ga-1[(fp, (z) — f5,(2))?] <
(83,4463 )4 (log )° 9 < (2 2 VK2
e and By g1 [(f5, (2) = f5,(2))°] S (63,4 + 65.a) Ay
The proof of Lemma|[5.1]is deferred to Appendix [E] As a simple corollary of Lemma 5.1} we can

upper bound E,, _ga—1 [(f,, () — f5,(x))?] by the triangle inequality. Thus, so long as A7, _ is small,
we can show that the empirical and population dynamics achieve similar test error at time 7% .

Lemma 5.1. In the setting of Theorem let T < Agdom

Upper Bound for ZTM . The following lemma gives our upper bound on ZTM:

p—1

Lemma 5.2 (Final Bound on ZTH). In the setting ofTheOrem we have ZTH <d T

We prove Lemma by induction over the time ¢ < T, .. Let us define the maximal distance
Anmax,¢ 7= MaX(q, a,)esupp(T) |Ut — Ut |2 where the max is over the finite support of the coupling T';.

We will control A; and A,y ¢ simultaneously using induction. The inductive hypothesis is:

Assumption 5.3 (Inductive Hypothesis). For some universal constant 1 > ¢ > 1/2 and ¢ €

(0,9 — %), we say that the inductive hypothesis holds at time T if, for all 0 < t < T, we have

Ay < d=?and Amaxt < d—v.

Showing that the inductive hypothesis holds for all ¢ requires studying the growth of the error
||y — w¢]]. We analyze it using the decompositio 4 lay — wel|3 = A + By + Cy , where A, :=
—2<gradﬁ£(pt) —grad; L(p), Gy — @), By := —2{grad, L(p;) — grad,L(p;), 4 — Uy), and Cy :=
—2(grad, L(p:) — grad, L(p:), Gy — @) Intuitively, A; captures the growth of the coupling error due
to the population dynamics, B, the growth due to the discrepancy between the gradients from the

SNote that i — @; and Ay, B; and C; implicitly depend on the initialization x, and could be written as
Ae(x), Be(x), Ce(x), and §;(x), but we omit this dependence for ease of presentation.



finite-width and infinite-width networks, and C; the growth due to the discrepancy between finite
samples and infinite samples. The following lemma gives upper bounds on these terms:

Lemma 5.4 (Bounds on Ay, By, Cy). In the setting of Theorem- suppose the inductive hypothesis
(Assumptzon“) 5.3) holds up to time t, for some t < T, . Let §; := 1y — uy. Let Ty be the runtime of
Phase 1 (where Phase 1 is defined in Definition i.5). Then we have

A, < 4&2,d|D%;| ||5t|l2+ O(E)ZZ|D2,15| 16 ) l:fO <t<Th (5.2)
O0Q) - (65 4+ 05 4)72 [EAls Ty <t <Ti.

Additionally, with probability at least 1 — W over the initialization and dataset, we have
R R NN TEH — <2 52 Vd(log d)0 1) — _3
B, (031020 (158 LR, ol (B £ Gt Balos VR |52 452 A

i
and Cy S (63,4+6% ) (10g )00 (/2181 lo+ LR+ 222 B 0y la+ LA 043

d2 2p —— d25 2 —— d4 4

The proof is in Appendix [El We now give an explanation for each of these bounds. For A;, we
establish two separate bounds, one which holds during Phase 1, and one which holds during Phases
2 and 3. Intuitively, the signal part in a neuron (i e. w?) grows at a rate 4&2 d\Dg ¢| during Phase
1 (which follows from Lemma[#.4) and in Eq. (5.2) we show that the growth rate of the coupling
error due to the growth in the 51gnal is also at most 402 d|D2 +|. Intuitively, the growth rates match
because the signal parts of the neurons follow similar dynamlcs to a power method during Phase
1. For example, in the worst case when ¢, is mostly in the direction of e;, the factor by which §,
grows is the same as that of w. More mathematically, this is due to the fact that the first-order term
in Lemmal[4.4]is the dominant term in v(w) — v() for any two particles w, @ (where v(w) is the
one-dimensional velocity defined in the previous section). To get a sample complexity better than
NTK, the precise constant factor 4 in the growth rate 4637 4| Da2,¢|w is important — a larger constant

would lead to d7, being larger by a poly(d) factor, thus increasing the sample complexity by poly(d).

The same bound for A; no longer applies during Phases 2 and 3. This is because the dynamics
of w are no longer similar to a power method, and the higher-order terms may make a larger
contribution to v( ) — v(w) than to the growth of w, or vice versa. Thus we use a looser bound
O(1) - (63 4+ 63 )72 ||6¢]|? in Eq. (3.2). However, since the remaining running time after Phase 1,
T, . — 11, is very short (only poly(loglog d) — this corresponds to the second term of the running
time in Theorem [3.3), the total growth of the coupling error is at most exp(poly(log log d)), which
is sub-polynomial and does not contribute to the sample complexity. Note that if the running time
during Phases 2 and 3 is longer (e.g. O(log d)) then the coupling error would grow by an additional
d°M) factor during Phases 2 and 3, which would make our sample complexity worse than NTK.

Our upper bounds on B; and C} capture the growth of coupling error due to the finite width and
samples. We establish a stronger bound for E[B;] than for B;. In our proof, we use the bounds for
B; and E[B;] to prove the inductive hypothesis for A, and Amax,¢ respectively. We prove the bound
for C} by expanding the error due to finite samples into second-order and fourth-order polynomials
and applying concentration inequalities for higher moments (Lemmal|l.7).

All of these bounds together control the growth of ||&i; — @] at time ¢. Using Lemma|5.4| we can
show that for some properly chosen ¢ and v, the inductive hypothesis in Assumption |5.3[holds until

T, e (see LemmaE IE.3|for the statement), which naturally leads to the bound in Lemma. 5.2l The full
proof can be found in Appendix [E]

6 Conclusion

In this paper, we prove a clear sample complexity separation between vanilla gradient flow and
kernel methods with any inner product kernel, including NTK. Our work leads to several directions
for future research. The first question is to generalize our results to the ReL.U activation. Another
question is whether gradient descent can achieve less than d® sample complexity in our setting. The
work of Arous et al. [[L1]] shows that if the population loss has information exponent 2, then a sample
complexity of d (up to logarithmic factors) can be achieved with a single-neuron student network —
it is an open question if a similar sample complexity could be obtained in our setting. A final open
question is whether two-layer neural networks can be shown to attain arbitrarily small generalization
error ¢ — one limitation of our analysis is that we require ¢ > poly(1/loglog d).
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A Additional Related Works

In addition to the related works on the NTK approach, mean-field analyses, and other works analyzing
the training dynamics of neural networks that we discussed in Section[I] we also discuss the following
additional related works.

There are several works which study mean-field Langevin dynamics [19} [68]. These works show
“uniform-in-time propagation of chaos” estimates, i.e. their results imply bounds on the coupling
error between finite-width and infinite-width trajectories which do not grow exponentially in the
time 7. However, it is likely non-trivial to apply these analyses to directly obtain good test error and
sample complexity in the setting of two-layer neural networks, since mean-field Langevin dynamics
may require many iterations to obtain good population loss. More concretely, Theorem 4 of Mei
et al. [56] suggests that the inverse temperature A for mean-field Langevin dynamics has to be at least
proportional to the dimension d in order for Langevin dynamics to achieve low population loss. This
would cause the log-Sobolev constant in Suzuki et al. [68]] to be on the order of e~ ¢, leading to a
running time of e~¢. In comparison, we show in Theorem [3.5|that projected gradient descent with
poly(d) iterations can achieve a low population loss. We also note that Chen et al. [19] do not study
the impact of finite samples on the coupling error.

We also note that there are several works which reduce the population dynamics to a lower-
dimensional dynamics [2} 37, 8], as we do in Section@ The focus of our work is on the analysis
of the population dynamics (Section and coupling error between the empirical and population
dynamics (Section [5), rather than the dimension-free dynamics.

Finally, we note that our setting goes beyond that of Abbe et al. [2]: our target function does not
satisfy the merged-staircase property required by Abbe et al. [2], since the lowest-degree term in our
target function has degree 2. The work of Abbe et al. [3]] studies functions which have higher “leap
complexity,” meaning that terms of the target function can introduce more than one new coordinate at
once, or introduce a new coordinate using a Hermite polynomial with degree greater than 1 (in the
case where the inputs are Gaussian). However, Abbe et al. [3] use a non-standard algorithm which
separates the coordinates based on whether they are large or small, and applying different projections
to each subset of coordinates.

B Simulations for Population Dynamics

Here we include some simulations in a setting which is a simplified version of our 1-dimensional
dynamics, to illustrate the different phases. Here, the goal is to find a weight vector w € R%, where
d = 1000, that minimizes the following loss:

1< 2 1 ¢ 2
Lw) = (53w —5) + (5D wl - ) (B.1)
i=1 i=1

where 7 = 0.8 and 4 = 0.7. Intuitively, the w; play the role of the particles w in the 1-dimensional
dynamics of Section #.2] We initialize w as follows — each coordinate is initialized according
to a standard Gaussian distribution with mean 0 and standard deviation 0.0001. We then train w
using gradient descent on L(w) with learning rate 0.1, for 100, 000 iterations. We define Dy =
é 25:1 wi — 72 and Dy = é 25:1 wi — .

The dynamics are illustrated by Figure[T] Figure 2] Figure [3|and Figure[d At initialization, since the
standard deviation is 0.0001, all of the w; are very small, as shown in Figure E} Now, as shown in
Figure[d] while both D, and D, grow rapidly after a certain point, D4 reaches 0 first. At the point
where Dy reaches 0, the distribution of the coordinates of w is shown in Figure 2] At this point, the
coordinates w; have grown substantially, with a substantial fraction of coordinates around 0.5 or
larger. This illustrates the intuition that all of the coordinates grow by a large factor during Phases 1
and 2. The weight histogram after many iterations have passed during Phase 3 is shown in Figure 3]
In our infinite-width 1-dimensional population dynamics, when D4 > 0 and Ds < 0, the particles w
which are larger than the root r of the velocity will move towards 0, while the particles w which are
smaller than the root 7 of the velocity will move away from 0. This intuition is reflected in Figure
where not as many particles are concentrated around 0 compared to at the end of Phase 2, but the
particles have not grown larger than 1 or —1 in absolute value.
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Figure 4: Evolution of Dy and Dy

C Background on Spherical Harmonics

In the following, we summarize the background needed for this paper based on Atkinson and Han
[12, Section 2].

Spherical Harmonics. Spherical harmonics are the eigenfunctions of any inner product kernels
on the unit sphere S?~!. The eigenfunctions corresponding to the k-th eigenvalue are degree-k

polynomials, and form a Hilbert space Y¢ with inner product (f,g) = E, ga—1[f(z)g(z)]. The
dimension of Yg iS N g = (d;f;l) — (dgfzg’). For any universal constant k, Ny, 4 < dF. Spherical
harmonics with different degrees are orthogonal to each other, and their linear combinations can
represent all square-integrable functions over S~

The following theorem states that Yg is the eigenspace corresponding to the k-th eigenvalue for any
inner product kernel on the sphere.

Theorem C.1 (Funk-Hecke formula [12])). Let h : [—1,1] — R be any one-dimensional function with
fil |h(t)|pa(t)dt < oo, and N\, = N,;;m Bty [R(t) Pra(t)]. Then for any function Yy, € Yy, 4,

Ve € 41, ZNgEdfl[h(@c, 2NY3(2)] = M Ya(2). (C.1)

Legendre Polynomials. The un-normalized Legendre polynomial is defined recursively by

PO,d(t) =1, Pl,d(t) =1, (C2)
2k +d—4 k-1
P a(t) = tP._14(t) — ————Pi_o 4(¢ k> 2. C.3
kalt) = 25 tP1a(t) = o= Pi2alt), Yk 2 (C3)
In particular, we have
d 1 (d+2)(d+4) 6d + 12 3
Py at) = 22— ——— . Pualt) = th— t2 . Cc4
2at) = g7t~ g7 Pae® a2 —1 2Z_1 Tae_1 €4

For any u € S?!, Py 4({u, x)) is a spherical harmonic of degree k and, for every k, K’ > 0 and
U1, U € Sd_l, EzNSd—l [Pk,d(<u1, x>)Pk/7d(<u2, l‘>)] =1 [k = k‘/] P;“d((ul, UQ>) (Lemma .

Projection Operator. Let II;, be the projection operator to Yg. For any function f : S~ — R, the
projection operator IIj, is given by

(I f)(x) = /Ni.d 5~E [Pr,a((z, ) f(E)]. (C5)

Sd—1

In addition, if f is a function of the form f(x) = h({u,x)) for some fixed vector u € S¢~! and
one-dimensional function h : [—1, 1] — R, the Funk-Hecke formula (Theorem C.1)) implies

(e f)(2) = hypaPra((u,z)), VeSS, (C.6)

19



where g g = By, [1(t) Pr.a(t)] is the E-th coefficient in the Legendre decomposition of h.
Note that by the orthogonality of Legendre polynomials, we have

Va € Sd_l, E [ﬁk,d«u, $>)] = E [ﬁk,d(t)] = ‘ E [ﬁk,d(t)?(),d(t)] =1 [k = 0] . (C7)

u~Sd—1 tropig ~pd

The following lemma computes the expectation of Py, 4((u,z)) with respect to a distribution on u
which is rotationally invariant on the last (d — 1) coordinates.

Lemma C.2. Let p be a distribution on S~ that is rotationally invariant as in Definition Then,
for any x € ST we have Eyp[Py,a((t, 2))] = Eyp[Pr,a({e1, )] Pr.a({e1, z)).

Proof. We prove this lemma by invoking Eq. (2.167) of Atkinson and Han [12f], which states that for
every s,t € [—-1,1]and k > 0,d > 3,

1
/ Pra(st + (1 = s)Y2(1 = )Y2€) pg_1(€)dE = Pp.a(s) Pr.a(t). (C.8)
-1

In the following, for z € S4~1, we write x = ({e1, x) , ), and for u ~ p we write u = (w, z). Note
that when p is symmetric and v ~ p, conditioned on u1 we have (z,¢) ~ (1—u?)Y/2(1—23)/?pq_,
for any fixed x. As aresult, plugging int = w, s = (ey,z) and £ = (1 —u?)~2(1 —23)~Y2 (2,¢)
we get

E [Pra((u,2)) [ u] = Pr.a(w)Pr.a((er, 2))- (C.9)
Finally, taking expectation over w we prove the desired result. O

Additional Useful Lemmas. In the following, we present some useful lemmas about spherical
harmonics and Legendre polynomials.

The following proposition computes the coefficient in the Legendre polynomial decomposition of
ReLU activation.

Proposition C.3 (Lemma C.2 of Dong and Ma [27]). Let o(t) = max{t, 0} be the ReLU activation.
For every d > 3 and even k, we have

E [a(t)?hd(t)}‘ = V454 (d 4 k)34, (C.10)

t~pg

As a corollary, when k is an absolute constant we have
‘t E [o—(t)ﬁk,d(t)]’ = d12, (C.11)
~Hd

Theorem C.4 (Addition Theorem [12]). Let {Yy ; : 1 < j < Ny 4} be an orthonormal basis of Yy, 4,
that is,

E (Vi ()i ()] = 10 = . c.12)
Then for all z, z € S~1
Nk,a
Z YkJ({,C)Yk’j(Z) = Nk’de’d(@c,z)). (C13)
j=1
Lemma C.5. Forevery k. k' > 0,d > 3 and u,v € S*', we have
. Is%_l[Pk,d«U»f>)ﬁk’,d(<”,£>)] =1[k = k'] Pua((u,v)). (C.14)

Proof. Let {Yy ; : 1 < j < Ni 4} be an orthonormal basis of Yy 4 with

gNgfl[YkJ(@Yk,j’ @l =1[=j1]. (C.15)
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Similarly define {Yjs ; : 1 < j < Ny 4} for Yy 4. The addition theorem (Theorem |C.4) implies that

Ni,a
) ]:1
Nk’ d
1
Pual(u,€)) = 5— Z Vi j (u)Yir 5 (€). (C.17)

Recall that for k # k', Yy, 4 and Yy 4 are orthononal subspaces. Consequently,
Ni,a Nit a

€~gfl[ﬁk7d((m £)Pra((v,6))] = \/m Z Z 5~Sd Vi (W)Y3 i (€)Y 5 (0) Y 5(€)]

=1 j=1
(C.18)
Nk,
_ k=K § o
" TN = gNISE;H[Yk,J (u) Yy ; (v)] (C.19)
=1 [k’ = k’/] Pk7d(<u,v>). (C.20)
O

Lemma C.6. For any k > 0,d > 3, there exists a feature mapping ¢ : S“1 — RNw.a such that for
every u,v € S*71,

<¢(U), ¢(U)> = Nk,de,d(<u7 ’U>), (C21)
l¢()ll3 = Ni.a: (C.22)
T —
CE Is(wew)T] =1 (C.23)
Proof. LetYy,---,Yn, , : S~ — R be an orthonormal basis for the degree-k spherical harmon-

ics Yy, 4. We let ¢(z) = (Yi(2))ie|n, ) be the feature mapping, and in the following we verify
Egs. (C:21)-(C23). By the addition theorem (Theorem |C.4)), for every u,v € S¢~1 we have

Nk,d

(o( Z Y;(u = NiaPra((u,0)), (C.24)

which proves Eq. (C:21). Note that for every u € S, Py 4({u,u)) = Py q(1) = 1. Hence
Eq. (C22) follows directly. To prove Eq. (C.23), note that Y7, - - - , Yy, , are orthonormal. Therefore
for every i, j € [N 4]

B [Viw)Yj(w)] = 1[i = . (€25)

u~Sd—1

Hence, Eq. (C:23) follows directly. O

Lemma C.7. Let g be the distribution of {(u,v) when v is drawn uniformly at random from the
unit sphere S*! and v € S is a fixed vector. For fixed n > 1, let x1,--- ,x, € S?"! be (not
necessarily independent) random variables drawn from the distribution 4. Then there exists a
universal constant ¢ > 0 such that for any integer k > 1,

/K
Vit > 41+k(k1n d)k, Pr <m<axd b d(xl) > t) < 2nexp <32> . (C.26)
In addition, we also have
E [HzaxdkPkd(xz) } < (32kIn(dn))*. (C.27)
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Proof. To prove the first part of this lemma, we first invoke Proposition [C.8] which states that

klnd
Vo € [ SC 1], Peala)] < 20Egk (C.28)
When x ~ pg4, Proposition [[3] states that
t2d
Vi >0, Pr(lz|>1t) <2exp -5 ) (C.29)
Therefore for every ¢ > 4% (kIn d)* we have
Pr (Pya(z)?d* > t) < Pr (|x\ > tl/de_l/QTl_l/k) (C.30)
1
< 2exp <—2t1/k411/k) (C.31)
< 2exp(—t'/*%/32). (C.32)
By union bound we get
/K
YVt > 41+k(k1n d)k, Pr <m<ax dkPkyd(xl-)2 > t) < 2nexp (—32) . (C.33)

which proves the first part of this lemma.

As a corollary, for any fixed € > 41 7% (kIn d)* we have

E {mﬁx dkPk,d(mi)2] <e +/ Pr (m<ax d’“Pk’d(xi)2 > t) dt (C.34)
<e+ n/ Pr (d* Py q(t)® > t) dt (C.35)
o tl/k
<e+ Qn/ exp <—> dt. (C.36)
. 32
Now we upper bound the integral by changing variables. Letting u = /¥ /32, we get
00 tl/k: 0o . -
/6 exp (32) dt < /ﬂ 32%ku”" " exp (—u) du (C.37)
32
1/k (kL
< k? LA [ .
<k exp< 39 )3 5 (C.38)
, Lk
<32 - .
_3/€exp( 32>€ (C.39)
(C.40)

where the last inequality comes from an upper bound for the incomplete gamma functions [31}
Theorem 4.4.3]. Therefore we get

1/k
E [m<ax dkpw(xi)?} < €+ 64nek? exp (—632) . (C.41)
Finally taking ¢ = (32k In(dn))¥, we prove the desired result. O

Proposition C.8. Forany k > 0,d > 2, we have

kind
Vtel TREA]L | Palt)] < 2VReE (C.42)

d
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Proof. Let pg(t) 2 (1—12)%° %# be the density of u; when u = (u1,--- ,ug) is drawn

uniformly from S¢~!. By Atkinson and Han [12} Theorem 2.24] we have

Peat)= E [(t Fi(l— t2)1/2s)k} . (C.43)
S~Md—1
As a result,
Pea®l < E [lt+it— )2 < E @2+ (1-2)s)42). (C.44)
S~ [hd—1 S~Hd—1
By Proposition[[.3] we have,
Pr(vVd —1|s| < 2VkInd) < 2exp(—2kInd) < d~*. (C.45)
Consequently,
E [(tQ v (- t2)32)k/2] <dt+ E [1 [s <ovkInd/Vd—1]| (2 + 32)’“/2} (C.46)
S~G—1 S~ pd—1
k/2
2kInd
<dFy (t2 += fll ) . (C.47)
Hence, whent > /% lgd we get
2k1Ind\ "/
|Pra(t)] <d™*+ <t2 + n1 ) < 21k, (C.48)
O

D Proofs for Population Dynamics

D.1 Proof of Lemma[4.2]

In the following, we prove Lemma which provides a way to simplify L(p) when p is rotationally
invariant and symmetric.

Proof of Lemma Recall that the population loss is

)=t E (@) - bz e))?), D.1)

B 2 rrSd—1

and the activation function ¢ : R — R and target function /& : R — R has the following decomposi-
tion:

o(t) =Y 6kaPralt), (D.2)

k=0
h(t) = Z hie,aPr.a(t). (D.3)

k=0

Therefore we have
2L(p) = E_[(folz) - h({z, e1)))’] (D4
= E (B o((wa)] - h((z,e))) (D.5)
- E (u]gp [Z G1e.aPna((u, x))] S haPral(z, 61>)>2 (D.6)
k=0 k=0

= wNISEd_l (Z (&k,d uIEp[Fk’d«u’ o)) = h,aPr.a((@, 61))))2- (D.7)
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When the neural network p is rotationally invariant, we can simplify the above equation by invoking
LemmalC.2} which states that

E [Pral(u,2))] = E [Pra((er,w)]Pral(er, z)). (D.8)

u~p
Continuing Eq. (D.4) above we have,

)= E (Zak 0 B [Praller, ) Praier, ) ~ naPrallera)) D)
= zwgfl (i(&k’d uIEp[Pk’d(<el7u>)] — ilk,d)ﬁk}d“el, £C>))2 (D.]O)
k=0

Now we expand the square by invoking Lemma|C.3] In particular, Lemma [C.3]states that

mNIgF?H[Pm((@h3«“>)?k'7d(<6179¢>)} =1[k =FK]Pyq({e1,e1)) =1k =K]. (D.11)
Consequently,
> . 2
2L(p) = Y (o0 B [Prealler,u))] ~ hia) (D.12)
k=0
as desired.

To prove the second part of this lemma, in the following, we assume that (1) iAkad =0,Vk ¢ {0,2,4},
(2) ho,a = 60,4, and (3) that o is a degree-4 polynomial. Then we get

534 2 614 ?
1) = B0 (B (Prat) ~ )+ (B fat - ) + 3 B (R fpatw])
P ke{1,3} P
(D.13)
Since p is symmetric and Py 4(w) is an odd function when k is odd, we get
Vk e€{1,3}, E [Pyq(w)]=0. (D.14)
u~p
It follows directly that
3.4 2 634 2
L(p) = S ( B [Pra(w)] =72) + =2 (E [Pra(w)] = ) (D.15)
O

D.2 Proof of Lemmad.3land Lemma [4.4]

The goal of this subsection is to show Lemma [4.3] which states that p; remains symmetric and
rotationally invariant under the infinite-width population dynamics, and to show Lemma .4 which
describes the dynamics of the first coordinates of the particles in p;.

The following lemma is a first step. Recall that when p is rotationally invariant, then Lemma

allows us to rewrite L(p) = 1 E, ga—1 (fp(x) - y) as 1307 (O’k d Eynp[Pra(w)] — fAkad) .

The following lemma states that the gradient from the two formulas for L(p) are the same when p is
rotationally invariant.

Lemma D.1. Let p be a distribution on S*~! and let v be a distribution on [—1, 1]. Define

F(v) = 3 Z <5k,d MIED[Pk,d(w)] - ilk,d)Q - (D.16)

k=0

If p is rotationally invariant as in Definition and v is the marginal distribution of w for v =
(w, z) ~ p, then for any particle u = (w, z), we have

(1 —w*)V,F(v) = grad,, L(p) (D.17)
where grad,,L(p) denotes the first coordinate of grad, L(p).
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Proof of Lemma([D-| For any particle v = (w, z), we write the first coordinate of V, L(p) as
V.wL(p), and the vector consisting of the last (d — 1) coordinates as V,L(p). Observe that

grad, L(p) = (e1, grad,, L(p)) (D.18)
= {(e1,(I —uu")V,L(p)) (D.19)
= VuL(p) —w (u, Vu L(p)) (D.20)
=(1—w?)VuL(p) —w{z,V.L(p)) (D.21)

On the other hand, suppose p satisfies the rotational invariance property, and that v is the marginal
distribution of the first coordinate under p. Then, we can write p in terms of v — for any w € [—1, 1],
the distribution of z conditioned on w is v/1 — w2S%!. Thus, since L(p) = F(v) by Lemma
we have by the chain rule that

Vo F(v) = E, [<VuL(p)7%>} (D.22)
u:w§1N+\/m§

=VuL()+ E_, KVZL(p) szg(%ﬂ (D.23)

=Vul()+ E (V-L(p)| _ mgﬁ\/%iwﬁ] (D.24)

=Vul()+ E_, KVZL(;)) Jp— —1_7“”7wzz>} (D.25)

= Vul(p) = 7=z, EL(V-L(0),2)] (D.26)

Moreover, for any fixed w € [—1,1], the quantity (V,L(p), z) does not depend on z, since by
Lemma|[D.2] for any rotation matrix A and z’ = Az, we have (V.. L(p),2') = (A V.L(p), Az) =

(V.L(p), z). Thus, for any w € [—1,1] and z € v/1 — w2S%~2, we can write
(1 —w?)V,F(v) = (1 —w?)VuL(p) —w(z,V.L(p)) = grad, L(p) (D.27)
as desired. O

In the proof of the above lemma, we used the following fact which we now prove: when p is
rotationally invariant, V,, L(p) is rotationally equivariant as a function of u, i.e. if u is rotated by a
rotation matrix A which only modifies the last (d — 1) coordinates, then V,, L(p) is rotated by A as
well.

Lemma D.2 (Gradient is Rotationally Equivariant). Let p be a rotationally invariant distribution
as in Definition Let A € R be a rotation matrix with Ae; = ey, i.e. A only modifies
the last (d — 1) coordinates. Let u € S%~* and v’ = Au. Then, V. L(p) = A -V, L(p), and
grad,, L(p) = A - grad, L(p).

Proof. The proof is by a straightforward calculation:

Vul(p)= E_ [(fp(2) —y(x))o' (v, ))a] (D.28)
E_[p(@) = h({er,2)))o" (v, 2))2] (D.29)
E_[(fo(Az) — h({e1, Ax)))o’ ((u', Az)) Ax]

~Sd—
(By rotational invariance of uniform distribution on S?~1)
= AxN]SEd_l[(fp(Ax) — h({e1, Az)))o’ ((v, Az))z] (D.30)
=A ]SE;?l[(fP(Ax) — h({e1, Az)))o’ ({Au, Azx))x] (By definition of u)
—A_E_[(/,(A2) — hl(er, Aa))o (u, 2))a]

(B.c. A is arotation matrix so AT A = Ijxq)
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By the rotational invariance of p, we have f,(Ax) = f,(z), meaning

VuL(p)=A E_[(fo(2) = h(ler, A))o’ ((u, z))z]
(B.c. f,(Ax) = f,(x) by rotational invariance of p)
=A E [(fo(x)—h({e1,z)))o’ ((u,z))z] (B.c. Aey =ejand ATA = I559)

wNSd—l

= A-V,L(p) (D.31)

This proves the first statement of the lemma. The second statement also follows from a similar
calculation:

grad,, L(p) = (I —u'(u') ") - Vo L(p) (D.32)

= —Auu"AT)-A-V,L(p) (D.33)

=A-V,L(p) — Auu" AT A -V, L(p) (D.34)

=A-V,L(p) — Auu" - V,L(p) (B.c. ATA=1,.4)

=A-(I-uu') V,L(p) (D.35)

= A-grad, L(p) (D.36)

as desired. O]

As a corollary, we obtain our first formula for the dynamics of the 1-dimensional particles:

Lemma D.3 (One-Dimensional Velocity). Suppose we are in the setting of Theorem[3.3|and that p; is
rotationally invariant. Then, for any particle u; (wWhere we omit the initialization x for convenience),
if wy is the first coordinate of u;, then

4
= —(1 — wf) (5'k,d uLEp [Pkyd(w)] - iLk,d> . 6k7de7d/(w) . (D37)
k=0 !

duwy
dt

Proof of Lemma|D.3] This follows directly from Lemma [D.1] and because the activation o and the
target h only have nonzero coefficients &y, 4 and hy 4 fork =0,...,4. O]

We now complete the proof of Lemma[4.3] i.e. that p; remains rotationally invariant and symmetric
if it is defined according to the population projected gradient flow as in Eq. (3.6) and Eq. (3.7). To
prove that p; remains symmetric, we make use of the above formula for the 1-dimensional dynamics.

Proof of Lemma First, we show the rotational invariance property. Assume inductively that at a
time ¢, p; satisfies the desired rotational invariance property — it holds at initialization since py is the
uniform distribution on S?~!. Consider a particle u; and let A € R?*? be a rotation matrix which
only modifies the last (d — 1) coordinates. Let v}, = Au; be another particle. Then, it follows from
Lemma [D.2] that

dul_yduy

=A— D.38
dt dt ( )
Thus, for a fixed w € [—1,1], if z ~ v/1 — w2S?2, then the distribution of %% is uniform on cS?~2

dt
for a fixed scalar c that depends on w. Therefore, p w111 remain rotationally invariant.

Next, we prove that p, is symmetric. First observe that p; is symmetric at initialization, since it is the
uniform distribution on S~!. Now, suppose that p, is symmetric at time ¢. The polynomial Py qis
odd if k is odd and even if k is even — this can be seen from induction on Eq. (C.2) and Eq. (C.3).
Thus, Ey~p, [Pr.a(w)] = 0 for odd k by our assumption that p, is symmetric. Addltlonally, recall

that we defined h so that 6o 4 = ho 4 and hk a = 0 for odd k. Thus, by our definition of Dy ; and
Dy 4 in Section ]
dwy
dt
by Lemma Since P, 4 and Py 4 are even polynomials, we know ngd' and P4’d' are odd

polynomials, and thus dc’lit is an odd polynomial in w;. In other words, if w; and w} are the first

= —(1— w})(65 4D24Pad (wi) + 65 4Da ¢ Pyg (wy)) (D.39)
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coordinates of two particles u; and uj respectively, such that w; = —wy, then dwp — d;‘;". Thus,

dt
the distribution of d;it’f is symmetric, meaning that p; will remain symmetric. O

In the rest of the proofs for the infinite-width population dynamics, we make use of the symmetry
property. In particular, many of the lemmas are stated for w > 0 or « > 0 — however, the
generalizations to w < 0 or ¢ < 0 also hold. We use this symmetry implicitly throughout the proofs
in this section.

In Lemma [@.4] we are simply rewriting our formula for the 1-dimensional dynamics in a more
convenient form. The following proof shows the detailed calculation.

Proof of Lemmad.4, By Lemma [D.3] and the fact that only the second and fourth order terms are
nonzero (which follows from Lemma[4.3] the fact that P 4 is an odd polynomial for odd % (Eq. (C.2)

and Eq. lb and because iLLd = iLg’d = 0), the velocity of w is equal to the following:
grad, L(p) = —(1 — w?) - (a—;dpg () Po.d (w) + &idm(t)pm'(w)) (D.40)

where we use grad,, L(p) to denote the first coordinate of grad,, L(p). For convenience, during the
rest of the proof of this lemma, let 731 = ﬁ, ng® = % and () = Gdd%lf. Then, by

Eq. (C4).

grad,, L(p) = —(1 = w?) - (63 4D2(1) P 4(w) + 53 4Da() P 4(w)) (D.41)
= —(1=w?) - (63.4D2() - 214w + 63 Da(t) - (40P w® = 2, Dw))  (DA2)

= (1-w?) (Pt(w) +262 ,D5(t) - (7™ — 1w (D.43)

+ 457 4Da(t) - (0 = D’ = 263 Da(inPw) (DA

=—(1-w?- (Pt(w) + Qt(w)> (D.45)

Here we have chosen MgV = 2&5@(%(1) — 1)Day(t) — 2&idD4(t)nd(3) and A\, =
4&§7dD4(t)(77d(2) —1). Observe that [\g™P |, [A®| < O(&g’d‘D“ljl_ﬁ’dlD“"'| ), as desired. O

D.3 Analysis of Phase 1

Recall the formal definition of Phase 1 in Definition[4.5] Intuitively, during Phase 1, the particles are
all growing at a similar rate — because the particles w are all less than wy,, = @ in magnitude,
the cubic term involving w? in the velocity of w does not have a significant effect on the growth of w.
We formalize this in the following lemma.

Lemma D.4 (Uniform Growth Lemma). Suppose we are in the setting of Theorem[3.3| Consider a
time interval [ty, t1] € [0, Ts] in Phase 1 or 2. We are interested in quantifying the (relative) growth
rate of the neurons indexed (or initialized) at 11 and 15 (Where 0 < 11 < 12), defined as

]_71 é wtl (Ll)
Wty (L1>
FQ é wtl (LQ)
Wi, (12)
Let § € (0,1) such that %1 <0< 10g1F2 — here, we implicitly assume that Iy < e®. We also assume

2 2
that § < 3%. Further assume that wy, (12) = 0. Finally assume that P(|t| > |12|) < 3%. Then,

and additionally,
ty
F| =< exp ( / 2&§7d|D2,t|dt) (D.47)
to
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Finally,

1
t1 — to = A2 10g F2 (D48)
92,d72

We note that 'y and F5 are both at least 1.

Note that this lemma also holds for 15 < ¢1 < 0, and with wy, (t2) = —§, by the symmetry of p;.

Proof of Lemma([D-4] In this proof, we define 7 = /72 — then, by Assumption we can write

Y4 = f- 74 where 1.1 < B and 3 is less than some universal constant ¢;. Suppose at time 1,
wy, (t2) = d. One useful observation Which we use in the rest of this proof, is that for all ¢t < ¢,
we(t2) < 0, since for w 2 we have < dt > 0 by Lemma4.4{ (here we used the assumption that

~ f’
> ﬁ)' Thus,
L [Poa()] =P(e[ > [ea]) - E [Poa(w) | el > leal] + (o] < fea]) - E [Po.a(w) [ [e] <[ea]]
(D.49)

<B4 E [Poa(w) | 1] < ol
(B.c. |P27d( w)| < 1 by Eq. (2.116) of Atkinson and Han [12] and P(|¢| > |e2]) < 9)
3 1
< Z—é +6%+ O<E>
(By Eq. (C4) and b.c. |wy(¢)| < §if [¢| < |e2| by Proposition[D.37)

T4 1
§§+O(E) (B.c. (5< andvg—TQ)
Thus, writing v, = 72, we have
2
Daal =1 E [Poaw)] = 7| 2 ’7 + o( )- =5 (D.50)
where the last inequality is by Assumptionnb.c. d > c3 and 4 < 2. By a similar argument,
|Dal =1 E [Pya(w) —674\ (D.51)
72 4
<Brt+ 2494 +0(5
16
(Using | Py q(w )| <L P(Je] > |ea]) < E ,0< 76 and Eq. (C .)
< (B+1/8)7! (B.c. 5<72§56)
(D.52)

Thus, for any time ¢ € [to, 1], for any ¢ € [11, t2], by Lemma[4.4] (and because wy(¢) < 6 for any
L € [t1, t2] by Proposition|[D.37), we have

vewn(1)) = (1 = wi(1)?) - (203 4Dawn (1) - (1% 0(6)) + Qulwr(1)) )
(B.c. 65 4 S 63 4by Assumption |Dyt| < |Dayl, and wy(e) < 8)

5 5 4| D2t
=263 | Daluwn(1) - (1 0(8)) = O( 2425 ) 0)
(B.c. |wi(¢)| < 6 and by bound on coefficients of Q; from Lemma [4.4)

= 265 4| Da,tJwi (1) - (1£0(6)) Bc.d>1)
In summary,
vp(wi (1)) = 263 4| Daglwi(e) - (14 O(6)) (D.53)
Thus,
v(we(t2)) 14 0(8) v(we(t1)) . v(wy (1))
w(z) S 1=00) w() = OO =50y (D-54)

28



and wy (t2) grows by a factor

Fy = exp (/t Mdt) <exp ((1 +0(8)) /tl “(L(“))dt) = 00 (pss)

to wy(t2) to wy(t1)

Rearranging gives

1-0(5 )
R > F00 = —o0 (D.56)
2
Finally, observe that FQO ©) < O(1), since by the assumption that § < ﬁ,
1
F2 < Fyere (D.57)

and for any 2 > 0, zm= = e, meaning that F{ < O(1). This implies that F; > F,. From the above
calculations, we can also obtain

n b vr(we(e2))
~2 > . t t\t2
exp (/to 2027d|02,t|dt) Nexp(/to 00wl dt) (By Eq. (D53))
t
b og(wy(e2))
> 1—-0(%)) - R dt D.58
Zew (1-00)- [ 2 ) (D.58)
> Fy 00 (D.59)
2 (By Eq. (D.57))
as desired. Similarly, we can obtain
t1 ty
~2 < . vi(wy(t2))
eXp( /to 2027d|D27t|dt) Nexp( /to (14+0(9)) - = =55 dt) (D.60)
< Fyto® (D.61)
< B (B.c.§ < ﬁ)
Finally,
t
! vy (wy(L2))
F < 1 8)) - 20t D.62
1Nexp</t0( +0E) - = TS ) (D.62)
< FyTO0 (D.63)
< B (B.c.§ < 10g1F2)

as desired. Finally, we show the running time bound. Since § < Y—g and 79 is less than
a sufficiently small universal constant by Assumption [3.2] for any time ¢ during this interval,
v(we(e2)) 2 &S,dDQ(t)U)t(LQ) > 62 ;7%wi(12) (where the second inequality is by Eq. ).
Thus, by Gronwall’s inequality (Fact, the time elapsed when w;(i2) grows by a factor of F5 is
at most 02# log F5. O

2
d‘f'

D.3.1 Summary of Phase 1

As a direct consequence of the above lemma, we can show Lemmaﬂlﬂ which characterizes how fast
the particles w, grow during Phase 1.

Lemma D.5 (Phase 1). Suppose we are in the setting of Theorem[3.3] At the end of phase 1, i.e. at

time Ty, for all v € (0, wy), we have wr, (1) =< %L. Furthermore, T1 < —— log d. Additionally,

52
93,472

Ty o4
we have exp (fo QU;dlDZtldt) = ﬁ'

Proof of Lemma[D.3] To show the lower bound on wr, (1), we apply Lemma[D.4] with ¢, = 0 and
ty = Ty, with 6 = % and with ¢; = ¢ and t2 = ty. Let us verify that the assumptions of

ogd’
Lemma [D.4lhold:
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* Observe that wTiéLU) = lié ;"/gjg = (10\;;/»?1)2’ meaning that log F» < log d and 10g1F2 > 6.

2
* By Assumption d= loéd < %g, since d > cs.

* The assumption that P(|¢| > ty) < Y—g holds by a standard bound on the tail of 4.

Using the notation of Lemma|[D.4]

N d
Fy= ) e vd _ (D.64)
Ly (log d)/\/& (log d)
where W is as defined in Definition[d.5] By Eq. (D.46), we therefore know that
Vd_ o wn() ., Vd (D.65)

(logd)2 ™~ + ™~ (logd)?

For the bound on the running time, observe that by Eq. (D.48), 71 < % log ~Vd__ The final

2,,172 (IOg d)2 '
statement holds because F5 = (log%@l)z, and from the second statement of Lemma This completes
the proof. [

D.4 Analysis of Phase 2

Recall the formal definition of Phase 2 from Definition 4.6] Our analysis in this section has two main
goals: (1) to show that the running time of Phase 2 is small, and (2) to show that a majority of the
particles become at least @ in magnitude, up to a constant factor. We will achieve goal (2) using
Lemma|[D.4]— then, we show that goal (1) holds using goal (2). Additionally, goal (2) will be useful
for the subsequent phases as well.

First, the following proposition defines a range of particles which will be relevant during Phase 2
and Phase 3. This range of particles is a strict subset of the interval (0, ;y) which we considered
during Phase 1 — we will show that this new range of particles grows uniformly during the beginning
of Phase 2, until the largest of them becomes about ﬁ in magnitude. Specifically, we define
g log

w2 % and (g £ %\/E where k < m. The following proposition states that at initialization, a
very large fraction of the ¢’s have magnitude between ¢, and tg.

Proposition D.6. Let x € (0, 1), and suppose v is drawn uniformly at random from p4. Define

=" and g = —L~. Then, P(|1| & D)<
w = 5 and g = —7. Then, (] & [tLytr]) S K.

Proof of Proposition[D.6] First, we upper bound the probability that || > (. By Markov’s inequal-

ity,

E[?] 1/d 2

P(|¢| > < =——— = D.66
(= w) = == = {70 =~ (D.66)

Now, we upper bound the probability that |¢| < .. By Egs. (1.16) and (1.18) of Atkinson and Han

[12], the probability density function of ¢ is p(¢) = %(1 —12) “3” . Thus, we can simply

upper bound the density by its maximum value:

P2 [t s

P(le] <u) S m /LL(I —t) 7 dt (D.67)
I'(d/2)

S VR (@-nm (06
<Vd-u (By Stirling’s Formula)
<Vd- = D.69
SVd- o5 (D.69)
<n (D.70)
as desired. O
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Next, as a corollary of Lemma[D.4] we show that for a portion of Phase 2, the particles initialized
at ¢ € [u, tr] grow by a similar factor. Specifically, this is true until the largest of these particles is

= SToglogd N magnitude.

Lemma D.7 (Corollary of Lemma[D.4). Suppose we are in the setting of Theorem[3.3] Let Tg > Ty

be the first time such that wr, (1r) = £ = m. Then, for all v with |i| € [w, r], we have

|wry, ()| 2 €K%, and additionally, Zi“gt; = ¢k(log d)?. Furthermore, Tr — Th < 621“/2
1 2,d

log log d.

ProofofLemmam By Lemma L wr, (tr) < (lo\g/ad)z IR = (]olg 7 .Lety, = % and ;g = %ﬁ’

where k = w Now, we apply Lemma , with tg = 17 and t; = TR, and with ¢; = ¢ for some

L € [uL,tr] and 13 = (g, and with § = m Note that we assume without loss of generality that
¢ > 0 — the statement for ¢ < 0 follows by the symmetry of p;. Let us verify that the assumptions
hold:

Addditionally, observe that by Lemma wTiR(LR) = ﬁ,

m. Thus, using the notation of Lemma we have

P < 1%2‘()13(;);05)‘2) = ’;ég’ig);, and log Fy < 2loglogd — 2logloglogd + C < %, as

desired. (Here C is a universal constant, and the last inequality holds by Assumption [3.2]
since d > c3.)

* By Assumptlon L) = m § 16 since d > c3.
* Additionally, the probability that || > |cg] is at most K = {5z
Proposition |D.6| and this is clearly at most by Assumption [3.

Using Lemma[D.4] we obtain

e First, § = 72 Tog log d P f
meaning that wr, (t(r) <

- up to constant factors by

wr (1) _ wn(w) _ f § = en(logd)? (D.71)
wry (¢)  wr () wr (L ( 1 )
log d
Thus, using the conclusion of Lemmathat le(L) P T f)2 , we obtain
wr (1) wry (¢) ,  Vd k 2
> IRV LAY > logd)?. —— . > D.72
wTR(L) ~ le( ) . L < é-’i( 0og ) (10gd)2 \/‘ ~ f:‘i ( )

as desired. Thus, we obtain the ﬁrst statement of this lemma. In addition, by Eq. (D.48)), and since
wry (tr) = € and wr, (tR) Z W’ the running time bound we obtain for this part of Phase 2 is

TR —T1 < &3,272 log 1/(5(1% 77 S &21272 (loglog d), as desired. O

We now prove some auxiliary lemmas. First, we show an upper bound on L(po) Wthh is needed
in order to later show an upper bound on the time required to have L(p;) < (33 4+ 67 4)€*. In the
process, we also show a reasonably tight bound on the magnitude of D ; and D4 ¢ durmg the first
part of Phase 2.

Lemma D.8. Suppose we are in the setting of Theorem@and Lemmal|D.7] and suppose 0 < t < T.
Then, —3% < Dyy < =2 and — 3'2“ < D4y < =2 As a corollary, for allt > 0, L(p;) <

(65,4 + 05,073

Proof. Sincet < T, wi(ir) < & = m (because for w > -2 5o we have £ 4E > 0by Lemma.
By Proposition[D.37] for all ¢ with [¢| < tg, |w;(2)| < & Thus, by Proposition|D.6]

A [w?] < Pipy (|t < tr) - E[w? | o] < tr] + Prpy (el = tr) -E[w? | o] 2 ] (D.73)

< €2+ 0(k) (By Proposition[D.6)

Thus, Dy, = O(&2 + k) — 72, meaning that — 372 < Dy < —22, and similarly, — 74 <Dy< -2
The corollary follows from the fact that v4 < 72 by Assumptlon O
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Next, we show that the particles are in fact increasing in magnitude during Phases 1 and 2. This
makes use of our bound on the magnitudes of D ; and Dy ; up to time Tx.

Lemma D.9. Suppose we are in the setting of Theorem and suppose [to, t1] is a time interval
with 0 < tg < t; < Tu. Then, for all v with |¢| € [tL, tr], |wi(¢)| is increasing on [to, t1].

Proof. Recall that by Lemma[4.4]

vi(w) = —(1 — w?)(Py(w) + Q¢(w)) (D.74)
and for w > 0, it suffices to show that P;(w) + Q:(w) < 0. For t < Tg,

&g,d|D27t| + 6i,d|D4,t|)|w‘

Py(w) + Qu(w) < 253 4Daw + 463 4Dy’ + O ;

(D.75)

3 4| Dat| + &i,d|D4,t|)‘w|

< —5'57(1'72111 + O( d

(By Lemma[D.§] b.c. Dy; < 0)
<0 (B.c. 6id < &%7(1 and v 2 % and 4 = % (Assumption )

For t > Ty, suppose w = £k2 (which holds at time Tk for ¢ € [1, (r] by Lemma|D.7). Then,

5 4| Da,i| + &id|D4,t|>|w‘

d
(By Lemma[4.4)

(D.76)

Py(w) + Qu(w) < 253 4Da . + 463 4Dy + O

Cw C’w)

S &g,d‘DZt (2’LU — 7) + &E,lel,t (4’LU3 — 7

for some universal constant C' > 0. The final expression on the right-hand side is negative — to see
this, note that 2w—% > 0if w > £x?, and 4w —% > 0if w > £x? since d > c3 by Assumption
This completes the proof of the lemma when ¢ > 0. For ¢ < 0, the lemma holds by the symmetry o

pt- O

D.4.1 Summary of Phase 2

Finally, we show Lemma [D.10| which concludes the analysis of Phase 2. For times ¢ > T within
Phase 2, the particles with [¢] € [11, tr] satisfy |wy ()] = 2. Using this observation, and the fact that
Dy ; and D, , have the same sign (meaning that the two terms of P, (w) = 2&§7dD2’tw+4&idD4’tw3
do not cancel) we show that the velocity v(w) is large on average. By Lemma this allows us to
show that the loss decreases quickly at any time ¢ > Tk in Phase 2, meaning that either the loss goes
below (3 ; + &3 ;)€ quickly, or we exit Phase 2 quickly.

Lemma D.10 (Phase 2 Summary). Suppose we are in the setting of Theorem @ Let T5 be the
minimum time such that either Do 1, = 0 or Dy, = 0, i.e. Ty is the end of phase 2. Then, either

TQ—T1<Mlog( )orTH lemlog( )

~ (Ug,d+a4,d) (63 463 4)

Proof of Lemma[DI0] First, let Tr be as defined in Lemma By Lemma[D.7] Tx — T1 <
—log log d. Furthermore, at time 7§, for all ¢ such that |¢| € [LL, ], |we(0)| 2 51-@

O'2Y
Our proof strategy is now to show that v(w) is large on average, and then apply Lemma|D.39] At any
time ¢ € [Ig, T»], since Dy, < 0, Proposition |D.38|implies that E,, ., [w?] < 72 + O é . Thus,
by Markov’s inequality, and because d > c¢3 (where c3 is defined in Assumption [3.2)),

1
Poyrp, (Jw] > 1/2) < 4- (72 + &) < 572 (D.77)
For all ¢ with |¢| € [i1, tr], |we(¢)] is increasing as a function of ¢ on [0, T3], by Lemma Thus,

by Proposition|D.6|and a union bound, Py, (§5% < Jwe(1)| < 1/2) > 1 —O(k) — 5y, > 3 forall
t > Tr and all ¢ with |¢| € [¢1, tr]. (Note that 1 — O(k) — 5y > % holds because 5 is less than a
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sufficiently small constant by Assumption n) Finally, for all w satisfying éx? < |w| < L 3, using
Lemma[#.4]we can compute that

)] = (1 - w) - ([ Pulw)] ~ [Qu(w)) (By Lemmafig)
2 ~2 ) 3 &2’ ‘ A2' :
> (1) 253 sl 403 Dl ol - O P EEE
(By Lemma[d-4)
3 ) R 52 |D2’t| +(AT2 |D4,t|
> 4 (20§,d|D2,t|§Fv‘2 + 4Ui,d|D4at| €0) — O( - d = )'w‘

(B.c. k% < |w| < 3)
|, .
> 5 (203,d|D2,t|§“2 + 4UZ,d|D4,t| - &%k0)
(B.c. d is sufficiently large (Assumption [3.2)))

Thus, by Lemma|[D.39}
dL(pt)

0 S (05,alD2l¢r” + &ZdID4 €?%) (D.78)
< —€°R1%(03, ) (D.79)
S _56512(02d+04d)(02 d\D2 ¢l +04 d|D4t|) ([D2,t] + [Dagl) (D.80)
S —€°R1(65,4 + 63,4)(53 %) (D.81)
< —€%k12(6 gd + 04’d)L (By Lemma[4.2)

Thus, since L(pr,) S (63 4 + 63 4)72 (by Lemma|D.8), by Gronwall’s inequality (Fact|l.13), we
know that for t € [Tk, T3],

¢
Lip) < Llpm) -exp (| —€x12(63 4+ 63 1)ds) (D.82)
Tr
= L(pTR)e—(t—TR)Eaﬁlz(&g,ﬁ&id) (D.83)
Thus, if L(p;) 2 (&g,d + c}id)eQ, this implies that
2
e~ (t=TR)E°R2(63 4+63 ) > £ (D.84)
V2
and rearranging gives t — T < W log(%). Thus, either 7o — Tg <
Wlog(j—%), or there exists a time ¢t € [Tg,75] such that L(p;) < (02 at 05 2 e
O

and such that { — T < W log(22). This completes the proof of the lemma.
2,d7%4,4

D.5 Phase 3, Case 1

Phase 3, Case 1 is the case where Dy 15, = 0 and Dy 1, < 0, i.e. the case where D5 ; reaches 0 first.

As we later show in Lemma[D.19]and Lemma[D.20} if this occurs, then for all £ > T5, it will be the

case that Dy ; > 0 and D4y < 0. We now outline our analysis of this case — the goal of our analysis

is to show that either |Dj ;| < e or | D4 | < € holds within ﬁ . poly(%) time after the
2,d 4,d

start of Phase 3, Case 1.
Proof Strategy for Phase 3, Case 1 Our overall proof strategy in this section is to show that |v(w)| is

large for a large portion of particles w, and then to apply Lemma[D.39]to show that the loss decreases
quickly. Recall that

vy (w) = —(1 — w?)(P(w) + Qi(w)) (D.85)

and intuitively, we can ignore Q;(w) due to the factor of 5 in its coefficients. Thus, we can write
vi(w ) —(1 = w?)Py(w) (D.86)
—(1- ) (202 D2t + 404 aDaw ) (D.87)
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Since Dy ¢ < 0 and Dy > 0, we can further rewrite the above as
vi(w) = —(1 —w?) - w- 4&Zd|D4,t\(fw —r)(w+r) (D.88)

52
Gz,let

where r = 4/ —3%—=—
ZJZYdDA;,t

is the positive root of the last factor (Q&SAdDgyt + 4572 dD47tw2). Thus,

to show that the velocity v (w) is large, we want to show that there is a large fraction of particles
w € [0, 1] simultaneously satisfying the following: (1) w is far from 1, (2) w is far from 0, and (3)
w is far from 7. Indeed, in Lemma D.17|, we show that out of the particles w € [0,1], at least a 2
fraction of these particles is in [73/ 1 721/ %]
w from 0 and 1.

, enabling us to bound the distance of these particles

Thus, to show that v (w) is large for these particles, it suffices to show that |w — r| is large on
average for the particles w € [72/ 11— ;/ ?], i.e. the conditional expectation Eymp, [(w — 1) |
we 1 -7
being in [72/ 1-— 1/ ], so it suffices to show that Var(w | w € [v, 341 - 7;/2]) is large, and by
Proposmonlt sufﬁces to show that E[(w — w')? | w,w’ € [v, i ,1— 1/2}] is large.

To show that the quantity E[(w — w’)? | w,w’ € [v, Kl 72/ %] is large, intuitively we would like
to show that during Phase 3, Case 1, w and w’ are gettmg farther apart. However, this is not true. If
we write the velocity as v;(w) = (1 — w?) - w - (463 4| Da,¢|w® — 263 4| D2 4|), then the last factor is
indeed increasing as a function of w € [0, 1], and thus “pushes” the different particles w, w’ further
apart. This does not work as a formal argument, because as two particles w, w’ become closer to 0
or 1, their distance |w — w’| will decrease again due to the factors w and (1 — w?) in the velocity.
However, we are only concerned with particles w € [y5' ", 341~ 721 / 2] — we must make precise the
intuition that the behavior of the particles very close to 0 0r 1 does not matter.

is large. In turn, this is at least the conditional variance of w conditioned on w

To make this proof strategy precise, we define the potential function ®(w) = log (\/%W) in
Definition and show that |®(w) — ®(w')]| is increasing in Phase 3, Case 1. As shown in

Lemma|D.12| we have £ ®(w) ~ —263 ;Da; — 463 Dy w? — this is simply because aolw) —
m In other words, 4 p(w) is exactly v(w), but without the factors w and (1 — w?) —

we have selected this potential function ®(w) specifically to eliminate these factors. Using this
observation, it is easy to show that |®(w) — ®(w’)| is increasing and thus obtain a lower bound
on |®(w) — ®(w’)| for a large fraction of pairs w, w’. Finally, to convert this to a lower bound on
, o . 3/4 5L /2
|w — w'|, we use the fact that @ is Lipschitz on the interval [y," ", 1 — (Lemma , which
gives us |w — w'| > —gq7 [P (w) — P(w')].
Y2

We now repeat the definition of the potential function:

Definition D.11 (Potential Function ®). We define @ : [0,1] — (—o00,00) by ®(w) = log (\/ﬁﬁ)
We note that d‘iguw) = m Next, we note the following useful fact about the potential function

(we note that this does not require any assumption that we are in Phase 3, Case 1, and just follows
from algebraic manipulations):

Lemma D.12. In the setting of Theorem

d
2 ®(w) = ~26% Doy — 463 4Dy gw® — AW — 2P w? (D.89)

where )\d(l) and )\d(g) are as in the statement of Lemma

Proof of Lemma|D.12] For any w;,

d dd dwt 1 dwt
i) e D.
(we) = dw dt  w(l—w?) dt (D.90)



Thus, writing 2%t = —(1 — w?) - (P;(w) + Q;(w)) where P; and Q; are defined in Lemma we
obtain

d 1 dwt
— - . D.91
dt (we) w(l—w?) dt ( )
1
= u (P(w) + Qu(w)) (D.92)
P,
w w
= —263 Doy — 4675 ;Dy w” — Qilw) (D.94)
’ ’ ’ w
= 263 ;D2 — 467 Dagw? — Ay — AP w? (D.95)
where A" and A\;® are as in the statement of Lemma O
Intuitively, when Dy > 0 and D4 < 0, the main part of the velocity is P;(w) = —2&37 D2 rw —

462 ;D4 w® which is an upward sloping cubic polynomial — thus, the particles w move away from
the positive root of this polynomial, and the distance between any pair w, w’ of particles is increasing
provided that w and w’ are not too close to 0 or 1. In the following few lemmas, we make this
intuition formal using the potential function ®. We first show that for two particles w, w’, the distance
between ®(w) and ®(w’) is increasing as long as Dy ¢ < 0. Note that this condition holds not only
during Phase 3, Case 1, but also during Phases 1 and 2.

Lemma D.13 (®(w) and ®(w’) Moving Apart). In the setting of Theorem 3.3} suppose Dy, < 0 for
all t in some time interval [to,t1], and let 11,15 > 0. Then,

D(wy(t1)) — <I>(wt(az))’ (D.96)

is increasing on the interval [to, t1].

Proof of Lemma|D.13] Suppose t1, 15 € [0, 1] such that ¢; < 15 — by Proposition we will
always have w; (1) < wy(e2). For convenience, in the rest of this proof, we will write wy ; = wy(¢1)
and wy; = w(t2). Since @ is an increasing function of w, it will also always be the case that
®(wo,¢) > ®(ws ). Thus, to show that [®(ws,) — P(ws )| is increasing, it suffices to show that
O (wsy,) — P(wy ) is increasing. By Lemma

%(@(wu) - @(wlyt)) - ( — 262 4Dy y — 462 Dy wd, — A — )\d(g)w%t) (D.97)
- ( — 263 4Day — 462 Dy yw?, — A — Ad<3>wit) (D.98)

= 463 ;Day(ws, —w?,) — Xa® (w3, — w?,) (D.99)

= 45i,d|D4,t‘(w§7t - w%t) - /\d(s) (UJ%t - wit) (D.100)

where \;" and \;®) are as in LemmaH Recall from the statement of Lemma that |)\d(3) | <

<2 1
047d|D47t| - 5. Therefore,

d R
= (@(wn) = @(wn,)) = 463 4 Dael (0], — w? ) = AP (wd, —w} ) (D.101)
> 367 4| Dagl (w3, — w?,) (D.102)

and the right hand side is nonnegative since wo ; > w1 > 0. Thus, ®(ws ;) — ®(wy ) is increasing,
as desired. O

Next, we prove a helpful lemma showing that the potential function is bi-Lipschitz. This is useful
both when we show that |®(w) — ®(w’)]| is initially large (as it allows us to leverage an initial lower
bound on |w — w’|) and when we show that |w — w’| is large later during Phase 3, Case 1 (as it allows
us to leverage the lower bound we obtain on |®(w) — ®(w')]).
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Lemma D.14. For all w,w' € [0,1], |®(w) — ®(w’)| > |w — w'|. Additionally, for n < % and
w,w' € [n,1 =), [®(w) - B(w')] < F5lw —w'l.

Proof of Lemma[D.I4] First, for all w € [0, 1], do(w) _ % > 1, and the first statement of the

dw w(l—w?

lemma follows. For the second statement of the lemma, observe that for w € [n,1 — 7],

'dtI’(w)‘ 1 _ 1 _ 1 _ 1 L
dw |7 wl-w?) ~n(l-01-7)?2) nl-0-2n+n%)) n2n-n?) " n?
(D.103)

where the last equality is because 7 > 1? (so 21 — n? > n). Thus, @ is n%-Lipschitz on the interval
[na 1- 77} O

We next need to show that the potential initially has a large value, at the beginning of Phase 3, Case
1. We show this in the next two lemmas, by showing that for any two particles w, w’, the distance
between them grows by a large factor during Phase 2 (specifically, by time 7Tx) and then using this to
obtain a lower bound on |®(w) — ®(w’)| by the bi-Lipschitzness of .

Lemma D.15. In the setting of Theorem let TR be as defined in Lemma @ Then, for 1,1 €
[LL7 LR})

v () —wn) S g (D.104)

V=

Proof of Lemma[D.T5] Let ¢t/ € [u,r], with ¢ < ¢/. For convenience, we will write w; = wy(¢)
and w; = wy(¢’). Our goal is to obtain a lower bound on the factor by which w; — w; grows by time
T. First, define P; and @; as in Lemma[4.4] and observe that

d

St —w) = =(1 = (W)*)(Pw) + Qu(w) = (L= wd)(Pi(w) + Qu(wr))  (D.105)
= —(Piw)) = Pw) + ((wp)?Polap) — wf Pilwy) ) = (Qulw)) = Qulawr))

(D.106)

+ (w2 Qu(w)) — wiQu(w) (D.107)

We first obtain a lower bound on the first term — (Pt(wg) - Pt(wt)), and then show that the other
terms are lower-order terms as long as t < Tg. For t € [0, TR],

~(Pi(w}) = Pi(wy)) = — (263 4D} + 463 1 Da(w))*) + (263 4Dawn + 463 4 Do} )
(Lemma [£.4)
= =265 4Dy t(w) — w;) — 467 4Da (W) — w}) (D.108)
= 265 4| D ol (wy — wy) + 4675 4| Dag|((wp)® — w})
(B.c. t <Tx, D3y, Dy, < 0by Lemma
=263 4| Do o|(w — wy) + 467 4| Dao|((w})? + wpw} + wi) (wi — wy)
(D.109)
> 263 4| Dot (wf — wy)
(B.c. omitted term is nonnegative — w; > w; by Proposition

Next, let us show that the remaining terms in Eq. (D-107) are lower-order terms which will not
decrease the growth rate of w; — w; too much. First let us deal with the absolute value of the second
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term in Eq. (D.107). For convenience,

|(w)? Pu(w) = wiPi(wy)

let wr ¢+ = we(er). Then,

S |(263 aD2.o(w))? + 463 4D ()’ (D.110)

— (263 4Das(we)? + 463 4 Das(we)?)|

(D.111)
< 263 4| Dal|(w))? — wi| + 463 4| Dayll(w})® — w}|
(By Lemma[4.4)
< 263 4 Dal|(w))? + wiwe + wi|Jwy — wyl (D.112)
+ 467 4| Daql|(wp)* + (wi)?we + (w))*wi + wijw? + wi||w; —
(D.113)

<6

~

where the last inequality is also because 63 ; < 62 4, and 74 < 3 (Assumption 3.

U)t|
(B.c. |wy|, |wi| < wg, by Proposition[D.37)

3.2) and | Dy| > %

and |Dy| < 3% for t < T (Lemma , meaning that the first term in Eq. ll 3)) dominates up to

universal constant factors. Next, let
By Lemma[[.16]

us deal with the absolute value of the third

03 al D2l + 63 4| Dat

|Qt(wt)/ = Qi(wy)| S

~

(B.c. azd

< 6§,d|D2,t|‘ ,

< |w) — wy

d
(By definition of /\d(l), A, Lemma

_wt‘
Sosqand Dy Sy S 72 < |Do| fort < Ty (Lemma.)

~

Using the same argument with Lemma[[.T6] we can bound the fourth term in Eq. (D.107):

|(wh)? Qe (wr) —

63 4| Doy
Wi Qu(wy)] S 2 |wj — | (D.114)

Combining the bounds we obtained for all the terms of Eq. (D.107), we obtain

d .
(W) = wi) > 263 Dz ol(w) = we) = (63 al Dzl (wh, +1/d) (w) —w)))  (©.115)
(202 alD2g] = O(63 Dol (wh, +1/d)) ) (w; — wy) (D.116)
and therefore,
gt( — wy) 2 .2 2
At > 253 4| D2l = O(63 al Dol (wh, +1/d)) (D.117)
'LUt Wi

First, let us consider how much w} —
with 1o =y and 0 < 11 < 1y, with § =

are satisfied. By Lemma L Py < a f)m usmg the notation of Lemma

. By Assumption|3.2} § < 15 and by Proposition|[.5}
clearly holds. Thus the assumptions o Lemma@are satisfied. As a consequence of Lemma[D.4]

meaning § < Tog F

(specifically Eq. (D.47)) we obtain

Wy grows during Phase 1. At this point, we apply Lemma
= . Let us first verify that the assumptions of Lemma

Thus, log F, < log d,

P(M > [’U) < logd = 1%

T
exp(/ 202d|D2t\dt) R > vd (D.118)
0

(log d)?

37

term in Eq. (D.107).
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For t < T, we have w}, < 6% < O( 7) by Deﬁmtlon. (and because w;(tr) < we(wy) by
Proposition[D.37). Thus,

W,

17“”1 > oxp (/OTI 262 4| Day| - (1 - O(@))dt) (By Eq. (D-1T7))

wo wo
d \1-0(1/logd)
> (i( vd ) : (By Eq. (D-1T8)

log d)?
Vd
< (logd)?

Additionally, we apply Lemma [D.4] with 1 = g (and an arbitrary ¢; € [1,r]) with § = £ =
Wllogd’ and tg = T3 and t; being the time Tg such that wp, (tr) = €. We verify that the

conditions of Lemma hold. Using the notation of Lemma M F2 = Z:R (22) ¢k(log d)?
by Lemma and thus log F» < Agam by Assumption[3.2} § < 2 15 and by Proposition
P(J¢| > wr) < O(k) < 1’—2. Thus, we apply Lemmato obtain

(B.c. d'/1°ed < O(1))

T
esp / 263 \Daldt) Z Fs 2 €n(log d)? (D.119)

T

Fort < Ty, w%t < €2 < 42, meaning that
/o Tr
IRz e ([ 263uIDail - (1~ O@)i) (By Eq. (OT7)
Wy, — W1y T ’ ’

2 (¢r(logd)?)'=C¢Y <By Eq (D-1T9))
> ¢r(log d)? B.c. (logd)°©® = (log d)°meteza) < O(1))

In summary, since w; — w; grows by ﬁ (up to a constant factor) from time 0 to time 77, and by
¢x(log d)? (up to a constant factor) from time 7} to time T, this means

w —w
Tk TR > e/d (D.120)
wh — wo

from time O to time TR, as desired. O

We now use the previous lemma to obtain a lower bound on |®(w) — ®(w’)| by using the bi-
Lipschitzness of ®.

Lemma D.16 (Initial Large Distance Between w and w’). Suppose we are in the setting of Theo-
rem Let TR be as in the statement of Lemma@ If 1,1/ are sampled independently from po, then
with probability at least 1 — O(e),

[@(wr, (1) = D(wr (V)] 2 €r° (D.121)
Proof of Lemma([D.16] By Egs. (1.16) and (1.18) of Atkinson and Han [12]], the probability density
function of ¢ is p(t) = %(1 LQ)%. Thus, for ¢ € [, tr], the conditional density
function p(¢ | ¢ € [uL, tr]) can be upper bounded as
p(t)
L€, ]) S ————= (D.122)
p( ‘ [L R]) p(L c [LL7LR])
2y 4=3
I'(d/2) (1) (D.123)
~VAL((d=1)/2) p(e € [u, )
I'(d/2) (1—.2)% .
< . By P t
S -1/ 1= 00 (By Proposition[D.6)
<Vd (By Stirling’s Formula)
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. . 2
In particular, for any interval I of length at most "—d,

Pioel|te w,w]) S Vd-|I| <k (D.124)

and from this it follows that
2

Vd

P,umpo (\L -/ < | 1,0 € [u, LR]) < K2 (D.125)

. 2 U :
Next, suppose ¢, " € [u, tr] with e/ > ¢, and |¢ — /| > = Then, by Lemma , if Ty is the time
T mentioned in the statement of Lemmal[D.7] then

wr (V) — wry (1) 2 €R° (D.126)

Sk

Suppose we sample ¢, ¢’ independently from pg. By Proposition with probability at least 1 —O(k),
tyt € [iL, tr]. Thus, by Eq. || the probability that ¢, ¢’ € [u, r] and |¢ — V| > \% is at least
1 — O(k). In summary, if we sample ¢, " independently from pg, then with probability 1 — O(k),

1 ®(wry (1) — ®(wr (V)] 2 P (D.127)
by Lemma|[D.14] as desired. O

Next, we show that during Phase 3, Case 1, at any time, there is a significant fraction of particles
whose distance from O or 1 can be bounded below.

Lemma D.17. In the setting of Theorem[3.3| suppose Dy < 0 and D2y > 0. Then,

72

Punp, (J0] € [13/*,1 = "7]) > > (D.128)

Proof of Lemma[D.17] For convenience, we define 7 = /77 and 3 > 1.1 such that v4 = 87*. (Here,
[ and T are well-defined by Assumption @) First, since Ds ; > 0 during Phase 3 Case 1, we know
that

E [Pyq(w)] > 72 (By Definition of D5 ;)

wr~pPt

and since D, ; < 0 during Phase 3 Case 1, we know that

E [Pya(w)] < 37t (By Definition of Dy ;)
W~ Pt
Rearranging using P» 4(t) = ﬁtQ — ﬁ, we obtain
d 1
—— E W —=>72 D.12
d—lthPt[w} d—l_T ( 9)
or
d—1 1
E [w? > e (D.130)
wr~pPt d d

- . . 2 .
Similarly, rearranging using Py 4(t) = d U‘;‘Sflf'g t — %tlf 2+ d2371 , wWe obtain

d* +6d + 8 4 6d+12 9 4
— E — < D.131
d2 -1 wen~ Pt v } d2 -1 U)tNPt[w ] + d2 -1~ 67— ( )
and rearranging gives
1
E [w)] < prt+ O(f) (D.132)
wi~pt d
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because w < 1 and we can assume 37* < 1 due to Assumption Suppose that with probability
more than 1 — %2 under p;, w & [73/2,1 — 7). Then,

E [w’] =Pyup(w>1-7)- E [0’ |w>1-7] (D.133)
w~ P wn~pt
+ Py (we [r321—7)) E [w?|we[r¥31-1]] (D.134)
w~ Pt
+ Py, (w < 722) 0 B [w? | w < 1%/7 (D.135)
w~pt

2

SPUJNM(U)Zl—T)—I—%—FTS

(By assumption that P,, ., (w € [73/2,1 — 7]) < %2)

2
< Pup (0> 1-7) + 2

(B.c. 7 < 1/4 (by Assumption[3.2] 7 is sufficiently small))
which by Eq. (D.130) implies that

3r2 _d—1 1 32 2 2 1_ 7
P~ >1-7)> E []-"->—24+--" =— - —_—4+>->"— (D136
plozl=nz Bl -"r 2=t =1 g a1 OB
where the last inequality is because 7 < 1. On the other hand,
E [w]=Pyop(w>1—7)- E [w*|w>1-7] (D.137)
wr P wn~ P
+ Pyp (we 321 —7])) E [w*|we[r*%1-7]  (D.138)
wnpt
+ Py, (w < 732) 0 B [wt | w < 73/7 (D.139)
wnpy
>Pyop(w>1-7) E [w'|w>1-1] (D.140)
wn~pt
> (1=1)* Pyp, (w>1—7) (D.141)
2
>(1-n' (By Eq. (D-136))
2
> 271 (B.c. 7 < 1/2 (see Assumption 3.2))

By Eq. (D.132),, this is a contradiction, since it implies that

2
7 4 1 4

™40 < 28T D.142
1 =P8 (l)— (D.142)

where the second inequality is because 3 > 1.1 and d is sufficiently large (see Assumption [3.2)). This
implies that 128372 > 1, which contradicts Assumption (since 7y is chosen to be sufficiently

small). Thus, our original assumption that P, (w € [7%/2,1 — 7]) < 7'2—2 is incorrect. O

The purpose of the next three lemmas is to show that if Phase 3, Case 1 occurs, i.e. if Dy 7, = 0
and Dy 7, < 0, then for all ¢ > T5, we have Dy, > 0 and Dy < 0. First, the following lemma
states that if D, ; is much smaller than D ; in absolute value, and D, ; < 0 and D9 ; > 0, then the
velocity of the particles w > 0 will be significantly negative.

Lemma D.18. Suppose we are in the setting of Theorem and suppose Dy 1, = 0 and t > T5

such that Dy < 0and Dy > 0. If |Dyt| < &|Da | where § = m, then for all w € [0, 1],

v(w) = —(1—w?) - (1 £ 0(€)) - 263 4| Da|w (D.143)
In particular, for w € [73/4, 1- 721/2],

ve(w) S =75/ 162 4| Dol (D.144)
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Proof. Suppose |Dy | < &|Da,| where £ = Let P, and Q); be as in LemmaH Then, for

w
any w € [0, 1],
Py(w) = (262 4D yw + 463 4Dy yu®) (D.145)
= (263 4| Dat|w — 463 4| Dy w?) (D.146)
202 al D2, t|“’i0(f‘74 | Da.t|w )) (D.147)
=(1£0())- 202?d\D2’t\w (By Assumption 6Z7d < &S,d)

Thus, for w € [0, 1],
ve(w) = —(1 — w?)(Py(w) + Q¢ (w)) (By Lemma[4.4)

&2 |D
~a-wt)(|pw £ o 2e22,))
(B.c. [Da | > &|Dyy|and 63 4 < 63 4 by Assumption 3.2)

2 ~2 &%,dlDQ,tl

= —(1—w?) (1 £ 0()) - 263 4| Dy fw = O( =2 5w) ) (By Eq. (D.143))
= —(1—w?)- (1 £ 0(€)) - 263 4| Do ¢|w (B.c. £> 1)

In particular, for w € [, KAl 1/2],
ve(w) S —(1— (1 =72 - (1 = 0(€)) - 263 4| Doy |7a"" (D.148)

1/2 ~ 3/4

<-( ( —73'%)?) - 62 4| Doty (B.c. £ = i)
< (273" —22) - 63 | Dol (D.149)
S _'73/4(72,d|D2,t| (B.c. 721/2 > 72 since 72 < 1)
as desired. O

The next lemma essentially implies that if at some point D4 ; < 0 and D5 ; > 0, then it will never be
the case that Dy, > 0 and Dy, > 0.

Lemma D.19. Suppose we are in the setting of Theorem@ and suppose Dy = 0 and Dy ; > 0
for some t > 0. Then, %D47s‘ <.

Proof. We can calculate that

d d
7D4’t =— E [P4’d(w)] = E [P47dl(w) -vt(w)] (D150)
dt dt w~p; wept

Recall from Eq. (C.4) that

d2+6d+8t4 6d + 12t2+ 3

Pralt) = —pm— 21 21

(D.151)

meaning that

Pyd () = 4t® + O(é) (|63] + [t]) = 4t® + O( )|t| (D.152)
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Observe that for ¢ 2> Py4'(t) > 0and for t < it may be the case that P, 4'(t) < 0. In

f’ f’
particular,
S [Prd(w) - vi(w)] = P(jw] S 1/Vd)- S [Prd (w) - vy (w) | Jw] S 1/Vd] (D.153)
+P(jw| 2 1/\f) . [Pad (w) - v(w) | ] 2 1/Vd]
(D.154)
5 al Dol
<o(Z22) bl 2 1/vd) B E, [Pua () e |l 2 1V
(B c. lwl <= 75 and by Lemma
_0(#) +P(|w] € 341 — 4277 (D.155)
JE [Pud/(w)-on(w) ] € 31 -7 (D.156)
63 4| Do 4]
<O(ZU 20 —B(lw| € 13/ 1 = 938/t 25
d
B.c. Py (w) 2 73/ ,and by Lemma
62 .|D
< 0(72’(1(22 2’t|> - % ~7214/46§)d|D27t| (By Lemma[D.17)
<0 (By Assumption [3.2]since d is sufficiently large)
meaning that < 27 D4t <0, as desired. O

The next lemma essentially implies that if at some point Dy ; < 0 and D5 ; > 0, it will never be the
case that Dy y < 0and Dy < 0.

Lemma D.20. Suppose we are in the setting of Theorem@ and suppose Dy < 0and Dy = 0,
for somet > 0. Then d Dy 9’ > 0.

» ds

Proof. Recall from Eq. (C.4) that Py 4(t) = 7%5t* — 717 meaning that P, 4'(t) = 2%t. Thus,

d d . d
%DQ’t = % w@pt [U) ] = m w@pt [2'(1) . ’Ut(’LU)} (D157)

If Dy < 0and Dy = 0, then for any particle w € [0, 1], we can write

ve(w) = —(1 = w?)(Py(w) + Q¢(w)) (By Lemmaf.4)
A D
—(1 —w? (4&idD4,tw3 + O(W) |w\) (By Lemmaf4.4)
_ 2 ~2 3 6Z,d|D4,t|
—(1-w )(404’d|D4’t|w + O(T)M) (D.158)
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where the last equality is because D4 + < 0. Observe that v;(w) > 0 for w 2, while it may be

~ f’
the case that v;(w) < 0 forw < f Thus,
w@pt[zw.vt(w)] P(jw| < 1/[) [2w vy (w) | Jw| < 1/Vd] (D.159)
+P(|w| e 1/\[) 2w v (w) [w] S 1/Vd] (D.160)
52
‘74,d‘ Dyl
0T 4 Bl 21V B )| o] 2 1/VA
(By boundmg Eq. 1i when |w| < ﬁ)
2
o 4
> —O(’Tt') +P(lw| € 134, 1 —4273) (D.161)
JE 2w u(w) | Jul € "1 -7
(D.162)
9
04, Datl 3/4 1/2 9/4
2 —0(Z455) +P(ul € 13" 1 =957 45163 4l Dal
(By Eq. (D.I58))
> &i,d‘D4,t| V2 9/4.2
2 -0(Z50) =5 ot (By Lemma[DT7)
>0 (By Assumption[3.2]since d is sufficiently large)
as desired. O

Putting all of the previous lemmas together, we obtain the following invariant: a lower bound for
|®(w) — ®(w')|, for a large fraction of w, w’, which holds throughout Phase 3, Case 1. Note that
in the proof of this invariant, we need to make use of the fact that once we enter the case where
Dy > 0and Dy < 0, we cannot leave this case. If this is not true, then we cannot use the fact that
|®(w;) — ®(wj)| is increasing as a function of ¢ (Lemma since if Dy ¢ > 0 at any point, then
|®(w;) — ®(w})| could decrease, and we would not have control over this decrease.

Lemma D.21 (Phase 3, Case 1 Invariant). Suppose we are in the setting of Theorem[3.3| Let Tg be
as defined in the statement of Lemma and assume that Dy 1, = 0 and Dy 1, < 0. Then, for all
t > Tx (in particular, for all times t during Phase 3 Case 1), if v, are sampled independently from

Po
| (we () = P(we())| 2 &K° (D.163)
with probability at least 1 — O(k).

Proof of Lemma|D.Z1] By Lemma [D.19/and Lemma[D.20} if Dy 7, = 0 and Dy 1, < 0, then for

all t > T5, we will have Dy ; > 0 and D, ; < 0. Thus, the lemma follows from Lemmalmand
Lemma|D.16] as well as the fact that Dy, <0fort e [Tk, T»] (meaning that the potential difference
is mcreasmg in the time interval [T, TQ]) O

Finally, we show Lemma|D.22] which gives a running time bound for Phase 3, Case 1.

Lemma D.22 (Phase 3, Case | Summary). In the setting of Theorem[3.3| suppose that Dy 1, = 0
and Dy, T2 < 0 (i.e. Phase 3, Case I holds). Then, the total amount of time t > Ty such that
L(p:) > (02 a1t 01 2 €% is at most O(% log(22)).

Proof of Lemma([D.22] Suppose t > T5 and assume that Dy 7, = 0 and Dy, < 0 (i.e. Phase 3,
Case 1 occurs). First, suppose |Dy | < &|D3 .| where & = W Then, by Lemma 8| if

31—y

lw| € [v5 , we have

[ve(w)] 2 75462 4| Dol (D.164)
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(note that the lemma is stated for w € [v; K| 1/4] but holds for |w| € [, KA 721/4] since
v¢(w) is an odd function). Therefore,

[0r(@)? 2 Punp,(f] € 531 = %)+ E [lon(w)? |l € b3 1= 2""]) (D.165)

w~pt
2% B ) |fwl € b3 1 - "] (By Lemma[D.T7)
2 % "725/263,d|D2,t|2 (By Eq. (D-164))
> /%63 4| Do | (D.166)
7
272/20§d (Uzd|D2t|2+04d|D4t| )

(B.c. 67 4 S 63 4 (Assumption[3.2) and [ Dy ¢| < €| Da¢))
272763 4L (pr) (D.167)

Thus, by Lemma|D.39]

dL
;f Y < 353 L) (D.168)

Let T,  be as in Theorem 3.3} and define

Iip,j<¢ps) = {t < Tic and tin Phase 3, Case 1 | [Dy| < §| Do |} (D.169)

Then, by Eq. (D-168)),

dL(p
ét t) 727/ o3, 54L(p)1(t € Iipy < D)) (D.170)

Thus, by Gronwall’s inequality (Fact[[.13)),

L(pr...) T R
(o) P ( ¢ %263t € I|D4|§§|D2\)dt) (D.171)
2
= exp (- Cv3%63, / 1dt) (D.172)
I

|Dg|<€|D2|

Since L(po) < (65 4+ 63 4)75 by Lemmaand L(pr,.) 2 (63 4+ 63 ;)€ rearranging gives

1
/ 1dt < ———— log (72) (D.173)
o _7/2
Iipy1<eipy) 02,472

Now, suppose ¢ is such that |Dy ;| > &|D2|. Let us lower bound the average velocity for w €

[’yg/ 11— 721 / 4] first (then, we can conclude the average velocity is large by Lemma [D.17). B

Lemma

lve(w)| = (1 — w?)|Py(w) + Q¢ (w)] (D.174)
and we can write
Py(w) = 263 4Dayw + 463 4Dgyw® = 463 4Dy yw(w — 7)(w + 1) (D.175)
62 Doy
where r = 4/ — 2;42;:%2; is the positive root of P;. For |w| € [ ‘3/4, 721/2], we have
l—w?>1-(1- 1/2) 1/ —722721/2. (D.176)
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Additionally, |w| > 72/ and |w + r| > 72/ Thus, for w € [, Kal| 7;/2], we have
2

o) 2 (1= w?)?(Pu(w) + Qu(w)) (D.177)
2 2 1/2
2 V2 (Pt(w) + Qt(w)) (Bc. 1—w? >~
Z Y2 (Pt(w)2 — 2Qt(w)2> (B.c. (a+b)? < 2a% +2b%, 50 a® — 2b> < 2(a+b)?)
63 D2, + 64 ,D3?
( ( 2,d 2td2 4,d 4t)w2) (ByLemma@)
62, +62 )L
(Pt ( 2,d d;,d) (pt))wg) (By Lemma@)
63 4+0634)L

(&Z‘ D? tw w+ 1) (w — 7r)? O(( 2.d dg’d) (pt))wQ)

(By factorization of P;(w) above)
. (63,4 + 63 )L(pt)
272+ (044D 3w — 1)? — O (R Yu?) (D.178)
where the last inequality is by the discussion above Eq. (D-177). Now, in order to take the expectation
over w ~ p; (conditioned on w € [73/4, 1- 721/2]), we first compute E,pp, [(w — 1) | w €
"1 ="
E lw=r)?w~ 13" 1= > Var (w]w~ 3 1-93") (D.179)
wepg wr Pt
> E [(w-w)?|ww €[ 1-4"7] (D.180)
w,w’ ~py

where the last inequality is by Proposition By Lemma|[D.21]
Pu,wmp, (|(w) — ®(w')| 2 €£%) > 1 — O(k) (D.181)

By Lemma|D.14] if w, w’ € [y5/*,1 — 753/%], then

|®(w) — ®(w')| < —zlw— w’ (D.182)
Y2
Thus, combining the previous two equations gives
Poy i mp, (Jw — w'| < ’y3/ R | w,w’ € [y /4 71/2]) (D.183)
S Puwrmp (|0(w) = @(w)] < &° [ w, v’ € 5", 1 - 7,"7)
(D.184)
< Puwrp (1®(w) — d(w')] < &x® and w, w’ € [, 1 = %,"%))
~ Pt (0,0 € 157", 1 = 25"7)
(D.185)
K
< (By Lemma [D.2T)
Puwrpy (0,107 € 211 =)
5 — (By Lemma[D.17)

2

and therefore, by Assumption since k/v2 < m, this is at most %, since d is sufficiently
large. Thus,

E [(w—w)?ww €' 1-5" (D.186)

w,w'~pt

3/2 3/4 1/2
> Powrmp, (Jw — w'| > 7577663 w0’ € (7341 = 737%]) - 13€2K5

> 32, (D.188)
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where the last inequality is because Py, ~p, (|0 — w'| < 73 2¢p3 | w,w € [yy KA 721/2]) <

By Eq. (D.I78), we have
4 1/2 ~ ‘ 3/4 1/2
E (o) |we by 1= 2% (6440508 B [(w=m)? |we by 1-25"]
(D.189)

0 ( (63,4 + &z,d)L(pt))>

= (D.190)

. (&gcﬂ‘&i 2 L(pt)
2 e (UidDit"/z 52 6 ))

(By Eq (DTE0) and Eq. (D.IS8))

Since Py, (w € hg/ 11— Yy / N> 2 by Lemmaand the symmetry of p;, this implies that
. (63.4+ 632 L(pe)
JE lo(w) 273 (Ui,dDi,ngﬁ%ﬁ —~ O( 24 d4’d )) (D.191)
. (63.4+63.)L(pe)
R e A R e )

d
(B.c. 67 4 2 63 4 (Assumption[3.2) and [Dy¢| > €| Da,¢| implies 63 ;D3 2 €2 L(ps))

63 4+ 07

273 - (63 8e"s® — 0(=4——1) ) L(p) (D.192)
> 67 756 K0 L(py) (Because d > c3 by Assumption[3.2)
Thus, by Lemma % < -6 854 SL(p¢). By a similar argument as for the subcase

where |Dy ;| < &|Da ], since L(pg) ,§ 027d72 (by Lemma, if we define
Iip,>¢1ps) = {t < Tk and t in Phase 3, Case 1 | [Dy¢| > &| Do |} (D.193)

then
1
/ 1dt S ——s=r— log (ﬁ) (D.194)
Iip41>¢1Dy) 94, €A €

since L(pr, ) 2 63 4€2. Combining Eq. (D.173) and Eq. (D.194)), we find that the total time spent
in Phase 3, Case 1 is at most O(W log(22)), as desired. O

D.6 Phase 3, Case 2

Next, we analyze Phase 3, Case 2, where Dy 7, = 0 and Dy 7, < 0. In this case, as we will show,
for all t > Ty, we will have Dy > 0 and Dy ; < 0 (Lemma|[D.28). We will first give an outline
of our analysis in this case — our goal is again to show that either D27t\ < e€eor \D47t\ < € within

&27 poly( log log d) time after the start of Phase 3, Case 2.

Proof Strategy for Phase 3, Case 2 We again show that |v(w) is large on average and then use
Lemma[D.39to show that the loss decreases quickly. However, our argument to show that |v(w) is
large on average is significantly different from Phase 3, Case 1. We can approximately write

ve(w) = —(1 — wz)(Pt(w) + Qt(w)) (D.195)

~ —(1 — w?)Py(w) (D.196)

~ —(1 — w?)w(263 D2y + 463 4Daw?) (D.197)

~ (1 — w?)w(263 4|Day| — 467 4| Dy t|w?) (B.c. Doy < 0and Dy, > 0)

~ —(1 — w?)w(463 4| Das|w® — 263 4|Day]) (D.198)

. 62 41D2 ¢t ... .
Letting r = 2 T be the positive root of P;(w), we obtain
4,d 5t
ve(w) =~ —4&Z7d|D47t\(w — ) (w + r)w(l —w?) (D.199)
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This time, v¢(w) has a negative slope at r, meaning that the particles are attracted towards r, and we
cannot use the same argument as in Phase 3, Case 1.

Instead, the key point of our argument in this case is the following. Recall that Dy, > 0 and
Dy < 0 forall t > Ty — these roughly imply that E,,,, [w?] > v4 and Eynp, [0?] < 4. By
Assumption we have 74 > 1.193 — in other words, E,, ., [w?] > 1.1(Eyn,, [w?])?. From this
observation, we know that a significant fraction of the particles must be far from » — otherwise, if all
of the particles are concentrated at r, then we would have Eq,, [w?] & (Ey~,, [w?])?, which would
give a contradiction.

One complication in showing that the velocity is large is that, a priori, nearly all of the particles could
be close to 0 or 1 — their velocities could be small even if they are far from . We make use of the
potential function ® defined in the analysis of Phase 3, Case 1 to avoid this issue. In this case, it
turns out that for any two particles w, w’, their potential difference |®(w) — ®(w’)| is decreasing
(Lemma. We can use this to show that a 1 — O(~y4) fraction of particles w with initializations in
[t1, tm] (Where ¢y is defined later) cannot become too close to 0 or 1 in Lemmaand Lemma
Intuitively, this is because if |®(w) — ®(w’)| is bounded by log B for two particles w, w’ > 0, and C
is a sufficiently large constant, then w < (m)c roughly implies that w’ < B(@)C, simply
by the definition ®(w) = log(ﬁ) together with some algebraic manipulations. Moreover, if

all of the particles w’ in this group are at most B(m)c, then this implies that Ds has a very

large negative value, and this implies that all particles w have a positive velocity (as argued in
Lemma , meaning that the particles w in this group cannot become smaller than B( oz llog d)c
We can show by a similar argument that the particles having initializations in [¢1, tp] cannot become

too close to 1.

As long as the positive root r of P;(w) is at least %, this group of particles will have a large velocity as
argued in Lemma , since a significant fraction of these particles must be at most % We encounter

a potential issue when the positive root r is at most %: it is possible that the particles initialized in
[, tm] get stuck at . We mentioned above that by the constraints Dy ; < 0 and Dy, > 0, there

must always be some mass away from r. However, this mass may only be a vi’/ * fraction of the
total mass, while the particles initialized at [¢r,, tm] only have a 1 — O(ry4) fraction of the total mass.
Thus, once r < 1, it is possible for the mass located far away from 7 to be disjoint from the set of
particles initialized at [i1, tpm]. To resolve this, we argue in Lemma that the particles larger than
we(tm) (Which may be close to 1) will move away from 1 at an exponentially fast rate while r < %
Once these particles, which are larger than w;(tm), are sufficiently far away from 1, they will also
contribute a significant amount to the velocity. Thus, we can argue as discussed above that there
must be a significant fraction of particles away from 7 due to the constraints D ; < 0 and D4, > 0

(Lemma|D.32).

We now begin the formal proof. We first show that as long as D, ; > 0, the potential difference
between any two particles w, w’ is increasing. In particular, this holds during Phase 3, Case 2 (but
note that this lemma is no longer applicable during Phase 1 or Phase 2).

Lemma D.23 (®(w) and ®(w’) Move Closer in Phase 3 Case 2). Suppose we are in the setting of
Theorem and suppose Dy > 0 for all t in some time interval [ty,t1]. Then, forall v,/

D(wi(1)) — P(we(d))) (D.200)

is decreasing as a function of t on the interval [to, t1].

Proof of Lemma|D.23] We mostly follow the proof of Lemma Suppose ¢, " € [0, 1] such that
v < /. Then, wy(:") > w(e) for all times ¢ (by Proposition [D.37), and since @ is an increasing
function, ®(w; (")) > ®(w¢(e)) for all times ¢. Thus, it suffices to show that ®(w; (")) — ®(w(r))
is decreasing. For convenience, we write w; = wy(¢') and wy = wy(¢). We do a computation similar
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to that in the proof of Lemma[D.13}

d

&(q’(wé) - P(wy)) = ( — 263 4Dy — 467 4Dy (w))? — Aa') — )\d(g)(wé)Q) (D.201)

- ( — 263 Doy — 462 4Dy yw? — A — Ad<3>w§)
(By Lemma|[D.12)

= —46% 4Da 1 (w)* = wi) — A (w})? — w?) (D.202)

According to the statement of Lemma A =463 Dy - 842 meaning that

d R R 6d + 9
(@) — B(w)) = 463 4D (w))? —wf) — 463 4Dy o () —wf)  (D203)
R 6d 4+ 9
= _4Ui7dD4,t : (1 - ﬁ) - ((wp)? —wf) (D.204)
<0 (B.c. Dyy > 0and w; > w; > 0, and d > c3 (Assumption )
Thus, on any interval [to, t1] where Dy, > 0, ®(w}) — ®(w;) is decreasing, as desired. O

In the next lemma, we show an upper bound on |®(w) — ®(w’)|, at the beginning of Phase 3, Case
2, for particles w, w’ which are respectively initialized at ¢, :" € [, tm]. Here vy is defined in the
statement/proof of the following lemma.

Lemma D.24. Suppose we are in the setting of Theorem Assume that Dy 7, = 0 and Dy 1, < 0,
i.e. we are in Phase 3, Case 2. Then, there exists ty € i, tr] such that Py, (|t] > tm) S va and
forall v,V € [, M),

1 1
]@(wTQ(L)) ~ d(wn, (L'))( <2log +logp +C (D.205)
for some universal constant C.

Proof of Lemma|D.24} Since D4 1, = 0, we have Ewnpr, [Py,a(w)] = ~4. Thus, by Eq. (C.4),

4 + 6d d+12
+6d+8 Lo 6d+ w? 4

—_— —_—= D.206
d?2—1 w~pn, v d? —1 w~pr, d? -1 ke ( )

Since |ws(¢)] < 1forallt > 0 and all ¢ € [—1,1], the left-hand side of the above equation is
Euwn~p, [w?] £ O(}), and rearranging gives

1
E [w' <+ O(g) (D.207)
wnpt
By Markov’s inequality,
1
Punpr, (W] > 1/2) S ya + O(&) Sy (D.208)

where the second inequality is because d > c3 by Assumption Let ¢o be such that wr, (¢9) = %
Let ty = min(eo, tr). Then, oy € [er, tr], and P (o] > tm) S va, because Py ([t > 1) S 74
and P, (|t| > tr) < O(k) by Proposition[D.6] meaning that P, (|¢| > tm) < max(ys, k) < 74
(where the last inequality is because d > ¢ by Assumption [3.2).

Now, let ¢ € [u1, tm]. Observe that on the interval [0, T3], for all ¢, w;(¢) is strictly increasing as
a function of ¢, for all © (see Lemma [D.9). Thus, if 7k is as defined in Lemma [D.7] then for all
L € [iL, tr], |wry (¢)| 2 €2, In particular, for all ¢ € [ir, 1], we can write wr, (1) > CEx2 for some
universal constant C. Additionally, for ¢ < 1y, we have wr, (1) < % by Proposition Thus,
since ®(w) is increasing in w, for ¢ € [ur,, tm] we have

CEx?

/T — C2624%

®(wr, (1)) > ®(CER?) = log ( ) > log(Cér?) = log C +log € + 2log k

(D.209)
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and

D (wr, (1)) < ®(1/2) = log ( ) =log(1/V3) = —%1og3 (D.210)

1/2
V3/4
Thus, for any ¢,¢’ € [ir, tm],

, 1 1 1,
D(wr, (1)) — P(wr, ()| < —§log3 — (10gC+10g€+210g/€) = QIOgE +log = +C

3
(D.211)

where we have defined the constant C' = —% log3 —log C. O

In the next lemma, we show that for ¢ € [¢1, tm], during Phase 3, Case 2, w;(¢) can be bounded away
from 0 and 1, provided that the conclusion of Lemma [D.24]holds at time ¢.

Lemma D.25 (Lower and Upper Bounds on Particles Between ¢, and vy). Suppose that we are in
the setting of Theorem Let s > T, and suppose that for all t € [T5, s], Dy > 0and Doy < 0.
Further suppose that for all t € (T4, s, the conclusion of Lemmal|D.24| holds, i.e.

‘@(wS(L)) - ¢(ws(b'))‘ < 2log% + log% +C (D.212)

forall v € [u, wa], where w is such that P, (|¢| > wt) S 4, and for some universal constant
C. Then, for any t € [Ty, s, for all 1 > 11, w(1) > E2K2. Furthermore, for all t € [Ty, s, we have
wi () < 1 — kA,

Proof of Lemma([D.23] Consider some time ¢ € [T, s]. Suppose that for some ¢ € [ir, tm], we(t) <
€2k2. Also, suppose ¢/ € i, tp] such that o' > ¢. Then,

O (w; (1)) < D(wye(1)) + 2log% + log% +C

(By Eq. (D.212), and b.c. ® is increasing, " > ¢ and Proposition [D.37)

< log ( Er )+21 L glsc (D.213)
og | ———= og — + log = .
slog (s g, tlogg
1 1
< log(2¢%k?) + 2log — + logg +C (B.c. d > c3, Assumption [3.2))
K
=logé&+ C’ (For some universal constant C”)
Thus, because w < ﬁ

wy (1))

1= (wi(v'))?

Thus, w,(¢') < € and for all ¢ € [ir, tm], we have shown that w,(¢) < €. In addition, P, (|¢| >
tm) S 4. We can use this to calculate Dy and Dy 4

log 1wy (¢') < log ( ) <logé +C" (D.214)

d 1 ..
Dy = w@pt TV T m] — Y2 (By definition of P» 4, (Eq. @))
< E [’wz] — s B.c.w<l)
wn~pt
< Prpo (o] < om) Blwe (1) | o] < o] 4 Prpo (2] > tm) Elwi (1) | o] > tm] — 72 (D.215)
<OE) + 71— (B.c. wi(v) S Efore € [er, em] and P(Je] > tm) S va)
< =7 B.c.1a < 01722, Y2 < ca (co chosen after ¢1) and d > cs, Assumption
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and

d>+6d+8 , 6d+12 , 3
D4’t_w~pt d? -1 w_d2—1w+d2—1i|_74
(By definition of Py 4, Eq. @))
1
= E [0 —’miO(f) (D.216)
wn~ Pt d

1
= Py (1] < o) Elwe(0)* | 1] < tnt] + Porcp (1] > 30) Eleoe(0)* | o] > ] =72 £.0(5)

(D217)

1
<O(EY +0(y4) —a % O(g> B.c. w(¢) S Efore € [up, em] and P(e > wm) S 74)
< O(E* + ) (D.218)
S (B.c. d > c3, by Assumption[3.2)

To complete the proof, we will show that if these bounds on Ds ; and Dy ¢ hold, then for any w,
ve(w) > 0. By Lemmal4.4} it suffices to show that P;(w) + Q;(w) < 0 for w > 0, where P; and Q)
are as defined in Lemma4.4] If C and C are two appropriately chosen positive universal constants,
then by the above upper bounds on Dy ; and Dy 4,

Py(w) + Q¢(w) = 263 4Doyw + 463 4Daw® + AgMw + AP w? (D.219)
, 62 |Dyy| + 62 |D
< —C183 gy + G363 4 - w0 + O 24l D2d ; i “') (D.220)
2
+ 0(04"1 Das w?

(By definition of )\d(l), )\d(g) in Lemmaand above bounds on Dy ;, Dy 1)
(&g,d|D27t| + &Z,d|D4,t|>

< —C163 ppw + O |w]
B.c. 74 S5 <vypand i, <62, by Assumption with new constant C1)

< —&%)Cﬂgw (B.c. d > c3, Assumption [3.2))

In summary, if w;(¢) = £2k2 for some ¢ € [ir, tm], then v (w) > 0 for all w € [0, 1]. In addition, at
time T5, we have wy (1) = & k2 forall ¢ > ¢ by Lemma m and Lemma Thus, for all ¢ > ¢,
wy(¢) will never go below €22 for t € [T, s], as desired.

To finish the proof, we will show the upper bound on w; (ty). Suppose 1 — wy(1y) < k*¢3. Then,

®(wi(wm)) = log (%) (D.221)
> log% — %bg(l —wi(m)?) (B.c. wi(tm) > %)
> log% - %bg(l — (1 - k%)% (D.222)
= log% — %10g(2l€4§3 — K3¢9) (D.223)
> log% - %10g(/@4§3) (B.c. k,& < 1and k€3 — (k4€3)%2 > 0)
= log% + 2 log% + % log % (D.224)

Thus, for any ¢ € [, tm],

P(wi (1) > C + % log% (D.225)
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for some universal constant C. In other words, letting w; := w;(:) and rearranging using the
definition of ®, we obtain

Wt > 1

V1I—wi ~ g2
V1wt S P S ¢ (D.227)

which finally gives 1 — w? < & or w? > 1 — O(£). In other words, for all © > i, we have
we(t) > 1 — O(&), which implies that

(D.226)

or

Dot = E [Poa(w)] =7 (D.228)
1
> 21 _ _ hl
2 B [’ = O( d) (D.229)
9 1
> Poyo(t 2 ) E [uw? | 1] = u] =72 = 0(5) (D.230)
wn~ Pt
1
>1—0®)-( E ||| >w]) =y — O(E) (By Proposition[D.6)
wn~pt
1
> (1 - O0(k)(1 — O(€)) — s — o(a) (B.c. if |¢| > tr, then wy(¢)2 > 1 — O(€))
>1—-0(E+EK)—72 (B.c. 1/d is small by Assumption [3.2)
>0 (By Assumption [3:2]b.c. 72 small and d large)
and this contradicts the assumption that for all ¢t € [T%,s], D4y > 0 and Dy, < 0. Thus, for all
t € [T, 8], 1 —wi(tm) > k23, ie. wi(im) < 1 — KAE3. O

The purpose of the next two lemmas is to show that if Phase 3, Case 2 occurs, then for all ¢ > T5, we
will have Dy ; < 0 and Dy ; > 0, assuming the conclusion of Lemmal@]holds. We will later put
these next two lemmas with the above lemma, Lemma@ in order to inductively show that the
hypothesis of Lemma [D.25]holds for ¢ > T (note that Lemma[D.23|assumes that the upper bound
on the potential difference holds on an interval [T%, s, and more importantly assumes that Dy ; < 0
and Dy, > 0 forall ¢t € [T5, s)).

Lemma D.26. Suppose we are in the setting of Theorem@ and suppose Dy = 0 and Dy <0
for some t > 0. Additionally, suppose that the conclusion of Lemma[D.23|holds at time t, i.e. for all
L >, wi(t) > E2k2, and wi(uy) < 1 — KAE3. Then, %D473|S:t > 0.
Proof. Recall from Eq. (C4) that

& +6d+8, 6d+12, 3

Py g(t) = t t D.231
1all) = =77 Z_1" Te-i (D-231)
meaning that
1
Py (t) = 45 + O(g) 1t (D.232)
Next we compute the derivative of Dy ;:
d d
—Dyy=— E [Pig(w)]= E [Pyq'(w)-v(w)] (D.233)
dt dt w~ps wnpy
For positive particles w 2 ﬁ, we have P47d’(w) > 0, and for w < ﬁ, it may be the case that

P47d’(w) < 0. Furthermore, when Dy ; = 0 and D, ; < 0, we have

6’§,d|D2,t|>|w|)

ve(w) = (1 = w?)(263 4Dy + O (=4

(By Lemma[#.4]and because Dy ; = 0)

52 Dy |
(1—w?)- (2&§7d|D2,t|w + O(%) |w\)

(1 —w?) 263 4| Day|w- (1 £0(1/d)) (D.234)

(B.c. Dy < 0)
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Finally, to lower bound %DM, we must show that there is a significant fraction of particles for which
w2 ﬁ and 1 — w is large. Because we have w; (1) > £2x? forall « > 1, and P(|¢| < ¢) < by
Proposition[D.6] using a union bound we therefore know that

Punp, ([0l € [€6%,1 = K7€) 2 1 = O(31) = O(k) 21— O(74) (D.235)
where the second inequality is by Assumption [3.2[since d is sufficiently large. Thus,
d

D= E [Pyd (w) - ve(w)] (D.236)
= Purp (0] S1/VA) E [Pad(w) - vi(w) | [uw] £ 1/Vd] (D.237)
t Punp, (J0] 2 1/Vd) B [Pr'(w) - vi(w) | w2 1/Vd (D.238)

—O( 1 &g,d|D2,t|

i )+ Puny (0] 2 1/VA) B [Pra () () | ol 2 1/Vd)

wnpt

(By bounding |Py 4’ (w) - vs(w)| when |w| < 1/v/d)

62 | Doyl
> —O(MT) + Py, (0] € [€262,1 — K3€3)) (D.239)
JE [Pad (w) - vy(w) | [w] € (€K%, 1 — '] (D.240)

5 4| Datl

> *O(T> + (1 — 0(74)) w@pt[le)d/(w) ~1)t(w) | |w\ S [52/{2’ 1-— 5453]]
(By Eq. (D.235))

)+ (€263 (1= (1 = #1603 4l Dol (€24%) (D.241)

_O<&§,d D2,t|

d2

where the last inequality is by Eq. (D.232)) and applying the above bound on v;(w) from Eq. (D.234)
for |w| € [¢2K%,1 — k*€2], and because d > c3 by Assumption Expanding the last line gives

Vv

d 62 |D
ZDii 2 —0(%) + 62 4| D | €PRORIEDE2 2 (D.242)
52
U2,d|D27t| .
2 —0(Z4570) + 63 4l Dl 2 (D.243)
and the right hand side is strictly positive since d is sufficiently large by Assumption[3.2] O

Lemma D.27. Suppose we are in the setting of Thearem@ and suppose Dy > 0 and Doy = 0
for some t > 0. Additionally, suppose that the conclusion of Lemma[D.23|holds at time t, i.e. for all

L >, we(t) > €262, and wi () < 1 — k*€3. Then, %DZSL:t < 0.
Proof. Recall from Eq. (C.4) that
d 1
Pyg(t) = —t* — —— D.244
2,d(t) i-1 i-1 ( )
meaning that
d d 2d
—Ds,=— E [Poy(t))]=—— E - D.245
dt Pt T dt w~pt[ 2a(t)] d—1 w~p, o v (w) ( )
Suppose Do ; = 0 and D4 ; > 0. Then, the velocity is
ve(w) = —(1 — w?)(Py(w) + Q¢ (w)) (By Lemma[4.4)
&2 |D
= —(1—w? (4&i,dD4,tw3 + O(%) |w\) (By Lemma[4.4)
= —(1—w?) - 463 Dy, (w3 + %) (D.246)
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Thus, for positive particles w, if w 2> %, vi(w) < 0, and for w < %, the velocity is potentially

positive. Using this, we can upper bound %Dgﬂg by upper bounding E,,~.,, [w - v, (w)]:

1 1

JE, [0 v (w)] = Puny, (\wl S ﬁ) JE, [w cvg(w) | w| < ﬁ] (D.247)
1 1

+ Punp, (le 2 ﬁ) o, [w cvp(w) | |w] 2 —d} (D.248)

<o 1 .&Z,dlm,tl)w (|w|>i) . [w.v<w)||w|>i}
— dl/2 d3/2 w Py N\/a wept t ~
(By bounding w - v (w) forng,S%)

<o(Zliely g, (ule @1 - wig?) (D.249)

E [u} cvp(w) | w| € [€2x%,1 — /i4§3]]

w~pt

(B.c. forw > ﬁ, v (w) < 0.)

62 | Dy
< O(%) +(1-0(r) = 0) B [w-vi(w) ||| € (8%, 1 - ¢
(D.250)
where the last inequality is because P(|¢| > tm) < O(v4) (by the definition of «y, see statement of
Lemma[D.25) and P(|¢| < «1.) < O(k) by Proposition[D.6] Simplifying further, we obtain,

52
0'4,d|D47t R
WE [ u(w)] < O(0) — (1= 0() = 0(1)(€27) - (1= (1 = K*€%)%)6% 4 Das(€2%)°
(By Eq. and b.c. é is small (Assumption )
&2 |D
5 O(%) o 6_47dD4,t . £2K32 . I€4€3€61€6
(By Assumption[3.2l 1 — O(k) — O(y4) = 1)
&2 |D
< 0(74*‘1'(1 o ) — 62 4Dy MK (D.251)
and the last expression is strictly negative, since d > c3 by Assumption @ and Dy > 0. This
proves the lemma. O

Now, we combine Lemma [D.23] Lemma [D.26] and Lemma [D.27] to inductively show that for all
t > Ty, we have Dy < 0, Dy > 0 and most importantly, w;(¢) can be bounded away from 0 and 1
for ¢ € [uL, tm-

Lemma D.28 (Phase 3 Case 2 Invariants). Suppose we are in the setting of Theorem[3.3} Assume
Dy 7, <0and Dy, =0, i.e. Phase 3 Case 2 holds. Then, for all t > T, the following will hold:
1. D2,t S 0 and D4’t Z 0

2. Let 1y be defined as in Lemma Then, wy (1) > €262 forall v € 1y, 1] and wi(1y) <
1 — k43

Proof of Lemma|[D.28] For the purpose of this proof, define

I={s>T,| Dy, <0and Dy, >0} (D.252)

and let to = sup I, meaning that for ¢ € [T%,to], D2y < 0 and Dy > 0. Assume for the sake of
contradiction that ¢y < oo. Then, by the continuity of Dj ; and Dy ; as functions of ¢, Dy ; < 0 and
Dy > 0. Since ¢y = sup I, either Dy 4, = 0 or D4, = 0 (and one of these has to be nonzero since
otherwise tg = oo, which is a contradiction). By Lemma and Lemma forall t € [T3, 1],
forall ¢, ¢/ € [iL, tm],

D (wy(e)) — ¢(wt(L'))‘ < 2log% + log% +C (D.253)
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where C' is a universal constant. Thus, applying Lemma [D.23| with s = ¢, we find that for all
t € [Ty, to], forall ¢ > 1, we (1) > €2k, and furthermore, for all ¢ € [Ty, o], we () < 1 — wAE3.

To finish the proof, there are two cases to address: either Dy ;, < 0 and Dy, = 0, or D ;, = 0 and

Dy 4, > 0. In the first case, by Lemma [D.26 %D4,t’ > 0, meaning that for a sufficiently small
t=to

open interval of time J containing to, D4 ; 1s increasing on this interval. This gives us a contradiction,
since it implies that for some t{, > to (with t{, — to sufficiently small) D, , is nonnegative on [t¢, t(],
and since D5 ;, < 0, by continuity, Do < 0 for t € [to, ] as long as t;, — to > 0 is sufficiently
small. Thus, supI > tg, which is a contradiction. In the second case, we can apply the same
argument using Lemma [D.27]in place of Lemma [D.26]

In summary, if Dy, = 0 and Dy, < 0O, then forall £ > T3, Dy < 0and Dyy > 0. Asa
consequence of Lemma|D.23] Lemma [D.24] and Lemma [D.25| for all ¢ € [ir, tm], wi () > €22,
and furthermore, w; (1) < 1 — w43, forall t > Ty. O

We now proceed to bound the running time of Phase 3, Case 2, by dividing it into a few subcases, and
showing that the running time that each of these subcases contribute is within our desired bound. The
first lemma below bounds the running time spent in the subcase where the positive root r of P; is
larger than % (and where D, ; is large relative to Dy ;).

Lemma D.29. Suppose we are in the setting of Theorem @ and assume that Dy 1, = 0 and

Dy 7, <0, i.e. we are in Phase 3, Case 2. Then, at most 02;54’{5 log (%2) time t > Ts elapses such
2,d

that the following hold:

1. If r is the positive root of P; (as defined in Lemma then r >
2. |Dyy| > &|Dayl

1
5

3. L(pt) > (63 4+ 63 0)€

Proof of Lemma[D.29] Lett > T5 such that Dy | > £|D5 ;|. We can write
Py(w) = 263 4Dayw + 463 4Dy yw® = 463 4Dy yw(w — 7)(w + 1) (D.254)

where 7 is the positive root of P;(w). We are now going to lower bound the expected velocity while
r> % by lower bounding P;(w) for a large fraction of w.

For all ¢ > 41, and t > T, we have wy (1) > ¢2k2, by Lemma|D.28| Thus, Py, (w > £2k?) <
1—0O(k) by Proposition Additionally, because Dy ; < 0, we have E,,, [w?] < 72 + O(1/d)
by Proposition |D.38] meaning that by Markov’s inequality, Py, (|w| > %) S+ 1/d < 79,

where the last inequality is because d > ¢3 by Assumption[3.2] By a union bound,

Punp, (0] € [€26%,1/3]) > 1 = O(72 + k) (D.255)
For particles w such that |w| € [¢?£2,1/3], we can lower bound the velocity if 7 > 1:
lve(w)] Z (1 = w?)|Pr(w) + Q¢ (w)] (By Lemma[4.4)
2 |Pi(w) + Q¢(w)] (B.c. w < 1/3)
2 [Pi(w)] = Q¢ (w)] (D.256)
2 1263 4D yw + 463 4Dy w®| — NP w + AP wd (By Lemma[4.4)
63 4| D2 + 63 41D

2 |263 4Daw + 467 4Dy w®| — O( 24l D2 y il 4’t|)\w| (By Lemma[4.4)

63 4l D2t + 63 41D
2 &idD4,t|w||w —rllw+r|— O( 2alD21| 7 il 4’t|) (By definition of r)

11 63 4| Dat| 4 63 41D

Z&Z,dD4,t~§2m2.é.§_O( 2.4l D24 - 1l 4vt|)
(B.c. w € [€262,1/3] and 7 > 1/2)
> 67 D1 E7K (D.257)
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where the last inequality is because | Dy ¢| > ¢| Dy | and d is sufficiently large by Assumption[3.2]
Thus,

JE 1) 2 P (] € €62 1/3) - B lofw) [l €[€2,1/3)  ©258)
R (L=0(12+r)) - 63 4D3 &"s" (By Eq. (D.253))
> &4 dD4 LR (By Assumption[3.2]since 72, d sufficiently small, large resp.)

and
dL
;tp t S =0y, dD4 &t (By Lemma [D.39)
S —641q(D3, + €203 )¢Mw! (B.c. |Dyt| > &|Da )
S 0y, d(D4 + D3 t)§4 0 (D.259)
< &2 JERCL(py) (B.c. 65 4 < 03 a by Assumption

Since L(pg) =< 04 V3 by Lemmaand Assumptlonn the amount of time spent in the case where

r(t) > 3, (pt) > (63 ,+ 062 )€ after t > T5 is at most ”7546 log (ﬁ)
) ) 0'27d K €
by Gronwall’s inequality (Fact[[.13). O

Next, we deal with the subcase where Dy ; is small relative to Dy ;.
Lemma D.30. Suppose we are in the setting of Theorem@ and Dy, = 0and Dy 1, <0, i.e. we

are in Phase 3, Case 2. Then, at most ”7544 log ( ) time t > T, elapses such that the following
hold:

1. [Dyt| < &|Dayl
2. L(pt) = (63 4+ 63 g)¢?

Proof of Lemma[D.30] Suppose | Dy | < &|Ds | at some time ¢ > T5. Then, we can lower bound
the velocity for a large fraction of w’s, as follows. First, we provide a bound on P;(w) (defined in

Lemma [@.4):

Pi(w) = 26§7dD2,tw + 4&§,dD4,tw3 (By Lemmaf4.4)
= =263 4| Dat|w + 463 4| Dy ¢|w? (B.c. D3y < 0and Dy > 0 by Lemma[D.28)
= =263 4|Dat|w + O(£67 4| D2t |w?) (B.c. |Day| < €|Dayl)
= —263 4| D2 ¢|w + O(£63 4| Da,e|w®) (B.c. 65 4 S 03 4 by Assumption
= =263 4|Daw - (1 - O(€)) (D.260)

Next, we provide a bound on Q;(w):
1Qe(w)] = [AaMw + APl (By Lemma[4.4)
= O( 2 : 7 d : )\w| (By Lemma[4.4)
- O(U%’d;%) ] (B.c. [Dyy| < €[ Day] and 62, S 62,)
0(502 alD2.¢])|w] (B.c. 1/d < loglogd = ¢ by Assumption
Thus,
[Py (w) + Qu(w)| = 263 4| Dai|w - (1= O(§)) (D.261)
By Lemma|[D.28] we have D, ; < 0, meaning that by Proposition [D.38]
JE [ <92 +0(1/d) (D.262)
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Thus, by Markov’s inequality and Assumption[3.2]
Pup, (0] 2 1/2) S 72 (D.263)
Furthermore, by Lemma [D.28] for all © > u, wy() > &2k? for all times ¢ > T, meaning that
w; > &2k with probability at Teast 1 — O(#) under py, by Proposition|D.6} Thus, by a union bound,
1
Py, (0] € [€26%,1/2]) > 1 — O(72) — O(k) > 3 (D.264)
where the last inequality is by Assumption [3.2] since 2 and d are sufficiently small and large
respectively. Thus the average velocity is at least

E |on(w)] 2 Punp, (6267 < Jw <1/2) - E [lo(w)* | €6 <Jw| <1/2]  (D.265)
wr Pt ~pPt

w

> % B (o) | €24% < fw] < 1/2 (D.266)
2 E llos(w)l” | €% < Jw] < 1/2] (D.267)
N w?)?|Py(w) + Qe(w)[* | €K% < Jw| < 1/2] (D.268)
R LE, 1P (w) +Qu(w)? | €K% < Jw| < 1/2] B.c. [w| <1/2)
2 B [62.41D2w® | €57 < |w] < 1/2] (By Eq. (D:261))
2 65 4| Dat[?€*K* (D.269)
Thus, at any time ¢ where | Dy ¢| < £| D2 |, we have
% < =65 | Doy € " (D.270)

S _6S,d(&§,d\D2,t|2 + 5z,d|D4,t|2)f4’f4
(B.c. [Dyys| <&|Dyy|and 63, < 63, by Assumption
< =65 48 K Lipy) (D.271)

Since the initial loss is L(pg) < &5’ 473 by Lemma m by an argument similar to that used in
Lemma[D.29] using Gronwall’s inequality (Fact[[.T3)), we find that

> . . 1
/ 1(1Dadl < €D NUL(p) = (030 + 63 0)eN)d S = log () (D272)
T 02,d§ K €

i.e. the time spent in the subcase in the statement of this lemma is at most 02;5%4 log (“’f) as
2,d
desired. O

We have already considered the case where [Dy ;| > £|Ds ;| and r > $. Next, we must deal with the

case where [ Dy 4| > &| D2 |, but where r < 1. We further split this case into two subcases. In the
next lemma, we deal with the subcase where w;(tr) > 1 — £, meaning a non-negligible portion of
the particles are close to 1.

Lemma D.31. Suppose we are in the setting of Theorem[3.3} and Dy 1, = 0 and Do 1, < 0, i.e. we
are in Phase 3, Case 2. Then, the amount of time t > T that elapses while the following conditions
simultaneously hold:

1. |Dyt| > €| Doyl

2. r< % where r is the positive root of P,
3 wi(r) >1-¢

4. L(pe) = (63,4 + 635 )€

is at most 3T eETR T log ( - )
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Proof of Lemma([D.31] If w(wr) > 1—¢ at any time, then the subsequent times when it could possibly
be moving to towards 1 are:

1. During phase 2 — note that before phase 2, w;(tr) < log <» 80 it is not possible for w; (tr)

to be larger than 1 — ¢ since, by Lemma wy(tr) is increasing during Phase 1.
2. The times ¢t > T, when | Dy | < &|Dag ]

3. The times ¢t > Ty when | Dy | > £| D2 | and r > % where r is the positive root of P;(w)

The only case not mentioned above consists of the times ¢t > T» when |Dy | > £|D2,| and the
positive root r of P;(w) is less than 3. In this case, w;(tg) will be moving away from 1. For this
reason, we also do not need to consider the case discussed in Lemma|[D:32}

Thus, we will use upper bounds on the velocity and time during the first 3 cases listed above, and use
a lower bound on the velocity in the last. First note that the velocity can always be upper bounded as
follows:

vp(w) S (1 —w)(1+w) - |[Pr(w) + Q(w)] (By Lemma[4.4)
< (1= w)(1-+ ) 293 Da o + 463D o + 0 Bt P2al = ThalDucly
(By Lemma[4.4)
< (1= w) - (634IDael + 624D y) B ul < 1
Thus,
d

S1-w) 2 (3 D=0z =@+ )0-w) D273

During Phase 2. By Lemma [D.10] the running time during Phase 2 is T — T <

log ( ) At the beginning of Phase 2, w;(tr) < by the definition of Phase 1.

1
(&§,d+&iyd)£6512

Thus, by Gronwall’s inequality (Fact[[.T3)), at time 75,

1 —wp, (tr) > (1 — @) - exp ( — (&g,d + &id) . @2 A12 e log (%))

— logd’

0341044
(By Fact[[.T3] Eq. (D.273)) and bound on T, — T7)
1 1 72
> (1 — 1ogd) -exp( 56 5 log( )) (D.274)

Times ¢ > T, when |Dy ;| < ¢|D.,| and L(p;) > (&;d + 6id)62. By Lemma , this case
contributes at most ﬁ log (ﬁ> time to the overall running time. Thus, by Gronwall’s inequality
(Fact , the additional factor that this case contributes to 1 — we(tR) is larger than or equal to

exp ( —(634+ 62, o*%d%c‘"%“ log (%)) > exp ( - 64% log (72)) (D.275)

€
for some universal constant C.

Times ¢t > Ty when |Dy | > £| Doy, r(t) >

1 and L(p;) > (63 4+ 03 4)€% By Lemma
this case contributes at most ﬁ log <ﬁ> to the overall running time. Thus, by Gronwall’s

inequality (Fact , the additional factor that this case contributes to 1 — w;(¢r) is larger than or
equal to

~ ~ 1 12

2 2

exp(—(a +6314) ———— 1og<—))>exp<—
2,d 4,d U§7d§4’€6 €

54(;6 log (%)) (D.276)

for some universal constant C.
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Times ¢t > T, when r(t) < % and wg > 1 — &. In this case, we obtain a lower

bound on (1 — wy), where we have written wg = w; (i) for convenience. First let us obtain a
lower bound on P;(wg):

Py(wr) 2 263 4Da ywr + 4673 4Dgwi’ (D.277)
Pe 4&idD4,twR(wR —7)(wr + 1) (B.c. r is the positive root of P;)
> 62 4Dys(1—€—7) (B.c. Dyt >0andwg > 1—&)
> 63 4Dy (B.e.r < fand¢ < @)

Next let us obtain an upper bound on Q;(wg):

1Qe(wr)| < XM+ [2a®)| (By Lemma[4.4)
62 |Doy| + 62 ,|D
5 2,d| 27t| ; 4,d| 4,t| (By Lemma@)
&2 |D
< 4,df|d 4 (B.c. |Dy| < |Dyyl/€ and 65 4 < 63 4 by Assumption
Thus, because 2 = = log ;Ogd
Py(wr) + Qi(wr) 2 63 4Day (D.278)
and when wg > 1 — &,
d
dt(l —wgr) 2 —v(wr) (D.279)
2 (L= wr)(L + wr)(Py(wr) + Q¢ (wr)) (By Lemma[4.4)
2 (1 —wR) - 63 4Day (By Eq. (D:278) and b.c. wg > 1 — &)

Furthermore, since |Dy4 ;| > &|D3 |, this means that | D4 ;| 2 &e, since otherwise, |Dy | < € and
|Dyt| < e, and the loss would be less than (62 ;, + 63 ;)€>. Thus, if time Ty is spent in this case,
then by Gronwall’s inequality (Fact[[.13)), this case contributes a factor of at least

exp(Tese - 63 gDat) > exp(Tese - 67 4E€) (D.280)

to 1 — wg.

Summary of 4 Cases. In summary, by Eq. (D:274), Eq. (D-273), Eq. (D-276) and Eq. (D.280),

1-wr > (1- @) exp (— 56,112 log (2 ) exp ( - §4i4 og(2)) @28

exp ( 540 log (7 )) exp(Tese - &idfe) (D.282)

where T is the amount of time spent so far in the case where |Dy| > &|Ds |, r(t) > % and
wr > 1 — & This is in fact a lower bound on 1 — wg when L(p;) > (63 4 + 63 4)€, since at all
other times when L(p;) > (65 4 + 63 4)€*, we have that 1 — wg is increasing (i.e. wg is moving
away from 1). In particular, if

1o 2 g e () giion (2) + i e (2) 2 mton(2)

(D.283)

then 1 — wyg will be at least . O

Finally, the following lemma deals with the last case, where the positive root  of P; is at most % and
additionally, w;(tr) <1 —¢&.

Lemma D.32. Suppose we are in the setting of Theorem@ Assume Dy 1, = 0and Dy 1, <0, i.e.
Phase 3 Case 2 holds. Then, the amount of time t > T, that elapses while the following conditions
simultaneously hold:
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|Dai| > €| D2yl

A W N
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. i Y2
is at most 7&21{1751/25%4 log ( - )
Proof of Lemma([D-32] For convenience and ease of presentation, in this proof we define 7 := /72,
and B > 1.1 such that 44 = A7, (Note that by Assumption [ is at most a universal constant.)
We first show that there is always a large fraction of particles which are far away from the positive
root 7 of P;(w). We consider two cases: (i) r < 7%/2 and (ii) r > 73/2.

Case 1: » < 73/2, Assume for the sake of contradiction that

Puyep, (0] > 7+ 73/%) < 74 (D.284)
Then,
JE [0 S P (] 274 7% 4 Pusp (0] S 74 7%%) B [ | o] <777
(D.285)
= (r B/ (D.286)
< 74 (2r%/2) (By assumption that r < 73/2)
=74 4+167° (D.287)
Thus,
Dip= E [Pra(w)] - pr (D.288)
< E [w'+0(3) - ot (By Eq. (CH)
<t 1675 4 0(2) B (D.289)
— 167 + 0(%) (1)t (D.290)
<1775 — (B —1)7? (B.c. d is sufficiently large by Assumption[3.2)
<0 (B.c. (B —1) > 1772 by Assumption[3.2)

which contradicts the assumption that we are in Phase 3, Case 2 since Dy > 0 by Lemma @
Thus, if r < 73/2, then

Puymp, (0] > 7+ 73/2) > 74 (D.291)

Case 2: ~ > 73/2, Suppose that

P, (r = 7°/2 < |Jw| <74 7%/2) > 1 — 7P (D.292)
Then,
E [0 > Puny, (r =72 <Ju| <7 4+7%%) B [w? | fw| € [r—7%%r+ 792 (D.293)

wn~pt

>(1—12) - (r—7%?)? (D.294)

Since Dy ; < 0 by Lemma this implies that Eq,~,, [w?] < 72 + O(1/d) by Proposition
Thus,

(L= 7)(r — 792 < 72 + 0(1/d) (D.295)
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and taking square roots gives

(1 =792 — 32y < 7 4 O(1/V4d) (D.296)
Thus,
1 1
<32 - i .
ol (o)
On the other hand,
E [w'] < Punp, (l0] € [ = 72,0 +7%%]) E [0' | |u] € [r — %0+ 7% (D.298)
wrpy w~pt
+ PwNPt (‘w| ¢ [T - T3/2a T+ 7—3/2}) (D299)
< (r+ 732y 4 15 (By the assumption in Eq. (D-292))

and since Dy ¢ > 0 by Lemma|D.28| E,,,, [w*] > 7% — O(1/d) by Eq. (C.4) and because w ~ p;
are bounded by 1 in absolute value. Thus, by the above equation,

1
(47 470 2 pri - 0(2) (D.300)
Rearranging gives
1
(472t + 7+ 0( ) = prt (D301)
and taking fourth roots gives
1
2l O ) 2 8 (D.302)
(by the inequality /= +y < \/x + ,/y). Therefore,
1
r> g = =3 =0 ) (D.303)
Combining Eq. (D:297) and Eq. (D-303) gives
1 1 1
14 3/2 _ 5/4 _of_ 2 Y32, L L
BT =2 o O ) <72 S (T—i—O(\/a)) (D.304)
Rearranging this equation gives
1 1 1 1
ya L\~ 9.3/2, 5/4 1
(ﬂ %1_75)7_27 +7 +O(d1/4)+ — O(\/g) (D.305)
1 1 1
< 3,5/4 _ . 7
<3r +0(d1/4) o o(ﬂ)

(B.c. 7 < 1, we have 73/2 < 75/4)

1 1
<arity . 0(7)
B V1—73 Vd
(B.c. d is sufficiently large by Assumption[3.2)

1
< 4574 4 O(ﬁ) (B.c. 7 < £ by Assumption

< 57074 (B.c. d is sufficiently large by Assumption[3.2)

Further rearranging gives

1
Vd o~ <prl/4 D.306
This contradicts Assumption @ — since § > 1.1, the left-hand side is larger than an absolute
constant, while the right-hand side can be made sufficiently small (since 2 < c2 and c5 is chosen to
be sufficiently small). Thus, in the case that r > 73/2, we obtain

Pump, (0] & [r — 7320 + 73/2]) > 75 (D.307)
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3/2 3/2

In summary, whether r > 7°/“ or r < 7°/<, we can conclude that

Ponp, ([w] & [r = 7%, 7 +79/%]) > 7° (D.308)
Further assume that w;(tr) < 1 — &, and note that by Lemma|D.28} for all ¢ > ¢, we have wy(¢) >

€2k2. Thus, by Proposition|D.6} with probability 1 — O(x) under p;, we have £2x% < |w| < 1 ~¢
By a union bound,

5

2
Suppose w satisfies ||w| — r| > 73/2 and €2x% < |w| < 1 — ¢, i.e. the conditions mentioned in

Eq. (D.309), and write

Poep, ([[w] — 7| > 732 and €2K% < |w| < 1 - €) > 7° — O(k) > (D.309)

Py(w) = 263 4Dayw 4 463 4Dy yw® = 463 4Dy yw(w — 7)(w + 1) (D.310)
Then,
lve(w)] 2 |1 = w?| - |Py(w) + Q¢(w)] (By Lemma[4.4)
R +wl-[1—w|-|[P(w) + Q(w)] (D.311)
2 &P (w) + Qr(w)| B |w| <1-§)
63 4|Day| + 67 4D

> ¢ ‘4&z,dD4,tw(w —r)(w+r) — O( 2,d| 2, - 4,d\ 4.t >|w|‘

(By Lemmaf4.4)

62 |Dsy| +62 ,|D
Z£<4&i,d|D4,t|f2l€2'7'3/2'7'3/2—0( 2’d| 2| 4’d‘ 4’t|))

(By triangle inequality and b.c. |w| > &2x2 and ||w| — 7| > 73/2)

< g(46‘%761|D4,t|TS§2“2 - O<&id§|§47t|))

(B.c. [ Dy | < |Dyyl/€ and 65 4 < 63 4 by Assumption
2 €403 4| Da| €K7
(B.c. 1/(&d) = % and d is sufficiently large (Assumption )
> 63 47 K? Day| (D.312)
and the average velocity is at least

E |or(w)]? Z Pump, (|lw] = 7| = 7% and €57 < Jw| <1 =€) - 61 47 k" | Dy g ?
wn Py ,

(By Eq. (D.312))
27765 a0 K Dyl (By Eq. (D:309))
2 654 g7 EOR Dy (D.313)

Z 6447 R E L py))
(B.c. |Dyt| > &|Day| and &id = 63,11 by Assumption
2 63 7R L(py) (D.314)

Thus, by Lemma[D.39}
dL .
;f ) < 53R L) (D315)
Since the initial loss is L(po) < (63 4+ 7 4)75 by Lemma|[D.8} we can calculate using Gron-
wall’s inequality (Fact[[.T3) that the time spent when the conditions in the statement of this lemma
simultaneously hold is at most m log (lj), as desired. O
4,d

To conclude, we show Lemma [D.33| which gives a bound on the running time during Phase 3, Case 2.

Lemma D.33 (Phase 3, Case 2 Summary). Suppose we are in the setting of Theorem[3.3] Assume

Dy, =0and Dy 7, <0, i.e. Phase 3 Case 2 holds. Then, at most O<2+/25812 log (%))
G5 g€ K

2,

time t > Ty elapses while L(p;) Z, (63 4 + 63 4)€°.
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Proof of Lemma([D.33] By combining Lemma[D.29] Lemma[D.30} Lemma[D.31} and Lemma D32}

we find that the overall running time during Phase 3 Case 2 is at most

1 72 1 72 1 72 1 72
O (e 08 () + s 08 () + g 106 () + i 02 ()
057{154/{6 8\ e +O’§’d£4lﬁ24 8\ e +cride§7/£12 8\ e +&id7211/2€8“4 8\ e
(D.316)

and this can be upper bounded by O (m log (%) ), where we have used the fact that
G5 4€72 K
4 = 07 4 (see Assumption . O

D.7 Summary of Phase 3

The following lemma provides a bound on the running time after 75 that is required for L(p;) <
(63.4+ 53 4)€>.

Lemma D.34 (Phase 3). Suppose we are in the setting of Theorem Then, Ty . — T
(log log d)*° log (£>

p 8
93,472

A

Proof of Lemma By combining Lemma[D.22]and Lemma[D.33] we find that the overall running
time during Phase 3 is at most

max <O(&Z,d’71§§4"@6 log <7€2))’O<A267;11/2§3,«;12 log (%))) (D.317)

03.d

and this is at most O (W log (lj)), where we have used the fact that 55 ;, < 67 ; (see
Assumption 3.2) O

D.8 Proof of Main Theorem for Population Case

Finally, we prove Theorem 3.3}

Proof of Theorem[3.3] We combine Lemma[D.5] Lemma[D.10]and Lemma[D-34]to find that the total
runtime is at most

loglog d)'® log log d)?°
oo S 5 logd+ Loslosd) ™ ) (2)+ (oglogd)™, . (%) (D.318)
05472 (02,d + ‘74,(1) € 03,472 €
and we can further simplify the above bound to obtain:
1 log log d)?°
T,. S —— logd + % log (E) (D.319)
05472 03,472 €
where we have used the fact that 6% a4 =< Efi 4 by Assumption O

D.9 Additional Lemmas

Lemma D.35. Suppose Assumptionholds. There exists some r, with r 2 @ andr <1,
such that if p is the singleton distribution under which r has probability 1, then the velocity at r is 0.

Proof. Let p be such that r has probability 1 under p, for some r € (0, 1). Applying the definitions of
Dy and Dy to p, we have Dy = P 4(1r) — 2 and Dy = Py 4(r) — 74. By Lemma the velocity
of ris

v(r) = —=(1 = 1°)(63 4DaPad' (r) + 63 4D4Pyd (1)) (D.320)
The second factor is equal to

&5 4(Pa,a(r) —v2) Pad (1) 4 63 4(Paa(r) — va) Pad' (1) (D.321)
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and we denote this polynomial of r by F(r). Note that P» 4(1) = Py 4(1) = 1 (see Equation (2.20)
of Atkinson and Han [12]). Thus, F'(1) > 0 by Assumption since P 4'(1) > 0 and Py 4'(1) > 0
by Eq. 1} On the other hand, suppose r =< m. Then,
d 1
P. =|—r? - 7‘ By Eq.
Prar)l = | =7~ — (By o (©2)
1

< -
S TogTog a2 (D.322)

Similarly, |Pya(r)| < qogiczays- Thus, P2.a(r) — 72 < 0and Pyq(r) — 74 < 0 since d can be

chosen to be sufﬁc1ent1y large accordlng to Assumptlon@ However, by Eq. (C:4), one can show

that P 4 (r ) e w and Py 4’ (1) 2 W as long as d is sufficiently large. Thus, F(r) < 0
forr < m. In summary, F' has a root between % and 1 for some universal constant C, and
glog oglog

for this value of r, the velocity of r is 0. O
Lemma D.36. In the setting of Theorem Tie —T1 < (loflﬂ log ( ) Thus, (63 4 +

63 )2(Tue = 1) § (BN Jog (22).
Proof. This follows from Lemma[D.T0]and Lemma[D.34] O

D.10 Helper Lemmas

In this subsection, we give some convenient facts that we use in the following subsections.
Proposition D.37. If0 < 11 < vy, thenforallt > 0, wi(11) < wi(t2).

Proof of Proposition|D.37] Assume this is not the case, and let ¢ be the infimum of all times s such
that ws(e1) > ws(t2). Then, wy(t1) = wy(t2), meaning that for all ¢’ > ¢, wy (11) = wy (12). For
convenience, let wy = w;(t1) = w;(t2). Note that t > 0 since ¢; # t2. However, this implies that
fort’ € (0,t), wy (1) < wy (12), meaning that for any 6 > 0, w(¢1) and w, (1) are non-identical
solutions to the initial value problem on the time interval (¢t — d,¢ + ) given by the conditions
f(t) = wg and 3’; = v(f(t)). This contradicts the Picard-Lindelof theorem, and thus there cannot
exist a time ¢ such that wy(¢1) > wy(ta). O

Proposition D.38. Suppose we are in the setting of Theorem@ and let t > 0 such that Doy < 0.
Then, Eyn~p, [w?] < g + O(%)

Proof of Proposition|D.37] Suppose Dy ; < 0. Then, E,~p, [P2,a(w)] < 72, which implies that

d 1

— E - —< D.32

PN (0323)
and rearranging gives
d—1 1 1

E [w?] < S<2+0(5) D.324
wip S T g =2 05 (0329
as desired. O

Lemma D.39 (Decrease in Loss and Average Velocity). Suppose we are in the setting of Theorem[3.3]
Then, Gz = —Eu~p,[|grad, L(p:)|[3].

We note that a similar result was shown in Lemma E.11 of Wei et al. [75]], but for gradient flow rather
than projected gradient flow.

Proof of Lemma[D.39] First, we can calculate

d 1d 5 d
L) =52 E (@ —y@)?) = E |(f@-y@)Zh @] 0329
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d
Furthermore, we can expand 3: f,, () as

4B lo(-2)]=— E [U'(u 2)z - graduL(pt)} : (D.326)
dt un~pt u~ P
Therefore,
L= E | d D.327
L) = E (@) ~y@) 35 @)] (D:327)
== E B (@)~ y(@)o'(w 2)z-grad, L(p)] (D.328)
=— B [emd,L(p) - B [(fou(@) ~ y(@)o (w- 2)a]] (D.329)
--E :graduL(pt) : vuL(pt)] (D.330)
=~ E [lerad, L(p0)I3]
(B.c. grad, = (I —uu")V,L(p;) and (I —uu')? = (I —uu'))
This completes the proof. O

The above lemma implies that L(p;) is always decreasing. Note that frequently, when we apply the
above lemma, we will only consider the first coordinate of grad,, L(p;).

Proposition D.40. For any distribution p on R,
E [jw—w'?] =2 Var[w] (D.331)

w,w’ ~p wep

Proof of Proposition This follows from a short calculation:

E [[w—v]*= E (w*-2ww +w)?) =2 E w?-2(E [w])?=2Var[uw]
w,w’ ~p w,w’ ~ wep wn~p wep
(D.332)
as desired. O]

E Proofs for Finite-Samples and Finite-Width Dynamics
In this section we give the proof for results related to the empirical dynamics, where the number of

samples and network width are both polynomial in d. The end goal is to prove Theorem the
proof of which is given below.

Proof of Theorem We have

Lpr.)=_E_[(for (@)= y(w))?] (E.1)
<38 B ((fon, @)= for. @)1+3 E_[(for., (@) = for. @)°] (B2
+3 B [(for. (@) = y()] (E.3)

1 (63 4+ 63 4)d*(log d)°OV)

S (6544067 4) + (624463 9)€% (E4)

—1
d*= m

where the first inequality is by Cauchy-Schwarz inequality, and the second inequality is by Lemma[5.1}
Lemma and Theorem ﬁ L

Since € = Toglogd’ the last term dominates because the conditions
of Theorem imply that m > d°, and because “771 > 1, meaning that the first term is at most

2 | a2
G34104.q O

d

To complete the proof, we give proofs for results in Section[5} We first give a proof for Lemma 5.1}

64



Proof of Lemma[5.1] For the first statement, for any fixed ¢ < 7', by Lemma[E.I3] we have

(63 4+ 63 3)(d* +1og 5)(logd)® 63 ;+ 63
Bl s Bt G

with probability 1 — § — we will choose § shortly. In addition, for any ¢,¢' € [0,T], by Lemrna
we have that [lu;(x) — uw (X)|l2 < (63 4 + 63 4)d*|t — t'|, which by Lemma implies that for

any z € S41,

(E.5)

| foo (@) = fp, (x)] < E. o (ue(x) - ) — o(up (x) - )| (E.6)
< 162,41/ Nag + |64,al\/Na,a) - (65 4+ 63 )d* [t — '] (E.7)

In particular, if [t — /| < L
d

T T then for all z € S%~! we have

|G2,a| + 64,4l
|for (@) = fo, ()] S —olosd) (E.3)

meaning that

2 9
0541044

mNISEd71 [(fpt (x) - fpt/ (x))2] S dQ(log d) (E9)
By the same argument, we have that
) ~9
0541054
ZNISEdil[(fﬁt (3?) - fﬁt,’ (x))Z] S 192(og d) (E.10)

Now, we perform a union bound over all times ¢ such that ¢ < 7T and ¢ is an integer multiple of

. L3 C
W for some sufficiently large absolute constant H > 0. Since T' < W, the
number of such times is at most d°1tH1°84_ Thus, with probability at least 1 — § - dCtHlogd e

have

(65 4+ 63 4)(d* +1log §)(logd)°) 63, + 67 ,
INIs%—le”‘ () = fpu (@) £ 7 m dQ(log )

(E.11)

for all t € [0,7]. In particular, in order to have exponentially small failure probability, we set

0= m, and by our assumption that m < d°U°&4) we obtain
(62 ,+ 62 ))d*(log d)°™)
E (@) = fp@)] 5 —— (E.12)

for all t < T, with probability at least 1 — e~%", since log + = d? 4+ O((log d)?). This completes the
proof of the first statement of the lemma. Additionally, by Lemmal[E:16] we have

B (5@) = f5.@)’] 5 (654 + 63a) @l ol = 3] (E.13)
which proves the second statement of the lemma. O

The rest of the section is dedicated to prove Lemma @ To begin with, we first introduce the

following lemma which formalizes the decomposition of 7|4y — @¢||3 discussed in Section
Lemma E.1 (Decomposition of %Hﬂt — w||3). Suppose we are in the setting of Theorem
Then, %”ﬂt — ﬂtH% = At —+ Bt —+ Ct, where At = —Q(gradﬁL(pt) — gradﬁL(pt), ’LALt — ’l_l,t>, Bt =

—2(grad, L(p:) — grad, L(p:), 4t — 1z), and Cy = 72<gradﬁ2(ﬁt) — grad, L(pe), Gy — Ue).

Proof of Lemma(E7]] By the chain rule,
d

. oood_ =~ -
*H’U/t — utHg = 2<%Ut — aut,ut — ut> = —2<gradﬁL(pt) — gradﬁL(pt), Ut — ’U/t> (E14)
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We can expand the difference in gradients as

grad, L(p1) — grad, L(p,) = (grad, L(py) — grady L(p1) ) + (gradLa(pn) — gradLa(py) ) (E.15)

+ (gradﬁL(pt) - gradﬂL(pt)) (E.16)
Thus,
d. . _ =~ N oA . .
£||Ut — w5 = —2(grad, L(py) — grad, L(py), @iy — ) — 2(gradLa(py) — gradLa(py), @ — )
(E.17)
— 2(grad, L(p;) — grad; L(p), Gy — Uy) (E.18)
as desired. L]

Next, we give a proof of Lemma|[5.4] which gives an upper bound for each of A;, B; and Cy.

Proof of Lemma[5.4] The proof directly follows from Lemma Lemma Lemma
Lemma[E 10 and Lemma [E 11l O

Combining the upper bounds in Lemma [5.4] and the decomposition in Lemma [E.T} we have the
following Lemma which upper bounds the growth of ||@i; — u,||. Recall that T . is the total
runtime for the algorithm (see Theorem , and T} is the time such that wp, (1y) = @ (see
Definition [4.3).

Lemma E.2 (Growth Rate of ||0;||2 With Dependency on n). In the setting of Theorem suppose
that the inductive hypothesis in Assumption @holds for some ¢ and 1) up until t for some t < T ..
Further assume that ¢ < % and ¢ > % Then, when t < T} we have

d, ) 1 o
el = wl3 < (493,4D2,0(1+ 0 (35 5) i — (E.20)
R R d(log d)°M
+ 0+ o) B - il ©21)
R R 1 d d2.572w72¢ .
+ (630 + 3 )0g )V (4 /5 ——— ) —wl, (B2
) ) d2—2w—¢ d4—4¢—2¢7 . B
+ (63,4 + 5%, 4) (log ) (——+ -3 (E23)
and
d—2 .9 1 2
=B < (402’d|D2,t|(1 + O(@))At (E.24)
R R d(log d)°M
+(634+654) dllog )7 ;g/% A, (E.25)
4 25220 __
0+ o0 (/1 E R (526
1 d2—2w—¢ d4—41/1—2¢ .
+ (634 + 0 )0gd)°V (5 + ——+ ———),. (B2
When't € [T1, T ], we have
d,. . . A
%”ut —ll3 < (Ug,d + Uid)%””t — |3 (E.28)
R . d(log )™
+ (Ug,d + ai,d) : (%/%”Ut — U |2 (E.29)
R ) 1 d d2‘5*2¢’*2¢’ .
(630 + 3 )0g )V (5 + /S + ——— )t —wl, (B30

226 gA—av—2¢
+

+ (63,4 + 63 4)(log d)o(”( )Hat — |2 (E.31)

n n
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and

%Zf < (83 a+ 670l (E32)
+ (5§,d + &i,d) d(lo;g/c%o(l) t (E.33)
+ (63 4+ 61 g)(log d)°W) (\/g + W)Zt (E.34)
+ (62 4 62 ) (log d)°W) (d% + d2_:p_¢ + d4_j_2¢)ﬁf . (E.35)

Proof of Lemma[E2} This result follows directly from Lemma([5.4]and the inductive hypothesis. By
the inductive hypothesis, we have A, < d~?. We apply this to the bound for C; in Lemmato

obtain the desired bounds above. Note that in our bounds for %Zﬁ, it is important that we use the
upper bound for E[B;] in Lemma |5.4]instead of the upper bound for B;. O

Using this bound on the growth rate, we can show that the inductive hypothesis is maintained.

Lemma E 3 (IH is Maintained). Suppose we are in the setting of Theorem[3.4) Suppose ) > 0 and
1>¢>1+1. Letn = d*(logd)” where i1 > max{2 + 2¢,4 — 2¢ — 41} and C is a sufficiently
large umversal constant. Suppose the inductive hygwtheszs in Assumption [5.3| holds for all t < T
where T' < T, .. Then, when m 2, d*+2¢(log d) Q(l and m < dC for a sufficiently large universal
constant C, we have that the mductzve hypothesis holds for allt < T + cjg where ciy > 0is a
constant that only depends on d, ¢, 1, G52 4, G4,4.

Proof. Suppose the inductive hypothesis holds for all ¢ < T where T' < T;. Then, by Lemma|[E2]
we have

o a2 <402d\p2t|(1+0(10gd ))Ilaﬁatné (E.36)
(63,4 + 5’2@\/)%(1(% d)°M [ — |2 (E.37)

+of (62, + ﬁsiﬂog 4)0m i — ) (E.38)

< (1634lDael (1+ 0(5) ) ) e — el (E.39)

o ( (63 4+ &igi(log 4)°) i — 7 |I2) . (E.40)

Here we have used the fact that n. = d*(log d)°(!) where 1 > max(4 — 4¢p — 2¢,2 + 2¢) as well as
the fact that ¢ > =, as follows:

* In the third term in the bound for 4|4, — %3 from Lemma only the - term

.. . . J2-5—2¢—2¢
is important — this term dominates the d *¥———

w>242¢.

terms, using the fact that

. o 2204
« In the fourth term in the bound for & |@; — |3, the <

by the - ||, — 1|2 term — this is because 1 > 2 + 2¢

|Gy — 14 ||3 term is dominated

4y —2¢

* Since pu > 4— 41 — 26, if we increase 1 by a (log d)°!) factor, then the < ||t — ||

term can be absorbed into the first term, as it is dominated by the 402 41 D2, t|0 ( Tog d) [l —

Ut”z

67



In the second inequality above, we have used the fact that m > d>+2¢(log d)*(")

— this implies that
0g O
the term involving m is dominated by the (1g373)1|‘ut — g2 term.
Additionally, by Lemmal[E:2] we have
d
dt

A2 A2 o(1)
—2 9 1 —o (654407, d(logd)®) __
< 3 9
A < (4027d|D27t|(1 +0(710gd)))At n T A, (E.41)
(634+0%4) — )
dO-5+2(log d)O) ~*

< (46§7d|D2,t|(1 +0(@)))Z§ +0(W@). (E.43)

n O( (E.42)

Here, we apply the bound for %Ef from Lemma In the third term in this bound, the \/%
2727 term, using the fact that ¢ > sand p > 2 + 2¢ > 3, meaning

g5 1 . JA-4v—26 -
< £- < NG In the fourth term, we deal with the “— —— term similarly to our

term dominates the <
d2 Bb5—29P—2¢

n
. L . 2-2¢—¢ . .
calculations for the bound for % ||iiz — ¢ ||3. We can also deal with the d? term similarly, since

by our definition of p, this will be at most dg% < (le)o(l), and will thus be absorbed into the first

term involving | D5 ;|. Using p > 2 4 2¢, we then obtain \/% < do_ﬁ as the coefficient of the A,
term (i.e. the first-order term involving A;). Note that here we need to have m > d3+2% (log d)*(*)
in order to absorb the term involving m into the 545 A, term.

Now using Lemma[[.12] we have

-2 1 (63 a7t o3 d)O(doéw) 2 T 1
AZ < ( : : ) / 462 ,|Dy 4| (1 0(— )dt) E.44
L~ (logd)0®) 463 jming [Do 4| exp( 0 72l 2’t|< + 10gd> (E-44)

and

(63,4 +0520(g5)\2 g !
A2 < (log d)OM) , , d / 462 .|D 1 — ) )dt) (E.45
max,7 % (108 d) ( 463 jming | Dy 4| ) exp( ¢ o2l 2’t|( +O(10gd>> ) (B4

By Lemma [D:5]we have
T
exp / 463 4| Dayldt) < d (E.46)
t=0 '
and by Lemmawe know that |Dj ;| 2 2 during Phase 1. Thus,
2 (log d)°V)
A2 g < O(W) (EA7)

Since 2¢ — 1 > 2¢) and d is chosen to be sufficiently large after -, is chosen (Assumption [3.2)), we

have that A 7 < \/ v i,l/Q =1, llw T < le' Note that Amax’t is continuous in ¢ and we
’ d2 2¥Y 71 g
have

d d.. _
%Amax,t < max %Hut — Uyl|2 (E.48)
1 d 5
=max —— — ||ty — u E.49
XX”ﬁt_ﬂtH dt” t tHQ ( )
1 ~
< max ————(U; — g, grady, L(ty) — grady, L(ty))] (E.50)
x iy — ]2 ’ ’
< max ||gradﬁtz(ﬂt) — grady L(ug)]|2 (By Cauchy-Schwarz Inequality)
Y ;
< (6344 0% 2)d". (By Lemma[E.T4)
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Thus, for u; = (d%p — dl¢+llw—l) ic: +§72 yar we still have the inductive hypothesis for A,
2 2 4 2,d 4,d

until time T + p11, that is, Amax, 744, < 7. Similarly, our calculation above using Lemmall.12{gives
us
2

- 1
An < 0(—7§d2¢(logd)o(l)) (E.51)

n 1 1 . . .
Thus, we have A < T (log )0 < (where in the middle expression, we choose a smaller power

of (log d)o(l) so that the inequality holds). Observe that A; is continuous in ¢, and

%j _ Altthf (E.52)
= Z% IE[(zlt — Ty, Uy — uy)] (E.53)
< Zit IE[”ut — Ty|2||ty — 3 |2) (By Cauchy-Schwarz Inequality)
< WI}%[H@ — 1g|2] (By Lemma E.T4)
< (634 + ;id)d4 : (E.54)

Thus, for ps = (d% b (logl d)O(l)) N Ji%z yar we still have the inductive hypothesis for A until
2,d 4,d

time T 4 pi2, i.e. Apy,, < d%,. As aresult, assuming the inductive hypothesis holds up to time 7', it
holds up to time 7" 4+ min(p1, p2).

Our above proof strategy applies to all times 7' < T3. For the induction when T' € [T7, T, (| we
follow a similar ariument but instead use the bound on A; obtained from Lemmal|E.8] Since we know

from Lemma [D.36|and the assumption that e = O(m) that
T
e . ) . poly(log log d)
| Ghat it < (T =T+ 6 < L
1 2

we know that this additional phase will at most add another exp(poly(log log d)) factor to the growth
of Amax,+ Which is smaller than any polynomial in d. Thus, Eq. (E.47) and Eq. (E.5T) still hold for
this period, which finishes the proof. O

Finally, we prove Lemma[5.2}

Proof of Lemma The proof directly follows Lemmawith o= “T_l and ¢ = %. O

E.1 Upper bound on A;

The goal of this section is to obtain an upper bound on

Ay(x) == —2(grad, L(p;) — grad; L(p:), G (x) — ae(x)) - (E.56)
When there is no risk of confusion, we simply use A;, u;, and @, omitting the dependence on .

We first obtain a strong upper bound on this inner product during Phase 1 of the population projected
gradient flow. To obtain an upper bound on this inner product, we separately consider the contributions
from the first coordinates of the vectors, and the remaining (d — 1) coordinates — in other words,
the gradients with respect to w and the gradients with respect to z. For convenience, let grad,, L(p)
denote the gradient with respect to w and grad, L(p) denote the gradient with respect to z. The
following lemma is about the contribution of the first coordinates of the particles to A;, and is useful
during Phase 1.

Lemma E.4 (Contribution of w’s). Suppose we are in the setting of Theorem[3.4] and let p; be the
projected gradient flow on population loss, initialized with the uniform distribution on S?~*, defined
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in Eq. (37). Suppose Dy; < 0 and Dy; < 0, where Dy and Dy 4 are as defined in Section[d.]]
Then, the contribution of the first coordinates to A; can be bounded by

—2(grade(pt) - gradu_)L(pt)) - (W — wy) (E.57)
< 463 4| Dot | (b — @) 4 O(67 4 Dat|wimax (B — w4)?) (E.58)
+ 063 4D o) A (i — 01)%) (E59)
63 4| Day| + 62 4D
+0( 2.alDa ; ralDutl o - @)?). (E.60)

where W,y is as defined in Definition

The constant 4 at the beginning of the first term is particularly important since it determines the
growth rate of ||0;]|3, and in turn affects the number of samples we will need. At least during Phase 1,
the contribution of the first coordinates will be the dominant term in A;, as we will see in the next
few lemmas.

Proof of Lemma The contribution of the first coordinate to the dot product defining A; is

—2(grade(pt)—grade(pt)) (W — ) (E.61)

where v(w) is as defined in Lemma We can further simplify v(w;) — v(w;) using Lemma 4.4
Let P, and Q); be defined as in Lemma4.4] Then,

(i) — v(wy) = —(1 — @7 ) (Pi(e) + Qe (dby)) + (1 — w7 ) (Pe(wy) + Qu(wy)) - (E.63)

Let us upper bound the term corresponding to (), first. Since each coefficient of @); is bounded above

63 4| D2t | 467 4| Da ¢l . . .
by O(=2 - ) (by the conclusion of Lemma i and @, only has linear and cubic terms,
we have

|ty — |
(E.64)

[ () QuC) + (1~ ) Qu(m0)| - i — ] 5

by Lemmal[[.16] The terms corresponding to P;(w;) in (v(w;) — v(w,))(1; — w;) can be bounded
as follows:

(= (1 = @F) Py (i) + (1 — @7) Py(wy)) - (b — wy) (E.05)
=265 4| Da¢| (0 — W) + 467 4| Dae| (0 — we)* (07 + ey + w7) (E.66)

— 263 4| Do (b — @) (0F + Wy Wy + @7) — 467 4| Da | (0 — @)% (@F + @y + 7)
(E.67)
A2 N N2 A2 N N20-2 |~ 9
<265 g|Da,e|(Wr — W1)” + 467 | Dae| (0 — W)~ (W + Wpwy + 07)
(Since last two terms are nonnegative)
< 25’;d|D2’t|(’UA)t — ’lZ)t)Q + O(&Z’d|D4,t||uA1t + ’lI}t|(’lf}t — @t)2) (SinCC Wy, ’UA)t < 1)
Thus, the overall bound on the contribution of the first coordinates to A; is

2(v(dy) — v(wy)) - (W — we) <2 (=(1 = @F) Py(y) + (1 — @7 ) Py(@y)) - (0 — ) (E.68)
+ ‘ — (1= d7)Qe () + (1 — w?)Qt(wt)‘ iy — 1wy

(E.69)
< 463 4| Do | (y — @4)? + O(6% 4 Da el [ty + @] (y — 4)?)
(E.70)
3 4l Da,t| + 63 4| Datl 5
+O( R (zi)t—wt)) (B.71)
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We can simplify this bound further in terms of wyax and Apay ;. First observe that
|wt - wt| S H5t||2 S Amax,t (E72)
Thus, by the triangle inequality, we have || < wmax and || < Wmax + Amax,: Meaning

2(v(e) — v(wy)) - (e — W) < 463 4| Dot (e — we)? + O(67 4| Da|[te + we| (1 — w¢)?)

(E.73)
62 4| Da | + 62 4| D
n O( 3,4l D2.tl - 1,4l Datl (0 — wt)z) (E.74)
S 46’%7d|D21t|(UDt - 1I)t)2 + O(é—id|D4,t|wmax(wt - wt)z) (E75)
+ O<&Z,d|D4,t|Amax,t(wt — @t)2> (E.76)
62 )| Doy +62 4D
+O< zalDal p id 47t|(1@t *@)2) (E.77)
(E.78)
as desired. O]

Next, we study the contribution of the last (d — 1) coordinates of the particles to A;(x) during Phase
1. We first introduce the following formula for the projected gradient of the population loss with
respect to the last (d — 1) coordinates of a particle.

Lemma E.5. Let p be a distribution which is rotationally invariant, as in Definition Let
grad, L(p) be defined as in Eq. (3.4). In addition, let grad, L(p) denote the last (d — 1) coordinates
of grad,, L(p), for any particle w = (w, z). Then, for any particle u = (w, z), we have grad,L(p) =

- (# . grade(p)> 2.

Proof of Lemmal[E.3] Notice that w? + 22 = 1 for any u = (w,z) € S?~1, and this equality is
maintained by projected gradient descent on the population loss, as in Eq. (3.7). Also, by Lemma|[.T3]
we have grad, L(p) = cz for some scalar ¢, since p is rotationally invariant. Thus,

0= %(wZ + 2%) (E.79)
= —2wgrad,, L(p) — 2(z, grad, L(p)) (E.80)
= —2wgrad,, L(p) — 2¢||z||? (E.81)
= —2wgrad,, L(p) — 2¢(1 — w?). (E.82)
Rearranging gives us
i P grad, L(p). (E.83)
O

By directly applying this formula for the last (d — 1) coordinates of the projected gradient, we have
the following upper bound on the contribution of the last (d — 1) coordinates to A; during Phase 1.

Lemma E.6 (Contribution of z’s During Phase 1.). Suppose we are in the setting of Theorem|3.4
Let t < T (where T\ is as defined in DefinitionH.3). Let p; be defined according to the population
projected gradient flow as in Eq. . Let grad,, L(p) be as in Eq. , and let grad, L(p) denote
the last (d — 1) coordinates of grad,,L(p) for any particle u = (w, z). Then, we have the following
upper bound:

—2(grad; L(p;)—grad . L(py), 2 — Z) (E.84)
. _ A N ls a2 L A _ . 2
< 3 al Do | ([ + Jiel) [ae — ael” + 6F gl Dael (|0F| + [07]) | — @]
(E.85)

6§,d|D2,t| + &z,d\DM\
d

|t — i |3 - (E.86)
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Proof of Lemma[EZ6] Using the formula for projected gradient in Lemma[E-3] we have that

_ <grad2L(pt) —grad.L(pt), 2t — 2t> (E.87)
w . o o
=(3 —a " gradaLlpn) - 2 = o - gradyLipy) - 2 2) (E.88)
_ (tngrad, L(p) u’)tgrade(pt)) T o wgradyLip) o
B ( 1 —w? 1 — w? FE-a)t 1— w2 120 — 2l
(E.89)

The second term is always negative for ¢ < 77, because Lemmaimplies that v(w;) has the same
sign as w;, meaning that grad ; L(p;) has the opposite sign. We bound the first term as

(wtgiaiwé(pt) - wtgiafwé(pt))éf (2 — 5) (E.90)
< |Peeptel) SR e — s Belada < il =D
= [ (Py(y) + Qe(r)) — we(Pe(we) + Qe(we))] - |20 — Zel2

(By Lemma[4.4)

<263 4| Dol — @f |2 — 2ell2 + 463 4| Das|l} — @17 — 2|2 (E.91)
+|Qe(wy) — Q(wy)| - ||Ze — 2¢ll2 (By Lemmalﬂland Def. of P,)
<263 4| Dy il @} — w; \||Zt — Zill2 + 463 4| Da sl — @12 — 2|2 (E.92)

v (AP L APy -
(By Lemma[[.16 and Def. of Q; from Lemma[4.4)

< 03 | Doal(|@] + [ )lie — @ell3 + 63 gl Dae (100 + oo *) e — |3
(E.93)

5 4| Da,t| + 73 4| Datl

[ — ef3
(B.c. |wy — wy| < [|ug — Uel|2 and |2 — Z¢]]2 < [Ty — Uel]2)
as desired. O

We can combine Lemma[E.4]and Lemma[E.6|and get the following bound on A; during Phase 1.

Lemma E.7. Suppose we are in the setting of Theorem[3.4] Let t < T (where Ty is as defined in
Definition[d.5). Then,

Ay €463 4| Day| (b — w)? + O((65 4| D2i| + 67 4 Dasel ) wmax) || e — |3 (E.94)
+o(( ) A ) i = (E95)
A2 A9
+0( R i — 3. (E.96)
Proof of Lemma[E7} This directly follows from Lemma[E.4Jand Lemmal[E.6] O

Next, we give a potentially looser bound for A; which holds even after Phase 1. The running time
after Phase 1 is at most (loglog d)?!) (aside from the dependency on 65 4,64 4, etc.), meaning
that even the following growth rate is enough to ensure that the coupling error grows by only a
sub-polynomial factor after Phase 1.

Lemma E.8. Suppose we are in the setting of Theorem[3.4] Then, for all t > 0, we have
Al S (83,4 + 65 a2 lae —]” (E.97)

Proof of Lemma[E-8] We first consider the part of A, that originates from the non-projected gradients,
which is defined as

= —2E, ga-1 [(fo(2) — y(2)) (o' (@ 2) — o' (3 2)) (@] = — 3/ )]. (E.99)
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By the Cauchy-Schwarz inequality, we have
4] S Bprgimr [(£5(2) = y())2)7 - Byogams (0 (0] @) — o’ (@] 2))? (] x — i 2)*]2. (E.100)
We bound the first factor in the equation above by the loss at initialization, which is
1

Bansimt [(Fpo(2) = )] S (65,4 + 63,0075 (E.101)

by Lemma[D.8] Thus, plugging Eq. (E-T0T)) and Eq. (E22I0) (from the statement of Lemma [E.T3))
into Eq. (E. gives us

4] < (6.4 + 63 )2 110 (E.102)
Next, we bound the difference between A; and A}. We have
Ay — A, = —(grad,L(p:) — grad, L(p:), 4y — ) + (VaL(pt) — VaL(pt), te — ur)  (E.103)
= (VaL(pt) — grad; L(pe), i — ur) — (VaL(p) — grad, L(py), i — ur)  (E.104)
For the first term of Eq. (E.T04), we have

(VaL(ps) — grad, L(p;), @ — ) = (Geti] VaL(ps), G — s) (E.105)
= (VaL(ps), (@t )iy — (i ) (E.106)
= (VaL(pt), ) - (1 — (G, 0e)) (E.107)
— e — well3 AT
= (Val(pe) ) - ———5—— B el = fJae2 = 1)
_ ppaTonaT 1 e — @3
= E_[(fn(2) —y(2))o'(@; 2)i; 2] - ———(E.108)

5 2

= B (U@ — sl nida 1% g 109)

and by an argument similar to the one used to bound A} (here using Eq. (E.211) from LemmalE.13|
instead of Eq. (E210)), we can thus show that

(Val(pr) — grady L(pe), i — )] S (634 + 6209 |60]1 (E.110)
Similarly, for the second term we have

(Vo) — grady L(py), a0 — )| S (63,4 + 62 e 150 E111)
Combining Eq. (ET10), Eq. (EITI)) and Eq. (E.T02) finishes the proof. O

E.2 Upper Bound on B,

The goal of this section is to obtain an upper bound on

By(x) = —2(grad, L(pr) — grad, L(py), e (x) — e (x))- (E112)

When there is no risk of confusion, we simply use By, ., and %, omitting the y dependency. In
the next lemma, we first obtain a bound on By (), and after that, we obtain a bound on E, [B;(x)].
The proof of the following lemma is mostly a straightforward calculation, and follows mostly from
Lemmal5.1]and the definition of A.

Lemma E.9. Suppose we are in the setting of Theorem Suppose T' < for any absolute
d

dC
Futla
. —_ A . o7 — 2
constant C. Assume the width m, of p, p is at most d°(°2 ). Then, with probability at least 1 — e~

we have

E [(f,,(x)— f5 (x))2] < (&S,d +5id)d2(log d)o(l)

z~Sd—1 m

(E.113)

for all times t € [0, T). Additionally, with probability at least 1 — e~ forallt € [0,T] and x € po,

we have

d(log d)°™
vm

Bi(x) S (634 +6%0) - ( +5) 18]z (E.114)
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Proof of Lemma[E9 We first decompose B; into two terms:

B, = —2(grad,L(p;) — grad, L(p:), G — Ut) (E.115)
2<( - utut )V L(pt) (I - utut )V L(Pt);'&t - ﬁt> (E116)
—2(VaL(pe) — VaL(p), (I — Gyat) ) (i — ) (E.117)
~2(VaL(pe) = VaL(pe), @ — @) +2(VaL(pe) — VaL(py), it (4 — ;) (E.118)
=2VaL(pr) = VaL(pe), e — ) + 2(VaL(pe) — VaLl(pe), de) - (1 — (i, ur)) (E.119)

S a2
= 2(VaL(p0) ~ VaL(pe) iy — ) + 2VaL(p) - V(o)) - 120 g 10
where the last equality is because % = 1—(ds, @) since ||G¢||2 = ||@t||2 = 1. For convenience,

define §; := u; — 4. Then, we have
By = =2(VaL(p) = VaL(pt), 6:) + (VaL(pe) = VaL(ps), tis) - 163 (E.121)
We first focus on the first term in Eq. (E-T21)), which is the main contributor to B;.

Analysis of First Term in Eq. (E.121). For convenience, we refer to the first term in Eq. (E-I21) as
Bj. Observe that we can expand Bj as

By = —2(VaL(pt) — VaL(pt), o) (E.122)
=-2 E [(fa(@) = fo@)o’ (i, 2)) {3, 7)] (By Eq. 3-4))
= —2 E(fp(=@) = fpl@)e’ (i, @) (G 2)] =2 B [(f3(x) = fo(w))o’ (e, 7)) (6, )]

(E.123)

Let us bound the first term of Eq. 1| By Lemma with probability e~ forallt < T we
have

(62 ,+ 62 ))d*(logd)°™)

E (@) = fp @) 5 . (E.124)
Thus, we can bound the first term of Eq. by
B (@) - fp(x))a’(<ﬂtvx>)<5t,w>]’ (E.125)
< E (@)~ L@ E [ ()20 222

(By Cauchy-Schwarz inequality)
S E (Up@) = fp@)) (63,4 + 630" 2102
(By Lemma[ET3) Eq. (E2TT))
\/02,4 T (}i,d ~d(log d)°™) N .
S NG (03,0 +0%0) 21012 (By Eq. (ET2%)
(634 +0%a)-d
Jm

Next, we bound the second term in Eq. (E-I23). By applying the Cauchy-Schwarz inequality, we
have

< (log d)°™)

[[0¢]2 - (E.126)

B [(0) — Sp(@)o (i )60, ©.127)
< E (@) = L@ E o ((@2)*0, 7)) (E.128)
S(03a+610)' A B [0' (i, 2)*(0, @) (By Lemma[5.1)
S (634 +06%a)" A0 (63,4 +65) N0z (By Lemma[ET5|(Eq. (E2TT)))
S (63,4 + 01, D¢|0¢2 (E.129)
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Combining Eq. (E-126) and Eq. (E-129) with Eq. (E-123), we find that

. R d(log )V __
1B < (65 4+ 634) ((%/% +At)||6t||2. (E.130)

Analysis of Second Term in Eq. (E.121). For convenience, we write this term as By, i.e. we define
By = (VaL(pt) —VaL(pt), ) - [|04]|5. It suffices to show that the first dot product in the definition
of By is at most (63 ; + 67 ;) up to constant factors. To start, we have

(VaL(30) ~ Vablo), i) £ | B [(fla) ~ fyla)o (i, ) i, 23] E.131)
S| B [Uple) — fola)o (e, )i, )] (E£132)
+| B (5@ = fo@)o (@ a) i)l (E133)
Both terms in Eq. (E-I33) can be bounded as before. For the first term we use Eq. (E-124):
(U)o (i ) i, (8134
< B0 — Sp@) B, o (i )i, 2
(By Cauchy-Schwarz Inequality)
< (52 ) d(logd)o(l)
S(654+654q)- — (By Eq. and Lemma[E.15] Eq. (E.211))
For the second term, we use Lemma [E.16}
B [Upl) — fola)o (G, a)) i )| (E.135)
S B pla) = [ B, 1o/ (), 2?2

(By Cauchy-Schwarz Inequality)
S (634406500 (By Lemma[E:16]and Lemma [E.T3] Eq. (E2TT))
Thus, we can conclude that
d(log d)°™
vm

1B{'| < (654+674) ( +Zt) NEAL: (E.136)

Overall Bound on B;. Combining our bounds on Bj and B}, and using the fact that ||0;|2 < 2 to
absorb the bound for B’ into the bound for Bj, we find that

R R d(logd)°™
Bl S (03a+63) (Soe— + B )16 E.137
[Bi| < (63,4 + 61,a) N [10¢]l2 (E.137)
with probability 1 — e~ (recall that Eq. (E.124)) held with probability 1 — e’dz). This completes
the proof. O

Next, we show a tighter bound when we take the expectation of B; over the neurons, i.e. over Y.
Taking the expectation allows us to obtain a tighter bound because of the term

=2 B [(fp(@) = fp(2))o’ (i, 2)) (6, 2)] - (E.138)

For a single 4, the best bound we can obtain is by using the Cauchy-Schwarz inequality. However,
the key point in the following lemma is that when we take the expectation over (4, @) ~ Iy, this
term becomes

2 E [(fse) ~ fo(@)?] <0 (E.139)

r~Sd—1
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together with a third-order term which is at most (63 ; + 63 ;,)A;, which is a significantly better

bound than (63 ; + 7 ;)A¢[|d:]|2, which we obtained in the previous lemma. This is because to
simplify Eq. , We can use

o((iie, 2)) = o (i, 2)) + o' (i1, 2)) (@y — g, ) + o<o”<<at,x>><6t,x>2> (E.140)

meaning that we can essentially substitute o/ (i, z))(6;, z) ~ o ((f, z)) — o ({Us, x)) in Eq. [EI38).
Note that we need this better bound on the growth rate of A, since our inductive hypothes1s imposes
a stricter condition on A;.

Lemma E.10. Suppose we are in the setting of Lemma[E.9} and in particular, suppose T satisfies the
same assumptions as in the statement of Lemma Then, for allt < T, we have

53 4+ 63 4)d(log d)©)
E [Bi(x)] < (Uz,d ‘74,d) (logd)
X~ pPo \/TTL

Proof of Lemma[E 10} We again make use of Eq. (EI21), and we recall from the proof of the
previous lemma that B; = B} + B}/, where

B = -2 CE (@) - fo())a' ({itg, x)) (04, )] — 2 E (o) - fa())a' ({ig, x)) (6, )]
(E.142)

Ay + (654 + 63 A . (E.141)

and
BY = (VaL(pe) — VaL(pe). i) - 161113 (E.143)

The main difference between Lemma is that we now bound the second term of Bj in expectation.
By Taylor’s theorem, we can write

(g, ) — (g, 2))*  (E.144)

o((t, 7)) = o (s, x)) + 0’ (e, 2)) ((Te, ) — (ibg, ) +

for some A\ which is a convex combination of (4, z) and (4, z). Rearranging gives

o (i, ) (60, ) = o' ({i1g, @) (g — 0y, &) = o (g, 7)) — o ({1, 2)) + ""2“) (61, 7)2 (E.145)
Thus, taking the expectation of the second term of B; over (i, @;) ~ Ty gives

“2 & B ()~ Je)o (i 1) 60, 2) (E.146)

=2 E B () - fpl@)oane) —ol@a)] (€147

—(MI)ENM E_[(fp(@) = fo(@)o"(NGr2)?]  (ByEq. (EI35))

=-2 E_[(fp(@) - fp@))’] (E.148)

*(MJ‘;ZM E_[(f5(@) = fo(@)o" () (61 2)? (By Eq. &)

<- _E [(fo(2) = f5(2))o" (X) (0, )] (E.149)

(,a)~Ty z~ Sd 1

Next, let us bound the inner expectation in Eq. (E-T49). By the Cauchy-Schwarz inequality, we have

E[(f5(@) = fo(@))o" (V) (8,2 (E.150)
< E (@)= @) E 0" ()6 ) E.151)
S@3a+0t) PR E 0" (0)6) ] (By Lemma[E-T6)
S@a+ad ) B (B 0" (220 a2+ E (0" (i, ) (0 2) Y 2)

(E.152)

76



Here to obtain the last inequality, we observe that o’ is convex because P 4" is a constant function
and P, 4" is a quadratic function by Eq. (C.4) — additionally, we used the inequality (a+b)? < a?+b?
and the fact that A is a convex combination of (i, z) and (i, x).

By an argument similar to the proof of Lemma [EI5 we can show that
B [0 (i1, )2 (0, @) ]12 < (63 4+ 67 0) /211003 and By oga-a [0 ({Tr, 7)) (01, 2) ]2 S
(63 4+ 63 4)*/?(16¢]|3. Combining this with Eq. (E.149), we have that

[(fa(x) = fo(x))o" (e, x)) (0, >]‘ (63,0 + 6% .a)Ael0¢13 (E.153)

mSdl

and thus,

-2 E [(fo(@) = fol@))o (@, 2)) (61, 2)] S (63,4 + 63 0) B¢ (E.154)

(@,u)~T'¢ a:NSd 1

by the definition of Zt . This gives a bound on the second term of B;. Combining this with Eq. ii
to bound the first term of Bj, we have

(62 ;+ 62 )d(logd)°™) R 3
@ ﬂI[;ENF [B)] < 21 4’\(1/% @ ﬁﬂ;ZNF [16ell2 + (63,4 + 63 ) A, (E.155)
62 462 )d(logd)°M) __ .
< (%2 4%( 8d) Ay + (65 4+ 6i)d)Af (By Cauchy-Schwarz)

Combining this with Eq. (E.136)) (for which we also take the expectation over (4, u) ~ I'y), we
have that

. . d(logd)®™ N _o
E |B/| < (63 ) (—=—+A)-A E.156
W B B @t ata) (T ) B (E.156)

which is at most the bound that we have for Bj, and thus,

62+ 62 Yd(logd)°M __ _
E [B]< (03,4 + Fi.a)d(log d) Av+ (63 4+ 063 )4, (E.157)

(@,3)~T ~ vm
as desired. O

E.3 Upper Bound on C}
The goal of this section is to obtain an upper bound on

Cy(x) = —2(grad, L(py) — grady L(py), i (x) — G (x)) - (E.158)

This quantity is essentially the part of the growth of ||J;||3 which is due to the difference between the
gradient using finite samples and the gradient using infinitely many samples. When there is no risk of
confusion, we simply use C}, 4, and 4, omitting the y dependency. We bound this term with the
following lemma:

Lemma E.11. Suppose we are in the setting of Theorem[3.4] Assume that the number of samples
x; isn < d°, for any universal constant C' > 0. Assume that the width m < d° * for any umversal

constant C > 0. Let T > 0. Assume for all t € [0,T] we have a bound By on Ay with By < ﬁ

Additionally, assume for all t € [0, T that we have a bound By on A,y such that By > ﬁ. Then,
with probability 1 — m,for allt € [0,T] and x € S*1, we have

d*
|Ct(X)| < Gmmax (log d) 0(1) \/7516“2 + B%AH@HQ + 7A Bz||5t||2 + B§A [[0¢ 112 )
(E.159)

where §; = U (x) — Ut (x)-

Proof. We bound C; by expanding grad, L(5;) as the sum of several monomials, as well as expanding
grad, L(p:), and then applying Lemmal|l.7|to each term from grad, L(5;) and the corresponding term
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from gradﬁf( pt). For convenience, we use £(*) () to denote the loss of f5 on a single data point
x € S1, and grad,,¢(*)(p) to denote the projected gradient of £(*) () with respect to 7. We have

(grad 0 (py), iy — i) = ((fa(x) — y(@))o’ (i, x)), (I — iy ) (it — Tz)) (E.160)
= ((f3(x) —y(@))o’ ((t, 2))z, Up — ) (E.161)
—((fo(x) = y(2))o' (g, )2, @) - (1 — (@, Ur))
(E.162)
= ((fo(x) — y(@)o’ (i, x))w, Uy — Uy) (E.163)

e — @3

—((fp(x) —y(2))o' (i, x))w, ) (E.164)

For convenience, define d; := 1; — ;. Then we can rewrite the above as

(grad 0 (p1), 6:) = ((fa(w) — y(@))o’ ({ar, z)){, 6¢) (E.165)

2
—((fala) w122 g 166)
For illustration, define C(g) as
Clo) = |5 Do)~ E o] (E167)

i=1

i.e. how close the empirical mean of the g(z;) is to its expected value. We will show that C(g) is
small when g corresponds to each of the terms on the right-hand side of Eq. (E.I63), even when we
take the supremum over the 4, which may depend on the z;.

Concentration for Mean of First Term in Eq. (E.165). As a first step, we list all of the terms
we obtain when expanding the first term on the right-hand side of Eq. (E.165). The o'({{,x))

factor consists of the following terms: (1) a 62 qv/No,q{lt, ) term, (2) a 64,q+/Na,a{lt, x)> term,

5 N
and (3) a L‘L{Td (iy, x) term — here, we have stated these terms up to absolute constant factors
for convenience. In the f;(z) — y(z) factor, f;(x) contributes (1) a 62 q1/Na ¢(t}, z)? term, (2)

A N G4,da4/ N. N ny o .
a 64,4v/Ny (i}, z)* term, and (3) a ww;, z)? term. Here note that 4} is not a single
vector, but ranges over the entire support of p,. Thus we implicitly perform a union bound over
the m vectors in the support of j; — this does not affect the proof since the failure probability of

Lemma [L.7|is —rezy. While we assume the width m is at most d“ where C' can be any absolute
constant. Additionally, y(z) consists of the following terms: (1) a &2, 4v2+/Na.a(e1, z)? term, (2) a

64.a7v4+/Na.aler, z)* term, and (3) a m%% ”M‘d<el, x)? term. Finally, there is a factor of (;, ).

For convenience, throughout this proof, let §, = ”gsﬁ In each of the above factors, for every

occurrence of ({is, x), we substitute @; = 4; + J; and further expand. This is useful since originally
@, depends on the x; and thus, when we applied Lemma .7 we would have to take the supremum
over i; — however, now u; can be considered a fixed vector with respect to the x;, and while we
need to take the supremum over J;, in each term where J; occurs, we obtain an additional factor of
[|0¢]|2, which reduces the error from uniform convergence. We now completely expand the first term
on the right-hand side of Eq. (E.165). First we consider the contribution to C(g) of f;(x) and later
study y(z). Up to constant factors, it suffices to obtain an upper bound on the concentration of

ST 62, dTTETE (0, 2y, @) @) (), ) (E.168)
p+r=1,3
q+s=2,4

where we have let Giax = max (|62 4|, |04,4|). Here, the sum ranges over p+q = 1,3 and ¢+s = 2,4
since the &; and @, terms are due to the o’ ({4, x)) factor, while the §; and @, terms are due to the
f5(z) factors.

We now obtain concentration bounds for each of the terms in Eq. (E.168). First, we consider the
case where p + ¢ > 1, as in this case, Lemmal|[.7]can be applied (since we can choose p1, p2, p3, P4
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in Lemmaso that u; = &; and p; = p+ 1, and uy = &, and po = ¢, and p3 = py = 0 — the
hypotheses are then satisfied since p; + ps + p3 + p4 > 2). From Lemmam we obtain the bound

o pratrastr |1 - _ r— s _ = s
G Y O )P ) @) (1)~ B (82?0 ), ) (0 )]
=1
(E.169)
d dp+;+q
sff,%axaogd)()(”(ﬁ + a5 118 (E.170)

Here in applying Lemma we have assumed that the number of samples 7 is at most d for some
absolute constant C', meaning that the m term in the conclusion is a lower-order term. Lastly,

)
llozll2”
pe = 1,and let p3 = py = 0, with wy = Ut, 1 = r — 1 and wy = 4}, g2 = s — since p1 + p2 = 2,
the hypotheses of Lemma [[.7]are still satisfied. This leads to us obtaining only one power of ||d ||z in
the bound for this term: if p = ¢ = 0, then we have the bound

we consider the case where p 4+ g = 0. To apply Lemma wecanletuy; = g, p1 = 1, ug =

ptgtr+s+1 1 n
G2 d"F T 2N (G, )P @) g, 2) (@ 2) — B (8, 2)PTH(O, @)y, 2) (T, 7))
n =1 r~Sd—1
(E.171)
< 624 (log d)°M) (\/E+ g) 116¢]|2 (E.172)
n n

Summing over the possible values of p, q, r, s, we find that the overall contribution to the concentration
error of the term with f} is, up to logarithmic factors and a &2 factor,

max

d dp+;+q
1 1
s (ﬂ&ll@* 19513 + =—— N5 19713) (E173)
~p n n
p,q,7,S
d grite
SE D (\/;Ilétllé“llézl% —— lnl15+ 197113) (E.174)
¥ p<s.q<a
d dLngl )
S \/;m +,E —— a5 1513 (E.175)
pp§37qé4
d d%ﬁ-l
5\/;|5t2+5,% > a3 (E.176)
P p<s.q<a
1
5\/;|6t2+ > Tn&ll@* RO EATE (E.177)
p<3,q<4 P

Finally, in order to simplify this bound, we isolate the dominant terms among the terms of the form

ptg+l
42 [16:][5™" By ||04]|%, with the following cases. First, consider all the terms where p = 0.

ptg+l
For ¢ < 2 we can bound these terms by deAq ||6¢]|2, and for ¢ > 2 we can bound these terms
ptg+1

-2 . . . . .
by 42— A" . B %||6¢||2. Thus, out of these terms, the term with ¢ = 4 is dominant, and it

contributes

d2ﬁ

n

A% B354l (E.178)

Next, consider the case where p > 1. In this case, since the bound By on A,y ; is greater than #,
the term with p = 3 and ¢ = 4 dominates, and it contributes

d* d* 2
B3A™||6:]/3 (E.179)

—2
Y

However, we must lastly consider the case where p > 1 and ¢ < 2 — the bound on the concentration

error may be larger for ¢ = 1 than ¢ = 2 since A < ﬁ. In this case, since By > %, we must
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consider the p = 3,¢ = 1 and p = 3, ¢ = 0 terms, which respectively contribute

d2o

ABzH5t||2 (E.180)

and
d2
*32”5:&”2 (E.181)

Note that the p = 3, ¢ = 0 term dominates since our bound on A is less than f’ meaning we can

ignore the p = 3, ¢ = 1 term. Thus our overall bound on the concentration error originating from the

first term in Eq. (E.I65) is

d*
Gmax (log d)7 \f&Hz + —B3A[|6:13 + 7A B316ll2 +

SBIN63)  (E182)

To deal with the terms originating from y(z), we observe that we can simply treat (e, x) in the
same way as we deal with (&, ), and thus the terms originating from y(«) do not make any new
contributions to the concentration error.

Concentration for Mean of Second Term in Eq. (E.I165). Finally, to deal with the second term on
the right-hand side of Eq. (E.165), we note that we can follow the same proof, but instead obtaining
an upper bound on the concentration of

1613 Y 62, d" T (6, )P (6], ) iy, @) (W), @) (E.183)
p+r=2,4
q+s=2,4
and as before, the contribution of the terms originating from y(x) is at most the contribution of the
terms in Eq. (E.183). Due to the additional ||0;||3 factor, we can in fact ignore the contribution of the
terms in Eq. (E. , as the dominant terms will be less than the dominant terms from Eq. (E.168).

Concluding to Bound C}. In summary, with probability at least 1 — m, for all choices of d;, d;,
we have

R d2s a4
C(9)] S Gimax(log d)° \/>I5t||2 + —B3A||6:][5 + fA B3|6¢]l2 + B A ||5t\|2)
(E.184)

where g(z) = (grad,¢(*)(p;), 6;). Since C; is exactly equal to

n

1
- ; g(z:) = E_lg()] (E.185)
up to signs and constant factors, we therefore have
.9 d* -2 2
|| S Gax(log d)° H5t||2 + BzAII5t||2 + 7A B3lo]l> + — Bz A ||5tH2> :
(E.186)
O
E.4 Additional Lemmas
Lemma E.12 (Uniform Bound on ¢ and ¢’). Foranyt € [—1,1], we have |o(t)| < |62,4|\/N2.,a +

|64.4]n/Na.a, and additionally, |0’ (t)| < |62,al\/No,a + |64,a|\/Naa. Finally, we have 0" (t)| <

|62,al\/Na,a + 164,al\/Naa-

Proof of Lemma The first statement is by the definition of o, and because | Py 4(t)|, | Pa,a(t)| <
1 for any ¢t € [—1, 1], by Atkinson and Han [12]], Eq. (2.116). The second and third statements are by
the definition of ¢ and using Eq. (C.4). O
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Lemma E.13 (Error from Finite Width). Let p be a distribution on S*~', and let p be a distribution
on S of support at most m, where the elements of the support of p are sampled i.i.d. from p.
Additionally, let § > 0. Then, for some absolute constant C > 0,

(63 4+ 67 4)(d* +log ¥)(logd)® 63 ,+ 63 4
B [(yle) — Syl s P2t Tl 20 %4

with probability at least 1 — §, where f, and f; are defined as in Eq. @)

(E.187)

Proof of Lemma[E13} We can write f,(z) = Eyvplo((u,2))], and f5(z) = L 37 o((u;, z)).
Now, let B € (0, 1), which we will choose appropriately later, and define the function ¢ : [—1,1] —
[_1’ 1] by
t t € [-B, B]
ep(t)=¢B t>B (E.188)
-B t<-B

Additionally, define f,(z) = Ey,[0(05((u,z)))], and define f,(x) = £ 3" o(pp((ui,z))).

T m

Let us analyze the error incurred from replacing f, be fp and f5 by fp. Observe that
CE @) - L@P = E (L2 E L@@+ E () €189

We can simplify the second term on the right-hand side by expanding f, and fp:

E L@R@ = E B ol aelen((um) (5.190)
= E E 10(<u1,x>)0(g03(<uQ,x>)) (E.191)

UL ,U2~P pASd—
To simplify the inner expectation, we use Proposition [L.3|to find that ¢ 5 ({us,x)) = (ug, z) with
probability at least 1 — 2 exp(—%zd). Thus,
E (H@)?= E @)@ (E192)

r~Sd—1 r~Sd—1

< E_E_lo(u,a)l|o(s(luz,) - o((us,a))| (E.193)

uL,uz~p prSd—1

< (|62,d|v/N2,dg +164,d]/Nag) E E

Uz~p proSi—t

o(pn((uz, ) = o((uz, 2))|

(By Lemma|[E-12)

B2%d
< exp ( - T) - (635 4Na,g + 67 4¢Naq)  (By Proposition[[3)and Lemma|[E-T2)
Similarly, we can show that
2 3 2 B*d ~2 ~2
CE (@)= E (L) Sexp (= 5) (03aNea+5TaNa)  (E19)
and therefore,
7 2 Bd 2 2
CE (@)~ f@)) Sexp (= 55) - ((3aNea+FaNea)  (B199)
By the same argument, we can show that
7 2 B*d ~2 ~2
CE [(55(@) = @) Sep (= 55) - (aNaa +63uNea)  (E196)

Therefore, it suffices to show that E_,_ga—1[( fp(z) — f,;(x))Q} is small with high probability over
Ui, ..., Un. Observe that for [¢| < B, we have |P, 4(t)| < B? + O(1/d), and |P, 4(t)] < B* +
O(B?/d) + O(1/d?). Thus, if we choose B > 1/+/d, then for |t| < B we have | Py 4(t)| < B? and
|Py.a(t)| < B*. In particular, we have

lo(t)| < |62.4]\/Na,aB? + |64.4/\/Ns.aB*. (E.197)
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Now, letting € S%~1, and using Hoeffding’s inequality, we find that if uy, ..., u,, are i.i.d. samples
from p, then

’% Z o(en({ur,2)) = E lo(en({u, :c>))}‘ <t (E.198)
Cmt?

with probability at least 1 — 2 exp ( — ) for some universal constant C'. Now,

&g,dNQ’dB4+&Z,dN4de8
by Corollary 4.2.13 of Vershynin [74], for any v > 0, there exists N C S?~! of size at most (%)d
such that for any = € S?~1, there exists y € S?~! such that ||z — y||o < 7. Thus, with probability at

d
C Cmt?
least 1 — 2(7) exp ( — &S,sz,dBH&idM,dBS)’ for all y € AV, we have

> oten(lunn)) - B folen(@))]| <. (8199

If Eq. (E.199) holds for any y € N, then for any € S9!, since |o’(t)| < |62.al\/Naa +
|64,4]r/Nu,q for any t € [—1,1] (see Lemma[E.12)), if we let y € A such that ||z — y||> < +, then
we have

(% Z o(pp((u1,2))) — UIEP[U(SDB«U, x>))}‘ <t+ (|62.a/v/Nada + |64.4)\/Naa)y. (E.200)

d

In summary, with probability at least 1 — 2 (%) exp ( ~ 7N Bﬁ”ﬁé)d NI ), we have
B [(o(@) = [p(@))*) < ¢ + (63,4N2.a + 61 aNaa)?* (E201)

Combining Eq. (E:201)), Eq. (E.195) and Eq. (E.196), we have that
E _[(fo@) = f5(2))°] S+ (63 4Naa + 65 4Naa)y? (E.202)
prSd—1 ) s
B3d R .
+exp (= 5 ) (03 uNaa+ 6% 4N0a)  (E203)
d
. . c Cmt? : _ C'(logd)®

with probability at least 1 — 2(7) exp ( T ST NaaBlt6T i B ) Choosing B = —J7 for

a sufficiently large universal constant C”, and using the fact that N2 4 < d? and Ny 4 < d* (by Eq.
(2.10) of Atkinson and Han [[12]) we have that

62 ,d° + 62 yd
E_[(fo@) = f5(2))°] S £ + (63,00 + 67 4d" )7 + g™

E y e (E.204)

d )
with probability at least 1 — 2 (Q> exp ( -Q (%) ) We can rearrange the failure
v (02,d+o4’d)(log d)
mt? c
e ) dlog §).
Finally, choosing v = m, and choosing ¢ so that the failure probability is at most §, we obtain

(65 4+ ‘ﬁ,d)(bg d)'%(dlog % +log 5) n 03 4d° + &Z,dd4

probability to find that, up to constant factors, it is at most exp ( -0 (

E_[(fo(2) = f5()?] <

z~Sd—1 m dQ(lOg d)
(E.205)
_ (634 + 01 4)(logd)'®(d*logd +log ) 63,467,
- m A9 (log d)
B.c. ¥ = Zamezay)
with probability at least 1 — 4, as desired. O

Lemma E.14 (Bound on Gradient). Let u € S?~! and p be a distribution with support on S~ 1.
In addition, let V., L(p) and grad, L(p) be defined as in Eq. (3.4). Then, we have |V, L(p)|l2 <
(63 4+ 63 4)d" and ||grad, L(p)|l2 < (63 4 + 63 4)d*.

Similarly, let VUZ(p) and graduf(p) be defined as in Eq. (3.5). Then, we have ||Vuf(p)||2 <
(63 4+ 63 4)d* and ||grad , L(p) |2 < (65 4 + 65 5)d*.
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Proof of Lemma First, we will bound V,, L(p) for any u € S~ and distribution p with support
in S41:

IVuLllz= | E_[(fole) - y(x))a'(<u,x>)w]H2 (E.206)
< E @) —y@le’(u,2))] (E.207)

By Lemma forany u, x € S, we have |0’ ((u, 7))| < |62.4

E.12] /No.a+164.4]\/Na 4. Addition-

ally, by Eq. (3.1) and by the definition of y(z), we have | f,(z) —y(2)| < [62,4//Na.a+|64.4/r/Na,a
by Lemma [E.12| Thus,

IVuL(p)llo S 83 aNoa + 63 aNaa S (634 + 63 2)d? (E208)

because Na 4 < d? and Ny 4 < d* by Eq. (2.10) of Atkinson and Han [12]. By the same argument,
for any u € Sd-1,

I(Z = uu")VuL(p)l2 < (63 4+ 67 4)d* (E.209)
because I — uu ' is an orthogonal projection matrix. This completes the proof — the proof of the
analogous statements for V,, L(p) and grad,, L(p) follow from the same arguments. O

Lemma E.15. Let u, v’ € S* 1. Then, we have

]gifl[(a/(UTﬂ?) —o' (W 2)?(u"w —uT2)?) S (63 44 67 g)llu— |3 (E.210)
and
IS[Edil[U’(uTas)Q(u’Tx)Q] < (&S,d + 637(1) } (E.211)

Proof of Lemma[ET5] For convenience, let § := u/ — u. Then, we have
E [(0'(u'z)—o (' )} (u'z—u2)? (E.212)

r~Sd—1

< CAT%sz,d ISE;FI[(PQ,d/(UTx) — Pg’d’(u'Tx))Q(uTx —u'Tz)Y (E.213)
+0%aNsa B [(Prd(u'e) = Pud (W T2)*(w"z - u"T2)?

(By definition of o and Py, 4 and b.c. (a + b)? < a? + b%)

$63aMea B (070)") +o%Nea B (W0 — ()Pl T

(E214)

62 N,
J4dMd B (w2 —u/T2)Y

d? z~Sd—1
(By Eq. (C.4) and expanding the term with Py ')
$63aN2a B [(6T2) ) +654Nua Y E[(uT2)*(uTw)* (6 2)")

r~Sd—1 oy r~Sd—1

(E.215)

~2
0'4,dN47d T \4
T%]SE;FI[((S x)?] (E.216)

Here the last inequality is due to the identity a® — b*> = (a — b)(a® + ab + b?), which gives
(v'T2)? = (u'2)®)? = ((W'T2)® + (W) (u"z) + (u'2)?)?(u' Tz — uT2)? — expanding the
first factor fully gives terms of the form (u/" z)P(u " )9 where p and q are both even and p + ¢ = 4.
Thus, applying Lemma [[.T7]to the final expression above gives

E 1[(0’(uT33) —o' (W x) (u"z — ' 2)? (E.217)
x~Se—
R 1 R 1 65 4Naa 1
ST PREY LT B g S P e CLLK AP
P+q=2
(By Lemma [[.T7)

S &2,d”5||% + 64,d||5||§
(B.c. Nog < d? and Ny 4 < d* (see Equation 2.10 of Atkinson and Han [12]))

83



which completes the proof of the first statement. The proof of the second statement is similar — we
expand using the definition of o and then apply Lemma[[.T7]to each of the terms. We omit the details
of the calculation. O

Lemma E.16. Let p and p' be two distributions on S*=1 which both have support size m < oo, and
consider a coupling (u,u') ~ (p, p') of the two distributions. Additionally, let f, and f, be defined
as in Eq. @) Then,

E [(folx) = fr(@)] S (654+650) E  Ju—u|3 (E:218)
z~Sd—1 (u,u’)~(p,p’)

Proof of Lemma[EZT6] We can write the left-hand side as

E[(f,() —~ fy (@) =

z~Sd

CEL B o) — (G x))]ﬂ (E.219)

< E E (o(<u,x>)—o—(<u’,x>))2 (E.220)

z~SA1 (u,u’)~(p,p”)

(o(fu.2)) - ol a)) (E.221)

E
(w,u")~(p,p’) x~Sd—1

For any u,u’ € S?1 and z € S%1, by the mean-value theorem, there exists A which is a convex
combination of {u, x) and (u’, ) such that

o((u,2)) —o((u',z)) = o' (M) ((u, z) = (u', 7)) (E.222)
Using a similar argument as in the proof of Lemma[E.T5} we can show that
E o/ ((w2) = (0 0)?| £ 630+ 63 )llu— 3. (E223)

The proof proceeds by expanding o’/ ()) into each of its terms and using the inequality |a + b|> <
la|® 4+ |b]* (which holds for any two real numbers a, b) in order to consider only terms which involve
one of u or v’ — the resulting terms are of the same form as those which appear in Eq. . We
omit the details of the calculation. Thus,

2
VE @ —fy@)s  EE (ot 2)) = (@, 2)) (E224)

S63.+6%.) E o u—d|3 (E.225)
(w,u")~(p,p")

as desired. ]

F Proof of Theorem

In this section, we build on our analysis from Appendix [E]to show that projected gradient descent

with m learning rate can achieve low population loss. In the rest of the section, for convenience,

we define 0, = 1y — Uy, and omit x when it is clear from context.

Lemma F.1. Let p,p’ be two distributions on S*', and let T be a coupling between p and p'.
Additionally, let uy,ug,v € Se=1. Then, we have

. 1/2
Vi L(p) -0 = Vi L) 0| S 630+ 63 ) (B [lu=oB]] " + Jus —uall2) . ED)

u,u’ ~T
Proof. We can expand the left-hand side as

E (@)~ y@)o' (- )0 - 2) = (fp (@) = y(a)o’ (w2 )0 a)] | F2)

r~Sd—1

‘We first obtain a bound on

E [fp(a:)a’(ul cx)(v-z) = fo(x)o' (ug - z)(v- ac)} ‘ . (F.3)

r~Sd—1
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By the definition of f,,, we can rewrite Eq. (F3) as

E E {U(u’l cx)o' (uy - x)(v- ) — o(uh - z)o’ (ug - ) (v - x)} ‘ (F4)

U U —
ul,uh~T groSd—1

By Eq. (C.4), o is an even fourth-degree polynomial and ¢’ is an odd third-degree polynomial. Thus,
the inner expectation can be written as a linear combination of a constant number of terms of the form

B[ 2 2P (0 2) — (- 2) (s - 2) (0 -2)]| ()
where ¢+ = 0,2,4 and j = 1,3. We can also estimate the coefficient which accompanies each

individual term Eq. (F.5). We first recall the facts that o(t) = 62,4P2.4(t) + 64.4P4.4(t), that
N 4 = O(d?) and Ny 4 = O(d*) by Equation (2.10) of Atkinson and Han [[12]], and that the i degree
term of P, 4 has a coefficient which is O(d"/?~!) and the i degree term of P, 4 has a coefficient
which is O(d*/2~2). From these facts it follows that the i*" degree term of Py 4 = /NoqPs.4
has a coefficient which is O(di/ 2) and the 3" degree term of ]54761 = /N4 qPy,q has a coefficient
which is O(d*/?). Thus, each term of the form given in Eq. has a coefficient which is at most
(63 4+ 63 4)d"F71/2 in absolute value. We can now upper bound each of the terms of the form
given in Eq. (E3) as follows:

xNngl {(ui cx) (uy -2 (v ) = (uh - @) (ug - 2) (v x)} ’ (F.6)
< INISE‘:l_l K(u’1 )t — (ub x)l) (uy - ) (v - x)] ’ (E7)
+| E | [(u; x)i((ul cx) — (u -x)j)(v : x)” (ES8)
i1
< E (- ) @) wh - 2) (- 2) 7 - 2) (0 2)]| (E9)
k=0
0| B o) (- g @) (n ) (g 2y T R0 0)]|
= (E.10)
1—1 1 j—1 1
St = sl Otk n/z T > llua = uaflz Itk —1—k+1)/2
k=0 k=0
(By Lemmall.17)
1

S lJuh — sl + [lur — uzl2 (F11)

dli+i+1)/2 dli+i+1)/2 "

Since the coefficient of this term is at most (62 ; + 62 ;,)d“*771/2 in absolute value, this term
contributes at most

63,0+ 53.0) (Ilut = whll2 + lur = wall2) (F12)
Thus, taking the expectation over u}, u5 ~ T', we have
18%4 {fp(m)o'(ul cx)(v-x)—f(x)o (ug - z)(v - x)} ’ (F.13)

S@a+i)( B [lu—ul] + lur —uwslz) (F14)

u,u’ ~I

. R 1/2
S@a+oia)( B [lu=wI3] "+ fu - uslls).

/

(F.15)
A similar but simpler argument can be used to bound
ISE(FI [y(ac)a’(ul cz)(v-x) —y(z)o' (ug - x) (v - m)} ‘ (F.16)
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by expanding y(z) and o’ (z). Thus, we obtain

. . 1/2
Vs L(p) -0 = Vs Llp) -0l £ 030+ 630 (L B [lu=w/ Bl + e = wall2)  E17)

u,u’ ~T
as desired. O
Lemma F.2. Suppose we are in the setting of Theorem Assume that nNZ d?(log d)€ for a
sufficiently large universal constant C > 0. Additionally, assume that max,, ||0;(x)||2 < ﬁ. Then,
we have

[(gradg, L(71) — grady,, (o)) - 0e] S (63,4 -+ 63 0) max 13, ()3 (F.18)

Proof. We can write the left-hand side of Eq. (FI8) as
(grady, L(p:)—grad; L(pr)) - 6 (F.19)

1< _ A .
= =3 () = y(@))o (e - 21) = (Fp,, (@) = y(@)o (g - ) )i - 3
i=1

(F.20)

We proceed by first showing using Lemma [[.7] that we do not incur much error when we replace the
empirical average over the x; by an expectation over z ~ S9!, We can separate the right hand side

of Eq. (F19) into two parts:

n

1= %Z (ff’f ()0’ (@0 - i) = fp, (wi)o" (e 'xi))(gt ;) (F21)
i=1
and
Sy = % Z (y(l‘i)a’(&t ;) — y() o’ (e - xﬁ))(gt ) . (F22)

i=1

We wish to show that S; and S, are very close to

M= 5 [(f 5o (@) (@ - @) = [, (2)0" (e - x)) (J - x)} (F23)
and
My = mN]SEdfl [(y(%)a/(at i) = y(@s) o (e xz)) (d¢ iﬂz)} (F.24)

respectively, with high probability — then, we will obtain bounds on M; and M5. We will show that
S1 and M, are close — the proof that S5 and M, are close is similar.

Expanding into Monomials Our proof strategy is to expand the following quantity, for z € S?~1:
G(w) = (f3.(2)0" (s @) = fp,, (@) ity - 2) ) (3, - 2) (F25)

and obtain concentration bounds for each of the terms. In this proof, we let I' denote the natural
coupling between p, p, p which is the distribution over triples (@ (X), Uyt (X), Tt (X)), Where x is
sampled from {x1, ..., Xm}. Then, we can write G(x) as

Gz)= E [(a(a;-x)a'(at-x)—a(a;t.x)a'(am-x)).(St.x)]. (F.26)

4 n! ~1/
Uy >Uny, Uy ~T

For convenience, let us define
9(@) = (@) - 2)0 (@ - @) = o (it - 2)0’ (g - )) - (51 ). (F27)

Clearly we have G(z) = Ea/ ar, .a;~r[g(2)]. Now, we consider the effect of expanding g(z) by
expanding o and ¢’ into monomials that involve (i - ), (4 - ), (4, - =) and (4, - x). Since o
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is an even polynomial of degree 4 and ¢’ is an odd polynomial of degree 3, we can write g(z) as a
linear combination of terms of the following form:

(@)™ - @)™ = (@ - @) (g - ) ) (3 - ) (F28)

where 7 = 0,2,4 and i3 = 1,3 — each such term also has _a constant factor of
O(64,,d045,d7/Niy.ar/Ni,.a). We now consider the contribution of Eq. l) for each value of

i1, 2. In the case where i; = 0, we can rewrite Eq. ti as (St -x)? when i = 1, and
(2% + (- @)@ty - @) + (g - 2)) (51 - 2)? (F29)

when io = 3. In the case where 4; and iy are both nonzero, letting §; = @, — 4, , we can write

nt
Eq. (F28) as ]

(G- )" (- 2™ = (il )" iy - 22 ) By - ) (F30)
= (@ o) = (@), - 2)" ) (@ - 2) 0y - ) (F31)
(it - 0)" (@ )" = (g - 2) ) (B - ) (F32)
= Z l(ﬁ; cx) (g, - @) (U @ — - @) (- 1) (0 - @) (F.33)
Ry

+ > (i @) (g @)l @)l — - 2) (5 w) (B34)

ig3+ig=12—1

13,44 >0
= > (@ @) (A, - w) (@ - 2)? (6 2) (0] - @) (F35)
13+i4=101—1
13,14 >0
+ Y (@ @) (g @) (g - ) (5 - 3)? (F36)
ig+ig=io—1
13,54 >0

In summary, Eq. (F28) can be written as a linear combination of terms of the form

(@ - )" (Gt - )" (U - ) (8 - @) (8 - ) (F37)
where i3 + i4 = 1,3 and 73 = 1, 3, and terms of the form
(i), - &)™ (G - @) (g - )" (0 - @) (F.38)

where i1 = 0,2,4 and i3 + i4 = 0, 2.

Contribution of Eq. (F.38) to Concentration Error In Eq. jF.38 ), we can write Uy = 1y + b¢, and
thus write Eq. (F38) as a linear combination of terms of the form

(it - )" (G - )™ (6 - 2)? T8 (F.39)
where i1 = 0,2, 4 and 45 + i3 = 0, 2. Next, in order to use Lemmal (.7} we write @,; = t,; + ; and

expand (recalling the definition of ¢, from Lemma[5.4). Thus, Eq. (E.38) is a linear combination of
terms of the form

(i - r)™ (O - )2 (g - )% (8 - )% (8 - )2+ (F.40)
where i1 + i3 = 0,2,4, and i3 + ¢4 + ¢5 = 0,2. Finally, we obtain a concentration bound for

Eq. (F.40) using Lemmal(L.7

1 & . . ) - )
‘E D (W - i) (O - i) (W - )" (e - 0)™ (6 - ) > (F41)
=1
B mNIsEdﬂ |:(a;]t ’ x)il (5:7t ) x)iz (Ut - m)is (6t - 35)1‘4 (St : $)2+i5}
(F42)
8 N2 8nel |5 16:)12T% , [d dle+iatis)/2+1 1

< o(1) 110715 | e 15 2 a

S (logd) (ir+ia+is+iatis)/2+1 ( n " + dQ(logd)) - (F43)
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Here, when applying Lemma iy and 1, take the role of w; and wo, while 6;7t~/ 07|25
Ont/||0nt|l2 and 6;/||d¢||2 take the role of wui, ug, ug and uy (we let ug = uy = 04/[|0¢]|2 and
choose p3 and py so that p3 + py = 2 + i5). Note that we implicitly perform a union bound over ﬁ%t
and 5;],5 drawn from the support of f; , — this does not affect the failure probability, since the failure
probability for the result of Lemma|l.7|is m, and it is assumed in Theorem [3.5|that m < d¢
for some universal constant C'. When applying Lemma [[.7]at later points in this proof, we implicitly
perform this union bound.

In order to compute the final contribution of each such term to the concentration error between .S and
M, we must first (1) incorporate the coefficients of o and o’ with respect to the Legendre polynomials
P, 4 and Py 4, (2) take the average of ||5’nt||’2’ with respect to x (which is implicit throughout this

proof), and (3) use the fact that n. > d*(log d)° ().

Recall that o = &9 41/ No,qP2,q + 64,a\/ Na,aPs,q. Using Eq. and the fact that Np g < d? and
Nyq =< d* (by Equation (2.10) of Atkinson and Han [12]), we find that, up to constant factors, the
coefficient of the 0-order term in o (¢) can be bounded above by max (62 4, 4.4), the coefficient of
the 2"d-order term in o (¢) can be bounded above by max (52,4, 54,4)d, and the coefficient of the 4
order term can be bounded above by 64 4d*. Similarly, up to constant factors, the coefficient of the
1%-order term in ¢’ (t) can be bounded above by max(&2 4, 54,4)d and the coefficient of the 3" order
term in ¢/ (¢) can be bounded above by max(Gz, 4, 54.4)d?. Thus, each term of degree k originating
from o contributes a factor of max (62,4, 5747d)dk/ 2 to the coefficient of Eq. , and each term
of degree k — 1 originating from ¢’ contributes a factor of max (62 4, &4’d)dk/ 2 to the coefficient of
Eq. (F38). Finally, for each term in Eq. of total degree i1 + ig + i3 + i4 + i5 + 2, note that o
and o’ together contribute a factor of degree i1 + is + i3 + 44 + 45 + 1, since in Eq. , aside

from the factors contributed by ¢ and ¢’, only a single factor of §; - x is present.

Thus, to obtain the final contribution of Eq. to the overall error between M7 and S7, we multiply
by an additional coefficient of max (62 ;, 67 ,)d(1izFiatia+is)/2+1 Taking this into account, the
contribution of Eq. (F4T) is

(630+ 62 ) 1og 0D a5 15l B37 (/ 4 4 T LY sy
2,d T 04,4)108 ntll2 199t li2 1192 n n dQQogd) ) © V"

Next, we simplify this using casework on 5. For the case i3 < 1, since i4 + 45 < 2, the bound is at
most

(3 + 0 D03 l15 180 15 101577 < (65,0 + 63 a)l10:113 (F45)

since d(2tiatis)/241 < g25 and because n > d°(logd)®"), and we eliminate a factor of

~

H5;7t||§2 |18t ]|%+10]|%° because all of the particles have £5 norm at most 1. Additionally, for the
case iy > 2, after taking the average of H(S;tHZ; < 1167113 across all y, the bound is at most

5 A —2 = d  Uiatiatis)/2+1 1
(Jg,d + Uz,d)(log d)O(l)Ant”5t||§(\/;+ n + dQ(logd))

N 2 2 % i /2— 1
(63 + % D BnlBl3 (a7 + 0(5))
(B.c. n > d*(logd)®™ and iy + i5 < 2)
<654+ 632)[0:015 (B.c. Ay < - and iz < 4)
where we have Znt < ﬁ because by Lemma [E.3| we have that Assumption |5.3|holds as long
as nt < T .. In summary, we have shown that terms of the form Eq. (F.38)) contribute at most
(65 4 + 03 4)119:]|5, up to constant factors, to the concentration error between Sy and M.

Contribution of Eq. Ib to Concentration Error We expand Eq. || by using u; = o+ Ot +

Ut gt = Oyt + Uy and @, = 0 + O}, + iy, Thus, we can write Eq. li as a linear combination
of terms of the form

(St : l‘)Hil (Sé ) x)lﬂg (51715 : ﬂf)is (5;,t : x)m (ant : x)iS (ﬂ;]t ’ x)iﬁ (F.47)

(F.46)

A
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where 11 + 2 + i3 + 14 + 5 + 26 = 6 (since the degrees of each of the monomjals must be 8) and
i3 < 3 (since each of these terms originates from (@ - )" (diy; - )" (Gy - )" (d; - ) (0] - ) where
iy < 3). Using Lemmal|[7] we obtain a concentration bound for Eq. :

1 - L ) . . ) )
‘H > (B ai) T - i) TR (S @) (S - @) (g - w2)" (1] - i) (F.48)
i=1

— B [Gr @) G @) G @) (G @) g - 2 iy - )

E,\,Sd—l

(F49)
ISl I35 80t 18 10l ¢ [d | dCiatisti2 1
dl+(ii+iz+is+is+is+ic)/2 < n ) '

< o1
S (logd) n n + 12(og d)
(F.50)

As discussed in the previous case, after we consider the coefficients of o (¢) and o’ (t), we find that
the term in Eq. (F.47) contributes

(630-+ 62, Qo d)OD [ B8, 10 () 2+ T L)
2,d 4,d tli2 thl2 ntll2 19y¢ll2 n n d9(ogd) ) -
(E51)

Now, suppose i5 +ig > 2. Then, 71 + 42 + i3 + ¢4 < 4, meaning the contribution to the concentration
error is at most

)

(630 + 63 D) 10ell2l18t 12 < (634 + 63.0) max 16: )13 (F.52)

using the fact that n > d®(log d)© for a sufficiently large constant C', and [|3;||2 < 1 and [|6,[2 < 1.
On the other hand, if i5 4+ ig < 1, then ¢y + io + i3 + 24 > 5, and since i3 < 3, this implies that
i1 + 1o + 74 > 2. In this case, the bound is at most

2 ) O || 7 (1441 | 57 1+ PRI d | At /2 1
(63 0+ % ) 1og )OO 10,5 15715 10,615 10715 (1) = + - + )
(E.53)
S 630+ 6% )10l 10132 105015 167 15 d
(B.c. iy +iy + i3 +is < 6andn > d3(logd)®)
- 1 ,
~2 ~2 2 /AT
S(634+014) max l16:()|I3 - W||§nt”24d‘

(B.c. max, [|0:(x)]]2 < % and ||5,¢][2 S 1)
Thus, if 7 + 72 > 2, then the contribution of this term to the overall concentration error is at most
(63 4+ 03 4) max, [|6:(x)||3. On the other hand, if 44, = 1, then we can take the average of ||;,,|2
across x, and by Lemma |E2|, we have that Assumption @ holds for nt < T ., meaning that
Ex 165¢]l2 < Age < %. In this case, the contribution of this term to the overall concentration error

is at most (63 4 + 63 4) maxy [6: (VI3 - gorrmrm=d = (63,4 + 67 4) max, [|6,(x)|3. Finally,

when i4 > 2, we can take the average of [|6, |3 over x — we have E, [|6], |3 < %, and therefore the
contribution of this term to the overall concentration error is at most

(63, + 03.a) max [15,(x) 70 < (634 + 6% ) max]|6 ()3 (F54)

2
I3 - dl+Giitiz)/

In all cases, the contribution of Eq. (F37) to the overall concentration error between S, and M is at
most

(65, + 03 a) max 8, 00) 3. (E55)
Overall Concentration Error

In summary, the overall concentration error between S; and M is that of G(x). We have expanded
G () into various monomials of dot products involving z, and shown that each monomial contributes

at most (&%7 4t 65’ ) max, [|0:(x)||3 to the concentration error. Thus, with high probability,

My = 811 5 (63 4+ 63 ) max 8.3 (E56)
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In order to bound | M5 — Ss|, an almost identical, but simpler, argument can be used, with y(x) in
the place of f5,(z) or f5, ,(x). In the modified argument, 1y, i, and u,, will all be replaced with
e1. Thus, in the analysis of Eq. (F.40), we can replace u Wlth el and assume that i = 0 (since
otherwise this term becomes 0 due to the 677 x factor) — we can then proceed similarly to the
subcase where 75 < 1 in the analysis of Eq. (F40). Additionally, the term analogous to Eq. (F47)
does not arise in the case where f;, () and f;,, () are replaced by y(z), since 4; and 4, are both
replaced by ey, so the corresponding term is 0. We also note that the Legendre coefficients of y(x)
have absolute values which are less than those of ¢. Thus, we have

My = S|+ M = 85| < (63,4 + 63.a) max |3, 00) 13- (F57)
Bounding the Expectation To complete the proof, it suffices to bound |M; — Ma|. We have that
My — My = Vg, L(pt) - 0t — Va,, L(pne) - 0 (F.58)
and by Lemma[F.I] we have

R . . 1/2 B R ~
My = Ma| S (630 +530) ( = 3] 3 — dnellz) 16l (F59)

(t:unt) (Pt ,pnt) [

S (65,4 + 03 a) max |6, ()3 (F.60)
Combining this with our bound on |M; — S1| + | M3 — Sa|, we find that

|(zradg, L(pe) — grady,, L(pne)) - 0u] < (63,4 + 63.4) max 0, ()3 (E61)
as desired. O

Lemma F.3. Suppose we are in the setting of Theorem[3.3] Suppose s,t > 0. Then,
lerads, L(pe) = grady, L(p)ll2 < (53 4+ 63 )d* - maxlie (i) = s ()2 (F.62)

Proof. We have

lgrad,, L(p,) — grad, L(ps)ll2 (F.63)
= (I — i) )Va,L(pe) — (I — astt] )Va, L(ps) |2 (F.64)
:H( ) %Z (F5,(25) — y(x:))o' (0] i)z (F.65)
(1 - agal)- %Z(fﬁs (r0) —~ ya o' @l e ®66)

=1
< S ) — y(a)o i ) (L — i Y (E67)

=1

— (fp. (i) — yl@i)o' (@) x:) (I — @0 )zill2.  (F.68)

We bound the right-hand side by several applications of the triangle inequality. First, observe that for
any x € S%-1 we have

[fo. () = f5.(2)] lo(@:(xi) - @) = o(@s(xi) - )| (F.69)

<
Il
—

A IA
3= 3=
Mj ‘ME

|U2 dlv/Na,a + 164,d]v/ Na,a) e (Xi) - ¢ — s (xi) - @]
1
(By Lemma|[E-12)

— s(xi) 2 (F.70)

J

|02d|\/N2d+|U4d|\/N4d i ln(xi)
t 7

|02d|\/N2d+|U4d|\/N4d max e (xi) — s (x3)]|2 - (E71)
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Additionally, for 4, and 4 with the same initialization y, we have

|a’(ﬂ;rx) ( x)| 62,41/ Na,a + |64,al\/Na,a) - \a:x—ﬁ:ﬂ (By Lemmal|[E.12)
G2.al\/No,a + |64,al/ Na,a) |t — Gs]|2 - (F72)
62,al\/No,a + (64,4l v/ Na,a) - max (e (xi) = s (xi) |2 - (F.73)

S (o
S
S

Also, for u; and u with the same initialization y, we have

(I = i o — (I = gtif )ailla = [|(d - @)y — (fbs - 25) s 2 (F74)
< e - @5 — b - @) lel2 + s - 2l @ — sl (FT5)
S max l[ae(xi) — s (xa) |2 - (F.76)

Finally, for z € S¢~! and any distribution p on S¥~!, we have

|fo(2) — y(2)| < 162,alv/Naa + 64,41/ Naa (E77)

since we can bound | f,(x)| using Lemma , and because (ignoring ﬁo,d since it is equal to &¢_q)
y(x) = Y262,aPs,a + 1464,4P4,4, and using Assumption[3.2]

Thus, we can simplify the right-hand side of Eq. (F.68) using the triangle inequality, and combining
Eq. (E71). Eq. (E73). Eq. (E76) and Eq. (ET7):

1(fp. (20) = y@i))o" (@ ) (I — it Ja; — (f. (x:) — y(@:))o’ (g @) (I - @sti )aill2 (FT8)

<\ fpo (@) = fo, (@)llo’ (@ 2:) (I — tptty )i (F.79)
+ [ fo. (@) = y(@)||o” (@] @3) — o’ (@) ) |||(T — et )as|2
(F.80)
+ | fo. (@) — y(@)|o” (@) za)|[|(1 — @t )i — (I — sti) |2
(F 81)
< (65 4Noa + 63 ¢Naa) - mex [t () — s (xa) 2 (F.82)

+ 1 fp. (i) — y(@)llo’ (0] @) — o (@ @) ||(] — @ty )i|2

83)

+ 15 (20) = ylaa)llo’ (0] )11 — aei] )i — (I — i )i|2
(By Eq. (F.71), bounding |o’ (@ #;)| by Lemma|E.12)

S (63.aN2.a + 65 4Naa) - max [lie () — ks (xa) 2 (F34)

+ (&§7dN2,d + &iszL,d) . rg[ax 14 (xs) — @s(xa)]l2 (F.85)

+ 1 fp. (i) — y(z) |0’ (0] xz)|||( — Utut D) — (I = g )|
By Eq. (F77) and Eq. (F73))
< (63.4N2a + 63 ¢Nasa) - max (|4 (xi) — ﬁs(Xz‘)||2 (F.86)
+ (63 4N2ya + 63 gNaa) - g% llas (xi) — s (x3)ll2 (F.87)
+ (63.4N2,a 4 635 gNa,a) - max || (xs) — s (x3) |2

i€[m]
(By Eq. (F76), Eq. (F77) and Lemmal[E.12)
< (63 4Noa + 67 4Naa) - max e (xi) — s (X2 - (F.88)

Therefore, Eq. (F.68) gives

lerad, E(p1) — rady, Z(p)la S (03 oMo + 6%,aNea) - s ) — ) (F89)

as desired. O
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Proof of Theorem[3.3] To show that projected gradient descent achieves low population loss, we
show that it does not diverge far from projected gradient descent. Suppose pg and pg are both equal
to unif(x1, ..., xm}). Then, by induction over ¢, we bound the difference between @ (x) and @, (x)
forall x € {x1,.-.,Xm}- Att = 0, we have to(x) = Go(x). Let ¢ be a nonnegative integer, and
assume that for all s < ¢ we have max,, ||d;(x)]||2 <

NG
By the definition of projected gradient descent, we have

ar(x) —1n - gradut(x)i(ﬁt)
@ (x) —n - gradg, L(p)|

Ur1(x) = (F.90)

Note that ||a; — 7 - gradatf(p}) ll2 > ||@¢t||2, since gradﬂtf(ﬁt) is orthogonal to ;. Thus, letting IT
denote the projection onto the ¢5 unit ball, we have

1te 1 — tp(esryll2 = [[T(TG¢ — 7 - gfadﬂ,,i(f’t)) — (T (141 |2 (F91)
< ||’l~1/t -n- gradﬂtL(ﬁt) — ﬂn(t+1)||2 . (F92)
Also, we have
(t+1) =R
(0 = (0~ [ rady y E(pu)ds. (F93)
nt
Thus,
} - . ) R - . n(t+1) -~ 2
e~ 0 gradg, L30) = el = [ — - eradg, Eip) — o+ [ g Z(p)ds]
nt
(F.94)
) . n(t+1) =R 2
=l = el + [ erade Lo~ [ erady Zpuas]
nt
(F.95)
n(t+1) - -
2= i) [ (erady, E(7) ~ rad, Z(p))ds
nt
(F.96)
= 813 + 0634 + 63 ") (F97)
+ 210, - (grad;, L(pr) — grad;, L(ppt)) (F.98)

5 n(t+1) - ~
+ 26, - / (grad;  L(pye) — grady L(ps)ds
n

(By Lemma [E.T4)

<1513 + O (n2(63 4 + 5% 0)d") (F.99)

+ 0 (0634 + 5% 0) max |3, 3) (.100)

=

- n(t+1) ~ ~
+ 24, - / (grad;  L(pye) — grady L(ps)ds .
nt
(By Lemma [F2))
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Further simplifying using the Cauchy-Schwarz inequality, we have
liie = - grady, L(5) = iingesn) |3 < 13013 + O (0203 4 + 63 )% (E101)
+0(n(63,4+ 6 ) max |3, 3) (F102)

+21)l6¢]lz  max ||lgrad,  L(py) — grad, L(ps)|l2
s€[nt,n(t+1)] !

(F.103)

< 133+ 0w (33,0 + 63 0)°¢") (F.104)

+ 00634+ 5% 0) max 3, 3) (F.105)

+20]6[|2(85 4 + 65 4)d" (F.106)
sepiax | max (s (i) — tine(xa) |2

(By Lemma|E.3)

< 135 + O(n*(63.4 + 5.0 (F.107)

+0(n(63,4+ 63 ) max |3, () 3) (R108)

+217]|6¢ 12 02 aT id)d4 : 77(02,d + &id)d4
(By Lemma [E.T4)
< [16:13 + O(nQ(&S,d + &i,d)QdS) (F.109)

+0((63 4+ 62 ) max [3,(0)3) - (E.110)
Thus, we have
max |31 (03 < (1+0(n(63.0+63.) ) max 800113 + O (n*(63, + 57.0)%°) E11D)
which means that for some universal constant C,

t .
max (31 (I3 £ (14 Cn(e3a+030) (630 + 57.0)" (F112)

. t+1
L (@, retn) -

S0P (654465 4)° P (E.113)
(1 + 077(‘72,(1 + ‘74,d)> -1
R t+1
2 £2 12 8 (1 +On(05a+ Uid)) -1
<262, + 62 )25 - L F114
~ N ( 2,d 4, d) Cn(o_;d I o_id) ( )
-2 A2\ 8 A2 o )T
0630+ 5308 (1+Cn(634+5%0)) (F.115)
S 63,4+ 63 4)d° - CMRatoLDIHY). (F.116)

Thus, as long as n = for a sufficiently large universal constant B, and choosing 7 so

T* Ty,

1
(63,4167%,4)d"

that T, . is an integer multiple of 7, we have max, [|d;41(x)||2 < f’ because if ¢t < , then
max 61 (0|3 < (63,4 + 67 g)d* - OBt AADT- (E117)
< (634 + 63 g)d® - 008D (E118)
< (63 4+ 635 4)d%. (F.119)
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This completes the induction, and therefore for all ¢t < T* -

, we have max, [|0;(x)||2 < %. Addi-
tionally, by Lemma@ and using the coupling between p pt and p,; which is the joint distribution of
(@ (x), tne(x)), we have

- 4t
B U (@) = o, (2))°] S (83,44 67.0) max 0,002 S T S (63,4 + 6% a)e

(F.120)
which completes the proof. O

G Missing Proofs in Section 3|

G.1 Proof of Lemma[3.1]

In this section, we prove sufficient and necessary conditions for 2 and 4 when the population loss
is 0.

Proposition G.1 (Necessary condition). Let f,(z) = E,,[o(u’ x)] be a (not necessarily symmetric
nor rotational invariant) two-layer neural network and y(z) = h(e] x) the target function. Define

Vi = ZiZ,Vk > 0. Suppose E,sa—1(f,(x) — y(x))?> =0and 6,4 # 0,64,4 # 0, we have

1
2<y+0 () , G.1
2 S 74 Nz G.D
1
Y4 <72+ 0 (\/g) ; (G.2)
72 < L (G.3)
Proof. Similar to the proof of Lemma@ we have
2
CE (@) —hTe))?) = E (E[o(ue)] - haTe)) (G4)
oo
2
= Iwgd ) (uNp [Z de d u xr :| Z de d\T 61)) (GS)
k=0 k=0
> _ . 2
- E (Z_: (%a E [Pra(ue)) - haPra@Ten)) . (G.6)
Continuing the equation by invoking Lemma|C.5] we get
s _ PO 2
E, (Z (fm,d u]Ep[Pk,d(UTz)] - hk,de,d(xTel))) (G.7)
(oo}
_ S 2
= Z Ed71 (a'k,d HIE [Pk,d(uTx)] — hk7de7d($T€1)) (G.9)
=0 ~S 14
> 2
= Y a(, B [Pea(u™v) — 2Pra(uTer) +4RPrale] er))) (G.9)
k=0 ’
Therefore, E,ga—1[(f,(z) — h(z"e1))?] = 0 implies that
. ENP[PQ"Z(UTUI) — 27 Py g(u'er) + V2 Paa(ef e1)] =0, (G.10)
. ENP[P47d(uTu’) —2v4Py a(u'er) +viPya(e e1)] = 0. (G.11)

First we prove Eq @ By Lemma | there is a feature mapping ¢ : S~! — R™2.4 such that for
every u,v € S

(¢(u), p(v)) = NaaPsq(u'v), (G.12)
[6ull3 = Nz (G.13)
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Rewrite Eq. (G.10) using ¢ we get
I E [62(0] ~ maa(en)l = 0

Or equivalently,
Yop2(e1) = uIEp[¢2(U)]
As aresult,
e | Bt _ Banllal, _
VA kd||, VAkd ||, N g
Similarly, we also have y4 < 1.
Now we prove Eq. (G-I)). Recall that
d 1
Prglt)y= —1*— ——
2l =550 1
d+2)(d+4) , 6d+12, 3
Pya(t) = tt — t .
14(t) 21 -1 teEa
Combining Eq. (G.10) and Eq. we have
d—1
0=— TE@Np[Pz,d(UTu') —272Pya(u’er) + 75 Paaleq e1)]

1

= LE ") =2y(uler)’ +93(ef )] = 5(1 = 292 +93)
1

I E %2 — el — 51— 2)"

Consequently,

1
IE [u® = yoef?]lf = S (1= 7).
~p

Similarly, combining Eq. (G.11) and Eq. (G-18) we get

d?—1
0= E [Poglu'v)—4v4Pyq(u’er) +viPsale] e
(d+2)(d+4) u,u/~p[ ,d( ) YaPya( 1 Y3 Pa.a(e; e1)]

)
3
- E W) 9 T oNA | 20T, \4
u,u/Np[(u u) 74(11’ 61) +’74(€1 61) ]+ (d+2)(d+4)
6d + 12

. T ne T N2, 2T, N2
(d+2)(d+4) u,gwp[(u u) 274(11‘ 61) +P)/4(el 61) ]

Consequently,

(1—2y4+73)

6d + 12

droary Mty

IE [w* = e < (1= 7a)? +

3
(d+2)(d+4)
Now for any fixed £ € S?~1, our key observation is that by Jensen’s inequality,

E WO < E [WTe)Y).
On the one hand, by Eq. (G.22) we have
E [(u"€)*] = v2(ei §)*

u~p

E [<u®2 - ’)’26?2,§®2>]‘
u~p
0—?

<1 E [0 — 30 rle® r = |
~p
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(G.16)

(G.17)

(G.18)

(G.19)
(G.20)

(G.21)

(G.22)

(G.23)

(G.24)

(G.25)

(G.26)

(G.27)

(G.28)

(G.29)



On the other hand, by Eq. (G.26) we have

E [T = (el | = | E [(u®! — e, £57)] (G.30)
6d + 12
<|| E [u® — yueft r <2y 1 —1|). 31
< B Ju® = e e < 2 g s e U - 1), (G3D
Finally, combining Eqs (G.27)-(G-31)) and set £ = e; we get
2
(1—72)? 6d + 12
—y =] < 20— 1 —1)). G.32
It follows directly that
1
7 <71+0 <ﬁ> : (G.33)
Finally we prove Eq. (G.2). For any ¢, u € S¥~! we have |u"¢| < 1. As aresult,
E[(u"¢)'< E[(u'€)?]. (G.34)
un~p u~p
Combining with Eq. (G.29) and Eq. (G31)) and setting { = e; we get
v < O(1/Vd) + UIEP[(UTE)4] <O(1/Vd) + uIEp[(UTﬁ)2] < O(1/Vd) + 0. (G.35)
O

Proposition G.2 (Sufficient condition). Let f,(x) = Ey,[0(u" z)] be a two-layer neural network

and y(x) = h(e] ) the target function. Let y;, = Z:jﬁ’k > 0. Suppose fzkyd =0,Vk € {0,2,4},

fALO,d = 00,4, 0 is a degree-4 polynomial, and

Vs <y —0(1/d), (G.36)
Y4 < e —O(1/d), (G.37)
e <1-0(1/d). (G.38)

Then there exists a symmetric and rotational invariant neural network p such that E,, g1 (f,(x) —
2
y(@))* = 0.

Proof. Recall that by Lemma[4.2] for every symmetric and rotational invariant neural network p we
have
52
02.d

Lip) = 24 E [Praw)] =) +

A2
‘74,d(

2
(B [Pra(w)] =) (6.39)

u~p

where u = (w, 2), w € [—1,1], and z € v/1 — w2S%2. Therefore, we only need to show that there
exists a one-dimensional distribution g such that

WE [Pra(w)] =, (G40)
wIE#[sz,d(w)} = . (G.41)
Recall that
d 1
P -2 42
2,d(t) 1 Ta-1 (G.42)
(d+2)(d+4) , 6d+12, 3

P = - . 4

1a(t) -1 T e-1 teo (G43)
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Consequently, Eq. (G.40) and Eq. (G.4T) is equivalent to

d—1 1
21 — —
Ew =Tt (G.44)
d?—1 6d + 12 d—1 1 3
E [w'] = ) (G45
L] (d+2)(d+4)74+(d+2)(d+4)( d 72+d> @+t 9

_ d—1 1 _ d*—1 6d+12 d—1 1 3
Let ﬁ2 == T’YZ + d and 54 = (d+2)(d+4)74 + (d+2)(d+4) (T’YQ + E) — W Then we

have |82 — 72| < O(1/d) and |84 — 74| < O(1/d). Rewriting Eqgs. (G.36)-(G.38) using 82 and 34,
we have

B3 < Ba, (G.46)
Ba < B, (G.47)
B2 < 1. (G.48)
By Proposition [[.T4] there exists a distribution p* such that
JE. [w?] = Ba, (G.49)
JE . [w'] =B (G.50)

Hence, by setting the marginal distribution of w equal to p©*, we have

wL]:EM [P a(w)] = 72, wINEm[P“’d(w)] = V4, (G.51)
which proves the desired result. O

H Proofs for Sample Complexity Lower Bounds for Kernel Method

In this section, we present a sample complexity lower bound for kernel methods with any inner
product kernel. That is, the kernel K : S?~1 x S4=1 — R can be written as K (z, 2) = s(x ' z) for
some one-dimensional function  : [—1, 1] — R. Inner product kernels are rotational invariant and
do not specialize to any coordinate. In particular, NTK of two-layer neural networks is an inner
product kernel (e.g., Du et al. [30], Wei et al. [76]).

To prove Theorem[3.6] we only need to work on the degree-£ spherical harmonics component of the
target function and its estimation because, by the orthogonality of spherical harmonics, any lower
bound for the degree-k components directly translates to the original setting. The following lemma
states the lower bound for general £ > 0, while Theoremonly requires the case k = 4.

Lemma H.1. Fixed any k > 1, let g*(x) = Py q(u' x) for some fixed u € S?=1. When d is larger
than a sufficiently large universal constant and n. < d*(8k)~C*+1 (Ind) = +2), with probability

at least 1/2 over the randomness of n i.id. data {21, -+, 2} drawn uniformly from S, any
estimation g of the form g(x) = Y1, BiPy.q(x " x;) must have a constant error:
E_ (9(x) —g(2)")* > 3/4. (H.1)

Proof of Lemma is deferred to Appendix where our key observation is that Py, 4((x;,))
cannot correlate too much with g* when z; is uniformly randomly drawn from the unit sphere.
Indeed, (Py.q((zi,-)),9*) = Pra(z] u) concentrates within £1/Nj, 4 (Lemma |C.7). Hence, we

can upperbound (g, g*) = Y"1, Bi Py a(z] u) < ||Bll2y/1/Ni,a. However, we also have ||g||3 =
Yijem) BiB; Pr.a(x] x;) 2 ||B]|3 because the matrix (Py q(z] x;)); jen) concentrates around I

(Lemma|H.3). Since ||g — g*||3 < 3/4 requires (g, g*) > ||g||2/2, we must have n > Ny 4 ~ d~*.

H.1 Proof of Theorem 3.6

The following theorem states that for every k£ > 0, to achieve a constant population error, we need
at least C,d~*(Ind)~*+2) samples where C), = (8k)~(3*+1) is a constant that only depends on k.
Hence, Theorem 3.6]is a direct corollary of Theorem[H.2] by taking k = 4.
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Theorem H.2. Lety : S*~! — R be a function of the form y(z) = h(q, x) where q, € S isa
fixed vector and h : [~1,1] — R is a one-dimensional function. Let K : S*~1 x S¥=1 — R be any
inner product kernel. When d is larger than a universal constant and n. < d*(8k)~F+1) (In @)~ (++2),
with probability at least 1/2 over the randomness of n i.i.d. data points {x;}?_,, any estimation f
of the form f(x) = >""" | B; K (x;, x) must have a significant error:

3 .
ly — fII3 > i(hk,d)z'

Proof of Theorem|[H.2} In the following we first fix a degree k > 1. For every [ > 0, let Y, 4 be the
space of degree-/ spherical harmonics and II; the projection to Y; 4. By the orthogonality of Y; 4, we
have

ly = fI5 =Y Ty = NI = [Hkly = £)I3. (H.2)

1=0
By Atkinson and Han [12} Section 2.3], the projection operator IIj, is given by

[Mef)(@) = VNia, B [Pra@" OS] (H3)
Consequently, we have (I1;y)(z) = \/Ni,a Ecosa—1 [Pr.a(x " €)h(g, €)]. Recall that
a3 I'(d/2) 1
pa(t) = (1 =17 e —= (H4)
I((d-1)/2) ym
is the density of u; when u = (u,---,uq) is drawn uniformly from S¢-1, and Bk’d =
Bt~y [Pr,a(t)h(t)]. By Funk-Hecke formula (Theorem we get
(xy)(2) = heaPra(z’q0), Vo €S (H.5)
Similarly, we can write the inner product kernel K as K(z,z) = r(x'z). Define fpq =
Bty [Pr,a(t)s(t)]. Then we have
n
(ka)(x) = /%/md Zﬁiﬁk,d(xTxi)> Vo € Sd_l. (H.6)

i=1

Now we apply Lemma to the function (fy.4) " (Iyy) = Pr.a({gs,-)). As a result, with
probability at least 1/2 over the randomness of {z;}? ,, for any function f of the form f(-) =
>3

Yoy BiK (@i, ), we have || (hy,q) ' Tla(y — f)||3 > 3/4, which implies |y — f[|3 > 3 (hx,a)?. O
H.2 Proof of Lemma [H.1l

Proof of Lemma[H.1] First we prove that when ||g*[|2 = 1, ||g — ¢*||3 < 3/4 implies (g, g*) >
lgll2/2. To this end, by basic algebra we get

3/4> |lg— g*13 = llgll3 + llg*[I3 — 2 (g, 9%) - (H.7)

Consequently,

1 1 1
.92 5 I8+ 1) = 3lal Hs)

where the last inequality follows from AM-GM. In the following, we prove that with probability at
least 1/2, Eq. is impossible when n < d*(8%)~ G+ (In @)~ (*+2),

Recall that Lemma states that for every z, 2 € S*~ ! and k > 0,

(Pra({x,-), Pra((z,)) = Pra((z, 2)). (H.9)
As a result,
lgll3 = Z BiBi (Pr.a((xi, ), Pra((z;,-))) = Z BiBj Pr,a({zi, ;). (H.10)

98



Invoking Lemma with probability at least 3/4 over the randomness of {x; };c[,], We have

lgll3 = > BiBiPral(xi x;)) > 2IIBHQ (H.11)
ij—1
For the LHS of Eq. (H:3),
9" =D Bi (Pral(@i,), Pral Z&Pkd ((wi,u (H.12)
=1

n /2 /oy 1/2 " 1/2
<<;53) (;Pk,d(@mW)Q) = [I1Bll2 <;Pk,d((xi,u))2) . (H.13)

By Lemma when n < dF(8k)~ (k1 (Ind)~(*+2)_ with probability at least 3/4 we have

n 1/2 1/2
(9,9%) < I8l (Z Pk,d<<xi,u>>2) <ol (mmx Patlen)?) g
i=1
n(32k In(dn))* 1
< _ < — H.15
< 8 A gy, [ (H.15)
Combining Eq. (H.11) and Eq. (H.15), there exists a universal constant dy > 0 such that when
d > dy, with probability at least 1/2 over the randomness of {z1,-- , 2, },
(9:97) <Bll2/4 < llgll2/2- (H.16)
Recall that ||g — g*||3 < 3/4 implies (g, g*) > ||g||2/2. Consequently, with probability at least 1/2,
when n < d*(8k)~G*+ 1) (Ind)~(*+2) and d > dy we have ||g — g*||3 > 3/4. O
Lemma H.3. Let 21, - - ,x, be i.i.d. random variables drawn uniformly from S%~1, and Py, 4 the

degree-k Legendre polynomial. For any fixed k > 1, define the matrix M, € R"*"™ where [M}); j =
Py..a((ws, ;). There exists universal constants dg such that, when n < d*(8k)~Gk+1 (In d)~(k+2)
and d > dy, with probability at least 3 /4,

Amin(Mg) > 1/2. (H.17)
Proof. In the following, we fix £ > 1. First, we prove that
E[Amin(My)] > 7/8. (H.18)
To this end, we invoke Theoremby constructing a matrix A such that ﬁAT A = M.

By Lemma [C.6} there exists a feature mapping ¢ : S*~! — RNk such that for every u, v € S

(p(u), (v)) = Ni,aPr.a(u'v), (H.19)
(w13 = N, (H.20)
ujs%ﬂ[aﬁ(uw(u)ﬁ =1. (H21)

We set A; = ¢(z;),V1 < i < n. Consequently,

—ATA=M, H.22
Nk . k> ( )
143113 = N, (H.23)
E[A;A]]=1. (H.24)

In the following, we upper bound the incoherence parameter p defined in Theorem [L.4}

p=——E|max > (4, 4,)°|. (H.25)

’ T JEln]g#i
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By Eq. (H.19) we get
1

mE r{lgafje[%;j# (Ai,Aj>2 = NiqaE %a§j€%¢ipk7d(<xi’xj>)2 (H.26)
<nNgqaE {r&agc I?QZX Py a({z4, xﬁ)z} ) (H.27)

Invoking Lemma|[C.7| we get
NeaE [igagcr?zc Pk’d(m,xj))?} < (32kIn(dn))". (H.28)

It follows that p < n(32k In(dn))*.

Now that we have established the conditions, by Theorem@] we have

B[|M - 1] 3 \/ ) (S2 ndn)” (.29

Note that Ny 4 > (k+z_2) > (d/k)* when k > 2, and clearly Ny 4 > d. Hence, there exists a
universal constant d such that, when n < d*(8k)~*+1) (In d)~(++2),
n(lnn)(32k In(dn))* < n(8k)2k In(dn)F+1 < n(8k)2k In(dk+1)k+1
Ni.a B d* = F

Hence, there exists a universal constant dy such that when d > d,

EAmin(M)] > 1 - 0(1)\/n(lnn)(32kln(dn))k >1- 0(1)\/1L > 7/8. (H.31)

<

1
oI (H.30)

Ni.q nd —

Now we prove Eq. (H.I7). Lett = 1 — A\pin (M) be a random variable. Note that by Eq. (H.18) we
have E[t] < 1/8. By basic algebra, we also have

Arnin(Z\4) S Ml,l - Pk:,d(<xla $1>) = Pk,d(l) = 1a (H32)

which implies ¢ > 0. Therefore, by Markov inequality we get
Pr(Amin(M) < 1/2) = Pr(t > 1/2) < 2E[t] < 1/4. (H.33)
O

I Toolbox

I.1 Rademacher Complexity and Generalization Bounds

Lemma 1.1 (Special Case of Contraction Principle (Lemma 4.6 of Adamczak et al. [4])). Let F be a
Samily of functions from D to R, and let @ be an L-Lipschitz function with ¢(0) = 0. Then, for any
S={z1,...,an} C D,

N N

E sup %chp(f(wi)) < L-Esup %Zelf(ﬂcl) (LD

“rer Vi “rer Vi

where the expectations are taken over i.i.d. Rademacher random variables €1, . . ., €.

In the following, for a function family H, we let Ry (#H) denote its Rademacher complexity and
Rg(#H) denote its empirical Rademacher complexity (given a fixed dataset .S) — see Section 4.4.2 of
Ma [53]] for a definition of these concepts.

Lemma I.2 (Empirical Rademacher Complexity of Products). Suppose F and G are two families
of functions from D to R, with D C R?, which are uniformly bounded by B > 0. Then, for any set
S={x,...,zn} C D,

Rs(F-G) < B-(Rs(F) + Rs(9)), 1.2)
where F -G ={fg| f € F,g € G}. As a corollary,
Ry(F-G) < B-(Rn(F)+ Rn(9)). (L3)
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Proof of Lemma([[.2] We can write

N

1
Rs(F-G)=E sup — Zﬁzf(xz)g(xz) (1.4)
¢ ferF,geg Vo
1SN (f@) + 9(@)? — (f(2) — gla))?
=E — ;- L5
€ febf}l,lgjeg ;6 4 )
1S (f(w) tg(@)? Y (fla) — gla))?
<E — ) g —.
o feS}gI;eg N ;E 4 T fesfuseg ;

{1.6)

Using Lemmaand the fact that the function x — 2 is 2B Lipschitz on the interval [— B, B], we
have

fz) +g(x) f@i) — g(z;)
Rs(F-G)<2B-E i +2B-E f
s(F-0) < € feil'l};)eg Ze €i feilgeg Z “
(L.7)
B B
5 (Rs(F)+ Rs(9)) + 5 (Rs(F)+ Rs(9)) (1.8)
=B (Rs(F) + Rs(9)) 1.9)
as desired. ]

Lemma 1.3 (Symmetrization — Analogous to Corollary 4.7 of Adamczak et al. [4]]). Let X1,..., XN
be independent random variables. Let F be a family of functions from D C R? to R that is uniformly
bounded by B, > 1, and let G be a family of functions from D C R® to R. Then, for nonnegative
integers p1, P2, P3, P4 and aﬁxed g € G that is bounded by Bs > 1, we have

IE sup

S EQ\N (172 (X P Ao (X0 P2 3 (X0 P2 £ (X0) P () (L10)
Xi 1,J2,/3,/4 g

— B[RO R0 | f2(X) P Lfa(X) P g(x)]] )

(L11)
< poly(p1,p2, ps, pa, By TP2HPTPL By) - Ry (F) (112)
Proof of Lemmal[.3} By Theorem 4.13 of Ma [53]],
£ sup ’N (lfl( DIP f2(Xa)[P2 ] f3(Xa) P2 | fa (X)) [P g (X) ] 1.13)
’fl’f27f3,f4€]: 9eg

— E [ (0P A0 P (X P fa(X) P (X)) )|
(L14)
< Ry (FPr . FP2. FP3 . FP4. g) (By Theorem 4.13 of Ma [53]])
< max(BPTP2Pstes By (RN(]-"’“ L FP2. P FRa) 4 RN({g}))
(By Lemma([[.2)
< max(BY TPRTPERL BoY L Ry (FPr . FP2 L FPe L FPA (L15)

5 maX(B;f1+P2+P3+P4’ Bz) . maX(Bfl,BfQ—i_pS—HM) . maX(BfQ,Bf?’ﬂ)‘*)
(1.16)
-max(B{*, BY*) - (Rn(F™) + Ry (F7?) + Ry (F™) + Ry (F7))
(By repeated applications of Lemma|[[.2))

S max(BY PP o) (R (FP) + Ry (F7) + Ry (F7) + w5
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Finally, we simplify Ry (FP¢) for each 7. For nonnegative integers p, since F is uniformly bounded
by B, the function x > 2P is pril-LipSChitZ on [— By, By| for p > 1 and is 1-Lipschitz for p = 0.
Thus, by Lemma we have Ry (F?) < min(1, pB® ") Ry (F), and

E sup

Fofat fef EG‘N (|f1( D f2(X0) P2 | £3 (X)) [P2 | f4(X0) [P g (X)) (L18)
Xi 1,J2,/3,J4 g

— E (Il LX) P2 (X Lfa (X0 g (X1 )|

(1.19)

< maX(Blo(m+pz+pg+p4)7 Bs) - max(plelal ,szfQ,p3Bf3,p4Bf4) - Ry(F)

(1.20)

< poly(p1, p2, 3, pa, BY P2 TPTPY Bo) - Ry (F) 121

as desired. O

1.2 Concentration Lemmas

Theorem 1.4 (Theorem 5.62 of Vershynin [73]]). Let A be an m x n matrix with independent columns
{A;}7_1 and m > n. Suppose A; is isotropic, i.e., E[AjA;r] = I and ||Aj|l2 = /m for every
j € [n]. Let p be the incoherence parameter defined by

a1 2
p=— E max Z (Ai, A7 |- (1.22)
T Jj€lnliF#

Then there is a universal constant Cy such that

E H lATAIm < CO,/pln”. (1.23)
m m

The following proposition gives the tail bound for inner products of random vectors in S%~1 (c.f.
Theorem 3.4.6 of Vershynin [74]]).

Proposition L.5. Let u be a vector drawn uniformly at random from the unit sphere S*=1. For any
fixed vector v € S?1 we have

t2d
Vt >0, Pr(ju'v|>1t)<2exp (—2) . 1.24)
Proof of Proposition|[[.5] By the symmetricity of « and v, we can assume that v = (1,0,---,0)
without loss of generality. Let # = % (u"v + 1). Then we have 2 ~ Beta(452, dzl) Hence, the
desired result follows directly from Skorski [63, Theorem 1]. O

Lemma 1.6 (Modification of Proposition 4.4 of Adamczak et al. [4]]). Let X1,..., Xy be i.id.
random vectors drawn uniformly from \/dS%, and let p1, p, p3, pa, 1, g2 be nonnegative integers.
Suppose p1 +po +p3 +ps > 2. Then, for fixed w1, wy € S¥ 1, aslong as N < d© for any universal
constant C' > 0, we have

N

1 ,

N D X un ) PG, u) [P (X ) P2 [, wa) P4, wn)| (X, wa) |2
i=1

sup
’Ua1,uz,u37u4esd—1
(1.25)
=B [P ) P ) P X, PO ) ] (X o) 2
X~n/dSd—1
(1.26)
d
< CP17P2,p37p4,q1,q2 (1og d)o(p1+P2+p3+p4+q1+q2) ) \/; (127)
dw

C
P1,P2,P3,P4,91,92
+

+ Cpl ,P2,P3,P4 (IOg d)O(q1+q2) ' N dQ(IOg d)

(1.28)

102



with probability at least 1 — m. Here, Cp, 1, ps.pa,ai.q0 18 a sufficiently large constant which
depends on p1, 2,3, P4, q1,q2 and Cp, p, ps p, IS a constant which depends on p1, p2, p3, pa.

Proof of Lemma([.8] We largely follow the proof of Proposition 4.4 of Adamczak et al. [4]], with
some minor modifications. First, let £ be the event that |(X;, w;)| < (logd)? foralli =1,..., N,
and define F5 analogously for wq. By Lemma the sub-exponential norm of (X;, wy) is at most
an absolute constant X > 0. Thus, by Proposition 2.7.1 of Vershynin [74], we have

log d)?
P<|<Xi7w1>| > (log d)2> < 2Zexp ( - Q(Mﬂ)) (1.29)
19 1
< exp ( — Q(log d)2) (1.30)
1
< -
S Jolesd - (1.31)
Thus, by a union bound, with probability at least 1 — m, forall: = 1,..., N, we have

(X, w1)| < (logd)?, and [(X;, ws)| < (logd)? (by performing a similar union bound using the
sub-exponential norm of (X, ws)). In summary, F7 and E» simultaneously hold with probability at
least 1 — <=y since N < d° for some universal constant C' > 0.

Now, as in Adamczak et al. [4], define B > 1, which we will specify later — this is the amount
by which we will truncate (X, u1), (X;, ua), (X;,us) and (X;, us). For convenience, define the
function pp : R — R given by
t t € [-B, B]
pp(t) =< B t>B 1.32)
-B t<B

Define B’ = (log d)?, and define @5 similarly to ¢z, but with B replaced by B’. If E1 and F5 hold,
then for all wq, ug, usg, ua € S* 1, we have

N
1
‘N > X, ) [P (X, u2) P21 X, us) [P [(X, wa) [P o (X, wn) |2 [ (X, w2))| 2
=1

(1.33)
=B [IG )P X w7 X ) X wa) P o (X, wn ) s (X, w)) 2]
X ~y/dsd—1
(1.34)
1 N
— | i P (X, ) P2 (X ) P2 X, ) [P X 0) [ (X, ) (1.35)
i=1
=B [ )P )P ) [P X ) P o (X, wn ) o (X, )
X ~n/dSd—1
(B.c. E7 and Es hold)
N
1
= | 2 i P (X, ) P2 (X ) P2 X, ) [P X 0) (X, )| (1.36)
i=1
=B ) P ) [P, ) X, ) [P, )| (X )]
X ~n/dSd—1
(1.37)
+ CP17---7P4,Q171126_Q(B/) . (By Lemma@)

Thus, the rest of the proof will focus on obtaining an upper bound on

N
1 .
U:= sup NZ|<szu1>|p1|<Xi»U2>|p2|<XiaU3>|p3\<Xz"u4>\p4|<PB'(<Xiaw1>)|ql\<PB’(<Xi’w2>)\q2
UL,U2,U3,Us i=1
(1.38)
= B ) ) [P w1 (X, wa) P o (X, ) o (X ) 22
XN\/ESd—l
1.39)
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First define

: RS
U= sup | ST fen (X)) on (X, ua)) P o ((Xi, ua)) P o (X )
= (1.40)
o (X, 1)) [ o (X wa))| (141)
= B [len((Xu) P e (X, u2) P len (X, us)) P [os (X, ua))
X ~/dSd—1
(1.42)
o (X wn )™ o (X, w2))|* (143)

We will first obtain an upper bound on U’, then show that U’ and U are close. We apply Lemma
with F = {z — ¢p((z,u)) | u € S?1}, and with f; corresponding to pp({z,u;)), and finally
with g(z) = [ ((, wi))# [ ((a, w)) |, to find that

g U/ < pOlY(p17p27p37p47 Bp1+p2+p3+p47 (B/)Q1+Q2) . RN(‘F) (By Lemma '

1

< poly(pl’p%p?”p47 BP1+P2+:DB+P47 (Bl)qr‘rih) . sup N

X“el weSd—1

HMZ

EZQOB szu ’

(1.44)

< poly(p1, pa, p3, pa, BP P2 FPetPe (Brynitaz). Eswp
i3€i g cSd—1

e(Xi,u>’

i+

By Lemma[[;fl since ¢ p is 1-Lipschitz)

< pOIY(p17p27p37p47 Bp1+172+p3+p47 (B/)Q1+ZI2) .

X ‘. 1.45)

[ d
< pOIy(plap27p37p47 Bp1+p2+p3+p47 (B/)(h"r(h) . N . (By Lemma@)

Now, to show a high-probability upper bound on U’, we apply Lemma 4.8 of Adamczak et al. [4]
(Talagrand’s concentration inequality), and we ensure that all of the conditions are satisfied:

* Weset X1,..., Xy in Lemma 4.8 of Adamczak et al. [4] to be as defined in the statement
of Lemma

¢ For convenience, define

BB s us,us s wn,wz () = 9B ((2, un)) [P ep (2, u2)) [P 0B (2, us)) [P [ B (2, ua)) [P

(1.46)
lpp ({2, w)|" [ ((z, w2))|* . (1.47)
Then, we let
F= {ZE = 9B,B’u1,us,u3,u4,w1,ws (1‘) - E [gB,B’,u1,uz,u3,u4,w1,w2 (X)] | U1, U2, U3, Us € Sdil}
X~/dsd—1
(1.48)

where w; and w;, are fixed (i.e. as defined in the statement of Lemma[[.6).
e We let @ = 2BP1TP21P3+P4(B/)01+a2 which is a uniform bound on all the functions in F.

* Observe that for all f € F, Ey vdgi f(X) =

« Welet Z = supser o, f(X;) and 02 = supscr Yoo E f(X;)2. Observe that 02 <
a’N.

Thus, we apply Lemma 4.8 of Adamczak et al. [4] with

[d
t = apoly(p1, p2, p3, pa, BPr TP2TPs P4 (B)01taz) . ¥ (logd)? > a(logd)? ;1;: U (149)
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to find that

U’ < B U'+ apoly(pr, pa, pg, pa, BY P00 (B T) - % (1.50)
with failure probability at most
2 nT2 2 N2
P ( T 2002+ 2a1tv IEN U") + 3atN) < exp ( 12 max(o2 +t2cjzv NEU' atN)) (@50
2 n\72
- oxp ( BT (a2 +tQZVEU” tN)) (1.52)
2 N2

SeXp( %mm(azNjQJZNEU”ta )) (1.53)

< exp ( min (a2N fQ]ZjVIE U \/W)) (L.54)

= exp ( 73 min (a +t222[1E U m)) (L.55)

< exp ( o1 Min (tcﬂ : 2a]E U \/CTN)) (1.56)

< exp ( in (d QjENU” N)) (1.57)

< exp ( ~ 5 min (d ¢N, F)) (158)

< exp ( mln ( )) (1.59)

< exp(—Q(\/&)) . (1.60)

Observe that Talagrand’s concentration inequality only gives us a bound on sup ¢¢ » va:l F(X5),
while we wish to obtain a high-probability bound on sup ;. | Zfil f(X;)|. However, using
the same argument, we can obtain a similar high-probability bound on sup ¢ » Zf\il —f(X;) =
—infrer Zivzl f(X;). Thus, we obtain a lower bound on inf ;¢ » vazl f(X;) which is the negative
of the upper bound that we obtained for sup ;¢ » Zf\il f(X;), meaning that the upper bound we
obtained for sup s » Zf\;l f(X;) also holds for sup ;¢ | Zivzl f(X;)|- In summary,

d
U’ < poly(p1,p27p37p47 B]91-$-102-|-103-i-[)47 (B/)Q1+Q2) . (lOg d)2 . \/; 1.61)

with probability at least 1 — exp(—Q(V/d)).
Now that we have obtained a high-probability bound on U’, let us analyze the

difference between U’ and U. Recall the definition of gB B/ ui u0,us,us,w1we
from above. Additionally, for convenience, let g5’ uy us,us,uswe ws () =
[y un) [P, a) P2 o, ) P2 (o, ) [P (w00 Lo (s wa) )22, e, we are sim-

ply removing the truncation by B. Then, following the proof of Proposition 4.4 in Adamczak et al.
[4], we have

U<u (1.62)
1 4
+ sup N Z |gB’,u1,u27u3’u4,w1,w2 (Xl) - gB,B’,u1,u27u3-,u4,w1>w2 ( U X“ U | 2 B})
wy,u2,usz,ugs €S4—1 i=1 Jj=1
(I 63)
1 N
Fsp S E g5 vnn i (K5) = 95,5 (X0 1 U{\ Xiuy) > BY).
u1,uz,u3,us €841 i=1 X

(I 64)
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where {C'} denotes the event that the condition C holds. Here the inequality holds because
the difference g/ u, us,us,us,wi,ws (Xi) = 9B,B’ ut uzus ua,wr we (Xi) is nonzero if and only if

1<U?:1{|<Xi, uj)| > B}) is nonzero. We have obtained a high probability bound on U’. Let us

now obtain a bound on the third term on the right-hand side of Eq. (here, Cp, s ps.pa,qr,g 18 @
constant that depends on p1, p2, P3, P4, q1, G2):

4
;]; |gB’ U1, U2,U3,Uq, W1 , W (X ) 9B,B’ u1,us,us,uq,wy, 11)2 ( U Xza u] ‘ > B}) (165)

i

4
< B (X0, ) P (X, ) 2] (X ) P X, )P K, )9 (X, )21 Uil > B})

(166)
< B[, )PP (X, ) P72 (X, ) 2P| (X, ) PP ) [P0 (X, wo) P2]12 0 (167)

B0 = )

(By Cauchy-Schwarz inequality)

4 1/2
< CP17P27P3,P47€117(12 ( U quj | > B}) (1.68)

To obtain the last inequality, we apply the Cauchy-Schwarz inequality multiple times to write

;1;3[|<Xi7u1>|2p1\<qu2>\2p2|<XiaU3>|2p3|<Xivu4>|2p4\<Xi’w1>|2q1|<Xz‘aw2>|2q2]1/2 (1.69)

i

as a product of moments of |(X;, u;)| and |[(X;, w;)|, and by Lemma[[.10] each of these moments can
be bounded above by a constant that depends on p1, p2, p3, p4, g1, 2. Additionally, by Lemma[L.10]
and Proposition 2.7.1, part (a) of Vershynin [74], we have P(|(X;,u;)| > B) < e %5), since
|(X;,u;)| has constant sub-exponential norm. In summary,

4
E 98701z wn(X3) = 9885 0s sz wsvssn s (XD (X0 w)| = BY) - @70)

i

j=1

< CP17P27P3JD4,41-,¢12 eiﬂ(B) : (1.71)

To complete the proof, we bound the second term on the right-hand side of Eq. (L.62). Following the
proof of Proposition 4.4 of Adamczak et al. [4], we apply Lemma[[.TT] (a variant of Theorem 3.6 of

Adamczak et al. [4]) to find that, with failure probability at most e~ V) for all m-sparse vectors
z € SN—1, we have

N
H > aXi|| S Vd+ Vmlog (%) . (172)
=1

Let Egparse be the event that Eq. (1.72) holds. For convenience, let A € R¥*Y be the matrix whose

th column is X;. Additionally, for any subset S C [N], let Ag be the matrix whose columns have
indices in S. If S C [N] with |S| = m, then assuming Fjp.re holds, the operator norm of Ag is at
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most vd + Vmlog (%) up to a constant factor. Thus, for any set S C [N], if Eparse holds,

1
sup (Z| Xy un) [P (X, ug) P2 |<Xi7U3>|p3|<szU4>|p4|90B'(<Xiaw1>)|q1|@B'(<Xi7w2>)|q2)p1+p2+p3+p4

u1,uz,uz,us €541
(L.73)

+ 1
< (B’)‘m+72§+§§+p4 sup (Z|<Xi7U1>|p1|<Xi,u2>|p2|<Xi,U3>|p3‘<Xi,U4>|p4) P1tP2tP3 TPy
u1,u2,u3,ua €841 N g

(1.74)

qa1+a2 2p; 2p3
< (B/)p1+p2+p3+174 sup (Z |<Xi7u1>|P1+P2+p3+P4 |<Xi,U2>|P1+P2+P3+P4

u1,u2,u3,ua €841 N g

@L.75)

1
|<Xi,us>|MW|<Xi,u4>\m$’W> 2

B.c. |zll2 > ||z||, forp > 2 and 2 € R, and py + pa + p3 + ps > 2)

q1+4
< Copr s (BT sup (37 (K ) 2+ (X )

u1,uz,uz,ug €541 N g

@.76)

N

(X ug) | + (X))
(By Weighted AM-GM Inequality, with C), p,, ps.p, @ constant depending on p1, p2, p3, pa)

S Con oo ps (B) T (f+ V1S log ( 5] )) (1.77)

where the last inequality is because Egparse holds.

Following the proof of Proposition 4.4 of Adamczak et al. [4], we now define Sp = {i € [N] |
|{X;,u;)| > B forsome j € [4]}. Note that S depends on w1, uz, u3, us, and we will now show
that if we select B to be a certain value which is not too large, this will still ensure that Sp is small.
Observe that

(30 10 )P+ 10X w) P+ (X us) 2 4 [(Kau?) = (3 82) 2 B8]

i€ESB i€ESR
(1.78)
and
1/
(3 1) (X wa) 2 4 (X us)? + 1K wl?) S VA4 VIS 1og(|s )
i€ESE

(B.c. Egparse holds)
Combining these we obtain

N
BV/|S5| < Vd+ /|Ss|log (@) 1.79)

Therefore, if we select B 2 log (%) we can eliminate the second term on the right-hand side of
Eq. li finding that |Sp| < B2 Combining this with Eq. ( ,if B 2 log N and Eyqre holds
we obtain

1
sup ( D X wn) [P ) P2 [ X us) |72 (X, wa) [P o e (X, i )| |¢B'(<Xi7w2>)|qg) e

d—1 \ |
u,u2,u3,u4 €S i€Sp

(1.80)
q1+ta
N Cm,pz,ps,m(B/) PRt ra T - (\/g‘F V/|SB|log N) (1.81)
+ d
S CP17P27P3,P4 (B/) pl+g;+g§+p4 ' (\/E+ % IOg N) (B-C- |SB| S éiz)
+
S Cpy paspapa (B Fovros77 V. B.c. B > log N)
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Raising both sides to the (p1 + p2 + p3 + p4)™ power, we finally obtain

sup > X un) PG o) [P (X us) P2 (X, ua) [P o e (X, we)) |9 o (X, wa) )92
u1,uz,uz,us€SI1 €Sk
(1.82)
S Cpy papypa (B0 g (1.83)

with probability 1 — e~ (V) where C’

b1 pa.ps.pa 1S @ CONStanNt which depends on p1, p2, ps3, ps.

In summary, assuming Eiparse holds and the high-probability bound on U’ holds (and these both hold
simultaneously with probability at least 1 — exp(—(+/d))), we obtain

P1+pP2+p3+P4
d e
U < poly(pi, p2, ps, pa, B P2 HPstP1 (B4 - (log d)? - ,/ﬁ + Ol e (BT i
(1.84)
+ Cpl’pz’psy;m,m,lm e_Q(B) (185)

by Eq. (L62). Finally, by Eq. (.33), we have

N

1

N DI )P ) P2 (X ) [P [ (X, ) [P (X, 1) | (X, o) 22
i=1

sup
wp,ug,uz,us €S4—1
(1.86)
- E |<X7U1>|”1|<X=u2>|p2|<X,us>|”‘°’\<X7u4>\p4\<X7w1>IQ1\<X7wz>|q"’}
X ~/dSd—1
(1.87)
=U+ Cphpz,PS,Pmthze_Q(B ) (188)

as long as the events F; and F» hold, and these events simultaneously hold with probability at least
1 — —gszay- Thus, by our above bound on U we have

N

1

~ DX ) [P uz) P2 (X ) [P (X, wa) [P (X, 1) | (X, wa) |22
i=1

sup
uy,uz,us,us €S4—1
(1.89)
= B (0w 00 w6 s P X ) P ) (X, )
(1.90)
d
< poly(p1, pa, ps, pa, BP P2 P3P (B1ita) . (Jog d)? . ‘/N (1.91)
dﬁ1+p242>123+1>4

+ 01:)1,?2,?371?4 (B/)q1+q2 ' N + Cpl,P21P37I)47Q17Q26752(B)
(1.92)
+ Cpy papapananga€ ) (1.93)
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Setting B’ = (log d)? and B 2> max(log N, (log d)?) =< (log d)? (recall that N < d© for a universal
constant '), we have

N

1

N DX )P (X ) P2 (X ) [P [ (X, wa) [P (X w1 )| (X, wa) |22
i=1

sup
u1,uz,uz,us€S41
(1.94)
- E |<X,U1>|’“|<X,U2>I”2|<X,U3>|”3\<X,U4>\p“\<X,w1>|ql\<X,w2>|qz}
XN\/an_l
(1.95)
[ d
< Cp1,p2,ps,pasar a2 (108 d)o(p1+p2+p3+p4+q1+q2) VN (1.96)
dp1+p2-gp3+p4 C
O(q1+4q2) | P1,P2,P3,P4,91,9
+ CP17P27P3,P4 (IOg d) e N + : d;(;g Zl) ;
1.97)
with probability at least 1 — m, as desired. O
Lemma 1.7 (Corollary for Uniform Samples from S?~1). Let x1, ...,z x be i.i.d. random vectors

sampled uniformly from S*=1, and let py,pa, p3, P4, q1, q2 be nonnegative integers. Suppose py +
P2 + p3 4 ps > 2. Then, for fixed wy,ws € S, as long as N < d€ for any universal constant
C > 0, we have

N
1
N D i un) [P (i wa) [P (i, ) [P (i, wa) [P (i, )| | (@, w2) |2

sup
u,uz,uz,ug €841 i—1
(1.98)
= B[l o)l s un) 7] wad P ) [, wa) |
(1.99)
1 O(p1+p2+ps+patqi+qz) d
< dp1+p2+p3+p4+ql+qz (Cphpz,pa,m,ql,qz(IOgd) : N
2
(1.100)
dp1+p2;p3+p4

C
+ Cy, pypapa (108 d)O(q1+q2) ] n p1,p2,p3,p4,q1,q2)

N dQ(log d)
(L101)

with probability at least 1 — m Here, Cpl7,,2’4,371,4,(117(12 is a constant which depends on
P1,P2,P3, P45 41, 2, and Cp, py ps p, I a constant which depends on py, p2, p3, pa-

Proof of Lemma([7} This is a direct corollary of Lemma [[.6] obtained by dividing both sides of

Lemmall.6|by O

d(P1+p2+p3+patart+az)/2°

Lemma 1.8 (Moments for Truncated Dot Products with Random Spherical Vectors). Let P be a
positive integer, and fori = 1,. .., P, let u; € S*™1 and p; be a nonnegative integer. Additionally, let
B > 1. Finally, let X be a random vector drawn uniformly from /dS®~*. Then, for some absolute
constant ¢ > 0 we have

P P
E [_Hl (X, ul] - E [_Hl (X)) || < Cppre™® (1.102)
where pp is defined as
t t € [-B, B]
vp(t)=<B t>B (1.103)
-B t<B
and Cp, ... pp is a constant which depends only on p1, .. .,pp.
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Proof of Lemmal[.8] We use an argument similar to one used in part of the proof of Proposition 4.4
in Adamczak et al. [4]). First, for i € [P], we can write

(X, ui) | = lop (X, ui)) [P + (X, wi)|?

— BP) (X u)>B - (1.104)

Thus, in the expression

H‘(pB X uz

if we expand the first product using Eq. (I.104), then we obtain terms of the form H ., Iy, where
F; is either | ((X, us))|Pi or (|{X,u;)|P" — BP)1(|{X,u;)| > B). Observe that the term where
F; = |pp({(X,u;))|P forall i € [P] cancels with the second term in Eq. (L.105). Thus, in order to
obtain an upper bound on

) (I.105)

i=1

P
eI

H|<p3 (X, u;))

it suffices to upper bound the terms Hi:l F; where at least one of the F; is (|(X,u;)|P
BPi)1(]{X, u;)| > B). Observe however that

(X ua)[Pr = BPOL((X, wi)| = B) < (X, ug) [P 1(|(X, ui)| = B). (1.107)

} , (1.106)

i=1

Thus, because |5 ((X, u;))| < (X, u;)], in order to upper bound the terms Hil F; where at least
one of the F; is (|(X, u;)|Pi — BPi)1(|{X,u;) > B), it suffices to obtain an upper bound on the
expected value of

P

b
!

1(|{X,u;)| > B for some i € [P])

i=1 i=1 j=1

(I.108)

Without loss of generality, let us bound the expected value of the first term in the sum above:

E (1010, w)| 2 B) [T X w) ] < BO((X )| > B)VE [H|Xu7 ]

(By the Cauchy Schwarz Inequality)

> /2, 2"t 1p, i£r1
< E[1(/(X,w)| > B) HE us) 2P
(By applying the Cauchy-Schwarz inequality P — 1 times)
< Cpuopr BL(I(X 1) > B)Y2, (1109)

where the last inequality is by Lemma[[.10]and Proposition 2.7.1 of Vershynin [74]. Finally, since the
sub-exponential norm of (X, u;) is at most an absolute constant by Lemmal|l.10} we have that

E[L(|(X,u1)| > B] =P((X,u1)| > B) S ™" (1.110)
for some absolute constant ¢ > 0. Thus, by Eq. (I.T09), we obtain
P
E [1((X, )l = B) [T X, ;)] S G, ™" (L111)
i=1
for some absolute constant ¢ > 0. This completes the proof. O

Lemma L.9. Let N,d € N. Let X1, ..., Xy i.i.d. random vectors drawn uniformly from /dS%*.
Additionally, let €1, . . . ,en be i.i.d. Rademacher random variables. Then,

1 d

<i\/=. (1.112)

E i
27 VN

X.€
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Proof of Lemma([[.9, We first bound the second moment of the norm:

N
1
NZG"X =Nz ZZ E eicj{Xi, X;) (L113)
i=1 i= lj 1
N2 Z E ||X ||2 (BC E[Eiej] =0 fori # .7)
1 N
= N2 > d (B.c. || X;|l2 = v/d with probability 1)
=1
Nd
- N2 (1.114)
d
N L115
N (L.115)
1 N 1 N 2\ 1/2 y )
Thus, Ex e, || % 2i=1 & S (]EX»Q‘ N Liz1 €iXi 2) < \/j as desired. O

Lemma L.10 (Sub-Exponential Norm of Uniform Distribution on \/&Sdil). Assume d > C for
some sufficiently large universal constant C. Then there exists an absolute constant K > 0 such
that, if X is a random vector drawn uniformly from \/dS?* ' and v € S is a fixed vector, then
KX, )|y, < K, where || - ||y, denotes the sub-exponential norm of a random variable. (See
Definition 2.7.5 of Vershynin [[74l].) As a corollary, for any p > 1, there exists a constant Cp, > 0

depending on p such that for any v € S~! Ex . vgga X 0)[P] < Gy

Proof of Lemma[[ 10| Let X be drawn uniformly at random from the uniform distribution on

VdS?1, and let v € S?~1. Observe that the distribution of f<X v) is p1g. Thus, the density
of ﬁ(X, v)isp(t) = %(1 —t2 )T by Egs. (1.16) and (1.18) of Atkinson and Han [12]].
By a change of variables, the density of (X, v) is

I'(d/2) 2\ 1
p(t):m(l—g) e (L116)

Thus, for any ¢ > 0,

Pl 20 52 [ pls)ds L117)
I'(d/2) S
<9 / T ( — ‘i) C—ds (L118)
VAl ((d—1)/2) 1)/2) d Vd
2
5/ (1 — %) = ds (By Stirling’s formula)
t
> d—3 2
< / e” 2 dds B.ec. 14+x <eb)
¢
oo 5‘2
< / e Fds (B.c. 422 > 1 for d sufficiently large)
¢
Thus, for some absolute constant C > 0 and all ¢ > 0,
> s2 o st st |©° 2 _ 2
]P’(|<X,v>\2t)§0/ GdeSSC\/ @*?d5:0<7%e*?) :? ~5 < e Ttlos
t t t
(L119)
Suppose ¢ > (18C)'/3. Then, % > log , meaning that —% + log =~ 3¢ < & and therefore
+2
P((X,v)| >t) <e @ (1.120)

111



Thus, by the definition of sub-Gaussian norm (Definition 2.5.6 and Proposition 2.5.2 of Vershynin
[74]), the sub-Gaussian norm of (X, v) is bounded by a constant, i.e. for any v € S=!, we have
[{X, )]y, < K for some absolute constant K > 0 (here || - ||, denotes the sub-Gaussian norm
of a random variable). By Propositions 2.5.2 and 2.7.1, and Definition 2.7.5, of Vershynin [74],
this implies that ||(X, v})||y, S 1, since sub-Gaussian random variables are always sub-exponential
(specifically, using item (ii) of Proposition 2.5.2 and item (b) of Proposition 2.7.1 of Vershynin
[74]]). The last statement of the lemma follows directly from Proposition 2.7.1, item (b) of Vershynin

[74].

Lemma I.11 (Modification of Theorem 3.6 of Adamczak et al. [4]). Let d > C for some absolute
constant C, and 1 < N < eV, Let X 1y, XN beiid. random vectors sampled from the uniform
distribution on /dS*~'. Finally, let t > 1. Then, for some absolute constant ¢ > 0, with probability
at least 1 — e~V for all m € [N],

N
2N
sup HZZZXz §t<\/g+ vmlog (—)) (L.121)
€St 1 im1 2 m
|supp z[<m

Here, we use supp z to denote the set of nonzero coordinates of z.

Proof of Lemmal[[.11) The proof is the same as that of Theorem 3.6 of Adamczak et al. [4] — while
Theorem 3.6 of Adamczak et al. [4] is shown for the case where X1, ..., Xy are sampled from
an isotropic, log-concave probability distribution, the proof can be generalized to the case where

the X; are sampled from vdS?~!. To see why, observe that the proof only uses the fact that the
distribution of the X; is log-concave in the following places: (i) when applying Lemma 3.1 (also of

Adamczak et al. [4]]), of which the conclusion is that max; < | X;|l2 < Co K \/d with probability at

least 1 — e~ X \/E’ for some absolute constant CYy, (ii) when applying Lemmas 3.3 and 3.4 (also of
Adamczak et al. [4]) the proof requires that ||(X;, y)||4, < ¢ for some absolute constant ¢ > 0 and

any y € S, However, property (i) trivially holds when the X; are on v/dS% " since || X /|2 = V/d,
and property (ii) holds by Lemma[.10] O
L3 Helper Lemmas

Lemma L12. Let f : [0,00) — R such that

d

S FO? <pf ) + auf (1) (1.122)
where pi,q; > 0 fort € [0,00). Then, for T > 0 we have
2 max py \ 2 r
F)2 < (10) + 25 e (- guat). (L123)
ming g 0
Proof.
dft) _ 1 df(t)’ _pe @ max;p; G
= <=4+ =f) < —f(t). 1.124
T R T TAC 5 /) (@124)
Thus, we have
d max¢ Pt a maXy Pt
—(ft)+ —) < = (flt) + ————). L.125
dt(f()+mintqt)_2<f()+mintqt) ( )
As a result, by Fact[[.13]
T
F(T) < (f(O) + w) exp (/ @dt). (L.126)
ming g o 2
Taking the square of both sides finishes the proof. O
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Fact I.13 (Gronwall’s Inequality [13]]). Let a < b, and let f : [a,b] = R>q and g : [a,b] — R be
differentiable functions, such that

£1(1) < g() f(2) (1.127)
forallt € [a,b]. Then, forallt € [a,b], f(t) < f(a)exp( f g(s)ds). Additionally, suppose f,g
satisfy
@)= () (t) (1.128)
forall't € [a,b]. Then, for all t € [a,b], f(t) > f(a)exp([. g(s
Proposition 1.14. For any B2, B4 such that 0 < B3 < B4 < 35 < 1 there exists a one-dimensional
distribution | that satisfies
wIEM[wz] = B, (1.129)
w]gu[u/l] = B, (1.130)
supp(p) € [~1,1]. (L131)

Proof. Letp = B2 /p,. By the assumptions we have 0 < p < 1. Consider the distribution

u( ) g2 (51 ﬁl/2ﬁ 1/2 + ( gi) (59320, (1132)

where §,—; denotes the Dirac measure at 2 = t. First of all, since 33 < 34, the distribution p(x) is
well-defined. And we can verify that

2
E [u?) = 2(526, %2 = gy, (1133)

wrp Ba

2
E [uw'] = 22 (51257121 = ,. (L.134)

wep Ba

Note that 0 < 84 < 2 implies 51/ 26712 ¢ € [0, 1]. Consequently,

supp(p) € [~1,1]. (L135)
O

Lemma 1.15. Let p be a distribution which is rotationally invariant as in Definition Let V, L(p)
be defined as in Eq. (3.4), and let V . L(p) denote the last (d — 1) coordinates of V. L(p). Then, for
any particle u = (w, z), we have that V ,L(p) is a scalar multiple of z. In particular, if grad, L(p)
is defined as in Eq. (3.4) and grad,L(p) denotes the last (d — 1) coordinates of grad, L(p), then
grad, L(p) is a scalar multiple of z.

Proof. From Eq. (3.4), we have
VuL(p) = [(fp(x) —y(x))o' (u" z)a]. (L.136)

Sd 1
Since p is rotationally invariant, if z, 2’ € S~1 such that (e1, z) = (e1,2’), then f,(z) — y(z) =
fo(z") —y(z'). Thus, (f,(x) — y(x))o’(u" z) only depends on (e, z) and (u, ).
Let P, v € R*4 denote the projection matrix into the subspace spanned by e; and u. Then,

E_[(f(x) —y(@)o' (w'a) (@ — Pe, )] = 0 (L137)

because if v € S 1 is orthogonal to e7 and u, then the distribution of (v, z) conditioned on (e, x)
and (u, z) is symmetric around 0. Thus,

VuL(p) = IN]SEdfl[(fp(x) - y(x))gl(“Tx)Pel,ux} = Pe, u(VuL(p)) (1.138)

and we have that V,, L(p) is in the subspace spanned by e; and . In other words, there are scalars
c1,co € R such that

~Sd—

V.L(p) = c1e1 + cou (1.139)
and taking the last (d — 1) coordinates of both sides of this equation gives V,,L(p) = caz, as desired.

The last statement of the lemma holds because grad, L(p) = (I — uu')V, L(p), which is also a
linear combination of e; and u. O
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Lemma 1.16. Let P be a polynomial of degree at most k > 0, where k is bounded by a universal
constant, and let wy, we € [—1,1]. Suppose the coefficients of P are bounded by B. Then, |P(w) —
P(w2)| 5 B|w1 — UI2|.

Proof. Let c; be the coefficient of the i degree term in P. Then, the lemma follows from expanding
P(wy) — P(ws) as

k
|Plun) ~ Plw)| < - leilhu — i (1140)
i=0
k i
S |CZ'H’LU1 —w2| 'Z|w1|J|U}2|z_] (1.141)
i=0 §=0
k
S (z+1)|cz||w17w2| (BC |’LU1|,|’LU2| S 1)
i=0
k
<B(k+1)) |wy — wyl (1.142)
i=0
= B(k +1)?|w; — wy| (1.143)
< Blwy — ws] (B.c. k is at most an absolute constant)
as desired. O

Lemma 1.17 (Powers of Dot Products on S*~1). Let uy, us, us, us, us € S*1, and p,q,r,s,t > 1.
Then,

I S 1
B w2, @) (g, @) |(wa, @) [{us, @)['] < Cparist orgmmsrays - L144)
Here, Cp g r.s,¢ is a constant depending on p, q,r, s, t.
Proof of Lemmal|[17] By repeated applications of the Cauchy-Schwarz inequality, we have
E H<u17X>|p‘<u27X>|q|<u3ﬂX>|T|<u4vX>|s‘<u57X>|t] (1.145)
XN\/Egd—l
< E [u, )PPV R [ug, X) P (us, X) P (ua, X) P (us, X2
XN\/ESd71 XN\/ESd71
(1.146)
< E up, X)?P1Y? K ug, X))Vt E wz, XY (wa, X)) (us, X)|*]H4
< E [ XP2 E (e 0B (s, X1 s, X s, X1
1.147)
< E uy, X 2p]1/2 E ug, X dq71/4 E ugz, X 8r11/8
< E W XPP B (e XY E (s X))
(1.148)
E  [|{ug, X)[5¥|(us, X)|3]/8 (1.149)
XN\/ggd—l
< E U,X 2p11/2 E ’LL,X 4q11/4 E ’LL,X 8r11/8
< E W XPP B (e XY R (s X))
(1.150)
E [|<U4,X>|16s}1/16 E H<U5,X>|16t]1/16 (115])
X ~n/dSd—1 X ~n/dSd—1

where each line results from a single application of the Cauchy-Schwarz inequality. Thus, by
Lemmal[.T0, we have

E - [[{ur, X)P[uz, X)|*[us, X)|"|(us, X)|*[{us, X)|'] < Cpgrs.t - (1.152)
X ~y/dSd—1
Dividing both sides by d(P+a+7+s+t)/2 e obtain
T S 1
[, )Pz, ) o ) s, s, 1] < Gt gorararrrs 0159
as desired. O
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