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ABSTRACT
Network embedding has been widely investigated to learn low
dimensional nodes representation of networks, and serves for many
downstream machine learning tasks. Previous network embedding
studies mainly focus on static networks, and cannot adapt well
to the characteristics of dynamic networks which are evolving
over time. Some works on dynamic network embedding have tried
to improve the computation efficiency for incremental updates
of embedding vectors, while others have made efforts to utilize
temporal information to enhance the quality of embedding vectors.
However, few existing works can fulfill both efficiency and quality
requirements. In this article, a novel dynamic network embedding
model named TPANE (Temporal Path Adjacency Matrix based
Network Embedding) is proposed. It employs a new network
proximity measure: Temporal Path Adjacency, which is capable
of capturing the temporal dependency between edges as well as
being incrementally computed in an efficient way. It evaluates the
similarity between nodes via the count of temporal paths between
them, rather than making random sampling approximation, and
adopts matrix factorization to obtain embedding vectors. Link
prediction experiments on various real-world dynamic networks
have been conducted to show the superior performance of TPANE
against other state-of-the-art methods. Time consumption analysis
also shows that TPANE is more efficient in incremental updates.

CCS CONCEPTS
• Computing methodologies → Machine learning; • Infor-
mation systems→ Data mining; • Theory of computation→
Online learning algorithms; Dynamic graph algorithms.
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1 INTRODUCTION
Nowadays, much complex information is organized in the form
of networks, e.g., social networks, scientific citations, and collab-
oration networks. Network embedding, also known as network
representation learning, has been studied widely [8, 10, 13] to
help relieve the difficulty of downstream machine learning tasks
effectively dealing with networks. It aims to learn low-dimensional
representation for each node in a network.

Previous studies for network embedding mainly focused on
static networks. In recent years, the study of dynamic network
embedding has addressed increased attention in recent years
[38, 39], since many real-world networks are naturally dynamic-
evolving over time. Dynamic network embedding has two dominant
features which distinguish it from static network embedding: 1) it
is temporally attributed, i.e., each edge in a dynamic network is
assigned with a timestamp indicating when it is created; 2) it is
expected to an online method, i.e., to produce the latest network
embedding vectors as the dynamic network evolves over time.
Therefore, the issue of effectiveness and of incremental updating
efficiency have been two important topics of dynamic network
embedding.

In the case of efficiency of dynamic network embedding, recent
works [18, 36, 44] have made efforts in incremental updates with
Matrix Perturbation Theory [33]. These methods obtained amazing
efficiency, nearly linear time complexity with respect to the number
of newly added edges, for incremental updates. However, these
methods still rely on similarity measures for static network [19],
including Katz Index matrix and Laplacian matrix which are
derived from adjacency matrix. Such similarity measures can only
learn topological information from network, leaving the abundant
temporal information unused. Experiments showed [18, 36, 44] that
the effectiveness of these models are inferior to their corresponding
static models.

In the case of effectiveness of dynamic network embedding,
Nguyen et al. have proposed CTDNE [22] to incorporate both
topological information and temporal information into embedding
vectors via learning the temporal dependency on temporal walks.
Sufficient comparison experiments [20, 22, 32] have shown that
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learning the temporal dependency is beneficial for dynamic network
embedding by enhancing the quality of generated embedding
vectors.

Figure 1: An example of a dynamic network. Each edge is
annotated with a timestamp denoting when the edge was
created.

However, the similarity based on temporal walks can hardly be
incremental updated. For example, Figure 1 shows a co-author
network whose nodes indicate authors and edges indicate the
collaboration between authors. The timestamp on edge represents
the time of collaboration. In CTDNE, the temporal transition
probability from 𝑣1 to 𝑣6 equals to 1/3 at time step 2018. However,
after the addition of edge (𝑣4, 𝑣8) at time step 2021, the transition
probability from 𝑣1 to 𝑣6 is reduced to 1/6 due to the decreasing
of transition probability from 𝑣4 to 𝑣5, since there is temporal path
between from 𝑣1 to 𝑣6 and the path is adjacent to the added edge.
And such updates also occur between nodes 𝑣1 and 𝑣5, 𝑣2 and 𝑣6,
𝑣3 and 𝑣5 and so on. The example indicates that a large number
of similarities between nodes need to be re-computed even if only
one edge is added to the dynamic network. Therefore, the model
is required to memorize all the generated walks and to update
them incrementally while online learning. Although algorithms
[20, 30] have been proposed to reduce unnecessary updates, the
computation complexity is still high.

In consideration of the great success of matrix factorization
approaches in promoting efficiency for incremental updates, as well
as the inspiration of improving effectiveness by learning temporal
dependency from CTDNE, it is hoped to find a way to obtain both
these two advantages.

In this article, a novel dynamic network embedding model
named TPANE (Temporal Path Adjacency Matrix based Network
Embedding) is proposed. It employs a new network proximity
measure: Temporal Path Adjacency, which evaluates the similarity
between nodes via the count of temporal paths between them.
The proposed TPANE model can both produce embedding vectors
with high quality via learning the temporal dependency, and
do incremental updates with high efficiency when the dynamic
network is evolving. It generalizes GraRep [6] from static network
embedding to dynamic network embedding. The work flow of
TPANE is shown in Figure 2.

In detail, the model firstly counts the temporal paths between
nodes by maintaining and updating the 𝑘-step Temporal Path
Adjacency (TPA) matrices according to the snapshots of a dy-
namic network. Then, it utilizes TPA matrices to construct the

positive Pointwise Mutual Information (positive PMI) matrices.
The 𝑘-step embedding vectors of the network are obtained by
processing Singular Value Decomposition (SVD) on positive PMI
matrices. Finally, the targeted embedding vectors are obtained by
concatenating 𝑘-step embedding vectors together. Since new TPA
matrices can be derived from previous TPA matrices via sparse
matrix multiplication, TPANE is advantageous in the efficiency of
incremental updates.

In summary, the main contributions of this article are as follows:

• A novel dynamic network embedding model TPANE is
proposed, which produces embedding vectors with high
quality, and is efficient for incremental updates of embedding
vectors.
• A new temporal similarity measure TPA is proposed, which
can captures simultaneously topological and temporal infor-
mation of a dynamic network, and is suitable for incremental
computation.
• Experiments on various dynamic networks and comparisons
to other baseline network embeddingmethods are conducted
to verify the effectiveness and efficiency of TPANE.

2 RELATEDWORKS
Previous network embedding methods mainly focused on learning
topological information of static networks. Laplacian Eigenmaps
[3] preserved the local neighborhood proximity by computing the
Eigenvectors of the Graph Laplacian. Deepwalk [25] proposed the
first skip-gram based framework for network embedding by treating
nodes as words and generating random walks as sentences, before
long node2vec [12] extended its work by introducing the biased
random walk with hyper parameters. LINE [34] and SDNE [35]
designed two objective functions that one preserves the first-order
and the other preserves the second-order proximity. GraRep [6]
captured different 𝑘-step information in a network by factorizing 𝑘-
step similarity matrix and concatenating 𝑘-step embedding vectors
together.

Recently, researchers have paid efforts to adapt existing network
embedding approaches to dynamic networks. One distinctive task
is the incremental update, i.e., to learn the new representation
according to the original node representation during the evolve-
ment of a network. To improve its computation efficiency, DANE
[18], DHPE [44] and dyHNE [36] designed matrix factorization
approaches with Matrix Perturbation Theory, therefore avoiding
the re-train of the whole model. Compared with TPANE, these
methods suffered from error accumulation [42]. NEU algorithm
[40] provided approximation computation ways for high order
proximity matrix. Skip-gram based models [20, 30] proposed a
sampling trick for Deepwalk [25]. It indicated that only part of
the generated random walks needs to be re-sampled when doing
incremental updates on dynamic networks. Peng et al. rewrote the
objective function in Skip-Gram with Negative Sampling (SGNS)
model to accelerate the training of network embedding [24].

Another distinctive task in dynamic network embedding is
to improve the effectiveness of the embedding by utilizing its
temporal information. CTDNE [22] and dynnode2vec [20] have
generalizedDeepwalk [25] and node2vec [12] for dynamic networks
by introducing temporal constraint to random walk, and have
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Figure 2: An illustration of the proposed dynamic network embedding model TPANE. At time step 𝑡 + 1, with two edges
added into the dynamic network, TPANE updates TPAmatrices

{
𝐴
(𝑡+1)
𝑘

}
according to the values of the previous TPAmatrices{

𝐴
(𝑡 )
𝑘

}
and the increment of adjacency matrix Δ𝐴(𝑡+1) . Afterward, PPMI matrices are derived and the latest dynamic network

embedding vectors are solved via Singular Value Decomposition.

verified its effectiveness by comparison experiments. HTNE [45]
integrated the Hawkes process into network embedding vectors,
assuming the influence of historical neighbors on current neighbors
is decay over time. DynamicTraid [43] preserved both structural
information and evolution patterns by discovering the triad unit
in dynamic networks. Evolve2vec [2] proposed another temporal
random walk generation algorithm that unfolded temporal edges
into snapshots.

The stability of dynamic network embedding, also called adapt-
ability [25], is also an essential issue. DynGEM [11] proposed the
optimization objective of stability and minimize the differences
between previous network embedding vectors and current network
embedding vectors while incremental updating, which is mean-
ingful to avoid the embedding space drifting. Du et al. presented
a dynamic embedding framework [9] that is advantageous in
enhancing network embedding efficiency and stability when doing
the incremental update. It only adjusts the network embedding of
the most affected nodes, which can be evaluated by the differences
between the similarity matrix and its low-rank approximation.

3 NOTATIONS AND PROBLEM DEFINITIONS
In this section, the related notations and definitions of the dynamic
network embedding problem are given.

Definition 1. (Dynamic Network). A dynamic network at time
step 𝑡 is denoted as𝐺 (𝑡 ) = (𝑉 (𝑡 ) , 𝐸 (𝑡 ) ), where𝑉 (𝑡 ) =

{
𝑣1, · · · , 𝑣𝑁

}
denotes the set of 𝑁 nodes in 𝐺 (𝑡 ) , 𝐸 (𝑡 ) the edges in 𝐺 (𝑡 ) , and

𝐴(𝑡 ) ∈ R𝑁×𝑁 the adjacency matrix at time step 𝑡 . For ease of
presentation, the number of nodes 𝑁 is assumed to be constant
over time. However, the proposed TPANE can naturally deal with
node addition by extending the shape of TPA matrices and filling
zero elements. Δ𝐴(𝑡+1) = 𝐴(𝑡+1) − 𝐴(𝑡 ) denotes the change of
the adjacency matrix from time step 𝑡 to 𝑡 + 1, which enables the
representation of the events of edge addition / deletion on the
dynamic network. Deleting an edge weighted𝑤 from the network
is equal to adding an edge weighed −𝑤 . Therefore, the dynamic
network is defined as𝐺 (𝑡 ) =

{
Δ𝐴(1) , · · · ,Δ𝐴(𝑡 )

}
, where the initial

adjacency matrix 𝐴(0) is assumed to be empty. To make theoretical
explanation easier, we define T : 𝐸 → Z+ as the function to map
an edge to its arrival timestamp.

Definition 2. (Dynamic Network Embedding). Given a dynamic
network 𝐺 (𝑡 ) = (𝑉 (𝑡 ) , 𝐸 (𝑡 ) ), dynamic network embedding aims
to learn a low dimensional vector ®𝑣 ∈ R𝑑 for every node 𝑣 ∈
𝑉 (𝑡 ) at time step 𝑡 , where 𝑑 denotes the dimension of embedding
vectors. The embedding matrix of a dynamic network at time step
𝑡 is therefore defined as𝑊 (𝑡 ) ∈ R𝑁×𝑑 , each row of which is the
embedding vector of a node.

Definition 3. (Temporal Path).A 𝑘-step temporal path [22] from
𝑣1 to 𝑣𝑘 is defined as a path on a dynamic network

TemporalPath𝑘 (𝑣1, 𝑣𝑘 ) = 𝑣1
𝑒1−−→ 𝑣2

𝑒2−−→ · · · 𝑒𝑘−1−−−→ 𝑣𝑘 , (1)

such that T (𝑒1) ≤ T (𝑒2) ≤ · · · ≤ T (𝑒𝑘−1), where 𝑘 is the length
of temporal walk.
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Figure 3: An illustration of Temporal Path Adjacency (TPA).
Each temporal path from node 𝑢 to 𝑣 with length 𝑘

contributes to an increment for (𝐴(𝑡 )
𝑘
)𝑢,𝑣 .

4 TPANE MODEL
4.1 Temporal Path Adjacency Similarity

Measure
To better introduce the Temporal Path Adjacency, we firstly
introduce the similaritymeasure implicitly used in Deepwalk [27] in
this sub-section. When the walk length 𝐿 →∞, the probability for
a transition from node 𝑢 to node 𝑣 in Deepwalk can be formulated
as

𝑝 (𝑣 |𝑢) =
( 𝑤∑
𝑘=1

𝑃𝑘
)
𝑢,𝑣 (2)

where 𝑃 = 𝐷−1𝐴 denotes the transition matrix, 𝑤 denotes the
window size [27]. It is clarified [6] the idea of 𝑘-step transition
probability 𝑝𝑘 (𝑣 |𝑢) as follow

𝑝𝑘 (𝑣 |𝑢) =
(
𝑃𝑘

)
𝑢,𝑣 (3)

which corresponds to the probability for a random walk from 𝑢

to 𝑣 with 𝑘 steps. Furthermore, it can be generalized to temporal
random walks. Following the discussion of temporal random walk,
the temporal neighborhood of node 𝑢 is defined as

Γ𝑡 (𝑢) =
{
𝑣 | (𝑢, 𝑣) ∈ 𝐸 (𝑡 ) ∧ T (𝑒 = (𝑢, 𝑣)) > 𝑡

}
, (4)

and the unbiased temporal neighborhood selection probability is
defined as

Pr(𝑢) = 1
|Γ𝑡 (𝑢) |

. (5)

Therefore, the 𝑘-step temporal transition probability is defined as
the sum of each temporal random walk’s probability contribution,

𝑝𝑘 (𝑣 |𝑢) =
∑

TemporalWalk𝑘 (𝑢,𝑣)
Pr(𝑢) · · · Pr(𝑣) . (6)

Although this similarity measure can gather both temporal and
structural information from a dynamic network, it can hardly sup-
port incremental computation, which is explained in the example
with Figure 1 in Section 1. To address the above-mentioned issue,
the Temporal Path Adjacency (TPA) is proposed to evaluate the
similarity between nodes on a dynamic network, which is inspired
by the idea of Temporal Random Walk[22] and Temporal Katz
Index[4].

In Temporal Path Adjacency, the number of different temporal
walks between nodes is counted as similarity. Therefore, the
contribution of each temporal walk is calculated independently,
whose advantage will be shown in Section 4.2. To be specific,
according to the definition of Temporal Path in Equation 1, the
𝑘-step TPA 𝐴(𝑡 )

𝑘
is defined as

(𝐴(𝑡 )
𝑘
)𝑢,𝑣 =

����{TemporalPath𝑘 (𝑢, 𝑣)
}����, (7)

and the illustration is given in Figure 3. It is noticeable that the
adjacency matrix is a special case of the temporal adjacency matrix
when 𝑘 = 1. It can be used to derive the Temporal Katz Centrality
[4] by summing upwith different𝑘-step TPA together and assigning
exponentially decaying weight, which is applied in the PageRank
Algorithm.

4.2 Updating Formula
Given the definition of 𝑘-step TPA matrix 𝐴(𝑡 )

𝑘
in Equation 7, it

is important to compute efficiently it when a dynamic network is
evolving. The updating formula and algorithms are provided in
this section. When a new edge (𝑤, 𝑣) arrives at time step 𝑡 + 1, it
lengthens the existing temporal paths that end at𝑤 . Thus, the count
of temporal paths from any node 𝑢 to 𝑣 with length 𝑘 + 1 can be
derived by the following formula

(𝐴(𝑡+1)
𝑘+1 )𝑢,𝑣 = (𝐴

(𝑡 )
𝑘+1)𝑢,𝑣 + (𝐴

(𝑡 )
𝑘
)𝑢,𝑤 . (8)

Given
{
𝐴
(𝑡 )
1 , · · · , 𝐴(𝑡 )

𝐾

}
at time step 𝑡 , if the network’s adjacency

matrix changes at time step 𝑡 + 1, denoted as Δ𝐴(𝑡+1) , then the
TPA at next time step

{
𝐴
(𝑡+1)
1 , · · · , 𝐴(𝑡+1)

𝐾

}
can be updated by the

following formulas

𝐴
(𝑡+1)
𝑘+1 = 𝐴

(𝑡 )
𝑘+1 +𝐴

(𝑡 )
𝑘
· Δ𝐴(𝑡+1) , 𝑘 ≥ 1, (9)

𝐴
(𝑡+1)
1 = 𝐴

(𝑡 )
1 + Δ𝐴

(𝑡+1) . (10)

Time Complexity. Since 𝐴(𝑡 )
𝑘
,Δ𝐴(𝑡+1) are sparse, the above

algorithm can be sped up by sparsematrixmultiplication techniques
that transform the dense matrix multiplication into querying [41].
The time complexity of computation𝐴(𝑡 )

𝑘
·Δ𝐴(𝑡+1) is𝑂 (𝑁𝛿𝑀 (𝑡+1) )

when Δ𝐴 is sparse [41], where 𝛿𝑀 (𝑡+1) denotes the non-zero
elements in Δ𝐴(𝑡+1) .

For online learning, i.e., to solve𝐴(𝑡+1) with𝐴(𝑡 ) already known,
the time complexity of updating TPA is

𝑂 (𝐾𝑁𝛿𝑀 (𝑡+1) ) (11)

which is linear with respect to the number of added edges.
For offline learning, according to the 𝑇 step iteration, the time
complexity is

𝑂
(
𝐾𝑁 (𝛿𝑀 (1) + · · · 𝛿𝑀 (𝑇 ) )

)
= 𝑂 (𝐾𝑁𝑀) (12)

where 𝑀 denotes the number of edges in a dynamic network.
It is noticeable that in each timestamp the computation of 𝐴(𝑡 )

𝑘
with different 𝑘 can be processed in parallel with time complexity
𝑂 (𝑁𝑀). The offline algorithm for computing TPA is given in
Algorithm 1. Notice that GraRep [6] is a special case of TPANE
when the given network is static instead of dynamic (𝑇 = 1).
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Algorithm 1: Temporal Path Adjacency
Input: current time step 𝑇 , snapshots of dynamic network{

Δ𝐴(1) , · · · ,Δ𝐴(𝑇 )
}
; maximum step of TPA 𝐾

Output: Temporal Path Adjacency matrices{
𝐴
(𝑇 )
1 , · · · , 𝐴(𝑇 )

𝐾

}
1 for 𝑘 = 1 to 𝐾 do
2 𝐴

(0)
𝑘
← 𝑂 (𝑂 is 𝑁 × 𝑁 zero matrix) ;

3 end
4 for 𝑡 = 1 to 𝑇 do
5 𝐴

(𝑡 )
1 ← 𝐴

(𝑡−1)
1 + Δ𝐴(𝑡 ) ;

6 for 𝑘 = 2 to 𝐾 do
7 𝐴

(𝑡 )
𝑘
← 𝐴

(𝑡−1)
𝑘

+𝐴(𝑡−1)
𝑘−1 · Δ𝐴

(𝑡 ) ;
8 end
9 end

Compared with temporal transition probability, the Temporal
Path Adjacency is advantageous for the following reasons:
• It can be efficiently updated online. The latest similarity can
be derived from the previous result with the computation
complexity linear to the number of arriving edges.
• It yields precise similarity. By comparison, the estimation
of temporal transition probability in CTDNE is based on
random sampling, which meets the trade-off between the
precision and the sample size.

4.3 Loss Function on Network
The Skip-Gram model with Negative Sampling (SGNS) model is
widely used to learn the dynamic network embedding [12, 20, 22,
24, 25, 32], and proved to be equivalent to matrix factorization [27].
Following the discussion in [6], the 𝑘-step loss function for dynamic
network embedding is as follows:

𝐿𝑘 =
∑
𝑣∈𝑉

∑
𝑢∈𝑉

𝐿𝑘 (𝑢, 𝑣) . (13)

For nodes 𝑢, 𝑣 and their embedding vectors ®𝑢, ®𝑣 , the 𝑘-step loss
function is defined as

𝐿𝑘 (𝑢, 𝑣) = 𝑞𝑘 (𝑣 |𝑢) log𝜎 (®𝑢 · ®𝑣) + 𝜆𝑞𝑘 (𝑣) log𝜎 (−®𝑢 · ®𝑣), (14)

where 𝑞𝑘 (𝑣 |𝑢) is the 𝑘-step relationship between 𝑢 and 𝑣 , 𝜎 (𝑥) =
(1 + 𝑒−𝑥 )−1 is the Sigmoid function, and 𝜆 denotes the hyper-
parameter for negative sampling. The former term in Equation
14 corresponds to positive sampling in skip-gram model, and the
latter corresponds to negative sampling. In consideration of the
imbalance of degrees between nodes, 𝑞𝑘 (𝑣 |𝑢) uses the normalized
TPA between 𝑢 and 𝑣 ,

𝑞𝑘 (𝑣 |𝑢) =
(
𝐴
(𝑡 )
𝑘

)
𝑢,𝑣 =

(
𝐴
(𝑡 )
𝑘

)
𝑢,𝑣∑

𝑣′
(
𝐴
(𝑡 )
𝑘

)
𝑢,𝑣′

. (15)

Assuming that the probability for each node to be selected is equal,
the negative sampling distribution is defined as

𝑞𝑘 (𝑣) =
1
𝑁

∑
𝑢′
𝑞𝑘 (𝑣 |𝑢 ′) . (16)

By defining 𝑒𝑢,𝑣 = ®𝑢 · ®𝑣 and letting 𝜕𝐿𝑘
𝜕𝑒𝑢,𝑣

= 0, we have

𝑒𝑢,𝑣 = ®𝑢 · ®𝑣 = log
( (
𝐴
(𝑡 )
𝑘

)
𝑢,𝑣

)
− log

(
𝜆

𝑁

)
, (17)

which yields the similarity for embedding vectors. Then, the low-
dimensional embedding problem can be transformed into a matrix
factorization problem.

4.4 Optimization with Matrix Factorization
To better extract information via matrix factorization [17], the
similarity matrix (𝑒𝑢,𝑣)𝑁×𝑁 is cast into Positive PMI matrix 𝑋 ∈
R𝑁×𝑁 as follows, (

𝑋𝑘
)
𝑢,𝑣 = max(𝑒𝑢,𝑣, 0) . (18)

Singular Value Decomposition (SVD) can find a low-rank ap-
proximation for a given matrix with minimum squared error. It has
shown great success in network embedding as a vital part of Matrix
Factorization approaches [6, 19, 27]. For the given PPMI matrix 𝑋𝑘 ,
the 𝑑-rank SVD factorizes it into

𝑈𝑘Σ𝑘𝑉
𝑇
𝑘
≈ 𝑋𝑘 , (19)

where 𝑈𝑘 ,𝑉𝑘 ∈ R𝑁×𝑑 and Σ𝑘 = diag(𝜎1, · · · , 𝜎𝑑 ). Therefore, the
left and right factorized matrix𝑊𝑘 ,𝐶𝑘 ∈ R𝑁×𝑑 are

𝑊𝑘 = 𝑈𝑘 Σ
1/2
𝑘
, 𝐶𝑘 = 𝑉𝑘 Σ

1/2
𝑘
, (20)

where𝑊𝑘 is the target 𝑘-step embedding matrix.
After calculating𝑊𝑘 for each 𝑘 , the target embedding matrix is

the concatenation of 𝑘-step embedding matrix where 1 ≤ 𝑘 ≤ 𝐾 ,
𝑊 =

[
𝑊1, · · · ,𝑊𝐾

]
∈ R𝑁×𝐾𝑑 . (21)

and the target embedding vectors can be obtained from𝑊 ,

𝑊 =
[
®𝑣1, · · · , ®𝑣𝑁

]𝑇
. (22)

Finally, the learning algorithm for the proposed network embed-
ding method is given in Algorithm 2.

Algorithm 2: TPANE
Input: current time step 𝑡 , dynamic network

𝐺 =
{
Δ𝐴(1) · · · ,Δ𝐴(𝑡 )

}
, maximum step of

Temporal Adjacency 𝐾 , dimension of embedding
vectors 𝑑 , hyper-parameter for negative sampling 𝜆

Output: Dynamic network embedding matrix
𝑊 =

[
®𝑣1, · · · , ®𝑣𝑁

]𝑇 ∈ R𝑁×𝑑
1 𝑑 ′ ← ⌊𝑑/𝐾⌋ ;
2
{
𝐴
(𝑡 )
1 , · · ·𝐴(𝑡 )

𝐾

}
← TemporalPathAdjacency(𝑡,𝐺, 𝐾) ;

3 for 𝑘 = 1 to 𝐾 do
4 𝐴

(𝑡 )
𝑘
← Normalization(𝐴(𝑡 )

𝑘
) ;

5 𝑋𝑘 ← max(𝐴(𝑡 ) ,𝑂) ;
6 𝑈𝑘 , Σ𝑘 ,𝑉𝑘 ← SVD𝑑′ (𝑋𝑘 ) ;
7 𝑊𝑘 ← 𝑈𝑘Σ

1/2
𝑘
∈ R𝑁×𝑑′

8 end
9 𝑊 ←

[
𝑊1, · · · ,𝑊𝐾

]
∈ R𝑁×𝑑

Time Complexity. For online learning, the time complexity
of TPANE is 𝑂 (𝑁𝛿𝑀 (𝑡+1) + 𝑀). For offline learning, the time
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complexity of Algorithm 2 is 𝑂 (𝐾𝑁𝑀 +𝑀) = 𝑂 (𝐾𝑁𝑀) according
to Equation 12. Time complexity contributed by the SVD is not
included since the time complexity estimation for low-rank SVD
on a sparse matrix is vague. Given a dense 𝑁 × 𝑁 matrix, the time
complexity of its full-rank SVD is𝑂 (𝑁 3). Fortunately, many works
have been conducted to speed up SVD. Brand et al. proved that
a rank-𝑑 thin SVD of a 𝑁 × 𝑁 dense matrix can be computed
in 𝑂 (𝑁 2𝑑) time for 𝑑 ≤

√
𝑁 [5]. FaLRR [37] also provided a

fast algorithm to solve low-rank SVD whose time complexity per
iteration is 𝑂 (𝑁𝑑2 + 𝑁𝑑). Experiments are conducted to verify the
average time complexity of low-rank SVD on sparse matrix using
ARPACK [14] as eigensolver in Section 5.3.

5 EXPERIMENTS
To validate the effectiveness and efficiency of the proposed TPANE
method on dynamic networks, we conduct the comparison ex-
periments on six read-world dynamic networks. In particular, the
following questions are to be answered:

• Effectiveness: Is the proposed TPANE more effective on
dynamic network embedding?
• Efficiency: Is the proposed TPANE faster than other baseline
methods during incremental updating?
• Parameter Sensitivity: Does a different value of parameter 𝐾
affect the performance of TPANE?

5.1 Experimental Setting
Datasets. Six real-world dynamic networks are collected from
Network Data Repository [28] and SNAP [16]. The topological
information of the listed networks is shown in Table 1, and the
detailed descriptions are given below.

• reptilia-tortoise-network-fi [29] is an animal interaction
network. The nodes represent animals and the edges repre-
sent interactions between animals.
• soc-wiki-elec [15] is a voting network of Wikipedia, where
nodes indicate users and the edges indicate votes.
• SFHH-conf-sensor [7] is a human contact network where
nodes represent humans and edges represent contacts.
• ia-radoslaw-email [21] is an internal email communication
network between employees of a mid-sized manufacturing
company. The nodes represent employees, and the edges
represent individual emails between two users.
• sx-mathoverflow-c2a [23] is a temporal network of inter-
actions on the stack exchange web site. Nodes represent
users, and edges represent comments between users.
• ia-contacts-dublin [31] is a human contact network where
nodes represent humans and edges between them represent
contacts.

Baseline Methods. For comparison, five state-of-the-art network
embedding methods are selected as the baseline methods.

• Deepwalk [25] is a static network embedding method that
treats nodes as words, walks on a network as sentences, and
learns network embedding via skip-gram.
• LINE [34] is a static network embedding method that
preserves first-order and second-order proximity. In this

Table 1: Topological information of the dynamic network
datasets.

|𝑉 | |𝐸 | average degree

reptilia-tortoise-network-fi 787 1.7K 4
SFHH-conf-sensor 403 70.3K 348
ia-radoslaw-email 167 82.9K 992
soc-wiki-elec 7.1K 107K 30
sx-mathoverflow-c2a 13.8K 195K 14
ia-contacts-dublin 11K 415.9K 74

experiment, both the first-order and second-order proximity
are employed to learn representation.
• DHPE [44] is a dynamic network embedding method that
adopts generalized SVD to preserve the high-order proximity.
The static DHPE model, whose effectiveness is the upper
bound of its dynamic model, is selected as the comparison
baseline model in this experiment.
• CTDNE [22] is a dynamic network embedding method
that can incorporate temporal information into embedding
vectors via temporal random walk. It learns temporal depen-
dency differently compared with TPANE.
• GraRep [6] is a static network embedding method that
captures the different 𝑘-step relational information via
matrix factorization. It adopts a similar network embedding
framework compared with TPANE.

Parameter Setting. For Deepwalk and CTDNE, the number of
walks 𝜇 = 100, and the length of walk 𝑙 = 40. For LINE, the number
of negative samples is set to be 5 and all the embedding vectors
are finally normalized by setting ∥®𝑣 ∥2 = 1 following the origin
parameters setting in [34]. For GraRep and TPANE, the maximal
𝑘-step size 𝐾 = 4. For all the model, the embedding size 𝑑 = 128.

Evaluation Metric. Area Under Curve (AUC) is used as the
evaluation metric in our experiment, which represents the area
under the Receiver Operating Characteristic (ROC) [26]. A higher
AUC indicates better performance for the classification.

5.2 Evaluation of the Link Prediction
As a supervised classification task, link Prediction aims to predict
whether there will be a link (a.k.a. edge) between two nodes based
on the observed information of a network, which is widely used to
evaluate the effectiveness of the network embedding models. 75%
of the temporal edges on each datasets are fed into the network
embedding model to learn the node embedding vectors. The rest of
the 25% edges, together with the same number of generated negative
edges (unconnected node pairs), are utilized for training and testing
Logistic Regression (LR). For edge 𝑒 = (𝑢, 𝑣), the edge embedding
vector ®𝑒 is generated via the hadamard operator ®𝑒 = ®𝑢 ⊙ ®𝑣 or the
mean operator ®𝑒 = (®𝑢 + ®𝑣)/2 [12]. The final results are averaged
from 20 repeated experiments.

Results. The link prediction experiments were performed on five
datasets, and the results were provided in Table 2 and Figure 4.
Table 2 shows the performance of all the compared methods on the
link prediction task, with 10% of edges used for training and 90%
used for testing.

1224



Dynamic Network Embedding via Temporal Path Adjacency Matrix Factorization CIKM ’22, October 17–21, 2022, Atlanta, GA, USA

10% 30% 50% 70% 90%
percentage

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

AU
C

a) reptilia-tortoise-network-fi

Deepwalk
LINE
DHPE

CTDNE
GraRep
TPANE

10% 30% 50% 70% 90%
percentage

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

b) SFHH-conf-sensor

Deepwalk
LINE
DHPE

CTDNE
GraRep
TPANE

10% 30% 50% 70% 90%
percentage

0.5

0.6

0.7

0.8

0.9

c) ia-radoslaw-email

Deepwalk
LINE
DHPE

CTDNE
GraRep
TPANE

10% 30% 50% 70% 90%
percentage

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

d) soc-wiki-elec

Deepwalk
LINE
DHPE

CTDNE
GraRep
TPANE

10% 30% 50% 70% 90%
percentage

0.4

0.5

0.6

0.7

0.8

e) sx-mathoverflow-c2a

Deepwalk
LINE
DHPE

CTDNE
GraRep
TPANE

Figure 4: Link prediction results with hadamard operator. Percentage represents the proportion of edges for testing in
classification.

Table 2: Link prediction results (10% training set, 90% testing set).

Evaluation Setting Dataset
Method

Deepwalk LINE DHPE CTDNE GraRep TPANE

Mean Operator

reptilia-tortoise-network-fi 0.6224 0.5024 0.5436 0.6154 0.6294 0.6597
SFHH-conf-sensor 0.7000 0.6551 0.5467 0.7089 0.6723 0.6878
ia-radoslaw-email 0.8304 0.8301 0.8416 0.8285 0.8160 0.8485
soc-wiki-elec 0.7824 0.7052 0.6285 0.7845 0.8188 0.8289
sx-mathoverflow-c2a 0.7358 0.8118 0.5187 0.8410 0.8757 0.8865

Hadamard Operator

reptilia-tortoise-network-fi 0.5991 0.5000 0.5390 0.5910 0.6414 0.6685
SFHH-conf-sensor 0.7015 0.5358 0.5095 0.6895 0.7068 0.7115
ia-radoslaw-email 0.8067 0.5656 0.7589 0.8002 0.6173 0.8796
soc-wiki-elec 0.7037 0.4973 0.5069 0.6918 0.6977 0.7481
sx-mathoverflow-c2a 0.5918 0.5578 0.5002 0.7117 0.7828 0.8467

Table 2 shows that nine of the ten best results are produced
by TPANE. TPANE outperforms all state-of-the-art methods in all
the cases with hadamard operator, and in most cases with mean
operator. In some datasets like soc-wiki-elec and sx-mathoverflow-
c2a, TPANE improves AUC by approximately 6% on AUC with
hadamard operator compared with the other best methods. Figure
4 shows that the performance of TPANE is stably superior to other
methods under different partition ratios between the training set
and testing set in classification, especially on SFHH-conf-sensor,
soc-wiki-elec, and sx-mathoverflow-c2a.

The proposed TPANE outperforms GraRep on all datasets
regardless of the operator function, especially on reptilia-tortoise-
network-fi with nearly 26% promotion on AUC with hadamard
operator. Since the embedding framework of TPANE is the same
as to GraRep except for the employment of TPA, the result
demonstrates that the proposed TPA similarity measure can
improve the quality of embedding vectors by learning the temporal
dependency. Experiments with other ratios (65%, 85%) of observed

edges for network embedding learning are conducted and similar
conclusions can be drawn from the results (data not shown).

Above all, the results of link prediction experiments illustrate
that TPANE is more effective than other state-of-the-art methods
and can produce embedding vectors with higher quality.

5.3 Efficiency of low-rank SVD on sparse
matrix

To demonstrate the efficiency of low-rank SVD on sparse matrix,
we ran𝑑-rank SVD on the adjacency matrices of synthetic networks
with different scales.

Experimental Setting. We let the number of nodes 𝑁 = 1 ×
103, · · · , 2 × 105, and average degree 𝑀/𝑁 = 100. The random
networks were generated by Barabási–Albert preferential attach-
ment algorithm [1]. ARPACK is employed as the eigensolver, which
uses 𝑁 ·𝑂 (𝑑) +𝑂 (𝑑2) storage [14].

Results.We generated the adjacency matrices with different sizes
and applied 𝑑-rank SVD on them, and the time cost result was
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Figure 5: Efficiency of low-rank SVD on sparse matrix.

demonstrated in Figure 5, which was averaged from 20 repeated
experiments. It shows that the average time complexity of SVD on
sparse matrix is roughly 𝑂 (𝑁𝑑) when𝑀/𝑁 is small and 𝑑 << 𝑁 .
The annotated points on Figure 5 show that when 𝑁 = 2 × 105,
𝑀 = 2 × 107 and 𝑑 = 128, the time consumption of 𝑑-rank SVD is
less than 3 minutes. Considering most of the network embedding
models prefer 𝑑 ≤ 200, time consumption like this is acceptable.

Above all, if the average degree𝑀/𝑁 is guaranteed to be small,
matrix factorization approaches can also deal with networks with
large scale in an efficient way comparing with random-walk-based
approaches.

5.4 Efficiency on Incremental Updates
To evaluate the efficiency of our model, we conduct the time con-
sumption analysis of network embedding models for incremental
updates on dynamic networks with different scales.

Baseline Methods. Since CTDNE and GraRep do not naturally
support the incremental updates, their online learning editions are
provided, and explanations are given as follows:
• CTDNE-unbiased-update is an implementation of CTDNE
[22] for incremental updates. It uses the Unbiased Update
algorithm [30] to reduce unnecessary computation and
improve efficiency.
• GraRep-retrain simply retrains the GraRepmodel [6] when
incremental updating using GraRep methods.

Parameter Setting. For CTDNE-unbiased-update, the number of
walks 𝜇 = 10, which is less than the setting in link prediction task
in Section 5.2, in order to make it faster, and the length of walk
𝑙 = 40. For GraRep-retrain and TPANE, the maximal 𝑘-step size
𝐾 = 4. For all the models, the embedding size 𝑑 = 128.

Experimental Setting. On each dataset, the offline learning
method is applied to learn the network embedding vectors. Then,
some edges are generated as the dynamic network’s new snapshot,
and the online learning method is applied to learn the new network
embedding vectors. The time consumption of the online learning is
recorded.

Results. The comparison experiments are conducted on six real-
world dynamic networks, and the results are given in Figure
6. As shown in Figure 6, TPANE is faster than both the two

baseline methods on datasets with various scales. For CTDNE-
unbiased-update, its time consumption is mainly contributed by
the generation of the updated walks and the iteration of gradient
descent. Therefore, it is about 100 times slower than the other
matrix factorization methods. It is amazing that TPANE is even
faster than GraRep-retrain, since the GraRep method does really
little computation and simply employs SVD on normalized different
order adjacency matrices. Figure 6 also shows that the time
consumption of TPANE is about 40% less than GraRep-retrain on
large dynamic networks like sx-mathoverflow-c2a and ia-contacts-
dublin, since TPANE needs to do less matrix multiplication while
doing incremental updates. The experiment result illustrates that
TPANE is efficient for incremental update, which is vital for online
learning of dynamic network embedding.

5.5 Parameter Sensitivity
To answer how the parameters in TPANE affect its effectiveness and
efficiency, we apply different values of parameter 𝐾 = 2, 4, 6, · · · , 16
on TPANE, and perform the link prediction experiment as well as
the time consumption experiment. Results are shown in Figure 7
and Figure 8.

Figure 7 shows the performance of TPANE on link prediction
tasks under different parameter settings. It illustrates that the
perturbation amplitude of AUC is small (less than 5% if 𝐾 is
greater than 4 ), therefore showing that TPANE is insensitive to the
parameter 𝐾 . The effectiveness of TPANE falls when 𝐾 increases
can be explained by the fact that the high step TPA is not as
important as the low step TPA. When 𝑘 is getting larger and larger,
the dimensions of embedding vectors assigned to each 𝑘-step TPA
decreases, and therefore the learning of low step TPA is disturbed.
For SFHH-conf-sensor, the optimal parameter setting is 𝐾 = 4, as
well as 𝐾 = 2 for ia-radoslaw-email and 𝐾 = 4 for soc-wiki-elec.

Figure 8 shows the time cost of TPANE when doing incremental
updates under different parameter settings when 𝛿𝑀 = 250. It
shows that the time cost of TPANE for incremental updates is
roughly linear to the parameter 𝐾 . According these two experiment
results, to optimize the effectiveness of TPANE and keep efficient,
𝐾 should be selected as a small number and 𝐾 = 4 is a good default
option for most of the cases.

6 CONCLUSIONS
In this article, an efficient and effective embedding model for
dynamic networks named TPANE is proposed. It preserves both
the temporal dependency and the topological information between
nodes, and updates the embedding vectors of a dynamic network
via matrix factorization. A new similarity measure TPA is also
proposed, which is capable of incremental computation and learn-
ing temporal information. Therefore, it is practical in dynamic
network embedding and can be used to construct new similar-
ity measures. Experiments on six real-world dynamic networks
demonstrate that TPANE is effective and outperforms state-of-
the-art network embedding methods. Time consumption analysis
shows that TPANE is faster than baseline methods while doing
incremental updates. Future work includes generalizing TPANE
into various networks like heterogeneous network and constructing
new similarity measures based on TPA.
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Figure 6: Time consumption for incremental updates with different update rate 𝛿𝑀 .
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