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Abstract

Kernelized bandits, also known as Bayesian optimization (BO), has been a prevalent
method for optimizing complicated black-box reward functions. Various BO
algorithms have been theoretically shown to enjoy upper bounds on their cumulative
regret which are sub-linear in the number 7" of iterations, and a regret lower bound
of Q(\/T) has been derived which represents the unavoidable regrets for any
classical BO algorithm. Recent works on quantum bandits have shown that with
the aid of quantum computing, it is possible to achieve tighter regret upper bounds
better than their corresponding classical lower bounds. However, these works are
restricted to either multi-armed or linear bandits, and are hence not able to solve
sophisticated real-world problems with non-linear reward functions. To this end,
we introduce the quantum-Gaussian process-upper confidence bound (Q-GP-UCB)
algorithm. To the best of our knowledge, our Q-GP-UCB is the first BO algorithm
able to achieve a regret upper bound of O(polylogT), which is significantly

smaller than its regret lower bound of Q(+/T') in the classical setting. Moreover,
thanks to our novel analysis of the confidence ellipsoid, our Q-GP-UCB with the
linear kernel achieves a smaller regret than the quantum linear UCB algorithm
from the previous work. We use simulations, as well as an experiment using a real
quantum computer, to verify that the theoretical quantum speedup achieved by our
Q-GP-UCB is also potentially relevant in practice.

1 Introduction

Kernelized bandits 9], also named Bayesian optimization (BO) [10} [11} [16} [19, 32], has been an
immensely popular method for various applications involving the optimization of complicated black-
box reward functions. For example, BO has been extensively used to optimize the hyperparameters of
machine learning (ML) models [[12} 14} 22]], the parameters of computationally expensive simulators
[S], etc. In every iteration t = 1,...,T, BO chooses an arm/input x; and then queries the reward
function f for a noisy observation y; = f(x:) 4+ (; where (; is a sub-Gaussian noise. In addition to its
impressive practical performance, BO is also equipped with solid theoretical guarantees. A number
of commonly adopted BO algorithms have been theoretically shown to enjoy sub-linear upper bounds
on their cumulative regret [9,133]], which ensures that they are guaranteed to be able to find the global
optimum of the reward function as 7' (i.e., the total number of function queries) increases. On the
other hand, a lower bound of Q(\/T ) (ignoring additional log factors) on the cumulative regret of BO
has been shown [31]], which represents the fundamental limit of any BO algorithm (in the classical
setting). In other words, no classical BO algorithm can achieve a cumulative regret smaller than

Q(\/T ). This naturally begs the question: can we leverage more advanced technology to go beyond
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the classical setting and hence break this fundamental limit of Q(\/T) ? In this work, we give an
affirmative answer by showing that this can be achieved with the aid of quantum computing [34].

Quantum bandits, which incorporates quantum computing into bandit algorithms, has been studied by
a number of recent works 8} 38},/40,41]]. Notably, the recent work of [38]] has introduced quantum
variants of classical algorithms for multi-armed bandits (MAB) and stochastic linear bandits (SLB).
In the setting of quantum bandits adopted by [38]], every query to the reward function f at the arm
x; (in the classical setting) is replaced by a chance to access a quantum oracle, which encodes
the reward distribution for the arm z,. For every selected arm x;, [38] has proposed to adopt the
quantum Monte Carlo (QMC) algorithm [4} 28] as a subroutine to obtain an accurate estimation
of f(x) in an efficient way, i.e., using a small number of queries to the quantum oracle (Lemma
[I). As aresult, [38]] has shown that the regrets of the quantum algorithms for both MAB and SLB
are significantly improved compared with their classical counterparts and are smaller than their
classical lower bounds. However, both MAB and SLB fall short when optimizing complex real-world
functions (e.g., optimizing the hyperparameters of ML models). This is because MAB is unable to
exploit the correlations among the arms to model the reward function, and the assumption of a linear
reward function adopted by SLB is usually too restrictive in practice. Therefore, designing a quantum
bandit algorithm capable of optimizing sophisticated non-linear reward functions, which is a critical
step towards practically useful quantum bandit algorithms, is still an open problem. In this work, we
resolve this open problem by proposing the first algorithm for quantum BO.

Similar to [38], in our quantum BO problem setting, queries to the reward function in the classical
setting are replaced by access to a quantum oracle encoding the reward distribution. As discussed
in [38 139], a quantum oracle is available when the learning environment is implemented by a
quantum algorithm, which makes the setting of our quantum BO fairly general. For example, our
quantum BO algorithm may be used to optimize the hyperparameters of quantum ML algorithms
[3]], such as quantum support vector machines (SVMs) [29], quantum neural networks (NNs) [1} [18]],
among others. It may also be used to optimize the parameters of simulators implemented on a
quantum computer, or for applications involving quantum systems where the data produced is
inherently quantum. Moreover, our quantum BO algorithm could also be applied to classical data
and algorithms, because as discussed in [39], any classical computer program can be converted to a
quantum circuit, allowing it to serve as a quantum oracle in our quantum BO algorithm.

In this work, we introduce the first quantum BO algorithm: quantum-Gaussian process-upper
confidence bound (Q-GP-UCB). For every selected arm x,, our Q-GP-UCB algorithm (Algo.
adopts the QMC subroutine (Lemmal[I) to efficiently estimate the corresponding reward function
value f(xs) to satisfy a target estimation error €5. Every arm z; is selected based on our weighted
GP posterior distribution, in which every previously selected arm x is given a weight of 1/¢2 which
is inversely related to its estimation error. The theoretical analysis of our Q-GP-UCB is faced with
non-trivial technical challenges, and our contributions can be summarized as follows:

e We analyze the growth rate of the weighted information gain (Sec.[5.1)) which arises due to the use
of our weighted GP regression (Sec. [.1)), and show its connection with the standard maximum
information gain commonly used in the analysis of BO/kernelized bandits [9, 33]]. Our analysis
here may be of broader independent interest for future works adopting weighted GP regression.

e We derive a tight confidence ellipsoid which gives a guarantee on the concentration of the reward
function around the weighted GP posterior mean (Sec. [5.3), and discuss the intuition behind
our proof which corresponds to an interesting interpretation about our Q-GP-UCB algorithm. A
particularly crucial and novel step in our analysis relies on the recognition to apply the concentration
inequality for 1-sub-Gaussian noise (Sec.[5.3).

e We prove that our Q-GP-UCB achieves a regret upper bound of O(poly log T') for the commonly
used squared exponential (SE) kernel (Secs. [5.4]and [5.5), which is considerably smaller than the
classical regret lower bound of ( \/T) [31] and hence represents a significant quantum speedup.

e By using a similar proof technique to the one adopted for our tight confidence ellipsoid (Sec.[5.3),
we improve the confidence ellipsoid for the quantum linear UCB (Q-LinUCB) algorithm [38]]. This
improved analysis leads to a tighter regret upper bound for Q-LinUCB, which matches the regret
of our Q-GP-UCB with the linear kernel (Sec. [5.6)).

o We use simulations implemented based on the Qiskit package to verify the empirical improvement
of our Q-GP-UCB over the classical GP-UCB and over Q-LinUCB, through a synthetic experiment
and an experiment on automated machine learning (AutoML) (Sec. [6). Notably, we have also



performed an experiment using a real quantum computer, in which our Q-GP-UCB still achieves a
consistent performance advantage (Fig. 4] App.[l)

2 Related Work

A number of recent works have studied bandit algorithms in the quantum setting. The works of [§]]
and [40] have focused on the problem of pure exploration in quantum bandits. [25]] has studied a
different problem setting where the learner aims to maximize some property of an unknown quantum
state (i.e., the rewards) by sequentially selecting the observables (i.e., actions). The recent work of
[38] has introduced algorithms for quantum multi-armed bandits (MAB) and stochastic linear bandits
(SLB), and has shown that by incorporating the QMC subroutine into MAB and SLB, tight regret
upper bounds can be achieved which are better than the classical lower bounds. More recently, the
works of [23]] and [41] have followed similar approaches to introduce quantum bandit algorithms
for, respectively, stochastic convex bandits and bandits with heavy-tailed reward distributions. In
addition to quantum bandits, some recent works have introduced quantum reinforcement learning
(RL) algorithms. [39] has assumed access to a generative model of the environment and proved
that their quantum RL algorithm achieves significantly better sample complexity over their classical
counterparts. More recently, [[17, 43] have removed the requirement for a generative model in
quantum RL and achieved quantum speedup in terms of the regret. More comprehensive reviews of
the related works on quantum RL can be found in recent surveys (e.g., [27]). The problem setting
of our quantum BO (Sec. [3.2) is the same as many of these above-mentioned previous works on
quantum bandits [38}41] and quantum RL [17,[39}43]]. However, to the best of our knowledge, none
of the existing works on quantum bandits (and quantum RL) is able to handle non-linear reward
functions, which we resolve in this work. Over the years, extensive efforts [[7, 124} 130, 36] have been
made to design BO/kernelized bandit algorithms whose regret upper bounds are small enough to
(nearly) match the classical regret lower bound of Q(+/T") (ignoring additional log factors). Our work
provides an alternative route by proving that with the aid of quantum computing, it is possible to
achieve a tight regret upper bound which is significantly smaller than the classical regret lower bound.

3 Problem Setting and Background

3.1 Classical Kernelized Bandits

A BO/kernelized bandit algorithm aims to maximize a reward function f : X — R where X C RY,
i.e., it aims to find * € argmax,ex f(x). Consistent with the previous works on BO/kernelized
bandits [9] 37]], we assume that f lies in the reproducing kernel Hilbert space (RKHS) associated
with a kernel k: f € Hy(X). Thatis, we assume that||f||;;, < B for B > 0, in which |-||;;, denotes
the RKHS norm induced by the kernel k. Note that unlike previous works on linear bandits [2]], our
assumption here allows f to be non-linear w.r.t. the input x. In this work, we mainly focus on the
widely used squared exponential (SE) kernel: k(z, z") £ exp(—||z — x’”; /(21%)) in which [ is the
length scale. We also extend our results to the Matérn kernel in Sec. Without loss of generality,
we assume that k(-, -) < 1. In the following, we use [t] to denote {1, .. .,t} for simplicity.

In every iteration ¢t € [T'] of BO, an input z; is selected, after which a corresponding noisy observation
yr = f(x¢) + ( is collected where (; is a sub-Gaussian noise (e.g., bounded noise or Gaussian noise).
The inputs x;’s are sequentially selected by maximizing an acquisition function, which is calculated
based on the Gaussian process (GP) posterior distribution. Specifically, after ¢ iterations, we use the
current history Dy = {(z1,v1), .., (z¢,y:)} to calculate the GP posterior predictive distribution at
x € X: N(ue(z),0%(z)) where

pe(z) &k () (K + D7, o2 (x) £ k(z,z) — k) (2) (K + M) " ke (2), (1)
in which k;(z) £ [k(z, x| iy and Yy = [yrr]je[t] are column vectors, K; £ [k(z7, )7, rrepy is
the ¢ x ¢ covariance matrix, and A > 1 is a regularization parameter. Based on (), a commonly used
acquisition function is GP-UCB [33]], which selects the next query by: ;11 = arg max,ecx i (x) +
&tr10+(x) where &1 is a parameter carefully chosen to balance exploration and exploitation. The
performance of a BO/kernelized bandit algorithm is usually theoretically analyzed by deriving an

upper bound on its cumulative regret: Ry = ZtT:1 [f(z*) — f(=x)], and a tighter regret upper bound
is an indicator of a better theoretical convergence.



3.2 Quantum Bandits/BO

A quantum state |x) in Hilbert space C™ can be expressed as a superposition of n basis states (e.g.
qubits) via a vector ¥ = [x1,...,2,] ", with |2;]|? representing the probability of being in the i‘"
basis state. Given two quantum states |x) € C" and |y) € C™, we use |2)|y) = [21Y1,- - -, TnlYm]
to denote their tensor product. A quantum algorithm typically works by applying unitary operators
to quantum states, and may have access to input data encoded in unitary operators called quantum
oracles (examples have been discussed in Sec. [I). We defer a more detailed introduction to quantum
computing to related works dedicated to these topics (e.g., [26l]).

Our quantum BO setting follows that of the quantum bandits works in [38, 41]]. In every iteration
of quantum BO, after an input x is selected, instead of observing a noisy reward as in classical
BO/bandits (Sec.[3.1)), we get a chance to access a quantum unitary oracle O, and its inverse that
encode the noisy reward distribution. Specifically, let P, denote the reward distribution, {2, denote
the finite sample space of P, and ¥, : {2, — R denote the random reward associated with input x.
Then, O, is formally defined as:

Oz :10) = Xsca, VP (W) |w) [y (w))- @

Quantum mean estimation, which aims to estimate the mean of an unknown distribution with better
sample efficiency than classical algorithms, has been a widely studied problem [4}21]]. Consistent
with the works of 38, 41]], we will make use of the following quantum Monte Carlo (QMC) algorithm:

Lemma 1 (Quantum Monte Carlo (QMC) [28]). Let y,. : 2, — R denote a random variable, ), is
equipped with probability measure P,, and the quantum unitary oracle O,, encodes P, and y,.

o Bounded Noise: If the noisy output observation satisfies y,, € [0, 1], then there exists a constant
Cy > 1 and a QMC algorithm QMC(O,, €,0) which returns an estimate §J,, of Ely,| such that
P(|9s — Elys]| > €) <6, using at most % log(1/9) queries to O and its inverse.

e Noise with Bounded Variance: If the variance of y, is < o2, then for ¢ < 4o, there exists a
constant Cy > 1 and a QMC algorithm QMC(O,, €, 8) which returns an estimate §,, s.t. P(|j. —
Ely.]| > €) < 0, using at most <22 logg/2 (82) log, (log, 87) log 3 queries to O, and its inverse.

The quantum query complexity of a quantum algorithm is usually measured by the number of queries

to the quantum oracle 3, 38]. So, the sample complexities from Lemma|[I]can be compared with

that of classical Monte Carlo (MC) estimation. In the classical setting, it can be easily shown using
concentration inequalities that MC estimation requires O(1 ‘62) samples to reach a target mean
1)

estimation error of e. Therefore, the QMC algorithm (Lemmal (1)), which only needs (5(1 /€) samples,
achieves a quadratic reduction in the required number of samples. This dramatic improvement is
crucial for the quantum speedup in terms of regrets achieved by our algorithm (Sec. [5.4).

During our Q-GP-UCB algorithm, after every input x is selected, we will apply the QMC algorithm
from Lemma with the quantum oracle O, _ to obtain an estimation y; of its reward f(xs) (line
6 of Algo.[I). Of note, the above-mentioned equivalence between a query to the quantum oracle
and a sample for classical MC mean estimation implies that a query to the quantum oracle O, in
quantum BO/bandits is equivalent to the pulling of an arm x in classical BO/bandits. Therefore, the
cumulative regret R7 of our Q-GP-UCB algorithm is defined as the regret incurred after 1" queries to
the quantum oracle, which makes it amenable to comparisons with the regrets of classical algorithms.

4 Quantum Bayesian Optimization

In this section, we first introduce weighted GP regression (Sec. {.I) which will be used by our
Q-GP-UCB algorithm to calculate the acquisition function for input selection, and then describe our
Q-GP-UCB algorithm (Sec.[4.2) in detail.

4.1 Weighted GP Posterior Distribution

In contrast to standard GP-UCB [33]] which uses the standard GP posterior distribution (II]) to calculate
the acquisition function, our Q-GP-UCB makes use of a weighted GP posterior distribution. That
is, we assign a weight to every previous observation. Specifically, after stage s of our Q-GP-UCB
(i.e., given Dy £ {(x+,y-)},e[s)), We define the weight matrix W = diag(1/€,...,1/€2). W is



an s x s diagonal matrix, in which the 7 diagonal element represents the weight 1/¢2 given to the
™ observation (z,,y, ). We will set e, = 5771(:57)/\& (Sec. , i.e., €, is calculated using the

weighted GP posterior standard deviation (conditioned on the first 7 — 1 observations) at x,.

Define K = [k(z., xT’)]T,T’E[s] which is the s x s-dimensional covariance matrix given the first s

observations, and define IN( Wl/ 2K Wél/ 2 which is the weighted covariance matrix. Similarly,
define kg (x ) £ [k(z,z,)]] c[s and ky(z) £ 1/2ks(x). Denote the collection of output observa-

refs) and define Y I/Vl/2
GP posterior distribution at an input x € X’ is a Gaussian distribution: N (fis(x),52(z)), in which

’7s

is(z) 2 k] (2) (Ko + M) 7YY, 32(2) 2 k(z,2) — k] (2)(Ks + M) ky (). 3)

S

tions by Y £ [y, ] Y. With these definitions, given Dy, our weighted

Note that the GP posterior mean /s above is equivalently the solution to the following weighted
kernel ridge regression problem: fis = argmin e, (x) Y y—y é(yT — f(z,)? + )\||f||§{k We
give a more detailed analysis of the weighted GP posterior (3)) in App.[A] Weighted GP regression
has also been adopted by previous works on BO such as [[15]. However, our choice of the weights,
algorithmic design and theoretical analyses all require significantly novel treatments.

4.2 Q-GP-UCB Algorithm

Algorithm 1 Q-GP-UCB
1: forstage s =1,2,...do
20z =argmax,cyfls—1(x) + Bs0s—1(z) @).
3: €5 =0, 1(xs)/f
4. (a) N, = Cl log () (for bounded noise), or
(b) N, = 02" log?’/2 ( ) log, (log, &2 = )log ™ (for noise with variance bounded by o2).

5. If 22:1 X > T, termlnate the algorithm.

6:  Runthe QMC(OIS ,€s,0/(2m)) algorithm to query the quantum oracle of x for the next N,
rounds, and obtain y, as an estimate of f(xz).

7:  Update the weighted GP posterior (3) using (s, ys ).

Our Q-GP-UCB algorithm is presented in Algo. [T} Q-GP-UCB proceeds in stages. In stage s, we first
select the next input x4 to query by maximizing the GP-UCB acquisition function calculated using the

weighted GP posterior distribution (3] (line 2 of Algo.. Here 3, £ B+ \/ 2(Fs—1 + 1+ 1og(2/0))
(more details in Sec., in which 6 € (0,2/e] and ¥,_; £ £ log(det(I 4+ + K,_1)) is the weighted
information gain (more details in Sec. . Next, we calculate €5 = g5_1(z5)/ VA (line 3) and
Ne, (line 4), in which N, depends on the type of noise and the value of €;. Here 7 is an upper
bound on the total number m of stages which we will analyze in Sec. [5.2] Subsequently, unless
the algorithm is terminated (line 5), we run the QMC algorithm (Lemma I} to estimate f(z) by
querying the quantum oracle of zs for N, rounds (line 6). The QMC procedure returns an estimate
ys of the reward function value f(x), for which the estimation error is guaranteed to be bounded:
lys — f(xs)| < es with probability of at least 1 — §/(2m). Lastly, we update the weighted GP
posterior (3) using the newly collected input-output pair (zs, ys), as well as its weight 1/¢2 (line 7).

Of note, the value of € is used for both (a) calculating the number V., of queries to the quantum
oracle for x5, and (b) computing the weight 1 /€2 assigned to (, y,) in the weighted GP regression

(3) in the subsequent iterations. Regarding (a), our designs of €5 and N., = O(1/¢;) have an
interesting interpretation in terms of the exploration-exploitation trade-off: In the initial stages, the
weighted GP posterior standard deviation o5_1 () and hence ¢, are usually large, which leads to a
small number V., of queries for every x, and hence allows our Q-GP-UCB to favor the exploration
of more unique inputs; in later stages, os_1(2s) and €5 usually become smaller, which results in
large N, ’s and hence causes our Q-GP-UCB to prefer the exploitation of a small number of unique
inputs. Regarding (b), assigning a larger weight 1 /€2 to an input =5 with a smaller e, is reasonable,
because a smaller €, indicates a smaller estimation error for y, as we explained above, which makes
the observation y; more accurate and reliable for calculating the weighted GP regression (3)).

Note that we have modified the original GP-UCB by querying every selected input x5 multiple times,
in order to make it amenable to the integration of the QMC subroutine. The recent work of [6] has also



adapted BO to evaluate a small number of unique inputs while querying each of them multiple times.
It has been shown [6] that the resulting BO algorithm preserves both the theoretical guarantee (i.e.,
the regret upper bound) and empirical performance of the original BO, while significantly reducing
the computational cost. So, the findings from [6] can serve as justifications for our modification to
GP-UCB. Also note that despite this similarity, [6] still focuses on the traditional setting (i.e., their

regret upper bound is R = O(vr VT )) and their regret analyses are entirely different from ours.

5 Theoretical Analysis

Throughout our analysis, we condition on the event that |f(xs) — ys| < €5,Vs = 1,...,m. This
event holds with probability of at least 1 — ¢ /2, because we set the error probability in QMC (Lemma
to §/(2m) in which 7 > m (see Theorem [2|for details). For simplicity, we mainly focus on the
scenario of bounded noise (i.e., the observations are bounded within [0, 1], the first case of Lemmal|l]),
because the theoretical analyses and insights about the other scenario of noise with bounded variance
(i.e., the second case of Lemmal(T) are almost identical (more details in Sec.[5.5).

5.1 Weighted Information Gain

To begin with, the following lemma (proof in App.[B) gives an upper bound on the sum of the weights
in all m stages, which will be useful for upper-bounding the weighted information gain 7,,.

Lemma 2. Choose § € (0,2/e], then we have that y "~ | 1/e2 < T?.

Denote by 77 the maximum information gain from any set of T inputs: ~p =
maxX{z, .. aplcx % log det(I + %KT), which is commonly used in the analysis of BO/kernelized
bandit algorithms [9,133]. Denote by Ym the weighted information gain from all m selected inputs in

all stages: 7, = % log det(I+ %K m ). Note that in the definition of 7,,, we do not take the maximum

over all sets of m inputs, 50 7, still depends on the selected inputs X,,, = {x1,...,7,,}. Also note
that {ey, ..., &, } are known constants conditioned on X,,,. This is because the weighted GP posterior

standard deviation o4_1 @]) does not depend on the output observations, so every e, = o5_1(xs)/ VA
only depends on {1, ..., 2s}. The next theorem gives an upper bound on 7,,,.

Theorem 1. (a) Given X,, = {z1,...,2m}, the growth rate of ¥y, is the same as that Of'VZL”:l 1/e2-
(b) A’yim < Yr2.

We give the complete statement of result (a) in Theorem [§] (App. [C), which presents the concrete
growth rate. As stated by result (a), to obtain an upper bound on 7,,,, we simply need to firstly use
the upper bound on 7 from previous works [35], and then replace the 7" in this upper bound by
> | 1/€2. Based on this, the result (b) has further upper-bounded """ | 1/€2 by T through Lemma
Note that because €5 = 75_1(z5)/VA < 1, we have that 1 /€2 > 1 and hence 37| 1/€2 > m.
Therefore, our weighted information gain ¥, has a looser upper bound than ~,,. This intuitively
implies that our weighted covariance matrix K,, is expected to contain more information than the
original K,,, whose implication will be discussed again in Sec.[5.2] The proof of Theorem|I](App. [C)
has followed the analysis of the information gain from [35]. Specifically, we have leveraged a finite-
dimensional projection of the infinite-dimensional RKHS feature space, and hence upper-bounded
the information gain in terms of the tail mass of the eigenvalues of the kernel k. The proof requires
carefully tracking the impact of the weights 1/¢2 throughout the analysis. Importantly, our Theorem
[[]and its analysis may be of wider independent interest for future works which also adopt weighted
GP regression (Sec. .1).

The growth rate of v has been characterized for commonly used kernels [35]]. Based on these, the
next corollary provides the growth rates of 7,,, for the linear and squared exponential (SE) kernels.

Corollary 1. For the linear and squared exponential (SE) kernels, we have that
Ym = O(dlog>7" | 1/€2) = O(dlogT) linear kernel,
Fm = O(log™ ! "™ 1/€2) = O((log T)*™)  SE kernel.

5.2 Upper Bound on The Total Number m of Stages

The next theorem gives an upper bound on the total number of stages of our Q-GP-UCB algorithm.



Theorem 2. For the linear kernel, our Q-GP-UCB algorithm has at most m = O(dlogT) stages.
For the SE kernel, our Q-GP-UCB algorithm has at most m = O((log T)*™) stages.

Note that for the linear kernel, our upper bound on m matches that of the Q-LinUCB algorithm
from [38] (see Lemma 2 from [38]]). The proof of Theorem [2]is given in App. D] and here we
give a brief sketch of the proof. For stage s, define Vi = A + >°°_ (1/€2)¢(z,)¢(x-) T, in
which ¢(-) is the (potentially infinite-dimensional) RKHS feature mapping: k(z,z’) = ¢(z) T é(z’).
Intuitively, log det V; represents the amount of information contained in the first s selected inputs
{x1,...,2s}. As the first step in our proof, we prove that thanks to our choice of €, (line 3 of
Algo. 1)) and our design of the weights 1/¢2, the amount of information log det Vj is doubled after
every stage: det V1 = 2detV,,¥7 = 0,...,m — 1. This allows us to show that mlog2 =
log(det(V,,)/ det(Vp)) where Vo = AI. Next, we show that this term is also related to our weighted
information gain: log(det(V;,,)/ det(Vp)) = 27,,, which allows us to upper-bound m in terms of
~m and hence in terms of ZT:1 1/€2 (see Corollary . This eventually allows us to derive an upper
bound on m by using the fact that the total number of iterations (i.e., queries to the quantum oracles)
is no larger than 7. Therefore, the key intuition of the proof here is that as long as we gather a
sufficient amount of information in every stage, we do not need a large total number of stages.

5.3 Confidence Ellipsoid
The next theorem proves the concentration of f around the weighted GP posterior mean (3).

Theorem 3. Letn £ 2/T, A 2 1+, and Bs £ B + \/2(Fs—1 + 1 +log(2/4)). We have with
probability of at least 1 — /2 that

|f(z) — fis—1(2)| < BsTs_1(z), Vs €[m],ze€X.

The proof of Theorem [3]is presented in App. [E| and here we give a brief proof sketch. Denote
by Fs_1 the o-algebra Fs_1 = {z1,...,2s,(1,...,(s—1} where {, = yr — f(zx) is the noise.
Recall that Wo/? & diag(1/€1,...,1/es) (Sec., and define (1. £ [Ckke(s)- In the first part of
the proof, we use the RKHS feature space view of the weighted GP posterior (3 (see App.[A) to

upper-bound | f(z) — fis—1 ()] in terms of o5_1 (x) and ||W51/2C1;5| |(( Next, the most

KotnI)=14+1)=1"
crucial step in the proof is to upper-bound ||Wa/ %14 | ((RonD)-141)-1 in terms of 5 by applying
the self-normalized concentration inequality from Theorem 1 of [9] to I-sub-Gaussian noise. This
is feasible because (a) every €, = 05_1(xs)/ V/\is F,_i-measurable, and (b) conditioned on Fs_1,

the scaled noise term (/€5 (in VVS1 / 2C1:s) is 1-sub-Gaussian. The statement (a) follows because €,
only depends on {z1,...,zs} as we have discussed in Sec. The statement (b) follows since our
QMC subroutine ensures that every noise term (. is bounded within [—e, €] (Sec. because
lyx — f(zx)| < ek (with high probability). This suggests that conditioned on F;_; (which makes €
a known constant as discussed above), (s /¢ is bounded within [—1, 1] and is hence 1-sub-Gaussian.

This critical step in the proof is in fact also consistent with an interesting interpretation about our
algorithm. That is, after x is selected in stage s, we adaptively decide the number N, of queries
to the quantum oracle in order to reach the target accuracy €, (line 4 of Algo.[I). This ensures
that |ys — f(xs)] < es (with high probability), which guarantees that the noise (s = ys — f(zs)
is (conditionally) e,-sub-Gaussian. Moreover, note that the vector of observations Y, used in the

calculation of the weighted GP posterior mean (@) is Y, = W, / *Y,. So, from the perspective of the
weighted GP posterior (3)), every noisy observation y,, and hence every noise (s, is multiplied by
1/es. So, the effective noise of the observations Y; used in the weighted GP posterior (i.e., {s/¢s) is
€s/€s = 1-sub-Gaussian. This shows the underlying intuition as to why our proof of the concentration
of the reward function f using the weighted GP regression can make use of /-sub-Gaussian noise
(e.g., in contrast to the o-sub-Gaussian noise used in the proof of classical GP-UCB [9]).

Our tight confidence ellipsoid around f from Theorem 3]is crucial for deriving a tight regret upper
bound for our Q-GP-UCB (Sec.[5.4). Moreover, as we will discuss in more detail in Sec.[5.6] our
proof technique for Theorem 3] interestingly, can be adopted to obtain a tighter confidence ellipsoid
for the Q-LinUCB algorithm from [38]] and hence improve its regret upper bound.

5.4 Regret Upper Bound

Here we derive an upper bound on the cumulative regret of our Q-GP-UCB algorithm.



Theorem 4. With probability of at least 1 — §, we have thaﬂ

Rr = O(d3/2(log T)%/?log(dlog 7)) linear kernel,
Ry = O((log T34+ D/ 2 Jog((log T)‘Hl)) SE kernel.

The proof of Theorem []is presented in App. [F] The proof starts by following the standard technique
in the proof of UCB-type algorithms to show that rs = f(z*) — f(zs) < 28s0s—1(xs). Next,
importantly, our design of €; = 051 (zs)/ v/ allows us to show that 7, < 23sesV/\. After that, the
total regrets incurred in a stage s can be upper-bounded by N, x 23,e,V/A = O(Ei log(m/0) %
Bses) = O(Bslog(m/d)). Lastly, the regret upper bound follows by summing the regrets from
all m stages. Of note, for the commonly used SE kernel, our regret upper bound is of the order
O(poly log T'), which is significantly smaller than the regret lower bound of Q(+/7') in the classical
setting shown by [31]. This improvement over the classical fundamental limit is mostly attributed to
the use of the QMC (Lemmal([I)), i.e., line 6 of Algo.[I] If the QMC procedure is replaced by classical
MC estimation, then in contrast to the N., = O(1/¢,) queries by QMC, every stage would require
N, = O(1/€2) queries. As a result, this would introduce an additional factor of 1/¢; to the total
regrets in a stage s (as discussed above), which would render the derivation of our regret upper bound
(Theorem ) invalid. This verifies that our tight regret upper bound in Theorem[{]is only achievable
with the aid of quantum computing. Our Theorem []is a demonstration of the immense potential of
quantum computing to dramatically improve the theoretical guarantees over the classical setting.

Importantly, when the linear kernel is used, the regret upper bound of our Q-GP-UCB is in fact better
than that of the Q-LinUCB algorithm from [38]. This improvement arises from our tight confidence
ellipsoid in Theorem 3] In Sec.[5.6] we will give a more detailed discussion of this improvement and
adopt our proof technique for Theorem 3|to improve the confidence ellipsoid for Q-LinUCB, after
which their improved regret upper bound matches that of our Q-GP-UCB with the linear kernel.

5.5 Regret Upper Bound for Noise with Bounded Variance

Here we analyze the regret of our Q-GP-UCB when the variance of the noise is bounded by o2,
which encompasses common scenarios including o-sub-Gaussian noises and Gaussian noises with
a variance of o2, Consistent with the analysis of Q-LinUCB [38]], in order to apply the theoretical
guarantee provided by QMC (LemmalT)) for noise with bounded variance, here we need to assume
that the noise variance is not too small, i.e., we assume that ¢ > 1/4. In this case of noise with
bounded variance, the following theorem gives an upper bound on the regret of our Q-GP-UCB.

Theorem 5. With probability of at least 1 — §, we have that

Rr=0 (0d3/2(10g T)%/21og(dlog T)(log, oT)/? log, (log, oT)) linear kernel,
Ry = O(o(log T)3 @D/ 2 16g((log T)**1) (log, oT)3/2 log, (log, oT)) SE kernel.

The proof of Theorem 3]is given in App.[G| Note that same as Theorem 4] the regret for the SE kernel
in Theoremis also of the order O(poly log T'), which is also significantly smaller than the classical
regret lower bound of Q(+/T') [31]]. Moreover, Theorem shows that for both the linear kernel and
SE kernel, the regret of our Q-GP-UCB is reduced when the noise variance o2 becomes smaller.

5.6 Improvement to Quantum Linear UCB (Q-LinUCB)

As we have mentioned in Sec. the regret upper bound of our Q-GP-UCB with the linear
kernel is Ry = O(d*/?(log T)*/? log(dlog T)), which is better than the corresponding Ry =
O(d?(log T)?/? log(dlog T')) for Q-LinUCB [38 by a factor of O(+/d). This improvement can be
attributed to our tight confidence ellipsoid from Theorem 3] Here, following the general idea of the
proof of our Theorem 3] we prove a tighter confidence ellipsoid for the Q-LinUCB algorithm, i.e., we
improve Lemma 3 from the work of [38]]. Here we follow the notations from [38]], and we defer the
detailed notations, as well as the proof of Theorem [6] below, to App. [H]due to space limitation.

'We have omitted the dependency on log(1/6) for simplicity. Refer to App. Efor the full expression.
*This is the high-probability regret (rather than expected regret) from [38]], which we focus on in this work.



Theorem 6 (Improved Confidence Ellipsoid for [38]). With probability of at least 1 — 9,

G*GCS:{HeRd:HGf@

ng( 2dlog(1+l//\ziell%)(15+\[\5)}, Vs € [m).

Note that the size of the confidence ellipsoid from our Theorem [ is of the order
O(y/dlog(>_r_, 1/€2)) = O(v/dlogT) (we have used Lemma [2| here), which improves over
the O(Vds) = O(Vdm) = O(V/d x dlog T) = O(d+/Tog T) from Lemma 3 of [38] by a factor of
V/d. Plugging in our tighter confidence ellipsoid (Theorem@) into the regret analysis of Q-LinUCB,
the regret upper bound for Q-LinUCB is improved to Ry = O (d3/ 2 1og3/ 7 log(dlog T)) (more
details at the end of App.[H). This improved regret upper bound exactly matches that of our Q-GP-
UCB with the linear kernel (Theorem[). Similar to Theorem [3] the most crucial step in the proof
of Theorem [6]is to apply the self-normalized concentration inequality from Theorem 1 of [2] to
1-sub-Gaussian noise. Again this is feasible because €, = 75_1(z5)/ V/\ is Fs_1-measurable, and
conditioned on Fy_1, the scaled noise (/¢ is 1-sub-Gaussian.

5.7 Regret Upper Bound for the Matérn Kernel

So far we have mainly focused on the linear and SE kernels in our analysis. Here we derive a regret
upper bound for our Q-GP-UCB algorithm for the Matérn kernel with smoothness parameter v.

Theorem 7 (Matérn Kernel, Bounded Noise). With probability of at least 1 — 0, we have that
RT — 6 (T3d/(21/+d)> .

The proof is in App. [l Note that the state-of-the-art regret upper bound for the Matérn kernel
in the classical setting is Ry = O(/Thyr) = O(TW+4/@v+d) 7,24, 30, 36]], which matches
the corresponding classical regret lower bound (up to logarithmic factors in 7°) [35]]. Therefore,
the regret upper bound of our Q-GP-UCB for the Matérn kernel (Theorem [7) improves over the
corresponding classical regret lower bound when v > 2d, i.e., when the reward function is sufficiently
smooth. Also note that similar to the classical GP-UCB [33]] (with regret R = (’)(WT\/T) =

O(T(+34/2)/(2v+d))) which requires the reward function to be sufficiently smooth (i.e., v > d/2) to
attain sub-linear regrets for the Matérn kernel, our Q-GP-UCB, as the first quantum BO algorithm,
also requires the reward function to be smooth enough (i.e., v > d) in order to achieve a sub-linear
regret upper bound for the Matérn kernel. We leave it to future works to further improve our regret
upper bound and hence relax this requirement for smooth functions.

6 Experiments

We use the Qiskit python package to implement the QMC algorithm (Lemma 1) following the
recent work of [20]. Some experimental details are deferred to App. [J]due to space limitation.

Synthetic Experiment. Here we use a grid of |X'| = 20 equally spaced points within [0, 1] as the
1-dimensional input domain X (d = 1), and sample a function f from a GP prior with the SE kernel.
The sampled function f is scaled so that its output is bounded within [0, 1], and then used as the
reward function in the synthetic experiments. We consider two types of noises: (a) bounded noise
(within [0, 1]) and (b) Gaussian noise, which correspond to the two types of noises in Lemma
respectively. For (a) bounded noise, we follow the practice of [38] such that when an input x is
selected, we treat the function value f(z) as the probability for a Bernoulli distribution, i.e., we
observe an output of 1 with probability of f(z) and 0 otherwise. For (b) Gaussian noise, we simply
add a zero-mean Gaussian noise with variance o2 to f(z). The results for (a) bounded noise and (b)
Gaussian noise are shown in Figs. [I] (a) and (b), respectively. The figures show that for both types
of noises, our Q-GP-UCB significantly outperforms the classical baseline of GP-UCB. Specifically,
although our Q-GP-UCB incurs larger regrets in the initial stage, it is able to leverage the accurate
observations provided by the QMC subroutine to rapidly find the global optimum. These results show
that the quantum speedup of our Q-GP-UCB in terms of the tighter regret upper bounds (Theorems 4]
and[5) may also be relevant in practice. We have additionally compared with linear UCB (LinUCB)
[2]] and Q-LinUCB [38]], which are, respectively, the most representative classical and quantum linear
bandit algorithms. The results in Fig. 2] (App. [J) show that in these experiments where the reward
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function is non-linear, algorithms based on linear bandits severely underperform compared with
BO/kernelized bandit algorithms in both the classical and quantum settings.

AutoML Experiment. In our experiments on automated machine learning (AutoML), we use our
Q-GP-UCB algorithm to tune the hyperparameters of an SVM for a classification task. Here we
consider a Gaussian noise with a variance of o since it is more practical and more commonly used
in real-world experiments. The results in Fig. [1|(c) show that our Q-GP-UCB again significantly
outperforms the classical GP-UCB. Fig. [T] (d) additionally shows the comparisons with LinUCB and
Q-LinUCB. The results again corroborate that BO/kernelized bandit algorithms are considerably
superior in real-world applications with highly non-linear reward functions in both the classical and
quantum settings. These results here further demonstrate the potential of our Q-GP-UCB to lead to
quantum speedup in practical applications.

More Realistic Experiments. We have additionally tested the performance of our Q-GP-UCB algo-
rithm after accounting for the effect of quantum noise, by incorporating into our Qiskit simulations
a noise model based on the actual performance of real IBM quantum computers. The results (Fig. [3]
in App.|J) show that although the addition of quantum noise slightly deteriorates the performance
of our Q-GP-UCB, it is still able to significantly outperform classical GP-UCB. Notably, we have
additionally performed an experiment using a real quantum computer (details in App.[J)), in which
the performance of our Q-GP-UCB, although further worsened compared to the experiment using
simulated noise, is still considerably better than classical GP-UCB (Fig.[d App.[J). Also note that
the work of [38]] has not shown that Q-LinUCB outperforms LinUCB in the presence of simulated
quantum noise. Therefore, the consistently superior performances of our Q-GP-UCB over GP-UCB
with both simulated quantum noise and a real quantum computer serve as important new support for
the potential practical advantages of quantum bandit algorithms.

Discussion. In our experimental results (e.g., Fig.[I)), our Q-GP-UCB usually has relatively larger
regrets in the initial stages but quickly achieves zero regret thereafter (i.e., the curve plateaus), which
has also been observed in [38] for the Q-LinUCB algorithm. This is because in the initial stages,
our Q-GP-UCB explores a smaller number of unique arms than GP-UCB. However, after the initial
exploration, our Q-GP-UCB quickly starts to perform reliable exploitation, because the accurate
reward observations achieved thanks to our QMC subroutines allow us to rapidly learn the reward
function and hence find the optimal arm.

7 Conclusion

We have introduced the first quantum BO algorithm, named Q-GP-UCB. Our Q-GP-UCB achieves a
regret upper bound of O(poly log T"), which is significantly smaller than the classical regret lower
bound of Q(v/T). A limitation of our work is that the regret upper bound of our Q-GP-UCB:
O((log T')3(@+1)/2) (ignoring polylog factors) has a worse dependency on the input dimension d than
the regret of the classical GP-UCB: O((log T)***\/T). A similar limitation is shared by Q-LinUCB,
since its regret has a dependency of O(d®/?) in contrast to the O(d) of LinUCB. It is an interesting
future work to explore potential approaches to remove this extra dependency on d. Another limitation
of our work is that for the Matérn kernel, we require the reward function to be smooth enough in
order to achieve a sub-linear regret upper bound (Sec.[5.7). So, another important future work is
to further tighten the regret upper bound of our Q-GP-UCB for the Matérn kernel when the reward
function is less smooth, as well as for other kernels encompassing non-smooth functions such as
the neural tangent kernel which has been adopted by recent works on neural bandits 13} 142} |44].
Moreover, another interesting future work is to derive regret lower bounds in our setting of quantum
kernelized bandits, which can help evaluate the tightness of our regret upper bounds.
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A Analysis of the Weighted GP Posterior (3)

Here we show an alternative view of the weighted GP posterior distribution (3)) in the RKHS feature
space. The notations in this section will be extensively used in the theoretical analyses in the
subsequent sections.

We denote the kernel k by k(z,2") = ¢(z)" ¢(2’), in which ¢(z) is the potentially infinite-

dimensional feature mapping of z in the RKHS of k. Define ®, = [¢(z1),...,d(x,)]" which

is an s x oo matrix. Recall that we have defined W, £ diag(e%, ceey 6%) which is an s X s diagonal
1 s

matrix. Define Vy £ AT+, é(j)(xq.)gf)(xf)—r = A +®] W,®, which is an co x oo matrix, and
let Vo = AI. With these notations, it can be easily verified that Ky = ®®] = [k(z,, 27)]r7=1.. s
and IN(S = W;/Qfl)s‘l)sTWSl/Q = W;/2KSW51/2. Moreover, we can also easily show that
ko(z) = Bod() = [k(z, 27)]rer... o0 k() = W 2B ¢(x) = Wi %ky(z), and Y, = Wi/2Y,.

We start by deriving an alternative expression for the weighted GP posterior mean fi5(z). To begin
with, we have that

SIWIA(K+ M) = ] WIA(W 2.0 W 4 )
=3 WPwle eI W2 4+ ao] wl/?
= (D] W, @, + A)D] W)/
=V, o] Wl
Now we multiply both sides by V! on the left and by (K, + AI)~* on the right, which leads to
Ve WP = o] WA (K, + AT
Now we can show that
fis(w) = &) "V RIWLY, = () ] WK, + M) TTWRY,
= k) (2)(Ks + A) 7Y,

Next, we derive an alternative expression for the weighted GP posterior variance 52(z). To begin
with, we have that

1
(Ws_l 4 i\q)sq);—> = <W5_1/2 (I+ iWsl/Q(bsq)ZWsl/Q) Ws_1/2>

-1

&)

1
=Wl/? (I + iWQ/%S@jWQ/Z) wl/?

JUNS
= AW1/2 (AI + Ks) w2,
This allows us to show that
g3 (x) = Ap(x) "V ()
— Ao(2)T (M + 0] W.2,)~ ¢(x)

@ \o(2)T (11 -1 .

oLV, + 0. o)1 ) 0o
1
X
Y () To(a) — o) T W (M4 K W 6(a)

A A

= 6(0) 9(x) — 0(x) T (W + £ 2,0]) 1@, 0()

= k(z,2) — k] () (K, + )" ks (),
in which we have used the matrix inversion lemma in step (a), and used equation (3)) in step (b).

To summarize, we have derived the following alternative expressions for the weighted GP posterior
distribution (3):

fis(x) = ¢(2) VIR T WY, = k] (2) (K, + M) 7Y,

~2 Ty —1 7T I —17 ©)
52 (z) = Ap(2) TV () = kw, @) — k] (@) (Ky + M) "y ().
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B Proof of Lemma

To begin with, we can lower-bound the total number of iterations (i.e., the total number of queries to
the quantum oracles) in m stages by

m O 2m m
1
— 1 > — > —.

SMELE) SEENPIE: o

s=1 s=1 s=1
The first inequality follows since C; > 1 (Lemma and log( m) > log( ) > 1 because we have
chosen & € (0,2/e]. Suppose that 3°"" | & > T2, then we have that > fl log(Z*) > T which
is a contradiction. Therefore, we have that

SLler @®)

C Proof of Theorem

Here we prove the growth rate of 7,,, i.e., the weighted information gain. Recall that W,,, =
diag ( 5, 2 Y ) and 7, = %log det (I + A‘lf(m). Our proof here follows closely the
proof of Theorem 3 from the work of [35]. We will omit the subscript m as long as the context is
clear.

Denote by K,, = ®,®] = [k(xi,x)]ij=1,. m the m X m covariance matrix, and define

K = W1/2<I> <I>T VVl/2 Wnl@/QKmWﬁL/Q. Following Theorem 1 from [35]], our kernel k can be
denoted as k(z, x ) S0 A (@)Y, ('), in which {\; },=1,. o0 and {¢); }-=1, .~ represent,
respectively, the eigenvalues and eigenfunctions of the kernel k. We will make use of the projection
onto a D-dimensional RKHS (D < oo), which consists of the first D features corresponding to the
D largest eigenvalues of the kernel k. Specifically, define kp as the D-dimensional projection in
the RKHS of k, and ko corresponds to the orthogonal element such that k(-,-) = kp(-,-) + ko(-, -).
That is, following Section 3.2 from the work of [35]], define

x/) = Z )\Tw‘r(‘r)wT(xl)' 9

We define K p £ [k’P(JJ“.’L‘j)] ,j 1 and Ko 2 [ko(xi, ;)i j=1...m- Similarly, define Kp =
Wal*KpWa!? and Ko = Wa/* KoWa/?. This implies that K,, = Kp + Ko and that K.
Kp + Ko.

Here to be consistent with [35]], we use I,,, to denote the m x m-dimensional identity matrix. Denote

by I(ym: f) the information gain about the function f from the observations y,, = [Y1y- s Ym)-
We have that

- 1 1 ~
Iym; f) = ilogdet (Im + )\Km)

1

ilogdet <I +/\ (KP+K0>)

1 1~ -1 (10)
§logdet (Im+ )\Kp> I+ — \ (I + )\Kp> Ko

_ D ogdet (1 +1f( +11 det [ I +1 I +1f( _lf(
—2Og€ m )\P 2Og€ m 2\ m /\P o |-

The last line follows because det (AB) = det (A4) det (B). In the following, we will separately
upper-bound the two terms in (10).
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We start by upper-bounding the first term in equation (I0). Denote by () the D-dimensional
feature vector corresponding to the first D principle features of the kernel k (i.e., the features
corresponding to the largest D eigenvalues). Define ¥,,, p = [1(21), ..., % p(z.m)] " which is an
m x D matrix. Denote by Ap = diag(\1,...,Ap) a D x D-diagonal matrix whose diagonal entries
consist of the largest D eigenvalues of the kernel k in descending order. With this definition, we have
that Kp = \Ijm,DAD\I’;L,D and

Kp=WYV,, pAp¥], nWi2. (11)
Also define the gram matrix:
G = AU W W, pA Y (12)

Based on these definitions, we have that
1~ 1~
det ID + XG"L = det I,n + XKP s (13)

which follows from the Weinstein—Aronszajn identity: det (I pt+A AT) = det (Im + ATA) for
a D x m matrix A, and we have plugged in A = %AHQ\I}; DW#/ ?. In addition, the following
inequality will also be useful in the subsequent proof:

D
[8429 5[] = S A02(w) = plar.) < k(r2) < 1, (14)
T=1

in which we have made use of the definition of kp from (9), and our assumption (w.l.0.g.) that
k(z,z") < 1,Vx,2’ (Sec.[3.1). In the following, we will denote the trace of a matrix A by Tr(A).
Next, we have that

Tr (ID n iém> - D+ %Tr (é)

1
=D+ Tr (A9 oW Wi 0A )

a 1 1
@Dty (A}f > Swn(e)¥h(e)| Ap®
s=1 S
U |
=D+ —Tr (Z *A1D/2¢D(xs)"/’£($8)/\}3/2

1~ 1
=D+ 3 Y 5T (A (@ wh(e)Ag?) "

® o, Ixn 1
SRS OO LI(ERIVRVEAER)

1 1 1/2,1/2
:D+X :2"#;(%)/\[)/ AD/ Yp(zs)
s=1 S
1 m 1 1/2 2
=D+ 52 g |A 8 vn ) .
(¢) 1 e=1
<D+-S"=
<D+ A;eg’

in which (a) follows because W} ,W,, W, p = > 0" %wD(xs)wg(xS), (b) has made use of the

s=1 ¢

cyclic property of the trace operator, and (c¢) follows from above.
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Also note that for a positive definite matrix P € R™*"™, we have that

Tr(P
log det(P) < nlog r7(1 ) (16)
Therefore, we have that
1~ 1~
log det <Im + )\Kp) = log det <ID + )\Gm)
< DI AR PO Dlog [14 5% 1 "
< Dlog —— 5= = Dlog | 14 353 5

s=1 S
The first equality follows from (T3), and the inequality results from (T6) and (13).

Now we upper-bound the second term in equation (I0). To begin with, we have that

1~ \ '~ _
Tr <(Im n )\Kp> KO> <Tr (Ko) 7 (18)
1

which is because the matrix (I m + %IN( p) is positive semi-definite (PSD) whose largest eigenvalue

is upper-bounded by 1, and Tr(Py Py) < Ap, Tr(P,) where P; and P, are PSD matrices and Ap, is
the largest eigenvalue of Py. Next, define 6p = 377 |, | A-1)? where [¢,(z)| < 1, Va, 7. Then we
immediately have that ko (z,2') = 72 5. /\T¢T(x) - (2') < dp,Va,z'. Therefore, we have that

m

Tr(f(o) Z k:o (zs,Ts <5sz (19)

As a result, we have that

1 1~ \ '~ L
in which the inequality follows from (T8)) and (T9).

Next, again making use of equation (T6)) and incorporating the upper bound on the trace from (20)),

we have that
m 1

1 1=\ =~ m+30p YL
logdet { I, + — | I, + —Kp Ko | <mlog A L
A A m

s=1 63
(21)
6p = 1
< - —
=M €2
=1
£1)u
2
puil A
in which the second last step is because log(1 + z) < z,Vz € R.
Finally, combining the upper bounds from[I7]and [21] equation (I0) can be upper-bounded by
m 1 m
- 1 Yz 1 1) ép
I )< =Dl 14— = — | —. 22
(ym; f) < 5Dlog [ 1+ =5 | + 3 ;63 \ (22)
Therefore, we have that
m 1 m
- 1 1~ 1 D1z, 1 1) dp
= 1(ym: f) = = logdet ( Iy + ~ K, | < =D1 il 1 i il 23
7 (yf)20ge(+/\ )20g(JrD)\)+QZ:Eg - (23)
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Also recall that for the standard unweighted maximum information gain 7, we have that [35]

1 1 T 1_4p
= —logdet | I —Kr | < -Dlog(l+ — )+ =T— 24
YT 20ge<T+)\ T) 0g(+D/\)+ N (24)
Therefore, the upper bound on the weighted information gain 7,,, is obtained by replacing the 7" from
the upper bound on standard maximum information gain yr by Y .-, 6% This is formalized by the

following Theorem.

Theorem 8. [More formal statement ofTheorem(a)] Given X,, 2 {z1,...,xm}, then we have
that
m 1 m
1 Yz, 1 1)\ ép
m < =Dlog(l+ ——_=)4 - —| %
Tm < g Plogl+ —H3=5) + 3 ;eg )

1 Z =1 ¢2 1 i 1 5D
m < 7D1 ]_ [ — —_ _
T, 1/ < 5 Dlog( o)tz |2 2| X

Lastly, note that it has been shown that vy = O(dlogT) for the linear kernel and yp =

O((log T)dH) for the SE kernel, Therefore, plugging in Lemma 2} l which allows us to upper-bound
S0t 1/€2 by T2, leads to Corollary [1]

D Proof of Theorem

Our proof here follows the outline of the proof of Lemma 2 from the work of [38]. To begin with,
we show that det(V; ;1) = 2det(V;),Vr = 0,...,m — 1, i.e., the amount of collected information is
doubled after every stage.

T7+1
det(Vy41) = det | A\ + Z : ¢(5)b(x )T

= det [ AT+ 30 50(0)0(a) T + 6 1)o(ara1)T

j=1J €41

= det [ V12 <I+ ; —1/2¢<x7+1>¢<xT+1>TV;1/2> Va2
'r+1
(25)

1
= det (V) det <I+ 2VT1/2¢(I7+1)¢(~TT+1)TV71/2>

€7'—1—1

@ det (v7) (1 + ¢><zT+1>TvT1/2v71/2¢<x7+1>>

T+1

1
= det (V;) <1 + 5—||é(zr i1 HV_1>
‘r+

® det (V) (1 + ~2E 3;?)

= 2det (V).

Step (a) has made use of the matrix determinant lemma: det(I + ab') = det(I + a'b), and (b)
follows from the expression of the weighted GP posterior variance (6)) and our choice of €,1; =
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G (x+11)/VX (line 3 of Algo. . An immediate consequence of (23) is that det(V,,,) = 2™det(1}).
Recall we have defined earlier that V, = AI (App. [A).

Recall that following the notations of App.|Al we have that V,,, = A + ® ] W,,,®,,. Next, we can
also show that

. det(V,,,) det(M + @) W,,®,,)

& det(V) 8 det(\])

= log det (I+ A(<1>T Wy wWi3e,, ))

(@) (26)

1
log det <I + W;/chmcb;wg/z)

A
1~
= logdet | I + XKm
= Q?ma
in which step (@) has again made use of the Weinstein—Aronszajn identity (similar to (T3)), and the

last two equalities have 31mply plugged in the expressions for K Wl/ 2 @IW; /2 (App. , and
Fm = $logdet(I + A1 K,5) (Sec.[5.1).

According to Corollary [I} for the linear kernel, we have that there exists an absolute constant C' > 0
such that 5,,, < Cdlog (Y%, 52) Combining equations (25) and (26), we can show that

det(Vi,) .- -
log2 =1 =27,, < 20Cdl — 1. 27
mlog og det(Vo) Tm < og E: % (27)
This allows us to show that
1
Z :2 (2m) 1/(2Cd) 28)
s=1 S

Note that in every stage s, we query the quantum oracle for log( ™) times, in which C; > 1,
6 €(0,2 / e] and v is an upper bound on the total number of stages An immediate consequence is
that log(2) > log(2) > 1. Therefore, the total number of iterations can be analyzed as

(2m)1/(2Cd). (29)

Now we derive an upper bound on m by contradiction. Suppose m > QC”Z 5 log T', this immediately
implies that

(2m)1/(G2C0) > T. (30)
This equation, combined with (29), implies that > | Cl log( ) > T, which is a contradiction.
Therefore, we have that
2
m < ——CdlogT = O(dlogT). 31
log 2
That is, for the linear kernel, our algorithm runs for at most O(d log T') stages, which matches the

upper bound on the total number of stages for the quantum linear UCB (Q-LinUCB) algorithm, as
proved by Lemma 2 from the work of [38]].

Next, for the SE kernel, Corollary [T| shows that there exists an absolute constant C' > 0 such that
Am < Clogdtt (Zé 1 €2> Again combining equations ([25) and (26), we can show that

det(Vy,)
det(Vo)

- 1
mlog2 = log = 23,, < 2C log®* Z —2 . (32)
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This allows us to show that

1 log 2 1/(d+1)
272 ((mfcg ) : (33)

(21og T)*™, then

Now again we derive an upper bound on m by contradiction. Suppose m >
this implies that

log 2

1 9 1/(d+1)
exp <<m2(()jg ) ST (34)

This, combined with 29), implies that >_"" | % log(Z2) > T which is a contradiction. Therefore

2C d+1 d+1
< =
m< oo (2logT) o ((log ) ) (35)

for the SE kernel. This completes the proof.

E Proof of Theorem

Our proof here follows closely the proof of Theorem 2 from [9]. Denote by (, the observation noise
for the observation in stage s: ys = f(zs) + (s. Define (1.4 = [(1,...,Cs] | whichis an s x 1 vector.
Denote by F; the o-algebra: Fs = {x1,...,2s¢1,(1,.--,Cs}. With this definition, we have that
x5 is Fs—1-measurable, and (, is Fs-measurable. Note that we have used ¢(-) to denote the RKHS
feature map of the kernel k: k(x, ') = ¢(z) " ¢(a’), and here we let ¢(x) = k(z,-). Then using
the reproducing property, we have that f(z) = (¢(x), f)r = ¢(x) T f, in which the inner product
denotes the inner product induced by the RKHS of k.

To begin with, we have that
OIWI WP B W2+ M) = (D] W, + )10 ] W)/, (36)

which follows from noting that (] W,®, + AI)®] W/? = o] W2 (Wi a,eT Wi/ + AI),
and then multiplying by (®] W,®, + AI)~" on the left and by (W3/?®,®] W+/? + AI)~1 on the
right.

Now let f, £ [f(:ck)]kT:l)ws = ®, f which is an s x 1-dimensional vector, and f, £ Wsl/zfs =
WS1 / 2(I>S f. Next, we can prove that

17(@) ~ B @Ry + M) ol = 17() — o(a) @I W2 (WPa,a] W2 4 A1)

@\ f(@) — d(x) T (@] Wb, + AD) 10T WI2W 120, f|
= |¢(x) " f — p(a) (2] W@y + N) T O] W, D, f|
= () (D] W, Dy + AT) 7 f]

<IIf1. H)\qb (D] W, d, + \)~ Hk -

[l Ab(@) T(@T WL, + AD)IAL(@T W, + A) 6 (a)

<[ Fll AG(@)T(@T W, + D)L + T W,0,) (@] W, + A1) 1o(x)

<[ fle Ad(@) T (@T W, + AD) ()

(0)
< Bog(x),
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in which step (a) has made use of (36), and step (b) follows from our assumption that|| f||, < B
(Sec.[3.T) and the expression for the weighted GP posterior variance (6). Next, we have that

~! ~ -1

(k] @) (K + ADTW] = o) o] W2 (WiPe@ ] W2 4 A1) Wil
D o) (@I W,, + AD) ] WHAWI |

= [(2) T (B Wy + A1) "' 0 ] Wil

<|@IW.s + 2D 20()| [(@TWee, + AT 20T WG

k

= \/(b(:v)T(@ZWs@s + M)—%(a?)\/(<I>;rWs<1:s)T(<I>;FWS<I>s +AD TR ] Wi
1

Y2
® %58(;5)\/ngSW@s@jW;/?(Wj/chsq»STW;/Q +ADTTW ¢

_ L

VA

1 _ ~ ~
B W%M LW R (K + M) WP,

in which (a) and (b) follow from (38). Since fis () = k. (2)(Ks+AI)~'Y, and Y, = For Wiy,
then the two equations above combine to tell us that

) = 7o) < 3u(e) (B + /L PRR a0 w0

(38)

7o)\ T W@ (BT W, + A1 RT W22,

&s(x)\/gﬂswsl/“’wj/?@s@;rw;/“"(W;/%scb;rwj/? MD)W,

(39)

< Go(x) (B T W R (R, + AWl chzs) :

in which the second inequality follows since A = 1 + 7 > 1. Again following [9]], we apply a
few more steps of transformations. Note that for an invertible K, we have that K(K + I)~! =

(K + I)K‘l)_1 =(I+ K‘l)_l. Substituting K = K, + 17, we have that
- - - -1
(Ko +nD)(Es + 0+ DI = (T4 (K, +00)7")
Next, we have that
CISW;/2I?S(I?S + /\I)_1W.91/2Cl:s S CIsWsl/Q(I?S + 77[)([?8 + (1 + "7)[)_1W51/2<128

~ -1

= LW (B +nn) ™ 1) Wi,
2

N .
(RoAnD)=141)~1

This allows us to further re-write (39) as

z) — ns(2)| < os(x B—i—stl/Q s~ ) 40

|f(z) = ps()] ( )( G (RutnD) 1411 (40)

Recall that W, = diag (:127 - TR ?12>’ therefore, Wi/%¢1.s = © Elk]gzl .- Of note, since
1 2 s [

we have that |f(zs) — ys| < €5,Vs = 1,...,m (with high probability, refer to the beginning of
Sec.[5), so, the noise (s = ys — f(z) is bounded: |(s| < €5, Vs = 1,...,m. In other words, ; is
€s-sub-Gaussian.

To begin with, note that € is Fj_1-measurable. This can be seen recursively: conditioned on {1},
€1 = oo(x1)/ VX is a deterministic constant (i.e., predictable); conditioned on {z1,22}, 01(°) is
predictable because it depends on x; and €; (via the weight é), and hence €3 = 71 (z2)/ VA is pre-

dictable conditioned on {1,z }. By induction, conditioned on {z1, ..., 2}, € = Fx_1(zx)/(VX)
is predictable. Therefore, € is F;_1-measurable, because Fr—1 = {x1,..., 2k, (1, .-, Ch—1]}-
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Next, note that since ( is Fj-measurable, we have that E—: is Fj-measurable. Moreover, conditioned
on Fi_1 (i.e., € is a predictable), E—: is 1-sub-Gaussian, because (. is €x-sub-Gaussian as discussed

above. To summarize, we have that every element g—: of this noise vector Ws1 / 2(1:3 is (a) Fg-
measurable and (b) 1-sub-Gaussian conditionally on Fj,_;. Therefore, we can apply Theorem 1 of
[9] to 1-sub-Gaussian noise, to show that

o Vdet(1+n)I + K,

HWSUQCLS §

(41)

(Ks+nI)=1+1)—1

with probability of at least 1 — §. When applying Theorem 1 of [9], we have also replaced the
original unweighted covariance matrix /s by the corresponding weighted covariance matrix K, =

WS1 / 2KSWS1 / % This is possible because every ¢ is JFj_1-measurable. More concretely, in the
proof of Theorem 1 of [9]], when defining the super-martingale { M }; which is conditioned on Fo,
we only need to replace the covariance matrix K; (for the multivariate Gaussian distribution of
h(zxy),...,h(x)) by Ky = th/QKtWt1/2, because both the original K; and our K; only require
conditioning on {z1, ...,z }.

Combining the two equations above allows us to show that

\/det((l-i-?])f-&-f?s)) (42)

F(@) = fis(@)| < Fy(w) (B + [ 2log 5

with probability of > 1 — . Next, we can further upper-bound the log determinant term:
~\ (@ 1 ~
log det ((1 +n)I+ Ks> < slog(1+mn) +logdet | I + ﬁKs
n

(b) 1~
< —
log det <I+ )\KS> + sn 43)

< 23, + s

(d
< 295+ 2,
in which (a) follows since det(AB) = det(A) det(B) and det(cA) < ¢® det(A) for a scalar ¢ and

an s x s-matrix A, (b) has made use of log(1 + z) < z, (¢) has made use of the definition of ~,, and
(d) follows because n = 2/T and s < T'. This eventually allows us to show that

det((1 I f{s
|f($)—ﬁs(x)|§58(x)(3+ 21Og\/ t(( +577) + ))

< Gy(x) (B +/2(Fs + 1+ 1og(1/5)))’

(44)

Of note, although the work of [[15]] has also adopted weighted GP regression in a similar way to our
(3], our proof technique here cannot be applied in their analysis. This is because the work of [13]
has chosen the weight to be w, = n~* for € (0,1) and hence W, = diag[wy, . .., w;s]. Therefore,

every element of the scaled noise vector Wsl/ QCLS (i.e., (x+/wy) is not guaranteed to be sub-Gaussian.
As aresult, this makes it infeasible for them to apply the self-normalizing concentration inequality
from Theorem 1 of [9], i.e., our above does not hold in their case. The work of [[15] has come up
with other novel proof techniques suited to their setting. Therefore, our proof here only works in our
problem setting of quantum BO.
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F Proof of Theorem 4]

To begin with, we can show that
(a) _ . N .
rs = f(z*) = fxs) < frs—1(2") + Bsos—1(z") — f(zs)

(b)
< ﬁs—l(xS) + Bs0s—1(xs) — f(x5> “45)

(©)
S 2Bsb'vs—1(xs) @ 2Bs€s\/X7

in which (a) and (c) follow from Theorem 3] (b) results from our policy for selecting x5 (line 2 of

Algo. , and (d) follows from our design of €, = 7,1 (ms)/\f/\ (line 3 of Algo. . As a result, the
total regret in stage s can be upper bounded by:

C 2m 2m

“Llog Tm X 2B5esVA = 2C1 85V log Tm. (46)
ES

Then an upper bound on the total cumulative regret can be obtained by summing up the regrets from

all m stages:

Ry < Z QClﬁS\F)\log QTm < m2Clb’m\f)\10g 2Tm =0 (mﬂm log ?) . 47)

s=1

For the linear kernel, recall from Theorem and Corollary |1|that 3,, = O(\/Fm-1 + log(1/6)) =
O(\/dlogT +log(1/6)). Also recall that Theoremtells us that m < m = O(dlogT). Therefore,
for the linear kernel,

dlogT
0

Rr=0 (dlog T\/dlog T + log(1/9) log ) -0 (d3/2 log®/2 T'log(d log T)) . 48)

in which we have ignored the dependency on log(1/4) in the second step to get a cleaner expression.

For the SE kernel, recall from Theorem and Corollary (1| that 3,,, = O(\/Ym-1 +1og(1/0)) =
O(y/(log T)¥+1 +log(1/6)). Also recall that Theorem [2|tells us that m < 7 = O((log T)**+1).
Therefore, for the linear kernel,

d+1
Rr=0 ((log T)%+! \/(1og T)4+1 + log(1/6) log M?)
(49)

= 0 ((log T)*“* 172 10g((log T) 1)),

in which we have again ignored the dependency on log(1/J) to obtain a cleaner expression.

The error probability of § results from (a) conditioning on the event that | f () — ys| < €5,Vs =
1, ..., m which holds with probability of at least 1 — §/2, and (b) Theorem which also holds with
probability of at least 1 — 6/2.

G Proof of Theorem 3

Consistent with the analysis of Q-LinUCB [38]], in order to apply the theoretical guarantee provided
by QMC (Lemmal[T)) for noise with bounded variance, here we need to assume that the noise variance
is not too small: We assume that ¢ > 1/3. We have chosen the value of 1/3 just for convenience, in
fact, any o larger than 1/4 can be used in our analysis here because these different values will only
alter the constants in our regret upper bound which are absorbed by the O.

Note that e, = 7,_1(z5)/vVA < 1, which follows because 52 () < 1 (which can be easily
seen from (3) and our assumption that k(x,2’) < 1) and A > 1. As a result of the assumption of
o > 1/3, we have that o > 1/3 > 2*/5/8. This, combined with €, < 1, allows us to show that

logg’/2 (E—") > 23/4 and that log, (log, 82) > 1/2.

€s
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Next, we derive an upper bound on >_." 132 L which is analogous to (8). Note that in the case of a
noise with bounded variance, the number of queries to the quantum oracle in stage s is given by
N, = % log}/”
inequahty Wthh isina 51m11ar spirit to (/)

m
Cyo 8o 8o
>~ logy”? <6> log, (logy —)

s=1 s

87 ) log,(log, 57) log % with Cy > 1. As a result, we have the following

Now suppose that > | e% > 9v/2T2, then we have that >, Ne, > T which is a contradiction.
Therefore, we have that

> 1 gvar (51)

Next, note that Theorem [1|is unaffected since its proof does not depend on the noise. Moreover,
Corollary g] also stays the same because it has only made use of (§) which gives an upper bound on

S 1 1/€;, and compared to (8)), its counterpart in the analysis here only introduces an extra
constant factor which is absorbed by the bit O notation. Similarly, Theorem 2]is also unaltered for a
similar reason, i.e., only an extra constant factor of 3 x 21/4 will be introduced to the right hand side
of and (34), which is absorbed by the big O notation.

Theorem 3]is also unaltered since its proof does not depend on the type of noise. In particular, the
key underlying reason why it is unaffected is because for both types of noise, given a particular e,
we choose the corresponding number V., of queries (to the quantum oracle) depending on the type
of noise so that the error guarantee of |ys — f(zs)| < € is satisfied. This allows us to make use of
the self-normalizing bound from [9]] for 1-sub-Gaussian noise.

Lastly, we need to modify the proof of Theorem[d] To begin with, the total regret from stage s can
now be bounded as

C 8 8o
27 logg/Q (:) 1og2(log2 )log T X 2ﬁs€sf O(U log ( )10g2(10g2 )log Bs)
(52)
Note that every 1/e, is upper-bounded by 1/e, < 3 x 2'/4T = O(T') which can be easily inferred
using (31). So, the total regret can be upper-bounded as

S

Rp = Z UIng 10g2 (Ing )10g 59
(53)

=0 (mﬁm log %o’loggm(aT) log, (logQ(aT))> :

As a result, for the linear kernel for which m < m = O(dlogT) (Theorem [2) and 3, =

VAm—1 +log(1/6) = O(y/dlog T +log(1/6)) (Theoremland Corollarym)

Rr=0 (dlogT\/dlogT +log(1/6) log dlog Tologg/ (oT) logQ(logQ(aT)))

J
=0 (O‘d3/2 log®? T'log(dlog T) logg/2 (oT)log,(log, (UT))) )

(54)

in which we have ignored all log(1/6) factors for a cleaner expression.

For the SE kernel for which m < m = O(log?** T) (Theorem and B, = /Ym—1 + log(1/9) =
(9(\/10g;d+1 T + log(1/0)) (Theorem|3|and Corollary ,

1 d+1 T
Rr=0 <longrl T\/logd+1 T + log(1/6) log OgTa logg/z(aT) log, (logy aT)>

(55)
=0 (U(log 1) D72 log((log T)™*1) logy/* (o) log, (log, UT)) :

in which we have again ignored all log(1/4) factors for a cleaner expression.
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H Proof of Theorem

Our proof here follows closely the proof of Theorem 2 from the work of [2]]. For consistency, in our
proof here, we follow the notations from [38]] and [2].

Since we focus on linear bandits here, we assume that the reward function is linear with a groundtruth
d-dimensional parameter vector 6*: f(z) = x6*,Vo. Again following [2] and [38] as well as
many other works on linear bandits, we assume that ||0*||, < S, and||z||, < L,Vz. We use X, to

denote X, = [x1,...,x,] which is an s x d matrix, and denote Y, = [yi,...,ys] " which is an
s x 1-dimensional vector of observations. We use (7.5 = [C1y--es CS]T to denote the s x 1-dimensional
vector of noise. These notations allow us to write Y; = X ;6" +(1.s. We denote V £ X ST WX+ M.
Following [38], we use @\s to denote the MLE estimate of the parameter §* given the observations
after the first s stages: 55 = Vs_lX ST WsYs. Given these notations, we firstly have that

B, = (X]W. X, + M) "X Wo(X0 + 1)
= (XJ WX, + M) X WoCs + (XWX, + M) 7HX ] WX, + AT

—~MXJ] WX+ AD)7o* 0
= (X]WXs + M) T X ] WiCres + 0 — MX] WX, + M) 70"
Therefore,
20— 0" = 2T (XT WX, + M) XT WiCris — Az T (XWX, + M) 10"
= (=, X‘S—W3<118>V’S—l — )‘<w’0*>v;1' 57)
This allows us to use the Cauchy-Schwarz inequality to show that
270~ 0 <lellys (Tt + M0l )
(58)

<lelly (|7,

+ ﬁ||9*||2> .

The last inequality follows because|\0*||%,;1 < mHG*Hg < §||9*||§ Note that X[ W,(y. =
22:1 é@cxk

Next, we make use of the self-normalized concentration inequality from Theorem 1 of [2]]. Specifically,
we will use {Cb ° , as to replace the stochastic process {(;}52, (i.e., representing the noise, {n,}22
according to the notations from [2]]), and use { - 1 xs}oo ; to replace the vector-valued stochastic
process {32 (i.e., representing the sequence of inputs). Now we explain why this is feasible.

Similar to the proof of Theorem we again denote the observation noise as (s: ys = f(zs) + (s
and define F; as the o- algebra .7-' = o(r1,Z2, ..., Ls4+1,C1,C2,...,(s). Similarly, an immediate
consequence is that x5 is F,_1-measurable, and Cs is Fs-measurable. Following a similar analysis
to that used in the proof of Theorem 3| l allows us to show that ¢;, is Fj_1-measurable (1 e., €, can
be predicted based on Fj_1). Therefore, we have that —x k 18 Fr_1-measurable (i.e., —mk can be

predicted based on Fj,_1) and that E’; is Fj-measurable. Moreover, conditioned on Fj_1, EI’: is 1-sub-

Gaussian. This is because the QMC subroutine guarantees that |yr — f(z)| < e, Vk=1,...,m
(with high probability), which means that the absolute value of the noise (x = yr — f(zk) is
upper-bounded by €x: |(x| < €. Therefore, conditioned on F_1, >£ is 1-sub-Gaussian.

Given that these conditions are satisfied, we can apply the self—normahzed concentration inequality
from Theorem 1 of [2] to {C‘ © . and { ~%s } o= with (following the notations from Theorem 1 of
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/1 1
VS:V—|—Z<xk> ($k> —)\I—l—z :cka:k,
k=1

o - =t (59)
> 1 |
=> C (ivk) = =G,
k=1 k \€k =1 k
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in which we have used V' = AI. This allows us to show that

< | 2log (det( )2 det(M)~ 1/2) (60)

ISl = [ XT Wit

vt

0

which holds with probability of at least 1 — J. Next, again making use of the trace-determinant
inequality from @I) and using the aforementioned assumption that ||z||, < L, we can show that
det(Vy) < (A + Zk V= L)4. Also note that det(AI) = \%. As a result, we can further upper-
bound the equatlon above by

(A + LTZ 271 12) 1
T €
HXS WG|, < | 2108 \/ - 3
d
21 1 ol L ©b
= |28 Tzl
k=1
1+ L5 5
<\/2dlog Aékl’“,
in which we have used d > 1 in the last step to get a cleaner expression.
Therefore, we can re-write (58) as
+L8YE
N by 1
270, — 270" < 2]y, 2d log f’“ +VAS |, Vi, s, (62)

in which we have also used the above-mentioned assumption of ||#*||, < S. Now again following [2],
we plug in z = V;(6; — 6*), which gives us

\A Vi(0, — 6%) . \/leogéz’“l'%+ﬁs
i SR -
:‘ s v \/leog(se’“JrﬁS
Therefore, we have that
‘AS < \/ 2dlogHL252k“ Vs | (64)

This completes the proof of Theorem [6]

Now we briefly show how the improved confidence ellipsoid from our Theorem [f]leads to an improved
regret upper bound for Q-LinUCB. Here we follow the proof of Theorem 3 from [38]], and hence
defer the detailed explanations of some of the steps to the proof there. To begin with, we have that

f(x*) - f(xs) = (37* - xs)—re*

<es(‘~
272 (65)
< 2, x <2d1 HL(ST/A ﬁs)

-0 (c/TT).

0, —0*

N

sl’
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Here for simplicity, we have upper-bounded Y7 _,(1/€%) by T2 (Lemma in the second inequality,
and have omitted the dependency on log(1/9).

Then the total regrets in stage s can be upper-bounded by
C 2m m
—11 meo( «/dlogT) :O<\/dlongogT§> (66)

Plugging in our tighter confidence ellipsoid (Theorem [6) into the regret analysis of QLinUCB, we
have that the regret upper bound of QLinUCB can be analyzed as

Ry = Z v/ dlog T log( ?

= O(m\/dlongog(F)) 67)
= O(dlogT/dlog(T)log(dlogT))
-0 (d3/ 2(log T)3/2 log(d log T)) :

which gives the tighter regret upper bound for Q-LinUCB that we have discussed in the main text

(Sec.5.6).

I Regret Upper Bound for the Matérn Kernel (Proof of Theorem (7)

In this section, we modify our analysis to derive a regret upper bound for the Matérn kernel. We
focus on bounded noise here (i.e., the first scenario in Lemmam), since the analysis for noise with
bounded variance (i.e., the second scenario in Lemma is similar and follows from the analysis of
App. |Gl In our analysis here, for simplicity, we ignore the logarithmic factors.

To begin with, note that Theorem [T]is not kernel-specific and hence still holds in our analysis here. It
has been shown that for the Matérn kernel, the upper bound on the standard maximum information

gainis yr = (5(T % ) [33]]. Therefore, similar to our Corollary |1} for the Matérn kernel, we can
use Theorem [I]to show that

_d
2v+d

5= O f:iz =6 (r3#h). (68)

Next, we modify the proof of our Theorem [2]to derive the corresponding upper bound on the total
number of stages for the Matérn kernel, i.e., we discuss here how we modify the proof of Theorem

_d__
in App.|§| To begin with, (68) suggests that there exists a C' > 0 such that ¥,,, < C' (>_7", }2) v
Different from our analysis for the linear and SE kernels in App.[D|(i.e., and (32)), the absolute
constant C' here also contains logarithmic factors. Similar to (27), we can show that

d
zvid
det(Vm) ~ L
log2 =1lo =29, <2C - . 69
This naturally leads to
m 2v+d
1 log2\ ¢
— > 70
; 22 (m T > , (70)
which is analogous to (28). Next, similar to (29), the total number of iterations can be analyzed as
Oy 2 LN log2\ 4
1 m og !
—log(—) > — > . 71
R R Ce "



2d
Now suppose m > T'2v+d

2C_ then this implies that
g

2v+4d

log2\ ¢
(m 2C ) >T. (72)

This equation, combined with (71), suggests that > % log(sz) > T, which is a contradiction.
Therefore, we have that

m<T 2 _5 (TT) . (73)
log 2

Next, note that our confidence ellipsoid in Theorem does not depend on the choice of the kernel

and hence also holds for the Matérn kernel.

Lastly, we can modify the proof of Theorem [ (App. [F). Specifically, we can adopt the result from
@7: Rr <O (mﬁm log ?) For the Matérn kernel, Theoremand (68) allow us to show that

B = O(\/Am—1) = O(V T%) = (5(Tﬁ) Combining this with allows us to show that
for the Matérn kernel,

Ry = 6(T%Tﬁ) :6(T%). (74)
This completes the proof of Theorem

J More Experimental Details, and Experiment on Real Quantum Computer

In our experiments, when implementing both the classical GP-UCB and our Q-GP-UCB algo-
rithms, we use random Fourier features (RFF) approximation to approximate the kernel: k(x, z') =

5(50)T$ x'). As aresult, we can implement the weighted GP posterior following (6) as discussed

in App. , in which the M-dimensional (M < oo) random features ¢(-) are used to replace the
infinite-dimensional RKHS features ¢(-). We have used M = 100 random features in the synthetic
experiment and M = 200 in the AutoML experiment. As we have mentioned in the main paper
(Sec.[6), we have implemented the QMC algorithm from the recent work of [20] using the Qiskit
python package. We have used 6 qubits for the Gaussian noise and 1 qubits for the Bernoulli noise.
For each experiment, we perform multiple independent trials (10 trials for the synthetic experi-
ment and 5 trials for the AutoML experiment) and have plotted the resulting mean and standard
error as the solid lines and error bars in each figure, respectively. For our Q-GP-UCB, we choose
Bs = 14 logs,Vs > 1 following the order given by the theoretical value of 35 (Theorem [3)). For
classical GP-UCB, we tried different approaches to setting Bs: s = 1+ log s, B, = 2 and §, = 1,
all of which are commonly adopted practices in BO; we found that 3, = v/2 and 3, = 1 have led to
the best performances for GP-UCB in, respectively, the synthetic and AutoML experiments.

For the synthetic experiment, some important experimental details have been discussed in Sec.[6] The
reward function f used in the synthetic experiment is sampled from a GP with the SE kernel with
a length scale of 0.1. In the AutoML experiment, an SVM is used for diabetes diagnosis. That is,
we adopt the diabetes diagnosis dataset which can be found at https://www.kaggle.com/uciml/
pima-indians-diabetes-database, which is under the CCO license. The task involves using 8
features to predict whether the patient had diabetes or not, which constitutes a two-class classification
problem. We use 70% of the dataset as the training set and the remaining dataset as the validation
set. We aim to tune two hyperparameters of the SVM: the penalty parameter and the RBF kernel
parameter, both within the range of [10~%, 1]. For simplicity, for each of the two hyperparameters,
we discretize its domain into 5 points with equal spacing. This results in a domain with |X'| = 25.
Here we adopt the SE kernel: k(z,2') £ o3 exp(—||z — JZ’H; /(21?)) with 03 = 0.5. Since we have
implemented our algorithms (both classical GP-UCB and our Q-GP-UCB) using RFF approximation
as discussed above, we performed a grid search for the length scale [ within {0.1,0.2,...,1} for
both GP-UCB and Q-GP-UCB when generating the random features. We found that [ = 1.0 leads to
the best performance for GP-UCB and | = 0.2 works the best for Q-GP-UCB. This is likely because
for our Q-GP-UCB, the effective noise is much smaller (thanks to the accurate estimation by the
QMC algorithm), which allows us to use a smaller length scale (which can model more complicated
functions) to accurately model the reward function.
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Figure 2: Cumulative regret for the synthetic experiment with (a) Bernoulli noise and (b) Gaussian
noise, with the additional comparisons with LinUCB and Q-LinUCB.
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Figure 3: Cumulative regret for (a) the synthetic experiment with Bernoulli noise, (b) the synthetic
experiment with Gaussian noise, and (c) the AutoML experiment, with the additional comparisons
with our Q-GP-UCB algorithm after considering quantum noise.

All our experiments are run on a computer with Intel(R) Xeon(R) Gold 6326 CPU @ 2.90GHz, with
64 CPUs. No GPUs are needed.

More Experimental Results. Fig. 2] additionally shows the cumulative regret for the LinUCB
and Q-LinUCB algorithms in the synthetic experiment. Consistent with the results in Fig.[T](d) in
the main paper (Sec.[6) which has included the results for LinUCB and Q-LinUCB in the AutoML
experiment, here LinUCB and QLinUCB again underperform significantly in Fig. [2] for both types of
noises. These results further verify that in realistic experiments with non-linear reward functions,
algorithms based on linear bandits are significantly outperformed by those based on BO/kernelized
bandits. Fig. [3|additionally shows the results of our Q-LinUCB after considering quantum noise. As
we have discussed in the main paper (Sec.[6), the results show that the quantum noise leads to slightly
worse performances for our Q-GP-UCB, yet they are still able to significantly outperform classical
GP-UCB.

Results Using A Real Quantum Computer. Here we additionally perform an experiment using a
real quantum computer. Specifically, we ran our QMC subroutine on a real IBM quantum computer
based on superconducting qubit technology (7 qubit, Falcon r5.11H processor) through the IBM
Quantum cloud service. We ran our synthetic experiment with Gaussian noise on the system for only
1 trial (instead of 10 as in other simulations) due to time and resource constraints. The results in
Fig.[d]show that although the performance of our Q-GP-UCB on real quantum computers is worse
than those obtained without quantum noise and with simulated quantum noise, our Q-GP-UCB run on
real quantum computers is still able to significantly outperform classical GP-UCB. This experiment
provides a further demonstration for the potential of our Q-GP-UCB algorithm to lead to quantum
speedup real BO applications.
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Figure 4: Results using a real IBM quantum computer. Cumulative regret for the synthetic
experiment with Gaussian noise with o = 0.4.
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