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Abstract

Principal component analysis (PCA) and spec-
tral clustering are representative methods for
extracting and interpreting the inherent struc-
ture of data. However, if the output results
significantly change upon the addition of new
data points, it can lead to several issues such
as instability in the downstream task or a
lack of trust in the findings. To address these
problems, we consider online variants of PCA
and spectral clustering, and show that a nat-
ural subspace-preserving regularizer provides
provable approximation and consistency guar-
antees. Here, an algorithm is said to have a
high consistency if the output change, with
respect to an appropriate distance metric, is
small when new data points are added. We
empirically confirm the superiority of the pro-
posed methods using real-world data.

1 INTRODUCTION

Principal component analysis (PCA) (Abdi and
Williams, 2010) and spectral clustering (Von Luxburg,
2007) are representative methods for extracting and
interpreting the inherent structure of vector data and
graph data, respectively, which have variety of applica-
tions ranging from data visualization and dimension-
ality reduction (Jolliffe and Cadima, 2016) to image
analysis (Turk and Pentland, 1991), social network
analysis (Von Luxburg, 2007), and recommendation
systems (Sarwar et al., 2000). Their widespread adop-
tion across various fields underscores their practical
importance and effectiveness.

In real-world problems, practitioners frequently en-
counter scenarios where data arrive incrementally
rather than in a batch, necessitating to update the
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results of PCA and spectral clustering over time. A
critical but often overlooked issue arises when these
methods produce significantly different outputs after
incorporating new data points. Such inconsistency
can severely impact downstream tasks, making statis-
tical analysis unreliable, diminishing user trust, and
complicating decision-making processes. For example,
Figure 1 demonstrates PCA results on MNIST, high-
lighting how standard PCA (top row) suffers from con-
siderable inconsistency where the positions of projected
points drastically change as new data points, particu-
larly those belonging to class y = 4, are incrementally
added. This inconsistency fundamentally disrupts the
utility and interpretability of data visualization.

To address this critical issue above, we explore online
variants of PCA and spectral clustering specifically
designed for scenarios where data points arrive sequen-
tially. Specifically, we show that a natural subspace-
preserving regularizer provides provable approximation
and consistency guarantees; here, consistency implies
that the output changes minimally in response to new
data points, measured with an appropriate distance
metric. The introduction of this regularizer ensures con-
sistency of visualizations or clustering, which is crucial
for applications where data grow over time. In particu-
lar, our theoretical results are valid even in the worst
case where input sequences could be chosen arbitrarily.

Related work Online algorithm with low incon-
sistency (sometimes called recourse in the literature)
have been studied for various problems including k-
clustering (Lattanzi and Vassilvitskii, 2017; Fichten-
berger et al., 2021; Yoshida and Ito, 2022; Łącki et al.,
2024; Guo et al., 2021; Dong and Yoshida, 2024) and
covering and packing problems (Gupta and Levin, 2020;
Bhattacharya et al., 2023; Gupta et al., 2017). However,
it is evident that their technique cannot be applied to
PCA or spectral clustering, which involve the compu-
tation of eigenvalues and eigenvectors.

A related notion to inconsistency is sensitivity (Varma
and Yoshida, 2023), where we say that an algorithm
has a low sensitivity when the outputs of the algo-
rithm on one input and a slightly perturbed input are
close in, say, the Hamming distance or the ℓ2 distance.
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Figure 1: The results of standard PCA (top row) and consistent PCA (bottom row, proposed) on MNIST as new
data points are incrementally added. Standard PCA exhibits drastic changes when the data point of the class
y = 4 is newly added. Consistent PCA shows more stable results.

Bounding sensitivity is usually harder than bounding
inconsistency because, in the former, the algorithm
has no knowledge as to how the input was perturbed
whereas, in the latter, we know that the last data point
added to the input. Although the sensitivity of some
spectral clustering algorithms have been investigated
in Peng and Yoshida (2020), the bound is useful only
when the input graph has a strong cluster structure.

Notations We use bold symbols to denote vectors.
For vectors x and y, ⟨x,y⟩ := x⊤y denote their inner
product and x⊗ y := xy⊤ denote their outer product.
For matrices A and B, we define ⟨A,B⟩ := A⊤B and
A ⊗ B := AB⊤. For a matrix A with orthonormal
column vectors, let ΠA = A⊗A denote the projection
matrix onto the space spanned by the column vectors
of A. Let A ∈ Rp×p be a symmetric matrix. Then,
all the eigenvalues of A are real, and let λi(A) denote
the i-th largest eigenvalue of A. For an integer 1 ≤
k ≤ p, the Ky Fan k norm of A is defined as ∥A∥Fk

=∑k
i=1 λi(A). For two random variables X and Y , let

TV(X,Y ) denote the total variation distance between
the distributions of X and Y .

All proofs are provided in Appendix A.

2 SUBSPACE-PRESERVING
REGULARIZER

In this study, we focus on the following subspace-
preserving regularizer for both PCA and spectral clus-
tering.

ϕSP(W,W ′) =
1

2
∥ΠW −ΠW ′∥2F , (1)

where W,W ′ ∈ Rp×k are orthonormal matrices, i.e.,
W⊤W = Ik and W ′⊤W ′ = Ik. This regularizer ensures

that the projection matrices ΠW and ΠW ′ are close in
the Frobenius norm.

Note that ϕSP(W,W ′) can be rewritten as

ϕSP(W,W ′) =
1

2
∥W ⊗W −W ′ ⊗W ′∥2F

=
1

2
· tr
(
(W ⊗W −W ′ ⊗W ′)

2
)

= (k − tr (W ⊗WW ′ ⊗W ′))

= tr⟨W, (I −W ′ ⊗W ′)W ⟩.

This formulation enables us to solve PCA and spectral
clustering with this regularizer using standard eigen-
value decomposition.

Chi et al. (2009) used this regularizer in the context of
spectral clustering, under the name of Preserving Clus-
tering Membership (PCM). They empirically showed
that this regularizer helps to stabilize the clustering
results over time, but the theoretical analysis remained
unexplored. We show that this regularizer indeed pro-
vides provable approximation and inconsistency guar-
antees for both PCA and spectral clustering.

Connection to Davis-Kahan Theorem To see the
intuition behind the regularizer, let W and W ′ be the
subspaces spanned by the column vectors of W and
W ′. Then, the principle angles betweenW andW ′ are
the angles θ1, . . . , θk such that cos θ1, . . . , cos θk are the
singular values of ⟨W,W ′⟩. Then by simple calculation,
we can verify that the regularizer term ∥ΠW −ΠW ′∥2F
is equal to 2

∑k
i=1 sin

2 θi, which is the distance notion
between subspaces used in the celebrated Davis-Kahan
theorem (Davis and Kahan, 1970).



3 CONSISTENT PCA

In principal component analysis (PCA), given vectors
v(1), . . . ,v(n) ∈ Rp and a positive integer k, the goal
is to compute orthonormal vectors w1, . . . ,wk ∈ Rp

that maximizes the variance
∑k

i=1⟨wi, Cwi⟩, where
C =

∑n
i=1 v

(i)⊗v(i) is the covariance matrix. It is clear
that the maximum variance of ∥C∥Fk

is attained when
w1, . . . ,wk are orthonormal eigenvectors corresponding
to the top k eigenvalues of C, and those are called
principal components.

In this section, we study an online variant of PCA from
the viewpoint of inconsistency. In this problem, we are
given a vector v(t) ∈ Rp at step t, and then for the
current covariance matrix C(t) :=

∑t
i=1 v

(i) ⊗ v(i), we
want to compute orthonormal vectors w

(t)
1 , . . . ,w

(t)
k ∈

Rp such that

• the variance
∑k

i=1⟨w
(t)
i , C(t)w

(t)
i ⟩ is large, and

• the inconsistency
∑n

t=2

∑k
i=1 ∥w

(t)
i −w

(t−1)
i ∥2 is

small.

Note that we do not assume anything about the inputs
v(t) such as i.i.d. We allow the inputs to be chosen
arbitrarily.

3.1 Algorithm

To solve the online PCA problem with small inconsis-
tency, for a parameter λ > 0, we introduce an objective
function f

(t)
λ : (Rp)k → R defined as

f
(t)
λ (w1, . . . ,wk) := tr⟨W,C(t)W ⟩ − λϕSP(W,W (t−1)),

where W ∈ Rp×k and W (t−1) ∈ Rp×k are the matrices
whose i-th column is wi and w

(t−1)
i , respectively. We

assume w
(0)
i = 0 for every i ∈ {1, 2, . . . , k}. The

subspace-preserving regularizer is added to ensure that
W remains close to W (t−1).

At each step t, we solve the following problem:

maximize f
(t)
λ (w1, . . . ,wk)

subject to ∥wi∥2 = 1 ∀i = 1, . . . , k,
⟨wi,wj⟩ = 0 ∀1 ≤ i < j ≤ k.

(2)

Note that f
(t)
λ can be rewritten as

tr⟨W,C(t)W ⟩ − λ · tr⟨W, (I −W (t−1) ⊗W (t−1))W ⟩
= tr⟨W, {C(t) − λ(I −W (t−1) ⊗W (t−1))}W ⟩.

Hence, we can solve (2) by computing the top k eigen-
values of the matrix C(t) − λ(I −W (t−1) ⊗W (t−1)),
which can be done in polynomial time.

Algorithm 1: Consistent PCA

1 w
(0)
1 , . . . ,w

(0)
k ← 0;

2 for t = 1, . . . , n do
3 Receive v(t);
4 Solve (2) and let w̃

(t)
1 , . . . , w̃

(t)
k ∈ Rp be the

obtained solution;
5 Let W̃ (t) ∈ Rp×k be the matrix whose i-th

column is w̃
(t)
i ;

6 Solve (3) and let R(t) ∈ Rk×k be the
obtained rotation matrix;

7 Let W (t) := W̃ (t)R(t) and let w
(t)
i be the

i-th column of W (t);

Let w̃
(t)
1 , . . . , w̃

(t)
k ∈ Rp be the obtained solution, and

let W̃ (t) ∈ Rp×k be the matrix whose i-th column is
w̃

(t)
i . Then, we rotate it to align it with the previous

matrix W (t−1). Specifically, we solve the following
problem:

minimize ∥W̃ (t)R−W (t−1)∥2F subject to R⊤R = Ik.
(3)

This problem is known as Procrustes alignment (Schöne-
mann, 1966) whose solution is given by R(t) := U⊤V ,
where U and V are the left and right singular ma-
trices of ⟨W̃ (t),W (t−1)⟩. Then, we output the vec-
tors w

(t)
1 , . . . ,w

(t)
k , where w

(t)
i is the i-th column of

W (t) := W̃ (t)R(t). We call this method Consistent-
PCA. See Algorithm 1 for more details.

3.2 Theoretical Guarantees

We first show that the variance of the solution obtained
by ConsistentPCA is close to the optimal, which is
∥C(t)∥Fk

.
Lemma 3.1. We have

k∑
i=1

⟨w(t)
i , C(t)w

(t)
i ⟩ ≥ ∥C

(t)∥Fk
−O(λk).

Now, we analyze the inconsistency of Consistent-
PCA.
Lemma 3.2. We have

n∑
t=2

k∑
i=1

∥w(t)
i −w

(t−1)
i ∥2 ≤

n∑
t=2

∥ΠW (t) −ΠW (t−1)∥2

≤ 2tr⟨W (n), C(n)W (n)⟩
λ

. (4)

Consider setting λ = Θ(ε∥C(n)∥Fk
/k). Then,

Lemma 3.1 implies that (w
(n)
1 , . . . ,w

(n)
k ) is a (1 −



ε)-approximate solution for the problem of maxi-
mizing the variance of C(n) and Lemma 3.2 im-
plies that the inconsistency is bounded by 2k ·
tr⟨W (n), C(n)W (n)⟩/(ε∥C(n)∥Fk

) ≤ O(ε−1k), which is
significantly smaller than the trivial upper bound of
O(kn) on inconsistency.

Actually, this upper-bound of inconsistency is tight
when k is constant, which is typically the case for data
visualization where k = 2. The following theorem shows
that any algorithm for the online PCA that outputs
(1− ε)-approximate solution must have inconsistency
Ω(ε−1).
Theorem 3.3. Let ε > 0 be sufficiently small.
Consider any online PCA algorithm that for any
t = 1, . . . , n, after it has seen the first t vectors
v(1), . . . ,v(t) ∈ R2, outputs a unit vector w(t) ∈ R2

satisfying

⟨w(t), C(t)w(t)⟩ ≥ (1− ε) max
∥w∥=1

⟨w, C(t)w⟩,

where C(t) :=
∑t

i=1 v
(i) ⊗ v(i). Then we have

n∑
t=2

∥w(t) −w(t−1)∥2 = Ω

(
1

ε

)
.

4 CONSISTENT SPECTRAL
CLUSTERING

Let G = (V,E) be a graph. The Laplacian of G is de-
fined as L = D −A, where D ∈ RV×V is the diagonal
degree matrix and A ∈ RV×V is the adjacency matrix.
It is known that the Laplacian is positive semidefi-
nite and hence all the eigenvalues are nonnegative real
numbers.

In spectral clustering, given a graph G = (V,E) and
an integer k, we compute the smallest k eigenvec-
tors w1, . . . ,wk ∈ RV of the Laplacian L, then we
map each vertex v ∈ V to a k-dimensional vector
pv = (w1(v), . . . ,wk(v)), which is called the spectral
embedding. Then, we apply some geometric clustering
method to the set of points P = {pv}v∈V to compute a
partition of V into k parts. Here, instead of typical k-
means, we consider the k-median problem to find such
a partition1. Specifically, given points P , we compute
a set {c1, . . . , ck} ⊆ V of k vertices that minimizes∑

v∈V
d(pv, {pc1 , . . . ,pck}), (5)

where d(p, Q) := minq∈Q ∥p− q∥ is the minimum dis-
tance between p and a point in Q. Then, we add each

1We consider the setting where centroids are chosen from
P . We can also analyze k-means though the inconsistency
bound is slightly worse. See Appendix A.6 for details.

v ∈ V to a vertex set Vi, where i ∈ {1, . . . , k} is such
that the point closest to pv among {pc1 , . . . ,pck} is pci

(break ties arbitrarily), and we output the partition
(V1, . . . , Vk).

We consider an online counterpart of spectral clustering
and show PCM (Chi et al., 2009) provides consistent
solution. In the online setting, we are given the vertex
set V in advance. Then at step t ∈ {1, 2, . . . ,m}, an
edge e(t) ∈

(
V
2

)
is given, where

(
V
2

)
:= {{u, v} ∈ V |

u ≠ v}. Let E(t) = {e(1), . . . , e(t)} and G(t) = (V,E(t)).
The goal is to output a partition (V

(t)
1 , . . . , V

(t)
k ) of V

into k parts such that

• the output clustering is close to the one obtained
by applying spectral clustering on G(t).

• the inconsistency
∑m

i=2 TV(C(t), C(t−1)) is low,
where C(t) = {c(t)1 , . . . , c

(t)
k } is the set of vertices

corresponding to the output centroids for the t-th
step.

Note that we do not assume anything about the new
edge e(t), which can be chosen arbitrarily.

4.1 Algorithm of PCM (Chi et al., 2009)

Let L(t) ∈ RV×V denote the Laplacian of G(t). We can
compute the smallest k eigenvalues of L(t) by minimiz-
ing

∑k
i=1⟨wi, L

(t)wi⟩. To obtain consistent solution,
for a parameter λ > 0, Chi et al. (2009) introduced an
objective function f

(t)
λ : (RV )k → R defined as

f
(t)
λ (w1, . . . ,wk) := tr⟨W,L(t)W ⟩+ λϕSP(W,W (t−1)),

where W,W (t−1) ∈ RV×k are the matrices whose i-th
column is wi and w

(t−1)
i , respectively.

Then, Chi et al. (2009) considered the following mini-
mization variant of (2).

minimize f
(t)
λ (w1, . . . ,wk)

subject to ∥wi∥2 = 1 ∀i = 1, . . . , k,
⟨wi,wj⟩ = 0 ∀1 ≤ i < j ≤ k.

(6)

The details of our modified version of PCM is
given in Algorithm 2. Let w

(t)
1 , . . . ,w

(t)
k ∈ RV

be the obtained vectors by solving (6). Define
p
(t)
v = (w

(t)
1 (v), . . . ,w

(t)
k (v)) for each v ∈ V . Dif-

ferent from Chi et al. (2009), we apply the D1-
sampling algorithm (Arthur and Vassilvitskii, 2007) to
solve the k-median problem, which achieves O(log k)-
approximation to the k-median problem (5). In this
algorithm, we first sample c

(t)
1 uniformly from V . Then,

for each i = 2, . . . , k, we sample c
(t)
i ∈ V with proba-

bility proportional to d(p
(t)
v , {p(t)

c
(t)
i

, . . . ,p
(t)

c
(t)
i−1

}).



Algorithm 2: Preserving Cluster Membership
1 Procedure D1-Sampling(V, {pv}v∈V )
2 Sample c1 ∈ V uniformly at random;
3 for i = 2, . . . , k do
4 Let D be the distribution over V such

that v ∈ V is sampled with probability
∝ d(pv, {pc1 , . . . ,pci−1

});
5 Sample ci ∈ V from D;

6 return {c1, . . . , ck}.
7 Procedure PCM(V )
8 w

(0)
1 ← 0, . . . ,w

(0)
k ← 0;

9 for t = 1, . . . ,m do
10 Receive e(t) ∈

(
V
2

)
;

11 Let L(t) ∈ RV×V be the Laplacian of the
graph G(t) = (V, {e(1), . . . , e(t)});

12 Compute w
(t)
1 , . . . ,w

(t)
1 by solving (6);

13 p
(t)
v ← (w

(t)
1 (v), . . . ,w

(t)
k (v)) for v ∈ V ;

14 {c(t)1 , . . . , c
(t)
k } ←

D1-Sampling(V, {p(t)
v }v∈V );

15 Compute the partition (V
(t)
1 , . . . , V

(t)
k ) of

V using c
(t)
1 , . . . , c

(t)
k .

4.2 Theoretical Guarantees

For a positive semidefinite matrix, let λi(L) denote the
i-th smallest eigenvalue of L. Then by modifying the
proof of Lemma 3.1 for minimization, we obtain the
following approximation guarantee:
Lemma 4.1. We have

k∑
i=1

⟨w(t)
i , L(t)w

(t)
i ⟩ ≤

k∑
i=1

λi(L
(t)) +O(λk).

As the minimum of
∑k

i=1⟨wi, L
(t)wi⟩ subject to

w1, . . . ,wk being orthonormal is
∑k

i=1 λi(L
(t)), this

lemma shows that the obtained vectors are close to the
optimum. Combined with the fact that D1-sampling
achieves O(log k)-approximation to the k-median prob-
lem, PCM outputs a partition with a reasonable qual-
ity.

We now turn to the inconsistency of the spectral em-
bedding.
Lemma 4.2. We have

m∑
t=1

∑
v∈V
∥p(t)

v − p(t−1)
v ∥2 ≤ 1

λ

k∑
i=1

λi(L
(m)) +O(k).

Next, we analyze the inconsistency of the centroids
selected by PCM. We note that existing consistent

algorithms for the k-median problem (Lattanzi and
Vassilvitskii, 2017; Fichtenberger et al., 2021; Yoshida
and Ito, 2022; Guo et al., 2021; Dong and Yoshida,
2024) cannot be directly applied in our setting, as
they assume a new data point arrives at each step,
whereas in our case, the positions of existing points are
perturbed.

Lemma 4.3. Let C(t) = {c(t)1 , . . . , c
(t)
k } and OPT(t) be

the optimal value of the k-median problem for P (t) =

{p(t)
v : v ∈ V }. Then, we have

m∑
t=1

TV(C(t), C(t−1))

= O

kn

√√√√ k∑
i=1

λi(L(m))

λ
+O(k)

√√√√ m∑
t=1

(
1

OPT(t)

)2
 .

Consider setting λ = Θ(ε
∑k

i=1 λi(L
(m))/k) for ε > 0.

By Lemma 4.1, we can obtain a (1 + ε)-approximate
spectral embedding. Note that OPT(t) can be as large
as Ω(n), and in such a case, the bound in Lemma 4.3

reduces to O

(
kn
√

k
ε

√
m
n2

)
= O

(
k
√

km
ε

)
, which is

sublinear in the number of edges. Note that the trivial
bound on inconsistency is O(km).

4.3 Implementation Details

In practice, we want C(t) and C(t−1) to be exactly equal
with high probability (if we share the randomness)
rather than just having a small total variation distance.
To this end, we adopted the sampling algorithm similar
to SeededStableDR of Hara and Yoshida (2023)
(Algorithm 4), which converts the latter guarantee to
the former guarantee.

5 EXPERIMENTS: PCA

We demonstrate that the proposed ConsistentPCA
has a higher consistency than the existing methods us-
ing some benchmark datasets. For all the experiments,
we used a workstation with 256 cores of AMD EPYC
processors and 758GB of RAMS.

All the codes and results are available at
github.com/sato9hara/consistent-pca-sc.

5.1 Setups

Baseline Methods As the naive baseline, we adopted
vanilla PCA. Vanilla PCA computes the top-k eigen-
vectors of the covariance matrix C(t) for each step t
without any cares on the consistency.

https://github.com/sato9hara/consistent-pca-sc/


A concept closely related to the consistency of PCA
is robustness, which aims to estimate principal com-
ponents accurately even when data contains outliers.
As the baseline method from the robustness literature,
we selected Spherical PCA (Locantore et al., 1999).
Spherical PCA applies Vanilla PCA to data instances
that have been scaled to have unit length v/∥v∥, making
it robust against outliers.2

As the advanced methods, we adopted two Online PCA
algorithms from Nie et al. (2016). The first algorithm,
GD, updates a matrix P by iterating the following
descent step (D) and projection step (P):

(D) P̂ (t+1) = Pt − ηC(t),

(P) P (t+1) = argmin
P∈Pd−k

∥P − P̂ (t+1)∥2F ,

where Pd−k is the set of positive semidefinite matrices
whose trace is d − k and the maximum eigenvalue is
upper-bounded by one. We can obtain the estimated
principal components W (t+1) as the k-smallest eigen-
vectors of P (t+1).

The second algorithm, MEG, updates P by using the
quantum relative entropy instead of Frobenius norm,
which results in the following two steps:

(D) P̂ (t+1) = expm(logmP (t) − ηC(t)),

(P) P (t+1) = argmin
P∈Pd−k

D(P, P̂ (t+1)),

where expm and logm denotes matrix exponential
and logarithm, respectively, and D(P, P̂ (t+1)) =
tr(P (logmP − logmP̂ (t)) + P̂ (t) − P ).

In both algorithms, the learning rate η > 0 controls the
magnitude of the update. Smaller η results in small
changes in the update and thus the estimated principal
components tend to be consistent, while the converse
is true for large η. We observed that too large η can
spoil the update, and thus the careful tuning of η is
essential for these methods.

Datasets We evaluated the effectiveness of Con-
sistentPCA using real-world datasets. First, we
conducted experiments using the face image dataset
from sklearn.datasets.fetch_lfw_people, which
contains face images from multiple individuals. We

2Although more advanced robust PCA methods ex-
ist (Lerman and Maunu, 2018), we did not select them
as baselines due to computational scalability concerns. The
proposed method, Vanilla PCA, Spherical PCA, and the
Online PCA methods we adopted can all be executed ef-
ficiently using just a few eigenvalue decompositions. In
contrast, advanced robust PCA methods require tens or
even hundreds of eigenvalue decompositions until conver-
gence, making them impractical for repeated use every time
new instaces are added.

set min_faces_per_person=10 to include only those
individuals who have at least ten images. All other
settings remained at their default values, resulting in
each face image being represented as a d = 2919 di-
mensional vector. During each experimental run, we
fed images for each individual incrementally to each
PCA algorithm.

Additionally, we evaluated PCAs using several classi-
fication datasets, gas-drift, har, micro-mass, and
mnist_784 from OpenML. For each dataset with the
size of N , we randomly selected a subset containing
min{1, 000, N} data points. We then incrementally fed
the data points to each PCA algorithm in a classwise
manner.

Metrics We employed the following two metrics to
assess the performance of PCAs.

PCA Objective: We used the average PCA objective
ObjPCA = 1

n

∑n
t=1 tr⟨W (t), C(n)W (t)⟩ at the last n-th

update to assess the quality of the estimated principal
components W (t). A large value of ObjPCA indicates
that a PCA algorithm could find nearly optimal princi-
pal components in the early stage of the PCA updates
by observing only a few examples. Hence, that algo-
rithm is considered to be effective in term of the PCA
objective.

Average Inconsistency : The average inconsistency
ICPCA = 1

n−1
∑n

t=2 ∥W (t) − W (t−1)∥2F measures the
average squared difference in the principal components
with each update.

5.2 Results

Figure 2 shows the results on the face and OpenML data
experiments. The results on the other configurations
could be found in Appendix B. Because some of the
baseline methods exhibit significantly worse objectives
or inconsistencies, we only show the plots around the
tradeoff curves of ConsistentPCA.

In the experiments, we varied the regularization λ of
ConsistentPCA and the learning rate η of GD/MEG
algorithms. We repeated the experiments 30 times
and plotted the averages of ObjPCA and ICPCA of each
method in the figures.

There are two important implications. First, the pro-
posed ConsistentPCA achieves a wide and mean-
ingful range of tradeoffs between the ObjPCA and the
average inconsistency ICPCA, and it naturally coincides
with vanilla PCA in the limit λ → 0. This flexibility
is notably absent in GD and MEG, where adjusting
the learning rate η typically fails to yield similarly
reasonable tradeoffs.

Second, the performance of GD and MEG is highly
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Figure 2: Results of PCA on the face and OpenML datasets. The error bars denote standard deviations. The
arrows in the axis labels indicate favorable directions.

sensitive to the choice of η. These methods produce
acceptable results only for a limited range of carefully
tuned η values, but even small deviations from opti-
mal η cause their performance to degrade significantly,
resulting in considerably worse inconsistencies or ob-
jectives. Such sensitivity makes GD and MEG difficult
to apply reliably in practice. In contrast, Consistent-
PCA exhibits reasonable performance across a broader
range of λ, consistently outperforming GD, MEG, and
Spherical PCA in terms of the tradeoffs.

Spherical PCA also fails to demonstrate significant im-
provements over Vanilla PCA. This limitation arises
because the robustness against outliers does not neces-
sarily indicate consistency when data points are incre-
mental added. Outlier robustness alone cannot prevent
drastic shifts in PCA.

6 EXPERIMENTS: SPECTRAL
CLUSTERING

6.1 Setups

In the experiments, we demonstrate that PCM (Chi
et al., 2009) has a high consistency.

Baseline Methods We adopted vanilla spectral clus-
tering (SC) as the baseline. Vanilla SC simply computes
the smallest-k eigenvectors of the Laplacian L(t) for
each step t and applies D1-Sampling.

We also adopted two Online SC algorithms. The first
algorithm uses the dynamic sparsifier (DSp) (Sun and
Zanetti, 2019; Laenen and Sun, 2024), which we refer
to as DSp-SC. DSp-SC maintains a sparsified graph
instead of the original graph. DSp-SC ensures that
the clustering result on the sparsified graph can well
approximate the result of Vanilla SC. DSp-SC also

enables us to update its sparsified graph every time a
new edge is added.

The second algorithm, Preserving Cluster Quality
(PCQ) (Chi et al., 2009; Xu et al., 2014) applys SC to
αL(t)+(1−α)L(t−1) instead of L(t) so that the cluster
structure in the previous time step is taken into consid-
eration. In PCQ, the parameter α ∈ [0, 1] controls the
balance between the current and previous Laplacians.

Datasets3 We evaluated the effectiveness of PCM on
an email dataset4, a real-world temporal graph. This
temporal graph consists of a set of edges (u, v) and their
timestamps t, where a node u sent an email to another
node v at time t. We split the edges to 20 consecutive
chunks based on the timestamps. We focused on the
largest connected subgraph consisting of 684 nodes
appeared in the first chunk and tracked the evolution of
edges between these nodes. We first construct a graph
from the first chunk where the nodes are connected by
an edge if they communicate with an email within the
first chunk. In every chunk, we add edges to the graph
when the nodes communicate within the chunk. In this
way, we constructed a temporal graph with 20 time
steps. The graph in the first time step contains 6,412
edges, while the graph in the last time step contains
26,994 edges.

We also used the Facebook dataset5 for evaluation. We
used the six out of ten community graphs with more
than 100 nodes in the dataset. For each graph, we ran-
domly assigned ten distinct timestamps to each edge

3Synthetic data experiments with various graph sizes
can be found in Appendix D.

4https://snap.stanford.edu/data/
email-Eu-core-temporal.html

5https://snap.stanford.edu/data/ego-Facebook.
html

https://snap.stanford.edu/data/email-Eu-core-temporal.html
https://snap.stanford.edu/data/email-Eu-core-temporal.html
https://snap.stanford.edu/data/ego-Facebook.html
https://snap.stanford.edu/data/ego-Facebook.html
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Figure 3: Results of Spectral Clustering (k = 3) on the email and facebook datasets. The error bars denote
standard deviations. The arrows in the axis labels indicate favorable directions.

so that the edges are added to the graph over the ten
rounds of evolution. Similar to the email dataset exper-
iment, we focused on the largest connected subgraph in
the first timestamp and tracked the evolution of edges
between these nodes.

Metrics We employed the following four metrics:

SC Objective: We used the average SC objective
ObjSC = 1

m

∑m
t=1 tr⟨W (t), L(m)W (t)⟩ at the last m-th

update to assess the quality of the spectral embedding
W . A small value of ObjSC indicates that the algorithm
could find nearly optimal embeddings in the early stage
of the SC updates by observing only a few edges.

Embedding Inconsistency : The embedding inconsis-
tency ICSC

embed = 1
m−1

∑m
t=2 ∥W (t) − W (t−1)∥2F mea-

sures the average squared difference in the spectral
embedding with each update.

Centroid Inconsistency : The centroid inconsistency
ICSC

centroid = 1
m−1

∑m
t=2

∑k
i=1 ∥c

(t)
i − c

(t−1)
i ∥2 measures

the change of centroids over the updates. This met-
ric can be interpreted as an empirical analogue of
Lemma 4.3.

Clustering Inconsistency : The clustering inconsistency
ICSC

cluster =
1

m−1
∑m

t=2
1
|V |
∑

v∈V 1[y
(t)
v ̸= y

(t−1)
v ], where

y
(t)
v denotes the clustering label of the node v at time
t, measures the fraction of the nodes whose clustering
assignment has changed.

6.2 Results

Figure 3 shows the results on the email and three graphs
(id = 0, 107, 1684) of the facebook dataset experiments
with the number of clusters set to k = 3. The results on
the other configurations could be found in Appendix C.
In the experiments, we varied the regularization λ of
PCM, α of PCQ, and sampling parameter of DSp-SC.

The figures underline three key points. First, PCM
successfully provides a comprehensive and effective
range of tradeoffs between the objective ObjSC and
several inconsistencies ICSC

∗ . In contrast, the baseline
methods are significantly constrained in their ability
to balance these two factors effectively.

Second, PCM consistently demonstrates superior per-
formance compared to the baselines across all the incon-
sistency measures. Both DSp-SC and PCQ either incur
substantially higher inconsistencies or fail to maintain
acceptable objective performance levels.

Third, while DSp-SC occasionally achieves favorable
consistency, i.e., small ICSC

∗ , this typically comes at the
cost of severely degraded clustering quality, i.e., higher
ObjSC, as evidenced by the tradeoff curves extending
toward the bottom-right region of the plots. Such a
tradeoff indicates that while DSp-SC may maintain
cluster assignments more consistently across incremen-
tal updates, it fundamentally compromises the overall
clustering quality.

In summary, the failure modes of the baseline methods



underscore the critical advantage of PCM in achieving
consistent and high quality clustering.

7 CONCLUSIONS

We showed that the subspace-preserving regularizer (1)
is helpful for both online PCA and spectral clustering
to better balance the quality and consistency. Addi-
tionally, we empirically demonstrate their superiority
over baseline methods using real-world data.

Potential open problems include establishing lower
bounds on the trade-off between approximation ra-
tio and consistency. Another interesting question is
whether a consistent k-means clustering algorithm can
be designed for spectral clustering, in which the posi-
tions of existing points are perturbed at each step.
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Appendix

A Proofs

A.1 Proof of Lemma 3.1

Proof. Let ŵ
(t)
1 , . . . , ŵ

(t)
k ∈ Rp be the top-k eigenvectors of C(t), and let Ŵ (t) ∈ Rp×k be the matrix whose i-th

column is ŵ
(t)
i . Note that {ŵ(t)

1 , . . . , ŵ
(t)
k } is orthonormal. Then, we have

k∑
i=1

⟨w(t)
i , C(t)w

(t)
i ⟩

≥
k∑

i=1

⟨w(t)
i , C(t)w

(t)
i ⟩ −

λ

2
∥ΠW (t−1) −ΠW (t)∥2F

≥
k∑

i=1

⟨ŵ(t)
i , C(t)ŵ

(t)
i ⟩ −

λ

2
∥ΠW (t−1) −ΠŴ (t)∥2F (Optimality of W̃ (t) and W (t))

=

k∑
i=1

⟨ŵ(t)
i , C(t)ŵ

(t)
i ⟩ − λ(∥ΠW (t−1)∥2F + ∥ΠŴ (t)∥2F )

≥
k∑

i=1

⟨ŵ(t)
i , C(t)ŵ

(t)
i ⟩ −O(λk).

A.2 Proof of Lemma 3.2

Proof. We first prove the second inequality of the lemma. From the optimality of W (t), we have

tr⟨W (t), C(t)W (t)⟩ − λ

2
∥ΠW (t) −ΠW (t−1)∥2F

≥ tr⟨W (t−1), C(t)W (t−1)⟩ − λ

2
∥ΠW (t−1) −ΠW (t−1)∥2F

= tr⟨W (t−1), C(t)W (t−1)⟩,

which implies

tr⟨W (t), C(t)W (t)⟩ − tr⟨W (t−1), C(t)W (t−1)⟩

≥ λ

2
∥Π⟨W (t) −ΠW (t−1)∥2F .

Summing up this inequality for t = 2 to n, we obtain
n∑

t=2

(
tr⟨W (t), C(t)W (t)⟩ − tr⟨W (t−1), C(t)W (t−1)⟩

)
≥ λ

2

n∑
t=2

∥ΠW (t) −ΠW (t−1)∥2F .

Noting that tr⟨W (1), C(2)W (1)⟩ ≥ 0 because C(2) is positive semidefinite, this implies

tr⟨W (n), C(n)W (n)⟩ ≥ λ

2

n∑
t=2

∥ΠW (t) −ΠW (t−1)∥2F .



Rearranging the inequality, we obtain the second inequality.

We now prove the first inequality of the lemma. By von Neumann’s trace inequality, we have

max
R

tr⟨W (t)R,W (t−1)⟩ =
k∑

i=1

σi,

where σi is the i-th largest singular value of ⟨W (t),W (t−1)⟩. Note that the maximizer is equal to R(t) in the
algorithm. Also we have σ ∈ [0, 1] because for any x ∈ Rk, we have

∥⟨W (t),W (t−1)⟩x∥ ≤ ∥(W (t))T ∥ · ∥W (t−1)∥ · ∥x∥ ≤ ∥x∥.

Note that

k∑
i=1

∥w(t)
i −w

(t−1)
i ∥2 = 2k − 2

k∑
i=1

⟨w(t)
i ,w

(t−1)
i ⟩

= 2k − 2tr(W (t)R(t),W (t−1)) = 2k − 2

k∑
i=1

σi.

On the other hand, we have

∥ΠW (t) −ΠW (t−1)∥2F
= 2k − 2tr⟨W (t) ⊗W (t),W (t−1) ⊗W (t−1)⟩
= 2k − 2tr(⟨W (t),W (t−1)⟩⊤⟨W (t),W (t−1)⟩)

= 2k − 2

k∑
i=1

σ2
i

Then the claim holds because σi ∈ [0, 1] for every i ∈ {1, . . . , k}.

A.3 Proof of Theorem 3.3

Proof. Consider the input sequence

n :=

⌊
1

4ε

⌋
(assume n is even), v(t) :=

{
(1, 0)⊤ t odd,

(0, 1)⊤ t even,

Because every v(t) is axis-aligned, each C(t) is diagonal:

C(t) =

(
ot 0
0 et

)
, where ot :=

⌈
t

2

⌉
and et :=

⌊
t

2

⌋
.

Hence λt := max∥w∥=1 w
⊤C(t)w = max{ot, et}. As n is even, we have λn = en = n/2.

Write w(t) = (cos θt, sin θt)
⊤. Then, we have

λt − ⟨w(t), C(t)w(t)⟩ =

{
(ot − et) sin

2 θt = sin2 θt (t odd),
(et − ot) cos

2 θt = cos2 θt (t even).

The multiplicative guarantee yields λt − ⟨w(t), C(t)w(t)⟩ ≤ ελn. Using λn = n
2 = 1

8ε we obtain

sin2 θt ≤ 1
8 (t odd), cos2 θt ≤ 1

8 (t even). (7)

Define
δ := arcsin

(
1√
8

)
≈ 0.361



Conditions (7) say

θt ∈ [−δ, δ] ∪ [π − δ, π + δ], θt+1 ∈
[
π
2 − δ, π

2 + δ
]
∪
[
−π

2 − δ,−π
2 + δ

]
.

Thus consecutive admissible sectors are separated by the angle ϕ := π
2 − 2δ. Note that cosϕ = sin(2δ) =

√
7
4 .

For two unit vectors whose angular difference is ϕ, the squared Euclidean distance is

2
(
1− cosϕ

)
= 2

(
1−
√
7

4

)
= 2−

√
7

2
.

Hence each transition t− 1→ t (t ≥ 2) contributes at least 2−
√
7
2 to ∥w(t) −w(t−1)∥2.

The stream alternates parity in every step, so the lower bound applies to all n− 1 transitions. Hence, we have

n∑
t=2

∥∥w(t) −w(t−1)∥∥2 ≥ (n− 1)

(
2−
√
7

2

)
= Ω(n) = Ω

(
1

ε

)
.

A.4 Proof of Lemma 4.2

Proof. Let W (m) be the matrix whose i-th column is w
(m)
i . Then by Lemmas 3.2 and 4.1, we have

m∑
t=1

k∑
i=1

∥w(t)
i −w

(t−1)
i ∥2 ≤ tr⟨W (m), L(m)W (m)⟩

λ

≤ 1

λ

(
k∑

i=1

λi(L
(m)) +O(λk)

)
=

1

λ

k∑
i=1

λi(L
(m)) +O(k).

The claim follows observing that
∑

v∈V ∥p
(t)
v − p

(t−1)
v ∥2 =

∑k
i=1 ∥w

(t)
i −w

(t−1)
i ∥2.

A.5 Proof of Lemma 4.3

Proof. Let δ(t) =

√∑
v∈V ∥p

(t)
v − p

(t−1)
v ∥2. Note that

∑m
t=1(δ

(t))2 ≤ λ−1
∑k

i=1 λi(L
(m)) +O(k) by Lemma 4.2.

Let C
(t)
i = {c(t)1 , . . . , c

(t)
i }, P

(t)
i = {pv : v ∈ C

(t)
i }, and Z

(t)
i =

∑
u∈V d(p

(t)
u , P

(t)
i ). Then, we have

Pr[c
(t)
i = v] =

d(p
(t)
v , P

(t)
i−1)

Z
(t)
i−1

.

Conditioned on C
(t)
i = C

(t−1)
i , we have

d(p(t)
u , P

(t)
i ) = d(p(t−1)

u , P
(t−1)
i )± δ(t),

⇒
∑
u∈V

d(p(t)
u , P

(t)
i ) =

∑
u∈V

d(p(t−1)
u , P

(t−1)
i )± δ(t)n,

where a = b± c is a shorthand for b− c ≤ a ≤ b+ c. For a set of i− 1 vertices C ⊆ V , let P
(t)
C = {p(t)

v : v ∈ C},
and Z

(t)
C =

∑
u∈V d(p

(t)
u , P

(t)
C ). Note that Z

(t)
C ≥ OPT

(t)
i , where OPT

(t)
i is the optimal value of the i-median

problem for P (t) = {pv : v ∈ V }.



Then for any i ≥ 2, we have

Pr[c
(t)
i = v | C(t)

i−1 = C]− Pr[c
(t−1)
i = v | C(t−1)

i−1 = C]

=
d(p

(t)
v , P

(t)
C )

Z
(t)
C

−
d(p

(t−1)
v , P

(t−1)
C )

Z
(t−1)
C

=
Z

(t−1)
C d(p

(t)
v , P

(t)
C )− Z

(t)
C d(p

(t−1)
v , P

(t−1)
C )

Z
(t)
C · Z

(t−1)
C

=
1

Z
(t)
C · Z

(t−1)
C

(
Z

(t−1)
C (d(p(t−1)

v , P
(t−1)
C )± δ(t))

− (Z
(t−1)
C ± δ(t)n)d(p(t−1)

v , P
(t−1)
C )

)
=
±Z(t−1)

C δ(t) ± nd(p
(t−1)
v , P

(t−1)
C )δ(t)

Z
(t)
C · Z

(t−1)
C

.

Then we have ∑
v∈V

∣∣∣Pr[c(t)i = v | C(t)
i−1 = C]− Pr[c

(t−1)
i = v | C(t−1)

i−1 = C]
∣∣∣

≤
nZ

(t−1)
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Observing that TV(C
(t)
1 , C

(t−1)
1 ) = 0, by induction on i, we can show that TV(C(t), C(t−1)) =∑k

i=2 O(nδ(t)/OPT
(t)
i−1). Hence, we have

m∑
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A.6 Inconsistency of Spectral Clustering with k-Means Clustering

In Algorithm 2, we solved the k-median problem using D1-sampling. One can use D2-sampling to solve the
k-means problem as well. Algorithm 3 shows the D2-sampling version of PCM. For this version of PCM, we have
the following inconsistency guarantee, which is worse than Lemma 4.3 by the factor

√
k.

Lemma A.1. Let C(t) = {c(t)1 , . . . , c
(t)
k } and OPT(t) be the optimal value of the k-means problem for P (t) =

{p(t)
v : v ∈ V }. Then, we have

m∑
t=1

TV(C(t), C(t−1))

= O

k
√
kn

√√√√ k∑
i=1

λi(L(m))

λ
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√√√√ m∑
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(
1
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)2
 .



Algorithm 3: Preserving Cluster Membership with D2-Sampling
1 Procedure D2-Sampling(V, {pv}v∈V )
2 Sample c1 ∈ V uniformly at random;
3 for i = 2, . . . , k do
4 Let D be the distribution over V such that v ∈ V is sampled with probability

∝ d(pv, {pc1 , . . . ,pci−1
})2;

5 Sample ci ∈ V from D;

6 return {c1, . . . , ck}.
7 Procedure PCM-D2(V )
8 w

(0)
1 ← 0, . . . ,w

(0)
k ← 0;

9 for t = 1, . . . ,m do
10 Receive e(t) ∈

(
V
2

)
;

11 Let L(t) ∈ RV×V be the Laplacian of the graph G(t) = (V, {e(1), . . . , e(t)});
12 Compute w

(t)
1 , . . . ,w

(t)
1 by solving (6);

13 p
(t)
v ← (w

(t)
1 (v), . . . ,w

(t)
k (v)) for v ∈ V ;

14 {c(t)1 , . . . , c
(t)
k } ← D2-Sampling(V, {p(t)

v }v∈V );
15 Compute the partition (V

(t)
1 , . . . , V

(t)
k ) of V using c

(t)
1 , . . . , c

(t)
k .

Proof. The proof is almost identical to that of Lemma 4.3. Below, we discuss the required changes to handle
k-means.

First, conditioned on C
(t)
i = C

(t−1)
i , we have
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and hence
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B Results of PCA

In the PCA experiments, we set the hyperparameter λ of ConsistentPCA, η of GD and MEG as follows. For
ConsistentPCA, we varied λ from 100 to 106 in a logarithmic scale. For GD, we varied η from 10−5 to 100 in a
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Figure 4: [PCA Results on Face Dataset] (top row) The zoomed plots appeared in the main body of the paper.
(bottom row) The entire plots without zooming.
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Figure 5: [PCA Results on OpenML Dataset with k = 3] (top row) The zoomed plots appeared in the main body
of the paper. (bottom row) The entire plots without zooming.

logarithmic scale. For MEG, we varied η from 10−5 to 10−1 in a logarithmic scale.

In Figure 2, we only show the plots around the tradeoff curve of ConsistentPCA. Figure 4 and Figure 5 show
the entire plots as well. The figures show that GD and MEG exhibit significantly worse results when η is not
chosen appropriately.

All the codes and results are available at github.com/sato9hara/consistent-pca-sc.

C Results of Spectral Clustering

In the Spectral Clustering experiments, we set the hyperparameter λ of PCM, α of PCQ, and sampling_constant
of DSp-SC as follows. For PCM, we varied λ from 10−2 to 101 in a logarithmic scale. For PCQ, we varied α in
0.0, 0.1, 0.2, . . . , 0.9, 1.0. For DSp-SC, we varied sampling_constant in 5, 7, 9, . . . , 23, 25.

Figure 6 shows the results on the three remaining graphs (id = 1912, 3437, 348) of the facebook dataset experiments
with the number of clusters set to k = 3. Similar to Figure 3, PCM realizes a wide range of tradeoffs between
ObjSC and ICSC

embed; PCM tends to outperform the baselines; and DSp-SC can be a favorable choice in terms of
consistency, which is however significantly worse in terms of the SC objective.

All the codes and results are available at github.com/sato9hara/consistent-pca-sc.

https://github.com/sato9hara/consistent-pca-sc/
https://github.com/sato9hara/consistent-pca-sc/
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Figure 6: Results of Spectral Clustering (k = 3) on the facebook datasets with id = 1912, 3437, and 348.

D Synthetic Data Experiments with Stochastic Block Model

We generated synthetic graphs using Stochastic Block Model (SBC) (Abbe, 2018) to evaluate the performance
of PCM for various graph sizes. The synthetic graph is generated by SBC with k-blocks. The nodes in each
block are connected by an edge with probability 0.6, and the nodes in different blocks are are connected with
probability 0.2. In each time step, one edge is added in a block with probability 0.8 and an edge between blocks
is added otherwise. We generated graphs with the number of nodes 50, 100, 500, and 1000.

Figure 76 shows the results on the SBM experiments for the case when we set the number of nodes |V | to
50, 100, 500, and 1000, the number of clusters to k = 5, and the number of updates to m = 100. In the
experiments, we varied the regularization λ of PCM, α of PCQ, and sampling parameter of DSp-SC. We repeated
the experiments 100 times and plotted the averages of ObjSC, ICSC

embed, IC
SC
centoid, and ICSC

cluster of each method in
the figures.

There are two implications in the figures. First, PCM could realize a wide rage of tradeoffs between ObjSC and
ICSC

embed which naturally coincides with vanilla SC in the limit λ→ 0. Second, PCM tends to outperform vanilla
SC in terms of inconsistencies ICSC

embed, IC
SC
centroid, and ICSC

cluster. This result shows that, with appropriately chosen
λ, practitioners can enjoy smooth evolution of spectral clustering with PCM every time new edges are observed.

To assess the clustering qualities with respect to the ground truth clusters, we computed Adjusted Rand Index
(ARI) and Normalized Mutual Information (NMI) to assess the quality of the clustering results. Table 1 shows
the average scores over 100 repeated experiments. As shown in the tables, there are only tiny differences between
the methods in ARI and NMI, irrespective of the choice of regularization weights λ for PCM and α for PCQ. This
demonstrates that PCM with the subspace-preserving regularizer can improve consistency without compromising
the quality of the clustering structure relative to the ground truth.

6All the codes and results are available at github.com/sato9hara/consistent-pca-sc.

https://github.com/sato9hara/consistent-pca-sc/
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Figure 7: Results of Spectral Clustering (k = 5) on the SBM datasets. The error bars denote standard deviations.
The arrows in the axis labels indicate favorable directions.

BatchSC

ICSC
cluster 0.024

ObjSC 38.018
ARI 0.500
NMI 0.638

PCM λ = 0.00 0.01 0.03 0.10 0.32 1.00 3.16 10.00

ICSC
cluster 0.024 0.023 0.023 0.022 0.020 0.018 0.015 0.011

ObjSC 38.018 38.018 38.018 38.017 38.017 38.019 38.028 38.051
ARI 0.500 0.500 0.500 0.500 0.500 0.500 0.503 0.505
NMI 0.638 0.638 0.638 0.638 0.638 0.639 0.640 0.641

PCQ α = 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

ICSC
cluster 0.023 0.022 0.022 0.021 0.021 0.021 0.021 0.022 0.022 0.023 0.024

ObjSC 38.037 38.032 38.028 38.025 38.023 38.021 38.020 38.019 38.018 38.018 38.018
ARI 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500 0.500
NMI 0.638 0.638 0.638 0.638 0.638 0.638 0.638 0.638 0.638 0.638 0.638

Table 1: Results of Spectral Clustering (k = 5) on the SBM datasets. We computed Adjusted Rand Index (ARI)
and Normalized Mutual Information (NMI) to assess the quality of the clustering results, averaged over 100
repeated experiments.
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