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Abstract

We study a K -armed bandit with delayed feedback and intermediate observations.
We consider a model where intermediate observations have a form of a finite state,
which is observed immediately after taking an action, whereas the loss is observed
after an adversarially chosen delay. We show that the regime of the mapping of
states to losses determines the complexity of the problem, irrespective of whether
the mapping of actions to states is stochastic or adversarial. If the mapping of
states to losses is adversarial, then the regret rate is of order /(K + d)T (within
log factors), where T is the time horizon and d is a fixed delay. This matches the
regret rate of a K -armed bandit with delayed feedback and without intermediate
observations, implying that intermediate observations are not helpful. However,
if the mapping of states to losses is stochastic, we show that the regret grows at a

rate of \/ (K + min{|S|,d})T (within log factors), implying that if the number

|S| of states is smaller than the delay, then intermediate observations help. We
also provide refined high-probability regret upper bounds for non-uniform delays,
together with experimental validation of our algorithms.

1 Introduction

Delay is an ubiquitous phenomenon that many sequential decision makers have to deal with. For
example, outcomes of medical treatments are often observed with delay, purchase events happen
with delay after advertisement impressions, and acceptance/rejection decisions for scientific papers
are observed with delay after manuscript submissions. The impact of delay on the performance of
sequential decision makers, measured by regret, has been extensively studied under full information
and bandit feedback, and in stochastic and adversarial environments. Yet, in many situations in real
life intermediate observations may be available to the learner. For example, a health check-up might
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give a preliminary indication on the effect of a treatment, an advertisement click might be a precursor
for an upcoming purchase, and preliminary reviews might provide some information regarding an
upcoming acceptance or rejection decision. In this work we study when, and how, intermediate
observations can be used to reduce the impact of delay in observing the final outcome of an action in
a multi-armed bandit setting.

Online learning with delayed feed- del delay d

back and intermediate observations Action 1O delay State clay dy  Loss

was studied by Mann et al|[2019] in Ay Si = s1(Ay) 2,(S)

a full-information setting, and then by

Vernade et al.|[2020] in a nonstationary stochastic bandit setting. In the paper of [Vernade et al.|[2020]],
at each time step the learner chooses an action and immediately observes a signal (also called state)
belonging to a finite set. The actual loss (i.e., feedback) incurred by the learner in that time step is
only received with delay, which can be fixed or random. More formally, the observed state is drawn
from a distribution that only depends on the chosen action, and the incurred loss is drawn from a
distribution that only depends on the observed state (and not on the chosen action), forming a Markov
chain. The work of |Vernade et al.|[2020] studies a setting, where s; are nonstationary and /¢; are i.i.d.
stochastic.

In this work, we consider two possible regimes for the mappings s; from actions to states (stochastic
and adversarial) and two possible regimes for the mappings ¢; from states to losses (also stochastic
and adversarial). Altogether, we study four different regimes, defined by the combination of the first
and the second mapping type.

We characterize (within logarithmic factors) the minimax regret rates for all of them, by giving upper
and lower bounds. Similar to|Vernade et al., we assume that the states are observed instantaneously,
and we assume that the losses are observed with delay d. We show that the minimax regret rate is
fully determined by the regime of the states to losses mapping, regardless of the regime of the actions
to states mapping. The results are informally summarized in the following table, where K denotes
the number of actions, S denotes the number of states, and 7" denotes the time horizon. It is assumed
that the losses belong to the [0, 1] interval.

| States to losses mapping | Regret (within log factors) |

Adversarial (K+d)T

Stochastic \/(K + min{S,d})T

All of our upper bounds hold with high probability (with respect to the learner’s internal randomiza-
tion) irrespective of the regime of the action to states mapping.

We recall that (within logarithmic factors) the minimax regret rate in multi-armed bandits with delays
without intermediate observations is of order /(K + d)T [Cesa-Bianchi et al., 2019]]. Therefore,
we conclude that if the mapping from states to actions is adversarial, then intermediate observations
do not help (in the minimax sense), because the regret rates are the same irrespective of whether the
intermediate observations are used or not, and irrespective of whether the mapping from actions to
states is stochastic or adversarial. However, if the mapping from states to losses is stochastic, and
the number S of states is smaller than the delay d, then intermediate observations are helpful, and
we provide an algorithm, MetaAdaBIO, which is able to exploit them. Our result improves on the
O (\/ K ST) regret bound obtained by [Vernade et al.|[2020] for the case of stochastic and stationary
action to states mapping. Our algorithm also applies to a more general setting of non-uniform
delays (d;)¢c |7 where we achieve a high-probability regret bound of order VKT +min{ST, Dr}
(ignoring logarithmic factors). This improves upon the total delay term Dy = dy + - - - + dp similarly
to the respective term in the fixed delay setting.

Related work Adaptive clinical trials have served an inspiration for the multi-armed bandit model
[Thompson, [1933]], and, interestingly, they have also pushed the field to study the effect of delayed
feedback [Simon,|1977| [Eick,|1988]]. In the bandit settingJoulani et al.|[2013]] have studied a stochastic
setting with random delays, whereas |Neu et al.|[2010,[2014]] have studied a nonstochastic setting with
constant delays. (Cesa-Bianchi et al.|[2019] have shown an Q(max{v KT, +/dT In K'}) lower bound
for nonstochastic bandits with uniformly delayed feedback, and an upper bound matching the lower
bound within logarithmic factors by using an EXP3-style algorithm [Auer et al., 2002b|], whereas



Zimmert and Seldin|[2020] have reduced the gap to the lower bound down to constants by using a
Tsallis-INF approach [Zimmert and Seldin, 2021f]. Follow up works have studied adversarial multi-
armed bandits with non-uniform delays [Thune et al., 2019, Bistritz et al., 2019, 2022} |Gyorgy and
Joulani} 2021} |Van der Hoeven and Cesa-Bianchi} [2022]] with | Zimmert and Seldin| [2020]] providing
a minimax optimal algorithm and [Masoudian et al.|[2022] deriving a matching lower bound and a
best-of-both-worlds extension. Two key techniques for handling non-uniform delays are skipping,
introduced by [Thune et al.| [2019]], and algorithm parametrization by the number of outstanding
observations (an observed quantity at action time), as opposed to the delays (an unobserved quantity
at action time), introduced by |[Zimmert and Seldin| [2020].

Paper structure In Section [2| we provide a formal problem definition. In Section [3| we introduce
two algorithms, MetaBIO0 and MetaAdaBIO, for the model of bandits with intermediate observations.
In Section @] we analyze both algorithms and prove high-probability regret bounds for the setting of
adversarial action-state mappings and stochastic losses. In Section[5| we provide the lower bounds,
and in Section@experimental evaluation, concluding with a discussion in Sectionm

2 Problem definition

We consider an online learning setting with a finite set A = [K] of K > 2 actions and a finite set
S = [S] of S > 2 states. In each round ¢t = 1,2, ... the learner picks an action A; € A and receives
astate S; = s,(A;) € S as an intermediate observation according to some mapping s; € S**. The
learner also incurs a loss ¢;(S;) € [0, 1], which is only observed at the end of round ¢ + d;, where the
delay d; > 0 is revealed to the learner only when the observation is received.

The difficulty of this learning task depends on three elements all initially unknown to the learner:

« the sequence of action-state mappings s1, ..., sy € SA;
* the sequence of loss vectors £y, ..., ¢ € [0,1]°;

* the sequence of delays dy, . ..,dr € N, where d; < T — ¢ for all ¢ € [T'] without loss of generality.

Note that unlike standard bandits, here the losses are functions of the states instead of the actions.
However, since actions are chosen without a-priori information on the action-state mappings, learners
have no direct control on the losses they will incur and, because of the delays, they also have no
immediate feedback on the loss associated with the observed states. Note also that, for all ¢ > 1,
the states s;(a) for a # A; and the losses ¢;(s) for s # S; are never revealed to the algorithm. For
brevity, we refer to this setting as (delayed) Bandits with Intermediate Observations (BIO).

In the setting of stochastic losses, we assume the loss vectors ¢; € [0, 1]° are sampled i.i.d. from
some fixed but unknown distribution @, and let # € [0, 1] be the unknown vector of expected losses
for the states. That is, £ (s) ~ Q(- | s) has mean 6(s) for each ¢ € [T] and s € S. Note that we allow
dependencies between the stochastic losses of distinct states in the same round, but require losses to
be independent across rounds. In the setting of stochastic action-state mappings, we assume that each
observed state .S; is independently drawn from a fixed but unknown distribution P(- | A;). If both
losses and action-state mappings are stochastic, then ¢,(S;) is independent of A; given S;. When
losses or action-state mappings are adversarial, we always assume oblivious adversaries.

Our main quantity of interest is the regret measured via the learner’s cumulative loss ) _, £;(S;), where
St = s¢(As) and (A¢)¢>1 is the sequence of learner’s actions. In case of stochastic losses, we define
the learner’s performance by  _, 6(S;). In case of stochastic action-state mappings, we average each
instantaneous loss over the random choice of the state: > _ ¢;(s)P(s | A;) for adversarial losses and
> 0(s)P(s| Ay) for stochastic losses. Regret is always computed according to the best action with
respect to appropriate notion of cumulative loss. In particular, for stochastic state-action mappings,
the cumulative losses of the best action are

T T
f}gﬁ%z Z l(s)P(s|a) and gg}iz Z 0(s)P(s|a) .

t=1 seS t=1 seS



3 Algorithm

In this section we introduce MetaBIO0 (Algorithm|I) that transforms any algorithm 1 tailored for the
delayed setting without intermediate observations into an algorithm for our setting. We then propose
MetaAdaBIO, a modification of MetaBIO0 that delivers an improved regret bound for our setting.

. The idea of MetaBIO is to reduce the impact
Algorithm 1: MetaBIO of delays using the information we get from
Input: Algorithm B for standard delayed bandits, intermediate observations. More precisely, if

___confidence parameter § € (0, 1) we have enough observations for the current
Initialize £(s) = 0 forall s € S state S; at time ¢, we immediately feed to B

fort=1,...,Tdo the estimate of the mean loss of this state as if it
Get A, from B

Observe S; — s:(A;) were th; actual loss at time ¢; otherwise, we vyait
forj:j+d; =t do for d; time steps and refine our estimate using
L Receive (4, 4;(S;)) the additional loss observations.

Update £(55) = £(S;) U{(J, € (7))} The are two key steps in the design of our algo-
Initialize feedback set M = () rithm: how we construct the mean estimate and
Compute n¢(St) when we use it instead of waiting for the actual
if [£(St)| = ne(S:) then loss. They are the steps highlighted in green in

[ AddttoM Algorithm [} Forallt € [T] and s € S, we
forj : j+dj =t N|L(S;)| <n;(S;) do use 6y (s) to denote the mean estimate of 6(s)
[ Addjto M at round ¢ and n(s) to denote the number of
for j € M do_ observations for state s that we want to observe
Compute 6,(S;) from £(S;) // using & before using 6 (s). We add a subscript ¢ to L(s)
Feed (j, A;,0:(S;)) to B in Algorithm[I]to denote the set of observations

L we have collected at the end of round ¢. Thus,
0+(s) uses Ni(s) = |L(s)| observations.

Fixed delay setting. When all rounds have delay d, we simply choose n:(s) = dforall s € S,t €
[T]. In other words, if we have at least d observations for some state, then we can compensate for
the effect of delays and construct a well concentrated mean estimate around the actual mean. Let
(Z(s) =Y jecs) bi (s)/Ny(s). Then our mean loss estimate is a lower confidence bound for §(s)
defined by

fores(s) = 4/ Nf(s) In 4STT .

Arbitrary delay setting. In the arbitrary delay setting, where we do not have preliminary knowledge
of delays, we can not use the delays to set n.(s). Instead, at the end of time ¢, we have access to the
number of outstanding observations oy = |{j € [t] : j + d; > t}|, which is different from prior
works that consider outstanding observation at the beginning of the round. Then, for any s € S, we
may set n(s) = 0. With this choice, incurring zero delay at some round implies that we received at
least half of all the observations we could have received in the no-delay setting (see Appendix [B.4).
In Section ] we see that this ensures our mean estimate is well concentrated around its mean.

Since Algorithmwaits for the actual loss at time ¢ only if N¢(S;) < oy, thendy = d; 1[N¢(S;) < oy]
is the actual delay incurred by the algorithm, and £, i (s) is the set of observations used to compute
the estimate of the mean loss at time ¢. Because some observations may arrive at the same time, the
high-probability analysis of MetaBI0 requires these observations to be ordered. More precisely, we

construct our mean estimate at time ¢ + Jt for the feedback of round ¢ using the set

Li(s) = {(M]’(s)) €L, 5 (s) ’j tdj=t+d; :>j<t}.

) = max{0.5.(5) - 305 0

Letting N/(s) = |L£}(s)], we define the empirical mean

é\t(s) = Z i;/((i)) : @)

JEL)(s) T




- Then, we set e4(s) = 4 /N o I 5 25T and de-
Algorithm 2: MetaAdaBIO y

fine the mean loss estimator 51m11arly to Equa-

Input: Algorithm B for standard delayed bandits,

confidence parameter 6 € (0,1) tion (I).
Initialize ©¢ = 0 The MetaAdaBIO algorithm. As we said al-
fort=1,...,Tdo ready, the goal of intermediate observations is
Get A, from B to reduce the impact of delays. However, if the

forj:j+d; =tdo

Receive (j,2;(S;))
Feed (j, A;,£;(S;)) to B

number of states is too large compared to the
average delay, then the information we get from
intermediate observations could be misleading.

Setor =Y\ 1[j +d; > 1] To address this issue, we introduce MetaAdaBI0

Update D¢ = D¢—1 + 0t (Algorithm . Given a horizon TE] this algo-

if ©¢(3In K +1n(6/5)) > 49ST In 85T then rithm runs B (which is tailored for the setting

L break without intermediate observations) until the total

'f; T th incurred delay exceeds ST, and then switches

e < L then - to MetaBI0. We precise that MetaAdaBIO com-
Run MetaBIO(B,§/2) for the remaining . -

rounds putes D, as the sum of outstanding observation

- counts up to round ¢, which is then used in the
switching condition.

4 Regret Analysis

We analyze MetaBIO and MetaAdaBIO in the setting of adversarial action-state mappings and

stochastic losses where the regret is defined by R = ZtT:1 0(S:) — minge 4 Zt 1 0(s¢(a)). Our
analysis guarantees a bound on Ry that holds with high probability (and not just in expectation).

A related notion of regret is Ry = Zthl 0:(St) — minge Zthl ¢:(s¢(a)) which considers the
realized losses instead of their means. The two quantities are close with high probability: each
inequality

—/2Tn(2K/8) < Ry — Ry < /2T n(2/9) 3)
individually holds with probability at least 1 — § for any given 6 € (0, 1) (see Lemma|A.1)).

Let Dy = Zt 1 d¢ be the total delay. We start by showing an upper bound on the total actual delay

Dr = Zt 1 di1[N¢(S) < 04] < Dr incurred by MetaBIO. Then, we provide a high-probability
regret analysis of both MetaBI0 and MetaAdaBIO.

More precisely, we can show that MetaBIO0 incurs the delays of no more than min{2Soyax, T'}
rounds, where opax = max;e(T) Ot- In the worst case, these rounds correspond with those from the
set

® € argmax {DJ T = min{2SamaX,T}} . 4)

JCIT)
where we denote Dy =, ; d; for any J C [T]. Note that the set @ is fully determined by the
delay sequence d1, . . ., dr. Moreover, the total delay incurred by MetaBI0 cannot be worse than the

sum of delays corresponding to the rounds in @, as stated in the lemma below.
Lemma 4.1 (Total actual delay). If MetaBIO0 is run with any algorithm B on delays (dy).c[r), then
Dy < Dg.

Lemma (proof in Appendix implies that, if all delays are bounded by d,.x, then Dy <
250 maxdmax, Which does not depend on 7. In the fixed-delay setting with delay d, for example, we
get a total effective delay of at most 25d?, rather than the total delay d7" we would incur without
access to intermediate observations (when 7 is large enough).

We now turn MetaBI0 into a concrete algorithm by instantiating . Specifically, we use DAda-Exp3
[Gyorgy and Joulani, [2021]], a variant of Exp3 which does not use intermediate observations and is
robust to delays. DAda-Exp3 has the following regret bound.

Note that we may remove the a-priori knowledge of T by using a doubling trick at the cost of a polylog
factor in the regret. See Remark for further details.



Theorem 4.2 (Gyorgy and Joulani|[2021} Corollary 4.2]). For any § € (0, 1), the regret with respect
to realized losses of DAda-Exp3 in the adversarial bandits with arbitrary delays with probability at
least 1 — § satisfies

[2KT +Dr  Opmax 2
<2 2KT +Dr)In K 1)In- .
Rr < \/3( +Dr)ln —I—( T K + 5 + > n6

While Theorem4.2[shows a high-probability bound on R, Equation (3) shows that a high-probability
bound for one notion of regret ensures a high-probability bound for the other. Although the original
bound by|Gyorgy and Joulani|[2021]] was stated with d,,, . instead of oy,.x, We can replace the former
with the latter by observing that, in the analysis of (Gyorgy and Joulanil [2021] Theorem 4.1], they only
use dmax to upper bound the number of outstanding observations. Note that o, is never larger than
dmax, indicating it is a well-behaved term that is not vulnerable to a few large delays. See Masoudian
et al.|[2022, Lemma 3] for a refined quantification of the relation between o p,.x and dp,ax.

If we consider a fixed confidence level 6 € (0,1), then we can make the learning rate 7; and
the implicit exploration term -y; in DAda-Exp3 depend on the specific value of § so as to achieve
an improved regret bound (see Appendix [B.Z). This allows us to show that in the BIO setting
with adversarial action-state mappings and stochastic losses, the regret R of DAda-Exp3 is upper
bounded by

max 2 2
Omax + 2 In2 5)

21/2KTCk 65 + 21/DrCr 65 + 5 5

with probability at least 1 — 6, where C'x s = 3In K + In %.

Next, we state the regret bound for MetaBIO. We remark that we initialize DAda-Exp3 with confidence
parameter §/2 so as to guarantee the high-probability bound as in (3] with probability at least 1 — §/2
as required.

Theorem 4.3. Let § € (0,1). If we run MetaBIO0 using DAda-Exp3, then the regret of MetaBIO0 in
the BIO setting with adversarial action-state mappings and stochastic losses with probability at least
1 — 6 satisfies

4

15T s + 2
Ry < 2/2KTClcgs +T\[STIn == +2y/DaCicas + % I . ©)

We begin the analysis of Theorem [.3]by decomposing the regret into two parts: (i) the regret Ry
of DAda-Exp3 with losses 0;(S;), and (ii) the gap Ry — R, corresponding to the cumulative error
of the estimates fed to DAda-Exp3. For the first part, we follow an approach similar to|Gyorgy and
Joulani| [2021]] and apply Neu! [2015, Lemma 1] to obtain a concentration bound for the loss estimates
defined using importance weighting along with implicit exploration. When using the actual losses,
the application of Neu|[2015, Lemma 1] is straightforward. However, when the mean loss estimate
0:(S;) is used rather than the actual loss, there is a potential dependency between the chosen action

A, and 6, (St). In Appendix we carefully design a filtration to show that we may indeed use the
high-probability regret bound of DAda-Exp3 in order to upper bound the first part (regret R defined

in terms of the estimates 6;).

The second part requires to bound the cumulative error of our estimator in (2)) for the observed states
{St}tepr). To this end, we use the Azuma-Hoeffding inequality to control the error of these estimates.

Doing so causes a O(v/ST) term to appear in the regret bound. The detailed proof of this part is in
Appendix together with the proof of Theorem[4.3]

The presence of the O(v/ST) term in the regret bound implies that, when S >> max{Dz /T, K},
using intermediate feedback leads to no advantage over ignoring it. So we ideally want to recover
the original bound in (3)) when this happens. MetaAdaBIO0 solves this issue and gives the following
regret guarantee. The proof of this result is deferred to Appendix [B.5] We remark that, to achieve this
bound, before the eventual switch we use algorithm DAda-Exp3 with confidence parameter set to
/3 so as to guarantee a high-probability bound on R+ with probability at least 1 — §/2 over the first
t* rounds that DAda-Exp3 runs by itself.

Theorem 4.4. Let 6 € (0,1). If we run MetaAdaBIO with DAda-Exp3, then the regret of
MetaAdaBIO in the BIO setting with adversarial action-state mappings and stochastic losses with



probability at least 1 — § satisfies

T
Ry < 3min{7 ST In Si A /DTOK,Q(;} +6y/KTCr 25 +21/DoCik 25 + (Tumax + 2) In % :

N

If we consider any upper bound dpax on the delays (d;);c[7), we can further observe that the regret
Rt of MetaAdaBIO (with DAda-Exp3) satisfies

Ry = O(VET + min{ VS (VT + duex), VVax T })

with high probability. This also follows from the fact that, as previously mentioned, we can bound
the total delay of MetaBIO by Dy < 2Sd>

max-*

Given the previous regret bounds, we observe that we may further improve the dependency on the
delays by adopting the idea of skipping rounds with large delays when computing the learning rates.
This “skipping” idea was introduced by [Thune et al.|[2019] and has been leveraged by Gyorgy and
Joulani| [2021]] to show that DAda-Exp3 can achieve a refined high-probability regret bound—see
Gyorgy and Joulani|[2021, Theorem 5.1]. As a consequence, we can indeed provide an improved
bound in our setting by following similar steps as in the proof of Theorem[4.3] The only main change
is the adoption of the version of DAda-Exp3 that uses the skipping procedure.

Corollary 4.5. Let 6 € (0,1). If we run MetaBI0 with DAda-Exp3 with skipping [|Gyorgy and

Joulani, 2021, Theorem 5.1], then the regret of MetaBIO0 in the BIO setting with adversarial action-
state mappings and stochastic losses with probability at least 1 — § satisfies

/ ST 1 )
Rr = O(w/KTCK,g + STlnT +lng + \/CKyganglgl%{Uﬂ + 1/D<I>\RIHK}> .

This result could also be extended in a similar way to MetaAdaBIO0, so as to achieve the best result
from the presence of intermediate feedback.

So far, we have provided some high-probability guarantees for the regret of both MetaBIO and
MetaAdaBI0, by which we can derive some expectation bounds as well (e.g., by setting § ~ 1/7).
However, using the empirical mean estimators 6; as the mean loss estimators at time ¢ and working
directly with the expected regret allows us to improve the achievable bound by a polylogarithmic
factor. Hence, for the expected regret we use Tsallis-INF [Zimmert and Seldin, 2020], a learning
algorithm for the standard delayed bandit problem that uses a hybrid regularizer to deal with delays
and gives a minimax-optimal expected regret bound. The proof of this expected regret upper bound is
in Appendix [B.6]

Proposition 4.6. If we execute MetaAdaBI0 with Tsallis-INF [[Zimmert and Seldin||2020)], and use
the switching condition /8D, In K > 6./ST In(2ST) at each round t € [T, where ©, = 22:1 0j,
then the regret of MetaAdaBIO0 in the BIO setting with adversarial action-state mappings and
stochastic losses satisfies

E[Ry] < AV2KT + /SDg In K + Qmin{ﬁ\/ST n(25T), \/8Dr 1nK} .

Remark 4.7. In MetaBIO0, we can replace 1" by ¢ in the definition of the confidence intervals for (2))
and remove the need for prior knowledge of the time horizon 7'. In MetaAdaBIO0, we could use a
doubling trick to avoid the prior knowledge of 7" in the switching condition. On the other hand, it
is not required to know the number of states .S for expectation bounds on the regret of MetaBIO.
However, removing the prior knowledge of S in the high-probability regret bounds is challenging.
Indeed, to the best of our knowledge, there is no result in BIO that avoids prior knowledge on the
number of states. Lifting this requirement in the high-probability analysis is thus an interesting
question for future work.

5 Lower Bounds

The lower bounds in this section are for the expected regret E[Rr]. Since our algorithms provide
high-probability guarantees, the upper bounds also apply to the expected regret. Throughout this



section we will make use of constant delay i.e. d; = d for all ¢t € [T]. We will first prove a general
v/ KT lower bound for all algorithms in BIO, after which we specialize to particular cases.

We start by proving a ) (\/ K T) lower bound for any algorithm in our setting and for any combination
of stochastic or adversarial action-state mappings and loss vectors. The construction is a reduction to
the standard bandits lower bound construction (see Appendix [C]for a complete proof).

Theorem 5.1. Irrespective to whether the action-state mappings and loss vectors are stochastic or
adversarial, there exists a sequence of losses such that any (possibly randomized) algorithm in BIO

suffers regret E[Ry] = Q(VKT).

Adversarial action-state mapping and stochastic losses. We first prove a lower bound /ST for
any number K > 2 of actions. However, we do need a minor generalization of our setting to allow
correlation between unseen losses. Specifically, we allow all pairs of losses £;(s), ;7 (s") of distinct
states s # s’ to be correlated if j > j’ and j — 5 < d, while we guarantee the i.i.d. nature of losses for
any fixed state. Since E[¢;(S;)] = E[0(S;)], this does not affect the analysis for the upper bound on
the regret of our algorithms since E[Rr] < E[R7] (see LemmalA.3). However, for a high-probability

upper bound, we need to relate Ry and Ry, which now leads to an additive O(+/ST') term rather
than an additive O(v/T) term as in Equation .

In the proof of the v/ ST lower bound, we leverage the fact that losses are independent only across
time steps for a fixed state, while they may depend on the losses of the other states. Note that our
lower bound holds even when the learner knows the action-state assignments beforehand.

Theorem 5.2. Suppose that the action-state mapping is adversarial and the losses are stochastic
and that dy = d for all t € [T). If T > min{S,d} then there exists a distribution of losses and
a sequence of action-state mappings such that any (possibly randomized) algorithm suffers regret

E[Rr] = Q(y/min{S,d}T).

We provide a sketch of the proof of Theorem [5.2] (see Appendix [C] for the full proof). First, suppose
that S < 2d. For the construction of the lower bound we only consider two actions and equally split
the states over these two actions. Then, we divide the 7" time steps in blocks of length S/2 < d. In
each block, each state has the same loss. Since the block length is smaller then the delay, we have
effectively created a two-armed bandit problem with 77 = 7'/(.S/2) rounds and loss range [0, .S/2],
for which we can prove a () (S VT’ ) =0 (\/57T ) lower bound by showing an equivalent lower bound
for the full information setting. If S > 2d, we use the same construction with only 2d states, and
obtain a Q(\/cﬁ) lower bound.

Finally, we can show the following lower bound, whose proof can be found in Appendix [C|

Theorem 5.3. Suppose that the action-state mapping is adversarial, the losses are stochastic,
and that dy = d for allt € [T). If T > d + 1 then there exists a distribution of losses and a
sequence of action-state mappings such that any (possibly randomized) algorithm suffers regret

E[Rr] = Q(min{(d +1)V/S, \/m})

This term is also present in the dynamic regret bound of NSD-UCRL2, but it is necessarily incurred
from their analysis even in the stationary case [Vernade et al., 2020, Theorem 1].

This last lower bound implies that the regret of our algorithm is near-optimal. Since the lower bound
of Theorem 5.1] applies to the case where the action-state mapping is adversarial and the losses are
stochastic, we find the following result as a corollary of Theorem 5.1} Theorem[5.2} and Theorem

Corollary 5.4. Suppose that the action-state mapping is adversarial, the losses are stochastic, and
that dy = dforallt € [T). If T > 1+ min{S, d}, then there exists a distribution of losses and
a sequence of action-state mappings such that any (possibly randomized) algorithm suffers regret

E[Rr] = Q(max {\/ﬁ, v/min{S,d}T, (d + 1)\/?})

Stochastic action-state mappings and adversarial losses. In this case we recover the standard
lower bound for adversarial bandits with bounded delay. The full proof of this result can be found in

Appendix



Theorem 5.5. Suppose that the action-state mapping is stochastic, the losses are adversarial, and that
dy = d for all t € [T)]. Then there exists a stochastic action-state mapping and a sequence of losses

such that any (possibly randomized) algorithm suffers regret E[Rr| = Q (max { VKT,V dT}).

Adversarial action-state mappings, adversarial losses. Since we can recover the construction of
the lower bound in Theorem [5.3] we have the following result.

Corollary 5.6. Suppose that the action-state mapping is adversarial, the losses are adversarial, and
that d; = d for all t € [T). Then there exists an action-state mapping and a sequence of losses such

that any (possibly randomized) algorithm suffers regret E[Rt] = Q (max {\/ KT,V dT}).

6 Experiments

We empirically compare our algorithm MetaBIO0 with the following baselines: DAda-Exp3 [Gyorgy
and Joulani, [2021]] for adversarial delayed bandits without intermediate observations (which we
used to instantiate the algorithm B), the standard UCB1 algorithm [Auer et al.,[2002a] for stochastic
bandits without delays and intermediate observations, and NSD-UCRL2 [Vernade et al., 2020] for
nonstationary stochastic action-state mappings and stochastic losses. We run all experiments with
a time horizon of T' = 10%. All our plots show the cumulative regret of the algorithms considered
as a function of time. The performance of each algorithm is averaged over 20 independent runs in
every experiment, and the shaded areas consider a range centered around the mean with half-width
corresponding to the empirical standard deviation of these 20 repetitions. In the first two experiments,
we consider both fixed delays d € {50, 100,200} and random delays d; ~ Laplace(50, 25) sampled
i.i.d. from the Laplace distribution with E[d;] = 50.

Experiment 1: stochastic action-state mappings. Here we use a stationary version of the experi-
ments in [Vernade et al.,[2020]—see Table[T|in Appendix [D]for details. We set K = 4 and S = 3,
while we repeat this experiment for the previously mentioned values of delays. Figure[I]shows that,
across all delay regimes, MetaBIO0 largely improves on the performance of DAda-Exp3 by exploiting
intermediate observations.

Experiment 2: adversarial action-state mappings. In this construction, we simulate the adversarial
mapping using a construction adapted from [Zimmert and Seldin} [2021]]: we alternate between two
stochastic mappings while keeping the loss means fixed. We set K = 4, S = 3, and we consider
multiple instances for the different values of delays as in the previous experiment. The interval
between two consecutive changes in the distribution of action-state mappings grows exponentially.
See Table 2]in Appendix [D]for details. Figure[2]shows that MetaBIO0 and MetaBIO with “skipping”
outperform both UCB1 and NSD-UCRL2.

(a)d =50 (b) d =100 (a)d =50 (b) d = 100

—— DAda-Exp3

DAda-Exp3
Meta-BIO Meta-BIO
7909 —— Meta-BIO with skipping 700 700 Meta-BIO with skipping 700
600 0] — UCB 600
NSD-UCRL2

2000 4000 6000 8000 10000 o 2000 4000 6000 8000 10000 3 2000 4000 6000 8000 10000 [ 2000 3000 6000 8000 10000

(c) d = 200 (d) d: ~ Laplace(50, 25) (c) d = 200 (d) d¢ ~ Laplace(50, 25)

] 2000 4000 6000 8000 10000 3 2000 4000 5000 800 10000 3 2000 w000 w000 w000 10000

Figure 1: Cumulative regret over time for the Figure 2: Cumulative regret over time for the ad-

stochastic action-state mapping when delays are versarial action-state mapping when delays are

fixed or random. fixed or random. All algorithms have small vari-
ance except for UCB1 and NSD-UCRL2.



Experiment 3: utility of intermediate observations. Here we set K = 8, d = 100, and investigate
how the performance of MetaBI0 changes when the number S of states varies in {4, 6,8, 10, 12}.
The mean loss is always 0.2 for the optimal state and 1 for the others. The optimal action always
maps to the optimal state. The suboptimal actions map to the optimal state with probability 0.6 and
map to a random suboptimal state with probability 0.4. This implies that the expected loss of each
arm remains constant when the number of states changes. Figure [3|shows that the regret gap between
MetaBIO and DAda-Exp3 shrinks as the number of states increases. This observation confirms our
theoretical findings about the dependency of the regret on the number of states, which lead to a larger
improvement the fewer they are.

Experiment 4: performance of MetaAdaBIO when S < d. We use the same setting as in Experi-
ment 1 with delay d = 2()E] The first plot of Figure@] shows the performance of MetaAdaBI0 com-
pared with both DAda-Exp3 and MetaBIO0. Before the switching point, MetaAdaBIO runs DAda-Exp3
(up to independent internal randomization). Afterwards, MetaAdaBI0 switches to MetaBIO (which
in turn runs DAda-Exp3 as a subroutine) and quickly aligns with its performance. Note that, at the
switching time, MetaAdaBIO uses (via MetaBI0) the same instance of DAda-Exp3 that was already
running, rather than starting a new instance. It can be shown that our analysis of MetaAdaBIO applies
to this variant as well without changes in the order of the bound.

Experiment 5: performance of MetaAdaBI0O when S > d. We use a setting that is almost identical
to that of Experiment 3 (Section[6]), except we set d = 4 and S = 14. The performance of the three
algorithms is shown in the second plot of Figure[d We can observe that MetaAdaBIO does not switch
to MetaBIO and its performance is thus the same as that of DAda-Exp3, whereas MetaBIO0 incurs a
larger regret.

T

—— DAda-Exp3 7907 —— DAda-Exp3
Meta-BIO 600 Meta-BIO

—— Meta-Ada-BIO —— Meta-Ada-BIO

—— DAda-Exp3
Meta-BIO(S=4)
—— Meta-BIO(S=6) 100
—— Meta-BIO(S=8)
—— Meta-BIO(S=10)
0 —— Meta-BIO(S=12)

o ﬁ_/ﬂ—i
0

0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000

Figure 3: Cumulative regret over ~ Figure 4: Cumulative regret over time of DAda-Exp3,
time of DAda-Exp3 and MetaBI0  MetaBIO and MetaAdaBIO when S < d (left) and S > d
with different numbers of states  (right). The vertical line is the switching point of MetaAdaBIO.
S € {4,6,8,10,12}.

7 Future Work

The work of |Vernade et al.[[2020] also considers a non-stationary action-state mapping and derive
regret bounds for the switching regret. Preliminary results suggest that, as long as there is an algorithm
that can provide bounds on the switching regret with delayed feedback, our ideas also transfer to this
setting. Unfortunately, there is currently no algorithm that can provide bounds on the switching regret
with delayed feedback and we leave this as a promising direction for future work.
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A Auxiliary Results

Lemma A.1. Consider any algorithm that picks actions (At):e[r) in the adversarial delayed bandits
problem with intermediate feedback with arbitrary action-state mappings (st):er) and i.i.d. loss
vectors (Ut)icir). Then, for any given § € (0,1),

RT - RT S 2T ln(2/5) and RT - RT S 2T ln(2K/5)
individually hold with probability at least 1 — 6.

Proof. First, observe that we can relate the two notions of regret as

T T
= -/ £ ( i 0
Ry = RTthZl (S¢) = €(Sy)) ermz +(se(a ggﬁ‘ltzzl (s¢(a))
(&)
By Azuma-Hoeffding inequality, we can show that each side of
T
T 1 T 1
ln<5/> < ;(G(St) —4(5))) < 21H<5,) 8)
holds with probability at least 1 — &'. Now, define
T
a; € argmmZEt si(a)) and  ap € argmmZ@ si(a)) .
acA €A 3

On the one hand, observe that

T T
8) < S tislai)) = o 0len(aa) <[5 ()
t=1 t=1

where the last inequality holds with probability at least 1 — ¢’ by Azuma-Hoeffding inequality. On
the other hand, we can show that

T T
) > Z (st(az)) 29(5t(a2‘)) =: () .

However, in this case aj depend n the entire sequence /1, ..., 7. We thus need to use a union
bound in order to show that

P((o)s— si(5 )><ZP<Z& si(a —éwst(a»s— Tm(fj))sam

acA t=1
where the last inequality follows by Azuma-Hoeffding inequality. We conclude the proof by setting
8 =46/2. O

Lemma A.2. The estimates (ét),’{zl defined in Equation (2) are such that |§t(s) —0(s)| < 3eu(s)
simultaneously holds for all t € [T] and all s € S with probability at least 1 — § /2.

Proof. In a similar way as in|Vernade et al.|[2020], define X, (s) to be the empirical mean estimate
for 6(s) which uses the first m € [T| observed losses corresponding to state s € S. Notice that

Bi(s) = Xni(s)(s), while we define ],,(s) = /2 In(45L) so that &4(s) = EQVt,(S)(S). We can
additionally observe that E[X,,,(s)] = 6(s). Then, we can use Azuma-Hoeffding inequality to show

that
Bils) — 0] < 5els) b | 2B ~05)| < 209
. 2
seS te(T) seSme T]
I
seS m=1
0
= 1 —_ =
2 )
where we also used a union bound in the second inequality. O
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Lemma A.3. Consider any algorithm that picks actions (Ay)¢c|r) in the BIO setting with adversarial
action-state mappings (s¢):cr) and stochastic loss vectors (£1).c[r). Assume that the losses for any
fixed state are i.i.d., whereas pairs of losses {;(s), £;:(s") of distinct states s # s' might be correlated
when j > j' and j — j' < dji. Then, it holds that E[Ry] < E[Rr], where the expectation is with
respect to the stochasticity of the losses and the randomness of the algorithm.

Proof. We know that E[¢;(s;(a))] = 6(s¢(a)) for any fixed a € A and all ¢t € [T]. We further

observe that
E[6(S)] = E[Elfi(st(A0) | Ad] = E[B(S)
holds for all ¢ € [T, as A, is independent of losses that can be correlated with ¢;. Now, define

T T

a; € argmmZEt (s¢(a)) and ap € arg InanO (se(a)) -
acA a€A 4

Then, we conclude the proof by showing that

E[Rr] = ZT: E[6,(S})] Zet si(ap) ]

Z [€:(St)] th st(ag) ] =D E[B(S)] =Y 6(si(a;)) = E[Rr] .

B High-Probability Regret Bound

B.1 Total delay bound

Lemma 4.1 (Total actual delay). If MetaBIO0 is run with any algorithm BB on delays (dy):c(r), then
Dr < Ds.

Proof of Lemmad.1] For any s € S, we define 7, = {t € [T] : S; = s} to be the set of all rounds
when the state observed by the learner corresponds to s. Denote by ¢ the last time step ¢ € 7T, such
that N¢(s) < oy and let Cs = {t € T, : t < ¢} be those rounds in 7 that come no later than ;.
According to the choice of ¢, all the rounds in 7 for which learner waits for the respective delayed

loss, must belong to Cs, while the learner incurs gi; = 0 delay for rounds ¢t € T \ Cs. Now we
partition C into two sets: the observed set Cgbs ={t € Cs : t +d; <t} and the outstanding set
Co = {t € C, : t+d; > t,}. From the choice of ¢, we can see that the number of rounds in C°P* is

|C§bs| S NtS(S) < Uts S Omax
and the number of rounds in C"* is
t
|Cgu | < Ot < Omax -

Therefore, we have |Cs| < 20 max. So if we define Cant = [, g Cs. then [Can| < min{2S0max, T} =

|®|. This also implies that
T
DA< Y iy d
t=1 teCan ted

by definition of ®. O

B.2 Improved Regret for DAda-Exp3 for Fixed §

We follow the analysis of Theorem 4.1 in|Gyorgy and Joulani| [2021, Appendix A] and our goal is to
use the knowledge of 0 € (0, 1) to tune the learning rates (7););c[7) and the implicit exploration terms
(7¢)te[r)> accordingly. Let dy, ..., dr be the sequence of delays perceived by DAda-Exp3, and let
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Dr = ZtT:l dy be its total delay. Furthermore, let o, be the number of outstanding observations
of DAda-Exp3 at the beginning of round ¢ € [T']. Suppose that we take v; = cr, with ¢ > 0 for all
t € [T, then following the same analysis as in|Gyorgy and Joulani|[2021, Appendix A], we end up
with the following regret bound that holds with probability at least 1 — 20’ for any 6" € (0,1/2):

T
In(K) In(K/§')  Omax+c+1
< 1)K In(1/¢’
Ry < +;m(0t+(c+ JE) + —p — + S ——In(1/8)
1 In(K/48) 4 Tmax + 1 In(1/5")
= — | In(K _— - YK = In(1/6
o (0 + 2D ) 45 o (e 010+ P T 1)+ 2
Therefore, by taking 7; " = 4/ %ﬁm, we get the following bound with probability at
least 1 — 20"
T
In(K/d max + 1 In(1/6"
Ry <2,| | (c+ DET+Y oy (2ln(K)+ n(K/ )>+U a1y sy 4 B2
P c 2c 2

We know that Zthl oy = D by definition of o;. Then, we can set ¢ = 1 to obtain that the regret
R (as per the original notion of regret used in|Gyorgy and Joulani| [2021]) is

+ Omax 1 2

Ry < 2¢/2KT(3In(K) 4 In(1/6")) + 2v/Dr(3In(K) +1n(1/5")) In(1/8")  (9)

with probability at least 1 — 2¢".
From Lemma[A.T] we have that

Ry < Rr + /2T In(2/5) (10)

holds with probability at least 1 — §’. So, combining Equations (9) and (10}, and setting § = 34", we
can upper bound our notion of regret R as

Ry < 2\/2KT<31nK+1n§> + \/ZTIng +2\/DT<31nK+ln§> + Um%”ln%

Y
with probability at least 1 — §.
B.3 Reduction to DAda-Exp3 via MetaBIO
Based on the reduction via MetaBI0, we require that 13 guarantee a regret bound
T T
RE = ;Mt) - ggg;mst(a» (12)

that holds with high probability when the losses experienced by B are of the form 6, (st (a)). Note
that, even though the action-state mappings si, . .., S7 are unknown to the learner, we can provide
those losses as long as B requires bandit feedback only. Indeed, we can compute 6;(.S;) defined
in Equations and , while we cannot determine s;(a) for all actions a € A that are not A;.
As mentioned in Section |4} in this work we consider DAda-Exp3 [Gyorgy and Joulani, 2021]] as
algorithm 55 used by MetaBIO0. In what follows, we refer to this specific choice for the algorithm 5.

The analysis of DAda-Exp3 for the high-probability bound (Theorem[4.2)) is such that most steps only
require that the loss of each action is bounded in [0, 1]. Then, those steps apply for any such sequence
of loss vectors. However, the crucial part of that analysis that requires attention is the application of
Lemma 1 from Neu| [2015]]. We restate it below for reference.

Before that, we introduce the notation required for stating the result. We consider a learner choosing
actions Ay, ..., Ar according to probability distributions p1, ..., pr over actions. We denote by
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F:_1 the observation history of the learner until the beginning of round ¢. The result uses importance-

weighted estimates for the losses /1, . . . , {7 with implicit exploration, where the implicit exploration
parameter is ; > 0 for each time ¢. These loss estimates are defined as
~ ]l[At = a]
li(a) = ———U(a vte [T],Vae A . (13)
t( ) pt(a/)+'7t t( ) [ ]

Lemma B.1 (Neu|[2015, Lemma 1]). Let y; and a(a) be nonnegative F;_1-measurable random
variables such that a(a) < 24, forallt € [T and all a € A. Let £(a) be as in (13). Then,

573" avla) (fela) - ti(a)) < In(1/9)

t=1a=1

holds with probability at least 1 — § for any § € (0, 1).

In our case, we require an analogous result that work when loss vectors correspond with our estimates

51, ..., 0. However, these estimate have a dependency with the past actions chosen by the learner.
This requires some nontrivial changes in the proof of [Neu|[2015, Lemma 1].

Before that, we introduce some crucial definitions for this proof. Let p(t) = t + d; be the arrival time
for the realized loss £,(.S;) of the state S; observed at time ¢ € [T]. Let p(t) = ¢ + d; be instead
the arrival time perceived by algorithm B relative to its choice of A; at time ¢, i.e., when B receives
6:(S,). This also means that 8, (S;) is only defined at time 5(t) < p(t).

Let w: [T] — [T] be the permutation of [T'] that orders rounds according to their value of p. In other
words, 7 satisfies the following property:

m(r)<n(t) <= pr)<p®)V(plr)=pt)Ar<t) V.t e [T] . (14)
This permutation allows us to sort rounds according to the order in which MetaBIO feeds BB with a
respective estimate for the mean loss. In particular, the r-th round in this order corresponds with the
round t,, = 7~ 1(r), for any r € [T]. Hence, we can equivalently define the round ¢, as the round

such that its estimate 6;,_(.S;, ) for the mean loss (S, ) is the r-th estimate received by B.

Define

Fr=A{0,4;,8;,4;(5;)) | j € [T),=(j) <r}  VrelT] (15)
as the information observed by 53 by the end to the time step when we feed it the estimate relative to
round ¢,.. Note that this defines a filtration, as F,._; C F,. for all » € [T, which has some desirable
properties thanks to the ordering m we consider. In particular, we have that d; &y, ,p;,, N{ are
F_1-measurable random variables by the way we define them. This property is also due to the fact
that /Ny, and EQT are determined when conditioning on F,._;. Moreover, we are now interested in the
following importance-weighted loss estimates with implicit exploration:

1A =dz )
pt(a)Jrfytet( ¢(a)) Vte [T],Vae A . (16)

Corollary B.2. Let ;. and oy, (a) be non-negative F,._1-measurable random variables such that
ay, (a) < 2v,, forallr € [T) and all a € A. Let l¢(a) be as in (I6). Then,

li(a) =

Y- > ai(a)(fila) - Bi(se(a))) < In(1/5)

t=1a=1
holds with probability at least 1 — § for any § € (0, 1).
Proof. We follow the proof of Neu|[2015, Lemma 1] by considering any realization ¢4, .. ., {7 of the
losses. The main difference is that, when defining the supermartingale as in the original proof, we

need to consider the terms of the sum in the order denoted by 7 instead of the increasing order of ¢.
For this reason, we rewrite the sum from the statement by following the order given by 7:

T K
SN (@) (G, (a) — 61, (51, (a))) -

r=1a=1
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At this point, we need prove that E[¢;, (a) | F,—1] < 0, (s¢, (a)), where we recall that t,, = 7~ ().
Also recall that €, p¢, and 7y, are F,_;-measurable. This property allows us to prove the inequality
with the conditional expectation of 6; instead of the one with the actual optimistic estimates 6, by the
definition of the latter. In other words, we now need to prove that E [¢; (a) | Fr—1] < 0y, (s, (a)),

where 7, (a) = LA:=41g, (s,(a)).

pe(a)+e

We can consider two cases depending on whether cﬂlvtr < dy, is true or not (and, thus, we are in
the case d;, = d;,). In the first case, note that the realized losses used for computing 0;, (s:, (a))
correspond to time steps in £ (s, (a)), for which there is a corresponding tuple in F,._;. Therefore,

we have that @T (st,(a)) is Fr_1-measurable, and we can show that

[ 1A, =4 1[d;, < dy,] ol
elfnid, <) | 7o) =B | Bl S e

In the second case, we have that d; = d,_, which implies that ¢, € L; (54, (a)) in the case A; = a.
This means that we have a corresponding tuple in F,_; only for rounds in £} (s¢, (a)) \ {t.}.
Nonetheless, this does not pose an issue since we have the indicator 1[A; = a], and thus S;, = s:(a).
Indeed, we have that

N ~ 1[A, =a] 1[d, =dy]
E|l; (a)l[dy, =dy ]| Foor| =E , Lt T T i(se.(a)) | Fr
fo@rd, =a| 7] =B S N @) 2, @ | P

_ | AL =a] M e (
E[ptr(a) + 7, T_l} Ni, (st,(a)) EQ% (a))gj( t.(a))
Tt
]].[Atr = CL} ]]_[dvtr — dtT}
T | 7 N @)
_ [ MAn =d 1[dy, = dy,] o
a E[ptr(a) + 7, Tl} N{ (s¢,(a)) jeﬂ;%r(a))@( t.(a))

and therefore the inequality

E[l, (@) | Frei] =

A[As, =a] 5 o (N <D (o (a
E[ptr(a) e, T-_1] O, (st,.(a)) < 0: (s, (a))

is true because 1[d; < dy] + 1[dy = dy] = 1 for all ¢ € [T), and by definition of ;.

As already mentioned, this is equivalent to proving that ]E[ET (a)| Froa] < @T (st,(a)) holds.
By using a notation similar to the original proof, if we define A, = ZaKzl oy (a)ly (a) and A, =
Zle oy, (a)al (s¢,(a)), the process (Z;) |7 With Z,. = exp(Z;T:l (Xj—)\j)) is a supermartingale
with respect to (F;.),c|7) which has the same properties as in the proof of Neu|[2015, Lemma 1].
This concludes the current proof by following a similar reasoning as in the original one. O

Thanks to this result, we can conclude that the adoption of DAda-Exp3 for the reduction via MetaBIO
can guarantee a high-probability regret bound on RB as stated in Theorem | but with total delay
Dr = Zt 1 dt instead of Dr.

B.4 Regret of MetaBIO

By Lemma|[A.Z] we have that

Ry <> 0:(S)) — génAlZ Ou(si(a)) + > el(S) =RE+D eulS) (17)

t=1 t=1 t=1 t=1
with probability at least 1 — 6/2, where }Alilﬁ (Equation ) is the regret of algorithm B when fed
with (01 o s¢ )7 as losses.
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Lemma B.3. Conditioning on the event as stated in Lemma the sum of errors suffered from
(1

MetaBIO0 by using the loss estimates (@)te (7] from Equations (1) and (2) is

Zet (Sy) < (4+2v2),/STIn <4§T>

Proof. First, observe that we can rewrite the sum of errors as

T T T
D e(S) = el Slldr < di] + > er(Si)L[dy = dy] .

We now provide an upper bound for the first sum of errors. For any s € S, we define 7, = {t € [T] :
Sy = s} to be the set of all rounds when the state observed by the learner corresponds to s. We can
bound it as

T
Zet(St)]l[dt < dt Z Z Et dt < dt]
t=1 SEStET:

4ST

21n n[cﬁ < dy

/
seS tET Ni(

4ST 1 ~
<2 ml[dt < dy] (because N(s) > M(s))

965 teTs

45T
<4 ( 5 ) Z \/7 (since M;(s) is increasing over Ty)

seS

<4 STln(4§T) ,

where the second inequality holds because N/(S;) = N¢(S;) > %Mt(St) when Jt < d; since
M(S;) < Ny(S¢) + o1, while the last one follows by Jensen’s inequality and the fact that
s€S MT(S) = T

As a last step, we provide an upper bound to the second sum. Let J; = {r € T : d, = d,} and

notice that |.J;| < |T5| = Mz (s). Observe that p(t) = p(t) for each round ¢ such that d; = d,, and
thus by Equation (T4) we have that

m(r) <m(t) <= p(r) <p(t) V(p(r) = p(t) Ar <t)
for all 7, € [T such that d, = d, and d; = d;. Define v, : J, — [|Ji|] by
vs(t)={r e Js : w(r) < m(t)}| Yt e Js

Observe that v (t) < N/(s) = |L;(s)| forall s € S and all ¢ € J,. This is due to the fact that v, (t)
counts a subset of £}(s); to be precise, we have that v,(t) = |£}(s) N J,|. Moreover, notice that the
condition (r) < m(t) defines a total order over J,. Hence, v,(t) counts the number of elements of
Js preceding t € J (including ¢ itself) in this total order. This implies that v, is a bijection between
Js and [\JS |] . Then, using a similar reasoning as before, we show that

4ST ~
Zat (S)1[dy = dy] = ,/21 ]l[dt:dt]
t=1 sES teT
/ 4ST
21n (by definition of Jy)
SGS te]
4 T
<4/2In S (since vs(t) < N{(s) fort € Jy)
SES tEJ
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45T
<2 21n<§> Z Vs (since v, (t) is bijective)

sES
45T .
<2 2111(6) >V Mr(s) (since | J,| < Mp(s))
sES
<24/28T 111<4§T> (by Jensen’s inequality)

O

Theorem 4.3. Let 6 € (0, 1). If we run MetaBIO0 using DAda-Exp3, then the regret of MetaBI0 in
the BIO setting with adversarial action-state mappings and stochastic losses with probability at least
1 — ¢ satisfies

4ST max 2 4
R <2y/3KTCicgs + T\ ST == +2/DaCirczs + T T2 1, s ©)

Proof of Theorem By Equation (I7), the regret Ry can be bounded as

48T
Ry <RT+Z& (S)) <RE +7,/STn 5

with probability at least 1 — &/2, where the last inequality follows by Lemma [B.J] [B.3] From what

we argued in Appendix [B.3| we can upper bound RT using the high-probability regret bound of
DAda-Exp3. Notice that the delays incurred by DAda-Exp3 via MetaBIO are those given when

providing the estimates (Qt)te[T We denote these delays by d1, .. dT, and the total delay per-

ceived by DAda-Exp3 is thus Dr = Zt 1 dt Hence, from the improved bound for DAda-Exp3 in
Equation (@), we have that

RE < 2\/2KT(3In(K) + In(4/8)) + 2\/25T(3 In(K) + In(4/6)) + am%ﬁ In(4/6)

holds with probability at least 1 — /2. The combination of the above two inequalities, together with
Lemma[.1] concludes the proof. O

B.5 Regret of MetaAdaBIO

Theorem 4.4. Let § € (0,1). If we run MetaAdaBIO with DAda-Exp3, then the regret of
MetaAdaBIOQ in the BIO setting with adversarial action-state mappings and stochastic losses with
probability at least 1 — § satisfies

)
@)

Ry < 3min{7 STln— V/DrCx 25} +6y/KTCk 25 +2v/DaCl 25 + (Omax + 2) ms.

Proof of Theorem[d.4} Let t* € [T'] be the last round before MetaAdaBIO switches from DAda-Exp3
to MetaBIO, i.e., the last round that satisfies D+ Cr 45 < 49STIn 85X, Then, define a* €

arg min, Zthl 0(s¢(a)). We may decompose regret as

+*

Ry =3 (0(80) = 0(si(a")) + ZT: (0(80) = 0(s1(a)

t=1 t=t*+1

t* . T T
<D 0(S) —miny 0(si(a)+ Y 0(S) —min
=1 R t=t* 41 €A
Ry« Ryx.p
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The incurred delay until time ¢* is D;-. Thus, from Equation (TT), we get that the following bound

12 max 2 6

holds with probability at least 1 — 6/2, where we recall that Cx s = 3In K + In(12/0). If our
algorithm never switches, then t* = T and we get the bound in (I8)) for Ry. Note that this is no

greater than the upper bound in the statement as \/D7C 25 < 7+/ST In(85T/4) by definition of
t* in this case.

Otherwise, we use the switching condition /D Cg 25 < 74/5T In(85T/0) along with the fact
that \/t* In(12/6) < \/Kt*Ci 25 to get

T max 2
Ry < 32Kt Croas + 141/ ST n 855 %mg. (19)

Furthermore, Theorem [4.3] directly gives us an upper bound for R;-.r since MetaAdaBIO runs
MetaBIO for ¢ > t* with the confidence parameter set to /2. We just need to bound the total
incurred delays of these rounds, namely D;-.7. Let o} be the outstanding observations for any round
t > t* as perceived by the execution of MetaBI0 starting after round ¢*, that is, when considering
only delays (dt)¢~¢+. It is immediate to observe that o} < o and thus maxs ¢ o} < maxgs¢« 0.
Moreover, from Lemma [4.1] we have

D7 < Dy

where @' denotes a set of min{7" — t*, 2507 ...} rounds with the largest delays among (d; )+, with

O) o = MaX¢sx 0. SO we have

Do < Dy

due to the fact that |®'| = min{T — ¢t*,250],,.} < min{T,2S0max} = |®|. Therefore, from
Theorem [4.3] we obtain

8ST max +2 8
Ryerr < 2\/2K(T — 1)Cieas + T\ ST == + 2/ Do Cicas + % s (20)

with probability at least 1 — 6 /2. We conclude the proof by combining Equations and along
with the fact that /#* + /T — t* < V2T to get that the bound

8ST 8
RT§6\/KTCK,25+3HHH{7 STln— \/’DTOKQ(S}—‘FQ D@CKQ(;—I—(O'de—i-Z)Ing

holds with probability at least 1 — 4. O

max

B.6 Expected Regret Analysis of MetaAdaBI0 with Tsallis-INF

Proposition 4.6. If we execute MetaAdaBI0 with Tsallis-INF [[Zimmert and Seldin||2020)], and use
the switching condition \/8D;In K > 6./ST In(2ST) at each round t € [T, where ©, = Z;zl 0j,
then the regret of MetaAdaBIO0 in the BIO setting with adversarial action-state mappings and

stochastic losses satisfies

E[Rz] < 4V2KT + \/8Dg n K + 2 min{G\/ST n(25T), \/SDr mK} .

Proof of Proposition[.6] We begin by studying of expected regret of MetaBIO and we then give
a regret analy51s of MetaAdaBIO. When running MetaBIO, we use the unbiased empirical mean

estimators (Gt)tem as the mean loss estimates, rather than the lower confidence bounds (Gt)te (7]-
The expected regret is defined as

E[Rr] = ZE[G(St)] - Z@(st(a )
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where a* = minge 4 Zthl O(s¢(a)). Here we use a version of Tsallis-INF that is tailored for the
delayed bandits problem [Zimmert and Seldin, [2020]], which guarantees a bound in expectation on

the regret
T T
R;S&Hlb Z 9 St Z 9 St

against any fixed action a € A, using the loss estimates {9t}tem- Observe that this regret is defined
in terms of our estimates, as required in our case. By Zimmert and Seldin| [2020, Theorem 1],
Tsallis-INF guarantees that its expected regret is

T
Zet (S¢) — Zét(st(a*))]

[RTsalhs }

<AVKT +\/8DrIn K < 4VKT + \/8Dg In K ,

where the last inequality uses Lemma Then, we can focus on our notion of regret and use the
above regret bound to obtain that

IE[RT]:E{RT RTsmlhs( ):|+E|:RTS'1.1115( )}

T T

=E|>(05) — 0:05)) | +E| D (Bu(se(a)) — b(s0(a))) +E[7€$S&1118(a*)}

<E[> (6( —0:(S)) E ( (6:(s:(a*)) — 0(s¢(a*))) | + 4VKT + \/8Dg n K .
t=1 t=1

21

We know that our mean estimator is unbiased. Therefore, we have that ]E[@t (s¢e(a*))] = 0(se(a®))
for any ¢t € [T'], meaning that the second term in the right-hand side of is equal to zero.

On the other hand, we can apply Lemma to get the following bound for A that holds with
probability at least 1 — 6/2 for any ¢ € (0,1):

T
A< min{; th(St),T} , (22)
t=1

where we recall that £,(s) = , / N,Q(S) In “TT. In particular, the inequality A < T is true in general.
By Lemma|[B.3] we can bound the right-hand side of (22)) as

7 4ST
*Z&‘t St 5 ST (5

when conditioning on the event as in the statement of Lemmal[A.2] If we denote such an event as &,
we have that P(€) < §/2 and that E[A | €] < Z,/ST In(4ST/6). As a consequence, we notice that

E[A] = E[A | E]B(E) + E[A | E]B(E) < ;m+ o7 < 5/STEST) + 1

where in the last inequality we set 6 = 2/T. Since we assume that S > 2, we can easily observe that
E[A] < 6+4/ST In(25T). Plugging this into Equation gives us

E[Rr] < 4VKT + \/8Dg In K + 6+/STIn(25T) . (23)

At this point, we can proceed to the proof of the overall bound on the expected regret of MetaAdaBIO.
The behaviour of MetaAdaBIO follows the same principle as before, but the switching condition is

different:
V89 InK > 6+/STIn(25T) .
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Similar to the analysis of MetaAdaBIO in Appendix [B.5] we decompose the regret into

t* t* T T
E[Rr] <D E[B(S)] —min Y 0(si(a)+ D> E[B(S)]—min > 0(si(a) ,

t=t*+1 t=t*+1

R Ror
where t* is the last round satisfying v/8D;- < 64/ST In(2ST). Then, we have
E[Ri] <AVEKt* 4+ /804 In K . (24)

If t* = T then Ry = Ry and we get the bound in (24)), where we note that /807 In K <

6+/ST In(2ST) by definition of ¢* in this case, and we can replace D1 by Dr. Otherwise, t* < T
and we can apply the bound for MetaBIO0 from (23)), along with the fact that the total incurred delay
after round t* is upper bounded by Dy, in order to derive an upper bound for E[R;~.7] that is

E[Ri-.7] < 4\/K(T —t*) + /8Dy In K + 61/ST In(25T) . (25)

Finally, if we use the fact that /80;+ < 64/ST In(2ST') (by definition of t*) in (24)), and combine
it with (23], we conclude that

E[Rr] < 4V2KT + \/8Dg n K + 2 min{G\/ST n(25T), /SDr mK} ,

where we also used the fact that /t* + /T — t* < /2T. O

C Proofs for the Lower Bounds

Theorem 5.1. Irrespective to whether the action-state mappings and loss vectors are stochastic or
adversarial, there exists a sequence of losses such that any (possibly randomized) algorithm in BIO

suffers regret E[Rp] = Q(VKT).

Proof. Our construction only uses two states h; and ho. The loss vectors, which are deterministic
and do not change over time, are defined as follows: £;(h;) = 1 and ¢;(hy) = 0 for all t > 0. The
stochastic action-state mapping, which is also constant over time, is given by

si(a) = hy  with probability p,
A7 ke with probability 1 — p,

for all a € A and t > 0, where the probabilities p, are to be determined. Thus, the loss of an
arm a is ¢¢(s¢(a)) = C:(h1) = 1 with probability p, and ¢;(s¢(a)) = £;(he) = 0 with probability
1 — p,. Since the loss is determined by the state, the learner receives bandit feedback without delay.
We can then choose p, for a € A to mimic the standard Q(\/ K T) distribution-free bandit lower
bound—e.g., see Slivkins et al.| [2019, Chapter 2]. By Yao’s minimax principle, the same lower
bound also applies to the case with adversarial action-state mappings. Since the loss vectors are
deterministic, this covers all possible cases in BIO. O

Theorem 5.2. Suppose that the action-state mapping is adversarial and the losses are stochastic
and that dy = d for all t € [T). If T > min{S,d} then there exists a distribution of losses and
a sequence of action-state mappings such that any (possibly randomized) algorithm suffers regret

E[Ry] = Q(y/min{S, d}T).

Proof of Theorem[5.2] Assume without loss of generality that K = 2 and let S = {hq,...,hg} be
the finite set of possible states. Let S’ = |min{.S/2,d}| and let Iy, ..., IT be the actions chosen
by the considered algorithm. Split the 7" time steps into m = |T'/S’] blocks By, ..., B, of equal
size S’, eventually leaving < S’ — 1 extra time steps. We assume with no loss of generality that the
last step corresponds to the end of the m-th block. The feedback formed by the losses of the actions
chosen by the algorithm in a certain block is received only after the last time step of the same block
since S < 2d. Define b; = (i — 1)S” 4 1 for all i € [m]. We assume that the learner receives all the
realized losses £;(s¢(A)) forall ¢ € B; and all A € {1, 2} at the end of each block, which means that
we are in a full information setting, as this only helps the algorithm.
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Now, we define a specific sequence of assignments from actions to states, and construct losses so that
the expected regret becomes sufficiently large. Let s;(A) = ho(t—p,)+ 4 forallt € B;, alli € [m] and
all A € {1,2}; this means that, for the first time step of any block, actions 1 and 2 will be assigned
to states hy and ho respectively, then to hs and hy4 respectively in the next time step of the same

block, and so on. Let e = i, / ﬁ(,‘l/@ € [0, %} and let ) € R? be a vector of mean losses such

that 0\ = 3 — I{i = A}e, for each A € {1,2}. We simplify the notation with E4[-] = E[- | (V]
and P4 () = ]P(~ | 9(‘4)), where the conditioning on #(4) means that we sample losses for each state
assigned to 7 € {1, 2} such that they are Bernoulli random variables with mean GZ(A). In particular,
conditioning on #(Y), we sample independent Bernoulli random variables X, ..., X’ with mean
OZ(A), one for each block, for i € {1,2}. Then, the losses are defined as £;(s(i)) = X for each
t € B, and each j € [m)].

We can now proceed to show a lower bound for the expected pseudo-regret. Let T; be the number of
times the learner chooses action 7 over all 1" time steps. The expected pseudo-regret over the two
instances determined by 6(®) for k € {1,2} adds up to

Ei[Rr] + Eq[Ry] = (2T — Eq[Th] — Eo[T3]) -

Following the standard analysis, we show that the difference E4[T5] — E;[T5] is such that

1
Eo[To] — Eq[T3] < T - drv(P2,P1) < T §DKL(P1 [ P2) .

where the last step follows by Pinsker’s inequality.

Let A\; = {(It, £+(S:(1)), £:(S:(2))) | t € B;} be the feedback set known to the learner by the end

of block B;, and let \* = (Aq,..., ;) be the tuple of all feedback sets up to the end of block B;.
Denote by Py, ;(+) the probability measure of feedback tuples A\ conditioned on 6(4). By the chain
rule for the relative entropy, we can observe that

Diw(Py[[Po) =) > Py(N ) Dkp(Pri(- | A7) Pos(- | A1)

=1 \i—1

<> PN T)16e% In(4/3)
i=1 \i—1
= 16me*In(4/3) ,
where we used the fact that each relative entropy Dxp,(P1 (- | A771) || P2 (- | A1) corresponds
to the sum of the relative entropy between two Bernoulli distributions with means 1/2 and 1/2 — ¢
and that between Bernoulli distributions with means 1/2 — e and 1/2, respectively, which is upper

bounded by 162 In(4/3) for e € [0,1/4]. This follows by an application of the chain rule for the
relative entropy, as well as from the fact that the distribution of I, is the same under both Py ; (- | )\1_1)

and Py ;(- | A1), for all t € B; and any \*~1. Therefore, we have that

By [Th] — By [Ty] < 2eT+/2m1In(4/3)

which also implies that

Ea[Ry] + Eo[Rr] 25T<1—25 2§1n(4/3)> _L 1\/LS/2JT > 1\/ ST

2 =8\ 2In(4/3) = 8\/ 61n(4/3) °
where we used the facts that m < T'/S” and that | S/2| > S/3 for any integer S > 2. This means that
the expected pseudo-regret of the learner has to be 1—16, / % at least in one of the two instances.
Now, for S > 2d we use the same construction, but now we only use 2d states, which leads to the

promised (1/min{S, d}T") lower bound. O

Theorem 5.3. Suppose that the action-state mapping is adversarial, the losses are stochastic,
and that dy = d for allt € [T). If T > d + 1 then there exists a distribution of losses and a
sequence of action-state mappings such that any (possibly randomized) algorithm suffers regret

E[Ry] = Q(min{(d + 1)V, \/m})
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Proof of TheoremB.3] Let S’ = min{|% ], L%j} > 1. We consider the first (d + 1)S’ rounds of

the game and divide them into S’ blocks By, . .., Bg: of same length d 4 1. In this way, we ensure
that the feedback for any time step in some block is revealed to the learner only after its final round.

Without loss of generality, we can assume that the learner observes all the losses of one block
immediately after its last time step; this only helps the learner since they would observe only the
incurred losses at possibly later rounds otherwise. We can further simplify the problem by assuming
that losses are deterministic functions of the states, i.e., ¢, = 6 for every round ¢. This also means that
the problem turns into an easier, full-information version of our problem with deterministic losses.
Now, let the adversary choose the action-state mappings such that for each block index ¢ and each
action a € A, S¢(a) = Sy (a) € {s2i-1, 82} forall ¢,¢ € B;. Furthermore, we assume that the
losses are chosen such that 8(s2;—1) € {0,1} and 0(sg;) = 1 — 6(s2;—1) for all i € [S’]. In this
construction, the learner cannot obtain any useful information from the states of a block because of
the delays. Moreover, the states observed in one block are not observed again in the other blocks.

It thus suffices to prove a lower bound for a standard full information game with S’ rounds and loss
range [0, d + 1]. Hence, we can conclude that the expected regret of any algorithm has to be

ElRr] = 0((d+1)VS') = @(min{(d+ DVE, V{d+1T}) .
O

Theorem 5.5. Suppose that the action-state mapping is stochastic, the losses are adversarial, and that
d; = d for all t € [T). Then there exists a stochastic action-state mapping and a sequence of losses

such that any (possibly randomized) algorithm suffers regret E[Ry] = Q(max {\/ KT, dT}).

Proof. Since by Theoremwe already know that any algorithm must suffer €2 ( VK T) regret, we

only need to show a 2(v/dT") lower bound. We use two states, h1 and hy. Our action-state mapping
is deterministic and, for all ¢ > 0, assigns s;(a) = h; to all but one action a*, to which the mapping
assigns s;(a*) = ha. We now have constructed a two-armed bandit problem with delayed feedback

and T rounds, for which a Q(v/dT") lower bound is known [Cesa-Bianchi et al., 2019]. O

D Action-State Mappings and Loss Means Used in the Experiments

TableT]and Table[2]describe the instances used to generate the data for the experiments of Section 6}

Meanloss | s=1 s=2 s=3
0(s) 0.2 0.4 0.8
Mapping | P(1]a) | P(2]a) | P(3]a)
a=1 0.8 0.1 0.1
a=2 04 0.5 0.1
a=3 0.3 0.7 0.0
a=4 0.5 0.3 0.2

Table 1: Mean losses and stochastic action-state mapping for Experiment 1 in Section@
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Meanloss | s=1 s=2 s=3
a(s) 0 1 1
Environment 1
Mapping | P(1]a) | P(2]a) | P(3|a)
a=1 0.06 0.47 0.47

a=2 0 0.50 0.50
a=3 0 0.50 0.50
a=4 0 0.50 0.50

Environment 2
Mapping | P(1]a) | P(2]a) | P(3]a)
a=1 1 0 0
a=2 0.94 0.03 0.03
a=3 0.94 0.03 0.03
a=4 0.94 0.03 0.03

Table 2: Mean losses and stochastic action-state mappings for Experiment 2 in Section @
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