Published as a conference paper at ICLR 2026

HIGH-DIMENSIONAL ANALYSIS OF SYNTHETIC DATA
SELECTION

Parham Rezaei', Filip Kovacevi¢!, Francesco Locatello'*, Marco Mondelli'*
! Institute of Science and Technology Austria (ISTA)

parhamix@gmail.com, filip.kovacevic@ist.ac.at
francesco.locatello@ist.ac.at, marco.mondelli@ist.ac.at

ABSTRACT

Despite the progress in the development of generative models, their usefulness in
creating synthetic data that improve prediction performance of classifiers has been
put into question. Besides heuristic principles such as “synthetic data should be
close to the real data distribution”, it is actually not clear which specific properties
affect the generalization error. Our paper addresses this question through the lens
of high-dimensional regression. Theoretically, we show that, for linear models,
the covariance shift between the target distribution and the distribution of the
synthetic data affects the generalization error but, surprisingly, the mean shift does
not. Furthermore we prove that, in some settings, matching the covariance of the
target distribution is optimal. Remarkably, the theoretical insights from linear
models carry over to deep neural networks and generative models. We empirically
demonstrate that the covariance matching procedure (matching the covariance of
the synthetic data with that of the data coming from the target distribution) performs
well against several recent approaches for synthetic data selection, across training
paradigms, architectures, datasets and generative models used for augmentation.

1 INTRODUCTION

The controllable generation of arbitrary amounts of synthetic data for training machine learning
models has long been considered as one of the key implications unlocked by more capable generative
models (Kingma & Welling, |2014; Goodfellow et al., | 2014; Shrivastava et al., 2017} Nikolenko et al.}
2021). After all, synthetic data can not only be abundant, which would already be tremendously
impactful in data-scarce applications such as medicine (Esteban et al., 2017} van Breugel et al.|
2024), but it can also address other difficulties of observational data, such as privacy (Jordon et al.,
2018)), imbalancedness (Parihar et al. 2024; Ramaswamy et al [2021)) and overall difficulty to
collect, as the domain can be specific (Dunlap et al.}|2023) or the task complex (Wang et al., [2023).
At the same time, while generative models have progressed significantly, experimental results are
still mixed. Several works are promising (Trabucco et al.[2024; He et al., 2023 |Azizi et al., [2023;
Dunlap et al.| 2023), steering and sometimes filtering the sampling by appropriately conditioning
a generative model towards the target training distribution; others outright question whether synthetic
data has any advantage over simply selecting some more data which is anyway used to train the
generative model (Fan et al) 2024; Burg et al.l 2023 |Geng et al.| 2024); some even warn that
training on synthetic data may not only do worse, but also lead to unwanted effects such as model
collapse (Shumailov et al.|[2024)) or additional bias (Wyllie et al.| 2024). What emerges here is a broad
challenge which consists of understanding how extra synthetic data, for example from a generative
model, helps training predictors. Our paper tackles this challenge theoretically and empirically.

To do so, we assume access to a training dataset (X, y;) with i.i.d. samples, as well as to an additional
synthetic dataset (X, ys). The samples from the synthetic dataset are also i.i.d., but they come from
a different distribution, since they are obtained from a generative model and not from the training
dataset. We perform empirical risk minimization (ERM) using the augmentation ((X;, Xs), (v, ¥s)),
and evaluate the performance on an independent test sample (Xtest, Ytest) With the same distribution
as (X¢, y¢). In this context, the challenge above leads to the following concrete question:
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How to select the dataset (X, ys) in order to minimize the test error? Q

By studying this question, we can identify which properties of the distribution of (X, y,) improve
generalization, thus guiding the selection of data obtained in practice from generative models.

Formalization of the problem. Let us first describe how we model the setting in the theoretical anal-
ysis. We assume that the distributions of both the original training dataset and the additional synthetic
one are mixture models. The number of mixtures corresponds to the number of classes in the datasets,
with each mixture component corresponding to a single class. As common in practice (Burg et al.,
2023)), the data augmentation via the synthetic dataset occurs class-by-class: for a problem with K
classes, the number of mixtures is K and we add synthetic data of each class using a generative model.

We then address the question (Q) when (X, y;) and (X, y,) correspond to a single class, focusing
on linear models and high-dimensional ridgeless regression. More precisely, we model y; = X;3+¢¢
and ys = X, + €5, where rows of X, are i.i.d. with mean p; and covariance ¥;, rows of X are
i.i.d. with mean u, and covariance Y, and entries of ¢, £, are i.i.d. with zero mean and variance
o2, Here, the difference between the distributions of (X, ;) and (X, ys) is captured by the mean
shift pi; # ps and the covariance shift 3; £ 3. We also consider model shift (different /5 between
synthetic and real samples), deferring the details to Appendix [B] Our formalization deals with a single
class in isolation, fitting a regression model to the class label and neglecting interactions between
classes. While this is a strong assumption chosen for mathematical tractability, we highlight that the
resulting data selection procedure is extensively tested in practical settings where it performs well
against existing baselines.

Main contributions. The surprising finding from our theoretical analysis is that, while the covari-
ance shift affects the test error, the mean shift does not. This is the case as long as the training dataset
(X¢,y¢) is not too small compared to the synthetic dataset (X, y5), and it is especially surprising
since the mean shift does affect the test error when using only synthetic data. From this insight, we
show that the problem of selecting (X, y) can be reduced to an optimization problem over the co-
variance X, and, in some settings, matching the covariances (34 < 34) leads to optimal performance.
Most importantly, these theoretical insights are valid in practice: matching the covariance, without
worrying about the mean shift, performs on par—or even outperforms—several recent approaches for
synthetic data selection. We summarize our contributions below:

* We give a precise characterization of the test error of the min-norm least squares regression estimator,
when the dimensions of /3, y;, ys are all large and scale proportionally. Our results hold in under-
parameterized (Theorem [4.1)) and over-parameterized regimes (Theorem [4.4)), showing that the test
error approaches a deterministic quantity that depends only on the covariances %, s and not on
the means i, l1s. As a comparison, we also analyze training only over synthetic data, showing that
in this case the test error depends on both covariances X, 35 and means p, 5, see Proposition

* Our characterization implies that we can select synthetic data minimizing the test error based on their
covariance. We then show that, under some conditions, taking ¥° o< X%, i.e., covariance matching,
is optimal (Theorems [4.3]and [4.5] for under-parameterized and over-parameterized regimes).

* We validate the effectiveness of covariance matching as a way to select synthetic data obtained from
generative models in several practical scenarios. We show that this simple approach performs on
par—and, actually, it often outperforms—a variety of baselines proposed in the recent literature (He
et al.} 2023} |Lin et al.,[2023]; [Hulkund et al.|[2025)). This conclusion consistently holds across training
paradigms (training from scratch, distilling a bigger model, fine-tuning a model trained from a larger
dataset), across architectures (ResNets, transformers), across datasets (CIFAR-10, ImageNet-100,
RxRx1), and across generative models used to obtain synthetic data (StyleGAN2-Ada, SANAL.S,
PixArt-a, StableDiffusion1.4, MorphGen).

2 RELATED WORK

On the theoretical side, we focus on the high-dimensional regime in which both the number of
features (i.e., dimension of 3) and the number of samples (i.e., dimensions of ys, y;) are large and
scale proportionally. This setup was considered by a line of research using random matrix theory to
characterize test error and various associated phenomena (e.g., benign overfitting (Bartlett et al.,[2020)
and double descent (Belkin et al.,2019)). More precisely, the test error of ridge(less) regression was
studied by Hastie et al.|(2022); /Wu & Xu/(2020); Richards et al.|(2021);|Cheng & Montanari| (2024),
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the distribution of the ERM solution by [Montanari et al|(2019); |Chang et al.| (2021)); Han & Xu
(2023)), and the impact of spurious correlations by Bombari & Mondelli| (2025)). This motivates us to
look for practical insights into synthetic data selection by performing a high-dimensional regression
analysis. Closer to our work are specific analyses involving more than one distribution, which in our
case are the training/test distribution and the synthetic one used for augmentation. More precisely,
the test error under distribution shift was analyzed by |Patil et al.|(2024)); Mallinar et al.| (2024), but
this assumes training on one distribution and testing on the other, as opposed to training on both
and testing on one. Training on surrogate data was considered by [[ldiz et al.| (2025); [Kolossov et al.
(2024); Jain et al.| (2024): [ldiz et al.| (2025} assume that the surrogate data comes from a teacher
model and study the phenomenon of weak-to-strong generalization; Kolossov et al.| (2024) consider
data selection given unlabeled samples plus access to a surrogate model that predicts the labels better
than random guessing; Jain et al.|(2024) integrate surrogate and real data, but the analysis is limited
to isotropic covariance. Most closely related to our theoretical setting is when training occurs on
multiple data distributions and testing occurs on a single one of them, which was analyzed both in
under-parameterized (Yang et al.l[2025) and over-parameterized (Song et al.,[2024) regimes. However,
Yang et al.[(2025); Song et al.| (2024) assume that the data distributions have zero mean, which is
unrealistic in our context. In fact, centering the data would require access to the mean of the test
sample, which is equivalent to having access to its unknown label. Related work by [El Firdoussi et al.
(2025)) analyzes high-dimensional binary classification with isotropic covariance, with a different
objective from ours. Namely, its goal is to understand the factors influencing performance when
generating synthetic data using estimated statistics from real data, pointing to degrading performance
in case of bad covariance estimation. Additional related works by [Seddik et al.|(2024); Bertrand et al.
(2024) consider distribution shift of a mix of real and synthetic data through the lens of statistical
approximation error, a mechanism linked to model collapse by |[Shumailov et al.[(2024). Both Seddik
et al.|(2024)) and Bertrand et al.|(2024) examine the phenomenon within iterative retraining loops,
considering a setting complementary to the one of this paper.

On the practical side, several papers studied how to incorporate synthetic data into training pre-
dictors. Besides simply training better generative models, empirical work focused on upgrading
the sampling process itself, under the assumption that better conditional generation would lead to
more accurate predictors. More precisely, the CLIP model (Radford et al., 2021)) underpins many
filtering and selection algorithms for generative data. He et al.|(2023)) propose using CLIP similarity
to labels to prune low-quality samples from augmentations. |Lin et al.| (2023)) introduce sampling
and filtering strategies based on CLIP similarity to either labels or the mean representation of real
data, incorporating diversity via clustering. Almost concurrently, other works argued that synthetic
images underperform in scaling laws (Fan et al., 2024)) and, if the generative model is pre-trained on
external data, simple retrieval baselines can be better (Geng et al., 2024; Burg et al., [2023)). Our work
can be interpreted as a more fine-grained investigation of the same problem, characterizing which
properties of the generated data improve generalization. At the same time, our results do not preclude
that the extra data is real data from another dataset, as tested in Figure 2]in Appendix [C| Closer to
our solution, Hulkund et al.|(2025) explore the problem of data selection given a fixed test set and,
taking a purely empirical stance, compare several filtering methods, including an approach inspired
by |Gadre et al.| (2023)) that selects clusters of image embeddings. As a heuristic, we find that this
works rather well but has shortcomings, as empirically demonstrated in Table 5|in Appendix [C]

3 PRELIMINARIES

Data model. We consider data augmentation in the context of linear models. Formally, we observe
two datasets (X, y¢) and (X, ys), denoting training data and augmenting synthetic data, such that

Ya) = X@)B +€ay, (i) € {t, s}, (3.1
where X(i) € R"@»*P B ¢ RP, and €u) € R™@®. Thus, we are given n; training samples and
ns synthetic samples, all of which are p dimensional. We denote the total number of samples as
n = ny + n,. Bach entry of the noise vector ;) is sampled i.i.d. from a random variable with mean

zero and variance o2, The row vectors of X, (iy- for (i) € {t, s}, are independent random vectors with
p X p population covariance matrix ;) and mean fi(;). This can be written as:

Xy = ZO(B@) " + Lng, sy € R™P, (3.2)

where Z() € R"®O>P iy € RP, 1,, € R™ is the all-ones vector, and all entries [ZJ(Q] are
independent with zero mean and unit variance. By omitting subscripts, we denote by (X, y) the two
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datasets (X4, y:) and (X, y5) stacked, i.e., X = [Xt] € R"P ¢ = [yt} € R™. The vector (3 is

X Ys
assumed to be the same for (X, y;) and (X, ys ), which corresponds to assuming that the conditional
distribution of the labels y given the features X is the same for training and synthetic data.

Note that we also consider a data model in which model shift is present, i.e. training and synthetic
data have different hidden parameters 3; and [, respectively. For more details, see Appendix

Assumptions. We make some assumptions on the data distribution which are common in related
work (Yang et al.,[2025; Song et al.,2024)). Let 7 > 0 be a small constant. We assume that, for ¢ > 4,

the t)-th moment of Z](.Q is upper bounded by 1/7, i.e., E[|Z ](,2) |¥] < 771, which means that the tails
do not decay too slowly. The eigenvalues of ¥;), denoted as )\gi)7 S Az(f), are all bounded between
rand7 e, T < ,\,(f) <...< )\(21') < )\gi) < 7!, which means that the covariance matrix is well-
conditioned (i.e., the distribution is well-spread). Furthermore, the entries of (;y € R"¢ have bounded
moments up to any order, i.e., for any k € N, there exists a constant Cy, > 0 s.t. E[|5(i)j|k] < Cy
(noise is not heavy tailed). The sample sizes are comparable with the dimension p, i.e., v := n/p,
vt :=n¢/p, and v := ng/p, with0 < 4 < 1/7and 7 < 7, v5 < 1/7. Lastly, let H/“‘(i)HQ = 7(i)\/Ds
where T(i)ﬂ is a constant, with a constant angle between them ¢ = | (s, ti)] /(|| sl |1 14 ||2)EI

Risk and estimator. We test estimators on data sampled from the same distribution as the training
dataset (X¢, y¢) and, given an estimator /3, its out-of-sample excess risk is defined as

Rx(8;8) = El(a] B — o] 82 | X] =E[I18 = 8%, 1,07 | X],

where z; has the same distribution as Z* (Zt)l/ * 4 py and ||2||2, == &7 M. This definition differs
from similar ones appeared in (Yang et al.||2025} |Song et al., |2024} [Hastie et al., [2022)) as the test
distribution is not zero-mean (test data cannot be centered as knowing the mean is equivalent to
knowing the label). The test error is then equal to the excess risk plus the noise variance o2, which
corresponds to the Bayes error. Since ¢ is a constant, minimizing excess risk and test error is the
same, and we minimize the former. The excess risk is decomposed into bias and variance as

Ry (B; 8)=|EI3 | X]=BI3, 4 7 +Tx[Cov(B | X)(Se+pep) )]:=Bx (B; 8)+Vx (6; 8). (3.3)
Let B be the min-norm least squares regression estimator of ¢ on the whole dataset available X, i.e.,
3= arg min {||b]|> : b minimizes [ly — Xb[|3} = (X" X)TX Ty, (3.4

where ()T denotes the pseudo-inverse. We note that gradient descent converges to the interpolator
which is the closest in /5 norm to the initialization (see Equation (33) in Bartlett et al.|(2021))) and, as
such, (3.4) corresponds to the gradient descent solution starting from 0 initialization. The results in
the next section readily extend to weighted versions of objective optimized in (3.4), see Appendix [A.§]
for details. For this reason, we present our main findings for the unweighted objective without loss of
generality. Substituting (3.4) into the excess risk decomposition (3.3) yields closed-form expressions
for bias and variance:

~ ~ 2 A
Bx(8:8) = BTI(S: + pu I and Vi (B58) = T Te[E* (S + ), 39)

where 3 = XTX/nandIl =TI — St (projection on the null space of X).

4 THEORETICAL RESULTS

We characterize the excess risk of the min-norm interpolator using both training and augmenting
synthetic data. We then use the explicitly derived formulas to optimize the data selection process,

'Taking H (4) H2 ~ /D ensures that the mean and variance of y(; are of same order. In fact, ||(;) || RSV
would imply (u¢, ) < 1, so the mean would have a vanishing effect on the risk. Furthermore, if H (i) H 5 > /D,

then <,u(i), 154 > > 1, and the mean would dominate the risk entirely. In both cases the problem trivializes.
2This is a technical assumption to simplify the proof notation. If ¢ is allowed to depend on 7, p, all results
(and corresponding proofs) still hold verbatim, as long as either ¢ < 1 — § for some constant d > 0 or ¢ = 1.




Published as a conference paper at ICLR 2026

in which, surprisingly, distribution means play no role. We contrast this setting with having only
synthetic data available, where means instead impact the excess risk. Our findings hold in both
the under-parameterized and over-parameterized regimes. For clarity, we present the two regimes
separately, as the precise statements and proofs rely on different technical arguments.

4.1 UNDER-PARAMETERIZED REGIME

Let us assume that 1 + 7 < v < 1/7, implying that n > p, which makes the setting under-
parametrized. Thus, > = X " X/n is full rank almost surely, which implies that IT = I — 33 =
I —%7'Y = 0. From 1| it follows that Bx (3; 8) = 0, so the risk is only characterized by the

variance VX(B ; B). We additionally constrain the number of samples as 1 + 7 < ~;,vs < 1/7 and
0 <55/ <1/7.

The following result provides a precise asymptotic characterization of the excess risk and, in doing so,
it extends results by [Yang et al.| (2025) to non-zero centered data. Its proof is deferred to Appendix
and we give a brief sketch of the argument below.

Theorem 4.1. Let M = Ei/QZ;l/Q and denote the eigenvalues ofMTM as Ay > -+ > XAy Then,
under the assumptions from Section 3| and the start of this section, it holds that, with high probability,
=0, “.n

lim |R (B'ﬂ)—iTr [(a M™M +« 1)71]
e XMy n 1 24p

where a1 and o are the unique positive solutions to the following two equations

P
_ p 1 Aoy N
a1+a2—1—ﬁ, al—l—fE Yo tan n “4.2)

Proof sketch. As seen from (3 . Rx( B B) is related to spectral properties of the sample covariance
matrix 3, dictated by its local laws. The core of our argument is to connect the spectrum of S for
non-centered data to its zero-centered counterpart. This is done by factoring out the means i, j15 as
a rank-2 perturbation of a random matrix with i.i.d. entries, see Propositions[A.T] [A.2] and [A.3]in
Appendix [A.T] We then apply anisotropic local laws for the zero centered case and conclude. We
finally note that this strategy gives a convergence rate of O(o?p~'/2) for the LHS of . O

Theorem[d.T| gives a deterministic equivalent of the test error obtained using training and synthetic
data in the under-parameterized regime. In fact, Rx ((; 8) is a random quantity (the data is ran-
dom), while %2 Tr[(c; M "M + az I,)7!] is deterministic as it depends on properties of the data
distributions. Remarkably, the deterministic equivalent depends only on the covariances >, > (via
M = Ei/ noY 2) and it does not depend on the means fi;, M- This is highlighted in Figure

showing that the excess risk is unchanged upon varying the cosine similarity between the means. Two
points are now in order, which are elaborated upon in the next two paragraphs.

(a) The independence of the test error on the mean shift is surprising, and it is in stark contrast with
the setting in which we only train on (X§, y5), where the performance does depend on fig, fi;.

(b) The deterministic equivalent can be optimized to find the covariance X3 minimizing the error.

(a) Training only on synthetic data. We now adjust our assumption at the beginning of this section.
Namely, we assume that v, = 0, 1 + 7 < v, = v < 1/7, which means that we are training on data
from a single distribution that is different from the one we are testing on.

Proposition 4.2. In the setting described above, it holds that, with high probability,

2
. . 02 _ _ TES—]. s
lim | Rx(3:8) = o ——- Tr[ztzsl]ﬂmsl/?ut%—(’w —0. 43)
nreo n v Hzé /'[/8”2

This result (proved in Appendix [A.2)) extends the zero-centered expressmn by |Hastie et al. (2022)
We observe consistency if we disregard means (115 = iy = 0) and covariance shift (X;2; ! = p)-
Proposition [#.2] also extends the zero-centered anisotropic setting of [Yang et al.| (2025) to the case
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without samples from the training distribution, and consistency follows after setting ps = py = 0.
The effect of the mean shift is captured by || S5 /% uel|2 — (1] S s/ |5 % 115]|2)2: what matters
is (i) the cosine similarity between 2;1/ 2 s and E;l/ 2 W, and (ii) the alignment of the principal
directions of 3¢ with y;. In other words, the excess risk decreases as (i) the mean of synthetic training

data aligns with the mean of test data in the directions of the synthetic covariance matrix, and (i) the
principal directions of the synthetic covariance matrix align with the test mean.

(b) Synthetic data selection. Let us denote the deterministic quantity from (4.1) as
2
Ru(M) = T Ty [(alMTM +as Ip)’l} 7 (4.4)
n

where 1 and o satisfy li This corresponds to the limit of the risk Rx (B ; B) due to Theorem
- 4.1] Note that R, (M) depends only on the covariance matrices of the original training (3;) and the
augmenting synthetic data (3) via M = Zl/ 2 X, ~1/ 2 Thus, in the under-parameterized setting, the
guiding question (Q) posed in the introduction can be formalized as:

Given ¥y, what is the optimal ¥ that minimizes R, (M)?

The following theorem exactly treats this. Its proof is in Appendix[A.3]and a brief sketch is below.

Theorem 4.3. Let M := {M € RP*? : rank(M) = p, Tt[M " M| = p}. Then, for Moy € M
minimizing the limit risk of Theorem[.1] i.e., Moy, = arginf e v Ru(M), it holds that

N(M Mopy) =1, Vie{l,...,p}. 4.5)
Proof sketch. From the first equation in , R (M) can be expressed in terms of a single parameter,
e.g., a1. A key insight is that R,, (M) is increasing in vy, which simplifies the optimization. Denoting
with A; > --- > )\, the eigenvalues of M in decreasing order, we show that transformations of the
form (XA, Aj) = (A — ¢, Aj +¢) for ¢ > 0, can only lower ¢;. Thus, a majorization argument allows
us to conclude that the most balanced solution (namely, (4.3)) is optimal. O

Theoremproves that, having fixed Tr[M " M], the limit risk R, (M) is minimized when M has
all eigenvalues equal. Thus, given a training covariance ¥;, choosing synthetic data with X5 oc X,
i.e., matching the covariances, is optimal. This is highlighted in Figure[Tb] showing that the excess
risk decreases as X4 aligns with X;. Increasing the scale of ¢ also reduces the risk, i.e., for any
M € RP*P s.t. rank(M) = p and any constant 7 > 1, it holds that R, (nM) < R, (M), see

Appendix for the proof and Figure |lc|for an illustration. Recalling M = Z;/ 22; 1 %, this
suggests that greater diversity in synthetic data is advantageous. However, as Theorem relies
on bounds on the spectra of ¥;, 3, (see Section [3), 7 must be of constant order, i.e., it cannot grow
with n and p (otherwise, the error between IR x (B B) and R, (nM ) may not vanish as in ) This
motivates the trace normalization (Tr[M " M] = p) in Theorem 4.3] While other normahzatlons
exist (e.g., on the determinant in (Yang et al.,|20235)), they overly restnct the search space and make
interpretation for synthetic data selection less clear.

4.2 OVER-PARAMETERIZED REGIME

As opposed to Section let us assume that 7 < v,vs,v < 1/(1 4+ 1), so that n < p and we are in
the over-parameterized regime. We sample  from a sphere of constant radius, independently from
X, et,e5. We also assume that 3 and ¥, are simultaneously diagonalizable. This assumption is of
technical nature and common in related work (Song et al.,[2024; [Mallinar et al., [2024 [Tldiz et al.|
2025). Wr1t1ng out this condition, we have the SVDs ©, = UAU ' |3, = U AtU "'. Let us denote
by A7 = A At and introduce the spectral probability d1str1but10ns used in our claims:

1,3 z'

)\s /\t 2:1{()‘g A)=(A$00) GP(Astt) = Z <ﬁ,ut> 1{ AT A =(AZ, AL} - (46)

=1

This section follows the same blueprint as Section for the under-parameterized regime. Namely,
Theorem [4.4] gives a deterministic equivalent of the excess risk using training and synthetic data and,
in doing so, it extends results by |[Song et al.| (2024) to non-zero centered data. The deterministic
equivalent depends only on regression coefficients S and covariances 3;, >, and it does not depend



Published as a conference paper at ICLR 2026

oS
@

- p. =0.9 (theory) 04 -, = 0.9 (theo = p, = 0.9 (theory)

2
o
o

(the (the
o p, = 0.5 (theory) = p, = 0.5 (theory) 8 = p, = 0.5 (theory)
07 p,= 0.1 (theory) ~ B ps=0.1 (theory) ps=0.1 (theory)
5 @ p.=0.9 (empirical) By ® p.=0.9 (empirical) S 04 ® p.=0.9 (empirical)
= ® ps=0.5 (empirical) ‘(; b, ® ps=0.5 (empirical) = bo. ® ps=0.5 (empirical)
o 06 s =0.1 (empircal) s = 0.1 (empirical) @» s =0.1 (empirical)
» 2 o
Q 8 N\ @ 03 o
Q05 0.2 e, o \.
X I \:' h o,
w \'\’s W :‘\0
04 o \::‘ .\I::"~.
Y g O
03

6 8 10 01
0.0 0.2 04 0.6 0.8 1.0 ns 1 2 3 4 5
P

Cosine similarity of means Covariance scale

(a) Aligning the means (b) More synthetic data (c) Scaling the covariance

Figure 1: Excess risk using training data from N (1, 3;) and synthetic data from N (1, X5), where
>y, 2 are Kac—Murdock—Szegd matrices (Toeplitz matrices with geometrically decaying entries)
with parameters py, ps, scaled so that Tr[M T M] = p. We pick [|p|l2 = [|ps2 = 2P pe = 0.9,
p = 600, ny = 1200, ny = 1200, unless varying the parameters in the plot. Each value is computed
from 100 i.i.d. trials, the error band is at 1 standard deviation, and theoretical predictions are
continuous lines. Different curves correspond to different values of ps. (a) Changing the cosine
similarity of the mean does not impact the risk (here, 3, is scaled by n := p;). (b) Larger p, gives
lower risk since X, is closer to ;. (¢) Scaling X5 reduces the risk.

on means i, js. Then, Theorem[d.5]finds X that minimizes the limit risk from Theorem .4 when
>} = I, thus showing the optimality of covariance matching (3, o< X;) with isotropic training data.
The proofs of these results follow a similar argument chain as in Sectiond.T} although they tend to be
more technically involved. We briefly discuss differences, deferring the full arguments of Theorems

A4 and .3]to Appendices[A.6|and[A.7] respectively.

Theorem 4.4. Under the assumptions from Section[3|and the start of this section, it holds that, with
high probability,

Tlim R (3 8) = V(2 30) = B(Z0, 50, B)| = 0, 7
where
At (asAs+ag\b) bsA*+(by+1)A!

V(Z,, dH,(\° N\, B(2,, %, S LTI 4G, (AN,
( )= fy/(a1A6+a2/\t+1) o ), B( v hB): /(bl)\é—i-bz)\t—s—l)? p(A5A)
and a;, b; (i € {1,2,3,4}) are the unique solutions to the equations reported in Appendix@

We highlight two additional difficulties in the proof of Theorem 4] arising from the over-
parameterized regime: (/) the inverse does not replace the pseudo-inverse in (3.5), and (2) the

bias term does not vanish. We address the former by introducing the A-regularized ridge estimator 3y,
which approximates B for small A\ and admits inverse-based formulas similar to . Addressing the
latter requires a delicate control of the inverse, obtained via Woodbury formula.

Theorem 4.5. Let S := {X € RIP : Tr (X) = p}, where RGP denotes the set of p X p positive
definite matrices. Recall the definitions of V(¥s, %), B(Zs, Et, B) from Theorem and define
Ro(Es, X4, 8) = V(Es, 54) + B(Zs, X4, B). Then, for any X5 € S, with high probability over the
sampling of B over a sphere of constant radius, it holds that

Ro(Ip: Ip, B) < Ro(Xs, Iy, B) + o(1),

where o(1) denotes a quantity that vanishes as n,p — oo.

Due to the complexity of the expressions for V(3;, ¥;) and B(X, X4, 3), the optimality of covariance
matching (X4 oc 3;) in the over-parameterized regime is shown for isotropic training data (3; = I,).
At the technical level, we note that the bias generally depends on the eigenspace decomposition of

the covariance matrices via Gp, as defined in l| However, when ¥; = I,,, cancellations in the
equations for b; (i € {1,2,3,4}) give that the bias B(X,, I, 3) is close to p “ |8l for any X.
Having obtained that, the variance is then optimized following the approach of Theorem B3]

5 EXPERIMENTAL RESULTS

Theorems [{.3] and [4.5] show the optimality of covariance matching (X5 o X) in both under-
parameterized and over-parameterized regimes. We now extensively test the applicability of this
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Table 1: Covariance matching outperforms all baselines across three training paradigms on CIFAR-10,
when the synthetic data is generated via five truncated StyleGAN2-Ada models.

Method Scratch Distillation Pretrained
No synthetic 44.36 £1.51 47.33+0.57 63.40+1.33

Center matching (He et al.[[2023)  50.04 +=2.84 53.83£0.59 67.01 +0.89
Center sampling (Lin et al.|[2023) 50.48 £2.03 54.91+1.07 67.71 £ 0.90

DS3 (Hulkund et al.[[2025) 52.83 £2.19 58.32£043 68.21+£0.66
K-means (Lin et al.[[2023) 50.74+1.77  56.06 +0.68 66.50 £ 1.11
Random 49.38 £2.43 54.89+0.91 67.65+0.77

Text matching (Lin et al.{[2023) 50.94 +£1.40 55.17+0.57 67.81 +0.76
Text sampling (Lin et al.][2023) 50.28 £1.18 54.82+0.72 67.45+1.02
Covariance matching (ours) 54.00 +1.89 59.77+0.61 69.20 + 0.56

Real upper bound 61.08 £2.54 65.38 £0.51 74.35£0.56

synthetic data selection criterion in a range of practical settings. We consider classification problems,
assume access to a large pool of synthetic samples obtained from generative models, and perform the
augmentation per class. We implement covariance matching via a greedy algorithm: we initialize

S = @ and, until |S| = n,, we add the 2 from the generated pool that minimizes | S(SU{z}) — ¢/ .

where f]() and f)t denote the sample covariance of CLIP features of the synthetic samples and real
samples respectively and || - || is the Frobenius norm. To accelerate the selection, we compute
covariances in a 32-dimensional PCA space fit on the n; real reference features. After the selection,
we train a classifier on the union of real and selected synthetic samples.

Experimental setup. When using CIFAR-10, we evaluate three training paradigms. (/) Scratch: train
a ResNet-18 (He et al.l |2016) from scratch on the available data. (2) Distillation: train a ResNet-18
using soft targets (logits) from a ResNet-50 trained on full CIFAR-10, following Hinton et al.| (2015).
(3) Pretrained: fine-tune an ImageNet-pretrained ResNet-18 with a new classification head. We also
repeat the Scratch and Distillation experiments replacing the ResNet with two transformer models
(ViT and Swin-T). Unless stated otherwise, we use n; = 200 real images and augment with n, = 800
synthetic images per class. The features for the selection algorithms are extracted with CLIP ViT-B,
yielding a p = 512-dimensional feature space, which places us in an under-parameterized regime.
We report in Table[9]in Appendix [C|an additional experiment for ns 4+ n; = 400, which places us
in an over-parameterized regime. We additionally consider ImageNet-100 as a more diverse dataset,
and RxRx1 (Sypetkowski et al., 2023)) as a specialized one. For RxRx1, we use a small subset of
ng = 30 images from four common perturbations (1108, 1124, 1137, 1138) on HUVEC cells. We
consider the task of perturbation classification and augment with ns = 60 samples chosen from 500
images generated by MorphGen (Demirel et al.| [2025). Further details are in Appendix

Baselines. We compare Covariance matching with the following baselines. (1) Center matching (He
et al.,[2023)): select the n; images nearest to the centroid of the n, real training features. (2) Center
sampling (Lin et al., 2023): sample with probability proportional to the cosine similarity to the n;
real training features. (3) DS3 (Hulkund et al., [2025): cluster the generated pool into 200 clusters;
for each of the n, real images, retain its nearest cluster; then, sample ng images uniformly from the
retained set. (4) K-means (Lin et al.| 2023)): cluster the generated pool into ng clusters and choose
one random representative per cluster. (5) Random: uniformly sample n, images from the generated
pool. The methods “No-filtering” (Hulkund et al., [2025)), “Match-dist” (Hulkund et al., [2025)), and
“Match-label” (Hulkund et al., 2025)) are all equivalent to Random in our setting due to having the same
number of data for each class. (6) Text matching (Lin et al.,[2023)): select the n, images nearest to the
class text embedding. (7) Text sampling (Lin et al.l 2023)): sample with probability proportional to the
cosine similarity to the class text embedding. We also report a baseline, No synthetic, corresponding
to using only n; samples from the training distribution (synthetic data discarded), as well as a baseline,
Real upper bound, corresponding to using n; + ns samples from the training distribution (synthetic
data replaced by in-distribution data). All experiments are repeated over 10 random seeds (except
Table [3_3] which is on 5 seeds), and we report the mean £ 1 standard deviation.

Main findings. First, we test diversity/quality trade-offs. To do so, for each class we generate images
with StyleGAN2-Ada (Karras et al., [2020)) under different truncations (Karras et al. 2019): 6K
images from a 0.2-truncated model with three randomized truncation centers and 4K images from a
0.6-truncated model with two randomized centers. This produces synthetic data with varying diversity
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Table 2: Covariance matching performs on par with the best baseline across three training paradigms
on CIFAR-10, when the synthetic data is generated via various T2I generative models.

Method Scratch Distillation Pretrained
No synthetic 44.36 £1.51 47.33+0.57 63.40+1.33

Center matching (He et al.|[2023)  53.46 £1.95 57.67+0.58 66.52 £0.81
Center sampling (Lin et al.|[2023) 50.15+1.79 56.05+0.65 65.38 &+ 0.98

DS3 (Hulkund et al.||2025) 54.15+£2.17 59.43+0.73 66.00 +0.94
K-means (Lin et al.|[2023) 51.63+1.29 56.77+£0.89 65.23 +0.61
Random 51.26 £1.96 55.27+0.74 65.24 +1.01

Text matching (Lin et al.|[2023) 51.20£1.82 56.08 £0.57 65.93 +0.59
Text sampling (Lin et al.][2023) 50.31 £1.70 55.79+£0.68 64.93+1.12
Covariance matching (ours) 54.45+2.11 59.17+0.64 66.69 +0.70

Real upper bound 61.08 £2.54 65.38 £0.51 74.35£0.56

Table 3: Covariance matching performs on par with the best baselines for two additional datasets.
In (a), we train a ResNet-18 from scratch on ImageNet-100 with synthetic images from StyleGAN-
XL and T2I models. In (b), we train a linear model on top of an ImageNet-pretrained ResNet for
perturbation classification on a small subset of RxRx1 (Sypetkowski et al., [2023) augmented with
synthetic images from MorphGen (Demirel et al.| [2025).

Method Truncated models  T2I models Method MorphGen

No synthetic 40.78 £1.29 No synthetic 86.83 +2.44
Center matching (He et al.|[2023) 53.39 £+ 0.37 53.96 £+ 1.06 Center matching (He et al.|[2023)  88.17 + 2.35
DS3 (Hulkund et al.[|2025) 57.47+0.87 53.51+0.31 Random 1 87.33+92.03
Random _ 54.14£0.82  49.84 +1.32 K-means (Lin et al.| 2023} 89.00 & 1.70
Text matchmg (Lin et al.{[2023) 53.39 +0.99 53.37 £ 0.72 DS3 (Hulkund et al.|2025) 89.67 + 1.45
Covariance matching (ours) 57.52 +0.36 53.07 £ 0.89 Center sampling (Lin ot al:. 2023)  88.75 + 2.27
Real upper bound 62.67 + 0.65 Covariance matching (ours) 90.00 + 1.86

(a) ImageNet-100 dataset (b) RxRx1 dataset

and fidelity, and we note that the diversity we refer to concerns the synthetic dataset obtained from
the generative model. The results of Table [I|demonstrate that covariance matching outperforms all
baselines for all training paradigms. Table[I0]in Appendix [C|suggests that this superiority is partly
due to selecting more diverse samples, evident from the improved Recall (Kynkédanniemi et al., 2019)),
FID (Heusel et al.||2017), and KID (Bifkowski et al.|[2018)) scores guaranteed by covariance matching.
We further notice that covariance matching selects 268, 245, 333 samples from the three StyleGANs
with truncation 0.2, and 3692, 3462 samples from the two StyleGANs with truncation 0.6, pointing out
the preference of covariance matching towards more diverse samples. Going beyond ResNets, we also
demonstrate the effectiveness of covariance matching for transformer models in Table 4|in Appendix
E} Second, we test text-to-image (T21) generative models. To do so, for each class we generate 4K
SANA-1.5 (Xie et al., 2025)), 4K PixArt-«¢ (Chen et al.,[2024), and 2K StableDiffusion1.4 (Rombach
et al.||2022) images. Table [2| shows that covariance matching also performs well in this mixed setup.

Finally, to demonstrate the generality of our findings, we consider a broader dataset from computer
vision (ImageNet-100) and a specialized dataset from fluorescence microscopy (RxRx1, (Sypetkowski
et al.}[2023)). Once again, the results reported in Tables[3alj3b|show that covariance matching performs
on par with the best baselines in all settings. Additionally, the effectiveness is also shown for text
classification on the Ironic-Tweet dataset (Van Hee et al.| 2018) in Table[T3]in Appendix [C|

Additional controlled experiments. We report additional results in Appendix [C] In Table[5] we
consider zero-diversity generators. Specifically, for each class, we combine 2K StyleGAN2-Ada
images with a total of 8K images produced by two zero-diversity generators. Each of these generators
emits a single prototype per class: one near the class center of the real samples, and one near the class
label’s CLIP embedding. This yields high precision, but low diversity relative to the real distribution.
Our results show that, again, covariance matching performs well as it avoids selecting many samples
with low diversity (collapsed clusters). In contrast, not fully taking into account the diversity of
selected samples, methods like DS3 perform rather poorly. In Figure 2| we consider inserting images
from the target distribution into the pool of synthetic images and test the ability of different methods
to select them. Specifically, we form a pool of 4K StableDiffusion1.4 images and 1K images from
the target distribution (different from the n; = 200 images forming the training distribution), letting
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each method take ns = 800. Our results show that covariance matching selects the highest fraction
of images coming from the target distribution, whereas other selectors largely fail to do so.

Additional ablations. In Tables we repeat the experiments of Tables with DINO instead
of CLIP features, demonstrating that the gains of covariance matching are not tied to a particular
feature extractor. In Table[8] we compare covariance matching with the direct optimization of the
objective given by Theorem .1 As the outcomes of these two procedures are largely similar, this
further justifies the covariance matching objective. In Table[9] we show that our findings replicate
in an over-parameterized regime. In Table[T0] we examine the distribution of selections produced
by each method, quantifying alignment with the test distribution and identifying which metrics best
predict downstream accuracy.

In Table we analyze the effect of varying the number of real training samples and synthetic
augmentations. Table[I2)reports the performance of different variants of Covariance Matching.

All these tables and figures are reported and discussed in Appendix [C|

6 CONCLUSION

This paper advances understanding of the precise connection between training on a mix of real and
synthetic data and generalizing on real data. We start with a high-dimensional linear regression
analysis, where we find that only covariance shifts, and not mean shifts, affect the error. Even if our
theory ignores the interactions between classes that would affect neural network training, the resulting
insights transfer to realistic settings. We empirically demonstrate that matching the covariance
between samples from real image classification datasets and generative models (irrespective of
whether they are from GANs or diffusion model variants) improves the accuracy of deep networks
(ResNets and Transformers) under different training regimes (from scratch, distillation, and fine-
tuning). In fact, our principled approach even performs on-par or better than existing baselines
(Hulkund et al.l 2025} He et al.| 2023} |[Lin et al., [2023)). Future work could extend the analysis to
multiple Gaussian mixtures, which corresponds to optimizing the actual risk as opposed to modeling
individual classes. We speculate that this may yield different insights when the training data have
extremely imbalanced or fine-grained classes. It would also be interesting to introduce a model shift
(different 8 between synthetic and real samples) under covariance shift . In fact, synthetic data often
has small differences compared to real data, which a model may overfit on, and the phenomenon could
be the cause of the collapse sometimes observed in practice (Shumailov et al 2024)). Finally, we
have only focused on generalization, but other quantities may be studied in this framework, including
uncertainty calibration (Nixon et al.| 2019), differential privacy (Dworkl 2006)), fairness (Barocas
et al.| 2020), and validity for prediction-powered causal inference (Cadei et al., 2025).
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A PROOFS OF THE THEORETICAL RESULTS

Additional notation. We use the shorthand [n] := {1,...,n} for an integer n. Given a matrix M,
its operator norm is denoted by || M||2, its i-th largest singular value by o; (M) and the corresponding
i-th left-singular (resp. right-singular) vector of unit norm by u; (M) (resp. v;(M)). Additionally,
when applicable, we denote the i-th largest eigenvalue of M by \;(M). We use Rf_ﬁp to denote the
set of all p X p positive definite matrices, and SP~! to denote a (p — 1)-dimensional unit sphere. We
denote by e; the i-th element of the canonical basis of R!, where the exact exponent [ is assumed from
context. We will say that an event £ happens with high probability (w.h.p.) if and only if P(£) — 1
as p,n — co. Moreover, we will say that an event = happens with overwhelming probability if and
only if, for any large constant D > 0, P(Z) > 1 — p~ for large enough p. Lastly, throughout this
appendix, we use c to denote a constant (independent of n, p) whose value may change from line to
line.

For convenience, we recall some notation and definitions from Section E} Namely, we denote by
Z € R™*P a random matrix with i.i.d. entries having zero mean, unit variance and bounded 1)-th
moment (for some 1) > 4). Recall p(;y € RP, for (i) € {s,}, such that H/,L(i) ||2 = 7(i)+/P> Where ;)
is a constant, with a constant angle between them ¢ = [ (15, p1¢)| /(|| 25| ”Mtk) Also, let ¥4, X €
RP*P be covariance matrices with bounds on their spectrum as in Section [3] Then, we consider

Zi3y? 4 ]

a data distribution X =
ZSZ;/Q + 10,0

€ R™*P and introduce its zero mean counterpart

Z, 52
Z. 02
20 _ XOTXO

. . . al T
X0 = . The corresponding sample covariance matrices are defined as > = ¥ and

. Lastly, unless stated otherwise, we work in the regime n/p = -, where v # 1is a
fixed constant independent of n and p.

A.1 PROOF OF THEOREM [4.1]

We first state and prove useful results, in which we analyze the behavior of singular values of a
low-rank perturbation of matrices.

~ T
Proposition A.1. Let 01 > -+ > Opin(n,p) be the singular values of Z = Z'H#”S Then, there

exists a constant ¢(vy) > 0 independent of n, such that, almost surely,
lim inf o0 (n,p) > c(7)-

n—roo

Proof. To simplify notation we will refer to o,;, as the smallest singular value of a matrix. Let
us choose an orthogonal matrix () € R™*" such that Q1,, = y/n e;1. Since singular values are left
orthogonally invariant, we may replace Z by

~ Z
7 = ?/ﬁ + ellj';r'

Writing the rows of QZ as

2] (n—1)x
QZ=|}|. 21 €RP, Zy e RIP"DXP,
2
we have
2 T
1 Tn T s
Za
vn

For any unit vector x € RP,
2
TR
, =

e, szc 2
120l = /(52 + uTe) + |22

Hence, by the variational definition of singular values, we have

Tmin(Z) > amm(%) S Jmin( 2 1). (A1)

2.
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By the Bai—Yin theorem (Bai & Silverstein, 2010, Theorem 5.11), for an (n — 1) X p random matrix
Z5 with i.i.d entries with mean zero, unit variance and bounded fourth moments it holds

Crmin(%) — |17\/p/n71 |

Therefore, applying lim inf,,_, ., to (A.1), we have

lim inf O'min(Z) > lim inf ”T_lomin %)

n—oo n—oo
— 1 n=1_ (2
= Jim /2o )
=11 77*1/2‘ > 0,
which gives the desired result as v # 1. O

25, 4 Lol
Z58? 4 1 ]

singular values of X,, and v1, . . . , vy, be the corresponding right singular vectors. Then, as n — oo,
the following results hold:

Proposition A.2. Let X,, = X/\/n = =

NG € R"*P Letoy > --- > o, be the

1. For ¢ < 1, we have
la. 01 = O(\/p), 02 = O(\/D), and o3 =0(1
2
1
b, + —1-0(%),
1
p

—0()

);

(v2,ps)
loallalles Il o2l Ml [l

(v2,pe)
llvzlloll e ||2

V1,4t
Hvl‘lz‘l/‘t‘lz
2. For ¢ =1, we have
2a. 01 =0O(/p), 02 = O(1);
2
2b. —1-0(}).
p
Proof. Let us first abuse notation and write 1,,, = [1, ..., 1, 0, ..., 0] T € R™*! (n, ones followed

by ns zeros) and 1,,, = [0, ..., 0, 1, ..., 1]T € R"*! (n, zeros followed by n; ones). Then if we
write

(v1,ps)
loallallees o

1
X, = —
vn

th1/2
Zszi/Q

)

it holds

Lo pod + Lo, il
Tn .

To obtain the wanted result, we will need to express the non-zero singular values and the corresponding

right singular vectors of the rank-2 perturbation P, that is o;(P,,) and v;(P,), i € [2]. Notice that

X, =X, + P, where P, = (A.2)

P Py = alpsp] + G pp
where a; = +/ % and oy = +/ % Moreover, it holds
PJPn :Q;—Q;m (A3)

where Q, = {3‘“5 “’} € R?*P. Note that
tHt

2 2
Q,Q = l: oy |lusllz Qs <NS7gt>:| — |:a b:| 7
PP lasan (s ) of [l b d

and it is enough to analyze its SVD, since

oi(Pn) = Ui(QpQ;)v and v (Py) = P Ui(QpQ;)T Qp-
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The previous equations hold due to (A.3)), since 0;(Q)) = 0;(P,), and

# ) T 1 Ul(Qp) 0 Ul(Qp)
QT Q= (@) (@) i@ [P 0 T[]
This implies that, for ¢ € [2], the singular vectors v;(P,,) are in the span{ s, f}. Recall that the
angle between ps and p is fixed to ¢ = H/LO\LI%

sll2 tilo

We first consider the case when ¢ < 1. It holds that the eigenvalues of QpQ; are

T a+d:|:\/(a—d)2+4b2
Jl,Q(Qpr) =

:( —H’toztpj:\/ —2ra)p +da2riairie?p? (A4)
RN I it SR

Zp B

=p-c,

(rZa2+r?al)— \/(7 a2—ria?)2+402r2arip?
2

with ¢; = > 0, since ¢ < 1. This implies that

0i(Pn) > ¢ /D,
for some constant c.

Furthermore, it almost surely holds that

Ul(Xn) = UI(X;XTL)

- \/al(zi/QZsTZsz;/? + 3,227 7,5,%)

< \/al(zi/QZsTZszi“) A OREANA W
<20+ A)2 -1 =0(),

due to the convergences of the largest eigenvalue of the sample covariance matrices Z, Z, and Z,' Z;
by Bai—Yin theorem (Bai & Silverstein, [2010, Theorem 5.11) and the boundedness of the spectrum
of X5 and ¥;. Then, from Weyl’s inequality for singular values (see e.g. (Horn & Johnsonl 2012}
Chapter 7)), we have that

0i(Xn+ Pp) > 0i(Pn) —01(X,), fori=1,2,
OB(Xn + Pn) S US(Pn) + Ul(Xn> = Ul(Xn>7

which implies that oy 2(X,, + P,) > ¢ /p, whereas 0;(X,, + P,,) = O(1), for i > 3. For the upper
bound, note that from (A-4) it holds

(1203 + 1202)p + (1202 + rfad)p
2

implying o;(P,) < c- /p. Applying Weyl’s inequality for singular values once more, we get
0i( Xy + Pn) < 01(Xpn) + 0i(Pn) = O(\/D),

concluding the proof of 1a.

U1,2(QQT) <

=Dp-C2,

Moving onto singular vectors, let us recall the definition of spectral distance between two k-

dimensional subspaces W < RP and W < RP, as it will be used to conclude the proof. Towards this

end, we first introduce principal angles 6 ... 0, € [0, 7/2] between WV and W, which are defined

recursively from ¢ = 1 as

cos(f;) =  max _wibs)
wiew,wi W llwilly @il
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subject to w;, w; being orthogonal to the previous maximizers. Then, the spectral distance between
W and W is defined as ~
dW,W) = mz[lﬁ sin 6;.
i€lk

There is an alternative way to express this spectral distance between subspaces, using their orthonor-
mal basis. Namel~y, let W € RP>*k and W € RP** be such that their columns form an orthonormal
basis of W and W, respectively. Then by (Stewart & Sun, {1990, Chapter II, Corollary 5.4) it holds

AW, W) = H(I - WWT)WHQ. (A.5)

T I
Let us denote by V := [UQEﬁ ﬂ Vo= [Z;E?Z;

columns. Then, by Wedin’s sin © theorem, (Stewart & Sun| [1990, Chapter V, Theorem 4.4.) it holds
that
~, g1 (Xn) 1 < 1 >
dV,V) < = =0(—]).
( )_oz(X +P,) —o03(X,+P,) ¢ p+0(1) NG

As v1(P),v2(P,) € span{pus, i} and they are linearly independent, this implies that V =
span{us, jt; }. Choosing matrices V, E RP*2 and V} € RP*2 guch that their columns are orthonormal

and by V, V the subspaces spanned by their

bases of V and their first column is Hub H2 and Hu H respectively, one gets that
Hs T\ T\ " 1
(I—vvT) :H(I—VV )VselH gH(I—VV W, :d(v,v)go(),
H sl {1 2 2 P
1t Ry 8% Y 1
(I-vvT) - H(I Vv )VtelH < H(I vV )VtH —dV. V) <0 () .
’ l[ell2 1], 2 2 VP
From this, 1b directly follows. The case ¢ = 1 is handled analogously. O

Proposition A.3. In the under-parameterized regime, i.e., when p < n, it holds that

1. - 1. - 1
- Te[2F (S 4 pepf )] = - Tr[Xd %] + O (p) . (A.6)

Proof. We break down the LHS of into two terms

1 .
n Te[ST (S + gl )] = T1 + T,

where ] 1
Ty = — Te[ST%], and  Tp = —Tr[SFpu, .
n n

We will deal with each of the terms individually.

Bounding the term 7. It holds that

T, = lTr(i+zt)
n
B lTr XE;I/Q XE;UQ
n vn vn
(A7)
o 1 T o)1
=T ((X7X) )
g !
n ~ o7 (X)’

_ ~1/2 _
where X = XZ# € R™ P and k < p is the number of non-zero singular values of X. Let us
prove that o,,(X) > ¢ for some constant ¢, implying that k = p. Towards this end, we write out

XTX = XTX, + X X,
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vz (2P0l )22

vn

_ 1/2 Z. 21/2 s, 1/2 B
where X, = 2 Zn _ H\/%” )= and X; = Xf\E/E
From Proposition it follows that for large enough n, almost surely

UP(XS) > Up(Xt) >

for some constant ¢, which is just ¢(+y) from the proposition adjusted by the bound on the eigenvalues

of ¥, /2 and Z;l/ 2 (recall that the smallest eigenvalue of >, ¥, is lower bounded by 7). Plugging
this in gives

op(X)? > 0,(Xs)? + 0p(X)? > 262 (A.8)
Let X0 := x0n, 17 and note that X is a rank-2 perturbation of X (see ). Then, due to Weyl’s
inequality for singular values, it holds that, for i € {3,...,p — 2},
0i+2(X?) < 0i(X) < 0;_5(X?).
Therefore, we have

p—2 1

S

1101 i=3 0i i=3 0

An application of the Bai—Yin theorem (Bai & Silverstein, 2010, Theorem 5.11) gives that there exist
constants ¢ and b such that

0<a<o,(X° <01(X% <b< +oo,

for large enough n. Therefore, it holds

which implies that

=3 UZ i=1 0i (XO
Using the proved fact that o;(X) > ¢ we have

*Z; 1p§ ! 2+0<i).

o ( i 00 (X)

Combining all the pieces, it holds that

T =

Sl
AM‘E
qw

=

\

SR
2

= -
e

+
Q
7N
3|~
N———

Il
Sl 3l 3

H
A =
>

=)

4‘

~

o
SN—

L
M
~—
+

@)
/N

| —
N———
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Bounding the term T,. First, recall the shorthand X,, = X /+/n and note that

7p(Xn) = 0p(X5;"%) 2 0p(X) - 0 (%) 2 ¢ 7, (A.9)
where the last inequality follows from (A.8)) and the bounds on the spectrum of ¥,. Recall that
n/p =, which implies 0(%) -0 (%) Then, it holds that

1
Ty = —p St
n

I
+

where the penultimate inequality follows directly from (A.9) and Proposition[A.2]

Finally, combining the bounds on the two terms we get
1 - 1
T+ Ty =—Te[EI %] + O (> ,
n p
proving the claim. O

We conclude this appendix with the proof of Theorem[d.1]
Proof of Theorem As proved in Section @ it holds that Bx (B ; B) = 0, from which follows

2
~ ~ o ~
Rx(B,8) =Vx(B;B) = o Te[SH (S + pepd )]-
By directly applying Proposition it holds

o? ot T o? ot 1
— Tr[X7 (8 + gy )] = o X535 +O0( = |,

n p
where £ = XO\;EX 2 Plugging in the expression of %2 Tr[2{ %] given in (Yang et all 2025
Theorem 3) gives the desired result. L

A.2 PROOF OF PROPOSITION[4.2]

Since we are in the setting where n > p, it holds that By (B ; 8) = 0, which implies

~ ~ 0'2 ~
Rx(B,8) = Vx(B;8) = o Te[SF (S0 + pepsf )

Note that v, = 0 implies that X; = 0 and X = X,. We also note that still holds for X; = 0,
implying that X is of rank p almost surely and, therefore, invertible. Thus, it holds

Te[SF (S + pend )] = Tr[E 7 (S0 + peps ).
To simplify exposition, we break this down into two terms
RX(Eaﬁ) = Vl + ‘/Qa
with V} == %Z Te[S1%], Vo = %Z Tr[$ s ], and treat each of them separately.
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Bounding the term V5. Note that v, = 0 implies n = n,, so we will use these two values
interchangeably throughout the proof. From the cyclic property of trace, we have

0.2 . TS—I
Vo= TS ] = o2 H =L
n n
Note that
. XTx\ !
ST = T ( ) "
n
-1
. ((miﬂ + Lo ) (2,57 + 1] >>
= My et
n
™ T T 1
. (Zs+1%<zs”%%) ) (Zs+1m(zs”ﬂ%) )
= (271/2%) (271/2%)
S n S
= /J'ITZ/ 1ru’ta

(Z —‘,—1,7“11/7')—r (Z +1ng /L;T)

where we use the notation p} = Xy 1/2 ey 1l = g 1/2 s and 3=
Note that due to the assumed bound on the spectrum of 3, it holds that ||uy||, = O(\f ) and
llsll, = O(\/p). Next, let us break down the vector p; into its orthogonal projection onto the

subspace {y/} and {p,}+ as

! !
WM@%,%M:M,%M (A.11)
511

Moreover, as a decomposition into orthogonal spaces, it holds ||/4HSH§ + (s s H; = ||u;\|; = O(p).

py = Héns + 1, Where M;&Hs =

By using this decomposition, we will shift the focus from g to p} | .. Namely, it holds

AR A P Ay (TARE ST
n n

V220'2

1T /
O_2Iu‘tJ_sE/ ll”LtJ_s 420 QIU’tJ_sE/ 1“t\|b +’LLtH52/ 1'UJtH5

vn vn Vn Voo n

2:utlszl 1/’[’th +O< 1 > A.12
v PO\ o

where the last line follows from derivations analogous to the ones around (A.10), this time applying

case 2. of Proposition To ease further exposition, we introduce fi; | s = i \%ﬁ, noting that
[fe1slly = O(1).

In order to bound Vs, we relate >’ ! to its zero-mean counterpart, as it is easier to work with mean
zero data. Towards this end, we write out Y’ as

S (Zs + 1nsﬂlsT)T (Zs + 1n5N;T>

n
(Zs;Zs + ZsTlns.U’.,sT _|_lu’sl;;;r Z / IT>

- + 1,
o ZJ1, )T "z
= <264- ks + £ pam YA
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A~ T
for Xf, == % All the terms above, except the first one, have rank 1, so we use Woodbury formula
to take them out of the inverse when computing /. We introduce the following notation

M ZsTlns
u = Nk v = 7,
U:=[uv]€R*? andC = {ZL (1)] € R?*2,
Under this notation it holds
ZsTlns//sT n /‘/sl;lz—sZS 4 M/SM/ST —ucyUT.

n
Then, using Woodbury formula, we have
ol = (f]’o +uw! +ou’ + nuuT)i1
- (23 + UCUT) B
e A YA A (Gt /A YAy 05 Rty VAL A

We now compute the 2 x 2 block

-l TS -1y — —uTZA)é’lu 1—uTXAJA6*1’u _ [ —a 1-b ]
0 1—v™3" —n—v'X "y I1-b —n—d}’
where ) . . .
a:=u' 3y, b:=0"30 "ty =u" S "y, d:=v"3, .
Hence
3 . —1 1 |-n—-d b-1

Plugging back and simplifying gives the explicit formula:

A o 1 -~ N

Wl =907t~ x 7 (—n—d)uu’ — (1 =b)(uv +vu) —ave) Xy,

which is valid whenever A # 0, i.e., whenever C' -1 UTZA]()*IU is invertible.
We will now analyze the a, b, d terms. First, for some constants c1, ca > 0 it holds almost surely that
ca > M (20) > A (20) > ¢ >0, (A.13)

which follows from Bai—Yin theorem (Bai & Silverstein, 2010, Theorem 5.11), as Z, has i.i.d entries
with mean zero, unit variance and bounded fourth moments. From this, it follows that

al = uTiy —lu
0

1T /
_ ’/j‘s & —1 Mg

lve T v,

JuA o1y || M
< 13567 [l2

\/ﬁ 2 \/ﬁ 2
<c,

as well as
lal > ¢ (M(%5) "t = e>0,

Similarly, we have
T

‘b| _ Ti/ —1 _ I’L.IST 2/ —1 Z;rlns < :LL./S i/ —1 S 1"5 < A.14
= |v o U= \/ﬁ 0 \/ﬁ = \/ﬁ H 0 H2 \/ﬁ = C\/ﬁv (A.14)
2 2 2
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.
where the last inequality follows with high probability over the sampling of Z, since ZS\/%"* isa

vector with p i.i.d entries of mean zero and O(1) variance. Finally, we have
d] = 0TS

T T
nSZS & —1 Zs ]-ng

IR
< Zs—r]'ns ||2/71H Z;r]'ns
> 2
v, vy
< cp,

again with high probability.
We can now prove that, with high probability, A = Q(p). Using Cauchy-Schwarz, it holds that

0% = {u,v)| 41 < JJull g1 o]l 4-1 = ad,
from which it follows that

A=a(n+d) —(1-b2*>an—1+2b=Q(p), (A.15)
since a is lower bounded by a constant and |b| < ¢,/p.
Turning back to the value of interest, we write out
Al ers = 1050 s
1« B -
- [JJ_SZ S ((—n—d)yuu” — (1 =b)(uv" +ou’) —ave) S i
- ﬂ;&sigilﬁtls + Tu,u + Tu,v + Tv,m

where T), ,, is the summand corresponding to uu', Ty to w’ +ou’, and Ty, to vo . We will
prove that each of these terms, except for fi; | 826*1 [+ 1 s, 1S vanishing.

First, we state a useful claim, that for arbitrary deterministic unit vectors w; € RP and wy € R? it
holds with overwhelming probability

wlelé_lwg = % (w1, ws) + O (n_cl) , (A.16)

for some constant ¢; > 0.

Proof of claim in (A.I6). The result follows directly from (Yang et al., [2025| Theorem 27). For
clarity, we refer to the relevant parts of Section B.3.1 of that work. While Theorem 27 is stated in
the more general anisotropic setting, it specializes to our isotropic case by taking A, U and V' from
(B.3) from their work to be the identity. Substituting these choices into equation (B.6) from Yang
et al.| (2025) for z = 0, implies
p_v-1
(6751 (O) + o (O) 1 n ~ .

Substituting this into (B.7) and applying Theorem 27 from the mentioned paper, yields with over-
whelming probability

w] S wy — wfilpwg <n™4
v—1

)

for any ¢; < —1/2 + 2/1. Recalling that Z has its 1)-th moment bounded for ¢» > 4, implies
c1>0.&

We can now use (A.T6)) to tackle the terms T, ,, and T, ,,. Namely, we have that
- L - B
LS = el (2

1muﬁw+omcﬂ)

=0(n=),
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with high probability. From this, it follows that

d N
Ty = "Z fiers Sh uu S iy = O(n~2). (A17)
Similarly,

1-b
|Tu,v|:‘

e S (T ouT) S

= 2 B ) - (S )
—c Z . -

<o) - |52 || |1E67, Maessls

=0(n=), (A.18)

where the last inequality holds with high probability due to (A.13)), (A.14), and (A.13).

Let us denote by In = f and turn to the term 7, ,,. Notice that

Tv = K /]tJ_s i/0_1 'UUTi()_lﬂtJ_s
-1
Cna (1), Z, (2,72Z,\
“A\NVaval T n frls
T -1 ?
T Zs [ Zs Zs _
=C 125 \/ﬁ ( " ) Mt ls . (A]g)
Let us introduce a matrix Q = [¢g1 ... ¢p] € RP*P, whose columns form an orthonormal basis,
such that ¢; = e iy N L"” Then, we have that
T -1 T -1
7T Zs | Zs' Zg - 17 Zs Zs .
N \/ﬁ n Htls = f n Hils

—1
D T
=T Zs Zs Zs _
=t .T( - ) fisLs. (A.20)

Using (A-T6) and a union bound, it holds with overwhelming probability that

-1 B
ZSTZS ~ ~ % H/’LtiSH2 + O(n_61)7 k =4

qk Ptls = T (Gr, flers) +O(n™) = i
n -1 O(n=°), k> 1.

Plugging this into (A.20) yields

-1
A Ay -t Z g ~i1 Z
iT Zs s “s i1 s = 1) —=fit) - —— +O(n= E 1 =g, A21
ns\/ﬁ< o ) el ns\/ﬁutl- 7_1"‘ (=) = ns\/ﬁqk ( )

Let us first analyze the mean and variance of the random variable ln NG [i¢1 s, namely,

n

7. 1 o
E [12 \/ﬁﬂtl_s] =E NG DD Zii(niliess); | =0,

i=1 j=1
7, 1 <&

Var (IT fﬂtj_s = Var NG > Zij(1n,)ilfirrs);
=1 j=1

ns

ﬂmMu—O()
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Therefore, using Chebyshev inequality, we have that

- Z
1) Z2jis| =0 (n7e2),
ns \/ﬁ“u (n )
with high probability, for some constant 1/2 > ¢ > 0. Similarly, we calculate the mean and variance

of the random variable >} _, LTL_ . Z £ q, as

p p n p
- 7 1 -
B I a| =E[—=> > > Zi(1n)ilan); | =0,
k=1 v M= i=1 =1
p 7 1 PP
Var 1; Sqi | = Var | —= Z;, (1n)z(qk) ;

2
 laellz = 0(1).

1o~
22
k=1
Again, Chebyshev inequality implies
.. Z
0= Y11 Zegy| = 0 (%),

with high probability. Plugging the obtained results into (A.2T) and using a union bound on the
probabilities, we get that

AV AN
iT s s s ~ . <
ns\/ﬁ ( n ) Ml >~

i 2

+ ﬁﬂth

it Z
O —c1y iT S
(n ) ; Ny \/EQk
=0 (n*cl/ 2) ,
with high probability. Then, we directly obtain a bound for (A.19) in the form of
Ty =0(n"), (A.22)

which holds for some constant ¢; > 0 with high probability. Combining the bound in (A-T6) and the
three bounds on the terms (A.17), (A.18)) an (A.22), we get

s X "V ss = % ||/1us||§ +0(n™°), (A.23)

for some ¢ > 0. Using this in (A:12) yields

2 7

Vo =
2 U'y—l

H/]tJ_ng + O(n_c)7

with high probability. Lastly, note that

2
~ 1 2 1 2 ro2 1 —1/2, |2 pf 5 s
el =~ iaksalls = = (sl = Ngyl3) = - 152200l - | Emi
sll2 n tlsll2 n tl2 tl|sl2 n s 2 ||Es 1/2‘usH2

Bounding the term V;. By following exactly the proof of the bound of the term 77 in Proposi-
tion[A3] one directly gets the same conclusion that

2 . 1
V1 = i Tr[EalEt] + O <> .
n p
Notice that
. XTX XTx, xV2zT7zxl/?
ZO _ _ s s _ s s Hss )

n n n
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Thus,

2 R ZTZS -1 2
‘iﬁ{z(;lzt] - —Tr $ol2 () sy, =2
n n n

-1
E—l/Qth—l/Q (Z;FZS> ] )

n

Let us write the SVD of E;l/2EtZS_1/2 as

p
2;1/22152;1/2 _ Z)\Z 1/22 Z I/Q)wl w;',

where w; == v;(Xs SV ’y, oy 1 2) Then it holds with overwhelming probability

—1 2 P —1
2;1/2Et25—1/2 (ZSZS> Z)\ (37 12y, ) 1/2) (Z Zs > w;

n n
1

Q

2|

o2
— Tr
n

2
1/2 1/2
NP g (el + 0)

I
‘Q
[ T_‘:M'ﬁ
NgE

a9

-1

|
e N~ 3

Ai(2;1/22t251/2)> +0(n™)

i=1

o2

= Tr (£:2;') + O(n™°),

ny—1

QQ

where the second line holds with overwhelming probability by using (A.T6) and the union bound.
The previous bound also holds with high probability, since overwhelming probability implies it.

Finally, by combining the bounds on V; and V5, one gets that, with high probability,

2

2
. o 0.2 3 Tzs—l ) e
mww—jgﬂ@@)—nahmﬂwﬁ—ﬁgwﬁﬁ = O(n™),
s Hsl||2

for some constant ¢ > 0. Taking the limit n — oo on both sides yields the desired result.
A.3  PROOF OF THEOREM[4.3]

We start by removing o from the fixed point in (4.2) and replacing it by 1 — 2 — ;. We rename
as « for convenience. Plugging this into the definition of R, (M ) we get

2
Ru(M):%Tr [(alM M + azId ) } ZW

where as in Theorem we refer to Ay > --- > )\, as the eigenvalues of the matrix MM T,
Furthermore, the fixed point equation (4.2)) can be rewritten as follows:

L 1 p+na—ng n— ng
= - (s q). (A.24)
:1)\104—&—1—7—@ -2 -« n—p—nua
Thus, we have
2 _ 1 e
RoM)y=2".n(L"" _q)=p2( " n 1), (A.25)
n n—p-—nao 1-2—q
Now, due to the RHS of (A.25)), it can be seen that R, (M) is an increasing function of «. Let us
denote by A := [A1,..., Ap]. Then, for fixed n, p, ns and A, we will refer to a(\) as the solution to

the fixed point equation (A.24). Note that following|Yang et al| (2025)[Appendix B.3.2] we have that

this solutions is unique and 0 < a(X) < L

Consider a function f : RZ, — RY,. We call a function f good, if and only if

P 1 P 1
— < _ . A26
; J)ia(AN) +1— 2 —a(X) ; Aic(A) +1— 2 —a(X) (420

We claim that if f is good, then

a(f(X) < a(X). (A.27)
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Proof of the claim. Consider a good function f. Then, we have

L 1 P 1 n—ng
= = — =n ——1].
; () ()+1 a()\)<;)\ia()\)+l—£—a(/\) <n—p—na()\) >

n

Furthermore, setting o = 0 we get

p

n
> P
—~ f(X 0+1—E—0 n—p
p—ns
n—p

. n-ns
\n-p-n-0 '

By continuity, there exists ag € (0, a(X)) for which

P
n—mns
> = -1).
FNiao+1-2 —ag n—p—nag

i=1

>n

implying a(f(X)) = ag < a(X), which concludes the proof. &

Next, for 4, j € [p] s.t. i < j, we introduce a function f7 : RE ; — R defined as

)\Z‘—C k:Z,
P Ne=qA+c k=17,
)\k k#zal%

where ¢ > 0. We now claim that £/ is good for any 7, j € [p] and ¢ > 0, such that \; > \; + c.

Proof of the claim. The claim is equivalent to

(A —)a(X) +1 -2 —a(X) " (A +)a(X) +1—2 —a(N)

<

1 1 1
(Mi—ca+d  (Aj+c)a+d < A+ 6 + Aja+4

a(Xi+ ;) +20 a(Xi+ ;) +20
(Ma—ca+d)(Aja+ca+d)  (Ma+d)(A\ja+9)
= (Ma+0)(Nja+0) < (M —ca+0)(Nja+ ca+9)
< ca(hia+6) — ca(Aja+8) — a® >0
= ca?(\i — \j) > c?a?
= AN >\ +e,

—

which proves the claim. &

This implies that, for ¢ € (0, 1), transformations of the form
()\i7 )\J) — (t)\z + (1 — t))\j, (1 — t))\i + t)\j), (A.28)

are good.
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Let us denote by X' = [1,...,1], which corresponds to eigenvalues of I, = M'TM’, that is

M’ = I, € M. Pick any X' = X' that corresponds to some matrix M” € M, so it satisfies
A >Ny > > N as well as P N =p.

We recall the definition of majorization, as it will be used to conclude the proof. Namely, we say that
Z € RP is majorized by i € RP whenever for all k € [p]

k k
Z Ty < Z Yis
i=1 i=1
and

P P
E Ti = E Yi.
i=1 i=1

Firstly, we claim that X is majorized by X Suppose otherwise, that for some k € [p]

k k
SN <D 1=k,
=1 =1

implying also that A}’ < 1. Then, we have

p= Z/\” rtk<(p—k)+k=p,

which is a contradiction.
Next, as X is majorized by X", X’ can be derived from X" by a finite sequence of steps of the form in

(A.28) with ¢ € [0, 1], see (Marshall et al., 1979, Chapter 4, Proposition A.1). Since both vectors X’

and N are non-increasing, the ¢ = 0 transformation can always be omitted. Moreover, ¢ = 1 is just
the identity transformation, so it can also be omitted and we actually have ¢ € (0, 1). In formulas, we
have that

N = 11 Jl( f“ 1 ()\//) ).

Since each of the functions above is good, we have that a(X') < a()\”). As R, (M) is increasing
with «, the smallest R, (M) is achieved for \' := [1,...,1], thatis, M,,, = M’ = I,,.

A.4 PROOF OF R,(nM) < R, (M)

Consider the function g, : Rgo — Rgo defined as g,,(X) = 775(, for some 1 > 1. Note that, for all 4,
1 B 1 < 1
gn(X)j,Oz—Fl—%—oz nia+l—2—a " Na+1-2—a

Thus, gn(X) = nX is good in the sense of dA.26[). From (]A.27[), we obtain that a(nX) < a(X). This
implies the desired result as R, is monotonically increasing in « from (A.23).

A.5 COEFFICIENT DEFINING SYSTEM OF EQUATIONS OF THEOREM [4.4]

The (a1, a2, as, aq) is the unique solution, with a1, as positive, to the following system of equations:
1 S A s 1 S .
0_1_,/wdﬂ'p(/\s’)\t)’ 0= l_,/al—de()\s’)\t),

@A+ aA +1 7 AN+ asht + 1
(A.29)
1 az\® + ag\t N . 1 [az N +X\ (azas—asar) )
= dH,(\°, \ = — dH. (0% )
ai+az /(a1)\5+a2)\t+1)2 ;0( A, a1 7/ (al)\s+a2)\t+1)2 p( A,

and (by, by, bs, by) is the umque solution, with by, by p0s1t1ve to the followmg system of equations:

0_1_7/[) biA® + boA! dﬁp()\i)\t), _
1

dH, (), \!
A8+ bt + 1 (A% A,

(A.30)

/ biAs + bg/\t +1

(bg =B A+ AN (Bgbs—babi )
(b1>\5 + oAt + 1)2

s _ t t _ t A
o:/ (b3—biAD)+AE(by—baAt) dH, (A%, \h).

dH, (A, \), 0=
(b1>\5+b2)\t+1)2 P(A 7)\)7 0 /
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A.6 PROOF OF THEOREM [4.4]

Recall from (3.5)) that bias and variance for non-zero centered data can be expressed as

~ ~ 0'2 ~
Bx(3;8) = 5TH(Et + ut,u;r)HB and Vx(B;8) = . Te[XF (3 + ,U'tM;r)]v

where ¥ = XTX /mnand Il =T — DD (projection on the null space of X). To obtain the wanted
result, we make a connection to zero-mean data and then use results from|Song et al.[(2024)) to handle
the zero-mean case. Unlike in the under-parametrized case, the bias term does not necessarily vanish.
Thus, we start off by breaking it down into two terms

Bx(B; B) = Bx(B; B) + Bx (5: B),
where B} (B, B) = BTIX,I1B and B% (B, B) = BT Tlusu, TI3. Moreover, we split the variance

term as A A .

Vx(8; 8) = Vx(B; B) + VZ(B; B),
with Vi (5; 8) = = Te[S+5,] and VZ(5; 8) = Z Tr[SF ey | We will deal with each of these
terms individually.

BoundinAg the term B% (3, 3). Recall that X,, = % Then, similarly to l| we can write the
SVD of ¥ as

i=1
where & < min(n,p) = n is the number of non-zero singular values of Xn As in l| we can
conclude that £ = n. Therefore, we have

n p
I-3T8=T-) oi(X)vi(Xn) " = D vl Xn)vi(X,) "
i=1 i=n+1

By definition, it holds that ITy; = (I — 3% %), from which it follows

P
Mo = > i) (oK) o) -
1=n+1
Due to Proposition[A.2] it holds almost surely that

(01(X0), )|
el

(v2(Xn), 1) |
sl

from which it follows

S SN [CTE AP

1=n+1

2 1 )
< o [[1elly = c.

Since § sampled independently from a sphere of constant radius and I is of bounded norm, it is
standard result that | (3, ITu;) |2 is sub-exponential and, using Bernstein inequality, we can get that

5 2 1
B%(8,8) = |8 Myt , = (8, Tae)|* = O (p) , (A31)
with high probability over the sampling of 5.

Bounding the term B ( B ,B3). We first introduce an object coming from a bias term of a ridge
regression estimator with coefficient \:

BY(\) = N2BT (S 4+ M) sy (S + A8, (A32)
defined for any A > 0. It is more convenient to work with B% () than B (3, 3) and, in addition,
B (\) approximates well B (3, 3) for small \. We formalize the second claim as

BX(B,B8) — Bx(\)| = 0()) (A33)

proved in the same manner as (Song et al.l 2024] D.82). For convenience we also catry out the proof
here.
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Proof of the claim in 1| . Let us write the SVD 3 = UDU " . Moreover, we denote by 1p—o
and 1p~¢ the diagonal matrices such that

0, D;;#0 R
(1p=0)ii = {17 Di;=0 (1p>0)ii = {07 D;;=0

Then it holds that
BY(8;8) = BT(I -S"8)5 (I - £t%)B
=BTUlp_oU 'S,Ulp_oU'B
=B"Ulp_gAlp_oU'B
= [|AY21p-0U T 8113,
where we set A := U " ¥, U. Furthermore, we have
BY(\) = A28T (S + A7 (Z 4+ A7
=\NBTUMD+N)TTAD + AU B
= |AY2XN(D + AI)"U T B2,

Therefore, we have

VBL(B:8) — \/BL O] < 14Y2(1p—0 — X(D + AU B2

< || Ally*IAD + A1) "M psol2
<c /\A = 0O(N),
Un(z)

where the third inequality holds as || A2 = ||2¢]l2 = O(1) and the last inequality follows from
Proposition in the same manner as (A.9). Notice that BY(\), BX(8;8) = O(1), since

18]35 [|2¢]|4 = O(1) and 6,,(X) > c. This finally implies
|BY(3:8) - BX (V)| = 00,

proving the claim. &

The next step is to prove the claim that, for 1 > A > p~%49_ it holds that
. R A2
BY(\) = A2BT (S0 + M) 712 (S0 + M) 1B+ 0 () . (A.34)
p
Proof of the claim in (A.34). Towards this end, we have
- 1
Y=—(X'X
LxTx)

(XO + 17%/%;r + 1ns/$;r)T(X0 + 1ntﬂ2— + 1”3“;—)

x0T x0 . X0 1, ] . X1, 1l L el X0 ply, X

I
/3=

Tt 0
+ el + g |
Y Y

n n n n n
where abusing notation we write 1,,. = [1, ..., 1, 0, ..., 0]T € R™*! (n, ones followed by n;
zeros)and 1,,, = [0, ..., 0, 1, ..., 1]T € R™*! (n, zeros followed by n; ones).

All the terms above, except the first one, have rank 1, so we use Woodbury formula to take them

out of the inverse when computing (fl + AI)~L. We consider the case ¢ # 1, as the case ¢ = 1 is
analogous (it is in fact easier as some steps can be omitted).
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A~ 0 0
We first focus on the term (34 A7)~ ! and demonstrate how to handle X1 el e X + % Ll

’ILt Mf +
For this purpose, we introduce the following notation

T
Xo 1n1p,t /LtlT X Yt T

A=+ A - : — g
n n vy
X0
= L\/t—, v = fnt7 (A.35)
n n
e
U:=[uv] € RP*? and C = BV 3] € R?*2,
Under this notation it holds
X1, 1) 17 X0
- t/’Lt + /‘Lt . _|_ %/J/t/,l/;r _ UCUT
Then, using Woodbury formula, we have
—1
(S+ M)t = <A +uv’ +ou’ + n%uuT>
v
=(A+UcUu")!
At Aluct-uTAT ) luTATL
We now compute the 2 x 2 block
Ol 0T A — —uT A"y 1—uTA [ -a 1-b
1—v'A —nlt— v A T |1=b —nt —d]”
where
a:=u A lu, bi=v A lu =u" A", d:=v A . (A.36)
Hence
1 [-n2—-d b-1 o
-1 _ T p-1y-1 _ + ~ — It (1 —p)2
(C U A7) A{ b1 —a}’ A a<n7+d> (1-0)". (A37)

Plugging back and simplifying gives the explicit formula:

(S+A)t=A"1— %Ail ((n% - d) uw’ — (1—b) (' +ou') —a va> ATH
v

which is valid whenever A # 0, i.e., whenever C' —1 _UT AU is invertible.
We will now analyze the a, b, d terms. First, recall that

x0'x0  x0T1, 4T p1l X0

A= —+ - + ’;L +7 u5u6+/\1_2 + A,
where 3, = (X0 ln,p] )n(xo+1"5“5) Thus, we have
A7, < A7
From this, it follows that
—1 Mt Ht -1 Mt -1
la| = |u" A7 H ! —| ||A —| <eAT
T e R e

Similarly, we have
|b] = |UTA_1’LL|
_‘ :u’;r AleOTlnt,

Vs N
<[l g, A e

il 7
<eX N,

32



Published as a conference paper at ICLR 2026

0T
where the last inequality follows with high probability over the sampling of X°, since X \/ﬁlnt isa
vector with p i.i.d entries of mean zero and O(1) variance. Finally, we have

|d| = |vTA*1v|
1, X0 = X071,
T Vn NG ,
0T 0T
- X071, 1Al X071,
\/’E 2 \/H 2
<cAp,

again with high probability.
From a slight adjustment of the second part of Proposition[A.2] it holds for the top singular value

1(A) = oy () £ A= (m (W» +A=0(p),

and for the corresponding right singular vector

(e ] = (o) = o () ) =y o ()

Note that, for ¢ < 1, it holds that ‘<
Cauchy-Schwarz gives

el Hu H >’ = ¢ < 1. Using the triangle inequality and
slla tllo

s 1
<U1(A), Mt > §‘< Hs , Mt >‘+"I}1(A)— e L S(P"‘O()
el sl [l el sl Nl 1 leeello 1l p
Therefore, it holds that
- —1 Mt
la| = |u" A" Ht !
| ==

2

(. 5)
() o)
> (o )|:f||2>2
aiA)Z () :fuz>

(1o ())

since g5 (A) = 09(2,) + A = O(1) due to the second part of Proposition Note that, for p = 1,
we do not need this argument, as the p terms are taken out of the inverse as well. In that case, we

take A = ( nX SNDY ), which immediately gives 01(A4) < c.

P
>

p
< ZJZA

1

1=
p
DB
Uz

K2

2

Y

2

M‘@

>c

[
o

We can now prove that, with high probability, A = Q(p). Using Cauchy-Schwarz, it holds that
0 = {u,0) [ 41 < Jull g 0] 4s = ad,

from which it follows that

A:a(n%—i—d)—(l—b) > anlt — 1426 = Q(p),
Y Y
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since a is lower bounded by a constant and [b] < cA™!/p < cp®9?.

At this point, we have all the necessary bounds and we work towards proving the claim. We first
expand the bias term

BY(\) = X287 (S + MDD (E+A)7IB
= AT+ AN (A+UCUT) 1B
=XNBTE+ANTIS (AT AT u (et U TAT )T UTATY B
= N3+ A8 AT B+ S,

where S := —\28T (X + M) '8, AU (CT - UTATIU)WUT A8,
We now prove that .S is small. To do so, we decompose

S=-NTNE+A) AU (CT -UTATIU)TIUTATB
B 1
=\ (2 + AI)—lth At ((n% + d) wu' +(1=0) (ww" +vu’) +a va) AT'B
v
= Tu,u + Tu,v + T’u,vy

where T, ,, is the summand corresponding to uu’, Ty to w! +ovu', and Ty to vul. Zooming
in on one of the terms, it holds that

Tu7u = /\25T(ﬁ] + A])—lxtw AL uuTA_lﬁ

A
_ </3, (S + AI)‘12t7<”7t/Z D g u> (WA ).
Note that
~ _ ny/y+d) ~ _ /vy +d _
‘)\Q(E—H\I) m%/x Ly S)\QH(E—H\I) 1H2||Etuz%ux4 U, lel
2

<edt
and [|u” A7!||, < A", Using this, we get that, with high probability, it holds
)\72
Tyl < c—.
p
This is similar to how we obtained (A.31), since 3 is sampled independently from a sphere of constant
radius. With analogous passages, we have that
A2 A2
‘Tu,v‘ S civ ‘Tv,v‘ S cC——
p p
holds with high probability over the sampling of 5. Putting all together, we get
- A2
BY(\) = BT (S+ M) A8+ 0 () .
p

Using the same argumentation applied now to (£ + A\)~1in A287 (S + AI) 12, A1 3 gives
)\—2
BY(\) = X874, 471840 () .
p
Lastly, doing all of this again to take out the terms containing i, from A, i.e., by taking

- X0 1, 0l psl] XO .
A= A— nobs  Metne® s T = 8 4+ A
n n ~

we get

B ~ -2
Bx(\) =XNBTAT'S, A7 8+ 0 (Ap) ,
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proving the claim. &

From (Song et al., [2024] D.82), it follows that

BT %, o8 — A287T (20 n M) s, (20 n )J) o B‘ — o), (A.38)

where ITy = I — 3¢ . Thus, by combining (A.33), (A.34) and (A.38), we conclude that

N -2 .
‘B}((ﬂ,ﬂ) - /BTHOEtHOﬂ’ =0\ +0 (Ap> =0(p~/3), (A.39)

where the last step is obtained by taking p = A~1/2 (this also satisfies 1 > X > p~949, which was
required to obtain (A.34)). As Bx(8,8) = B%(3,8) + B%(B,) and B% (8, ) = O(1/p) with
high probability by (A.31)), we conclude that

’Bx(B,ﬂ) - 5THOEtHOﬁ’ =0(p~'/?) (A.40)

holds with high probability over the sampling of /3 and X . Plugging in the expression of 5 ITo 3,113
given in (Song et al.| 2024, Theorem 4.1) yields, with high probability,

5 o b3)\s + (b4 + 1))‘t A s \t —c
Br(5.0) = [ G G X A + 0,

where (b1, ba, b, by) is the unique solution, with by, b positive, to (A.30). Taking the limit p, n — co
gives the desired result for the bias term.

Bounding the term V2 (3, ). Notice that the term V2 (3, 8) coincides with T} from Proposition
Moreover, we can follow the proof of the bound on 75 verbatim, only substituting p for n in
appropriate places (as we are now in an over-parametrized setting) to get

A 2 . 1
VZ(3.8) = = lSf up ] = O (p) : (A41)

Bounding the term V}( ( B ,B). To make a connection with zero-centered data, we will first prove
that, with high probability, it holds

2

o 1

Tr[Ety,) = % TS + 0 () : (A.42)

V)l((Ba/B) = /7

n
Similarly to the computation for B ( 8, 8), we introduce an object coming from a variance term of a
ridge regression estimator with coefficient A:

Vi(A) = % Te[(S + M) 7285y,

defined for any A > 0. It is more convenient to work with V() than V}((ﬁ ,B) and, in addition,
Vi (\) approximates Vi (3, 3) well for small \. We formalize the second claim as

V(. 8) — VA ()| = 0, (A43)

proved in the same manner as (Song et al., 2024, D.78). For convenience we also carry out the proof
here.

Proof of claim in (A.43). Let us write the SVD ¥ = UDU T Then it holds that
X 1
Vx(B,8) = - Tr(UDTUTSY),

1
Vi(\) = - Te[U(D + M) "2DU T%,].
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Therefore, we have

V(8. B) — v)m)\ = % ITe [UTs,U (DY — (D + AI)~2D)]|

n

1 1 M(D)
<loT=dll g 3 O )
1 2X
= 7 (D)2
A
—C e O

Here, we used the inequality 2~ — (2 + A) =2z < 2)/x2 and the fact that 32 has n non-zero singular
values, each bounded below by a constant, which follows from (A.8). This completes the proof of the
claim. &

Relying on the derivations in (Song et al.,|2024, D.2) we have that

V(N = dci (ATr(Et(E—F)\I) ))

Let us denote by

. A .

V) = 2T (zt(z + M)—l) .
We claim that, for any ¢ > 0, it holds

‘v;(() = (VX(A+t)\) f/;(x))‘O(tA?). (A.44)

Proof of claim in[A.44, We begin by transforming the LHS:

() =+ Tx <zt = ((A ) (B0 (s )\I)_l>)

1 . -1 1. -1
(Ammz) —<A2+I> ))
1. AR 1 . 1 . -1
(o) (oo st 1) (o))

)\I)_l S (2 + (M + t)\)I)_l)

Il
3|
=
/N
i\
Sl

Tr <(2 F A+ tA)I) (2 + )\I)_l 2&) :

where the last line follows from the cyclic property of the trace and the commutativity of s,

N —1 R —1
(2 + )\I) and (z + A+ t)\)I) . Plugging this into the LHS of (A.44) yields

v§<A>—;(}<A+u)—V§<A>)\
_ (( (S+a1) " — (S 0rm) )(iHI)—lizt)‘
. (( + (A1) )_1(2+>\I)‘222t>‘
< ‘zt <E+()\+t)\)1)_ (5 + )2 2?%2:0(&2),

where the last line follows from the bound & Tr 3 = O(1), which holds due to Proposition &
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Let us denote the zero-centered counterparts of the corresponding V3 terms as
A 1 .
VR(B,B) = TSI R

VOO = L T[S + A28 = 4 (A (zt(io + AI)*)
X n d\ \ n ’

- A A
0(y) — 2 -1

VRO = ST (zt(zo + M) ) .

Analogously to (A743) and (A.44), it holds that

3 1 /-~ -
‘Vg(ﬁ’ B) - V)%(A)’ =0, ‘V)‘?(A) - (V)‘Q(A ) - V;%(A))’ — O(tA"2). (A45)
The next step is to prove that, for 1 > X\ > p=049,
. . -2
V() =Vy(\)+0 (An ) : (A.46)

Proof of the claim in (A.46). Expanding the expression, we want to prove that
_ A . N A . B A2
TEO) = 2T (B(S+AD7) = ST (S + A1) +0 (2.

Notice that V,} (A) crucially contains (3 + AI)~! in its expression, which we have already analyzed
in the context of B% (3, 3). Recalling the definitions of A, u,v,U,C,a,b,d, and A from l)
(A.36), and (A.37), we can then expand Vi ()) as

A S 1) A Ty-1
ST (ZE+An) = ST (Z(A+UCUT) )
Ay (S (A —A'U(CcT -UuTATIU)TIUTATY)
n
= é Tr (ZtAil) + S,
n
where § == —2 Tr (S, A~'U (C~' —UTA™'U)"'WUTAY).
We now prove that S is small. To do so, we decompose
S = A Tr (Etl At ((n% + d) uw’ + (1 —=0b) (ww" +ou')+a va> A1>
n A y
= Tu,u + Tu,v + T’Uﬂ))

where ’f’%u is the summand corresponding to uu ', Tum touv! +ovu', and Tv,v tovv . Zooming
in on one of the terms, it holds that

N 1
Towe 2Ty <2t A1 (n% n d) uuTA—l)
’ n A ~
Yt
A

nit +d
’YTUTAilztAilu.

Tr (EtAfluuTAfl)

Note that

—2
A mea ], < 2

T

)

and |lu||, < c. Using this, we get that, with high probability, it holds

N A2
[Tyl < c—.
n
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With analogous passages, we have that

. A2 A2
‘Tu,v‘ S 07, ‘T'u v‘ < cC—
n n

holds with high probability over the sampling of Z. Putting all together, we get
A - A A2
Ay (zt(z + AI)*l) =2Te (A7) 4+ 0 () .
n n n

Lastly, doing all of this again to take out the terms containing s from A, i.e., by taking

. X1, 0T el X0 4, .
A=A— TS RISV &
n n vy

we get
A N A N -1 A2
ST (zt<2 + AI)‘l) =2 (zt (20 + /\I> ) +0 () ,
n n n
proving the claim. &
Finally, combining (A.43)), (A.44), (A.45)) and (A.46), for 1 > X\ > p~%49 and ¢t > 0, we have that

VA(3,8) - V(5 8)| < |VE(B.8) - VA \+|VX — VR + VR (B 8) - VR
<O + [VE() - a (f/}(()\ +HA) — V;w)‘

FR0) — 5 (VRO 1)~ 7 (A))’

| (04 ) = T30) = 5 (TR0 -+ - TR )

SO()\)+O<)\2>+1‘V§(/\HA) /\+t)\‘+ ‘VX f/)%(/\)‘

AT
— O\ +O(EA"2)+ ( )
Taking t = A3 and A = n~ /7, we get ‘VX B8,8) — V(B,5) ‘ = —1/7), proving the claim from
(A.42). As Vx (B; B) = VE(3; 8) + VZ(B; 8), and VZ (53, 8) = 1/p) by we conclude that
A o? S+ T o’ SWE —1/7
Vi(B:8) = T TS (S + o] )] = T TlE{ T + 0 (p77)

Plugging in the expression of %2 Tr[fla' 3] given in (Song et al., 2024, Theorem 4.1) yields, with
high probability,

At(ash® + ag\t) - , _
=—— dH,(A%, A ¢
w(Bi) =~ [ X LBR 1,00 ) + 0,

where (a1, az, as, aq) is the unique solution, with a1, as positive, to (A.29). Taking the limit p, n —
oo gives the desired result for the variance term and concludes the proof.

A.7 PROOF OF THEOREM [4.3]
For ¥, = I, and &, € RYGP, it holds that

Ro(Es, I, B) = V(Xs, Ip) + B(Xs, I, ).

We analyze each of the two terms separately.
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Calculating B(X;, I, 3). Note that , = I, implies \! = 1 in all the equations in . Plugging
this in, one gets that the third and fourth equation in (A-30) are satisfied for by = by and b3 = b;.
From the uniqueness of a solution (b1, b, bs, b4) to the whole system of equations in , and the
fact that b3 and b4 only show up in the mentioned third and fourth equation, we get that it must hold
by = bs and b3 = by. Plugging this into the bias term we get that

. b3 \® + (b4 + 1))\t N s At

B(3s, Iy, B) —/(blASHMtH)Qde(A DY)
7/ bIAS + by + 1

(bl)\s + by + 1)2

dGp(A\*, \H)

Z B ) u’L
by )\s + by + 1’
noting that u; € RP? is the eigenvector of the matrix 3, corresponding to the eigenvalue ;.

Recall that we have assumed in the setup of Section[d.2]that /3 is sampled from a sphere of constant
radius, which we will denote by SP~*, i.e., 7 = || 3]|,. We now prove concentration of B(X, I,,, 3)
over this sampling of 5. Towards this end we introduce a matrix A € RP*P such that

P
1
B(S.,1,,8) =BTAB, A=) —————uu,.
( pB)=8 AP — biA; + by + 1

Notice that first equation of (A.30) yields
z”: b +b
Yp = biAi+ba+1 ’
which gives

1
r(A) Zl_:l bx t bt D

Since both by and by are positive, as stated in Theorem [4-4] it holds

1
Ally,=MA) = —— < 1.

Note that

’U,i>2

P
T _ < ’
Eprrsr2f AP _E; DA+ by 1

_ i;Ew u->2
7i:1b1)\f+b2+1 o

1< 1 )
SES D
pEL b byt 1
P72 (A.47)
p

Furthermore, the function 3 — BT A is Lipschitz over the sphere. Namely, for two vectors
B1, B2 € rSP~1L it holds that

|8y AB1— By AB2| < B8] A(B1—Ba)|+183 A(B1—B2)| < 2r || Al 181 — Bally < 27 181 — Bally -

Then, due to the concentration of Lipschitz functions over the sphere (Vershynin, 2018, Theorem
5.1.4), we get that, with overwhelming probability,

|8TAB —EBTAB| = O(n~),
for any constant ¢; < 1/2. Plugging (A.47) gives

B(Ss, 1, 8) = 8T AB =

n 2 + O(’I’L_Cl),
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with overwhelming probability. We can readily calculate the bias term for ¥, = I

B £ <5,uz‘>2 _p—n 5
B(IZNIpaﬁ)*Zbl == .

Thus, for any ¥, € RITP, we have
B(I,, I, 8) < B(Xs, I, ) + O(n™), (A.48)

with overwhelming probability.

Calculating V(X,, I,,). Note that

1 /\t(a3)\s + (l4)\t)
Y, 1) = —0?=
V( 5 p) g ’7/(&1A5+a2)\t+1)2

1 asA® +a -
2 3 4 s\t
=—0?> [ —C " dH,(\,\
07/(a1/\s+a2+1)2 P A

=o%(ay + ay), (A.49)

where the last equality follows from the third equation in (A.29) and the fact that A} = 1 for all
i € [p]. Moreover, subtracting the second from the first equation in (A.29) yields

dH, (A%, \)

s 1S
0=1-To_ 2N (A.50)
YA p S e fax+1

Analyzing just the first equation in (A.29), we get

1 P 1 1 P a1/\f+a2
e S e e W e it
Y a1 A} +az +1 vp arXi +as +1

i=1 i=1
which gives

a 1
Zalx\f—i—ag—i—l —pon

i=1

Plugging this into 1| we get that as = 1’1"7. Therefore, a1 is the unique solution to

P
ZL:pfn, (A.51)

a1\l + ¢
5 WA T C2

for cg = -2~ 4+ 1 > 0. From 1} we have that V(X, I,,) only depends on X, through a, with

1—
which it mogotonically increases. To conclude this section, we will apply the majorization argument
from the proof of Theorem [4.3] with a slight modification. Almost all parts of the argument are
analogous, and we restate them mainly for convenience.
Let us denote by \* = [Af,...,A7]. Then, for fixed n, p and X, we will refer to a; (X*) as the
positive solution to . Note that from Theorem [4.4] we have that this solution is unique. Consider
a function f : R% ; — RY . We call a function f good, if and only if

1 P 1
= = < _. (A.52)
i=1 al(AS)f(As)i + c2 i=1 al()\s))\f + c2
We claim that, if f is good, then
ar(f(A%)) < a1 (X%). (A.53)

Proof of the claim. Consider a good function f. Then, we have

u 1 u 1
Z = <27:p—n.

(OO + e S ar(N)A F e

S
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Furthermore, setting a; = 0 we get

P 1 1
Z :p Yt +1

i=1 O-f(XS)Z-—ch T—
p—n
pP—"Ns

>p—n.

=P

By continuity, there exists a} € (0, a1 ()*)) for which
- 1
i=1 alf(As)i + co
implying a1 (f(X*)) = @} < a1(X*), which concludes the proof. &

Next, for 4, j € [p] s.t. i < j, we introduce a function f7 : RE | — R defined as

A —c k=i,
f? Nk = A +¢ k=1,
N kA,

where ¢ > 0 is a constant. We now claim that f% is good for any i, j € [p] and ¢ > 0, such that
Aj > A+ e
Proof of the claim. The claim is equivalent to
1 1 1 1
= +—= < = +—= .
ar(A)(Af =)tz art(A)(Ai+co)+e2 ar(M)Af +c2 ar(A)AT + ¢

For simplicity, let us denote a := a; (XS) Then,

1 1 1 1
+ < +
a(A; —c)te2 a(Aite)te  aAtc adite
a(Af + A7) + 2o a(A; +A5) + 2co

(Afa—ca+ca)(Njatcatca) ~ (ANa+ca)(Aa+cz)
(Aja+c2)(Aja+c2) < (Aja —ca+ ca)(Aja+ ca+ ca)
ca(Nja+ c2) — ca(Nja + c2) — ?a® >0

ca’(\§ — AZ) > c*a?

= A\ >\ +g,

—
=
<~
—

which proves the claim. &

This implies that, for ¢ € (0, 1), transformations of the form

(A7, A7) = (BA] + (1= 1)A], (1 = )A] + X)) (A.54)
are good. Let us denote by Nid = [1,...,1], which corresponds to the matrix I,,. Pick any s #* Xid

that corresponds to some matrix X, € S, so it satisfies A; > A5 > --- > /\IS), as well as Zle AS =p.

Firstly, we claim that Xid g majorized by X5 Suppose otherwise, that for some k € [p]

k k
dDx<d 1=k
=1 i=1

implying also that A{ < 1. Then, we have

p
P=Y N<(p-kMN+k<(p-kl+k=p,
i=1
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which is a contradiction.

Next, as A is majorized by X5, Xid can be derived from \* by a finite sequence of steps of the form
in ti with ¢ € [0, 1], see (Marshall et al.,|1979, Chapter 4, Proposition A.1). Since both vectors

Xid and X* are non-increasing, the ¢ = 0 transformation can always be omitted. Moreover, ¢ = 1 is
just the identity transformation, so it can also be omitted and we actually have ¢ € (0, 1). In formulas,

we have that o L
d— Jel P (oo fa P (N ).

Since each of the functions above is good, we have that a; (X'¢) < a; (X*). As V(2s, I,) is increasing

with ay, this directly implies that, for any X, € RGP,

V(IP7IP) S V(Z€7IP)
Combining this with (A.48), we get
Ro(lp, Ip, B) < Ro(Xs, Ip, B) + o(1),

with overwhelming probability, which concludes the proof.

A.8 WEIGHTED OBJECTIVES UNDER DIFFERENT LABEL NOISE

Let us suppose we work in the setting where the label noise €(;) differs between real and synthetic
data. A natural way to account for this in training is to assign weights exactly inversely proportional
to the corresponding noise levels. Thus, let w; be the weight assigned to the real data, and ws the
weight assigned to synthetic data. This leads to three possible regimes:

* w; < ws. Here, synthetic data effectively determines the estimator. In this context,
we would be in the scenario of Proposition @ As discussed there, both the mean and
covariance discrepancy play a role, and thus the resulting optimality condition differs from
the mixed-data case.

* w1 > we. In this regime, the estimator is driven almost entirely by the real data, reducing
to the classical setting studied by Hastie et al.| (2022)). Consequently, the choice of synthetic
data has negligible impact.

* wj; ~ wsy. This is arguably the most interesting case. The current theory applies directly,
since weighting real and synthetic observations is equivalent to scaling (3¢, i¢) by wq and
(3, pis) by wa. Then, by adjusting Theorems4. 1] E . ﬂandﬁ one can prove that the

optimal choice becomes >3 ~ %L3,.
wa

Thus, the qualitative conclusion remains unchanged: matching the synthetic covariance to that of
the real data is optimal, where the weighting reflects the appropriate scaling depending on the trust
placed in the labels.

B MODEL SHIFT

In this section we give a precise estimate of the excess risk of the min-norm interpolator using both
training and augmenting synthetic data under model shift, assuming no covariance shift is present.
Interestingly, the difference in means once again does not affect the characterization. Furthermore,
depending on the intensity of model shift, synthetic data may have limited or even negative effect.
By characterizing this, the resulting formula suggests a simple training heuristic for synthetic data
training in the presence of model shift. We focus on the under-parameterized regime, which offers a
technically cleaner setting for analysis. Extending these results to the over-parameterized regime is
more involved, though we anticipate that existing techniques should make this feasible. We leave this
extension for future work.

B.1 PRELIMINARIES

Data model. We consider the setup of Section [3] with the addition of possible model shift. This is
modeled as

Yy = X@)Bu) + €ays (i) € {t, s}, (B.1)
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where (3(;) € RP, and it is no longer necessary that 3, = ;. Note that this is a common modeling
in the transfer learning literature, as done in prior work (Song et al., 2024} |Yang et al.| 2025). This
setting allows us to explore the impact of model shift on generalization error, as the true parameter is
no longer shared between training and synthetic data. Lastly, to emphasize difference in means we
will assume that the synthetic data is normalized, i.e., jzs = 0, while keeping ||1i||, = 7¢1/P-

Risk and estimator. ~As in Section [3] we test estimators on data sampled from the same distribution
as the training data (X, y;). Then, under the adjusted data model, the formula for the risk can be
broken down into a bias and variance term as in (3.3)). Namely, it holds

R (B; Be, Bs) = BB | X] = Bell3, 4 7 + Tr[Cov(B | X)(Ze + peps )]
:= Bx(8; B, Bs) + Vx (B; B, Bs)-

We are interested in the performance of the minimum norm interpolator. Its closed-form solution is
unaffected by adjustment to the data model, i.e. it remains the same as in (3.4), i.e.,

(B.2)

3 = argmin {|[b]|o : b minimizes ||y — Xb[3} = (X X)* X Ty. (B.3)

Substituting into the excess risk decomposition (B.2) yields closed-form expressions for bias

- T T T Tys+ XSTXS
Bx (B B, Bs) =By (¢ + puepte By — 28, Ty + pepy )2 o (Bs — Br)
(B.4)
X)X\ ¢ on (X)X
M C ) AR i GRS TERES
and variance )
~ o ~

Vi (B: Brs Bs) = —= Te[F (31 + pepd )], (B.5)

where 32 = XTX/nandIl =T — S8 (projection on the null space of X).

B.2 THEORETICAL RESULTS

As mentioned at the start of Appendix [B] we aim to characterize the excess risk of the min-norm
interpolator under model shift, when no covariance shift is present.

Let us assume that 1 + 7 < v < 1/7, implying that n > p, which makes the setting under-
parameterized. Thus, > = X T X/n is full rank almost surely, which implies that [T = [ — X3 =
I — 3713 = 0. From (B.4), it follows that

XTX,
n

(ﬂs - ﬁt) (B6)

A T
Bx (B:Bt,8s) = (Bs — B1) ( XSTLXS)

> S (S A+ pep )BT (

We additionally constrain the number of samples as 1 + 7 < y,vs < 1/7and 0 < ¢ /v < 1/7.
Similarly to Section Bs and B; are sampled from a sphere of constant radius, independently from
X, €4, 5. We will work in the setting where population covariances match, i.e. X3 = X, highlighting
the influence of model shift.

The following result provides a precise asymptotic characterization of the excess risk and, in doing
s0, it extends results by |Yang et al.[(2025) to non-zero centered data.

Theorem B.1. Let ¥y = Y. Then under the assumptions from Section[3|and the start of this section
it holds

. 2
lim \Rx(ﬁ;m,m ~ |28, = 80| 51— 02 52| =0,
n—o00 2
where
nZ(n —p) + pnsny D
S1 = 3 5 S9 = .
n?(n — p) n—p

This theorem has an interesting implication. Unlike in the under-parameterized setting without
model shift, the inclusion of synthetic data can degrade performance in the presence of model shift.
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As discussed in the random-effects framework (Section 4.2 of (Yang et al., [2025))), different shift
intensities can cause different effects from training on synthetic data. This observation suggests that
when covariances are matched, a practical training strategy would be to gradually downsample the
synthetic dataset until the performance begins to decrease. We refer the reader to the above-cited
work for a more detailed discussion of these phenomena.

We now proceed to prove the main theorem of this appendix.

Proof of Theorem B.1. Firstly, note that under the assumption s = 0 it holds that Xy = X g, i.€.,
synthetic data is centered. Next, from @]), we see that the risk can be broken down into the bias and
variance term. We will handle each of them separately. Let us start by splitting the bias term in

into two components, i.e., Bx (B, B¢, Bs) = By + Ba, where

0Tyo\ . A 0T vo
R e e

oTyxo\ . . 0T yo
By = (Bs — )" (XSnXS> ST ppd B <X8X5> (Bs = B)-

n
Bounding the term B;. We will first prove that
XOTXON 1o ey (X0 X0 1
Bi=(8-5)" <n> £515.8," (n Go-so+o(5). ®

The argument mirrors the proof of (A.34), and we include it here to point out the necessary modifica-
tions.

Proof of the claim in (B.7). It holds that

A1
Y=—(XTX
S(XTX)
1
X0Tx0 x0Ty, 17 X0
_ ( N o Pl XD )
n n n ¥
where abusing notation we write 1,,, = [0, ..., 0, 1, ..., 1]T € R"*! (n, zeros followed by n;

ones). All the terms above, except the first one, have rank 1, so we use Woodbury formula to take
them out of the inverse when computing >~1. We introduce the following notation

x0Txo
A= ———" =Y,
n
oT
_ ﬁ7 Vo= @, (B.8)
vn vn
nlt 1
U:=[uv] € RP*? and C = [17 O} € R?*2,
Under this notation, it holds that
X010l ] XO
Mt n Ht I &utugr —vucu”.
n n ¥

Then, using Woodbury formula, we have

-1
ol = (A +uv! +ou’ + n%uu—r)
Y

=A+Ucun)?
=A'-ATlucTt-vuTAT U luTATL
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We now compute the 2 x 2 block

—uT A 1—ulA™! — 1-b
1 T o1y U U U v B a
C-UAU= 1 -l A~ 1y ntt — T A1 _|:1_b _nYYt—d:|’
where
a:=u" A", bi=v' A"y =ul Ao, d:=v" A . (B.9)
Hence

_ i1 1 [-n2—d b—1 ot
(c'-uTATy) 1=A[ 371 _a], A::a(n;—&—d)—(l—b)z. (B.10)

Plugging back and simplifying gives the explicit formula:

1
=A"1 - x A1 ((n% - d> uw' — (1—b) (o’ +ovu') —a U’UT> AL
Y
which is valid whenever A # 0, i.e., whenever C' —1 _UT AU is invertible. We will now analyze
the a, b, d terms. First, note that there exist constants cq, co > 0 such that
0<c < )\p(A) < )\1(A) < cs. (B.11)

By the Bai—Yin theorem (Bai & Silverstein, [2010, Theorem 5.11), this directly implies that HA*1 H2 <
c. From this, it follows that

e R T
Similarly, we have
|b| = |vTA_1u|

_‘HtT X0,

“lvat T,

<|lfe] pay, 252

Vil Vil
< eV,

oT
where the last inequality follows with high probability over the sampling of X?, since Xi\/%” isa
vector with p i.i.d entries of mean zero and O(1) variance. Finally, we have

|d| = |’UTA71U|
1) X0 A1 X071,
NG V|,
XOT]—nt B XOTlnt
<|[—==| 14712
vl vl
<cp,

again with high probability. Therefore, it holds that

g
Vi Val,

where last inequality follows from (B.11)). We can now prove that, with high probability, A = Q(p).
Using Cauchy-Schwarz, it holds that

la| = |uT A" | = >chp (A7) > >0,

b = [(u, )| g1 < JJull g1 0] 41 = ad,

from which it follows that

A:a(n%—i—d)—(l—b) > anlt — 1426 = Q(p),
Y Y
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since a is lower bounded by a constant and |b| < ¢,/p. At this point, we have all the necessary bounds
and we work towards proving the claim. To simplify notation we denote by 22 = (g) and
B = Bs — B:. We first expand the bias term
B, = /T8 1n, 271808
=TS Is A+ UuCcUT)TIR03
=TTy (AT AT u (et —UTAT )Tl U T AT 208
= BT80S, 5808 + 8,

where S == — TSI, AU (O~ —UTA-IU) U T A1 895,
We now prove that S is small. To do so, we decompose
S=-pTlS I AU (T —UTATIO) U T A0
U 1 i~
= ﬁTZSZ_thg At ((n?5 + d) uw” +(1=b) (ww' +ovu') +a UUT) AT1208
= Tu,u + Tu,v + Tv,v;

where T}, ,, is the summand corresponding to uu ', T, , touv " +vu', and T, , to vo . Zooming
in on one of the terms, it holds that

IO d A~
T = AT05 1y, /Y4 ) yr T gm1505

A
e d “ ~
- <5,22212t("%/z+ ) 41 u> (uT 4150, 5).
Note that
NP n +d) ,_ - A i) +d _
08 1&%/1 Ll < Hzg HE 1” ||2t||2(%/A#HA Uy lully < e
2 2 2

and HuTA—li(gHQ < ¢. Using this, we get that, with high probability, it holds
To] < =
p

This is similar to how we obtained (A.31)), since S, and 3, are sampled independently from a sphere
of constant radius. With analogous passages, we have that

c

Tul <=, |Toal <
p
holds with high probability over the sampling of 55 and ;. Putting all together, we get
ST a0e S0 1
By =321y, 1205 + 0 () )
p
Using the same argumentation applied to the remaining term $~1in BTXA]ng*th f)g 1283 gives
ST Al A 105 1
BY(\) = B"808 e84+ 0 () :
p

proving the claim. &

By directly applying Yang et al.| (2025)[Theorem 6] we obtain that

1

=0 (p1/2—c> :
1

=0 (p1/2c> :

~TAanaA ~ A~ 2
TSy RSy 808 - 5128, - ) - s

Finally plugging in (B.7) yields

’31 - HEi/Z(ﬁs = Be)|| - s1

2
2
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Boupding the term B,. We follow the recipe devised in the proof of Proposition[A.3] If we denote
by X,, = \F’ then it holds

2 N1 2
(505)
2

~ 2 - _ 5
Ll e
<0(3)(-0(3) rszo0
=0(1),

where the penultimate inequality follows directly from (A.9) and Proposition [A.2] This means that
~ 0T 50
the vector /,L;r -t (%) is bounded, since
N x0T x0
< s, | (25| -ow
n

) x0T x0
'u;rzfl ( s s
n
2 2

as an application of the Bai—Yin theorem (Bai & Silverstein, 2010, Theorem 5.11) gives a constant

2

bound on H (u) H Since s and B; are sampled independently from a sphere of constant

0 XoT 0 A

T 2
radius and IS (%) is of bounded norm, we have that ‘<( ———a3 Mt) ,B(i)>’ is
sub-exponential. Using Bernstein inequality, we obtain that, for (7) € {s, t},

2 2
S D¢ X0Tx0.
(MTZ ! (n ) 5(i)> = <<n 5 Mt) ,ﬁ(i)>

1
=0 <) ) (B.12)
p
with high probability over the sampling of 5, and /3;. Therefore, we have

0l vo 2
B = (uI 51 (”) (8. —5») ~o(3).
n p

where the last inequality follows by separating s and (; from the square and using on each
term.

Bounding the term Vx (B ; Bt, Bs).  Note that the variance term is the same as in the case without
model shift. This means that we could simply use the already derived results from Section[d] Namely,

directly from the proof of Theorem we have that for M = Ei/ 22; /2 and AL > >
eigenvalues of M " M, it holds

A 0'2 _
Vi (B: B B) = S Tr [(a MM + 0 )|

where o1 and o are the unique positive solutions to the following two equations

p
p 1 i N

ar+as=1—=, a3+ — _— =,
! 2 n ! Z)\-al—i—ag n

As we assume that &, = 3, it follows that M T M = I, and

=0(p~'?),

2
Cm (M M tazhy) | =0 L
n n—op

which ultimately yields

=0(p~'/?).

Vx (B Bi, Bs) — 02 —L
—

Finally by combining the bounds on Bx (B, Bt, Bs) = B1 + By and VX(B; Bt, Bs), the desired claim
follows. u
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C ADDITIONAL NUMERICAL RESULTS

Setup details. We train for 200 epochs using SGD as optimizer, and we use cosine annealing; the
initial learning rate is 0.1 for Scratch (0.2 for the experiment of Table[3a) and 0.01 for Distillation and
Pretrained. The Distillation teacher is a ResNet-50 trained on CIFAR-10. We use an early stopping
with patience 20 based on a validation subset (10% of the full training dataset). We avoid up-scaling
images in the Pretrained experiments to better demonstrate the effect of synthetic data augmentation.
On the generation side, to generate the images by T2I models, we use CLIP’s text encoder prompt
template on CIFAR-10 and ImageNet labels. Moreover, as models like StableDiffusion1.4 sometimes
generate low quality data or images discarded by the safety checker, before applying all the algorithms,
we do an initial pruning of 2% of the generated pool based on the distance to the CLIP embedding of
the label. For RxRx1, we train a linear classifier on frozen features from an ImageNet-pretrained
ResNet. For each class, MorphGen generates a pool of 500 synthetic images; we augment the real
training set (30 images/class) with 60 selected synthetic images/class and evaluate on a disjoint test
set of 20 images/class. We repeat the experiment 10 times by resampling the real subset from 120
images/class. As in the main setup, CLIP features are used for the selection algorithms.

Transformer-based models. In Table 4} we use the same setup as Table|l} but instead of ResNet,
we train a ViT and a Swin-T model from scratch. We use a patch size of 4 and Adam optimizer with
learning rate 0.0001 for this experiment. We observe that, in accordance with our previous findings,
covariance matching surpasses other algorithms.

Table 4: Covariance matching outperforms all baselines when fully training a transformer model on
a mix of real and synthetic data.

Method ViT Swin-T
Scratch Distillation Scratch Distillation
No synthetic 40.11+0.59 40.324+1.01 40.02+£0.70 40.84 £0.73

Center matching (He et al.|[2023)  43.89+0.97 45.61 +0.68 44.39+0.54 46.64 +0.53
Center sampling (Lin et al.|2023) 43.89 £0.95 46.29+0.80 43.94+1.76 46.97+0.59

DS3 (Hulkund et al.[|2025) 45.92+0.49 48.61+£0.67 46.57+£0.68 49.55+0.72
K-means (Lin et al.|[2023) 44.24+1.13 4744 4+097 44.71£0.32 48.49+0.64
Random 44.07+£0.82 46.50+£0.78 44.38+£0.77 47.35+£0.50

Text matching (Lin et al.|2023) 4457 +£0.57 46.02+1.00 45.15+0.58 46.55 +2.52
Text sampling (Lin et al.|[2023) 43.80 +£0.98 46.00 +0.98 44.59 £0.93 47.62+0.71
Covariance matching (ours) 46.09 +0.91 49.53+0.61 46.64+0.96 50.73+0.44

Real upper bound 51.85+£0.47 53.11+£0.43 5243+£1.39 54.80+£0.69

Zero-diversity generators. To assess the importance of filtering low-diversity data, we construct a
pool per CIFAR-10 class with 2K images from StyleGAN2-Ada and 8K images from two collapsed
generators. The first collapsed model emits the image whose CLIP embedding is closest to the class
label; the second produces images near the mean embedding of the class’s real subset. We sample 4K
images from each collapsed generator, yielding a total 10K images per class. As shown in Table[5}
most baselines over-select from the collapsed generators because they ignore the diversity of selected
samples. In particular, DS3 retains the two clusters formed by the collapsed outputs and thus fails to
filter them. By contrast, K-means and Covariance matching draw more from the 2K non-collapsed
subset and achieve higher classification accuracy.

Leak experiment. We consider inserting (“leaking”) images from the target distribution into
the pool of synthetic images and test the ability of different methods to select them. We use 1K
leaked CIFAR-10 images, disjoint from the 200 (n;) real reference samples. From a pool of 4K
StableDiffusion].4 images and 1K leaked images, each method selects 800 (n,). Figure 2] shows,
for each method, the fraction of selected samples drawn from the leak. Because replacing synthetic
with real augmentations yields the best accuracy (Real upper bound), an effective selector should
prioritize leaked real images: covariance matching does, achieving the highest leaked fraction among
all methods.
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Table 5: Covariance matching performs on par with the best baselines across three training paradigms
on CIFAR-10, when the synthetic data is generated via a StyleGAN2-Ada model and two zero-
diversity generators.

Method Scratch Distillation Pretrained

No synthetic 44.36 +1.51 47.33+0.57 63.40 + 1.33
Center matching (He et al.] 45.33+£2.43 47.50+£0.55 62.96 +1.26
Center sampling (Lin et al.|[2023) 46.88 £2.59 51.114+0.60 65.38 = 1.14
DS3 (Hulkund et al.[[2025 53.744+1.92 59.16+1.56 69.43 +0.93
K-means (Lin et al., 60.20+1.35 65.03+0.81 72.83+0.48
Random 50.31 £1.28 51.824+0.91 66.27+1.21

Text matching (Lin et al.|[2023 42.89 £1.89 47.38+£0.76 62.82+1.31
Text sampling (Lin et al.|[2023 48.13+1.81 50.81 £0.77 66.12 £ 1.06

Covariance matching (ours) 58.97 £1.67 64.85+0.63 72.38 £+ 0.66
Real upper bound 61.08 £2.54 65.38+0.51 74.35+0.56
Percentage of selected leaked samples Percentage of selected leaked samples

Covariance matching 66.15%

Covariance matching 70.14%

DS3- 51.8%

Center matching 40.79% DS3+ 46.17%

K-means - 32.31%

Center matching 35.16%
19.25%

Center sampling -

Random 18.25% K-means 3232%

18.21%

Text sampling

Random 1 18.79%

Text matching l 4.33%

) 20 30 40 50 3 0 o 2 % 4 s e 7
Portion of leaks among selected samples Portion of leaks among selected samples

=-

(a) CLIP-based algorithms (b) DINO-based algorithms

Figure 2: The portion of samples chosen from the set of leaked images shows that our proposed
algorithm reliably selects real samples among the pool of generated examples.

Changing the feature extractor. In the main experiments, we use CLIP features for all selection
methods. To test the dependence on the feature extractor, we repeat the setups of Tables [T} with
DINO-v2 features. As shown in Tables [6H7] covariance matching matches or surpasses the best
baseline across settings, indicating that its effectiveness is not tied to a specific feature extractor. We
also repeat the leak experiment of Figure 2] see the bar plot in (b), showing again similar results.

Table 6: Covariance matching outperforms all baselines across three training paradigms on CIFAR-
10, when the synthetic data is generated via truncated generative models and features are extracted
with DINO-v2.

Method Scratch Distillation Pretrained

No synthetic 44.36 £1.51 47.33+0.57 63.40+1.33
Center matching (He et al.| 2023} 50.06 £1.45 54.50£0.62 66.23 +0.72
DS3 (Hulkund et al.[[2025 52.93+1.65 58.69+0.81 68.04+0.71
K-means (Lin et al.[[2023) 51.66 £2.10 55.97+0.58 67.00+0.84
Random 49.97 £2.45 54.79+0.68 66.57 £0.92
Text matching 2023 51.524+1.67 55.174+0.57 67.13+0.45
Covariance matching (ours 54.97+£2.60 59.41+0.81 68.87+0.41
Real upper bound 61.08+2.54 65.38£0.51 74.35+0.56

Optimizing the theoretical objective. We also implement a greedy algorithm that, at each step,
adds the sample minimizing the objective in @.I)) (Alpha matching). This method requires computing
the eigenvalues of the current sample covariance and is therefore more costly than Covariance
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Table 7: Covariance matching performs on par with the best baseline across three training paradigms
on CIFAR-10, when the synthetic data is generated via text-to-image (T2I) generative models and
features are extracted with DINO-v2.

Method Scratch Distillation Pretrained

No synthetic 44.36 £1.51 47.33£0.57 63.40+1.33
Center matching (He et al.||[2023) 51.75+£2.01 55.67 £0.63 66.00 £ 0.58
DS3 (Hulkund et al.||2025) 52.33 +£2.07 58.80+0.96 66.68+0.63
K-means (Lin et al.[[2023) 51.14 +£1.90 56.93+0.46 65.71+£0.71
Random 50.45+1.41 55.86 £0.73 65.67 +0.82
Text matching (Lin et al.|[2023) 51.38 £1.51 55.81 £0.65 65.76 £ 1.00
Covariance matching (ours) 52.65 +£1.47 58.78 £0.53 67.04 £0.83
Real upper bound 61.08 £2.54 65.38 £0.51 74.35+0.56

matching. As in Covariance matching, we first fit PCA on the real samples and project all features,
then iteratively add the sample that yields the smallest value of (@.I)). Without loss of generality, we
drop the noise variance term since it scales all candidates equally. The results of Table[§|show that
Alpha matching performs similarly to Covariance matching.

Table 8: Covariance matching performs on par with Alpha matching across the experiments on
CIFAR-10.

Experiment Method Scratch Distillation Pretrained
Zero-diversity models Covariance matching  58.97 £1.67 64.85£0.63 72.38 £0.66
sty Alpha matching 59.30 £2.50 64.724+0.55 72.76+0.73
Truncated models Covariance matching 54.00 £1.89 59.77 £0.61 69.20 £ 0.56
Alpha matching 52.25£2.11 59.18£0.68 68.32 £ 0.58
T2I models Covariance matching 54.45+2.11 59.17£0.64 66.69 +0.70
) Alpha matching 53.37+1.85 59.03+0.64 66.23 %+ 0.66

Over-parameterized setting. We repeat the setup of Table[I|taking n, = 200 (instead of n, = 800).
This gives a total of ns + ny; = 400 samples, which is less than the number of features p = 512, thus
placing us in an over-parameterized regime. As shown in Table[9] the quantitative trends mirror those
in the under-parameterized case.

Table 9: Covariance matching outperforms all baselines across three training paradigms on CIFAR-
10, when the synthetic data is generated via truncated StyleGAN2-Ada models (Karras et al., 2019)
in the over-parameterized regime with 200 training and 200 augmenting synthetic samples.

Method Scratch Distillation Pretrained
No synthetic 44.36 £1.51 47.33 +£0.57 63.40+1.33

Center matching (He et al.|[2023)  46.45+1.97 50.83+0.50 64.40 £1.11
Center sampling (Lin et al.|[2023) 47.29+£1.33 50.89+0.78 65.64 +£0.74

DS3 (Hulkund et al.[[2025) 48.09+£2.04 52.65+0.61 66.41+1.35
K-means (Lin et al.||2023) 47754+ 0.82 51.56 £0.68 65.47 +0.99
Random 47.39+£1.63 50.96 £0.22 65.49+£1.12

Text matching (Lin et al.|[2023) 47.56 +£1.09 51.67 +0.65 65.74+0.78
Text sampling (Lin et al.|[2023) 46.93£1.95 50.64+049 65.13+1.13
Covariance matching (ours) 48.95+1.28 53.28+0.45 66.62 + 0.57

Real upper bound 50.79+£1.70 54.66+0.91 68.97 +0.88

Distribution of selected samples. Beyond accuracy, we assess how well each method’s selections
match the test distribution. In the CIFAR-10 setup of Table|l} each method selects 800 samples per
class given 200 real samples. We then calculate how well these samples match the CIFAR-10 training
dataset. The selection obtained via Covariance matching consistently achieves lower FID/KID and
covariance distance than all other baselines. Metrics that couple fidelity and diversity (e.g., FID/KID)
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show larger gains than quality metrics (e.g., Precision (Kynkainniemi et al.,|2019), Density (Naeem
et al., 2020)), indicating improved distributional alignment rather than mere sample quality. The
results are reported in Table [I0]

Table 10: Covariance matching selects samples that better match the target distribution according to
various evaluation metrics.

Method FID | KID | Precision 1 Recall 1 Density 1 Coverage T Covariance Shift |

K-means (Lin et al.|[2023) 366.52£2.62 0.59+0.04 0.77+0.01 0.41+0.00 0.87+0.04 0.58=40.01 118.91 £ 0.62
Center matching (He et al.[2023)  544.56 £5.57 0.834+0.06 0.78+0.01 0.33+£0.01 0.824+0.03 0.49£0.01 212.55 +3.03
Center sampling (Lin et al.||2023) 450.27 +£3.86 0.61+0.04 0.77+0.01 0.444+0.01 0.86+0.03 0.53 +0.01 150.49 £+ 0.79
DS3 (Hulkund et al.[2025) 273.59+6.72 042+0.04 0.79+0.01 045+0.01 0.84+0.03 0.64+0.01 106.52 + 2.44
Random 45839 +4.16 0.63+£0.04 0.77+£0.02 0.44+0.01 0.86+0.05 0.5340.01 150.66 & 1.08
Text matching (Lin et al.|[2023) 454.23 £2.66 0.69+0.05 0.81+0.01 0.360.00 0.90%0.03 0.54=£0.01 172.70 £ 0.66
Text sampling (Lin et al.|[2023) 44753 +£3.99 0.61+0.04 0.77+0.01 044+0.01 0.86+0.03 0.53+0.01 149.98 £+ 0.95
Covariance matching (ours) 242.09+£1.93 0414+0.04 0.78+£0.01 0.504+0.01 0.84+0.03 0.68+0.01 95.55 £ 0.58

Real and synthetic dataset sizes. Next, we analyze the behavior of selection methods for different
values of real dataset size and synthetic samples gathered. We use the setup of Table [I] with
training from scratch, and change the size of real samples n; € {200,300} and synthetic samples
ns € {600,800, 1000} in Table

Table 11: An ablation on the size of the real and synthetic datasets used for training shows results
consistent with those reported in Table E}

Method (200, 600) (200, 800) (200, 1000) (300, 600) (300, 800) (300, 1000)
No synthetic 44.36 £1.51 44.36 +1.51 44.36 £1.51 47.85+1.21 4785+ 1.21 47.85+1.21
Center matching 47.51 £3.04 50.04 £2.84 50.60+2.87 51.66+2.19 53.61+3.57 54.75+3.44
Center sampling 50.14 +2.42 50.48 +2.03 51.40+2.84 51.00+2.22 5297+3.11 55.00+ 3.45
DS3 50.62+1.25 52.834+2.19 53.02+3.18 53.33+2.26 55.91+2.80 55.79+2.70
K-means 49.65 +£2.52 50.74+1.77 51.31+3.32 52.10+2.53 52.65+3.65 54.22+3.13
Random 48.07+2.80 49.38 £2.43 49.34 +£2.37 52.38+2.50 52.96 +£3.82 53.47 4+ 2.66
Text matching 49.90 +2.70 50.94+1.40 50.72+£2.54 52.274+2.52 53.04+2.64 52.03+£1.05
Text sampling 49.19+£2.30 50.28+1.18 49.98 +340 52.26+2.78 51.86+1.96 53.23 +3.28
Covariance matching (ours) 51.91 £2.05 54.004+1.89 54.64+£3.79 55.38+3.27 55.63+2.70 55.80+£2.25
Upper bound 57.85+1.86 61.08+2.54 60.99+2.11 58.76+1.85 61.11 +2.87 62.79+ 2.56

Variations for covariance matching. We experiment with two other variations for covariance
matching. First, incorporating more compute, we analyze a look-ahead strategy. At each round, we
select the top k samples for minimizing the covariance. We then exhaustively test each pair of these
k samples (total of (’2“) possibilities) and find out which pair minimizes the covariance shift. We then
only add the first element of the pair. This models a look-ahead strategy for adding a sample during
each round. Second, we perform a method to find the best samples globally. To find n; data among
M samples, we repeat the n; dataset and sample to get ng real data points. We then use the Hungarian
algorithm to match the n, real and M synthetic datasets. After matching, we select only the ng
samples matched from the M total synthetic data points as our selected synthetic data. This imitates
a global strategy to match the covariance of the data points. We use the setup from Table|l|and report
the accuracies in Table[T2] observing that the performance is on par with covariance matching.

Table 12: The look-ahead algorithm with k& € {50, 100} and the Hungarian algorithm perform on par
with the greedy implementation of covariance matching across three training paradigms on CIFAR-10,
when the synthetic data is generated via five truncated StyleGAN2-Ada models.

Method Scratch Distillation Pretrained

Look-ahead (50) 54.91+1.60 59.56+0.71 68.10+ 0.84
Look-ahead (100) 53.84+0.95 59.79+0.67 68.19+0.74
Hungarian 53.10£1.37 58.54+1.07 68.60 & 0.87

Greedy Covariance Matching  54.00 £1.89 59.77£0.61 69.20 £ 0.56
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Experiment on a text dataset. To further demonstrate the generality of our approach beyond vision
tasks, we evaluate Covariance Matching on a text classification problem. Following observations
reported by |Li et al.[(2023), we use the Tweet Irony dataset (Van Hee et al., 2018) as the real dataset
and GPT-generated tweets from [Kuo et al.| (2025) as the synthetic dataset. The synthetic corpus
contains 3K prompts per class. We sample 100 tweets from the real dataset and augment them with
300 synthetic samples. We extract sentence embeddings using the all-mpnet-base-v2 model (Song
et al.,[2020), and apply our selection algorithms in this feature space. A linear classifier is then trained
on the combined real and selected synthetic samples to classify ironic vs. non-ironic tweets. Table[I3]
shows that synthetic augmentations improve performance, and Covariance Matching outperforms all
baselines, serving as a theory-driven heuristic for selecting synthetic data.

Table 13: Covariance matching outperforms all baselines on the Ironic-Tweet dataset.

Method Tweet Irony
No synthetic 64.60 £+ 3.16
Center Matching 70.80 £ 1.54
Random 67.97 £ 1.20
K-means 68.85 £1.26
DS3 69.73 &+ 2.51

Covariance Matching (ours) 71.49 £+ 1.59
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