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Abstract

Synthetic data can improve generalization
when real data is scarce, but excessive reliance
may introduce distributional mismatches
that degrade performance. In this paper, we
present a learning-theoretic framework to
quantify the trade-off between synthetic and
real data. Our approach leverages algorithmic
stability to derive generalization error bounds,
characterizing the optimal synthetic-to-real
data ratio that minimizes expected test error
as a function of the Wasserstein distance
between the real and synthetic distributions.
We motivate our framework in the setting
of kernel ridge regression with mixed data,
offering a detailed analysis that may be of
independent interest. Our theory predicts
the existence of an optimal ratio, leading
to a U-shaped behavior of test error with
respect to the proportion of synthetic data.
Empirically, we validate this prediction on
CIFAR-10 and a clinical brain MRI dataset.
Our theory extends to the important scenario
of domain adaptation, showing that carefully
blending synthetic target data with limited
source data can mitigate domain shift and
enhance generalization. We conclude with
practical guidance for applying our results to
both in-domain and out-of-domain scenarios.
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1 INTRODUCTION

The success of modern Machine Learning (ML) and
Artificial Intelligence (AI) heavily depends on the
availability of large-scale training datasets (Sun et al.,
2017; Radford et al.; 2021). However, in many critical
domains such as healthcare, data collection is often pro-
hibitively expensive, time-consuming, or constrained
by privacy concerns (Esteva et al., 2019; Kaissis et al.,
2021). Similar challenges arise in scientific domains
where obtaining labeled data requires high-fidelity
physical simulations or specialized experimental setups.
For instance, generating data in molecular dynamics
(Hollingsworth and Dror, 2018; Hansson et al., 2002)
often demands significant computational resources,
or structural biology techniques like cryo-electron
microscopy (Murata and Wolf, 2018; Milne et al.,
2013) involve costly and complex instrumentation.
In these scenarios, ML models are trained on small
datasets and as a result frequently suffer from poor
generalization, limiting their practical applicability
(Recht et al., 2019; Maleki et al., 2022; Schmidt et al.,
2018; Brigato and Tocchi, 2021).

To address this challenge, several strategies have been
proposed, including data augmentation (Shorten and
Khoshgoftaar, 2019; Cubuk et al.; 2020) and the use
of synthetic data (Frid-Adar et al., 2018; Karras et al.,
2020; Lu et al., 2023; Jordon et al., 2022). Although
these methods can improve model accuracy, their suc-
cess depends critically on how well the synthetic data
approximates the real data distribution (Bowles et al.,
2018). With the emergence of powerful generative
models such as diffusion models (Ho et al., 2020; Song
et al., 2021; Lipman et al., 2022; De Bortoli et al.,
2021), there is renewed interest in using synthetic data
to supplement limited real data (Trabucco et al., 2023;
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Voetman et al., 2023; Alemohammad et al., 2024b).
Empirical evidence suggests that, when properly
generated, synthetic data can substantially boost the
downstream model performance in low-data regimes
(Azizi et al., 2023; Feng et al., 2024).

However, the integration of synthetic data introduces a
critical trade-off as synthetic data may deviate from the
true data distribution. If the synthetic dataset grows
disproportionately large, the training algorithm may
overlook the real data, introducing bias (Alemohammad
et al., 2024a; Briesch et al., 2023; Betzalel et al., 2022;
Dohmatob et al., 2025; Bertrand et al., 2024). See
Appendix J for an extensive literature review on this
topic. This issue motivates a central question:

?What is the optimal balance between real and
synthetic data to minimize generalization error?”

In this work, we address this question from a learning-
theoretic perspective, establishing that an optimal ratio
of synthetic to real data exists for maximizing general-
ization performance. In Appendix 1), we show that the
traditional formalization of the problem fails to capture
this trade-off, yielding a loose bound whose optimum
lies at either excluding synthetic data entirely or using
it without limit. Since this behaviour does not align
with empirical observations (Section ), we propose a
modified formalization that more accurately reflects
the practical balance. We first motivate our analysis
through a simple yet insightful case study in kernel
ridge regression (Singh and Vijaykumar, 2023), which
may be of independent interest. We then extend our
theoretical framework to more general settings, deriving
generalization bounds via stability analysis (Bousquet
and Elisseeff, 2002; Shalev-Shwartz and Ben-David,
2014; Hardt et al., 2016). Our theoretical insights are
empirically validated on two distinct datasets: CIFAR-
10 (a standard benchmark) (Krizhevsky et al., 2009)
and a real-world brain imaging dataset for Multiple
Sclerosis (MS) (Carass et al., 2017).

Furthermore, we extend our framework to domain adap-
tation settings (Ben-David et al., 2010; Ganin et al.,
2016; Wilson and Cook, 2020), where synthetic data
from a target domain is used to enhance limited real
data from a source domain. This broadens the scope of
our approach, highlighting its relevance for data-scarce
scenarios in diverse ML applications like healthcare
(Zhuang et al., 2021).

Contribution Our main contributions are as follows:

e We provide a learning-theoretic analysis demon-
strating the existence of an optimal ratio between
synthetic and real data that minimizes generaliza-
tion error. Qur approach is grounded in stability-
based generalization bounds and is first illustrated

through a tractable kernel ridge regression model.
See Sections 2 and

e We empirically validate our theoretical predictions
using both benchmark (CIFAR-10, Appendix 1.2)
and real-world (brain MRI for Multiple Sclerosis,
Section 1) datasets, confirming that an appro-
priate balance of synthetic data improves perfor-
mance in low-data regimes.

e We extend our framework to domain adaptation,
showing how synthetic data from a target domain
can be effectively combined with limited real data
from a source domain, thereby broadening the
applicability of our results (Section 5). We also
provide practical guidance for applying our theory
to both in-domain and out-of-domain generaliza-
tion tasks (Section 0).

2 MOTIVATION: SYNTHETIC
DATA IN KERNEL REGRESSION

We study the effect of incorporating synthetic data into
kernel regression (Singh and Vijaykumar, 2023; Allerbo,
2023; Wang and Jing, 2022; Smale and Zhou, 2005) as a
simple yet illustrative setting to gain insight into the key
factors influencing the generalization bound, i.e., when
synthetic data improves or degrades generalization.

We consider kernel regression, where a function is
learned by minimizing a regularized empirical risk
over a Reproducing Kernel Hilbert Space (RKHS)
denoted by Hy. Given training data {(x,,y, )},
with x, € X ~ px and y,, € R, the objective is
to find a function f € Hyx that best fits the data
while controlling complexity through a regularization
term. We assume that y, = fi(Xn) + &n, where &,
are Independent and Identically Distributed (i.i.d.)
samples from a zero-mean Gaussian distribution with
variance o2. The Empirical Risk Minimization (ERM)
normally takes the following form:

N M
fy = argmin> (v, = Fo))2 + S (= FGm))? -
J€HK m=1

As shown in Appendix 1), classical generalization
arguments yield a loose bound on the test error of
this formulation. The looseness arises mainly from the
sample noise of synthetic data, which complicates the
analysis. To address this, we approximate it with the
following ansatz, where, unlike the standard setup, we
regularize towards a synthetic data generator g € Hy,
effectively corresponding to the case of having an
infinite number of synthetic samples:

N

> (v — )M =gl (1)

n=1

1—X

fn = argmin
feMrk
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where A > 0 is the regularization strength. This
perspective allows us to derive tighter bounds that
align with empirical behavior. See Appendices
and [ for a detailed analysis of the asymptotics and
the connection to the finite-sample formulation.

By the Representer Theorem (Kimeldorf and Wahba,
1971; Scholkopf et al., 2001), the learned function takes
the form fy(x) = Zﬁle an K (x,x,), where K is a pos-
itive definite kernel function, and «,, are coefficients
obtained from a regularized least squares problem. Let
H =span{K(-,x1),..., K(-,xn)}, and Hxg = HOH™,
where H' is the orthogonal complement in . By the
Representer Theorem, the synthetic data generator g €
‘Hx can be written as g(x) = Zgil Brn K (%, %)+ 91 (%),
where g, € HL. Setting g = 0 recovers the standard
kernel ridge regression. We establish the following
lemma (proof in Appendix ), which characterizes
the solution to Equation . Let A := \/(1— X).

Lemma 2.1. Let Ky € RV*N be the empirical kernel
matric with entries (Kn)i; = K(xi,%x;). Define the
integral operator Ty : L*(p.) — L*(px) by (Tk f)(x) =
[ K(x,a) f@) dpala’) = B [K(x,x)f(x)]. Let
AN = NA. Then the solution to Equation | has the
closed-form representation:

a=(Ky+AvD) " (Kna, + AnB +e)

where ay, B3, and € are the coefficients of fi, g, and
the noise vector in the training basis.

We now recall the Mercer decomposition (Mercer, 1909)
of the kernel. The operator Tk defined in Lemma

is compact, self-adjoint, and positive semi-definite, and
thus admits a spectral decomposition. That is, there
exist eigenfunctions {¢;}52, forming an orthonormal
basis of L?(p,) and corresponding non-negative eigen-
values p1; > pg > --- — 0 such that T ¢; = p;¢;. The
eigenfunctions ¢; can be interpreted as the natural
coordinates of the function space with respect to the
kernel, and the eigenvalues p; encode their relative
importance. In this basis, we can write

Fe=) 005, 9= wie;, (2)
j=1 j=1

where 0; = (f., ¢;), and w; = (g, ¢;).

Assumption 2.1 (Polynomial eigendecay and smooth-
ness). We assume the kernel K exhibits 2r-polynomial
etgendecay for some r > % Given the expansions in
Equation 2, we assume for some s,s" > 0:

(a) 9]2- = 5 =372 (b) wjz = pi = s,

Assumption quantifies how well f, and g align
with the eigenfunctions of Tx. It ensures that
ZJHJQ-/M‘; < oo and ij?/u‘;-, < oo, i.e. fx and g
decay sufficiently fast in the eigenbasis; larger rate

corresponds to greater smoothness. Such assumptions
are standard in kernel regression analysis; see, e.g.,
Cheng et al. (2024); Bartlett et al. (2019); Cui et al.
(2021); Barzilai and Shamir (2024).

Definition 2.1 (Bias-Variance Decomposition). De-
fine the test error Ry (A; g) to be the population mean
squared error between the regressor and the true label
averaged over noise:

Ry(Ag) = Exe [(f*(x) - fN(X))z} :

We decompose the test error into a bias B and variance
V, with Ry(X\;g) = B2+ V, such that:

B2 = Ex [fu(x) — E [fn(x)])” |
V= IEx,s [(fN(X) - ]E5 fN(X)])z] .

We now present a bias—variance decomposition of Equa-
tion |, along with a corollary characterizing the optimal
number of synthetic samples. Proofs are in Appen-
dices and

Theorem 2.2 (Generalization Error Bound). Under
Assumption 2.1, for the kernel regression problem de-
fined in Equation | and any fized reqularization param-
eter A > 0, the test error admits the bound:

D(f*ag) +o

2
C) — 2— L
R )

where A = /(1 = X), and D(f,,9)> = 350, 5 (0; —

j=1 uZ
wj)2 denotes the discrepancy between the target function
fx and the synthetic generator g.

Corollary 2.2.1 (Optimal Regularization and Syn-
thetic Sample Size). Under the assumptions of The-
orem , the optimal regularization parameter that
minimizes the test error is given by

A= <D(fg>+02> e
ND(f*,g) .

Setting A = M e, X = N+LM (see Appendiz 1).2), the

N
optimal number of synthetic samples satisfies:

4r
02 ) 16r+1 12741
M =< (14—" NToT
( D(f*a g)

We empirically validate our theory in Figure |,
observing a U-curve as predicted by Theorem ,
with error minimized near the theoretical A*. See
Appendix for details.

3 GENERALIZATION ERROR

We begin by introducing the notation and formal set-
ting used throughout the remainder of the paper. We
consider learning on a separable complete metric space
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Figure 1: (a) Comparison of the true function f. (blue), the
synthetic generator g (green), and the learned estimator fx
(orange), obtained via Lemma 2.1, with parameters r = 2.0,
s=10.8, and s’ = 1.5. (b) Prediction error |fn — f+|L, as
a function of the regularization strength A. The U-shaped
curve attains its minimum at A* (orange dashed line), which
closely matches the theoretical optimum (star marker).

(X,dx). We define the sample space Sy = XN and
the random training dataset of N i.i.d. samples from
px over X is denoted by S = {x1,...,xy} € Sy, with
joint law pg. Consider some measurable hypothesis
space ‘H and a loss function £ : H x X — R that
quantifies the performance of a hypothesis, and we
assume £(h,-) € L'(py) for each h € H. We define the
empirical and population risks as,

N
Z (h,xi), Lx(h)=r(h)=E,

For r € [1,00), the Wasserstein r-distance be-
tween two probability measures p and ¢ on X
with finite 7-moments is defined as W, (p,q) =
infer(p.g) B~y [d(@,9)"])Y", where T'(p,q) is the
set of all couplings of p and gq. See Appendix (' for
more detailed notation.

3.1 Synthetic Data As A Regularizer

Following the motivation in Section 2, we consider
training on a mixture of real and synthetic data, where
the synthetic data acts as a form of regularization. We

[6CR,x)]-

focus on the following mixed loss:

Ra(h,S) = (1 = XN)Ls(h) + AEx~p [£(h,%)],

where p!. denotes the distribution of synthetic data,
which may differ from the real distribution px. We are
interested in upper-bounding the generalization error
of the algorithm that minimizes the mixed-loss. Our
approach leverages a strategy from the learning theory
literature known as algorithmic stability.

Definition 3.1 (Uniform Stability). Let A:S +— H
denote an algorithm. Algorithm A is e-uniformly stable
if for all S,8’ € XN such that S, S’ differ in at most

one example, the corresponding outputs A(S) and A(S’)
satisfy b [£(A(S); %) — £(A(S'); )| < .

This notion of algorithmic stability captures sensitivity
of an algorithm on individual changes in the dataset.
Under this property, it has been shown that gener-
alization gap bounds in both expectation and high
probability can be obtained (Bousquet and Elisseeff,
2000, 2002). In our analysis we consider the general
case where ‘H consists of set of functions between X
and some metric space ). We make the assumption
that it is a compact subset L (py).

Assumption 3.1. The hypothesis class H is a set
of measurable functions of the form X — Y that
are L-Lipschitz and, for some D > 0 satisfies |h —
W Lo (pyy < D, for any h,h' € H.

Standard generalization bounds (e.g., Russo and Zou
(2020); Lopez and Jog (2018); Clerico et al. (2022)) rely
on regularity conditions on the loss function ¢. We now
recall the regularity conditions adopted in this work.
We recall that a differentiable function ¢ : Y — R
is m-strongly convex for some constant m > 0 if it
satisfies ¢(x) > ¢(y) +(Vo(y),y — z) + Flz — y||* and
is M-smooth if it satisfies ¢(z) < ¢(y) + (Vo(y),y —
2)+ Mz — .

Assumption 3.2. The loss function takes the form
L(h,x) = c(h(x),x) for a function ¢ : Y x X — RT that
is M-smooth and, for every x € X, the function c(-,x)
is m-strongly convex and satisfies inf ey c(y,x) = 0.

This is satisfied by many common learning objectives,
including regression with mean squared error and clas-
sification with cross-entropy loss. Furthermore, the use
of smoothness and strong-convexity is standard within
algorithmic stability and generalization (e.g., Bousquet

and Elisseeff (2002, 2000); Charles and Papailiopou-
los (2018); Bousquet et al. (2019); Yang et al. (2023);

Shalev-Shwartz et al. (2010); Feldman and Vondrik

(2019); Attia and Koren (2022); Farghly and Rebeschini
(2021)).
Assumption 3.3. Suppose  that o =

Exp [IIX[*]'/2 < 00 and o’ = By [IIX]I*]/? < o0
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and suppose that there exists d*,C > 0 such that for
all € supp(px) and all sufficiently small § > 0,

px(Bs(x)) > o5,

We now state a result showing that the mixed-loss
algorithm is uniformly stable and provides a bound on
the generalization gap.

Theorem 3.1 (Mixed-data Generalization Bound).
Suppose that Assumptions - hold, that hg €
argming, .y, Ra(h,S) and set R* = minpey r(h).
Then, there exists Ny, Rj, Wo > 0 such that when-
ever N > No,R* < R} and Wa (px ,p%) < Wo, the
algorithm A(S) = hg is uniformly stable with constant,

¢ <E[Ls(hg)] + L2 ATz,
M . VMD Mg
e N T Tme

where & is as defined in (23).
the generalization bound,

A:

WZ (px MD;() ’

Furthermore, we have

Elr(hs)] S R* + MW (px . 2) + (1 = NL#5 AT,

The proof of Theorem 3.1, along with another result of
stability for the mixed loss is discussed in Appendix

The dimension d* can be intuitively understood as
the intrinsic dimension of the real data manifold. No-
tably, the generalization bound exhibits a U-shaped
dependence on A, similar to Theorem 2.2: for a fixed
distributional discrepancy W (px , k), there exists an
optimal mixing parameter A. This reflects a trade-off
between algorithmic stability (which improves with
more synthetic data) and distributional mismatch. In
particular, when W5 (px ,p%) = 0, the optimal X is 1,
suggesting that it is beneficial to generate as much
synthetic data as possible. We refer to the ratio ﬁ

as the synthetic-to-real ratio, which approximates %
in the finite-sample setting.

4 EXPERIMENTS: REAL-WORLD
MEDICAL IMAGES

Multiple sclerosis (MS) is a chronic neurological dis-
ease affecting millions worldwide (Tullman, 2013). T2-
hyperintense lesions in MRI reflect neuroinflammatory
damage and serve as key biomarkers for diagnosis, mon-
itoring, and prognosis (McGinley et al.; 2021). Accu-
rate segmentation of MS lesions in MRI remains a
challenging problem. ML methods must contend with
substantial variability in image characteristics, lesion
appearance, and domain shift, arising from differences
in scanners, acquisition protocols, and imaging pa-
rameters between training and test sets (Zeng et al.,

2020). Furthermore, publicly available datasets for le-
sion segmentation remain limited in size and diversity,
as acquiring labeled, heterogeneous MRI data is both
costly and time-consuming,.

Our work is motivated by the need to improve
lesion segmentation performance under limited
and heterogeneous training data and distributional
shift. Specifically, we consider the setting where a
synthetic data generator is available to address data
scarcity and mitigate domain shift between the source
(training) and target (test) domains, while potentially
introducing additional distributional discrepancies.
Following our theoretical result in Section 3, we
study the in-domain setup in this section and refer to
Section 5 for out-of-domain scenario.

032 \

2 0.30

=~ Real Data
Synthetic Data

Validation Loss

0.24
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(a) The effect of synthetic data.
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024
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(b) The effect of distributional distance.

Figure 2: (a) Validation loss decreases consistently as more
real data is added (blue line), while increasing synthetic data
(orange dashed line) produces a U-shaped curve, indicating
an optimal mixing ratio A, as predicted by Theorem

(b) Effect of distributional distance: varying the diffusion
model timestep T € {0, 50, 150, 300} controls the noise level
of synthetic samples. The U-shaped trend persists across all
T but becomes sharper with increased discrepancy between
real and synthetic distributions.

We conduct our experiments on the NO.MS
dataset (Dahlke et al.; 2021), one of the largest and
most comprehensive clinical trial datasets for MS. It
comprises over 200,000 MRI scans from more than
11,000 patients. Ground-truth lesion annotations are
generated using an automated tool and subsequently
refined by expert radiologists. The data originates
from two Contract Research Organizations (CROs),
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NeuroRx and MIAC, introducing inherent domain vari-
ability. For the downstream segmentation task, we use
a training set of 100 NeuroRx scans (~4,500 slices)
and a fixed validation set of 20 NeuroRx scans (~1,000
slices). In addition, we train a conditional diffusion
model on the rest of NeuroRx data as our synthetic
data generator. To empirically validate the theoretical
insights from Theorem 3.1, we design two experiments:

1. Effect of synthetic data: We augment the train-
ing set by varying the synthetic-to-real ratio from
0.25 to 8, and compare performance against the
ground truth, where the real dataset is scaled up.

2. Distributional distance: While we do not have
direct access to the distance between the true and
synthetic distributions, we study the effect of this
discrepancy by varying the sampling timestep of
the diffusion model (T" = 50, 150, 300) out of 600
total denoising steps. We expect that samples
from noisier timesteps exhibit greater distribu-
tional distance from the real data.

More details on the segmentation model architecture
and hyperparameters are provided in Appendix
Figure 2 shows that an appropriately chosen synthetic-
to-real data ratio improves performance on the down-
stream segmentation task. Figure compares vali-
dation loss when increasing the amount of synthetic
data versus scaling up real data. As expected, adding
more real data consistently improves performance. In
contrast, synthetic data exhibits a U-shaped effect:
moderate amounts enhance generalization, while exces-
sive amounts degrade it, indicating the existence of an
optimal interpolation parameter \.

Figure 2b further examines how this behavior depends
on the distributional distance between real and syn-
thetic data. By varying the diffusion timestep 7" which
controls the noise level in generated samples, we ob-
serve that the U-shape persists but becomes sharper
as the synthetic data diverges further from the real
distribution. These findings support our results that
the generalization gap is influenced by both the mix-
ing ratio and the distributional discrepancy between
data sources. The relationship between the optimal
synthetic-to-real ratio and distributional distance is
further illustrated in Figure & in Appendix

5 DOMAIN ADAPTATION

In this section, we study the learning problem under
domain shift (Zhang et al.; 2019; Stacke et al., 2019;
Redko et al., 2020; Shui et al., 2022): the real train-
ing data consist of samples from a source domain X
with distribution py, while the goal is to evaluate the

learned model on a distinct target domain A™* with dis-
tribution p%, from which no real data are available. To
address this distribution mismatch, we assume access
to synthetic data generated on the target domain X™*,
though drawn from a potentially imperfect distribu-
tion pl # pk. As in previous sections, this synthetic
data is used to regularize the ERM objective, aiming
to improve generalization to the target domain in the
absence of real samples from pj.

We first analyze this setting within the kernel frame-
work (Section 2). Specifically, we consider a dataset of
N real training pairs y,, = f(X,) + €n, and a synthetic
data generator g as defined earlier. The test error is
measured with respect to a ground truth function f,.
The main difference from Section 2 is that the training
function f differs from f,, capturing the domain shift.
Although the empirical estimator remains unchanged
(Equation 1), the generalization behavior is affected
by the discrepancy between the training and target
domains. Our result shows that stronger regularization
can improve performance when the synthetic data more
accurately approximates the target domain than the
source data, providing a principled guideline for tuning
A under domain shift. See Appendix for the proof.

Theorem 5.1 (Generalization under Domain Shift).
Under Assumption °.1, for the kernel regression prob-
lem defined in Equation |, distributional discrepancy
D(-,-) as in Theorem 2.2, and any fized regularization
parameter X > 0, the test error under domain shift
satisfies the bound:

Ry(Aig) < PLel 4 XD(fi,g) + RLRFPL,

We now extend this result to the setup in Section 3,
where test error is measured with respect to pk. The
resulting generalization gap is stated below; see Ap-
pendix for the proof.

Theorem 5.2 (Mixed-data Generalization under Do-
main Shift). Suppose that Assumptions - hold
and that hg € argming,cqy Ra(h,S). Then, whenever
N > No, R* < R} and Ws (px ,0%) < W, the general-
ization gap under the domain shift satisfies

Elr(hs)] S+ AWa (px  P%) + (1 = N)EW: (9%, Px)
+(1- N LFEAT,

where r* = minpey r*(h) is minimum population risk
manimizer of the target domain and A, &, Ny, R§, Wo
are as in Theorem

As expected, compared to Theorems and 3.1, these
bounds include an additional term that captures the
mismatch between the source and target distributions.
Consequently, the optimal choice of A depends on the
relative magnitudes of D(fs, f) and D(f,,g) or simi-
larly Wa (pk , px) and Wh (pk , pl). Intuitively, when
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the synthetic data generator more closely approximates
the target domain, it is beneficial to choose a larger
regularization parameter A. In the special case where
fo = f or Wy (p% ,px) = 0, the bound reduces to the
previous results, albeit with potentially larger constants
for the kernel regression case, arising from the more
general proof strategy.

Experimental setup We follow the experimental
setup for medical brain MRI scans described in Sec-
tion /1 to study the effect of domain shift. Since we
have two data sources (MIAC and NeuroRx), we can
naturally adapt the setup to introduce domain shift:
we treat MIAC as the source domain and NeuroRx as
the target domain. The synthetic data generator, a con-
ditional diffusion model, is trained on NeuroRx, thus
approximating the target distribution. As before, we
vary the synthetic-to-real data ratio in the range 0.25 to
8, and compare the resulting performance. Results are
shown in Figure Ja. We include two baselines in this
experiment: (1) access to real data from the target do-
main for training the downstream segmentation task on
NeuroRx (blue line), and (2) no access to either target
or synthetic data, with only increased source domain
data available (orange line). To examine the impact of
distributional discrepancy between synthetic and tar-
get data, we adopt the same approach as in Section /,
sampling from the diffusion model at two timesteps,
T € {0,300}. We expect T'= 0 (green dashed line) to
closely match the target distribution, while 7" = 300
(red dashed line) reflects a greater distributional dis-
tance. As observed, synthetic data can significantly
improve performance when the distributional distance
between the synthetic and target is small. However,
when the synthetic generator induces a large distribu-
tional shift, using additional source data alone can be
more effective, but if the source domain itself is far from
the target, neither synthetic nor source data is likely
to help. This observation aligns with our theoretical
understanding of the trade-offs in generalization error,
where the benefit of additional data depends critically
on the distributional closeness to the target domain.

6 INSIGHTS FOR PRACTITIONERS

To apply our theoretical results, practitioners must esti-
mate key quantities affecting the generalization bound,
such as distributional distances, noise levels, and hy-
pothesis class complexity. This section outlines prac-
tical ways to approximate these quantities and offers
heuristics based on empirical evidence.

Exact distributional distances between real and
synthetic data, or across domains, are rarely avail-
able. Applications therefore rely on proxies. In our
experiments (Sections | and 5), we first used diffusion

Validation Loss

Ratio

(a) The effect of synthetic data in domain shift.

.

FID Score

0 1 2 3 4
Ratio

(b) FID score vs. synthetic-to-real data ratio

Figure 3: (a) Effect of synthetic data from distributions
close to (green dashed) or far from (red dashed) the target,
compared to target (blue) and source (orange) baselines.
Results show the trade-off between distributional shift and
regularization predicted by Theorem (b) FID as a
proxy for distributional shift: 7' = 0 (green) aligns with
the target, while noisy (red) and source (orange) data show
higher FID and reduced utility.

timesteps, and here adopt the widely used Fréchet
Inception Distance (FID) metric. While FID is not a
true distance, it approximates distributional alignment
via the Wasserstein distance between Gaussians fitted
to Inception embeddings of real and generated images.
When synthetic data is well aligned with the target
domain, FID provides a useful indicator for comparing
generators or estimating alignment. As shown in
Figure 3b, adding synthetic data from T'= 0 (green)
reduces FID similarly to adding real target-domain
data (blue), mirroring trends in Figure 3a. In contrast,
source-domain or noisy diffusion samples do not
improve—and often worsen—FID. Depending on
context, alternatives such as cross-validation loss or
Kullback-Leibler Divergence (KLD) may also be viable.

We also propose a more accurate estimate based on
Corollary In image experiments, we exploit
frequency-domain features: a 2D Fourier transform
preserves information while decomposing energy across
frequencies, analogous to the kernel eigenbasis and
suitable for analyzing eigendecay.

e Distributional distance. Assuming both real
and synthetic images are from related distributions
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Figure 4: Effect of synthetic-to-real data ratio and distributional distance(s) on the error rate: (a) in-domain scenario
across various signal-to-noise ratios for the real dataset; (b) out-of-domain scenario. In both cases, one should ideally
choose A such that it lies within the blue regions, which correspond to lower error rates.

(possibly with a shift), we compute the radially
averaged power spectral density (RAPSD) for each
distribution. We then estimate the distributional
distance as the ¢3-distance between the average
RAPSD vectors.

e Decay exponent. The eigendecay exponent r is
estimated from the slope of a log-log plot of power
spectrum (@) vs. frequency (w):

RQ=w? = logQ~ —2rlogw + const.

We implement this on a real dataset, where the distance

between real and synthetic data at 7' = 0 is 0.85, which
we use for our experiments.

Another critical factor is data variance. This can be

tricky, as many datasets are normalized to unit variance.

In our setup, the variance in RGB setup yields ¢ =

251.4, giving A* = 1.958, close to the observed ratio of 2.

While normalization yields A* = 0.12. This highlights
the sensitivity of our result to the scale of variance and
is one of the limitations of our method.

Figure 4 illustrates how the bound varies across scenar-
ios, providing heuristics for mixing real and synthetic
data. Lower bounds (cooler colors) indicate better gen-
eralization; higher ones (red) warn of overfitting. See
Appendix for extended results.

In-domain. When heterogeneity is small to moderate
and synthetic quality is high (D(fx, g) small), augment-
ing with up to twice as much synthetic as real data
is effective (Figure 12). Beyond this, gains diminish,
with higher computational cost but little improvement.
In biomedical cases (e.g., brain MRI) with small N
and high o2, a 1:2 ratio still works well, though further
increases only help with exceptionally accurate genera-
tors. Otherwise, collecting more real data is preferable.

Out-of-domain. Under domain shift (Figure 1b), the
same 1:2 ratio is robust if the generator is good. Larger
ratios harm performance, especially under severe shift
(D(f., f) =~ 8.75). For moderate shifts (D(fs,g) ~ 5),
1:2 remains a reliable choice. Overall, ratios between
1:1 and 1:2 seem to be effective. Modest augmenta-
tion helps even with shift, but excessive synthetic data
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misaligned with the target distribution degrades per-
formance. Careful tuning of the augmentation ratio is
thus crucial in the out-of-domain case.

Finally, our theory assumes Lipschitz continuity, which
can be estimated via gradient norms or enforced by
clipping. This only scales the bound by a constant and
does not affect the optimal ratio order.

7 CONCLUSION

Synthetic data is vital in domains where real data is
scarce, costly, or sensitive, such as healthcare. We
develop a principled framework that characterizes the
trade-off between real and synthetic data and prove
the existence of an optimal synthetic-to-real ratio that
minimizes generalization error, first in kernel regression
and then more generally via stability. Experiments
on benchmarks and real-world datasets validate these
predictions, revealing a non-monotonic relationship
between performance and synthetic proportion and
extending to domain adaptation with distribution shift.

We show that most traditional, model-agnostic
techniques that rely on uniform bounds are often loose
and unable to capture the phenomena observed in
practice. Our modified ERM objective relaxes these
assumptions by ignoring the variance of synthetic
data, and yields tighter guarantees. However, a deeper
understanding is still needed; for instance, PAC-Bayes
bounds that treat synthetic data as a prior may
provide a promising next step.
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A BROADER IMPACT

This work shows how synthetic data can be effectively integrated with real data to improve the performance and
generalization of downstream tasks in both in-domain and out-of-domain settings.

There are several potential benefits of our work:

1. Our framework enables practitioners to use an effective synthetic-to-real data ratio that yields improved
performance at a reduced computational cost, therefore reducing carbon footprint.

2. Although our experiments focus on lesion segmentation, the underlying theory and insights are broadly
applicable. Practitioners in various domains can leverage our framework to address challenges related to
low-data regimes and domain shifts by exploiting powerful generative models to synthesize data, issues
that are common across many applied fields.

3. We identify key factors necessary for evaluating the impact of synthetic data. This is particularly relevant
in the current landscape, where a wide range of generative and foundation models are available to generate
synthetic data. Our findings can help the community make more informed decisions about incorporating
the generated samples from these models, particularly their quantity and quality.

4. Our results highlight the importance of distributional shift in achieving better performance, which in turn
underscores the potential value of incorporating human feedback into the synthetic data generation process.

5. In scenarios involving biased datasets—closely related to our distribution shift setup—our framework offers a
principled way to generate an adequate number of synthetic samples to improve model performance. This is
particularly useful not only in data-scarce domains such as healthcare but also in datasets lacking diversity.

We also acknowledge potential risks and undesirable consequences associated with our approach. In efforts to
maximize downstream task performance, practitioners may be incentivized to collect additional data or train
more powerful generative models. This introduces several challenges:

1. Collecting extensive data about a subject raises concerns about responsible data acquisition.

2. Training larger generative models requires increased computational resources, which may have a greater
environmental impact.

B LIMITATIONS

While our work provides theoretical insights and practical guidelines for combining synthetic and real data, several
limitations remain:

1. Our analysis involves certain approximations to key parameters that affect the generalization bound and the
optimal synthetic-to-real data ratio. The sensitivity of the results to our approach, and studying other ways
of approximating them needs further investigation.

2. Although our theory aligns with empirical trends observed in lesion segmentation, we have not validated
the proposed bounds across a broader range of applications. Extending the empirical evaluation to diverse
domains would help assess the generality of our framework.

3. We focus on providing theoretical and practical insights and do not present a concrete algorithm that
integrates a specific real dataset with a synthetic data generator. Developing such an algorithm would
facilitate adoption in real-world settings.

4. Our experiments are restricted to the image modality. Investigating how the framework extends to other
data types, such as text, audio, or multimodal settings, remains an open and promising direction for future
work.
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C OTHER NOTATIONS

We denote scalar or vector-valued Random Variable (RV) by x, and collections of RVs by X, with corresponding
probability densities px and px. Realizations of these variables are denoted by « and X, respectively, with =
taking values in a measurable space X. The conditional distribution of a random variable y given x = x is
denoted by py|x—sz- The expectation of a measurable function f : X — R is written as E[f(x)] = Eg~p, [f(2)]. For

integers a < ¢ < b, we denote by X,.p = {Xa,Xa+1,---,Xp} a finite collection of RVs, and by Xffj)c) =X \ {Xc}
the subset excluding x.. The density px,, denotes the joint density of the variables in X,..

We use [K] to denote the index set {1,..., K}, and reserve Latin letters for samples and Greek letters for
parameters or distributions.

Definition C.1 (Lipschitz Continuity). A function f: Z — R?, for (£Z,dz) a metric space, is £-Lipschitz if for
all 2,2/ € Z, || f(2) — f(Z)|| < €dz(z, 7).

Let Ry(h) = Eg[RA(h,S)] denote the expected mixed loss, and 7y (k) the hybrid population risk:
’I")\(hs) = (1 — )\)’I"(h) + /\Ex,\,p;c w(h, X)] . (3)

Definition C.2 (Generalization Gap). The generalization error of a hypothesis h is defined as the absolute
difference between its population and empirical risks:

gs(h) = [Lx(h) — Ls(h)|.
The generalization gap of a learning algorithm is the expected generalization error:

G =Ep,slgs(h)] = Ep, s [[L2(h) = Ls(M)[] -

We can now define the generalization gap in the mixed-data setting as:

G =Ep,slgs(0)] = Ep, g [[r(h) = Ra(h, S)]].

D TRADITIONAL BOUNDS FAIL TO CAPTURE THE TRADE-OFF

We use the traditional bounds in learning theory to study the mixture of real and synthetic data. We assume a
bounded loss ¢ € [0, 1] and hypothesis class H. The goal is to bound the distance between R, (h) = Lg(h) and
Rp,.(h) = r(h) as expressed in Section 3.

Bias via Mixture Mismatch For any f € H, and « € [0, 1], let ¢, := (1 — a)px + ap),. We have

Rp. (f) = Ry (f) + O‘(Rpx(f) - Rp;(f)) (4)
< Ry, (f) + aTPMeoy (px, Py), (5)

where IPMyoy (px, Pi) := SUP ey ’pr [(f)] — Ep, Wf)“-

Estimation for R, (f) Let Sy ~ p@¥ and S}, ~ pi®M be independent samples of size N, M, from px and pl,
respectively. Suppose we train on a mixture of these samples so the empirical risk becomes

Rao(f) = (1 — a) Rsy (f) + a Ry, (f),

and the population risk is R, (f). By standard uniform convergence bounds (Shalev-Shwartz et al., 2010), with
probability at least 1 — §, simultaneously for all f € H,
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where, for example,

en =2RP) (o) +

)
(2
N
2|
>,
=

ent = 2R (o M) + \/1osd/o),

Here ER(P) is the Rademacher complexity under distribution P. Now, multiplying the two bounds by (1 — «) and
«, respectively and adding, we have

Ry (f) < Ry (f) + (1 = a)en + acnr. (6)

Combine with bias Let f, € arg min ey 7%%( f). Then, with probability at least 1 — ¢, by combining
Equations 5 and 6, we have:

Rpx (fa) < ﬁqa (foc) + (1 - Q)EN +aen + aIPMZo’H(p}np;c) : (7)

Suppose a favourable regime where the Rademacher complexity shrinks at the canonical rate 1/y/n with a
distribution and sample size independent constant. Note that kernel methods with bounded kernels (Section 2)
and Lipschitz losses (Section 3) are examples of such regimes. Therefore, we can bound the Rademacher
complexities as

R (CoH) < Cror/vn

for some constant Cyo3 independent of P and n. Then we can simplify the above to
en < 2Cpon /VN ++/log(4/8)/(2N), enr < 2Ceon/V M + \/log(4/6)/(2M)
Therefore, there exists a constant Cs such that the following holds:
en < & em < &
VN’ VM
D.1 Choice of Optimum Regularization in the Traditional Setting

In our approach, we use an empirical risk of the form

N M

RN = 337 22 U XD YD + 7 Z (8)

i=1 =

where Sy = ((X;,Y;);i € [N]) and Sy, = ((X},Y});j € [M]) are samples from py and p, respectively.

To connect to the previous analysis, we can choose ay = With this choice of «, and by Equation 7, we

have

N+M

N  Cs M Cs M

Ro(fon) < Rauy o)+ g o Vara w vag T g oz Moo (P25

Assume that M = AN for some A > 0. Then, we have

R R . 1+ A
R an) <R ay) T C + IPMyo s ;
p(fan) tay (fon) 6(1+)\)\/N T o (Pxs D)

Note that the second term, Cs ( 1:;‘)@ which arises from the variance component, attains a non-trivial maximum.

When A = 0, the bound reduces to the error using only real data (i.e., without synthetic augmentation). As A
increases, the variance term eventually decreases, while the bias term increases but only up to the discrepancy
between the two distributions. Consequently, the optimal ) is either zero or infinity, depending on whether the
discrepancy is smaller than the variance term at A = 0. Under a fixed computational budget, however, this yields
a non-trivial optimal choice of A.



Amitis Shidani, Tyler Farghly, Yang Sun, Habib Ganjgahi, George Deligiannidis

Optimal Choice of o (Effective Sample View) Let us bound the estimation error by

(1-a) No=(1—a)N + aM,

+aen S ——=
EN QEN 5
VNa

with ¢ ~ 2Cyo% + 1/log(1/6). Thus, we need to minimize the following bound:

C
a) = + aIPMyon (px, Ph)-
) = N T adl tor (P V)

2/3
Let A= M — N and n* = (WAM) . Then, the optimal mixing weight is
N . n*—N
o =cli — .
Plo,1] M—N

This provides us with the following decision rule:

C
0, IPMyo % ; > —,
eH(P p) ‘/CN
at =41, IPMyon (px, ) < —=,
ton (Px> D) i
ﬁ, otherwise.

Optimal M with Fixed N (Uniform Concatenation) If training is done on the mixture dataset, following
Equation 8 with each point weighted equally, i.e. ,

M A

= = — M = AN
CTNTM TN ’
then, we need to optimize with respect to the following bound:
D)= A PMun(pepl), A0
P N(l—i—A) 14+ A LoH\Px>Dx)s = Y.
This formalization gives us the following threshold behavior:
c
07 IPMKOH(pX7p;() Z vl
M= vy
“as large as allowed,” IPMyoy (px,pl) < TN

A finite balance point is obtained by equating variance and bias:
2c 2
Mia = { ( ) -1
( IPMyop (px, Pi) VIV +

Therefore, although traditional bounds offer an intuitive understanding of the ERM’s behavior, they do not
capture its complete behavior and can be overly loose.

To solve this problem and bridge the gap between the generalization bounds and what we observe in practice, we
propose an alternative option for the optimization problem that we introduce in the next section.

D.2 Alternative Formalization: Analysis of Ansatz

In practice, we have the following ERM:

N M
fn = aigeglinz W = F))* + D (Fon — f (&) 9)
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Notice that the objective is equivalent to

We can now approximate the empirical loss over the synthetic samples with the corresponding population loss:

Letting A = M/N:

Using A = A/(1 — \), we have

LS = Fo)) + e f = gl

_Nn:1 Vn Xn 1_; g

OI—S\N 2, 7 2

2 LS () + A - g
n=1

In this formalization, we deliberately omit the variance term arising from the synthetic samples, as it is expected
to play only a secondary role and may obscure the regularizing effect introduced by the synthetic data. As we see
in Sections 2 and 3, this formalization helps us to improve the bound for the U-shape observed in practice, as
opposed to the classical case, where methods fail to capture this trade-off.

E ASYMPTOTIC EFFECT OF SYNTHETIC DATA IN KERNEL REGRESSION

Suppose we have M synthetic samples {(Z, Jm ) }M_,, where Z,,, ~ p(z) i.i.d., and G, = g(Z). We assume these
synthetic samples are noiseless, reflecting access to the exact synthetic data generator. Then the ERM objective

- X - | M i o,
fiv = argmin ;(yn = f@)) + A 45 mzzjl(f(wm) — 9(#m))
satisfies, by the (strong) law of large numbers,
M
Jim % S (@) = 9(Em))* = Eanp [(£(2) — 9(0))%] = (f = 9. Tc(f = 9))y, -
m=1

where the kernel integral operator Tk : Hr — Hp, is defined by

(Tich)() = [ K(o) hlz) pla) do.

Note that while the synthetic covariates ., are drawn i.i.d. from the same marginal distribution as the real data,
the synthetic labels g, follow a potentially different mapping g, as determined by the data generator.
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Equivalence of L?(p) and RKHS norms By Mercer’s theorem (Mercer, 1909), the operator Tk admits the
spectral decomposition

K(z,y) = ZM ¢i(z) ¢i(y),

where {¢;} form an orthonormal basis in L?(p) and u; > 0 are the eigenvalues. Any function h € Hj, can be
written as h = ). a;\/1; ¢;, yielding

o0 o0
WAl = D mat, bl =D ab
i=1 i=1
If the nonzero eigenvalues satisfy 0 < pimin < i < fhmax < 00, then
Mmith”%k < ||hH%2(p) < MmaXHhH%Lk’
so the norms are equivalent up to constants:
||h||%2(p) = ||h||3{k‘

Under this spectral assumption, the L?(p) term Ez,[(f(Z) — g())?] appearing in the infinite-M limit is thus
proportional to [|f — g[|3,, .

Note that we use this equivalence to motivate our setup, we study the effect of limited synthetic data in Section 3
more precisely.

F TECHNICAL PROOFS OF MODIFIED KERNEL REGRESSION

F.1 Proof of Lemma 2.1

Lemma 2.1. Let Ky € RN*N be the empirical kernel matriz with entries (Kn)ij = K (xi,%;). Define the integral
operator Tk = L*(py) — L?(ps) by (T f)(x) = [ K(x,2') f(2') dps(2') = Ex [K(x,x') f(X')]. Let Ax = NX. Then
the solution to Equation 1 has the closed-form representation:

a=(Ky+AvI) " (Ko, + AnB +e) ,

where ay, B, and € are the coefficients of f., g, and the noise vector in the training basis.

Proof. Let us define A = 5 E 5- We can rewrite the ERM using the Representer theorem as following:

1 ~ ~
o = argmin —[ly — Kné|* + Alé& = Bll5,, + Al 5, -
(a4

Finite-sample solution. Taking the derivation with respect to a, we have
Ky [(Kn+AvD)a—y —AnB] =0 (10)
Solving the optimization, similarly to the standard regularized kernel regression, we achieve:
a=(Kx+AvD) " (y +\nh),

where we conclude the proof by noting that y = Kya, + . This also results in the fact that fy(x) =
Ky (Kn + )\NI)_l (v + An0), where Ky = (K(x,x1), ..., K(X,xn)).

We now study the behavior of this closed-form solution in the population limit, which becomes useful later.

Population limit and expectation. We use Equation 10, so we have:
Ky[(Ey+AnvD)(a—B)—y+ KnB]=0
a—B=(Ky+vI)" (y - EKnB)
() = g(x) = K (Kn + AN (y — KnB).
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Now, consider the population limit where the sample size N — co. The empirical kernel matrix K converges to
the integral operator Tk, which is a classic approach in kernel ridge regression (Singh and Vijaykumar, 2023).
Therefore, Tx ~ + Zi:;l K(-,x,) ® K(-,%y), which means Ky = NTk. So, we have

fv—g= Tk + )" (TKf* —Trg+ 16)

N
Ee[fx —g] = (T + )" Tre(fo — g).-

Noting that E.[g] = g, we get the following result in the population limit:

Ee [fv] =g+ (Tx + AI) "' Tk (f+ — g).- (11)

F.2 Proof of Theorem 2.2

Theorem 2.2. Under Assumption 2.1, for the kernel regression problem defined in Equation 1 and any fixed
reqularization parameter A > 0, the test error admits the bound:

D(fv 9) + o?

Ry(xig) = 0 (20

+ >\2‘417‘D(f*,g)> :

where D(fy,9)* = Z;‘;l Hi?(ej —w;)? denotes the discrepancy between the target function f, and the synthetic

generator g.

Proof. To bound the test error, we use the bias-variance decomposition in Definition 2.1. We start with the
variance term. We follow the approach of Misiakiewicz and Saced (2024). So, we have:

V = Exe [(fn(x) — Ec [fn(x)])°] (12)

1 _
= By KNKX (Tx + M)~ z—:)} (13)

0'2 2 —2
- thr (NTK (T + M) ) (14)

o0

= Z R (15)

Note that the above discussion assumes the population limit. An analogous behaviour holds in the finite-sample
setting. Define k = sup,cy /K (x,x). Then

V = B [(fn(x) — Ec[fn(x)])?] (16)
= Ex. | (% Ex(Kn + 2D 'e)’] (17)
Sy 9

where the inequality follows from [|(Kx 4+ AI)~!|| < 1 and the bound ||[Kx||?> < Nx2. Now, let us bound the bias
term. We have:

= Ex [(f« — Ec [fn]) X))
< Es [|Ee [fn] = Al ] + 1 = A2,

where the last line is resulted from Jensen’s inequality and triangle inequality. Moreover, note that || f, — fi|l f, <
21 _ ro12 T . x
k2| fe = fall§;- We define fy as the population limit of fy:

=g+ (T +X)"'Tk(f. —9). (19)
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To bound the bias term, we also define an additional auxiliary function fx x:
Ina =g+ (En + M) "' T (fi — 9g).
This function helps us compute the first term of bias.

Population and sampling bias Es [||E- [fn] — fA]13,,.]- We rewrite this term as follows:

Es [IIE [fn] — fllfi] < Es [IEe [fn] — vl ] +Es [I1fva — Al ]
<Es [I(Kn + M) Kn — Tr)(fe = 93] +Es [IIfxx — fallg]

1
= ﬁES (KN = Tr)(fe = D3] +Es [Ifnx = Al ]
K2\ e — gl
< — e = TEs[Ifva = Al
where we used the fact that [|[(Ky + A)7!|| < %, and the last inequality is proved in Smale and Zhou

(2005)[Theorem 3]. We continue the bound by first noticing that Equation 19 gives us (Tx + M)(fA — g) =
Tr(fs —9):

w2 fe = gll?,
N2

K2 fe = gll?,
N2

K2 fe = gll?,
N2

R fe—gllp, 1

T’c + FES [H(TK - KN)(fA _Q)H%{K]

2| e — gll2, N K21 —gll2,
N2 N2 ’

Es [IIEc [fn] — falldi, ] < +Es [[Ifva — Allb]

< +Es [|(Ky + A1) "N Tk + AD(Fr — 9) — (£ — 912, ]
< +Es [[(Kn + M) Tx — Kn)(fx — 93]
<

<

where we have used Smale and Zhou (2005)[Theorem 3] once more. Moreover, we note that Equation 19 is also
the solution to the following Kernel optimization:

fr=g+agmin{|[f = (£ =)z, + A fl5,} -
feEHK

Therefore, setting f to zero, we have || fx — (f. — 9)lIZ + AlIfallF,,. < IIf« —gll2,, from which we can conclude that
[ fx—gll2, < 2| fc—gll2,. Putting all these results together and the fact that || fx —gl|2 < sup, K(z,2)| f«—gll3,,. .
we have:

3671 £ — gl

N2 (20)

Es [[E: [fn] = fal3,] <

Population bias || f, — fi]|3,- To bound this term, we substitute the Mercer decomposition of f, and g, and the
fact that the eigenvalues of (T, + A)~! are 1/(A + p; ) as following:

=g+ Tk +AD) " Ti(fe — g)

(g A e,
_zj:(uj+>\9]+uj+>\w]>¢j'

Therefore, we have

A
2 _ N2
[|.fx fA”H = Hj}:l 1 )\(93 w])¢]” )
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We can bound this bias term as follows by noting that {¢;}; consist the orthonormal basis:

||f**fA||%:Zm(9j*Wj)2~ (21)
J

Jj=1

Now, combining the results of Equations 20 and 21 gives us an upper-bound for B2, and combining them with
Equation 18 gets a bound for the test error. We have:

Sl — gl o~ N 2, K07
Rn(Ag) = N2 +Z(M'+)\)2(0j_wj) +N/\2
g=1 "
34 fe—allsy 2 | [N H 1 K’0?
< 2 WX JWH 4y L (0. —w.)2 -
=T e T jz:;(ﬂj'f')\)Q ;/@M wil* |+ e

where the inequality is due to the Cauchy-Schwarz inequality. Since Z‘;’;l %(Gj —w;)? = D(f+,g)? we can now

Hj
write:
3k fe — g3 M K*o?
Rn(Ag) =0 N D 2 1
~N(Xs9) Nz + (fer9) = (u; + A2 e
367 £ — gll3 2 * T2 ? K202
— o 2290 | yepy, ) det+
O\ e PAPU) /0 7)) U e
360 fe —gll3y | yam K20
= - S D *9 r AT\ P
(9( N2 + A"+ D(f,,9)C + e
where
1/2
o - /°° Y " / B i/oo ol v \/B(l/?r,Z— 1/2r)
"\Jy \ar 4 C\2r )y (v+1)2 N 2r ’
with B(z1,22) denoting the beta function. We conclude by noting that D(f., g) > || f« — gl|3,- O

F.3 Proof of Corollary 2.2.1

Corollary 2.2.1. Under the assumptions of Theorem 2.2, the optimal regularization parameter that minimizes
the test error is given by

< (D(f*,g) +a)
ND(fs,9) '

Setting \ = %, the optimal number of synthetic samples satisfies:

N 16741 |
D(f*>g)

4r
2 16r+1
o 12r+1
M* < <1 + )

Proof. The result follows by minimizing the bound in Theorem 2.2:

D(fs9) +o

2
C) — 2— L

We differentiate the right-hand side with respect to A and set the derivative to zero:

8’RN N 1 1_% D(f*,g)+02 -3 _
o _<2 4r))\ D(fe,g) —2 N A3 =0.
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Solving for A\ gives

ar

v ()T (Dlla oty

(8r = 1)ND(f+, 9) ND(fs,9)

Substituting \* = %* yields

Tor+T |
D(f*a g)

completing the proof. O

4r
M* _ N)\* g (1 N 0.2 ) 16r+1 1241

G GENERALIZATION BOUND WITH MIXED REAL AND SYNTHETIC

G.1 Lemmata

Definition G.1. The upper packing dimension of a measure v is the quantity d* defined by:

, log ps ()
d* = esssup(®*), &*(x):=limsup ———=.
p(®") (w) = limsup = =5
Definition G.2 (D-Regularity Clerico et al. (2022)). Let D be a measurable map P x P — [0,4o0]. Fiz p € P

and &€ > 0. We say that a function f: Z — R is Rp(§)-regular with respect to p if f € L'(u) and for every v € P
such that Supp(v) C Supp(p) and f € L'(v),

[EL[f(2)] = E[f (2] <ED(p,v).

Lemma G.1. Consider a mapping A : Sy — H and define the random variable X ~ py such that X 1L S. Suppose
there exists € > 0 such that for any i € {1,..., N}, it holds that

supE[((hZ,xl) - g(hﬂxz)] § & (22)

where h = A(S),ht = A(S?) and S* = {x1,...,X;_1,%,Xi41,..,Xn }. Then it holds that
E[Lx(A(S)) — Ls(A(8))] <e.

Proof. Follows from Lemma 7 of Bousquet and Elisseeff (2002). O
Now we obtain Wasserstein continuity bounds using a similar technique to Polyanskiy and Wu (2015); Raginsky
et al. (2017).

Lemma G.2. Suppose that Assumptions 5.1-3.5 hold, then for any h € H,
[Ep [0(h,%)] = By [6(h,x)]| < EWalpx,pl), €= 31+ L2(|[Ve(0,0)]| + M), (23)
where 72 = 2B, + (14 2L?)(0% + o’?), and By = supp ey [[R(0)].
Proof. Define the map ¢ (x) = (h(x),x). Since h is L-Lipschitz,
l¢n(x) = o (x)1* = [Ih(x) = A(x)* + Ilx = x|I* < (1 + L?)[x = ||,
s0 ¢y, is V1 + L2-Lipschitz. It follows that
Wa(dn#tpc, on#tpl) < V' 1+ L2Wa(px,py)- (24)

Let (X,Y) be an optimal Ws-coupling of px and p., and set Z = ¢ (X) and W = ¢, (Y). By M-smoothness of ¢,

o(Z) — (W) < (Ve(W), Z — W) + %Hz — WA
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Taking expectations and applying Cauchy—Schwarz to the first term gives

E[e(2)] = E[e(W)] < VE[[[Ve(W)|]?] Wa(Z, W) + % Wa(Z,W)?. (25)

We bound each term separately. For the quadratic term, the triangle inequality for Wy gives Wh(Z, W) < oz +ow
where oz = /E[|| Z||?], so that

%WQ(Z, W) < = (07 + ow) Wa(Z, W), (26)

M
2
Since h is L-Lipschitz, ||h(y)|| < ||R(0)|| + L||ly|| < By + L||y||, and therefore

oty = E[|h(YV)|* + [YIP] < 2B%, + (1 +2L%)0" < 72,

and similarly 07 < 2B3 + (1 + 2L*)o? < 72. For the gradient term, since Ve is M-Lipschitz we have
[Ve(w)| < [[Ve(0,0)]] + Mljwl|, giving

E[|Ve(W)[P] < 2[[Ve(0,0)]* + 2ME[|W|1*] < 2(]|Ve(0,0)[|* + M?7?).

Substituting into (25) using (20),

Efe2)] - Ele7)] < | VBTV + 5 (77 + ow) | Wz, )
[ (IIV¢(0,0)] + Mr) +MT}W2(Z W)
< 3(|Ve(0,0) || + M7) Wa(Z, W).
Combining with (24) and exchanging the roles of py and p, completes the proof. O

G.2 Stability of the Mixed Risk Minimizer
Denote by A, the algorithm that minimizes the mixed empirical risk:

A(S) := argming, 4 Ra(h,S) = hs.

We develop stability bounds utilizing the loss on synthetic data as a source of regularization. The methodology
modifies an approach used in the proof of Proposition 6 of (Farghly et al., 2026), using function space convexity
to obtain stability bounds in L?(p.) (Lemma G.4) followed by a change of measure argument (Lemma G.5).

Lemma G.3. Suppose that the function f:)Y — R is M -smooth, then for any y € Y,

fly) =1 = 7||Vf( )%,
where f* :=infyecy f(y).

Proof. Let (-,-) denote the inner product associated with the space . From smoothness, it follows that f is
differentiable. Setting z =y — 47V f(y), it further follows from smoothness that,

F(2) = 1) < (V)= — ) + =~ ol
<~ VW), VIW) + 5 IV
<~ VS,

Rearranging and using the fact that f(z) > f* leads to the bound in the statement. O
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Lemma G.4. Suppose Assumption 3.2 holds, then for any i € {1, ..., N} it holds that,

] [ 1)~ w i) < hmiman ) + 2P0 (o)t + B ).

where h = A(S),ht = A(S?), S? is as defined in Lemma (1.

Proof. Define the measures,

4(dx) = 1-A Z Oy, (dx) + Mpl (dx), G(dx) == % Z by, (dx) + Apl (dx).

z; €S x;€8?
Using the strong convexity of ¢ we obtain,
(W) = h(x), Vae(h'(x),x)) = o(h (x), ) = e(h(x),x) + 5 [|B'(x) = h(x)]*

which when integrated with respect to ¢, leads to
/ (i (x) — h(x), Vae(hi (), %)) 4(dx) > Ra(h, S) — Ra(h, S) + / 17 () — R0 [2d(d).

The right-hand side is lower bounded further using R (h?,S) > R(h,S) and the left-hand side is upper bounded

using,
[ 1) = i), Tl (). 0 )
= [ h6) = 1. Vel (), ) (e

+ ﬁ <<hl(xl) h(x;), Vie(hi(x;),x:)) — (hi(X) — h(X), Vlc(hi(i)’f(»)

< (1o et ( [ 1w iFaa)

+ (1N)<||V10(hz( i) i) + ||V1c(hi(>z),5{)||)

1/2 _ . .
< Va0 el ate) ) Rath, 87+ RO (i) )2 4 (0, 50172).

The first inequality above follows from the Cauchy—Schwarz inequality and the second follows from Lemma G.3.

This results in the bound,

/||hl (x)[4(dx) < 2F</hl h(x)|? (dx))l/ZRx(hgsi)l/z

2FD(1—)
mN

(c(hi(xi), )2 4 c(hi(fc),fc)l/z).

Taking the expectation, we use the fact that (h, h?, S?) shares the same law as (h?, h, S) and thus can be exchanged,
as well as the symmetry of the algorithm A under permutations in the dataset, to obtain,

{/”hz (x)[1?4(d )} < {/IW )|? (dx):|)l/2E[R)\(h, RE

% (Ws(h)]” 24 E[Lx(R)]?).
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By solving the quadratic equation, we deduce that this implies,

[ [ - i) <V wim, 0,1
+ \/ 2 i )+ 2PMPU) (1 sz 4 Bl ) 2),

This leads to the bound,

[ 1@ - h@)lp <>]s [ [ 1@ - wiolia <d:c>}
< %E[wh, 8)] + % (BlLs ()2 + ElL(W)])'/2).

O

Lemma G.5. Suppose that ’H consists of L-Lipschitz functions, then for any ¢ > 1 and § > 0 sufficiently small,
the assumption in Equation 22 is satisfied with

e <E[Ls(A(S))] +2MC~ 16~ sng[/ | (z) — hi(x)||2px(dx)] +4ML?5°.

Proof. Define ¢ = E[c(hi(x;),x;) — c¢(h(x;),x;)], then because of the smoothness of ¢, we obtain
e B[R’ (x:) = h(xq), Vie(h(x:), x:))] + %E[Hhi(xi) — h(xi)||?]
< VEME[|R (x;) — h(xi) [P/ ?E[e(h(xi), xi)]Y/2 + %E[Hhi(m) —h(xi)|?]

< V2ME[||I(x;) — h(xi)|I*)'/*E[Ls (R)] /2 + %E[Ilhi(Xi) — h(x)|?]
< E[Ls(h)] + ME[||h' (xi) — h(x)|”]-

Define the measure, )
P’ (dw) =¥ (5 () px(B5(%)) ™" px(dar).

Then we can relate function evaluations to the integral over p as follows:

) =)< ([ 1o - “dx) o ([ - o)
</|th @I X5(d3c)>1/2

1/2
< py(Bs(x 1/2(/||h z)||? px(dm)> +2L56.

Taking the expectation gives,

Bllh(x) — 1) P12 < Bxop [ox(266) ] B [ IGe ||2px<dx>]1/2+zm.

Using Assumption 3.3, we obtain that for § sufficiently small,

1/2
Ellhtx) - K212 < 020028 [ ) - @) P pdan)| - +2L
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G.3 Proof of Theorem 3.1

Theorem 3.1. Suppose Assumptions 5.1, 3.2 and 3.5 hold, suppose that hg € argminycy, Rx(h,S) and let R* =
minpey 7(h). Then, there exists No, RE, Wo > 0 such that whenever N > No, R* < RE and Wa (px , ) < W,
the algorithm A(S) = hg is uniformly stable with stability constant,

Eﬁﬁ[ﬁs(hs)]nLL%Aﬁ’ A M R*+‘/MD Me

/
CmZA e T o2 Ve (px 1) - (27)

Furthermore, we have the generalization bound,

Elr(hs)] S R + MWh (px , 1) + (1 — \) L2 AT,
Proof. To obtain the stability bound in the first part of the theorem, we combine lemmas G.4 and G.5. We
optimize ¢ in the bound of Lemma (.5, such that

d*K

d*+2 __
0 22’

K= clsupE[ [ @) - hi@) o).
so that for K sufficiently small, we obtain stability with constant,
e SE[Ls(A(S))] + K72 L3, (28)

To control K we use that h and h? are Lipschitz and thus,
1
2

k<o s ] [ - w@ P o) g 28 [ I'(e) — (@) Pr(de,a)] }
<207 swp | [ Ite) ~ K@)Ppiio)] + 507 LW (o 1l

which when substituting the bound from Lemma G.4, produces,

K < 29 i (1,9)]+ MDA gy gt/ 1 BlLA () + 2 (o 1)

Since £ is smooth and H has bounded diameter, we have that E[Lg(h)] and E[Lx(h)] are uniformly bounded over
h € H. Therefore, it follows that K can be taken sufficiently small as soon as N~!, E[Rx(h,S)] and Ws (px , %)
are all taken sufficiently small. From Lemma C.1, it follows that E[Lx (h)]/? < E[Ls(h)]'/? + £'/2. Therefore,
substituting back into (28), we obtain,

ML VMDLY (1—)\) L2+ 2\ T
< Mr 1/2 , _1/2 ,
e SEILS(AS)] + ( gy ERA ) + 22 E = (BLCa]? 4 2/2) 4 W (e 0l)? )
MLT VMDL? (1 - )\) L2+ 2\ T
< el 1/2 /
S BES(AS)]+ ( gy BR8] + 2 Cm A BIE 01 4 E W s ik )
VMDLY (1 - \)\ ™7
+ g Fz.
CmAN
It then follows from an application of Young’s inequality,
MLT VMDLT (1 - \) L N
< 1/2 /
e S BN + gy BIRaS)] + 2T L= Bl + Wi (o 00)° )
L (YMDLT(1- ) T
CmAN
ML" VMDLY [ 2\ TP
< [l ’
SELES(AS)]+ ( oy BRI+ Yt + E s )
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where in the last line, we use N > ‘/gﬁﬁd* and (1 — ME[Lg(h)] < E[RA(h,S)] < 1, by assumption.

To simplify the bound, we also control Ry(hs,S). For any h, € H, by the optimality of hg, we have

Ri(hs,S) < Ra(hy,S),
Es[Rx(hs,S)] < Es[Rx(hs, S)],
'R,,\(hs7 S) < T‘,\(h*).

From the definition of ry(h4) (see Equation 3), we can write:
Ra(hs;8) < (1 = NEp, [€(he, )] + AEp [€(hs, X)]
= r(he) + X (Bpy [£(s, %)] = Ep, [€(h, x)]) - (29)
Since £(h,x) is ¢-Lipschitz in x, it follows from Lemma G.2 that,
By [0(ha, x)] = Ep, [€(he, X)] < EV2 (px ,15)
and thus,
Ra(hs; 8) < r(he) +EAWa (px 1) -

Finally, we can choose h, = argminy, ¢4, 7(h) to tighten the bound. With this, we conclude the proof of the bound
in (27), which holds once N~=1, R* W (py , p.) are all taken sufficiently small.

For the second bound of the theorem, we use the following decomposition to upper bound the generalization error:
r(h) = [r(h) —ra(h)] + [ra(R) — Ra(h, S)] + RA(h, S).
We proceed by bounding r(h) — rx(h). We compute
r(h) = 1A () = By [£(h,%)] = (1= NEp, [€(h, )] — Ay [£(h, )
= A (Ep, [€(h, x)] — Epy [6(h, x)])
<X WZ(pxyp;c)v
where the inequality follows from Lemma G.2.
To bound ry(h) — Rx(h,S), we start by substituting the definition of each term and simplifying them. We have:
ra(h) = Ra(h,8)) = (1 = A) (Esx [£(hs, x")] — Es ; [((hs, x:)])
= (1= A) (Esx [l(hs, xi)] — Es,i [(hs,%;)])

where the first equality is due to the fact that AE,, [((h,x)] is common in both terms. The second equality is
by the definition of each term, and the fact that x” 1L S. Note that ¢ ~ Unif([N]). The final line results from
defining S’ = SU {x’} \ {x;}, which is a neighboring set to S. Now, assuming that we have e-uniformly stable
algorithm A, then we can write

T)\(h) — R)\(h, S) = (1 - )\)Es,x/,i [f(hs/,xi) — e(hs,Xi)]
<(1-Xe.

These combine to give the bound,
E[r(h) = r(he)] < 208 Wa(px, pi) + (1 = Ae.
Substituting (27) into the bound above, we obtain,
Efr(hs) = (1)) £ 22 Wa(ps, #) + (1 = VE[Ls(AS))] + (1 = N L2 AT,
Since (1 — ME[Ls(h)] < E[RA(h,S)], and using E[Rx(hs,S)] < R* + EMWs (px , k) from above, we obtain,
(1= ME[Ls(A(S))] < R* + EAW: (px , PL) -
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H THEORETICAL RESULTS AND DISCUSSIONS OF DOMAIN SHIFT

H.1 Proof of Theorem 5.1

Theorem 5.1. Under Assumption 2.1, for the kernel regression problem defined in Equation 1 and any fized
reqularization parameter A > 0, the test error under domain shift satisfies the bound:

o2 +D(f., f) +D(f*,g)>

Ryv(Xig) = O <A2D(f*,f) +XNED(f,g) + e

where D(-,-) denotes the distributional discrepancy, as in Theorem 2.2.

Proof. The proof follows the proof of Theorem 2.2 in Appendix F.2, using the bias-variance decomposition. We
note that the variance term remains the same as it only depends on the noise of the data, while the bias term will
have the dependency on all three terms of f,, f and g. Let us start with the formal definition of our bias term,
similar to Appendix F.2:

2

B? = Ex [(f« — E: [fn])(x)]

Es [I[Ee [fn] = falldee] + I1f< = £z,
<Esg

[E= U] = AlBu] + 15 = B+ 1 = 2

IN

where fy, and fx are the population limits of fy with repsect to f and f,, i.e. fx =g+ (Tk + )\I)_lTK(f -9),
and fy = g+ (T + M) Tk (f. — g). We have previously studied the first term in Equation 20. Therefore, we
have:

B (1B (7] — il ] < 2 =9l < 3% (1 i 17 - g) < 2 (D B + D)

The last term follows from Equation 21, and the computation after that. Therefore, we have:

Ife = A2, < f@2||f* - fA||3{

2 2
< k2N? J (0; —wj)
= +A)? ; pr?

Now, it’s only enough to provide a bound for the second term. We have:

1A = £z, < 21— Al
= 12||(Tk + M) Tk (f — DI

2
K ~
< w25~ IR
4
K ~
— D(f*a f) °
Combining all the terms completes the proof. O

H.2 Proof of Theorem 5.2

Theorem 5.2. Suppose that Assumptions 3.1-5.5 hold and that hs € argming,,, Rx(h,S). Then, whenever
N > No, R* < R§ and Wa (px , Pl) < Wy, the generalization gap under the domain shift satisfies

Elr(hs)] S 1 + AWs (0% ,pl) + (1 — NEWs (% ,px) + (1 — A LT A5,
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where r* = minpeqy r*(h) is minimum population risk minimizer of the target domain and A, &, No, RE, Wo are
as in Theorem 5.1.

Proof. For any h € H, we show r*(h), and r}(h) as
i (h) = Bpy [£(h,x)], rX(h) = (1= X)r™(h) + Ep, [6(h,x)] . (30)
We now have the following decomposition for the generalization error:
7 (h) = (r*(h) = rX(h)) + (rX(h) = rA(R)) + (ra(h) = Ra(R)) + Ra(h) .
Similar to Appendix G.3, we bound each of the terms separately. We have:

Bounding r*(h) — r3(h): Let us expand the term by the definition of each component:

r*(h) —rX(h) = Epy [£(h,x)] — (1 = X)r*(h) + By [€(h,%)])
= X (Epy [£(h, x)] — By, [€(h,x)])
< AW (px » 1)

where the last inequality is by Lemma G.2.

Bounding r3(h) —rx(h): We again use the definitions:

rx(h) = ra(h) = (1= Nr*(h) + By [£(h,x)]) = ((1 = N)r(h) + By [£(,x)])
=1 =X("(h) - ( )
= (1= X) (Bpy [, x)] — By, [¢(h,x)])
< (1= X)W (px ,px) : (31)

where we have once again used Lemma G.2.

Bounding r)(h) — Rx(h): Similar to Appendix G.3, we refer to this term as the stability term. Note that all
the conditions for Lemma G.1 hold here, therefore, this term is the same as Appendix G.3 since the stability is
uniform. Thus, ry(h) — Ra(h) < (1 — N)e for:

1 *
e S T ERa(he)) + LF5 AT (32)

We now only need to bound Ry (hs), for both Equations 30 and 32.

Bounding R (hs): Since hg = argming, ¢ Ra(h,S) is the empirical minimizer, for any A’ € H, by optimality
of hg, we have

Ra(hs,S) < RA(I,S),
Es[R)\(hs,S)} < Es [R)\UI/ S)]
Ra(hs,S) < ra(h').

Now, let A’ = argminy 4, 71 (h). Then, for any h, € H, we have

Ra(hs,S) < ra(h)
< 7a(hs) + (1= NEW, (py , px)
< (he) + A (Bpg [€(hs, %)) = By [E(Rs, %)]) + (1= N)EW2 (0%, Px)
< (ha) + AW (P% 5 p5) + (1= NEW2 (pX )

where the first inequality is by Equation 31, and the second inequality is from the definition and the last one is
by Lemma G.2. Now, let h, = arg min, 4, r*(h). Combining all bounds together completes the proof. O
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I EXPERIMENTAL SETUP

I.1 Optimal Regularization in Kernel Ridge Regression

We study a nonparametric regression problem wherein the ground truth function f, and an auxiliary function g are
both defined as truncated series expansions in an orthonormal sine basis, with polynomially decaying coefficients
to encode varying degrees of smoothness. The target function is given by f.(z) = Z]Til(] + 1)""sin(n(j + 1)z),
while g is constructed analogously using a decay rate s” over the first T, terms. Training data consists of N = 15
i.i.d. samples {z;}" ; drawn uniformly from [0, 3], with noisy observations y; = f.(x;) + €;, where &; ~ N (0,0.1),
alongside noiseless evaluations of g(x;). We employ our modified kernel ridge regression (Lemma 2.1) method
using a Mercer kernel with eigenvalue decay p; < j~2", incorporating g as a regularization term to enhances the
standard kernel estimator. The predictive performance is evaluated on a dense test grid (test set of 500 points) by
computing the empirical Lo-distance between the learned function fy and the true function f,. This procedure
is repeated across a logarithmically spaced range of regularization parameters A € [1071% 101°]. In addition, we
compute the theoretically optimal regularization parameter by minimizing an upper bound derived from the
distance D(f4, g), which depends explicitly on the eigendecay and coefficient mismatch between f, and g, based
on Theorem 2.2.

Our implementation uses SciPy for numerical integration and optimization, with special care given to numerical
stability through pseudo-inverses and adaptive regularization. To capture the effect of the difference between
fx and g, we run the experiment with various values as depicted in Table 1. Figures 1, 5 and 6 illustrate the
impact of distributional alignment between the true function f, and the synthetic generator g on the behaviour
of the estimated function fy and the choice of regularization strength A. In Figure 5, the synthetic generator
perfectly matches the true distribution (s = s’, and Ty = T,), resulting in no discrepancy between f,, g, and fn.
Consequently, the prediction error ||fx — fi|/L, is minimized for the largest possible regularization strength, and
our algorithm successfully selects this value. In contrast, Figure 6 considers a case with distribution mismatch
(large difference between s, s’, and Ty, T,), leading to larger discrepancies between the functions. This results
in a characteristic U-shaped prediction error curve, as shown in Figure 6b. While the theoretically chosen
regularization strength (star marker) slightly overestimates the empirical optimum (dashed orange line), the
difference remains negligible, demonstrating the robustness of our theoretical bound under mismatch. The
experimental details are shown in Table 1.

Table 1: Effective parameters for the modified kernel regression.

r S s Ty T, D(f.,9) Figure

20 08 0.8 100 100  0.0000  Figure 5
20 08 15 100 10 737.65  Figure 1
2.0 0.8 25 100 10 15509.16 Figure 6
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Function Comparison Generalization vs Regularization
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(a) Function comparisons. (b) Generalization vs Regularization.

Figure 5: (a) Comparison of the true function f. (blue), the synthetic generator g (green), and the estimated function fx
(orange), obtained via Lemma 2.1, with parameters r = 2.0, s = 0.8, and s’ = 0.8. Since g = f, in this setting, the RKHS
distance is zero and all curves coincide. (b) Prediction error ||fn — f«||L, as a function of the regularization strength . As
expected, there is no U-shaped behaviour since the generator fully matches the true distribution. The theoretical optimum
selects a large A (star marker), while the empirical optimum (dashed orange line) selects a smaller value due to numerical
precision limits.

Function Comparison Generalization vs Regularization
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(a) Function comparisons. (b) Generalization vs Regularization.

Figure 6: (a) Comparison of the true function f. (blue), the synthetic generator g (green), and the estimated function fx
(orange), obtained via Lemma 2.1, with parameters r = 2.0, s = 0.8, and s’ = 2.5. The distance between the functions
is larger compared to Figure 1. (b) Prediction error ||fn — f«||z, as a function of the regularization strength A. A clear
U-shaped curve is observed, and while the theoretically optimal A (star marker) slightly overestimates the empirical
optimum (dashed orange line), the difference is negligible.
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1.2 Natural Images on CIFAR-10

We investigate the effect of synthetic data on classification performance using a conditional diffusion model.
Specifically, we train a diffusion model on CIFAR-10 to generate class-conditional synthetic images, which are then
used to augment the real training set. We compare two classifiers: one trained solely on real data, and another
trained on a mixture of real and synthetic samples. Performance is evaluated across varying synthetic-to-real data
ratios, and validation accuracy is reported for each configuration. The real dataset used to train the diffusion
model is disjoint from the one used for training and validating the classifier, allowing us to isolate the effect of
synthetic data augmentation. Detailed experimental settings are provided in Appendix [.2.1.

In Figure 7, we observe that classification accuracy improves with increasing amounts of mixed training data when
the distributional distance between the synthetic generator and real data is small (orange line in Appendix [.2.1).
In contrast, for generators with moderate to high distributional distance (i.e., lower quality - see green and red
lines), we observe diminishing returns or even performance degradation. This follows our insights from Section 3.
Similar trends are observed at the class level, although the results are noisier due to the reduced amount of data
per class—approximately one-tenth of the total. These results indicate that the trained diffusion model captures
different classes with varying fidelity, which in turn affects per-class generalization. This highlights an important
practical consideration: when class-wise generalization is a priority, it is crucial to ensure that the synthetic data
generator performs well not only in aggregate but also across different classes or groups.

1.2.1 Experimental Details for CIFAR-10

Dataset and preprocessing We conduct experiments on CIFAR-10 Krizhevsky et al. (2009), a dataset of
60,000 colour images (32x32 pixels) across 10 object categories, with 50,000 training and 10,000 test samples. For
each run, we stratify the training set to construct three disjoint subsets: a labelled training set Dy, i, containing N
examples, a validation set Dy, of 5,000 examples, and a separate set Dy of 50,000 examples used for training the
diffusion model. Stratified sampling ensures class balance across all subsets. All images are linearly rescaled to the
[—1,1] range. During classifier training, we apply random horizontal flips as the only form of data augmentation.
No augmentations are used during diffusion model training or validation.

Conditional diffusion model Our synthetic data generator is a class-conditional diffusion model trained on
Daig- The architecture is a UNet2D with six downsampling and upsampling blocks, using channel sizes [128,
128, 256, 256, 512, 512]. Self-attention layers are included at the 16x16 spatial resolution. Class conditioning is
achieved via a learnable embedding table of dimension 512. We train the model using a linear noise schedule
over T = 1000 diffusion steps. Optimization is performed with AdamW using a learning rate of 10~* and
(B1,B2) = (0.9,0.999). We apply cosine learning rate decay with 500 warmup steps, use mixed-precision training
(FP16), and set the batch size to 64. Each model is trained for 100 epochs.

Classification task For the downstream task, we use a compact convolutional neural network. It consists of
two convolutional layers with 3x3 kernels and output channels 32 and 64, respectively, each followed by ReLLU
activation and max pooling. The output is flattened and passed through a fully connected layer with 512 units,
followed by ReLU, a dropout layer with rate 0.25, and a final fully connected layer with 10 outputs. We train
this classifier using the Adam optimizer with a learning rate of 1073, a batch size of 64, and up to 20 epochs with
early stopping based on validation performance. Cross-entropy loss is used for optimization.

Experimental protocol For each configuration (N, M), where M denotes the number of synthetic samples to
generate, we first train the conditional diffusion model on Dy;g. We then sample M class-conditional synthetic
images to form Dgynen. Two classifiers are trained: fieal on Dirain alone, and faye on the augmented dataset
Dirain U Deynen- Both classifiers are evaluated on the same validation set Dy, using the classification accuracy:

A= —— S I(f(@) =y).

| Val' (2,9)EDyal

Hyperparameter configurations We explore several synthetic-to-real data ratios M/N €
{0.25,0.5,0.75,1.0,1.25,1.5,2.0,5.0}, with each configuration repeated across multiple random seeds. A
summary of the hyperparameters is provided in Table 2. All experiments are implemented with the HuggingFace
Diffusers library and executed on NVIDIA A100 GPUs with 40GB memory.
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Table 2: Hyperparameter configurations for CIFAR-10 experiments

Parameter Values
Real data size (V) 500
Synthetic-to-real ratio (M/N) 0.5, 1.0, 3,9
Diffusion steps (T) 1000

Total noise variances 0.0, 0.5, 1.0
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Figure 7: (a) Average accuracy vs. training data size. Increasing the amount of real data (blue line) consistently increases
the accuracy of the classification, while for the mixed-data it depends on the quality of the generated samples. (b) Accuracy
of each class vs. training data size. We observe a similar pattern, however noisier.
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1.3 Real-World Medical Imaging

In this section, we provide additional details for the experimental setup of Section 4.

Diffusion Model Training Our conditional diffusion model synthesises MRI slices conditioned on anatomical
tissue masks. The architecture begins with a 1 x 1 convolutional layer for initial feature projection, followed
by a sinusoidal positional embedding to encode timestep information. The model includes four down-sampling
stages, each consisting of two ResNet blocks, a linear attention layer with residual connection, and a 3 x 3
convolutional down-sampling layer. This is followed by a bottleneck module comprising two additional ResNet
blocks and another linear attention layer. The up-sampling path mirrors the down-sampling structure, replacing
down-sampling layers with convolutional up-sampling layers of the same kernel size. Finally, a 1 x 1 convolutional
layer projects the features to the desired output channels.

The model follows a hierarchical channel structure, starting with 64 channels, doubling at each down-sampling
stage (64 — 128 — 256 — 512 at the bottleneck), then halving symmetrically during up-sampling back to 64.
Conditioning is achieved by concatenating a four-channel binary mask (GM, WM, CSF, lesion) with the timestep
embedding and spatial inputs at the input layer. The model is trained on slices from the NeuroRx dataset using
mean squared error loss over 600 denoising timesteps. All modalities (T1, T2, PD) are trained independently.

Segmentation Model and Task A vanilla U-Net is used for lesion segmentation. The network comprises
three downsampling and upsampling layers with skip connections, ReLU activations, and max pooling. Feature
channels double in the downsampling path (64 — 128 — 256) and halve in the upsampling path symmetrically.
For all experiments, the models train for up to 800 epochs or until plateau, validated on a fixed NeuroRx set.

Hyperparameter Configuration We perform a targeted grid search for hyperparameters considering our
hardware constraints. The search space and the final configuration is shown in Table 3. All experiments are
executed on NVIDIA A100 GPUs with 40GB memory, with no gradient clipping or additional augmentations.

Computational Cost Comparison The full sweep (used to simulate the behaviour of cross-validation) involves
training across 8 different data compositions, with total training time across all runs adding up to approximately
222 GPU-hours. In contrast, following our theory requires estimating certain statistical quantities and evaluating
the bound once. The cost of these operations is negligible compared to training, and only a single model needs to
be trained at the predicted optimal ratio. Hence, our method can save up to 90% of the training cost (1 model
instead of 8), while still achieving near-optimal performance. The computational cost (training time) of running
our experiments in shown in Table 4.

Table 3: Hyperparameter configurations for medical imaging experiments

Parameter Values / Search Space

Batch size 16, 32, 64, 128 (selected: 128)
Learning rate {le-4, 5e-4, 1e-3} (selected: le-4)
Epochs Up to 800 or until loss plateau
Optimizer Adam

LR Scheduler Exponential decay (v = 0.99)
Weight Init Kaiming Uniform

Loss Function Focal 4+ Tversky loss (equal weight)

Focal Loss Params 0=025 A=2
Tversky Loss Params «=0.7, 3=0.3
Gradient Clipping None

I.3.1 Additional Results

From Theorem 3.1, we expect that as the quality of synthetic samples deteriorates, i.e., as the distributional
distance between the synthetic data generator and the real data increases, the optimal synthetic-to-real ratio
should decrease, placing greater emphasis on the real data. Consequently, we anticipate an increase in the
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Table 4: Computation time as a function of N + M.

N+ M Time (hours)

4500 ~12
5625 ~15
6750 ~15
9000 ~24
13500 ~36
22500 ~50
40500 ~70

validation loss. Figure 8 empirically supports this expectation. In our setting, this distributional distance is
modulated by the sampling timestep of the diffusion model: higher timesteps correspond to noisier, and thus less
realistic, synthetic samples.

|- 0.305
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I 0.295

~@- Optimal ratio
Optimal loss

I 0.290 =

<

Optimal ratio
Validation Loss

[ 0.285

I 0.280
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Figure 8: Optimal synthetic-to-real ratio (blue line) and the optimal validation loss (orange dashed line) as the distributional
distance or equivalently the diffusion sampling timestep grows.

For reproducibility, we repeat each experiment using three different random seeds to account for variability
introduced by stochastic elements in the training and sampling processes. The reported results in Figure 9
represent the mean performance across these runs, with corresponding confidence intervals to capture the
variability. This approach ensures that our conclusions are not driven by a particular random initialization and
provides a more robust estimate of model behavior.
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Figure 9: (a) Validation loss vs. synthetic-to-real data ratio across different sampling timesteps, representing varying
distributional distances. We observe a sharper U-turn effect as the distributional distance increases. (b) The optimal
synthetic-to-real data ratio decreases as synthetic samples become noisier or deviate further from the true distribution. (c)
Incorporating synthetic data improves out-of-domain generalization when the synthetic data distribution is closer to the
target than the source. All experiments are repeated with three different seeds. The results align with those shown in the

main text for single experimental runs.

1.4 Practical Insights

In this section, we investigate the effects of signal-to-noise ratio, i.e., heterogeneity, and the regularity of the
problem. As shown in Figure 10, varying the noise level across different values of r exhibits a pattern consistent
with our observations in Section 6. We again find that a 1:2 ratio of real to synthetic data performs well across
these scenarios. While changes in the regularity of the objectives (i.e., r) influence the scale of the test error, the

overall behavior remains consistent.

Similarly, under domain shift (see Figure 11), the effect of the signal-to-noise ratio aligns with the in-domain
behavior reported in Section 6. Specifically, higher heterogeneity necessitates more careful selection of the
real-to-synthetic ratio, as higher ratios can degrade performance when the distributional distance from the target

domain is large.
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J EXPANDED RELATED WORK

Synthetic Data The rapid advancement of generative models has significantly improved data generation
quality, making it increasingly difficult to distinguish between synthetic and real data. Many previous works
(Zhang et al., 2015; Cortés et al., 2024; Shrivastava et al., 2017; Lee et al., 2024; Seib et al., 2020; Zhezherau
and Yanockin, 2024) have demonstrated the effectiveness of synthetic data in enhancing the performance of deep
learning methods and stabilizing training, both in supervised and unsupervised settings, through augmentation
and various applications. Alemohammad et al. (2024a); Shumailov et al. (2024); Briesch et al. (2023) analyzed
the effects of training generative models on synthetic data across multiple iterations, creating a self-consuming
loop, and found that without sufficient fresh real data, model quality or diversity deteriorates over time, leading
to model collapse. To further investigate this, Dohmatob et al. (2024) studied model collapse theoretically in
the regression case. Similarly, Bertrand et al. (2024); Gerstgrasser et al. (2024) looked at iteratively training
generative models on mixed datasets, concluding that stability is maintained if the initial model is accurate and
the real data proportion is sufficiently high. Ferbach et al. (2024) expanded on this by investigating the impact of
user-curated synthetic data on iterative retraining, framing it as an implicit preference optimization process and
exploring its theoretical effects on model stability and quality. In contrast, our paper does not examine iterative
learning but instead focuses on a single-step approach, framing synthetic data as a regularizer. Possibly closest
to our work is Jain et al. (2024), where the authors use a weighted empirical risk minimization approach to
integrate surrogate data, reducing test error even when unrelated to the original data. However, their work differs
from ours in two main aspects: (1) they focus on the scaling law of the test error, while we aim to determine
the optimal synthetic-to-real data ratio or regularizer weight; (2) they do not account for the distance between
synthetic and real data distributions, while our work specifically provides a bound based on this difference.

Optimal Mixing and Model Collapse While the high-level U-shaped behavior of test error with respect
to the proportion of synthetic data is intuitively expected, our contribution lies in deriving it formally via a
distinct analysis route: (i) a tractable kernel-regression formulation yielding the optimal ratio, and (ii) a general
stability-based bound incorporating Wasserstein distances, which to our knowledge has not appeared previously.
Several concurrent or recent works study related phenomena from complementary perspectives. Zhang et al.
(2023) focuses on self-consuming generative models and out-of-distribution generalization of mixture data; the
setting differs from our mixed-data generalization analysis, which considers a single-step ERM scenario with a
fixed pool of synthetic samples rather than recursive retraining. We highlight conceptual overlaps in studying
the limits of synthetic data, but the assumptions differ substantially (e.g., their recursive training loop vs. our
single-round ERM formulation). Garg et al. (2025) and He et al. (2025) both derive optimal mixing effects but
rely on different technical frameworks (e.g., asymptotic kernel limits, hierarchies of synthetic corruption models).
Crucially, these works do not provide general stability-based bounds, which is where our contribution is novel and
complementary. We view these concurrent results as reinforcing the importance of the optimal-ratio question
while highlighting the diversity of proof techniques that can be brought to bear on it.

Noise Injection, Data Augmentation, and Distributional Mismatch A natural question is how our
framework relates to the classical literature on training with noise and data augmentation. Prior works (Bishop,
1995; Lin et al., 2022; Shen et al., 2023) mainly analyze perturbations of inputs or labels under the assumption
that the augmented data is sampled from the same underlying distribution. In contrast, our setting explicitly
considers a distinct synthetic distribution, with a potentially non-zero Wasserstein distance from the real data.
This structural domain shift materially changes the generalization behavior and is the key modelling distinction
of our work. Concretely, while Bishop (1995) shows that noise training induces Tikhonov regularisation, it does
not derive an optimal mixing ratio nor account for distribution mismatch. Similarly, Lin et al. (2022) and Shen
et al. (2023) study benign overfitting or domain adaptation but do not provide an explicit dependence on the
distributional distance between sources. Among these, Shen et al. (2023) is the closest to our work. However,
although that paper provides generalization bounds and discusses the bias—variance tradeoff, it focuses primarily
on aligning multi-source data to the target distribution in the unsupervised setting, where the goal is to leverage
additional sources of feature space and label them according to their similarity or dissimilarity to the source
data. In contrast, we explicitly introduce a tradeoff that depends on the distributional distance and derive an
explicit interior optimum for the mixing ratio. More broadly, while bias—variance ideas appear throughout the
literature, our main contribution is a general algorithmic-stability bound that yields an analytic form for the
tradeoff, explicit dependence on the Wasserstein distance, and applicability to general learning algorithms—not
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only kernel methods or linear models. This allows us, for example, to show that the U-curve sharpens with
distributional mismatch, a phenomenon that does not arise in classical noise-injection analyses.

Mixing Data Sources Recent work has investigated scaling laws for mixing data sources in pretraining
objectives (Ye et al., 2025; Shukor et al., 2025; Hashimoto, 2021), showing how performance depends on the
proportions of different datasets. These studies typically require either running a large suite of experiments with
varying source mixtures or access to massive datasets that can be systematically subsampled to empirically fit
the law. In contrast, our work is motivated by applications such as healthcare and medical imaging, where data
scarcity makes such large-scale experimentation infeasible. Methodologically, our approach provides an a priori
estimate of the optimal synthetic-to-real data ratio, eliminating the need to empirically fit a scaling law. From a
theoretical perspective, our analysis also departs substantially from existing work: whereas prior studies rely on
empirical findings and use theoretical insights primarily for justification, we adopt a stability-theoretic framework
that enables a precise characterisation of the trade-off and yields an explicit formula for the optimal ratio that
practitioners can apply directly. Finding the optimal mixture of data sources is also closely related to identifying
which sources are most useful for downstream performance. For example, Thudi et al. (2025) approaches the
problem via a bi-level optimisation framework rather than empirical scaling laws, and analyses how the benefits of
their method evolve with increasing model size. Similarly, Firdoussi et al. (2025) applies data pruning based on a
score function to select high-quality samples, thereby improving the effectiveness of mixed data. Our work differs
from these approaches in that we do not attempt to select or filter the synthetic data based on its quality. Instead,
we assume the synthetic data is given and focus on how to combine it with the available real data in an optimal
way. This perspective is particularly relevant in practical scenarios where the synthetic data generation process is
fixed or externally provided, and the key challenge lies in determining how best to exploit it in conjunction with
scarce real data.

Domain Adaptation and Transfer Learning Recent research has explored the intersection of domain
adaptation and synthetic data, showing how synthetic data can bridge the gap between source and target domains,
thereby enhancing model transferability and generalization across tasks (Mullick et al., 2023; Peng et al.; 2018;
Imbusch et al.,; 2022; Shakeri et al., 2020). A major challenge in transfer learning is the distribution gap, and
several studies address this by using synthetic data to fine-tune models, improving generalizability (Mishra et al.,
2022; Kim et al., 2020; Sariyildiz et al.; 2023). Gerace et al. (2022) propose synthetic data as a framework
for modeling correlations between datasets, showing improvements in generalization when transferring learned
features from source to target tasks. On a more theoretical level, several works connect domain adaptation to
distributionally robust learning, demonstrating that adding unlabeled or labeled data improves generalization;
these setups can be easily extended to include synthetic data (Saberi et al., 2024a,b; Wu et al.; 2022; Hou et al.,
2023). Our perspective differs in that we do not view synthetic data as a replacement or proxy for domain
adaptation, but rather as a complementary source whose utility depends critically on how it is balanced with
real data. This focus on the optimal ratio naturally connects to knowledge distillation (Hinton et al., 2015;
Stanton et al., 2021; Menon et al., 2020; Busbridge et al., 2025), where the objective similarly involves balancing
two heterogeneous sources of supervision: the labelled data (analogous to real samples) and the teacher’s soft
signal (analogous to synthetic information). Just as we provide an explicit characterisation of the optimal
real-to-synthetic ratio, one can view distillation through the same lens of optimally weighting complementary
signals, highlighting a deeper connection between synthetic data integration and distillation-based learning.

Generalization Bounds The first generalization bounds were based on characterizations of the hypothesis
space’s complexity, such as the VC dimension or Rademacher complexity (Bousquet et al., 2003; Vapnik, 2000;
Shalev-Shwartz and Ben-David, 2014). However, due to their algorithm-independent nature, these bounds
must hold even for the worst algorithm within a given hypothesis space, making them often inadequate for
modern over-parameterized neural networks, where the complexity measure typically scales exponentially with
the architecture’s depth (Anthony and Bartlett, 2002; Zhang et al., 2017; Belkin et al., 2018). To address this
issue, recent approaches focus on providing algorithm-dependent generalization bounds. The underlying intuition
is that a hypothesis less dependent on the input dataset is less prone to overfitting and, therefore, generalizes
better. Among the results building on this idea are bounds based on uniform stability (Bousquet and Elisseeff,
2002; Attia and Koren, 2022), differential privacy (Dwork and Roth, 2014), PAC-Bayesian bounds (Guedj, 2019;
McAllester, 1999), information-theoretic bounds (Russo and Zou, 2020; Galvez et al., 2020; Haghifam et al.,
2020), and chained bounds (Clerico et al.,; 2022; Asadi et al., 2018). Our work mainly uses the previously
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established ideas of generalization bounds for mixed of real and synthetic data when the synthetic data acts as
regularizer. More related to our work and on the importance of regularization, Li and Zhang (2021) analyzes
the generalization properties of fine-tuning in transfer learning and proposes a PAC-Bayes generalization bound,
combining regularization and self-labeling. Mou et al. (2018) provides generalization guarantees for dropout
training by bounding the error using offset Rademacher complexities, capturing data-dependent regularization
and the effect of perturbation variance.

K NOTES ON THE CHOICE OF DISTANCE METRIC

In Section 6 we discussed possible ways of estimating the Wasserstein distance for practical scenarios. However,
one setup that happens in many practical cases particularly in healthcare domain is heterogeneous tabular data.
Indeed, Wasserstein implicitly assumes a meaningful ground metric on the input space, which can be problematic
when the data contains a mixture of categorical, ordinal, and continuous features, since arbitrary encodings
or feature scalings can dominate the geometry. One possible direction is to first obtain a more homogeneous
representation of tabular inputs using an unsupervised or semisupervised embedding (e.g., contrastive encoders
(Chen et al., 2020; Caron et al., 2021; Shidani et al., 2024) or variational embeddings (Kingma and Welling,
2014)) and then apply the Wasserstein-based bound in this learned feature space. Another direction is to replace
Wasserstein with discrepancies better suited to tabular data. Total variation (TV) is appealing for categorical
or mixed tabular features because it requires no ground metric and tightly controls differences in expectations.
However, TV quickly becomes too coarse and especially hard to estimate. This motivates using alternatives like
Maximum Mean Discrepancy (MMD) with characteristic kernels (robust to mixed feature types and statistically
favorable in high dimension) Gretton et al. (2012). These alternatives avoid imposing a single global geometry
and often yield discrepancy measures more faithful to the structure of tabular data. Systematically studying
how our stability-based generalization bound behaves under TV or these alternative divergences is an interesting
future direction.
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