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ABSTRACT

We introduce FEDSGM, a unified framework for federated constrained opti-
mization that addresses four major challenges in federated learning (FL): func-
tional constraints, communication bottlenecks, local updates, and partial client
participation. Building on the switching gradient method, FEDSGM provides
projection-free, primal-only updates, avoiding expensive dual-variable tuning
or inner solvers. To handle communication limits, FEDSGM incorporates bi-
directional error feedback, correcting the bias introduced by compression while
explicitly understanding the interaction between compression noise and multi-step
local updates. We derive convergence guarantees showing that the averaged iter-
ate achieves the canonical O(1/+/T) rate, with additional high-probability bounds
that decouple optimization progress from sampling noise due to partial participa-
tion. Additionally, we introduce a soft switching version of FEDSGM to stabilize
updates near the feasibility boundary. To our knowledge, FEDSGM is the first
framework to unify functional constraints, compression, multiple local updates,
and partial client participation, establishing a theoretically grounded foundation
for constrained federated learning. Finally, we validate the theoretical guaran-
tees of FEDSGM via experimentation on Neyman—Pearson classification and con-
strained Markov decision process (CMDP) tasks.

1 INTRODUCTION

We study federated constrained optimization problems of the form

w* = argmin { f(w) := %Zf](w) st g(w) :== %Zgj(w) <0,, (1)
Jj=1 Jj=1

weX

where X C R? is a compact, convex set, f; : RY — R and g; : RY — R are the local objective and
constraint functions on client j € [n]. This setting captures a wide range of real-world federated
learning (FL) applications (Konecny et al., 20165 Kairouz et al.| 2021} [McMahan et al.,[2017) such
as mobile keyboards, autonomous fleets, or battery management systems (Kalashnikov et al.| | 2018;
Brohan et al., 2022} [Zhang et al., 2023, where privacy, latency, and safety requirements prohibit
centralizing data. The constraint g(w) < 0 encodes critical feasibility criteria such as fairness
mandates (Agarwal et al.| 2018]), energy budgets, or safety margins (Zhang et al.| [2023).

Addressing [1]in the FL setting requires navigating four tightly coupled challenges, whose com-
bined effect fundamentally limits existing algorithmic approaches.

* Functional constraints. Many federated tasks require guarantees beyond minimizing loss, such
as fairness across subpopulations, risk limits in financial models, or physical safety constraints in
batteries (e.g., maximum temperature rise). Enforcing these constraints demands algorithms that
ensure feasibility without expensive projections or nested inner solves.

* Severe bandwidth limits. FL often operates over wireless networks, where transmitting millions
of parameters per round is infeasible. Communication-efficient updates rely on contractive compres-
sors such as Top— K, Rand— K, or quantization (Alistarh et al., 2017; |Stich & Karimireddy} |2019).
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These introduce bias, which must be corrected via error feedback (EF) (Stich & Karimireddy, 2019
Fatkhullin et al., 202 1)) to guarantee convergence.

* Local updates & Partial participation. Edge devices vary significantly in terms of FLOPS,
memory, and energy capacity. Allowing each client to perform multiple local steps (£ > 1) between
communications improves utilization and reduces latency (Khaled et al.,|2019;|Li et al.,|2020aza), but
introduces drift between local and global iterates, complicating both theory and practice. Moreover,
in practice, only a small subset m < n of clients are active each round due to device availability,
battery levels, or network schedules. This stochastic sampling introduces additional variance (L1
et al.| 2020b), degrading convergence guarantees.

Limitations of existing approaches. Existing methods address only subsets of these challenges in
FL, but not all at once. Projection-based approaches, such as constrained FEDAVG (He et al., [2024)
and AL/ADMM-type methods (Nemirovski, [2004; [Hamedani & Aybat, 2021} Miiller et al., [2024;
Ding et al., [2023; [Kim et al., 2024), can guarantee feasibility but typically assume full participation
and uncompressed updates, while requiring dual variable tuning, penalty scheduling, or costly in-
ner solvers that burden edge devices. Compression methods with EF (EF-SGD, SAFE-EF) (Stich
& Karimireddy, 2019 |Alistarh et al., 2017} [Fatkhullin et al., |2021} [Islamov et al.| [2025) provide
robustness to biased compression, yet their analyses do not accommodate multiple local updates
(E > 1) or client sampling. Similarly, FEDAVG and its variants (Khaled et al.,[2019; [Karimireddy
et al., 2020;|L1 et al., 2020a) are designed to handle heterogeneity, but they do not provide feasibility
guarantees under functional constraints. Finally, switching (sub-)gradient method (SGM) (Polyak,
1967; [Lan & Zhou, 2020; [Upadhyay et al. [2025) offers primal-only, projection-free updates by
alternating between V f and Vg, achieving the optimal O(e~?2) rate for convex non-smooth prob-
lems. However, existing SGM formulations do not simultaneously address the challenges above.
Additional discussion of related work is provided in the Appendix [G]

To address these limitations, our goal is a method that is duality-free, projection-free, and commu-
nication efficient, yet admits clean convergence guarantees under convexity.

Contributions: FEDSGM

1. Duality-free FL. with general non-smooth convex functional constraints. We extend the
projection-free, primal-only concept of SGM to FL with convex functional constraints, avoid-
ing the dual-variable tuning and penalty scheduling required by AL/ADMM-type methods. This
keeps per-round computation light while still certifying feasibility at the averaged iterate.

2. Compression with EF under switching. We extend bi-directional compression with EF to
FEDSGM, explicitly analyzing the effect of compression, switching, and local updates.

3. Multi-step local updates: drift analysis. We provide the first convergence analysis of SGM in
federated learning with £/ > 1 local steps, showing that the averaged iterate w achieves

DGVE
VT
where D = ||jwg — w*||, T is the number of rounds, and I'(q, qo) captures the effect of uplink and

downlink compression accuracies ¢ and gg such that I' = 1 means no compression. This result
isolates the impact of drift while preserving the canonical 1/ VT rate.

max{f(w) — f(w*),g(w)} = (9< ‘F(‘LQO)) )

4. Partial participation with high-probability guarantees When only m(< n) clients partici-
pate, we prove that with probability at least (1 — ¢) for probability tolerance, § € (0, 1),

(@) f(w) — f(w <5+2U\/T (ii)g <e+20\/W

cleanly decoupling optimization and estimation errors.

5. Soft switching. In addition to hard switching, we adopt soft switching inspired by [Upadhyay
et al.| (2025) to interpolate between V f and Vg based on the magnitude of constraint violation.
This mitigates instability near the feasibility boundary under noise and heterogeneity, while pre-
serving the projection-free, primal-only structure.
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To the best of our knowledge, FEDSGM is the first unified framework that simultaneously handles
constraints, compression, local multi-step updates, and partial participation in federated learning,
while delivering lightweight, primal-only updates with provable convergence guarantees, establish-
ing a principled foundation for reliable and communication-efficient constrained FL at scale.

2 PROBLEM SETUP AND PRELIMINARIES

Notation We denote the set of communication rounds as [T] := {0,...,7 — 1}, and the set of
clients as [n] := {1,...,n}. |.A| denotes cardinality of set .A. At round ¢, a subset of clients
S; C [n] participates, where |S;| = m. Let Id(z) = x be the identity mapping, IIx(-) be the
projection mapping to X, and [z] := max{0, z}. Additionally, 1., denotes the standard binary
indicator function.

We consider the constrained optimization problem defined in eq. (). For this standard FL setting,
we make the following assumptions:

Assumption 1. Each local objective f; and constraint g; is convex and G—Lipschitz continuous on
X, ie., forall wi,we € X, fj(w1) > fj(w2) + (Vfj(we), w1 —wsa) and | fj(w1) — fi(we)| <
Gllwy — w2l|; similarly for g;. Consequently, the global functions f and g are also convex and
G—Lipschitz.

Assumption 2. We have that X C R? is convex and compact, meaning the set is bounded, thus,
diam(X) := SUD,, pe lwy —wsl] < D.

In the standard FL setting, communication happens between the clients and the server, and data never
leaves the clients. After E local updates, clients traditionally transmit their accumulated gradients
or model updates to the server. However, the high dimensionality of these updates creates a severe
communication bottleneck. A common solution is to apply compression, reducing bandwidth at
the cost of introducing bias. We focus on the widely studied class of contractive compressors,
examples include sparsification methods such as Top— K, which retain only the K entries of largest
magnitude, as well as various quantization schemes (Stich et al., 2018; |Alistarh et al.l 2018} [Wen
et al., 2017; Horvoth et al., [2022; [Islamov et al., |2024a; |Beznosikov et al., [2023). In this work,
we consider bi-directional compression, applying compression both on client-to-server (uplink) and
server-to-client (downlink) communications.

Assumption 3. The compression operators Cy (server) and C; (client j) are contractive in expecta-
tion: E[[|Co(w) — w][?] < (1 — qo) [wll*, E[|IC;(w) —wl*] < (1 —q)|[w]?, for all w € R, with
do,q € (0,1]. Expectations are taken over the randomness of the respective compression mecha-
nisms. It holds trivially for deterministic compressors such as Top— K compressor with ¢ = K /d.

To mitigate the bias introduced by compression (Seide et al.,[2014}|Karimireddy et al.,[2019;|Islamov
et al.| 2025)), we employ error feedback on the uplink path, where each client j maintains a residual
vector e§ to recover information lost during compression using an EF14 style update (Seide et al.,
2014])). For the downlink path, we adopt a primal EF21 variant (Gruntkowska et al., [2023} |Islamov
et al.,|2025) that compresses the difference between successive model parameters, enabling efficient
bidirectional communication while progressively correcting uplink bias.

Since our goal is constrained optimization, each client evaluates its local constraint using the global
model before training begins. The server aggregates these evaluations and determines whether
clients should update using the gradient of the objective or that of the constraint. In practice, partial
participation is inevitable due to device availability, energy constraints, or connectivity issues. At
each round ¢, only a subset S; C [n] of m clients participates, making it impossible to compute the

exact g(-). Instead, we estimate, G/(w) := L > jes, 95 (w).

Assumption 4. The constraint evaluation gap, G(w;) — g(w;) is 0 /m—sub-Gaussian for all t €
[T). Additionally, constraint evaluation and gradient computation are independent.

Our goal is to compute an e-solution w, i.e., f(w) — f(w*) < e and g(w) < ¢, while simultaneously
handling (a) local updates under client drift, (b) bi-directional compression with error feedback, and
(c) noisy constraint aggregation due to partial participation.



Under review as a conference paper at ICLR 2026

3 FEDSGM

In this section, we present FEDSGM, which combines Federated Learning with Switching Gradient
Method and accommodates (i) both full and partial client participation, (ii) hard and soft switching
between objective and constraint minimization, and (iii) error feedback and compression in both
uplink and downlink communication. We provide formal convergence guarantees for both hard and
soft switching regimes, under appropriate assumptions.

3.1 HARD SWITCHING

Under hard switching, each client optimizes either the objective or the constraint, based on whether

the average constraint violation G (w¢) is within a pre-specified tolerance e. It is formally presented

v = Vit ) H{Gw) < €} + Vs ) 1{Gwn) > .

This enforces hard switching between the gradients of the objectives and constraints in response to
global feedback. Next, we state the theorem that provides the convergence guarantees for FEDSGM
in Algorithm 1]

Theorem 1. (Hard Switching) Consider the problem in[I|and Algorithm[I] Let D := |wo — w*||
and define A :={t € [T] | G(wy) <€}, w:= ﬁ Y e We-

e Full Participation (m = n): Then under Assumption|l|and Assumption|3|(only for compression),
2E\/1—¢q n 4E+/10(1 — qo)

q qo04

only for bidirectional compression w/ EF

let T = 2E? + where q and qo are the client’s and server’s

. . . . 2072
compression accuracies. Now, set the constraint threshold and step size as € = 1/ % and

n =4/ QGE%, respectively then A is nonempty, w is well-defined, and w is an e-solution of ie.

(1) f(w) — f(w*) < € and (ii) g(w) — g(w") <e.
* Partial Participation (m < n): Let Assumptions and M| hold, and dis-

tinct clients are sampled uniformly at random. Then, for deterministic com-
pressors  {C;}i_o, with probability tolerance 6 € (0,1), lee T = 2E*> +
10(1 — ¢)(1 — 10(1 — 20F 4F+/10(1 —
16E£ \/ ( q)z( @) +8E ( %) +— L 2( q)) where q and
m qoq qoq q m q

only for bidirectional compression w/ EF
qo are the client’s and server’s compression accuracies. Now, set the constraint threshold and step

size as € = zpégw + %2D€1T17q + \4/% 2log (3) + 20 \ = log (%) and n = V 2G£L§TF’
then with probability at least (1 — §), A is nonempty, w is well-defined and (i) f(w) — f(w*) <,
(ii) g(w) < €+ 4/ % log(L).

The details of the proof are present in the Appendix [C] Now, we discuss the implications of the
statement of Theorem|l|as well as the main challenges in the convergence proof.

Centralized with no compression, i.e., n = 1,q9 = ¢ = 1, E' = 1: In this case, we can infer from
Theoremm that the rate we receive is O (DG / \/T) , corresponding to the rates present in|Nesterov
et al.[(2018);|Lan & Zhoul (2020); [Upadhyay et al.[ (2025).

FedSGM w/ full participation w/o compression, i.e., m = n,qy = ¢ = 1: In this case, we
can infer from Theorem [I] that the sub-optimality gap and constraint value diminish at the rate of
@ (DG VE/NT ) . The scaling of v/E captures the effect of client-drift in this federated constrained
setting, deviating from the previous centralized results.

Full participation, i.e., m = n, E = 1: In this case, we obtain f(w) — f(w*) < O ( DG ) and

g(w) <O ( ﬁ%) , which recovers the rates present in|Islamov et al.| (2025)).

4
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Algorithm 1 FEDSGM (UNIFIED): partial/full participation, hard/soft switching, bi-directional EF
compression

Input: rounds 7', local steps E, # participants m, 7, € > 0, switching mode mode € {hard, soft}
with soft parameter /3, compression flag comp € {off, on}, client compressors {C;}, server
compressor Cg, initial model wy; set z¢ < wq and e? < 0 for all 5 (if comp = on).

t

1: fort=0,...,7T—1do 20: A%_w :ZE:OIV§T
2: Sample St - [n] with |8t| =m 21: if comp = gn then ’
3 Constraint query: Vj € S; sends scalar 5. vt Cj (et + AL);

gj(w¢) to server 53 egH - et]+ Al 7 o

. A _ 1 : j j j j

4 Server sends Glwn) = 52 5es, 93 (w1) 24: élient serids vt ]to serjver

to all clients ) 5: else J
50 for al! j € St in parallel do 26 Client sends A’ to server
6: Wyo ¢ W 27: end if ’
7: forr=0t0o £ — 1do 28 end for
8: if m?dq = hard then 29: Server aggregation:
o if G(iut) s€ thent 30: if comp = on then
i(l) | 2 Vf (wjﬂ') 31: Vg % Zjest 1}5;
I e Se,/t. o V(') 32: Tpy1 < Iy (2 — noy)
13 end if NI 33: Downlink EF compression:
: 4: else 34: Send Co($t+1 — wt) to all clients
15 O — O (é(w ) o E)' 35: All clients:

) i A K ’ 36: Set wyyq — wy + Co(JCt_H — wt)
16: Vi r — (1—Ut)ij+athj 37 else
17: end if )
. _ntl t
18: wh Ly wh = 38: u.}t+1 < Hx (wt N 2jes, AJ)
19: end for 39: end if
40: end for

Unidirectional uplink compression, i.e., gg = 1 and Cy = Id: In this scenario, we observe that

the sub-optimality gap as well as the constraint violation converge at the rate of O (q%) in the

full participation case. In the case of partial participation, we recover the slowdown factor of \/Lﬁ
m

matching the unconstrained case (Li & Li,[2023)), in addition to the constraint estimation error.

No constraint and uplink compression, i.c., g; = 0,Vj € [n],E = 1 and Cy = Id: In this case
our algorithm reduces to the EF-14 (Seide et al., 2014])). It has been analyzed in the non-smooth case
for n = 1 by Karimireddy et al.|(2019), and our rates are consistent with their results.

Bi-directional compression: We study the general case where both uplink and downlink transmis-
sions are compressed. Prior work in this setting largely focuses on restricted compressor families
such as absolute (Tang et al., 2019) or unbiased operators (Philippenko & Dieuleveut, 2021} |Grun-
tkowska et al., 2023} [2024} [Tyurin & Richtarik} [2023) and does not extend to the more flexible,
potentially biased operators considered here. Existing studies on biased compression (Beznosikov
et al.,[2023} Islamov et al.,|2024a;|Safaryan et al.,|202 1)) address unconstrained optimization, assume
full participation, single-step local updates, and omit bidirectional compression. The closest work
to ours, Islamov et al.|(2025)), treats constrained FL with bidirectional compression but still assumes
full participation, £ = 1, and restricts switching to the hard case.

Our framework relaxes all of these assumptions. The convergence result in Theorem [ holds under
partial participation, multiple local updates, and general biased compressors with EF. Moreover, we
extend the analysis to both hard and soft switching, with the latter addressed in Section

Principal theoretical hurdles: This work presents the first principled analysis of constrained feder-
ated optimization under the simultaneous presence of multiple local updates, bi-directional compres-
sion with error feedback, and partial client participation. At each communication round, we assume
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that distinct clients are sampled uniformly at randonﬂ The main technical challenge is to control
the deviation of the empirical constraint estimate G (w;) from the true global constraint g(w;) under
such random sampling. Under Assumption@, the deviations G(w;) — g(w;) are sub-Gaussian with
variance proxy o2 /m, where m is the number of sampled clients. This bound ensures that G (wy) re-
mains sufficiently close to g(w;) to make correct switching decisions. In particular, the feasibility set
A= {t € [T] ] g(w:) < e} is guaranteed to be nonempty if € is chosen above the concentration ra-
dius implied by the sub-Gaussian tail bound, namely € 2 optimization error + o+/2log(67/4)/ ﬂ
with probability (1 — &) for 6 € (0,1). Once such an € is identified, the rest of the convergence
argument proceeds from that point.

3.2 SOFT SWITCHING

Hard switching enforces a binary rule: at each round, the algorithm either optimizes the objective or
enforces the constraint. While simple, such sharp transitions can be unstable, especially when the
iterates lie close to the feasibility boundary. Indeed, the continuous-time limit of SGM dynamics re-
veals a skew-symmetric component in the Jacobian of the flow (see Proposition 1 inUpadhyay et al.
(2025)). This skew-symmetric structure induces rotational behavior, causing oscillations whenever

G (wy) fluctuates around the tolerance €. Consequently, hard switching may lead to frequent back-
and-forth updates near the constraint boundary.

Geometric Source of Oscillations. To better understand this instability, let « = V f(w) and b =
Vg(w) denote the global objective and constraint gradients. The interaction between a and b is
encoded in the skew-symmetric matrix Kgiop := ab" — ba'. Whenever K, glob 7 0, the dynamics
inherit a rotational component, leading to oscillations in the trajectory. In contrast, when Kgjop = 0,
the gradients are aligned, i.e., Vf(w) = AVg(w) forsome A € R, and the dynamics become
piecewise linear across feasibility boundaries without intrinsic oscillations.

In federated settings, however, even if Ky, = 0, local heterogeneity induces additional skewness.
Specifically, define

K = 3 (V530)993(0) T = Vs @)V 1)),

with the bound || Kioc||[F < \/2V; Vg, where Vi := . 370 [V f =V fI?, Vg = 5 327, (Vg —
Vgl|? quantify the heterogeneity of objective and constraint gradients (see proof in Appendix .
Thus, instability may arise not only from the global geometry but also from client-level heterogene-
1ty.

Remark 1. Even if the global gradients are perfectly aligned (K, = 0), federated optimization
may still exhibit rotational drift due to Ko # 0. Such client-induced skewness can be mitigated by
reducing the number of local steps E, by explicitly regularizing client updates, or by tuning the soft
switching parameter 3, which dampens the amplification of heterogeneity-driven rotations. In this
way, B acts as a geometric stabilizer, complementing algorithmic controls on local dynamics.

These observations motivate a continuous relaxation of the switching rule. Instead of enforcing
a hard decision between objective and constraint updates, we introduce soft switching, where the
tradeoff is governed continuously through a weighting function. Formally, each client forms a con-
vex combination of the two gradients:

Vir == 0)Vfiwj,)+o0:Vg;(wj,),

4,7
where 0y = 03(G(w;) — €) is the switching weight depending on the global constraint violation.
The mapping o3(-) is a activation with sharpness controlled by 5, i.e., a trimmed hinge o(x) =
min{1, [1 + Bz]4 } = Projy (1 + Sz) that maps R to [0, 1].

I'The partial participation analysis remains valid without loss of generality for the case of sampling without
replacement, due to Lemma 1.1 in |Bardenet & Maillard| (2015) (or Theorem 4 in [Hoeffding| (1963))). These
results establish that, for any continuous convex function f, the expected value of f applied to the sum of a
sample without replacement is never larger than that for a sample with replacement.

The log T term arises from applying a union bound to ensure the high-probability bound on G (w¢) holds
uniformly over all t € 1,...,7, a common artifact in stochastic method analyses (Lan & Zhoul |2020). This
factor disappears in the full participation case, where G (w¢) = g(w¢) and no client sampling variance occurs.
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Figure 1: NP classification: Progress per round with hard and soft switching.

As 8 — o0, we observe that it becomes hard switching; otherwise, the two gradients are blended.
This removes sharp transitions near the feasibility boundary and dampens oscillatory behavior, while
retaining convergence guarantees. We now state the main convergence guarantee for the unified soft
switching method under full participation.

Theorem 2. (Soft Switching) Consider the problem in[I| and Algorithm[I} under Assumption
and Assumption 3| (only for compression). Let D lwo — w*|| and define A = {t €

[T] | glws) < €}, = Y4 wy, Loslow)=c) _ 7T = 2B2 +

e [1-0s(g(ws)—0)]
28T —q , AE\/10(1 — qo)
q Q09

only for bidirectional compression w/ EF

ters. Now, set the constraint threshold and step size as € = 4/ zpégzr’ N =1/ QGQD%, and B > %,

respectively then A is nonempty, w is well-defined and an e-solution of[l]

where oy

, where q and qq are the client’s and server’s contraction parame-

By setting the sharpness parameter 8 > 2/e, as stated in Theorem |2} we obtain the same rates as in
Theorem [} This parameter choice ensures a continuous transition but may be overly conservative
when € is very small, effectively approximating a hard switch. Nevertheless, all findings from the
hard switching setting, such as convergence rates in special cases, the impact of local updates, and
the effects of compression, continue to apply, with the key difference that soft switching reduces the
rotational component without altering the bounds’ asymptotic order.

4 EXPERIMENTS

In this section, we provide experiments on two key applications of constrained optimization. We
begin with a classical problem of Neyman-Pearson (NP) classification, and then extend to the highly
stochastic deep reinforcement learning setting in constrained Markov decision processes (CMDP).

NP Classification Task Setting. NP classification studies the constrained optimization problem in[T]
where the goal is to minimize the empirical loss on the majority class while keeping the loss on the
minority class below a specific tolerance. For each client j € [n], the local objective and constraint

are defined as f;(w) := EzeD§.°> o(w; (x,0)), gj(w) = Ewepil) ¢(w; (x,1)), where

D§O) and 'DJO) are local class-0 and class-1 datasets of sizes mjo and m;i, and ¢ is the binary
logistic loss. This setup follows the NP paradigm where f(w) enforces the performance on the
majority class, while constraint g(w) < ¢ maintains a loss bound on the minority class. Here, we
setn =20, m = 10, F = 5, T = 500, Top— K, K/d = 0.1, and ¢ = 0.05 unless stated otherwise,
with experiments conducted on the breast cancer dataset (Wolberg et al., [1993). We report the mean
and variance bands over three random seeds. From Figure [I| we observe that both hard and soft
switching achieve convergence of the majority-class objective f(w) while satisfying the constraint
g(w). Additional experimental details are presented in Appendix

ms o m i1

Discussion: NP Classification. To validate the theoretical efficacy of our approach, we conduct
experiments by varying local epochs, participation rate, and compression factor. Intuitively, it is
apparent that increasing local updates on each client reduces the burden on global communication;
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Figure 2: Top: Effect of local updates. Middle: Effect of partial participation. Bottom: Effect of
compression on objective and feasibility for hard (left) and soft (right) switching.
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Figure 3: CMDP: Episodic reward vs. Cost.
Dotted: centralized, solid: federated with
m/n = 0.7 and Top— K, K/d = 0.5. Red dot-
ted line: safety budget of 30.

Figure 4: Effect of partial participation on
episodic reward and cost. Total clients n = 10,
no compression. Red dotted line: safety budget
of 30.

however, this can exacerbate the issue of drift and start to harm the learning process (Li et al.|
2020b). As we can observe from Figure 2] (top row), increasing the number of local epochs leads to
improved convergence of the objective function. However, as I increases, the gains in convergence
start to diminish, indicating a trade-off between local computation and global progress. At the same
time, we observe that the oscillations around the threshold become more pronounced for increased
E. Itis also noteworthy to mention that we discussed this phenomenon in Section[3.2] where we talk
about the source of this geometric oscillation. Next, varying the participation rate shows that higher
participation improves convergence for both soft and hard switching, matching the centralized case.
Finally, when analyzing the impact of the compression factor K /d, we find that even an aggressive
compression factor of 0.1 achieves convergence due to EF, though at a slower rate in Figure [2}
However, we observe instability in the constraint dynamics, mitigated by soft switching.

CMDP Task Setting. We define our constrained Markov decision process (CMDP) by the tu-
ple (S, A,r, ¢, P,~v,p), which extends a standard episodic discounted MDP with a cost function
c: 8§x AxS — R and a corresponding safety constraint. By standard notation, S and
A are the state and action spaces, respectively, 7 : S x A x & — R is the reward function,
P:S8xAxS — [0,1] is the stochastic transition kernel, v € (0,1] is the discount fac-
tor and p : & — [0,1] is the initial state distribution. Each of the n clients interacts with a
unique CMDP instance, distinguished by a client-specific safety budget d;. The trajectories col-
lected by each client are then used to compute their local constraint and gradient. The objec-

tive of each client is defined as f;(w) = —E, p [Zf;ol Yir(sr, ar, ST+1)} and the constraint as
T—1

gi(w) = Eup [ Y75 v

resents the policy parameter. To solve policy optimization, we adopt TRPO (Schulman et al., 2015)),

which calculates policy gradients in a centralized, unconstrained setting. For our purposes, value
function training is subsumed under policy training because value functions are trained on their own

($r,ar, sT+1)} — d; to solve the global optimization in |1} where w rep-
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objective regardless of the safety constraint. We use the continuous Cartpole environment (Brock-
man et al., 2016; Towers et al., [2024)), augmented with safety constraints. The agent incurs a cost of
1 at each timestep for violating either of two conditions: the cart entering a prohibited area or the
pole’s angle exceeding the threshold (Xu et al., 2021)). Each client is assigned a different safety bud-
get d; € [25,35] and collects their own data to train. This makes the task extremely heterogeneous,
because each data point is sampled from different distribution determined by client drift, stochas-
tic policy and initial state. More details on the specific settings of the experiment can be found in

Appendix

Discussion: Cartpole. Figure [3] plots the mean episodic reward and cost, averaged over 5
runs with different random seeds. The shaded area represents 0.2 standard deviation. The
results demonstrate that soft switching stabilizes the learning process, leading to a faster
convergence for both constraint satisfaction and objective optimization. Also, it is notable
that, with hard switching, the FL setting benefited the learning of the objective, despite the
complications arising from compression, partial participation, and varying constraint limits.
Indeed, the noise

and implicit Table 1: Effect of quantization and Top—K compression in terms of average
regularization episodic rewards and costs after 100 and 500 rounds. The arrows indicate that
introduced by theepisodic reward is higher the better, with a maximum of 200, and the episodic
these factors Costis lower the better, with a safety margin of 30. The asterisks indicate that the
can smooth the episodic costs next to them exceed the safety margin. The bold numbers indicate
optimization the maximum feasible episodic reward across different compression methods in

landscape, stabi- specific rounds.

lize the switching

mechanism, and Compression f(wio) T G(wioo) +  flwsoo) T G(wseo) 4
encourage  €X-  Centralized 119.9 33.6* 198.2 33.2%
ploration. ~ The  No comp. (float32) 67.2 26.9 199.4 27.6
experimental re-  foa¢16 90.5 31.2% 198.8 26.9
sults in [Islamov float8 91.4 31.4% 199.1 26.5
et al] (2025) and  foq4 49.1 252 197.2 25.6
Li et al| (2020b)  jc/q— 05 46.5 23.8 131.6 24.0
also describe the K/d =025 251 227 25.5 22.2

effects of these
complications, which do not necessarily hinder the learning of the objective. Figure ] demonstrates
the effect of partial participation under soft switching. Lower participation exhibits greater
instability and slower convergence in the learning curve. Table |l|explores the effect of two types
of common compression methods under soft switching: Top—K compression and quantization.
For this experiment, Top—K compression is simulated by zeroing out the gradient vector with
dimensions exceeding K on the order of their magnitude. Instead of converting data types,
quantization is simulated by rounding the number that exceeds the precision given by the number
of bits to use. It is notable that the algorithm stably satisfies constraints and maximizes episodic
reward, and quantization with error feedback had minimal impact in the number of required rounds
to maximize episodic rewards while satisfying constraints.

5 CONCLUSION, LIMITATIONS, AND FUTURE WORKS

FEDSGM provides a unified algorithmic framework for constrained FL by integrating projection
and duality free switching gradient method with multiple local updates, bi-directional compression
with EF, and partial participation. Additionally, we employ soft switching that matches the conver-
gence rates of hard switching when 8 > 2/e, while ensuring performance stability. To the best of
our knowledge, this is the first algorithm to analyze a constrained FL under these regimes. Over-
all, FEDSGM robustly balances feasibility, client drift, and communication efficiency, and lays the
foundation for extensions to other federated paradigms.

Although our work advances the understanding of the constrained FL problem with practical moti-
vations, certain limitations remain. Our theoretical analysis relies on the convexity of the objectives
and constraints, though we show the efficacy of the proposed algorithm on RL, which is highly
non-convex. Moreover, extending the analysis to a weakly convex setting is the next natural step,
potentially using the ideas from [Huang & Lin| (2023)). We focus on gradient descent for simplic-
ity, which may be restrictive in large-scale systems. Though we believe an analogous SGD version
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could be analyzed theoretically within the current framework, following approaches in|Lan & Zhou
(2020); [Islamov et al.| (2025). Empirically, we address this by evaluating on an RL task, which
is highly stochastic in both data sampling and client participation. Future research could extend
FEDSGM by incorporating advanced optimizers, privacy-preserving techniques, and asynchronous
update schemes. Establishing theoretical lower bounds for constrained FL is another key direction,
offering insights to guide the principled design of FEDSGM and beyond.

REPRODUCIBILITY STATEMENT

We provide the code in a . zip file as the supplementary material. In addition, we provide all the
details to run the code in the Section[d]and Appendix [/
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This appendix provides additional lemmas, proofs, and extended experimental results that comple-
ment the main text.

A  GEOMETRY OF SKEWNESS

For each client j € [n] leta; = Vf;(w) and b; = Vg;(w), and leta = % Z?zl a; = Vf(w), b=
% E?:l bj = Vg(w).

Define the global skew—symmetric matrix Kgiop = ab’ — baT and the mean local skew matrix

Koo := % 22:1 (ajbjT — bjajT). Writing the client drifts Aa; := a; — a and Ab; := b; — b, one

obtains the exact decomposition

1 n
Kloc — Nglob = ﬁ Z(A&]Ab; - AbjAajT),

j=1

16



Under review as a conference paper at ICLR 2026

and the Frobenius-norm bound is just a result of applying the Triangle inequality and the Cauchy-
Schwarz inequality,

1 1
HKIOC - Kglob”F < V4 2Vf Vga Vf = E Z ||ACL]‘||2, Vg = E Z HAbJ||2
Jj=1 j=1

B ADDITIONAL ASSUMPTIONS: STOCHASTIC FEDSGM

We will use Assumptions [T]and 2] as is. In addition to that, we add a couple more assumptions as
follows.

Assumption 5. 1. The noise, &; at each user i € [n] is J?-sub-Gaussian, i.e, forallt > 0
and any F;_1—measurable x € R4

7|2
5 lexp (@2” >
e

where 8¢ ==V f;(x%) — V fi(xi, &) fort € Aor 8} := Vg;(xl) — Vgi(xi, &) fort € B.

ft—l] < exp(1),

2. The difference between the stochastic and true function evaluation, (g;(w,&;) — g(w)) is
ag /Ny— sub-Gaussian. Additionally, constraint evaluation and gradient computation are
independent.

Proposition 1. We define G(w;) = 1 > jes, gj(ws, &)). Then the quantity G(w) — g(w) is
(U—Q + % )-sub-Gaussian.

m mNp

Proof sketch. We can write

G(w) = g(w) = G(w) — g(w) + G(w) - G(w)

client level noise stochastic gradient noise

Now, it only remains to utilize Assumptions 4 and [5[2) in addition to Theorem 2.7 from [Rivasplatal
(2012). O

C THEOREMS AND LEMMAS

C.1 LEMMAS

Here we state some Lemmas that we will use throughout in the proofs of different Theorems.
Lemma 1. Under Assumption Sor all rounds t € [T, the following bound holds,

. 1 n E-1 .
—2n<wt—w,n221/;’r>

7j=171=0

n

E-1
j=17=0

Lwe = w2 +naG? + 2m(f;(w") = f;() ), ift € A
<

S|

7 ) .
lwe = wj A |* + naG® + 2n(g; (w") = g;(w],;)), it €B.

Proof. We now analyze the cross-term in the squared distance recursion,

1 n E-1 1 n E-1
—2n <wt —w", - Z Z V;7T> = Z Z —2n <wt — w]t»,T, u§,7> —2n <wj7 —w”, u§77>
j=171=0 j=171=0

TermA TermB

We handle the second term by applying the convexity of f; or g;. For ¢t € A, where updates use
V f; we apply:
fiw®) = f3 () ,) + (V f (W) ,),w* —w) ),

17
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which implies:
—(wj, —w", Vfi(wj ) < fi(w) = f;(w,).
Thus,

A similar argument holds for ¢ € B with Vg;, resulting in TermB < 21 (g;(w*) — g;(w’ ).
Again, while upper bounding T'erm A, we need to deal with 2 cases depending on whether ¢ € A or
t € B. Firstly, we start with the case where ¢ € A, for any o > 0

Young’s

t t cn ¢
TermA = 2 (w, — !, Vf(wl)) S Ll — wh, | + nal|Vf ()|

G—Lip n
< E”wt — w;TH2 + naG2.

Similarly, for t € B, we get
TermA = —2n (w; — wh ., Vf;(wh ) < gHwt —wh |I* 4+ naG?.

Substituting the bounds for both T'erm A and T'erm B back into the original expectation furnishes
the proof. O

Lemma 2. (Only Client Sampling Case) UnderAssumptionsfor all rounds t € [T, the following

bound holds,
E-1

1
Sl - | < P EOG?
=0
Proof.
T—1 2
lwe — wj |* = ||we — (wt -0y ”ik:)
k=0
T—1 2
=1’ Z Vik
k=0
Jensen's 1
< Py v
k=0
G—Li
< P PG
Therefore,

E—-1
sum of squares |
"l =t P S S ESGR,
7=0
O

Lemma 3. (Stochastic Gradient Case) Fix integers T > 1, E > 1, number of clients n > 1, and
failure probability § € (0,1). Under Assumptions|l|and |5} we have that, with probability at least
1 — 6, the following holds simultaneously for all t € [T and all j € [n]:

E-1
ZHwt — U)}TH2 <n’E3 [§G2 +0? (1 + log n](;Eﬂ . (2)
=0

Proof.

2

T7—1
t
wy — | wg —n E Vik
k=0

18
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<n TZ [z
Let 7}, denote the corresponding deterministic gradient (either V f; (w5 ;) or Vg;(w? ), depending
on whether t € A ort € B), and define the noise 5t. = 17; K= ut - Then
Vi =05 =05, = Wil = 1175 = 65l < 20175 1% + 21185 412

By Assumptlon we have |7} || < G, hence ||} k||2 < G?,and so [V}, [* < 2G* + 2[|88 ||
Substituting into the previous 1nequa11ty yields

T—1
lw = wi A* <07 vl
k=0

T—1
<Pty (2G7 + 2|6t 4 [I?)
k=0
T—1
= 2*12G? + 277272 ||6§k||2
k=0
Now sumover7 =0,...,F — 1.
E—1 E-1 1
> =l < 3 (20°72G2 + 207 3 1105411
7=0 T=1 k=0

—2772GQZT +2772272H Il
=1 k=0
2E3G2+2?72272H il
=1

For the second term, exchange the order of summation. For a fixed k, the term [|&% , ||* appears in
the inner sum forr =k +1,..., F — 1, hence

OJ\[\D

E-1 7-1 E—1
Y 67 = ZII sP D>
=1 c=0 = T=k+1
For k € {0,..., E — 2}, we have
E-1 E—
EE-1) 1,
T < < -FE-.
<y =B
T=k+1 T=1
Therefore
E-1 7-1 =,
T 16507 < §E2 N[
r=1 k=0 =0
and thus

E-1 7-1 E—1
223 7Y 8Ll < PE2 D 1684
7=1 k=0 k=0

Combining these pieces, we obtain the deterministic inequality

E-1

2
D llwe = wf | < S B G2+ P B2 Y1041 3)
— k=0

19
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It remains to control Z ||5t . ||? in high probability, uniformly over all ¢, j, k. Now, by Assump-
t10n 5} there exists O’g >0 such that

2
E | ex ( kH ) ‘-/—"fk 11 <e forallt,j, k.
E
Define
2, _ 115 kll2
ke a'g
Then

E[ez;vk | ]:t,k—l} <e.

For any a > 0, apply the conditional Markov inequality with Y = eZik and ¢ = %
]P’(ez;vk > e | Frp-1) < efaIE[eZ;‘?k | Fip1] <e ®-e=e' "%
Since {Z}, > a} = {eZir > e}, this gives
IP’(Z;,C >al .7-',57;@_1) <el™e,
Taking expectation, ]P)(Z]t.’k > a) <el7@ Nowset N :=nTE, a:=1+log %. Then

- _ N o
e1 a:el (14+log F) _

N )
so for each fixed triple (¢, j, k),
)
t
P(Zf, >a) < ¥

Applying a union bound over all ¢ € [T, j € [n], and k € [E] yields with probability at least 1 — J,
we have

TE
15340 < o2 (1+10g ™25 ) foran @

On this same event, for any fixed ¢, j,

E-1

nTFE
Z” k||2<Eo§<1+lg 5 )
k=0

Substituting this into equation we conclude that, with probability at least 1 — §, for all ¢ € [T'] and
all j € [n],

— 3|2 nlT'E
£ 2 < 253 2., 2
E |we —w; |I* <n°FE {3(1 + o¢ <1+10g 5 )}
O

Lemma 4 (Bounding Inner Product-Client Sampling). Under Assumptions[I} [2| and independence
of gradient and constraint evaluation, the following holds for § € (0,1) with probability at least
1-9

n E-1 1 E-1 oT 1
Zzn< DD VhHw) ==y Y Vi) w - w> < AREGD,| — log().
te A 7j=171=0 JES, T=0
1 n E-1 1 E-1 oT 1
> 2 <n > Voilw),) - oo DY Vg(wh,),w - w*> < EGD\[ — log(5).
teB j=171=0 JES: T=0

20
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Proof. Define Vf, := 13" | S P 0V fi(wt Jand Vfy = LY o ST 0 V5wt ). Also,
define A; := Vf; — V f;. Now, we define a filtration F; := o(wq, So, S1, - - -, St), and therefore
]E[ét ‘ ./T'.tfﬂ = 0

Our goal is to bound the following term in high probability:
T-1
Z 2n (A, we — w") Liea.
t=0

Let’s start by observing that (A, wy — w*) 14¢c 4 is a martingale difference sequence. We can check

this by

E[2n (A¢, wp — w*) Lea | Feo1] = E[2n (Ag, wp — w") Tpea | Fio1, Liea = 1Prob{licq = 1}
+E[2n (A, we — w*) Lyea | Fio1, Ltea = O]Prob{l;c4 = 0}
=0.

We can observe that 29 (A, w, — w*) for all t € [T)] is 169> E?G?D? /m—sub-Gaussian. So,
finally, by using Azuma-Hoeffding for sub-Gaussian random variables, we have

T-1
. —\2m
Prob {;} 20 (B, we —w") lrea > A} = o (W) '

Set A = 4nEG D/ 2L log(3), we get for § € (0, 1) with probability at least 1 — 6,

1ot 1 = 2T 1
Z 21 <n Z Z ij<w§,‘r) o Z Z ij<w§,-r)a wy — UJ*> <4nEGD e log(<)
te A j=171=0 jE€S: T=0
(&)
Similarly, following this, we can bound
1= 1 2T 1
> 2 <n D Voilwi) = — > > Vgilwj.),w - w> < ApEGDy| — log()
tenB j=171=0 JjES, =0
(6)

O

Lemma 5 (Bounding Inner Product-Data Sampling). Under Assumptions 2} [5] and independence of
gradient and constraint evaluation, the following holds for § € (0, 1) with probability at least 1 — §

R 1 9ET 1
IRTED VD IIITRER S vb wh AT MBI LRI
te A jeS 7=0 jE€S: 7=0

E—-1 E—1

1 1 i} 2ET . 1
S <m 5 S Vo) - = S Vgl € > < 2yDoey 2L 1og(3).
teB jeS T=0 JjES: 7=0

Proof. Define Vf, = 53 cs, S VWt € ) and Vi = 13 o PNV f(wh ).
Also, define Ay := Vf; — Vf;. Now, we define a filtration F; := o(wog, So, o, - - -, St, &) where
& = {€ }jes, re(k)> and therefore E[0; | F;—1] = 0.

Our goal is to bound the following term in high probability:
T—1 )
Z 2n <At, wy — w*> Tica.
t=0

Let’s start by observing that <At, wy — w*> 1,c4 is a martingale difference sequence. We can
check this by

E[27 <Atawt - ’UJ*> Lica | Fior] =E2n <At7wt - U/*> Tica | Fio1,1iea = 1]Prob{l;cq = 1}
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+E[2n <Atawt - 'LU*> Lica | Fio1,Lica = O]Prob{l;c4 = 0}
=0.
Using Assumption [5| we can observe that A; is Eag /m—sub-Gaussian. Thus for all t € [T,

*

we have that the term 27 <At, Wy — w > is 4n2D2Ea§/m—sub—Gaussian. So, finally, by using

Azuma-Hoeffding for sub-Gaussian random variables, we have

T-1
- y —\2m
Prob{g 2n <At,wt —w >]1t€A > )\} < exp (W) .

Set A = 2nDo¢/2ET - log(5), we get for & € (0, 1) with probability at least 1 — ,

" = . 1 e . N L/
Z n E Z Z vf](wjﬂ—) - E Z Z vfj(wj77—a£j77—)awt —w > 2NLog m Og(g)

te A jeS =0 jE€S: 7=0
(7)

Similarly, following this, we can bound

1 = . 1 = L N
Do — > D Vi) = — Y Vw8 ) w —w” ) < 2Dogy| = log(5).

teA JES: T=0 JES: T=0
)

O

Lemma 6 (Client-sampling + SGD noise). Fix integers T' > 1, E > 1, number of clients n > 1,
and per-round sample size m € [n]. Define, for each round t,

n E—-1 E—-1
]‘ —t ]‘ t
Bui= o> D V= DD Vi
7j=17=0 JES, =0

Then for any 6 € (0,1) and any stepsize 1 > 0, with probability at least 1 — 6,

8n°E 4T
22| A% < UT (EG* + o2) log(T) forall t € [T). )

Proof. Fix around t. Decompose A, into a client-sampling part and a noise part:

] Bl 1 E-1 1 E-1
_ _t _t t
A= D V= D D Vit DD 0
j=171=0 JeS =0 jeS ™=0
=:A, =:B;
Thus [|A¢[|* < 2[|A¢[|* + 2[| B¢||*. We have v} := S 7% ., V5l < EG. Then
I~ , 1 t
Ar = gzvj*E Z”j-
J=1 JES:

By Hoeffding’s inequality, we have,

mA?
P(”At” > A ‘ ft—l) < 2exp (2E2G2> :

Set \y = GE % log(%) Then

4T 0
IP’(HAtH > )\1) < 2exp (— log 5) = o5

22



Under review as a conference paper at ICLR 2026

1165, 1I”

Now, using Assumption [5| we have E[exp( L3 ) ‘ ]-'t_l} < exp(1), and the family {6; S} is
2 ,

conditionally independent given F;_;. By standard sub-Gaussian vector concentration for averages
of independent sub-Gaussian vectors, we get

m A2
> < _mA ).
IP’(HBtH > A\ l]-'t_l) < 26Xp< 2EG§)

Set

o ()

)\2 = 0¢ Hlog

IP’(HBtH > )\2) < 2exp < log 4T> 1)

Then

5 ) or
Finally, by a union bound over ¢t = 0,...,7 — 1, with probability at least 1 — §, we have for all
t e [T

2F?2 4T 2F 4T 4F 4T

AP <222 42X 2 =2(G*~—log— + 02— log— | = —(EG? + 02)log —.

A" < 2A7 +2X5 G - 0g§+05m035 m(G+U§)Og5
Multiplying by 2n? gives, for all ¢,

8n°E 4T

22| A > < T2 (BEG? + 02) log —,

m )

which is exactly equation[9] O

Lemma 7 (Constraint Gap-Client Sampling). Under Assumption [d| the following holds for 6 €
(0, 1) with probability at least 1 — §
log (

tezzsé(wt) —g(we) < JT\/:”‘ITGST).

Proof. We need to bound the term Z;‘F:_Ol (G(wy) — g(wy))Lsep in high probability. We know from

Assumption@that G(wy) — g(wy) is 02 /m—sub-Gaussian. Then, by utilizing Chernoff bounds for
sub-Gaussian random variables, we have

Prob {|é(wt) — g(wy)| > )\t} < 2exp <_ Agm) .

b
B
N

|G (wt) — g(wy)| <o

), Vte [T

>

3|

202

Set, A¢ := 0'y/ = log (). Then we have

Prob {|é(wt) —g(w)| > 0o %bg <52t)} < 6t

. . Py
Applying the union bound over all ¢ € [T, we get for §* = T

Prob{|@(wt)—g(wt) <o %log <5)} >1-4, Vte [T

So, finally we have for ¢ € (0, 1) with probability at least 1 — ¢

5 Gtw) — glun) < o7y 2105 (21,

teB
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Lemma 8 (Constraint Gap-Client + Data Sampling). Under Proposition[l} the following holds for
d € (0,1) with probability at least 1 — &

~ 0'2
1G(we) — glw)| < \/;w + 30 log (2(?) vt e [T).

~ 2 o} 2T
> Glwy) = glw) STy [ (02 + 32 log (= ).
m Nb )
teB

Proof. We need to bound the term ZtT;Ol (G(w;) — g(w;))1;ep in high probability. We know from
Proposition that G(wy) — g(wy) is (% + "f;vb> —sub-Gaussian. Then, by utilizing Chernoff
bounds for sub-Gaussian random variables, we have

Prob {|é(wt) — glwy)| > )\t} < 2exp (2(02152%) .

Set, \; 1= \/ 2 (g2 4 K,—’i) log (Z). Then we have

. o2
Prob {G(wt) —g(wy)| > \/Ti(ﬂ + ﬁl’b)log (;) } <4t

Applying the union bound over all ¢ € [T, we get for §' = &

. o2
Prob {|G(wt) —g(wy)| < \/i(g2 + be)log (?) } >1-4, Vite [T

So, finally we have for § € (0, 1) with probability at least 1 — ¢

Zé(’wt) —g(wy) < T\/i(oz n %)bg (2(?)

teB

C.2 PROOFS OF THEOREMS

The proof presented in the main paper is provided in a compressed form and combined into two
theorems for clarity. In this appendix, we expand upon each part in detail. We begin with the
analysis of the FEDSGM framework, followed by the bi-directional Compression component. For
both of these, we provide complete proofs under hard switching for both full and partial participation
settings. We then turn to the soft switching case, where we include the proof for the full participation
setting only.

C.3 MAIN THEOREMS FEDSGM

C.3.1 HARD SWITCHING — FULL PARTICIPATION

Theorem 3. Consider the problem in eq. , where X = R and Algorithm under Assumption
Define D := |jwy — w*|| and

A={tel|gw) e w=p Y
te A

_ Ja¢E D?
TN T M=\ gt

it holds that A is nonempty, w is well-defined, and 1 is an e-solution for P.

Then, if
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Proof. Using Algorithm[I] the update rule for the global model is

n E-1

Wi = wp Z > Ve (10)

leO

We analyze the squared distance to the optimal point w* as follows,

2

n E-1
*[12 1 t
[wegr —w||” = We =1+ jor
j=17=0
2
1 n E-1 1 n E-1
_ _ 2 t * t
= ||lwy — w*||* + 1 - g Virll —2n( we—w - E Vir
j=17=0 j=17=0
Term—A Term—B

Firstly, we start with upper-bounding T'erm — A.

1 n Bl ’ Jensen s 1
Term — A = n? EZZV;T 7 ZEZH
j=171=0 =

G—Lip
< ,',]QEQ G2

Now we can use Lemma([I|to bound T'erm — B. So, putting Term — A and T'erm — B back into
the expression we get

lwers — w*[|* < [Jwe — w*|* + n* E*G? + na EG?

n E-1
aiz > e — wf oI
277 n E-1
+ 2SS ) - il )it e A}
j=171=0
E-1

%’ZZ — g;(w})1{t € B}. (11)

Now our goal is to handle the term f;(w*) — f;(w} ), so we first rewrite,
f]( w; T) = f] (wt) <ij (wt) j T wt> (by COHVCXity)
= fi(w) = fi(wj ;) < fi(w") = fi(we) = (Vf(we), w] , — wy).

Using Young’s inequality with parameter o > 0, we get
1 «a
_<ij(wt)7w§,r —wg) < %Hwé,f —wy||> + §vaj(w§)H2-

Thus, we get,

i) = fy(ut) < fy(%) = i) + 5w = w7 + 19 fy o)

G—Lip . 1 o
< S") = fi(w) + e — w1+ 5GP

Similarly, we can handle the other term with g and get,

* * 1 «
gi(w*) — gj(wh ) < gj(w*) — gj(wy) + %Hwt —wh|?+ §G2.
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So, putting these inequalities back in equation[IT]along with the use of Lemma[2]and eq. (), we get
2
||wt+1 — U)*||2 < Hwt - ’LU*”2 + 772E2G2 + 27’]0&EG2 + 37773E3G2
e
+ 2E(f(w") — f(w)1{t € A} + 2nE(g(w”) — g(w,))1{t € B}
Now, for @ = n, and rearranging the terms we get

[we — w*|? — [|wisr — w*?

(Flw) = F(w*)1{t € A} + (glwn) — g(w)1{t € B} < s

1
+gEG2 +0G? + nE*GP.
Defining D := ||wy — w*|| and summing the expression above for t = 0,1,--- ,7 — 1 and then
dividing by T, we get

2
T ) = S + 5 Yo = 9(w) < 5 + TEGP +0G? + PG,
te A teB

Now choosing 7 = \/ 5527 Where T = 1E + 1 + 1 E2, we get

27w~ Fw) + 3 ot gl < | 22T

teA teB

Note that when e is sufficiently large, A is nonempty. Assuming an empty .4, we can find the largest
“bad” e:

1 2D2@G2T
_ _ *) < - - -
€bad < T tEGBQ(wt) g(w*) < ET

Thus, let us set ¢ = (N + 1),/ % for some N > 0. With this choice, A is guaranteed to be
nonempty.

Now, we consider two cases. Either ), , f(w;) — f(w*) < 0 which implies by the convexity of f
and g for w = ﬁ > e Wt We have

f(w) = f(w*) <0 <e, g(w) <e. (12)
Otherwise, if ), 4 f(w:) — f(w*) > 0, then

V2L > LS ) — ) + 3 3 gwn) - glu)

teA teB
1 1
> TZf(wt)—f(W*)‘f'fze
teA teB (13)
_ AL w1 = A
= X ) = S+ 0 e
Al Al

> 2 (f@) — f(w") + (L= e

2072 2(2
() - pmy —e) <[220 o<y 220 (14)

Implying f(w) — f(w*) < e and further by convexity of g for w = ﬁ tc4 We, We also have

g(w) <e. O

By rearranging
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C.3.2 HARD SWITCHING — PARTIAL PARTICIPATION

Theorem 4. Consider the optimization problem in equation[Ijand Algorithm[I|under Assumptions|[I]
and |4} Additionally, assume that at each global round, m distinct clients are sampled uniformly
at random. Define

A=liem |Gy <, = ﬁZwt.
teA

Suppose the step size n and constraint threshold € are set as

= 7D2 de= 4D2G2E+4DG 21o §Jr2 310 g
"=\Nigesr MM\ T T &8\5 N ome\5 )

where § € (0, 1) is a confidence parameter. Then, with probability at least 1 — 6, the following hold:

1. The set A is non-empty, so w is well-defined.

2. The average iterate w satisfies

f@) = f(w*) <e,  gw) <e

Proof. Using Algorithm I} the update rule for the global model under partial participation is

E-1
1
wyy =y | we —n- - Z Z Z/Jt-y,r . (15)
JES, T=0

We analyze the squared distance to the optimal point w* as follows,

2

1—Lip T () 1 py
[wipr — w*|? < wy =1 — Z ZV;T*W*
ijSt =0
E—-1 2 E—1
* (|2 2 1 — t * 1 . t
= ||lwy — w*||* + 7 EZZVj)T —2n<wt—w,m22yj)7>
jES, =0 j€S, =0

E-1
1
< _an*2 2E2G2_2 N t
< Jwe — w*|* + 7 n{we—w',— %> v,

JES T=0

|2 2 22 Ll 1 -
= ||lwy — w*||* + n°E*G —|—277<wt—w,nZZVjJ—mZZVj7T>
2 * 1 G t
f n<wtw,nzzyw>.

j=171=0 JES =0
j=171=0

Now we can use Lemma [I]and Lemma [2] to bound LHS like we have done in previous proofs, we
get

ME(f(wi) — f(w*)Liea + 2nE(g(wi) — g(w*)) e < |Jwy — w*||?

2
—Nwegr — w*|? + 2E2G? + 2P EG? + §n2E3G2

1 n E-1 1 E-1
+ 21 <n DD VW) = — Y Y Vi), w - w*> Liea

j=1 17=0 jeS ™=0

1 n FE-—1 1 E—1
RIE 9 ILNENEED o) 3L AR PO

j=1 7=0 j€S;, =0
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Again add and subtract G’(wt) from the 2nd term on LHS and rearrange and we get,
20B(f (we) — f(w*))hiea + 20E(G(we) — g(w"))Lees < [lwe — w*||?
2
— lwerr — w*||? + *E?G? + 20> EG? + g172E3G2

1 n E-1 1 E-1
+ 21 <n DD V@) =YY Vfw),) w - w*> Liea

j=17=0 JES: T=0
1 n E-—1 1 E—1
BIE5 9 WL AERERS o) o AERETE PO
j=171=0 jeS T=0

+2nE(G(wt) — g(wy))Lies-

Now sum both sides over ¢ € [T], we get

> 2E(f(wy) = f(w*)) + Y 2mE(G(wy) — g(w*)) < D* +° E°G°T + 20 EG’T + §n2E3G2T
teA teB

1 n E-1 1 E-1
+ 21 <n DD Vi) = — Y Y Vi) w - w>

te A j=17=0 jES T=0

1 n E-1 1 E—-1
IDITIED 9 SLAERERD 3) S AR

teB j=171=0 JjES =0

4 Z2?’]E(G(wt) —g(wt)).

teB

Now, by using Lemmas E]and we can bound the term above for § € (0, 1) with probability at least
1-946

R 2
> mE(f(wy) = f(w*) + Y 2mE(G(we) — g(w*)) < D>+’ B*G*T + 20° EG’T + §n2E3G2T
te A teB

+ 8 EGD Elog 3 + 2nEoT zlog 6T .
m 0 m )

Dividing both sides by 2nET we get

1 * 1 A * D2 1
7 gf(wt) —fw) + ;m‘(wt) — (") < 5+ G BG 0GP 4 G

L 4G D 91 3 n 2 1 6T
e — og | = oy —log | — ).
ST \[ 2 B\G m 8\ s

. _ D2 _ l l 2
Now choosing n = \/ sGZETT> where I' = 2E +1+ 3E , we get

£ 007w — Fl )+ 3 3G — gw) < 2P+ 222 ooy (£)

te A teB
2 <6T)
oy —log | — ).
m 0

Again, using a similar style of analysis as in previous proofs, if 4 = ¢, then

< 2D2G2F+4GD 21lo §+ 310 g
Cad SN T T 8\ ) TN m B\ s )
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Thus, if we set € = {/ <=-=— 2D2G2F + f‘/@ 210g + oy = 2 log 6T , A # ¢. Now, let’s consider

two different cases here as Well Either >, , f (wt) flw*) < O Wthh implies by the convexity
of f forw = |A‘ > e Wi, We have

f@) - flw) <0<e (16)

Additionally, we know via convexity of g that

teA
< S (glwn) — Glw) + = 3 Glw)
|A| teA ‘ | teA

Otherwise, if ) 0, 4 f(w:) — f(w*) > 0, then

VR + 19D Jarog (2) + ¢1og<6§)_Twat Fw) + 7 3 Glwn) — ()

teA 7117566
';f'@;ﬂ Jra- A
> (g — ) + (0 - e
A7)

This implies f(@w) — f(w*) < e and further using the same argument as above for g, we have for
probability at least 1 — 8, g(w) < e + o1/ 2 log (5F). O

C.3.3 SOFT SWITCHING — FULL PARTICIPATION

Theorem 5. Consider the problem in equation I 1| where X = R? and Algorlthml 1| under Assump-
tion[l] Define D := ||wy — w*|| and

A={te[T]]|glw) < €}, W= Zatwt,
te A

where

1 —op(g(we) —€)
Yteall —os(glwe) —€)] (18)

_ [4D2G?E B D? PN
‘N7 " VNuagzpsp M P

it holds that A is nonempty,  is well-defined, and v is an e-solution for P.

ap =

Then, if

Proof. Using Algorithm [I] the update rule for the global model is

n E-1

W41 = W — 1)+ *E E Jﬂ

j=17=0
where, vj . = a5(g(wi) — €)Vg; (W) + (1 = oa(g(we) — )V f(wj ;)
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We analyze the squared distance to the optimal point w* as follows,

2

1 n E-1
2
s = w2 = e —n- =30
7j=17=0
2
1 n E-1 1 n E-1
2 2 t t
= lhwe =P+ 02| 2> > v =2 (we—wt Yy v (19
j=17=0 j=1 =0
Term—A Term—B

Firstly, we start with upper-bounding Term — A.

9 n Bl Jeneens 21 n
rem - A= |13 S S
] 1 7=0 T=
G—Lip & o(-)€[0,1]
< E2G2.
Now we aim to upper bound T'erm — B.
1 n E-1
Term — B = —2n <wt —w*, - Z I/;f’,,_>
nj:l 7=0
1 n E-1
IS i)
j=171=0
1 n E-1
t
7%22 =20 (i = wj -, vj o) =2 (w) . —w",vj))
J=17=0 Term—By Term—Bs

Now we define o, = 05(g(w;) — €) before we start upper bounding T'erm — B for any a > 0.

Term — By = —2n <wt — wé—w u§’T>
= _2770,2 <U}t - w;,T?«gj (wz,‘r)> - 277(1 - Ué) <’U)t - w;ﬂ" f] (w5,7)>
Young's

n n
< b [ lhwe — w12 + nall Vsl DI + (1= ab) | Ll —wf |
eV £t )]

G—Lip
< Ly — i [? + naG?.

Similarly, we start to upper bound T'erm — Bs as well.

Term—Bgz—277< s W 71/jt7)>
= _2770-% <’LU§77_ - w*a gj (w],‘r)> - 277(1 - Ué) <’LU§'77. - ’U}*, f](w§7‘f')>

Coz.

< 0 (95(w") = g;(wj ;) +20(1 = op) (f;(w”) = f;(wj,))
N 1 « , .
<2noj {gj(w ) — g;(we) + %Hwt —wh |+ 2G2} (by Cvx., Young’s, & G-Lip)

1
#2001 = 05) | () = () + 5l w2+ 567
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Putting Term — By and Term — By back in Term — B, we get
n E-1

Term—B< ZZ[ Jwn — wl | + 200G + 200 (g; (") — g;(wr))
j=171=0
+2n(1 = ap) (fi(w*) = fj(wy))]
Lemma[2 2 3 3 2 9
< U E°G” + 2naEG +277E05( (w*) = g(we))

+2nE(1 — op) (f(w*) — f(w))
Substituting T'erm — A and T'erm — B back in eq. (I9), we get for o = 7

2
e —w [P < Juwp — | + P EAG? + 2P EG? + ZiPESG? + 20 (g(w”) = g(wo))

+2E(1 = o) (f(w") — f(w))
Let A = {t € [T]|g(w¢) < €} and B = [T|\ A = {t € [T]|g(w¢) > €}. Note that for all t € B it
holds that og(g(w;) — €) = 1 and g(w;) — g(w*) > e. Further, forall ¢t € Aif og(g(w;) —€) >0
it holds that g(w;) — g(w*) > g(w:) > € — 1/5. With these observations, using convexity of f and
g and decomposing the sum over ¢ according to the definitions of .4 and B and division by T’ yields,

% + 177EG2T +nG*T + nE2G2T > "ol (g(w) — g(w"))
te A
+ D (U= ap) (f(we) = f(w) + ) (g(we) = glw?)).
teA teB

Now choosing n = g/mfﬁ,wheref‘ = 1E—i— 1+ 1E2 we get

\/W > 570l (g(w) — g(w) + 301 = ob) (f(we) — f(w")

teA teA

+ ) (glwy) — g(w")) (20)
teB

> 3= o) () = ) +elB+ (= 5 ) ot
te A te A

Similar to the previous proofs, we first need to find the smallest € to ensure A is non-empty. So,
to find a lower bound on ¢, assume 4 is empty in eq. (20) and observe that as long as condition

/2D2G2T : : _ 9. /2D2G?T
=7 < eis met, A is non-empty. We choose to set € = 2 A

Now, like before, we consider two cases based on the sign of >, , (1 — aé) (f(wy) = f(w)).
As before, when the sum is non-positive, we are done by the definition of A, which implies 0 <
1 —op(g(w) — €) < 1 and the convexity of f and g.

Assuming the sum is positive, dividing eq. by > ica (1 — ag) (which by the definition of A is
strictly positive), using convexity of f, and the definition of w, we have
0.5¢T — €|B| — (e — %) D teath
Al =2 ica08(g(we) =€)
—0.5¢T + B~ 32, c 4 0k

=€+
|-’4‘ - ZteA UfB ’

flw) = fw*) <

where we used |B| =T — | Al.

Let us now find a lower bound on 3 to ensure the second term in the bound is non-positive. Note this
is done for simplicity, and as long as the second term is O(¢), an e-solution can be found. Immediate
calculations show the second term in the bound is non-positive when

2> tea 0}3

>
= el
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Since Zte A Ufﬂ < T, a sufficient (and highly conservative) condition for all 7" > 1 is to set § >

2/e. Thus, we proved the sub-optimality gap result. The feasibility result is immediate given the
definition of A and the convexity of g. O

C.4 MAIN THEOREMS: FEDSGM-BIDIRECTIONAL COMPRESSION

C.4.1 HARD SWITCHING — FULL PARTICIPATION

Theorem 6. Consider the problem in eq. ( . where X = R? and Algorzthml under Assumption I
and[3| Define D := ||wg — w*|| and

A={te[T]]|glw) < e}, W = |A|Zwt

teA
Then, if
2D2G2T [ D2 V1—gq +/10(1 — qo)
=\ ————, andn = \| —5—=—=, wWherel' = 2F? 42— L yyp¥Y—
€ ET andm SPETT where + p + 101

it holds that A is nonempty, w is well-defined, and w is an e-solution for P.

Proof. We adopt the virtual iterate framework, a commonly used analytical tool in recent works
such as |Stich & Karimireddy| (2019); |Koloskova et al.| (2023)); Mishchenko et al.| (2023); [[slamov
et al.| (2024b; 2025)). Spec1ﬁcally, we define the virtual sequence w, := x; — ne,, initialized as
W = wp where e; = + Z =1 ] This construction leads to a simplified update rule:

n E-1

wt+1 = wt — NV, where V¢ = Z E

]17’0

To see this, note that

W1 = Toq1 — N1 = (T — o) — nler + v — vy)
(ze —mew) —n (21)
= W — NVt

In addition, we define the auxiliary error term é; = x; — wy, which captures the discrepancy intro-
duced by downlink (server-to-client) compression.

Starting with the update rule presented in eq. (1)), we analyze the squared distance to the optimal
point w* as follows,

1 — w*||? = |y — nry — w*|?
= [y — w*||? + n? v —2n (@ — w*,14) . (22)
Term—A Term—B

Firstly, we start with an upper bound for T'erm — A.

9 2 9 n Bl Jenspns 21 n 2
Term = A =of ull* = 12 | £ 3 < ZEZH
] 1 7=0 T=
G—Li
<Zp772E2G2

Now, we start to upper bound T'erm — B.
Term — B = —2n (W — w*, 1)
= =20 (W — x4 + 1 — W, 1)
= =2 (W — x4, V) — 20 {xy — W*, 1)
=20° (er, ve) + 20 (wy — x4, 1) — 20 (wy — w*, vy)
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72n2nE—1 nnEl R 2T}nEl
SEIS 9 WOREFEL 3) SIEMNEL) p) s
j=17=0 j=171=0 j=1 T:O
Cauchy— Schwarz 27] n E-l1 n E-l
ZZ el TH+ ZZ l1eellllv5.
j=11=0 j=1 7=0
E-1
2”i2< &
- — wy —w, v .
n =1 7=0
E—-1 n E—-1 n E—
G- LlP 27} G < 2nG .
> ledll+ == ZZII&HF*ZZ V)
j=17=0 j=1 =0 j=1 7=0
Term—B; Term—Bs Term—Bs

We can upper bound T'erm — Bs using Lemma[I] We now proceed to upper bound Term — By,
considering the expectation taken over the stochasticity of the compression mechanisms.

2

1 n
Bllecn ] =B ||| 3 e+
j=1
Jensen s l t+1 ]
(o

n — E—-1

SEO 31| E SIASTEES il
7=0 7=0

2

2

Jj=1

n

Assugp.@ 1— q ZE

n

E—-1
t t
e+ Z vj
7=0

Young's

1
< (1=l 4~)— Z]E{HGJH} (1—9q) 1+7*1)E

j=1

Jensen's+G—Li
R (R L ZE{H%H} (1- )1+~ Y E2G?

Let A := (1 —¢)(1+7)and B := (1—¢)(1+~ ")E*G?. Also, define E; := - >7 | E [Heﬂﬂ :
Then,
Ellles+1]”] < By < A-Ey + B.

So, for v = ) since e? = 0 implying Ej, unrolling the recursion gives,

q
2(1—q)°
t

Ellecst|] <) A B
=0
t

<Y A=+ -9+ HEG
=0

geometgic sum (1 — q)(l + ,7—1) 5 o
- 1—(1-q)(1+9)
_ (-9 +’771E2G2

q—(1—q)
gk sy 2(1—Q)(2_Q) 2 ~2
= TEG
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(2—q)<2 —
< 4(1 . q) E2G2.
q

So, we have for Term — By,

2’/]20 n E-1
Ec,[Term — By] < SN =9 g
j=1 17=0

—_

= 4’ E*G? \/(q_‘l).

Similarly, we start to deal with E[||é;41]|?], to bound Term — Bs.

Ellléc1l*] = E [[lze41 — wega||?]
=E [|zi+1 — w — Co(zi1 — wi)]|?]
Assump. [3]

< (1= q)E [[|lzeqr — wel?] (23)
= (1= q)E [[las — nve — we||*] = (1 — q0)E [[|é — nve||]
Young's

< (A=) +ADE[lec?] +n*(1 = qo) (X +47E [[|vel?]

1 n E—-1 2
B[] =E [||= 3¢ <e; +3 V;T>
Jj=1 7=0

Jensen's+Young's 9 n E-1 E-1 2
t t t t
25 e (4 3ot ) - 4+ Xk
j=1 =0 =0
9 M E-1 2
# 23 ||+ S
"im =0
2
Assump @ 2 _ q i
E e + Z
(2- Q)<2 4
ZE f + Z j
E-1 2
Young s
*Z 517+ |1 > v
7=0
Jensen's+G—Lip 8 4(1 _ q) 9 2 9
< — {QE G* + E°G
n 4 q
j=1
32(1 —
_ (q2 q)E2G2+8E2G2
(1-9)<1 40E2G?
< —_—
< 7
Then continuing again with 23] we have
1 40E2G2.

Elllée ] < (1= q0) A +AE [lec)*] +n*(1 —qo)(1+571) Z

Same as before for 4 = %, since éy = 0, unrolling the recursion above we get

t
1 40E2G?
Eflécral®] < Y11= ao)(L+ )] n*(1 = q0) (1 +4 1)7(]2
=0

34



Under review as a conference paper at ICLR 2026

geometéic sum (1 — qo)(l + "Ay*l) 240E2G2

S ~ 7
1—(1—q)(1+7%) 7
,160(1 — QO)E2G2

qu
Therefore, T'erm — Bsy, we have
E—-1
MG 160(1 — qo) E2G?
Ecjaco [Term - BQ] < T Z \/ q2q2
j=171=0 0
_ 8772E2G2 10(1 — qo)

qoq

Now, we take the expectation on both sides of eq. (22) with respect to the compression operators
and plug in the value of Term — By, Term — By, and Term — Bs, we get

(1= 10(1 —
||1I1t+1 _ w*||2 S Hwt _ w*||2 +772E2G2 +47’]2E2G2 ( q) + 87]2E2G2 ( (JO)
q

q09
n n E-1 217 n E— 1
j=1 7=0 =1 T:O
217 n E-1
+ DD (gi(w*) = gj(wh )1t € B}
j=171=0

(24)
Now our goal is to handle the term f;(w*) — f;(w? ), so we first rewrite,

fi(wj 2) = fi(we) + (V fj(we), w] . —we)  (by convexity)
= fi(Ww") = f3 (] .) < (W) = fi(we) = (Vfi(we), w] - —w).
Using Young’s inequality with parameter o > 0, we get

1 «
—(Vfj(we), wh . —wy) < %”wé,f —w|* + §||ij(w§)H2~

Thus, we get,

* ) 1 o
o) = fituse) < f3(w) = i) gl =l 4 SV S50l
G—Lip . 1 o
<) = filw) + o flwr - w562

Similarly, we can handle the other term with g and get,
" . 1 «
gi(w*) — gj(wh ) < gj(w*) — gj(we) + %Hwt —wh |*+ §G2.
So, putting these inequalities back in eq. (24) along with the use of Lemma[2]and eq. (T)), we get

V(1= 10(1 —
i — | < e — w4 2 E2G° + a2 VD g VIO 2 0)
q

qoq
+ 2naEG? + %USE3G2 +2nE(f(w*) — fw)1{t € A} + 2nE(g(w*) — g(w;))1{t € B}.

Now, for o = 7, and rearranging the terms we get

e — w*|* = e — w|?

(Flur) = ()Lt € A} + (glw) — g(w))1{t € B} < E

v/ (1 — 10(1 — 1
+ JEG? + 2EG? vi-9 - D | 4ypc? f] - ) |6+ SIEG
0
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Defining D := ||wy — w*| and summing the expression above for ¢ = 0,1,--- ,7 — 1 and then
dividing by T', we get

LS @) + S (g — g(w) < 5o+ TBG? G2 4 by

T & K T & ! = 2ET ' 2 3

+ 2 EG? 7V 1-q) 477EG27V 10(1 — g0)

Now choosing n = \/ 5527, Where I' = 1E + 1 + 1 B2 +2EV 1 4 ARV 10(1 90) , we get

% D (flws) = f(w?)) + % > (g(wy) = g(w*)) < %.

te A teB

Note that when ¢ is sufficiently large, A is nonempty. Assuming an empty A, we can find the largest
“bad” e:

2D2@G2T
€bad < 75 Zg wy) w*) < “ET
tGB

Thus, let us set € = (N + 1)/ =57+ 2D G L for some N > 0. With this choice, A is guaranteed to be
nonempty.

Now, we consider two cases. Either ), , f(w;) — f(w*) < 0 which implies by the convexity of f
and g for @ = 77 3= c 4 we We have

f(w) = f(w*) <0 <e, g(w) <e (25)
Otherwise, if ), 4 f(w¢) — f(w*) > 0, then

Vet 5 ) = 1)+ 7 ot ~ o)

teB
> 23 Fw) — St + 5 Y
teA teB (26)
_ Al \ |A]
= TWt;f(wt) — )+ (1= T )e
IA] Al

> (f@) — fw") + (1= e

By rearranging

A () - ) ) <225 \/ Seacan @7)

implying f(w) — f(w*) < e and further by convexity of g for w = | > e Wi, We also have
g(w) <e. O

)}
| /\

C.4.2 HARD SWITCHING — PARTIAL PARTICIPATION

Lemma 9. Assume Assumption |I| holds and also assume that the compressors {C}}_, are deter-

< 1 Vil-9EG

m q

ministic, such as Top—K. Then, for t > 0 and j € [n], we have ||&]|
a.s.

Proof. Fix aclient j and set e; := ||} |2. With the chosen v = I )(usmg results from previous
proofs and properties of the compressors),

etr1 < (1—q@)(1+7)e + (1— q)(l + %)EQG2 ifj€8 and e = e otherwise.
—_——

=1

[MIS)

— A-9)(2-9) pag2
q
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To find a bound that holds regardless of whether the client is selected in each round, we define a
deterministic sequence x, that acts as a worst-case scenario. We can think of k as the number of
times the client has been selected for an update, starting with zg = 0.

1-92-9) E2G2

$k+1=<1—g)$k+ .

2

This sequence describes the per-client worst-case scenario. By induction, we can prove that the
client’s actual error, e, is always bounded by this deterministic sequence’s value at the number
of updates the client has received, N;: e; < x, forall ¢ a.s. This is because the error e; either
decreases or remains constant (if the client is not selected), while the deterministic sequence xy,
always progresses forward with each update.

Since the update factor (1 — ¢/2) is less than 1, the deterministic sequence xj, converges to a stable,
maximum value as k — co. This maximum value acts as a global upper bound for the error of any
single client.

1-9@=9 g2z (1=0)2=d) 22 7 B
€t S lim T = d = 4q — 2(1 q)(2 q)

= E%2G? foralltas.
ko0 1-(1-3) 3 ¢

This result provides a tight bound on the squared error for any individual client at any point in time.

Now, we get
3 I 42
Jeel2 = |- > el
i=1

j=
n\2 1 &

< (= 75 2

- (m) nj:1 ||ejH

< (E)Q 2(1-q)(2 - Q)EQGQ

m q>?
(2—q)<2 2 _
% (ﬁ) 41 _ q) B2,
m q

O

Theorem 7. Consider the optimization problem in equation [I] and Algorithm [I| under Assump-
tions @ E] and deterministic compressors {C; };?:0 (e.g. Top—K). Additionally, assume that at
each global round, a subset of clients is sampled uniformly at random with replacement. Define

A= {te[T]‘G’(wt)ge}7 w::ﬁZwt.
te A

Suppose the step size 1 and constraint threshold € are set as

[ D2 [2D2G?T"  n 2DGy1—q 4GD 3 2 6T
"=\ 5c2ETT and € = 5T +E o7 + e 21og<6)+20 m10g<6)’

where T' = 22 4 162 VIl 0) 4 gpVI0U—a) | 20p 4 0 WVIUZD) g5 € (0, 1)

m q09 909 q? m

is a confidence parameter. Then, with probability at least 1 — 6, the following hold.:

1. The set A is non-empty, so w is well-defined.

2. The average iterate w satisfies
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Proof. Using Algorithm , we have that x4 = Iy (z; — nv;). We also define &, := L Z?Zl et

and é; = x; — wy. Additionally, we follow all symbols used in the algorithm and other proofs as is.
Any new notation will be mentioned when it comes.

(1—Lip I1x)
e - [

= [l — w2 =20 (w — w*, v0) + 7% ||0g]?
N————— N —
Term—1 Term—2

Now, we bound
2
1 E—1
2
fol* = |~ > ¢ ( + )
JES: 7=0
E—1 E-1
(4 3ot ) - 4+ Xk
=0 =0

2

2
=Y

2
Jensen'erYoung's 2

E—-1
t t
e+ D Vi
7=0

JES: JES:
E-1 2
2(2 —q) t t
=D |G v
JES: 7=0
2
2-¢)<2 4 Bl
< — ez» + Z Vj»T
JES: =0
Young's 8 E-l ?
SRS S [ET h s
JES: 7=0
Jensen/s-‘rG—Lip-&-Le’mma@ 8 4(1 —
< S { ( _ q)E2G2—|—E2G2
jes, b 4
32(1 —
=209 g2 gpree
(1-9)<1 40E2G?
< 2
q
So,
40n2 B2
Term — 2 < T EC
q
Now, upper-bounding Term — 1.
Term — 1= —2n{x; —w*,v)
= —=2n(wy —w*, vy — 2n (xy — wy, vy)
= =20 (wy — w",v) — 21 (€, vy)
* 1 t t t+1 A
= —2n<wt —wh, — Z(Aj+ej —e; ) ) — 21 (&, ve)
JES:
* 1 t * 1 t t+1 ~
=-2n{ w —w o ZAJ —2n{ wy —w )~ Z(ej—ej ) ) — 21 (&, ve)
JES: JES:
*  — *  — * 1 N
= =20 (wy — w*, ) + 2n (wy — w*, Uy — v4) —277<wt -t — > (e —e§+1)> — 2 (€4, vt)
JE[n]
= *27] <’U.)t — "UJ*, 17t> + 277 <U}t — 'LU*, 17t — I/t> — 27] <’lUt — w*,ét — ét+1> — 277 <ét, ’Ut>
= *277 <U)t — U_)*, ﬂt) + 277 <U}t — ’LU*, ljt — Vt> — 27’] <’lUt — T, ét — ét+1> — 277 <.Tt — ’ll)*7 ét — ét+1>

- 27] <ét7 Ut>
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= —277 <wt — w*7 Dt> + 277 <U}t — U}*, ﬁt — l/t> + 2’]7 <ét,ét — ét+1> —277 <(Et — w*7 ét — ét+1> —27] <ét,’l)t>
—_———

Term—1—1 Term—1—2

Now bounding T'erm — 1 — 1.
Term—1—1= 277 <ét, ét — ét+1>
= 21 (€, €) + 21 (€, €141)

Cauchy—Schwarz R _ R -
< 2nl|écllllecl + 2nléx [l €+l

V(1 —q)

Lemma[dl n ~
8NEG—Y——é
m q
Now we bound [|é;41]|2.
Hét+1||2 = ||lzey1 — wtﬂ”2
= |@eg1 — we — Co(wegr — wy)||
< (1= qo)l|lwesr — we|?
< (1= qo)l|ze1 = 3¢ + 20 — wy?
Young's AN A 112 ~A—1 2
< (T=qo)X+A)el” + (1 —qo) (X +5 ) |werr — 2|
1—Lip Iy AN A 112 -1 2
£ = @)+ e + (1= )1+l — e — ]

< (1o)X +A)leel® + 7 (1 = go) (1 + 57 wel®

Plugging ||v¢]|?, we have
R U 1 40E2G?
eerill® < (1= qo)(X+A)ecl® +n*(1 - qo) (1 +74 1)T-
Same as before for 4 = ﬁ, since €y = 0, unrolling the recursion above we get

t
) L . ADE2G?
lecrall® < D10 —g0) X+ 72 (1= o)1+ 47 ) —5—
1=0 1
geometéic sum (]_ — qo)(]_ + ’3/7]_) 240E2G2
- I—(1—=qo)(1+%) g
< 160(1 — qO)EQGQ'

- a3q?

Now, plugging the ||é;|| back in T'erm — 1 — 1, we get

10(1 — ¢)(1 —
Term—1-1< 32772E2G2£ \/ ( Q)2( CIO).
m q0q
Similarly, we can bound T'erm — 1 — 2.
Term —1 —2 = —2n{(é;,vy)
Cauchy—Schwarz )
< 20 ||| [[oel
10(1 —
< 16772E2G2M
q09q

So, for Term — 1, we get
Term —1 < =2n{wy — w*, ) + 20 {wy — w*, 0y — 1) — 20 (s — W", € — E441)

10(1 —g)(1 — 10(1 —
+ 327)2E2G2E V/10( q)z( ) 162 E2G? (1 — o)
m qo4 qo4
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Plugging T'erm — 1 and T'erm — 2 back into the starting inequality, we get
241 —w*[|? < [lze — w*||? = 20 (wy — w*, D) + 20 (we — w*, 7y — ve) = 20 (20 — w*, & — E41)

10(1 —¢)(1 — 10(1 — A0n2E2G2
+ 327’]2E2G2£ \/ ( q)2( QO) + 16772E2G2 ( qO) + 077 . G

m q09q q09q q
Now, bounding —27 (w; — w*, ;), using Lemma and Lemmato bound LHS like we have done
in previous proofs, we get
20E(f(w,) — f(w*))1{t € A} + 20E(g(w,) — g(w"))1{t € B} < ||z, — w*||* = Jrpsr — |

2 10(1 — q)(1 - 00 —q) 4072 E2G?
2P EC + S’ BG + 32 2E2G2:1\/ VA=) | g2 22 V100~ ) | AEG

q09° q0q g
+ 277 (wt — U)*, Ijt — I/t> — 27} <It — ’LU*, ét — ét+1> .

Again add and subtract G(wt) from the 2nd term on LHS and rearrange and we get,

20E(f(w;) — f(w*))1{t € A} + 20B(G(w) — g(w"))1{t € B} < ||z — w*|* -

ze41 — W*||2
2 10(1 — q)(1 — 10(1 — 4002 E%G?
+2n2EG2—|— 772E3G2 32772E2G2 n \/ q)( q0) —|—16172E2G2 ( q0) i On - G
3 m 704> qoq q
+ 20 (wy — W™, 0y — 1) — 20 (xy — w*, & — Eqr) + 20E(G(wy) — g(wy))1{t € B}.
Now sum both sides over t € [T, we get

S 2mB(f(w) ~ Fw)) + 3 2B (G lu) — g(w)) < D? + 2PEGT + S BT

te A teB
10(1 — q)(1 — 10(1 — 40n? E2G?
+32772E2G2£ \/ ( 4)2( QO)TJr 16n2E2G2 ( QO)TJr Ui - T
m qo0q qo0q q
T—1
+22n<wt7w*,17t71/t 227) Ty — W, E — €y +2277E — g(wy)).
t=0 teA
Term—3
Now, we bound T'erm — 3.
T—1
Term—3=— Z 2n (xy — w*, 8 — €41)
t=0
rT—1 T—1
= —27] <5Ut — w*7 ét> — Z <.’£t — w*, ’ét+1>‘|
L t=0 t=0
rT—1 T
—2n <It - UJ*7 ét> - Z <1’t—1 - W*,ét>‘|
L t=0 t=1
r T—1 T—1
= =21 |(zo — w", &) + Z (xe —w", &) — (Tt—1 —w*, &) — (wr—1 —w", ér)
L t=1 t

Il
-

T-1
= =2 (zo — w*, &) + 2 (wr_1 —w*, éx) — 20 Y (w — T4-1,6r)
t=1
e?:O,Cauchyfschwarz T-1
< 20 ||zr—1 — w*|| erll + 20 Y llor — x| |
t=1

As. El sz IIx n 477DEG\/7 n 2 2 Z || ’I’L 2\/ EG

m q

AnDEG+\/1—¢q n ESnQEQGQ\/lo(l — q)T

n
<7
-m q m q?
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Plugging T'erm — 3 back we get

S mB(f(w) — Fw)) + 3 2E(Glu) — g(w)) < D? + 2PECT + 2 BGT
teA teB

10(1 — ¢)(1 — 10(1 — 400’ E2G?
+32n2E2G2£\/ ( Q)2( qO)T+16n2E2G2 ( qO)T—i— n = T
m 909 909 q
n n DEGY1 —¢ n £8n2E2G2 10(1 — q)T
m q m g
n E-1 1 E—1
I ICTE b ILITRERS b oL ATBRY >
teA j=17=0 jES: T=0
1 n FE-—1
+22n<n22m - 5 5 S et )
teB j=171=0 JES: =0

+ Z ME(G(wi) — g(wy)).
teB
Now, by using Lemmas E]and we can bound the term above for § € (0, 1) with probability at least
1-9

> mE(f(wy) = f(w) + Y 2mE(G(wy) — g(w*)) < D* + 2 EG?T + §n2ESGQT
te A teB

0(1 — %), 40772E2G2

10(1 1=
+ 32n2E2G2 ny )( %) 7 16n2 E2G2

4 DEGW— 8 2E2G2\/10 [oT [2 6T
sl nen D 4 snEGD —log +277E0T log

D1v1d1ng both sides by 277ET we get

T () = 1) + 5 Y (Glun) = gl) < o+ 0GP + GG
te A teB

10(1 — 1-— 10(1 — 20nEG?
m qoq qoq q
2D 1— AnEG?,/10(1 — 4G'D ) T
+ ﬁ G\/i n n ( Q) + G 210g 3 g log 6 .
mar Tm P VT 5
Now choosing 7 = \/%’ where ' = 1 + 1E2 +16B2 10(1q Z)(l q0) n SEW
2p | n 1EVIISD o o

1 i 1 R . 2D°G°T | n 2DGyT=4q 3
ft;(ﬂwt)—f(w >>+f§<c<wt>—g<w N T e M zlog(é)

+ log <6T>
o .
)

Again, using a similar style of analysis as in previous proofs, if A = (]5 then

2D2G?T n 2DG1 — [2 6T
_— 21 —1
€bad < BT + — m o7 \/7 og + o og

Thus, if we set € = |/ 222C°T 4 :,’LZDG” 4 4 4GD \/2log —1—0\/2 log (&F), A # ¢. Now,

let’s consider two different cases here as well. Elther doiealt (wt) w*) <0 Wthh implies by
the convexity of f for w = \A| ZteA wy, we have
f(@) = f(w*) <0<e (28)
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Additionally, we know using the convexity of g that

Lem.[d 2 6T . 1.
< e+4+o0y/—log <5 ) with probability at least 1 — 4.
m

Otherwise, if ) 0, 4 f(w¢) — f(w*) > 0, then
2022 T—a
2D7CPL + QQDG 14 + 16D 2log (?) +a\/210g <6T>
m

ET m_ qT T 5
> > flw) -~ fw) + " > Glur) =gl
> 7 2 )~ fw) + 1 3 e 9
T w0 = S+ 1= e
> 2 (@)~ ) + (- Be

This implies f(@w) — f(w*) < e and further using the same argument as above for g, we have for

probability at least 1 — 8, g(w) < e + o1/ 2 log (5F). O

C.4.3 SOFT SWITCHING — FULL PARTICIPATION

Theorem 8. Consider the problem in equation|l| where X = R? and Algorithm under Assump-
tion[l|and[3| Define D := ||wy — w*|| and

A={te[T]]|glw) < €}, w:Zatwt,

teA
where ) (a(wn) )
—og(g(wt) — ¢
oy = ) (30)
C Y eall = op(g(wy) — )]
Then, if
2D2G2T \/ D? 2 vI—=gq 10(1 — qo)
= = &B = = where T = 2E? + 2F AE
‘ \/ er " 2G2ETT’ p e ere + q + qoq

it holds that A is nonempty, w is well-defined, and w is an e-solution for P.

Proof. Starting with the update rule presented in eq. (21]) along with the soft-switching update mech-
anism, we analyze the squared distance to the optimal point w* as follows,

ls1 —w* | = [y — mwy — w*||?
= [l — w*|I* + || =20 (o — w*, v4) 31)
Term—A Term—B

Firstly, we start with upper bounding T'erm — A where we use the fact that oy = o5(g(w;) —€) €
[0,1].
2

9 2 9 1 n E-l ¢ Jensen's 9 1 n E-l ' 2 G—Lip 219 2
Term —A=n" |l =n ;ZZVJ-J < 7 EZEZHV]TH < nE°G
j=171=0 j=1 7=0
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Now, we start to upper bound T'erm — B.
Term — B = —2n (W, — w*, vy)
= =20 (W — ot + 2 — W, V)
= =20 (W — xy,vp) — 20 {xy — W*, 1)
=20 (eg, 1) + 20 (wy — x4, 1) — 20 (wy — w*, vy)
n E—1

277 ] n E—-1 277 n E— 1
D IPBCRIBEE-D DD BN/ DD W'Yy )
j=171=0 j=171=0 j=1 7'=0
Cauchy— Schwarz 277 n E-1 277 n E-1
Z leellllv; Il + FZ élll]v;
j=171=0 j=171=0
n E-— 1
. )
j=1 7= 0
GLZp277G n E-1 277(; n E-—1 R n E-1
DI CIEES B) DITIEE) B) DECTERTNE
j=171=0 j=171=0 j=17=0
Term—B1 Term—Bs Term—Bs

We will use the results for upper bounding T'erm— By and T'erm— By from the proof of Theorem|6}
and we will borrow the result for upper bounding T'erm — Bs from the proof of Theorem 5| Now,
we take the expectation on both sides of eq. (3I) with respect to the compression operators and plug
in the value of T'erm — By, Term — Bs, and Term — Bs, we get

v (1 - 10(1 —
||wt+1 _ w*”Q S Hwt _ w*”Z +772E2G2 +47’]2E2G2 ( q) + 8’]72E2G2 ( qo)
q

qoq
2£3E3G2 9 EG2 2Et o onB(1 — . o
3a77 + 2na + 2n ] (g(w ) g(wt)) + 2n ( a,(i’) (f(w ) f(wt))
< 1- 10(1 =
ey — 0| + 2B +4772E2G2@ " 8772E2G2M
q q0q

2
FUEG? + 2’ BG? + mEd (9(w") - g(w)) + 2 B(1 = ob) (f(w") = f(w))
(32)
Let A = {t € [T]|g(w;) < €} and B = [T\ A = {t € [T]|g(w¢) > €}. Note that for all ¢ € B it
holds that og(g(w;) — €) = 1 and g(w;) — g(w*) > e. Further, forall t € Aif og(g(w;) —€) >0
it holds that g(w;) — g(w*) > g(w) > € — 1/5. With these observations, using convexity of f and
g and decomposing the sum over ¢ according to the definitions of .4 and B and division by T yields,

D72_|_ IUEGQT+77G2T+ lnE2G2T+2nEG2@ +4T]EG2M >
2t ’ q qoq
37 0% (gluwe) — 9w + 3201~ o) () — ) + 3 gl — glw)).

teA teA teB
Now choosing 7 = \/ 5527 Where T = 1E + 1+ 1E2 4 2B¥2-9 4 4V 100200) e get

qo04

\/m Zaﬁ (wr) (w*))+2(1—0f3)(f(wt)—f(W*))

te A te A

+3 (g(wy) — g(w*)) (33)
teB

> 571 0b) (Fluwr) — F(w™)) + €lB) + ( ) S o,
te A te A

Similar to the previous proofs, we first need to find the smallest € to ensure .4 is non-empty. So,
to find a lower bound on ¢, assume 4 is empty in eq. (33) and observe that as long as condition

\/ % < € is met, A is non-empty. We choose to set € = 2/ 2D2G2L

ET
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Now, like before, we consider two cases based on the sign of Y, 4 (1 — o) (f(w:) — f(w*)).
As before, when the sum is non-positive, we are done by the definition of A, which implies 0 <
1 —o0s(g(w) — €) <1 and the convexity of f and g.

Assuming the sum is positive, dividing eq. by >~ e4 (1 — of) (which by the definition of A is
strictly positive), using convexity of f, and the definition of w, we have

0.5¢T — ¢|B| — (e — %) Dtea gé
Al =2 icaos(g(we) —e€)
—0.5¢T+ 871, ca U%

= € + N
Al = 2heach

fw) = f(w") <

where we used |B| =T — | Al

Let us now find a lower bound on [ to ensure the second term in the bound is non-positive. Note this
is done for simplicity, and as long as the second term is O(¢), an e-solution can be found. Immediate
calculations show the second term in the bound is non-positive when

2> iea Uf%
eT ’

Since Zte A Ug < T, a sufficient (and highly conservative) condition for all 7" > 1 is to set § =

2/e. Thus, we proved the sub-optimality gap result. The feasibility result is immediate given the
definition of A and the convexity of g. O

p =

D StocHASTIC FEDSGM

Theorem 9. Consider the optimization problem in equation[l|and Algorithm[Ijunder Assumptions|I]
and[3] Additionally, assume that in each global round, m distinct clients are sampled uniformly

at random. Define G(wy) = 1 > jes, 9i(we, &),

A::{te[T]‘G(wt)ge}, o = |A|Zwt.

teA
Suppose the step size 1 and constraint threshold € are set as
D2
=4 = d
"“\2G, BT "
2D2G 14T
=/ e”+40D,/—1og +2Da§\/ =7 log +2\/m( )log( : )
where G.r; = 3E*G? + (1+41log (™IE)) + 2 (EG? + oZ)log (L) and § € (0,1)isa

confidence parameter. Then Wlth probablllty at least 1 — 6, the following hold:

1. The set A is non-empty, so w is well-defined.

2. The average iterate w satisfies

f@) = f(w*) <e,  g(w)<e

Proof. Using Algorithm [I] the update rule for the global model under partial participation is

1
wipr = Uy | w —n- p- Z Z Vi |, wherevi =V fi(w! & ) orgi(w! &)
jE€S: T=0
(34
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Now, we analyze the squared distance to the optimal point w* as follows,

. E-1
1—Lip Il x 1
hwns — w7 < = 3w

jES =0

2
P e O ID I (RN o) 3
t n m T n{ Wy w,m Vir

JES: =0 JES: =0

Young's .2 ) 1 E-1 » ? ) 1 E-1 . 1 E-1 .
R DS 3L RETI LD 3 SERLY o S8
j€[m] =0 j€[n] 7=0 JES =0
1 n E-—1 1 E—1 1 n E-—1
ORI 3 SEME.S 35 SN BT CRIRE ) 9 3
j=1 =0 €S, T=0 j=1 =0
2
. E—1 E—-1
G- Lip _ 2 2 2 2| 1 _t 1 t
< Jlwe —w*||* 420" E*G + 27 EZZVJ»,T—EZZV,,,T
j€[n] 7=0 JES: =0
1 n E-1 1 E-1 1 n E-1
RICEE 3 SLRED 9) SN BT CEREED 35 3}
j=171=0 JES, =0 j=171=0

Now we can use Lemma [T]for o = 7 to bound LHS like we have done in previous proofs, we get
2E(f(we) = f(w*)lea + 20E(g(w;) — g(w N ies < |lwp — w*||* = lwipr — w*||* + 20* E?G®

n E—1 E-1 E—-1
i ik
m
=0

2 1
2 a2 t 2 2
+2n°EG” + - g E llws —w; [I* +2n - E[
VIS

j=17=0 n] T JjES: =0
1 n E-1 1 E—-1

+ 277 <7’L Z Z vf](w;n’) - E Z Z ij(w;',‘ra ;,T)) Wt — w*> ]ltE.A
=1 7=0 jes, /=0

n E-1

E-1
1 1 .
+277<n E E ng(wé,f)—% E E V(W ., &), we — w >]1teB~
j=1T

=0 jES: T=0

Again add and subtract G (w;) from the 2nd term on LHS and rearrange and we get,

2B (f (we) = f(w)Liea + 20E(G(wr) = g(w))Liep < [Jwe — w*||? = w1 — w*||?
2

9 n E-1 1 E-1 1 E—-1
TR VO 3 M TN VI LB o) SRS b 3P 8
j=17=0 j€[n] 7=0 JES: T=0

n E—-1 E—1
1 1 .
I ILIERERS 3) SLITAER I P

i=1 7=0 jes, r=0
1 n E—-1 1 E—-1
EI 9 ILAERERD 3p SLATHERINIENY I
j=171=0 jeS =0
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Now sum both sides over ¢t € [T], we get

ST ME(f(wy) — Fw") + 3 2mB(Glw,) - g(w)) < D* + 2PE*G*T + 2’ BG*T

te A teB
T-1 9" E—-1 1 E-1 1 E-1
UDIED D) I PR M o m EDSDIREED 3) S78
t=0 = j=17=0 j€[n] 7=0 JES: T=0
1 n E-1 1 E—1
+ZQ77<n ij(w;T)—a Z E:ij(w;T7 ;T)7wt—w*>
teA j=17=0 je€S =0

n E-—1 E—1
1 1 .
+Z2”<n Vgiwl) = 30 3 Vgl ) w —w >

=1 7=0 JES: T=0

Now, by using Lemmas 6l and([8] we can bound the term above for § € (0, 1) with probability
atleast 1 — 9

> mE(f(wy) — f(w*) + Y 2ME(G(wy) — g(w*)) < D* + 2° E>’G*T + 20> EG®T
teA teB

TE 2pT T
+ 29 B°T [3 +0? ( (7” ))} +87’ (BG? + 02) 1og( i )

+8nEGD, / — log < +4nDo¢y / log + 277ET\/ log <145T> .

Dividing both sides by 2nET, we get

~ 2
;;‘(f(wt) — f(w")) + % tGZB(G(wt) —g(w")) < 2755T +nEG? +nG? + 377E2G2

+nE*o? (1 + log <7nTE>) + ul (EG® + o3) log( i )

/ 2
+4GD log ( + 2Da§\/m o log (;)

G? + 77E205 (1 + log <

<
m
2 7 2 o} 14T
- Zg24+ 20 falininll
+m/ o (5) 200 mpton (5) [ 2 (o2 2 ) s (47,

Now choosing n =

TRy o ffET, where Gepp = 3E*G? + E%07 (1 +log (FE)) + 2(EG? +
o?)log (35), we get

£ o)~ f(u )+ 7 (G — gt < 22 a6 [ o ()
teA teB

2 7 2 2 14T

Again, using a similar style of analysis as in previous proofs, if 4 = ¢, then

2D2G ff 2 7 2 7 2 o? 14T
ad < | —=2 44 Dy —1 - |+2D —1 — )4y = (o2 4+ 2 )1 —
Cbad < ET ¢ mT 8 <5) 05\/mET 08 <(5) \/m <0 Nb> 0g< §
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Thus, if we set ¢ = \/@ + 4GD %log(g) + 2Do¢ mETlog(%) +

\/ 2 (02 + 2b ) log ( L), A # ¢. Now, let’s consider two different cases here as well. Either

f(wy) — f(w*) < 0 which implies by the convexity of f for w = wy, we have
te A |A| £«teA
@)~ f(w) <0< (35)

Additionally, we know via convexity of g that

|A|ZQ wy)

teA
wt é wt G wt)
< >
Lem.[8 2 2 14T
< e+ \/ <02 + Ub) log <> , with probability at least 1 — 6.
m Nb 0
Otherwise, if ), 4 f(w;) ) > 0, then

/2D2Geffr / 2 [, of 1T
_— log —|—2Da§\/ T log \/ (J + N log 5

>*wat Zth

teA teB
1 . 1
> 2 fw) = fw)+ 53 e
teA teB
Al 1 * A
S e — 1M
teA
Al . | Al
z ?(f(UJ) — fw*)) +(1— e
(36)
This implies f(w) — f(w*) < € and further using the same argument as above for g, we have for
probability at least 1 — 4, g(w) < € + \/31 (02 ) log (14T) -

E WEAKLY CONVEX EXTENSION OF FEDSGM

We extend our proof presented in the main paper for the partial participation case to the case where
f is p—weakly convex. This analysis is complementary and serves as an addition to our work. This
analysis is adapted from the work of [Huang & Lin|(2023)) and extends it to the federated setting. A
noteworthy point is that this is the first work that analyzes the rate of convergence for weakly convex
objective with functional constraints in the federated setting. Another quick note is that (with a little
abuse of notation) we will still use the V sign to denote subgradient.

Now, we introduce the standard assumption used in this setting. Firstly, we will borrow, convexity
and Lipschitzness of f; and g; from Assumptlon' except that f; or f is not convex anymore, and
we will utilize Assumption[2} Here are the assumptions written formally,

Assumption 6. Each local function f; is p-weakly convex on X, hence f is p-weakly convex.
Assumption 7. Each constraint function g; is convex on X; hence g is convex.

Assumption 8. Both f; and g; are G—Lipschitz continuous on X.

Assumption 9. There exists Weeas € Telint(X) such that g(weeas) < 0.

Now, we define the federated proximal constrained problem as the analysis of weakly convex func-
tion relies on a proximal regularization to induce strong convexity. So, given a point w € X and a
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parameter p > 2p, define the federated constrained proximal subproblem:

R ) 1 n N 1 n
w(w) € argmin{ — > f(y) + Elly —wl? st =D g, <05 (37)
j=1 j=1

yeX

We observe that as f is p— weakly convex, the formulation in equation is (p — p)—strongly
convex, and therefore has a unique minimizer denoted by w(w). For a more formal treatment of
weakly convex functions, please refer to/Huang & Lin|(2023)).

KKT Conditions for the Federated Proximal Problem. Let ¢ = @(w) denote the unique mini-
mizer and let A > 0 be the optimal Lagrange multiplier. Choose sub-gradients

Vii(9) €ofi(®),  Vg;(9) € 0g;(9),
and let N () denote the normal cone. The KKT conditions for equatlon is:

1 n
tati it 0e— V£i(y A= \Y% N, 38
(stationarity) 0 € - ; fi@) +p(g —w) + Z 9;(9) + Nx(9), (38)
(primal feasibility) ¢(g) Z g; (3 (39
(dual feasibility) A > 0, (40)
(complementary slackness) 5\9(;{)) =0. 41

Stationarity Measure and Federated Gradients We adopt the standard weakly convex notation
to denote the stationarity measure as ||w — w(w)||. This coincides with the criteria used in|Huang &
Lin/(2023). We also define the sub-gradient notations used in the proof,

Vii=mYies, S2F75 vt (Partial federated gradient)
= Yy SE vi _ (Full federated gradient).
Following Huang & Lin|(2023), we define the weakly convex potential function as,
: p
tw) = mig {706) + Sl — vl se.90) <0
yexX 2

with p > 2p. And the minimizer is denoted as,
i = wfur) = argain { 1) + Sy~ wl® st () <0}
YyeX 2

Lemma 10 (Bound on the Lagrange Multiplier Huang & Lin| (2023)). Under Assumptions|6H9 and

let w(w) be the unique minimizer of the proximal problem equation |37} and let \ denote its
optimal Lagrange multiplier. Then the multiplier satisfies the uniform bound

GD + pD?
_g(wfeas) ’

where D is the diameter of X and M is the Lipschitz constant in Assumption [8 This bound is
identical to the centralized result of Huang & Lin| (2023|).

< A= (42)

Proof sketch. The proof follows the argument of Lemma 421 1r1 Huang & L1n (2023), applied to the
aggregated functions f(w) = 7 1 fi(w) and g(w) 1 9;(w), which satisfy p-weak
convexity, convexity, and G- L1psch1tzness by Assumptlons@ and

Let § = w(w) and \ satisfy the KKT conditions in equation E—equation @ and pick V() €
of(4),Vg(y) € 0g9(9) and u € Nx(g) such that

V() + pli —w) + AVg(j) +u = 0.
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Taking the inner product with wg.,s — ¢ and using: (i) weak convexity of f, (ii) convexity of g,
(iii) the normal cone property (u,Weeas — §) < 0, (iv) Slater’ s condition g(wieas) < 0, and (v)

the Lipschitz and bounded-domain bounds ||V f(9) V() — 9|l < D,
[w— 9|l < D, yields

A (7g(wfeas)) S GD +ﬁD2
Dividing by —g(wreas) > 0 gives the claimed bound. O

Lemma 11 (Lemma 1 for Weakly Convex: Bounding the Inner Product). Under the Assumptions|6]
[71[8|and 2] for all rounds t € [T) and any o > 0, the following bound holds.

(ES )

j=171=0
37
o (222 =l 410G (5 ) — )

> 2 plliy — %, it e A
j=1 7=0 n . 5 G2 A ) B
D, — w2 + 10 + (g ) — gs(we)), it € B,

3

<

S|

Proof. We analyze the inner product term by decomposing it with respect to the local iterates w§ -
The reference point w* is replaced by w;:

n E-1
_277< ZZ Vi W >
j=171=0

1 n E-1
HZ _277 JT’ wy —w > 277<j‘r7 27—@t>

j=171=0

Term A Term B

Bounding Term A For any a > 0, Young’s inequality and the G-Lipschitz assumption give:

A_ o Youme' 2, 7 ¢t 2
Term - 77< Vi W JT> 7704” || +a\|wt—wjﬁ”
G-Lip n
< lwe = wl [P+ naG?.

This bound holds for both ¢ € A (using V f;) and ¢t € B (using Vg;).
Bounding Term B (Weakly Convex Gap) Case 1: ¢ € A (Objective Update) Here VJ{T =
V fj(w? ). We use the definition of p-weak convexity:
A A Py A
Fi(e) > fi(wh ) + (Vfi(wh ),y —wh ) — §||wt —wj|?
Rearranging this to isolate the inner product gives,
"
= (Vi (wjr),whp — i) < f(ie) = f5(wf) + Sllbe — wj ||
Multiplying by 27 to get our bound for Term B:
Term B < 20 (f; () — f;(wj)) +nplln — wj |

Young's

< 2 (f5 () — f(wh ) + 2npllide — wel|* + 2npljwe — wh ||

So,fort € A
1 n E-1
2w =) 5303 (Lt 2l =l IP 4 9aG? + 20045 — ()
j=17=0

+2npl|dby — we||?
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Now our goal is to handle the term f;(w0;) — f;(w? ), so we first rewrite,
2 .
£l ) 2 (we) + (V fy ()t — ) — & e~ wl [P by prweak convexity)

= fi(n) = f(w,) < fy(an) = fywe) — {9 (), = wi) + & [y — |

Using Young’s inequality with parameter o > 0, we get

1 «
—(Vfj(we), wj, —wp) < %Ilwﬁ,f —wel* + §\|ij(w§)H2-
Thus, we get,
N t N 1 t o2, ¢ 2, P t o2
fi(e) = fi(w; ) < fi(ae) — fi(we) + %Hwt —wj - ||" + §||ij(wt)\| +t3 |we —wj ||

G—Lip

- 1 t o2 %2 P 2
< fj(wt)*fj(wt)Jr%Hwt*wj,TH +§G +§||wt* |

Now we have

n E-1
1 2 .
v =iy < 230 3 | (24300 e = w2+ 200G 4 20(fy00) = fy(w)
7j=171=0
+2np||doy — wy||*
Case 2: t € B (Constraint Update) Here V = Vg]( -). The constraint function g; is still

convex. Therefore, the original logic holds Just W1th Wy as the reference point:

i (i) > g;(wh ) + (Vgs(w§ ), by — wh )
Rearranging gives:
— (Vg (w} ), wh . — ) < gj(iy) — g5 (w) ;)
Multiplying by 27:
Term B < 2n (g; (1) — g;(w; ;)
Similar to previous steps we can bound

n E-1
1 2n 2 2 -
=00 <0303 2wl 2+ 200G+ 200) = g5 (10)
Substituting the bounds for Term A and Term B back into the original expression furnishes the
proof. O

Theorem 10 (FEDSGM: Weakly Convex f, Convex g). Consider the optimization problem in equa-

tionunder Assumptions@ and Assumptions |69, Define A := {t € [T] | G(w;) < €}, and set
step-size 1 and constraint threshold e appropriately.

4D2G'2E D?p 4 4 2 8T
V4GQE3T and e = 8ET \/7 2log(5)+20 mlog<6>(1+A),

where A is from Lemmaand 0 € (0,1) is a confidence parameter. Then, with probability at least
1 — 6, the following hold:

1. The set A is non-empty, so wy fort € A is well-defined.
2. The following holds

(I1+A)e w
[ 2 =0l [ GTo g St <e

teA
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Proof. We start the analysis with the potential function ¢ (w; ), which is standard for weakly convex
problems. The single-step progress is given by (see [Huang & Lin|(2023)):

p(wisr) < F(ie) + Elwess — el
1—Lip Mx . p - o
S = @) + Gllwe = nVe — ]

< fie) + & (o = el + 02| Ve)2 = 20 (Vi wi — e ) )

(%) N 2E2G2 = A
< o(we) + MT —np <Vt,wt - wt> :
where in (i) we used (w;) = f(iy) + &lw; — 1| and |V ||* < E2G2.

Rearranging and adding/subtracting the full federated gradient (; gives:

) . 2 F2 (2 K _ A
1 (G — ) < plwn) — plwnn) + = np (G- Vewe i)
N—————
Telescoping Noise Client Sampling Error

Using Lemma|[TT] we can bound the LHS and we get
~ A A~ A~ A~ a=/’]
npE(f(we) — f(ioe) = pllwe — we|*)1{t € A} +npE(g(we) — g(e)1{t € B} < p(wr) — p(wes1)
ﬁ7]2E2G2 N USPﬁEBGQ
2 2

1 5. . ~ N
+ 1’ PEG® + g0 pEG® + <Ct — Vi, wy — wt>
(44)
Bounding the LHS terms:

o Ift € A
Fwe) = F (i) = fwe) = f(ir) = lleop — |

NP . p—p )
= f(wt) - f(wt) - §||wt - wt||2 + THwt - wt||2

Now, consider the potential function defined above with w = w;. By Assumption [J] there
exists a Lagrangian multiplier A\; > 0 such that A\;g(w;) = 0 (complementary slackness)
and
Wy = argrr;in {fb(w) = f(w) + gHw —wq||? + th(w)} .
we
Since the objective function, ®(w) above is (p— p)-strongly convex and 1, is its minimizer,
the value at any other point must be larger by at least the strong convexity quadratic,

Dlwn) 2 D(in) + EL i — |2

Now, we know ®(w;) = f(w;) + g”wt — w||® + S\tg(wt) = f(w) + S\tg(wt) and

O(wy) = flay) + g”ﬁ;t — wy||? + Ag(idy). So, plugging it back in the inequality above
we will get

)+ Auglan) = (700 + s =l + Auglin)) + 5L P

p—p
2

Fwe) = £lie) = Ellwe =l = =Arglwr) + Fo oy — %

F(we) + heglwe) 2 F(ae) + &y — o2 4+ B oy — o]

Therefore, for t € A, we have f(w;) — f(i;) — pllws — @ ||2 > —Aeg(we) + (p — 2p) ||we — tg||2.
Now, plugging this term back in equation[44] we get for p > 2p

nPE((p = 2p)|we — @il = Aeg(we)]1{t € A} +npE(g(w;) — (i) 1{t € B} < p(ws) — p(wiy1)
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[)772 E2 G2 7]3,0[)E3 G2

A 1., . ) . )
et n?pEG? + gnsz“Gz +np <Ct — Vi, wi — wt>

Again add and subtract G (wy) from both the first and second term on LHS and rearrange and we
get,

nPE((p = 2p)|lwe — | = AG(w)[L{t € A} + npE(G(we) — g(i))1{t € B} < p(we) — p(wer1)
ﬁUQEQGQ N n3pﬁE3G2

1
R 5 tWPEG’ + o0’ pECG?
1 n E-1 1 E—1
RIE B IIERERD v) 3L ARRE AT
=1 7=0 jes, /=0
n E-1 E—1
+np l Va; t _l \Va7? t o 1
ne\ Z Z g (wj ) m Z Z gj(wj ), we — g ) Lyep
i=17=0 jes: /=0

+npEA(g(w,) — Glw)))1{t € A}
+npE(G(w)) — g(w))1{t € B}
Now sum both sides over ¢ € [T], we get

T-1

T-1
> npE[(p—2p)[we — il = MGw)]1{t € A} + Y npE(G(wy) — g(iin))1{t € B}
t=0 t=0
~ 2E2G2T 3 AEBGQT 1
< plwo) — plur) + ==+ T2 L 2OBGPT + 50 pE°GPT
1 n E-—1 1 E—1
+ Z’I]ﬁ <n Z Z Vf](UJ;T) - E Z Z vfj(w_;,r)th - wt>
tc A j=17=0 jES: 7=0
1 n E-1 1 E—1
D TES b LAUEES b o NEBTETY
teB j=171=0 JES: =0
+ ) npEN(g(wr) — G(wy)))
teA
+ ZUﬁE(é(wt)) — g(w))
teB

Let us simplify some terms in both LHS and RHS. First in the LHS observe that G1{t € A} <
el{t € A} and similarly we have G1{t € B} > €el{t € B}. Now, on the RHS, we observe

that p(wp) — p(wr) < %. And we can bound the last 4 terms in the RHS using Lemma and
Lemma(7] So finally, we get for 6 € (0, 1) with probability at least 1 — &

T-1

T—1
> pE[(p = 2p)[we — e ]|* — Mel1{t € A} + Y mpEel{t € B}
t=0 t=0

pD? m?E2G2T 3ppE3G*T 1

T-1
R 12T 4 . /2 8T N

Notice that 0 < 5\t < A, we get

T-1

T-1
> npE((p — 2p)llwe — in]|® — Asell{t € A} + > npEel{t € B}
t=0 t=0
pD? m?E2G*T 3ppE3G?T 1
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2T 4 2 T
+ 4npEGD/ — log(<) + npETo | — log 8t (I1+A)
m 6 m 1)

Dividing both sides by npET we get

T-1 T-1

7 216 20— 0l? - AdEf e 4) 4 1 S et e )

t=0
D? nEG?  n?pE*G? 1 8T
< G? E2G? + 21 71 (14 A)
= BT + 5 + 5 +nG" + 3" og )+o og +
Now choosi = /2% _ where' = i1E 1p2
ow choosing 1 = 1/ 57, Wherel' = S £ + 1+ 37, we get

T-1

1
72 (5 — 2p)||wy — th?—Ae]n{teAHTZen{tes}

< 2D2CT | D°pE | AGD 2log( 10 8T (1+A)
= ET ATT " T g g

Again, using a similar style of analysis as in previous proofs, if 4 = ¢, then

- 2D2G2I'  D?pE  4GD 5] 2 8T (14 A).
€bad ET ATT Il Og ml

Thus, if we set € = 4/ 2D;gzr + TTPFE 4GD \/210g (3) +J\/2 log (8F)(1+ A), A # ¢. Now,

let’s consider two different cases here as well
Case 1: When Y, ,[(p — 2p)||w; — w¢]|* — Ae] < 0. Then, we have

> " (p = 2p)Jwe — 1 |* < AelA]
te A

1+A
Z |lwe — 1g]|? < (1+A)e (Adding positive quantity)

A 2~ (-2

2

1+ A

Z lwe — @] | < w, (by convexity of || - ||* and Jensen’s)
A 2 G—20)

1 (14 A)e
AT |we — ]| < 4 57
| Al t; (h—2p)
Additionally, we know

ﬁZg(wt)gvuz (wy) G’wt 72@'11&
cA

te A te A

Lem.[d 2 8T . e
< €e+o04/—log =5 , with probability at least 1 — 6.
m

Case 2: Otherwise, if >, 4[(p — 2p)||w, — @[> — Ae] > 0, then

T-1 T—1
T > [(p—2p)wr —we|® — Adi{t € A} + ) el{t € B}
t=0 t=0
]' A ~
T > |4 [IAI > (6 2p)we — in|?| — AelA| + €[B]
teA
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T > |Al(p— 2 ( o 2 e - wtn) — AclA| + |8

tecA

el Al > |A](5 - 2p) ( o 2o e - wtn) — AelA]

te A
e(1+A) > (p—2p) <|A| ;\\wt wt|>
e(l1+A ( )
Ai [Jwe — |
(h— t;‘
6(1

And as before \%ll Seag(w) < e+ oy/2log (8F) with probability at least 1 — & for § €
(0,1). 0

F EXPERIMENTS

F.1 CMDP EXPERIMENT DETAILS

Table 2: Detailed setting of CMDP experiment on Cartpole

Hyperparameter Value | Hyperparameter Value
Local epochs (E) 1 Communication rounds (T) 500
Neural network dimension (d) 17,410 | Total number of clients (n) 10
Batch size per client 1,000 | Number of runs 5
Episode length 200 Discount factor () 1.0

Common details of Cartpole experiments are provided in Table[2] Constraint follows the two condi-
tions used by Xu et al.|(2021)): a player is given a cost of 1 every time step for (1) violating five pro-
hibited areas defined as [-2.4, —2.2],[-1.3, —1.1],[-0.1,0.1], [1.1, 1.3], [2.2, 2.4] or (2) exceeding
the pole angle by more than 6 degrees.

F.2 NP CLASSIFICATION EXPERIMENT DETAILS

Hyperparameter We tune the learning rate on a logarithmic scale ranging from 1 down to le — 4.
We set e = 0.05 for all our experiments and plot the best result. Additionally, we use the Top— K
compressor with K/d = 0.1 for both server and client compressors. Unless stated otherwise, we set
global communication rounds 7" = 500, local epochs £ = 5, total number of clients n = 20, and
50% as the participation rate. In the case of centralized training, we store all the training data locally
and train the model for T" x E epochs. Then, for a fair comparison, the results are reported every E
epochs, aligning with the frequency of model aggregation in FL. We report the experiments run for
3 different seed values and then report the mean with the variance bands.

We consider the constrained optimization problem in equation[I} where the objective is to minimize
the empirical loss on the majority class while ensuring that the loss on the minority class remains
below a prescribed tolerance. For each client j, the local objective and constraint are defined as

filw) = — > d(w; g;(w ::miZ¢ (x,1)) (45)

xeD“” zeD(V
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Figure 5: NP classification: Comparison of soft switching parameter in FedSGM. Solid lines and
shaded areas indicate the mean and standard deviation over 3 runs with different random seeds
respectively. Red dotted line indicates the constraint violation threshold e.

where DJ(-O) and D§1) denote local samples of class 0 and class 1, respectively, and m o, m ;1 are
their cardinalities. The function ¢ is the binary logistic loss,

o(w; (@,y)) = —yw o +log(1+¢* ™), ye{0,1}. (46)

This captures the NP paradigm: f(w) enforces performance on the majority class, while the con-
straint g(w) < € ensures that the loss on the minority class does not exceed the tolerance.

We use the breast cancer dataset (Wolberg et al.l [1993), containing 569 samples with 30 features.
We utilize 80% of the data for training and the rest for testing. The training data is then split in an
IID fashion between n = 20 clients, such that each client receives an equal number of samples and
the same class ratio.

For communication efficiency, both on the uplink and downlink sides, we evaluate the use of
Top— K (Haddadpour et al., 2021; |[Shulgin & Richtarik, [2022; |Gruntkowska et al., 2024; [[slamov
et al., 2025) compressor, which transmits a fraction K /d of coordinates. Performance is measured
in terms of the majority-class objective loss f(w), the minority-class constraint loss g(w), and the
number of rounds in which the feasibility condition g(w) < € is violated. From Figure we observe
that both hard and soft switching achieve convergence of the majority-class objective f(w) while
satisfying the constraint g(w).

Finally, the soft switching parameter /3 in FedSGM is exponentially easier to tune than penalty-based
methods. In Figure[5] we compare differernt choices of 3 around the value 3 = 40 suggested by our
theoretical guarantee 5 > % For lower 3 = 20, the convergence becomes noticeably less stable and
more conservative on constraint satisfaction. For higher 3, the behavior becomes asymptotically
closer to its hard switching counterpart. In all experiments, we used the theoretically suggested
value or tuned the value to about 2-3 times the point.

In the meantime, Figure [6] shows that the counterpart baseline (penalty-based FedAvg) is extremely
unstable with the choice of penalty parameter p. Mild change in the parameter to p = 0.5 immedi-
ately makes the algorithm to converge to an infeasible solution. Although theory requires the penalty
parameter to explode to infinity, larger p prohibits the convergence performance.

F.3 FAIR CLASSIFICATION EXPERIMENT

Fair Classification with Demographic Parity. Fair classification task is formulated by the local
objective of binary cross entropy loss and constraint of demographic parity:

)= — 3 [ylog(r(zw)) + (1 — y)log(1 — m(z;w))]

m;
(x,y) EDj
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Figure 6: NP classification: Comparison of FedSGM against penalty-based FedAvg. Each point
represents a result from a separate experimental run with different random seeds. Circles represent
the FedSGM algorithm (soft and hard switching), while crosses (’X’) represent penalty-based Fe-
dAvg with varying penalty parameters

gj(w) :== ! Z m(z;w) — 1 Z m(z;w)|,

Myj,p x€D;j,p MMy €Dy

where the subscript p and u represent protected and unprotected groups respectively. Since the
demographic parity is defined as the absolute difference between the average logits of protected and
unprotected groups, the aggregation at the server is treated with extra care. At the server, the average
logits were aggregated instead of the final constraint value to recalculated the weighted average of
logits for the global constraint calculation:

g(w) := ! Z m(z;w) — ! Z m(x;w)|,

m m,
Sp .’EE/Ds)p Su IEDS,u

where the subscript S denote all sampled clients. Here, we explore the setting of stochastic data
sampling, heterogeneous client data distribution, and deep neural network, making the problem
highly non-convex, stochastic, skewed, and non-smooth. The experiments were conducted on Adult
dataset (Kohavi & Becker,[1996) usingn = 10,m = 5, F = 2,T = 500, € = 0.05,7 = 0.0001, and
a = 2.0 for client selection from Dirichlet distribution. For the penalty-based methods, the penalty
parameter was chosen from p € [0.1,1.0,10.0] and only the best results are presented. Aligned
with the findings in Figure [6] higher values produced slow convergence and lower values produced
infeasible solutions.
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Figure 7: Fair classification: Comparison of FedSGM against centralized counterpart, central-
ized/federated penalty-based method and IPP ConEx. FedSGM (blue/orange) achieves the best
balance of the trade-off between loss minimization and fairness violation without penalty parameter
tuning.

In Figure[7} we report the mean and standard deviation bands over five runs with different random
seeds. Centralized algorithms in dashed lines are more conservative than their federated version,
while IPP ConEx being the most conservative. Centralized penalty-based and switching gradient
methods achieve the fastest loss convergence while satisfying the fairness constraint. With appro-
priately tuned penalty parameter, penalty-based FedAvg (green solid line) bahaves comparably to
FedSGM with hard switching (blue solid line). FedSGM with soft switching (orange solid line)
outperforms both in terms of objective and constraint, as well as the stability of the training. This
confirms our theoretical findings from Remark [I] that soft switching effectively mitigates the locally-
induced skewness from the heterogeneity.

G RELATED WORKS

FL has become a foundation in privacy-preserving learning since [McMabhan et al.| (2017) with key

applications in healthcare (Rieke et al.,[2020; [Peng et al.| 2024), battery management systems (Wang|
et al 2024} [Zhu et al. 2024; Banabilah et al., [2022)), finance (Wen et al., 2023}, [Chatterjee et al.)

2023) to name a few. While most existing FL algorithms focus on unconstrained optimization, many
of these applications naturally involve constraints, such as fairness requirements, safety limits, or
resource budgets (Du et al, 2021} [Huang et al.} 2024} [Zhang et al., 2024} [Salehi & Hossain| 2021},
[2022). This motivates the development of constrained FL algorithms, which explicitly
incorporate these constraints into the learning process to ensure reliable learning.

FedAvg, introduced in McMahan et al.| (2017), remains the most widely used FL algorithm. In
addition, there have been many variants of it to tackle different aspects of learning, such as data
heterogeneity (Karimireddy et al.|[2020; [Seo et al] Morafah et al.| [2024), system heterogene-
ity (Gong et al., [2022} [Li et al., [2020a; [Wu et al., 2024), and fairness (Li et all, 2021} [Badar et al.}
[2024). Beyond FedAvg, ADMM-based FL algorithms have been explored to tackle heterogeneity
in FL |Acar et al.| (2021)); |(Gong et al|(2022)); Zhou & Li| (2023)). Despite the rich FL literature pro-
posed previously, the majority of works primarily focus on unconstrained FL problems, leaving a
gap between constrained optimization and FL.

The most common setting in which [T]is analyzed is with n = 1, i.e., the centralized setting. Most
works address this scenario by formulating it as a saddle-point problem and solving it using various
primal-dual methods (Nemirovski, 2004; (Chambolle & Pockl, 2011} Bertsekas, [2014; [Hamedani &
[Aybat, 2021}, [Zhang & Lan, 2022; Hounie et al.,[2023; [Boob & Khalafi, 2024). While theoretically
grounded, these approaches can be highly sensitive to the tuning of the dual variables and typi-
cally require prior knowledge of an upper bound on the optimal dual variable. Moreover, many of
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these methods involve projecting both primal and dual variables onto bounded sets, which are often
unknown in practice, making implementation challenging.

Another primal-only approach is the switching (sub-)gradient method (SGM) proposed by |Polyak
(1967). This method has been extensively studied across different settings. For instance, [Titov
et al.| (2018); Stonyakin et al.| (2019); |Alkousal (2020) studies mirror descent integrated with SGM.
Additionally, [Lan & Zhou| (2020) extended SGM to the stochastic regime, establishing iteration
complexity results under both convex and strongly convex assumptions. The analysis has also been
broadened to weakly convex problems in works such as Huang & Lin| (2023)); [Liu & Xu! (2025));
Ma et al.| (2020); Jia & Grimmer| (2025) extend the analysis of SGM to the weakly convex setting.
In the federated learning context, Islamov et al.| (2025) provides a seminal extension of SGM in-
corporating communication compression, though their framework does not address local multi-step
updates or partial client participation. Building on these ideas, and drawing inspiration from |Upad-
hyay et al.|(2025), we, in addition to the hard switching, introduce a soft-switching variant of SGM
and demonstrate its practical advantages.

G.1 NOVELTY IN COMPARISON TO BASELINES

FEDSGM is the first method that simultaneously and provably addresses functional constraints,
multi-step local updates, bi-directional compression with error feedback, and partial participation in
federated learning. Existing approaches do not apply to this setting, which is why direct comparisons
to them are neither feasible nor relevant.

To examine the issue at its root and recognize the novelty of our method, we first clarify the dif-
ference between set constraints and functional constraints. Standard set constrained optimization
often assumes a “simple” constraint set X’ (e.g., a box or ball) where projection is computationally
cheap. However, in our work, we address functional constraints of the form g(w) < 0 like the loss
function in our NP-classification experiment.

We will go into the details of existing methods, specifically projection, penalty, and the Frank-Wolfe
method.

Why FEDSGM is not comparable to projected or proximal methods? We can observe that,
min f(w) st g(w) <0,

is equivalent to an unconstrained problem with an indicator function as a regularizer (with e— feasi-
bility satisfaction):

0 ifg(w)<e

rrgn f(w) + R(w), where R(w) = {oo otherwise

The standard class of algorithms for this formulation is Proximal Gradient Descent (PGD) (Condat;
& Richtarik} 2022). A PGD step would be:

Wiy 1 = prox, p(w; — NV fwy)).

However, the bottleneck of this computation is the proximal operator, prox,, (v). By definition, this
is

: 1 . o
prox, z(v) = arg min,, (nR(w) + 3 |w—wv|?) = arg Ny, o g(w)<e} W — vl|2.  (Projection)

This is the Euclidean projection onto the feasible set WY = {w | g(w) < €}. In case of full
participation, the server can compute g by doing the inner solve where it asks the clients to send
¢;j(w) multiple times (ours only require one constraint evaluation and communication) to solve
(Projection). For a general, non-linear convex function g(w), this projection does not have a
closed-form solution. Rather, it is a complex constrained optimization problem in itself that must be
solved in every iteration and requires multiple communication rounds. This bottleneck is precisely
what is violated in our problem setting.

It is the motivation of our paper to develop a method that avoids this intractable projection. Our
FEDSGM framework is explicitly projection-free and primal-only.
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Why penalty-based FedAvg is not an appropriate baseline? Consider the following penalty-
based formulation instead of our problem (1) in the paper,

min f(w) + plg(w) — 4 (Penalty)

It is evident that when g(w) < e the (sub-)gradient is V f(w) while when g(w) > e the (sub-
)gradient is V f(w) + pVg(w). Thus, for large p such that V f(w) + pVg(w) =~ pVg(w), the
penalty formulation in (Penalty) would be a simplified approximation of the SGM dynamics. To
precisely emulate the dynamics of hard switching, we must set p to be very large. However, making
p large induces ill-conditioning, slowing optimization.

On the other hand, any fixed p that is too small can leave persistent violations. The “right” p depends
on the relative scale and geometry of V f and Vg. FEDSGM avoids this hyperparameter tuning by
switching directions (objective vs. constraint), i.e., no penalty weight to tune, no conditioning blow-
up. Therefore, this penalty-based FedAvg is not an appropriate baseline.

However, to elucidate the above points, we create the heuristics to run a penalty-based federated
algorithm where in each round the clients update their gradient as

V;,T = ij (W§’7) + ]l{é(wt)>6}pv9j (wz’,r)'

We compare FEDSGM against the “Penalty-FedAVG” with varying p € [0.001, 0.5, 2,20, 100]. We
present the result in Figure[6] The result confirms that p has a significant impact on performance as
we expected. A small p such as 0.001 or 0.5 does not satisfy the feasibility criteria, while a large
p = 100 (which essentially should have been indicative of switching dynamics) makes the problem
ill-conditioned and gives low performance.

Why additional comparison with Frank-Wolfe is not suitable? Frank-Wolfe Pokutta (2024);
Dadras et al.| (2024) requires access to a Linear Minimization Oracle (LMO) over the constraint set
at each iteration, formally written as,

s = argmingc (s, Vf(we)). (Frank —Wolfe)

While Frank-Wolfe is efficient for “simple” set constraints such as a polytope, box, or simplex, for
general non-smooth convex functional constraints g(w) < 0, solving the LMO is computationally
infeasible. For our case in FL, where g(w) = 1 }" g;(w), the constraint boundary is defined by
distributed clients. Therefore, solving the LMO would require an iterative subroutine (like projected
gradient descent), where every inner iteration requires a full communication round. Thus, just like
projection-based methods, a Frank-Wolfe approach is communication-prohibitive in the functional
constraint regime.

As no existing method in FL supports functional constraints with partial participation, local updates,
and compression with error feedback simultaneously, a direct comparison is not feasible. Our work
bridges this gap by characterizing the interplay between factors that are well motivated in federated
learning, establishing realistic, functionally constrained framework.
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