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Abstract

This paper considers the problem of completing a rating matrix based on sub-
sampled matrix entries as well as observed social graphs and hypergraphs. We
show that there exists a sharp threshold on the sample probability for the task of
exactly completing the rating matrix—the task is achievable when the sample
probability is above the threshold, and is impossible otherwise—demonstrating
a phase transition phenomenon. The threshold can be expressed as a function
of the “quality” of hypergraphs, enabling us to quantify the amount of reduc-
tion in sample probability due to the exploitation of hypergraphs. This also
highlights the usefulness of hypergraphs in the matrix completion problem. En
route to discovering the sharp threshold, we develop a computationally effi-
cient matrix completion algorithm that effectively exploits the observed graphs
and hypergraphs. Theoretical analyses show that our algorithm succeeds with
high probability as long as the sample probability exceeds the aforementioned
threshold, and this theoretical result is further validated by synthetic experiments.
Moreover, our experiments on a real social network dataset (with both graphs and
hypergraphs) show that our algorithm outperforms other state-of-the-art matrix
completion algorithms.>

1 Introduction

Recommender systems are becoming increasingly popular as they provide personalized and tailored
recommendations to users based on their preferences, interests, and actions [1, 2]. Relevant appli-
cations include online shopping, social media, and search engines [3, 4]. A commonly-used and
well-known technique for recommender systems is low-rank matrix completion, which aims to fill
in missing values in a user-item matrix given the partially observed entries [5, 6]. To enhance the
performance of recommender systems and to tackle the cold start problem (i.e., recommending
items to a new user who has not rated any items) [7], social network information has widely been
incorporated in many modern algorithms [8—10].

Despite the impressive performance achieved by these algorithms, there has been a lack of theoretical
insights into the usefulness of social network information in recommender systems, leaving the
maximum possible gain due to social networks unknown. Recently, some works tried to address the
aforementioned challenges from an information-theoretic perspective [11-17], through investigating
a matrix completion problem that consists of social graphs. Ref. [11] theoretically revealed, for the
first time, the gain due to social graphs by characterizing the minimum sample probability required
for matrix completion. The follow-up works [13, 14] further considered matrix completion with both
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Figure 1: An illustration of the considered matrix completion problem. The goal is to exactly recover the rating
matrix by exploiting the sub-sampled matrix, as well as the observed social graph and hypergraphs.

social and item-similarity graphs, and [15] considered a more complicated scenario where social
graphs with hierarchical structure is available.

In addition to graph information, hypergraph information is another type of information that is
prevalent in social networks and is becoming an increasingly important resource for recommender
systems. Hypergraphs, as the generalization of graphs, can capture high-order relationships among
users, which better reflect the complex interactions of users in real scenarios [18]. For example,
friendships between users in social networks can be captured by graphs, but chat groups (as high-order
relationships among group users) are usually represented by hyperedges in hypergraphs. While some
prior works [19-21] have leveraged hypergraph information (as part of the social network) into
recommender systems and experimental evidences therein demonstrated the effectiveness, theoretical
understandings of the benefit of hypergraph information are still lacking. This raises the question of
interest in this paper:

How much can the performance of recommender systems be improved by
exploiting hypergraph information in social networks?

To answer this question, we consider an abstraction of real recommender systems—a matrix com-
pletion problem that consists of a sub-sampled rating matrix as well as observed social graphs and
hypergraphs. Our approach to quantify the gain due to hypergraph information is via investigating
the interplay between the “quality” of hypergraphs and the minimum sample probability required for
the matrix completion task (to be detailed in Sections 4 and 5).

As a first attempt to theoretically analyze matrix completion with hypergraphs, we consider a setting
with n users, m items, and an n X m rating matrix. Each entry of the matrix is either +1 (like) or —1
(dislike). To reflect real scenarios where users are often clustered, we assume users are partitioned into
K disjoint clusters (where K > 2). Motivated by the homophily phenomenon [22] in social sciences,
we assume users in the same cluster have the same ratings over items. The learner observes three
pieces of information: (i) a sub-sampled rating matrix with each entry being sampled with sample
probability p, and then potentially being flipped with probability 6 to account for potential noise, (ii)
a social graph generated via a celebrated random graph model with planted clusters—the stochastic
block model (SBM) [23], and (iii) social hypergraphs generated via the hypergraph stochastic block
model (HSBM) [24]. The task is to achieve exact matrix completion (i.e., complete the sub-sampled
matrix without any error) using the observations. A more detailed description of our setting is
provided in Section 2, and a pictorial representation is presented in Figure 1.

Main Contributions. Our contributions are three-fold.

First, we develop a computationally efficient matrix completion algorithm, named MCH (Matrix
Completion with Hypergraphs), that operates in three stages and can effectively leverage both
social graphs and hypergraphs. It first adopt a spectral clustering method on the social graph and
hypergraphs to coarsely estimate the user clusters, then estimate users’ ratings based on the observed
sub-sampled rating matrix, and finally refine both the clusters and users’ ratings in an iterative manner.
Under the symmetric setting wherein the K clusters are of equal sizes (described in Section 4),



Matrix Completion with Hypergraphs: Sharp Thresholds and Efficient Algorithms

we show that MCH achieves exact matrix completion with high probability as long as the sample
probability exceeds a certain threshold presented in Theorem 1.

Second, we provide an information-theoretic lower bound on the sample probability for the afore-
mentioned matrix completion task (see Theorem 2). Under the symmetric setting, it matches the
threshold in Theorem 1, thus showing that there exists a sharp threshold on the value of the sample
probability. This also demonstrates the optimality of our algorithm MCH in terms of the sample
efficiency. Notably, the sharp threshold is a function of the “quality” of hypergraphs, by which one
can quantify the gain due to hypergraph information in the matrix completion task. This gain is
analyzed in detail in Section 5.

Third, we perform extensive experiments on synthetic datasets, and the results of these experiments
further validate the theoretical guarantee of MCH. We then compare MCH with other matrix comple-
tion algorithms on a semi-real dataset, which consists of a real social network with hypergraphs (the
contact-high-school dataset [25, 26]) and a synthetic rating matrix. Experimental results demonstrate
the superior performance of MCH over other state-of-the-art algorithms.

Related Works. Many recommender systems have successfully used social network information,
often relying on pairwise user relationships represented as graphs [27, 28]. However, real-world user
interactions often involve high-order relationships that simple graphs can’t capture. To better utilize
social networks, recent studies have focused on hypergraphs [19, 29]. For instance, ref. [29] used
hypergraphs in a music recommender system, showing promising results. Additionally, some deep
learning methods have integrated hypergraphs into graph neural networks to embed social network
information [30-33]. Despite their success, the theoretical understanding of hypergraph benefits is
still limited.

Recently, there has been a line of research devoted to quantifying the benefit of graph information in
recommender systems, by analyzing a specific generative model for matrix completion. Ref. [11] first
proposed a matrix completion model in which a social graph (generated via the SBM) is available for
exploitation, and revealed the gain due to graph information by characterizing the optimal sample
probability for matrix completion.? Ref. [13, 14] considered a more general scenario in which both
the social and item graphs are observable, and designed a matrix completion algorithm that can fully
utilize the information in the social and item graphs. Ref. [15] showed that exploiting the hierarchical
structure of social graphs yields a substantial gain for matrix completion compared to the work by [11].
These works are closely related to our work, but none of them has paid attention to the importance
of hypergraph information in recommender systems. Moreover, due to the complicated structure of
hypergraphs, theoretical analyses with respect to hypergraphs are arguably more challenging.

Our work is also closely related to community detection, as achieving matrix completion in
our problem requires detecting the communities/clusters of users based on the observed social
graphs/hypergraphs. For graphs that are generated via the SBM (as assumed in this work), it has
been shown [34, 35] that there exists a sharp threshold for exact recovery of clusters. Similarly,
the threshold for exact recovery of clusters in the HSBM has also been established [24, 36]. More-
over, our problem is also related to community detection with side-information [37-39], since the
rating matrix in this work can be viewed as a special form of side-information for detecting the
communities/clusters.

Notations. For any positive integer a, let [a] £ {1,2,...,a}. We use standard asymptotic
notations, including O(.), o(.), £2(.), w(.), and ©(.), to describe the limiting behaviour of func-
tions/sequences [40, Chapter 3.1]. For an event E, we use 1{E'} to denote the indicator function that
outputs 1 if £ is true and outputs 0 otherwise.

2 Problem Statement

Model. Consider a rating matrix consisting of n users and m items. We assume users’ ratings to
items are either +1 or —1, which reflect “like” and “dislike” respectively. As observed in social
science literature, people in real life are often clustered [41], and people in the same cluster tend to
have similar preferences (called homophily [22]). To reflect these observations and to make the model
as concise as possible, we assume the n users are partitioned into K disjoint clusters (where K > 2),
and users in the same cluster have the same ratings to items. To be concrete:

3As part of our work is inspired by [11], we provide a more detailed comparison in Appendix H.
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* The K clusters are denoted by {C1,Ca, .. .,Ck }, where C, C [n]. These clusters are disjoint, i.e.,
for any k1, ko € [K] such that k1 # ko, we have Cy, N Cy, = (. Moreover, Urex)Cr = [n].

* For users belonging to cluster C;, (where k € [K]), their ratings to the m items are represented by a
length-m vector vy, € {+1, —1}™, which is called the nominal rating vector of cluster Cy.

» We denote the rating matrix to be completed as R € {41, —1}"*™, where the entry R;; represents
user 4’s rating of item j. Each row of R is chosen from the set of nominal rating vectors {vy, }<_,
depending on the cluster to which the corresponding user belongs. Specifically, if user 7 belongs to
cluster Cg, then the i-th row of R equals vy.

Observations. Three types of observations, as illustrated in Figure 1, are available: (i) a sub-
sampled matrix U; (ii) a social graph G, and (iii) a collection of social hypergraphs { H Gd}gv:?),
where HG is a d-uniform hypergraph and d is an integer satisfying 3 < d < W. To be concrete:

1) The sub-sampled matrix U € {+1,—1,%}™*™ is sampled from the rating matrix R, where the
symbol * represents entries that are not sampled. Specifically, each entry of the rating matrix R
is sampled, independently of the others, with a sample probability p € [0,1]. We also allow the
presence of noise during the sampling process, by assuming each sampled entry in U may be flipped
from the corresponding entry in R with probability € [0,1/2). Letting § = 0 leads to the noiseless
setting. Therefore, U;; equals R;; with probability p(1 — ), equals —R;; with probability pf, and
equals * with probability 1 — p.

2) The social graph G = (V, £) is generated by the SBM, with V = [n] being the set of users and £
being the set of edges. Let £’ be the set that comprises all possible edges over V, where || = (}).
For each e € £, the pair of users connected by e is denoted by {v?,v2}, and the probability of e

appearing in the edge set £ of the social graph G follows the rule: o

Ple € £) = {0[2, if v! a.nd v?2 belong to a same cluster,

B2, otherwise.
3) Each hypergraph HG, = (V, Ha, d) is generated by the d-uniform HSBM, with #,; being the set
of hyperedges and d being the number of users in each hyperedge. Let 7/, be the set that comprises
all possible subsets of V with cardinality d, where |H},| = (7}). For each h € H/,, we denote the
corresponding d users as {v}l}f:l, and the probability of /i appearing in H follows the rule:

g, if all the users in {v} }¢_ | belong to a same cluster,
B4, otherwise.

P(h € Hq) = {
Remark 1 Note that a graph can be regarded as a special d-uniform hypergraph with d = 2. Thus,
we use G and HG5 interchangeably to represent the social graph. The aggregated graph and
hypergraph information (G,{HG }¥V_5) can also be simplified as { HG 4}/, for brevity.

Objectives. Based on the sub-sampled matrix U, the observed graph G (or H(G>), and the hyper-
graphs { HG 4}/ ., the learner aims to use an estimator/algorithm ¢ = (U, { HG4}}’,) to achieve
exact matrix completion, i.e., to exactly recover the matrix R without any error.

3 MCH: An Efficient Matrix Completion Algorithm

In this section, we introduce an efficient algorithm, named MCH, that can effectively exploit social
graphs and hypergraphs to complete the rating matrix. It takes the sub-sampled rating matrix U, the
aggregated graph and hypergraphs { HG 4}V, and hyperparameters {c,}", as input, and outputs

an estimated rating matrix R € {41, —1}"*™

as the estimate of the ground truth matrix R.

Algorithm Description. Our algorithm consists of three stages: Stage 1 aims to partially recover
the user clusters using the aggregated graph and hypergraphs, Stage 2 estimates the nominal rating
vectors {vy } e[k of all the clusters based on the sub-sampled matrix U, and Stage 3 follows an
iterative procedure to refine the clusters and finally outputs an estimated matrix. For two sets of users
81,82 C [n], we define hq(S1,Ss2) as the number of hyperedges that cross S and Ss in hypergraph
HG, (i.e., the number of hyperedges that contain at least one node in S; and at least one node in Sy).
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Algorithm 1 MCH

Input Sub-sampled matrix U, Hypergraphs { HG 4}V, Hyperparameters {c,}}’,
Stage 1: Partial recovery of clusters
Calculate the weighted adjacency matrix A = ZZ‘;Q LH H] based on {HGq}} ,;

Apply spectral clustering on A to obtain initial estimates of clusters {C ,io) Yre[x]s
Stage 2: Estimating rating vectors
for cluster £ = 1to K do

Obtain the estimated rating vector v}, via majority rule;
end for
Stage 3: Local refinements of clusters
for iterationt = 1 to 7' do

for useri = 1ton do

B = argmaxyepn - Yol ca - ha({ih G )10V A (v ;

Declare i € C,(f*);
end for
end for _
Output Estimated rating matrix R such that the i-th row equals v, whenever user i € C ,(CT).

Stage 1 (Partial recovery of clusters): We use the incidence matrix Hy € {0, 1}"*/"al to represent
the hypergraph HG; = (V, H4, d), where the (i, j)-entry of Hy equals 1 if user ¢ belongs to the
j-th hyperedge h; € Hg4, and equals 0 otherwise. We then compute the weighted adjacency matrix
A= 23;2 LH H] based on {HG 4} ,, where HyH] is an n x n matrix with its (i1, i2)-entry
representing the number of hyperedges in H G4 that contain both users i; and io. We employ a
spectral clustering method (e.g., the Spectral Partition algorithm in [42]) on the weighted adjacency

matrix A to obtain an initial estimate of the K clusters, denoted by {Cio) , C§0)7 - 7C§?) }.

Stage 2 (Estimate rating vectors): We estimate the nominal rating vectors based on the estimated
clusters {C,go) }ee[x) as well as the observed ratings in the sub-sampled rating matrix U, based on a
majority rule. Specifically, letU = {(i,7) € [n] x [m] : U;; # *} be the set of indices corresponding
to the sub-sampled entries in U, and v;, € {+1, —1}"™ be the estimated rating vector of cluster Cj.
For each item j € [m], we set the value of v} (j) to be the rating that is given by the majority of users

in C,(CO) to item j. Formally, v, (j) = arg max, e (11,1} 2o 1{Ui; = u}.

) (2 k
Stage 3 (Local refinement of clusters): In this stage we iteratively refine the user clusters using
the sub-sampled rating matrix U, aggregated graph and hypergraphs { HG4}!’ ,, and the estimated

rating vectors {v}, } ,e[x]. This process operates over 7 iterations, with each iteration building upon
the output of the previous one. The outputs at the end of iteration ¢ (where ¢ € [T']) are denoted by

{C ,it) }re[k)- At the t-th iteration, we reclassify each user i € [n] into cluster C ,it) where

W \ A(t—1)
k* = arg max ”Ed:z Cd hd({z}vck )

- + [Ai(vp)l, (1
k(K] et

and A;(v},) £ {j € [m] : U;; = v},(§)} is the set of observed ratings of user i that coincide with the
estimated nominal rating vector v}, of cluster k. After T iterations, the estimated user clusters are

{C§T) , CéT), e Cg) }, and MCH outputs the estimated rating matrix R € {+1, —1}"*™ such that

the i-th row equals v;, whenever user 7 belongs to C ](CT).

Remark 2 In the symmetric setting to be introduced in Section 4, we provide the optimal values for
the hyperparameters {cq}}/ 5, and also show that setting the number of iterations T = O(logn) is
sufficient for exact recovery of the user clusters as well as the rating matrix.

Computational Complexity. Stage 1 runs in O(n? ZZ‘;Q |#4|) time for computing the weighted
adjacency matrix A as well as running the spectral clustering method in [42]. Stage 2 runs in
O(|U]) time, where || concentrates around mnp with high probability. Stage 3 runs in O(|U|T +

23;2 |H4|T) time. Therefore, the overall complexity of MCH is O(|U|T + (n? +T') 2512 [Hal)-
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4 Theoretical Guarantees of MCH

This section provides theoretical guarantees for our algorithm MCH under a specific symmetric
setting, which, on top of the model described in Section 2, further requires that the K disjoint clusters
C1,Co,...,Cx are of equal sizes.

The symmetric setting: Assume the size of each cluster Cy, (where k € [K)) satisfies |C| = n/K.

The additional assumption is frequently applicable in practical scenarios, such as in a school setting
where the K clusters can be considered as K classes with an equal number of students. Such a
symmetric assumption has also been adopted in a number of related works in the context of matrix
completion [11, 12, 14] and community detection [24, 34]. Moreover, we focus on the logarithmic
average degree regime for each hypergraph H G, where the edge generation probability oy and 54
scale as O(logn/ (Zj) ), since the gain of hypergraphs in this regime is significant and can also be

precisely quantified (as demonstrated in Theorem 1 below).*

Before presenting the theoretical result, we first introduce the parameter ~y that quantifies the min-
imal Hamming distance between pairs of nominal rating vectors (v;,v;). Formally, we have
min, je(x).ij |vi — vjllo = [ym], where [|v; — vj]|o is the lo-norm that counts the number of
different elements in vectors v; and v;, and [ym] is the smallest integer that is greater than or equal
to ym. As we shall see, the parameter ~ plays a key role in characterizing the performance of our
algorithm. We then denote the set of rating matrices that satisfy min, je[x1.i; [|[vi — vjllo = [ym]

by R("). For any estimator 1, we introduce the notion of worst-case error probability Pe(;yr (¥) asa
metric that measures the performance of 1) when the rating matrix R is from the set R(?).

Definition 1 For any estimator v, the worst-case error probability with respect to R(Y) is defined as

P (W) & max P(Y(U, {HGa}ils) # B| R =X), )
XeRW
where P((U,{HG4}Y.,) # R | R = X) represents the probability (over the randomness in the

generation of graph/hypergraphs, the sampling process and noise) that exact matrix completion is
not achieved (i.e., the rating matrix is not exactly recovered) when the rating matrix R equals X.

We are now ready to provide a sufficient condition on the sample probability p that guarantees MCH
to exactly recover the rating matrix R (with high probability) in the symmetric setting.

5

Theorem 1 Assume®> m = w(logn) and m = o(e™). For any € > 0, if sample probability p satisfies

(1+e)logn — Y0, &%(\/07 —VBa)> (1+¢)Klogm
(V1—=0—0)2ym TWIT=0-Vo)2n [’

3)

p > max

then MCH ensures lim,,_, o Pe(rl) = 0 (or equivalently, exactly recovers the rating matrix with

s . ) 1— _
probability approaching one), by setting T = O(logn) and cq = log (%) / (K log (%)) .

Proof:  Due to the space limitation, we provide the proof in the supplementary material. |

While in Theorem 1 the knowledge of the model parameters 6 and {4, B4}, is required to
determine the values of hyperparameters {cd}gvzz, we point out that such knowledge is not necessary
since they can be estimated on-the-fly via the following expressions:

0 0 0 0
o Ceeng M@0 G il = T hal GG L Awol

KO -K0F Z

Ba

ag

*The logarithmic average degree regime, where each node has an expected degree of ©(logn), is of
particular interest in the community detection literature because the threshold for exact recovery of clusters in
the hypergraph SBM falls into this regime [24, 36].

>The assumption that the sizes of users and items satisfy m = w(logn) and m = o(e™) avoids extreme
cases wherein the rating matrix R is excessively “tall” or “fat”. This is only a mild assumption that arises from
technical considerations, and is suitable for most practical scenarios.
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where R(®) € {+1,—1}"*™ is the matrix such that its i-row equals v}, whenever i € C,E,O), and the
set Apoy = {(i,§) €U : Uy; = (R™),;;} represents the collection of indices where the sub-sampled

entries in U coincide with the corresponding entries in R(?). As proved in the supplementary material,
the theoretical guarantee of MCH (shown in Theorem 1) remains valid if we replace (6, {aq}, {8a})
by (¢',{c};},{B,}), as long as the additional assumption m = O(n) is satisfied (Which means the
number of items should not be much larger than the number of users).

5 An Information-theoretic Lower Bound and The Sharp Threshold

In this section, we provide an information-theoretic lower bound on the sample probability p for the
symmetric setting (i.e., when the K clusters are of equal sizes), which serves as the fundamental
performance limit of any algorithm in the considered matrix completion problem.

Theorem 2 Assume m = w(logn) and m = o(e™). For any € > 0, if sample probability p satisfies

(1—e)logn— Y0 , %(ﬁ —VB4a)? (1—-e€Klogm

< max s s (5)
P (VI=8—8)2ym (VI—0—v0)n
then lim,,_, Pe(;Q) () # 0 for any estimator 1b under the symmetric setting.
Proof:  Due to the space limitation, we provide the proof in the supplementary material. O

The information-theoretic lower bound states that any algorithm/estimator i) must fail to guarantee
limy, 00 Pe(;l) () = 0 if the sample probability p is smaller than the right-hand side of Eqn. (5),
yielding a necessary condition for exactly recovering the rating matrix. Comparing Theorems 1 and 2,
we note that the sufficient condition for MCH to succeed matches the necessary condition (by letting
€ — 0). This implies that under the symmetric setting:

1. The proposed algorithm MCH is optimal in terms of the sample efficiency.

2. There exists a sharp threshold p* on the sample probability such that exact recovery of matrix R
is possible if and only if

logn — ZZVZQ gi} (Vag — /Ba)? Klogm
(VI=0—-+0)2ym "(VI=0-+0)n

Q)

p > p* £ max

Here, p* is referred to as the optimal sample probability for exact recovery of the rating matrix.
Below, we provide some remarks on the expression of p*.

* The first term of Eqn. (6), roughly speaking, is the threshold for recovering the K user clusters,
while the second term is the threshold for recovering the nominal rating vectors {vg } e[x]. When
the sample probability p is greater than both terms, one can recover both the user clusters and the
nominal rating vectors exactly, thus yielding the exact matrix completion of the rating matrix R.
Otherwise, it is impossible to exactly recover either the clusters or the nominal rating vectors, leading
to a failure of exact matrix completion.

* When the noise parameter 6 € [0, 1/2), the term (/1 — 6 — +/0)~2 is an increasing function of 6,
meaning that a larger sample probability is needed when the sampling process is noisier.

» The optimal sample probability p* is a decreasing function of v (the parameter that quantifies the
minimal pairwise distance between nominal rating vectors), which makes intuitive sense because a
larger value of v means that different clusters are more separable, making it easier for recovering
clusters as well as recovering the rating matrix.

* In addition to the optimal sample probability p*, one can also define the optimal sample complexity
as nmp* = (V1 —0 — v0) 2max{y n(logn — 3\_, ("N 4(aq — VBa)?), kmlogm},
which corresponds to the minimum expected number of sampled entries required for achieving exact
matrix completion. A direct implication is that, for the considered problem, it suffices to sample
©(max{nlogn, mlogm}) matrix entries to achieve exact matrix completion.
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Figure 2: Consider a setting that contains K = 4 clusters, a social graph HG>, and a 3-uniform hypergraph
HGs. Lety = 0.2 and § = 0. Figure 2a visualizes the gain due to HG2 and HG3 in terms of reducing the
optimal sample probability p*, where g* represents the maximum possible gain. Figure 2b shows the extra gain
due to exploiting the hypergraph H G’ for fixed values of the graph quality I>. Note that I3//> = 0 means that
no hypergraph information is available, corresponding to the setting considered in [11].

The gain of social graph and hypergraphs. For notational convenience, we define I; £ (Vg —
V/Ba)?, where 2 < d < W, as a measure of the “quality” of the hypergraph HG 4. We further define
I, & 2312 (Zj) k=1, as the weighted sum of the qualities of the social graph and hypergraphs.
From the expression of p* in Eqn. (6), we note that:

* When I;, = o(logn), the contribution of exploiting the social graph and hypergraphs is negligible.

s When Ij, = Q(logn) and Ij, < log n—k~yn~1m logm, exploiting the social graph and hypergraphs
helps to reduce the optimal sample probability p* by Ij,(v/T — 8 — v/8)~2(ym)~'. When I}, >
log n — kyn~'mlog m, the gain due to the graph and hypergraphs saturates (i.e., the maximum gain
is achieved), since the second term in Eqn. (6) becomes the dominant term.” Thus, the maximum

gain due to the social graph and hypergraphs is g* 2 (v/1 — 6 — /@)~ 2(l&n _ kk’%)

ym

In Figure 2a, we illustrate the amount of reduction in the optimal sample probability p* for different
values of Iy, under a setting that contains K = 4 equal-sized clusters, a social graph HG5, and
a 3-uniform hypergraph HG3. It is clear from Figure 2a that, for both the parameter settings
(n,m) = (1000, 500) and (n,m) = (1000, 800), the optimal sample probability p* first decreases
linearly with I;,, and then stays constant after I, exceeding log n — kyn~'m log m. Comparing the
red and green lines in Figure 2a, we note that a larger relative value of n results in a larger maximum
gain due to social graph and hypergraphs (which is represented by g* in the figure).

The additional gain of exploiting hypergraphs. Compared to the prior work [11] that only utilizes
graph information for matrix completion, our theoretical results show that exploiting additional social
hypergraphs leads to an extra gain of 3. 5 (""1)k'~4I4(v1 — 8 — v/0)2(ym)~! in terms of
reducing the optimal sample probability. This gain becomes more significant as the “relative quality”
of hypergraphs (over the quality of the graph) improves. In Figure 2b, we plot the optimal sample
probability p* as a function of the relative quality of hypergraphs (measured by the ratio of I3 to I5),
assuming there is only a single hypergraph H ('3, and the value of graph quality I is fixed.
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Figure 3: Experimental results on synthetic and semi-real datasets show the superior performance of MCH.

6 Experimental Results

Experiments on synthetic datasets. We first conduct experiments on synthetic datasets (generated
according to the model in Section 2) to validate the theoretical guarantee of MCH provided in
Theorem 1. In Figures 3a and 3b, we consider a setting that contains K = 3 equal-sized clusters,
a graph of quality Is = logn/n, and a 3-uniform hypergraph of quality I3 = 2logn/ (";1) We
set the noise parameter § = 0.1 and v = 0.4. We plot the empirical error probability (defined
as the fraction of the trials where exact matrix completion is not achieved out of 100 trials) as a
function of the normalized sample probability (defined as the ratio of the sample probability p to the
optimal sample probability p*). It is clear that the empirical error probability tends to zero when the
normalized sample probability exceeds one (i.e., when the sample probability exceeds p*), and is
bounded away from zero otherwise. This indicates a strong agreement with our theory.

In Figure 3c, we consider a different synthetic dataset with n = 300, m = 100, I = f2 logn/n and

I3 = I 3logn/ (";1) for multiple different values of I 3, in order to examine the extra gain due to
hypergraphs with different qualities. Comparing the four lines in Figure 3c, it is evident that utilizing
hypergraph information helps to reduce the error probability, and the amount of reduction becomes
more significant as the quality of the hypergraph improves.

Experiments on a semi-real dataset. We also evaluate the performance of MCH on a semi-real
dataset that consists of a real social network where the interactions between users are captured by both
graph and hypergraphs. The social network, named contact-high-school dataset [25, 26], comprises
of 327 student users that belong to 9 disjoint classes, with the size of each class ranging from 29
to 44. It contains 5, 498 ordinary edges and 2, 320 hyperedges, where the size of each hyperedge
ranging from 3 to 5. Building upon the contact-high-school social network, we then synthesize a

®Intuitively, a small value of J; means that the difference between the probability of generating hyperedges
that contain users in the same cluster and the probability of generating hyperedges that contain users in different
clusters is small, making it hard to distinguish the clusters. On the contrary, the clusters are easier to be
distinguished/recovered if I is large. For HSBMs with K equal-sized clusters, a recent result [36] states that it
is possible to exactly recover the K clusters when I > k%" (logn)/(%}), and is impossible otherwise.

"Recall that the second term in Eqn. (6) represents the minimal number of samples required for recovering
the nominal rating vectors, thus increasing the quality of graph or hypergraphs will be no longer helpful.
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rating matrix with m = 90 items and 9 nominal rating vectors with minimal fractional Hamming
distance v = 0.22. We set the noise parameter # = 0.1 in the sampling process.

In Figure 3d, we compare® MCH with several representative matrix completion algorithms, including
user k-NN, item k-NN, svd++ [43], SocialMF [44], SocialReg [45], Grathec9 [46], and the spectral
clustering-based algorithm that only utilizes graphs (by Ahn et al. [11]). The performance is measured
by the mean absolute error (MAE) defined as 3, () ie(m) 1{i; # Ri;}/(mn). Figure 3d shows
that MCH outperforms all the competitors. Note that the performance of the algorithm by Ahn et
al. [11] approaches to ours, which is because the quality of the social graph in this real dataset is
already high enough, so utilizing the graph information only (without the hypergraphs) also results in
a good performance. To further demonstrate the superiority of MCH over the one by Ahn et al. [11],
we consider modified contact-high-school datasets where each edge/hyperedge in the original dataset
is selected (resp. discarded) with probability ¢ (resp. 1 — ¢). As depicted in Figure 3e, as g decreases
(i.e., as the quality of the graph decreases), the advantage of MCH becomes more pronounced.
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A Appendix

Outline: This technical appendix is organized as follows. In Section B, we list some assumptions
that are adopted in the proofs, and introduce the notations. Section C provides some technical results
that are useful in the subsequent analyses. In Section D, we present a detailed proof of the theoretical
guarantee of the proposed algorithm MCH (Theorem 1 in the main paper). Section E presents the
detailed proof of the information-theoretic lower bound (Theorem 2 in the main paper). The proofs
of several lemmas are deferred to Section F. Additional experiments are provided and explained in
detail in Section G. Section H presents a detailed comparison between this study and [11].

B Preliminaries

List of Underlying Assumptions. The proofs of Theorem 1 and Theorem 2 rely on several
assumptions on the model parameters (n, m, K, 0,~, {aa}, {B4}). We list them before proceeding
with the formal proofs.

* Assume m = w(logn) and m = o(e™). This assumption avoids extreme cases wherein the
rating matrix R is excessively “tall” or “fat”. This is only a mild assumption that arises from technical
considerations, and is suitable for most practical scenarios.

* When the model parameters (6, {aq}, {84}) are not known a priori, we further assume m =
O(n), so that we can reliably estimate (0, {aq}, {84}) in the proposed algorithm MCH. If these
parameters are known a priori, this assumption can be discarded.

¢ The parameters K, ~y and 6 all scale as constants that do not grow with n or m.

* For each hypergraph HG 4, we assume a4 > (4, which reflects most practical scenarios in

which users belonging to a same cluster are more likely to be connected than users belonging to
different clusters. Moreover, we assume o, 54 = ©((logn)/ (Zj )) such that the average degree
of each node scales as ©(logn). This corresponds to the logarithmic average degree regime that is
of particular interest in the community detection literature, since the threshold for exact recovery of

clusters in the HSBM falls into this regime [24, 36].

Notations and Abbreviations. For any random variable Z, let Mz (t) be the moment-generating
function of Z. For any two sets A and 5, we use AAB to denote the symmetric difference of the two

sets, i.e., AAB = (A\ B) U (B\ A).

For notational convenience, we define

Ao Ozd(l—Bd) Ao ﬂ A o — 2 A — 2
ad1g<6d(1_ad)>,b1g< 5 >,Id (Vag—+/Ba)% Ip 2 (V1 V)2,

These abbreviations are frequently used throughout the supplemental material.

C Maximum-likelihood Function and Large Deviations Bounds

Maximume-likelihood Function: We denote the ground truth rating matrix as R € {+1, —1}"*™,
the K user clusters as {Cy } e[k], and the corresponding nominal rating vectors as {vy }re[x]. The
observations include the collection of hypergraphs { H Gd}g‘;2 as well as the sub-sampled rating
matrix U € {41, —1,*}"*™. Given the observations, we first provide the expression of the log-
likelihood function for each matrix X in Lemma 1 below.

Recall that we use R(?) to denote the set of rating matrices that satisfy min;_je(r.i; [|vi — vjllo =
[vym]. For two sets of users S1,S> C [n], we define h;(S1,S2) as the number of hyperedges in
which all the constituting users belong to &1 U So, and at least one user belongs to &7 and at least
one user belongs to Sy. For any matrix X € R(), let {CX} rke[k) be the K clusters associated with
matrix X. Note that 31, ha(CX,CY) is the number of in-cluster hyperedges (i.e., the hyperedges
that contain users belonging to the same cluster) with respect to {C,f }ke[k) in the hypergraph HG 4.
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Lemma 1 The log-likelihood function of matrix X, denoted as L(X), is given as

w K
LX)=> ag- > ha(CY.CY) +blAx|+C, )
d=2 k=1

where {aq}Y , and b are defined in Section 1, the set Ax = {(i,j) € U : U;; = X;;}, and C'is a
constant that is independent of the choice of X.

Proof:  See Section F for the detailed proof. ([
Large deviations bounds: Below, we provide two large deviations results (in Lemmas 2 and 3)

that are crucial for the subsequent proofs. Let { K,}'Y_, and L be positive integers, and we further
introduce a set of random variables that will play a role in the analyses:

{Ag Y % Bern(ag), {By}i ™ Bern(Ba), {Pi}E, % Bem(p), {©;}L, %' Ben(9).

Lemma 2 For any y > 0,

w Kq L
P(Zad > (B — Ag) +bY_ Pi(20; - 1) > 7y)
d=2 j=1 i=1

. ®)
1
< exp{ — 5y = > (1+o(D)Kals — (1+ 0(1))Lp[g}.
d=2
Proof:  The proof relies on the Chernoff bound, and is deferred to Section F. ]
Lemma 3 Assuming that max {\/aqB4K4,pL} = w(1). Then
w Ky L
P> aqd (By—Ag)+bY Pi(20;—1)>0
d=2 j=1 i=1
9
w &)
1
> exp {— > (I +o(1)Kaly— (1 + 0(1))Lp]9} .
d=2
Proof:  The proof is deferred to Section F. ]

D Proof of Theorem 1

In this section, we prove that, by setting the number of iterations 7' = O(log n), MCH ensures the
worst-case error probability Pe(r? ) tends to zero as long as the sample probability p satisfies

(1+e)logn— 7, g;?(ﬁ—@f (14 €)Klogm

> max , 10)
P (V1—0—0)2ym (V1—0—-+0)*n (
Using the abbreviations I; and I, the condition in (10) is equivalent to the following:
L) ) s s 4o d Loply > (1401 (11
fea—11a +ymply > €)logn and —-nply > €) logm.
d=2

D.1 Analysis of Stage 1: Partial Recovery of Clusters

First note that for each hypergraph HG 4, by assumption, the average degree of each node in HG 4
scales as ©(logn). Applying the Spectral Partition algorithm [42] to the weighted adjacency matrix
A, and by a simple generalization of the proof techniques in [42] (for the SBM) and [36] (for the
HSBM), one can show that when the “quality” of each graph/hypergraph satisfies I; = w(1/n?"1),
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the estimated clusters {Cio), .. ,C;?)} coincide with the true clusters {C1,...,Cx} except for a
vanishing fraction of nodes. Formally, we define
o\ e
e e
n

as the fraction of nodes that are misclassified to C,(CO), and we have that with probability 1 — o(1),
N, = o(1) for all k € [K].

D.2 Analysis of Stage 2: Exact recovery of Rating Vectors

We now estimate the probability of failing to exactly recover the nominal rating vector vy (for each
k € [K]). First of all, we consider each item j € [m] separately, and calculate the probability
P(v},(j) # vi(j)) corresponding to the event that the estimated rating v}, (j) is not equal to the
ground truth rating v (). Without loss of generality, we assume vg(j) = +1, and by the estimation
rule of Stage 2, we have

Pop() # (@) =P | D Uy <0|=P| > U+ > Uy<0 (12)
iec® ieC(m\Ck iectncy,

—NK)n N
<P Z P(1-20,) =Y P/ <0| (13

i=1

(% —mw)n NEm
=P| > P(20,-1) ZP . (4
=1

where {P;} £ Bern(p), {O;} S Bern(6), and { P/} £y Bern(p). With a slight abuse of notations,

we treat U;; = * as U;; = 0 when calculating Z ec® Ui;;j. Eqn. (13) follows from the fact that

Ziec“’)\ck U;; > — > *1 P/. The following Lemma gives a large deviation result of "' P/.
k

Lemma 4 Suppose Y ~ Binom(7n,p) where 0 <7 < land0 < p < % Then for any c > 2e,
]P’(Yz cnpl> §2exp(*@>-
log —~ 2

Proof:  See the proof in Section F. (]

According to Lemma 4 and the fact np = Q(logm), we have IP( WP > O ) <

1 = logﬁ

2exp (—%2) = o(m™"). Then, Eqn. (14) is upper-bounded by

(% —me)n Mk
cnp / cnp
P E P20, -1) > — -P E P <
‘ ( )z log + ( log 1)

i=1

=1 =1 =1 Nk
(&—mk)n on
<P P20, 1) > ——2 | L o(m™)
1=1 10g Nk

(iii)
< exp

2 exp (; log (T) logcnlknp — (1+0(1)) (Il( - m) nple> +o(m™)
(
(-

(1+¢/2)logm) +o(m™") = o(m™).
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Here, (i) follows from Lemma 2 with { K}, =0, L = (1/K —ni)nandy = — C”p ; (i) holds
since np = ©(nlp) and e T~ o(1); (iii) is true due to (1/K — i )nply > (1 —|—e/2) logm which
n

k
can be derived from the facts (nply)/K > (1 + €)logm and lim,,_, o 7 = 0. Then, taking a union
bound over all the m items and K nominal rating vectors, we have

P(Jk € [K] such that v, # vg) = o(1).

D.3 Analysis of Stage 3: Exact Recovery of Clusters

As the nominal rating vectors {vy, }e[x] can be exactly recovered with high probability after Stage 2,
when analyzing Stage 3, we assume without loss of generality that the knowledge of {vy } re[k] is
given. According to Lemma 1, we obtain the local log-likelihood function of user i € [n] belonging
to cluster Cy, as follows:

w
L(i;Ck) £ aq - ha({i},Cr) + b|Ai(vx)| + C, (15)
d=2
where C' is a constant that is independent of k. At the ¢-th iteration, the local refinement rule of MCH
. . . (t)
is to reclassify each user i € [n] to cluster C;.’, where

= argmaxz cha({i}, e Y) + [Ai(v)- (16)
ke(K] ;=5
Thus, the refinement rule in Eqn. (16) can be viewed as an approximation of the local log-likelihood

function in Eqn. (15), with each C ,(:_1) being the estimate of the true cluster Cy,. Below, we introduce
a property of the local log-likelihood function that is crucial for our analysis.

Lemma 5 For any user i, assume i belongs to cluster C, for some a € [K]. Ifzz[iz g(d EId +

ymply > (1 + €) log n, then there exists a small constant T > 0 such that the following statement
holds with probability 1 — O(n~/?):

L(i;C,) > [Ilré?x;lé L(i;Ca) + mlogn, for all the users i € [n]. (17)
ae aZta
Proof:  See Section F for the detailed proof. (]

We denote L(i;Cq,Ca) = L(i;C,) — L(i;Ca), where a is the ground truth cluster that user i belongs
to. Then, for any a # a, Eqn. (17) is equivalent to

L(i;Cq,C3) > Tlogn. (18)

Let Zs be the set of partitions {C } x| of the n user nodes, which satisfy (i) Cf NCf = () for any
ki, ke € [K], (i) Uge(r)Cp = [nl, (i) Dk (i) C \ Cr = 0n, where 6 € [1/n,1/2). It suffices to
prove that there exists a constant ¢’ > 0 such that if § < ¢’, the following event happens with high
probability:

* For any partition {C{ }rc[k) € Zs, the output after a single iteration belongs to Zs /.
Then, running T' = 1olg0(§’2n) = O(log n) iterations ensures exact recovery of clusters. The formal
statement is given in the following lemma.

Lemma 6 For any constant 7 > 0, there exists 0’ < 1/2 such that if 6 < &', the following statement
holds with probability 1 — O(n™"): for any partition {C }e(x) € Z5 and for any @ # a,

' Yarva

|L(i;CZ,C2) — L(i;Ca, Ca)| < glogn, (19)

Sor all except dn/2 nodes.

16
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Proof:  The detailed proof is delivered in Section F. ]

Note that if node i satisfies Eqn. (19), by Eqn. (18) and the triangle inequality, we have L(i;C?,CZ) >
5+, meaning that node ¢ will be classified into the true cluster based on the refinement rule. According
to Lemma 6, the number of nodes that do not satisfy Eqn. (19) (which are likely to be misclassified)
will be reduced by half after one iteration. Thus, running ' = O(logn) iterations yields exact

recovery of clusters.

The aforementioned proof assumes the parameters {caq}Y ., {84}, and @ are known a priori.
When these parameters are not known, one can estimate them using the following rule:

0 0 0 0
o D 1@ G”) Ly el = N halG060) L (Aol

/ /
Qg /K » Ba n n/K ’
K("[) (3) = K (") U]
For simplicity, we define a/; £ log (%) and b’ £ log (15,9/ ) Let
d d
w
L'(i;C) £ ay- ha({i},Ci) + VA (v,
d=2

and we further define L' (i;Cy,,C;) = L'(i;Cx) — L' (i;Cy). The following lemma controls the error
due to the parameter estimation.

logm logn
T

Lemma 7 Suppose p = @( oo ) and m = O(n), then for any constant T > 0, the

following statement holds with probability approaching 1: for any i € [n], t > 1 and a # a,
L (;¢, ¢l — Li; e, i) < g log 7. (20)

Proof:  See Section F for the detailed proof. (]

By Eqns. (18) (19) (20) and the triangle inequality, we can show that, for any {C} }rc[x] € Zs5, the
output after a single step of iteration belongs to Zs/2. It also means that Stage 3 achieves exact
recovery of clusters within 7' = O(log n) iterations.

E Proof of Theorem 2

First, note that Theorem 2 can be restated as follows:

n—1
e Forany e > 0, ifzz[;2 g?;fl) Ig+~ymplp < (1 —€)logn or £ply < (1 —¢€)logm, then exact
matrix completion is impossible.

We first show that the ML estimator is the optimal estimator. Let 1y |z (+) denote the ML estimator

whose output is constrained in R(?), and let R be the matrix that is chosen uniformly at random from
R, We show inf P () > P(twilgen (U, {HG4}.,) # R | R = R) as follows:

inf PO () = inf max P(p(U, {HG4} ) # R| R = X)
P Y XeRM)
> inf PY(U{HGakilo) # R| R = )

. 2n
@ . W ~
= inf P(yY(U,{HGy} - R|R=R

I (WU, {HGa}g=) # R| )
(i) D
= P(mlren (U, {HGa}ils) # R| R = R),
where (i) holds since ¢(U, {HG}}V,) € R should be true for an optimal estimator; (ii) follows
from the fact that the ML estimator is the optimal under a uniform prior distribution. Moreover, note
that by symmetry, P(vme| g (U, {HG4}W.,) # R | R = R) is identical for any R’ € R(), thus
one can fix the ground truth matrix to be R’ in the following analysis.

17
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Because of the optimality of the ML estimator ¢my. |z v, in order to prove Theorem 2, it suffices

to prove P(¢at o (U {HGAYW ) # R| R = R) - 0 when %, G=t) 1) 4 ympr, <
(1 —¢)lognor £ply < (1 —¢€)logm.

Using the log-likelihood function L(X) in Lemma 1, we obtain that
P(YmLlren (U, {HGa}gle) # RI R=R)
=P3EX e R\ {R'} s.t. L(X) > L(R))) (22)
=1-P(VX e R\ {R'} : L(X) < L(R")).

Now we introduce two subsets R1, Ro € R\ {R'}:

(i) R is the set of matrices such that the nominal rating vector corresponding to cluster C; is
different from the true nominal rating vector v; in only one location. This means that every
element X € R is identical to R’ except that the row vectors of X and the row vectors of R’
corresponding to cluster C; differ in one location.

(ii) Rs is the set of matrices such that the nominal rating vectors are identical to those of R’ but
there exists one user belonging to cluster C; and is misclassified to Cz, and there exists another
user belonging to cluster Co and is misclassified to C;. Specifically, for every element X € R,
the corresponding user clusters, denoted by {C; }re(x], satisfy [Ci¥ \ C1] = [C3° \ C2| = 1 and
CX =Cyfork € [K]\ {1,2}.

Thus, Eqn. (22) is lower-bounded by
1-P(VX eRy: LX) <L(R)) and 1-PVX € Ra: L(X) < L(R)).
Therefore, it suffices to prove that

s P(VX € Ry : L(X) < L(R')) — 0if £plp < (1 — €)logm (see Subsection E.1);

n—1
e P(VX € Ry : L(X) < L(R")) = 0if ZZ‘;Q gg%f[d + ymply < (1 — €)logn (see Subsec-
tion E.2)

E.1 Partl
For any X’ € R4, by using Lemma 1, we obtain

n/K
P(L(X') < L(R')) =1 - P(L(X') > L(R)) = 1 — IP’( Y P20, - 1) > o), (23)
=1

where {P; } £ Bern(p) and {©;} ESH Bern(#). By applying Lemma 3 with L = n/K, we have

n/K
IP’(ZPi(QG)ifl) zo) > iexp{—(uo(l))%pfg}. (24)
i=1

Thus, Eqn. (23) is upper-bounded by

1-— iexp{ -1+ 0(1))%19[9} 2 exp { - iexp{ -1+ 0(1))Zplg}} 05

(i1) 1
Low{ - b}

where (i) follows from 1 — 2 < e~ and (ii) is due to the condition zply < (1 — €) logm. Note that
forall X € R4, the events {L(X) < L(R')} xer, are independent, thus we have

P(VX € Ry : L(X) < L(R')) = P(L(X') < L(R))®l < exp{ - im&—l) -m} =o(1).

18
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E.2 Part2
First, we use a combinatorial property to split the graphs.
Lemma 8 Forall {HG }}V,, we consider the following steps:

(i) Let r = and T 2 {1,2,...,2r} U {g+1Lg+2,.., % +2r}

log n

(ii) For each hyperedge in {HGd}dzz, if it contains two or more user nodes in set T, then we delete
these nodes from T .

(iii) We define the set of the remaining user nodes as T'.

Let A denote the event |T'| > 3r. Then we have P(A) =1 — o(1).

Proof:  See section F for the proof. ]

By Lemma 8, we can find two subsets C{ € Cy and C5 € Cy that satisfy (i) [C7| = [C3| = 5 oay; and

(ii) there is no hyperedge that contains users in C; U C;. Without loss of generality, we assume 1 € C7
(i.e., the first user belongs to cluster C}).

For the matrix R’ and for users i, € C5 and is € C5, we define R'("1) as the matrix that misclassifies
user i1 € C; to Cy, and R'(2) as the matrix that misclassifies user i5 € C to Cy. Hence, (R/(il))(“) S
Ro. Since P(A) =1—-0(1),P(VX € Ro : L(X) < L(R’ is upper-bounded by

P(Vil €Candiy €Cs L( R’(“) ) <L R’) (1—o(1)). (26)

Lemma9 For i, € C§ and iy € C3, if both L (R'")) > L(R') and L (R'®)) > L(R'), then
()™ > L(R)

Proof:  See Section F for the detailed proof. ]
By Lemma 9 and the union bound, Eqn. (26) is upper-bounded by

i (wl e L(R™) < L(R’)) (1—o(1)+P (wg €5 L(R™) < L(R’)) (1 - o(1)).
27)
By symmetry, Eqn. (27) equals 2P (Vi € C§ : L(R'")) < L(R')) - (1 — o(1)). Since no pair of

users in Cj is connected by any hyperedges, the events { L(R’ (1)) < L(R' )}Z are mutually

1€CY
independent. Hence,

s

, cs|
9P (wl e L(R'™) < L(R’)) S(1—o(1)) = 2P (L(R’(U) < L(R’)) (1 - o(1)),
(28)
since it is assumed that 1 € C5. According to Lemma 1,
L
P (L(R’“)) < L(R') ) —1- Zadz By — Ag)+b> P20, ~1) 20|, (29

i=1
where {Ag;}; ES: Bern(ag), {Bqgj}; ES: Bern(8q), {Pi}i £ Bern(p), and {O,}; £ Bern(#), and

one can show that Ky = ("71) = (1 + o(1)) g(d and L < ym. Then, applying Lemma 3,

Eqn. (29) is upper-bounded by

I )

1 w (nfl)
1- 1P {(1 +0(1)) Z ]?;—11 Ip— (14 0(1))7mp19}

d=2
Id— (1+0(1 ))7mpfe}} (30)

w 711

®
gexp{—4exp{ (14 0(1 Z

d:2
Zan{ - jo)
expy — —-n¢ ,
= exp 4
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(i-1)

where (i) holds since 1 —z < e~%, (ii) follows from Zd o o=t La+~ymply < (1—€)logn. Hence,
Eqn. (28) is upper-bounded by

n€

2-exp{ — gn i1 b (- o(1)) =2-exp { ~ §

Tiggrn ) (o) =0 6D

which means P(VX € Ry : L(X) < L(R')) = 0

F Proof of Lemmas

Proof of Lemma 1:  Since the observations of U and { HG4}}’, are mutually independent. The
likelihood of X can be decomposed as

W
P ({UAHG} ,}R=X)=P({UR=X) [[ P(HG4R = X). (32)
d=2
Here
P(U|IR = X) = pl(1 — p)rm~IQlgli=IAxl(q — g)lAx! " and (33)
P(HGy|R = X) = aji= " 60 (1 — o) M("3) -2 hateif e s
. Bg‘lﬂ_z;ﬁ;l hd(CkX,C,i()(l _ Bd)(Z)_k(nék)_szzl ha(Ci,Ci) )
By simple calculations we get
L(X) = log (P ({U, {HGa}iZo} R = X))
144
= log (IP’ (UIR=X)[[P(HG4R = X))
d=2
w
(35)
=log (P (U|R = X)) + Zlog (P(HG4|R = X))
W K
= ag- Yy ha(CX.CF) +b-|Ax|+C,
d=2 k=1
where C' is independent of the choice of X. ]
Proof of Lemma 2: Using the Chernoff bound, we have
W Ky L
D ag) (By—Ag)+bY P20, —1) > —y (36)
d=2 j=1 i=1
W Ky
1 t’~ . p—
< ggge Y.E |exp Zt aq(Bagj — Adgj) +thP (20, —1) 37
d=2 j=1
W
— ty Kq . L
inf e d]:[QMl(t) M ()", (38)

where My (t) £ M, (B4, — A4 (t) and M (t) £ My p, (20, 1)(t). Using the definitions of a4 and b,
we obtain

My(t) = 1 — p + pb (T)t+p(1—9) (lf)_t.
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Through simple calculations, it can be demonstrated that % = arg min M (¢) and % = arg min My ().
t>0 >0

Thus, Eqn. (38) is further upper-bounded by

w
erv - T My (1/2)% - M, (1/2)"

1 L 1 1
§y+ZKdlogM1 <2> + LlogM, <2>}

d=2

w
y+ Y Kq-2log (\/ad5d+ V(1 —ag)(1 —5d)) + Llog (219\/(1 —0)0 +1 —P)}
d=2

d=2
- exp {Llog (2p\/m +1- p)}

Ka+2 (Vb - gou— g6+ 03+ ) + L (o2y/T- 00 - 1) + 0<p2>)}

gexp{;y—FiV:Kd'QlOg( aBa + (1—;%4—0(@3)) <1—;5d+0(5§)>)}

w
2
d=2
w
v = Ka((Vaz— VB + 0} +87)) — L (p(VT—0 - V&) + 0<p2>)}
d;/2
-2

(1+o0(1)Kala — (1 + 0(1))Lp19} :

(39)
where (i) and (ii) follow from the facts that /T — z = 1 — 2z 4+ O(2?) and log(1 + z) = = + O(2?)
asz — 0.
g

Proof of Lemma 3: Let Y £ a4(Bg; — Aqgj) and Zj, = bP, (20, — 1). The distribution of Yy;
is denoted by py,, (-), which is identical to py,, (-) since {Yy; }f(:‘il are independent and identically
distributed random variables. Similarly, we denote the distribution of Zj, by pz, (-), which is identical
to pz, (+). For any £ > 0, we have

w Kg L
> aay (Bgj— Ag) +b> Pi(20, —1) >0
d=2 j=1 i=1

W Ka L

= Z H prdl ydj Hle Z}c
{yaj}Aze}:2q j vaj+225 2>0  d=2j=1 k=1
W Kg L

> Z H pr‘“ ydj H Pz, Zk

{yas Y Aze} g ya+22, 2e<€ d=2j=1 k=1

0 (H?iz My,, (1/2)Kd) Mz, (1/2)"
>

1
e3¢

LY e2Ydipy, (yaj) Loe3* 2k)
2 108 rive H 1/2)

{vai b Aze 24 yai+2, 2<€ d=2j=1 k=1
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w
— exp {Z KqlogMy,, (1/2) + Llog Mz, (1/2) — %5 } '

d=2

L 1

3Yd dj 2k
> OIS sy

{yaj bz} 2g v+, ze<€ d=27=1 k=1 7(1/2)

N W Kq
@, {ZKdlogMydl(lﬂ) + LlogMy, (1/2) — 5}1[” 0< Y Y Vi + ZWk <¢l,
d=2 d=2 j=1 k=1

(40)
where (i) holds since e%(Ed,j Yai T3 2k) < ¢3¢ when Zd jYdj + Zk zi < &; at (i1), we define

1,
new i.i.d. random variables {Vdj} -4, with distribution py,, (z) = %, and {Wj }£_, with

distribution py, (z) = ?vzﬂzpi(zf/(;)). By Eqn. (39), we get
1

w
exp {Z KlogMy,, (1/2) + LlogMy, (1/2) — ;g} (41)
d=2
1 w
= exp { 55 Z (1+0(1)Kqlqg— (1+0(1 ))Lpfa} (42)
d=2

Next, we prove that for a suitable value of &,

W Kg 1
P 0<ZZVd]+ZWk<§ <7
d=2 j=1
2
By Eqn. (39), we have My, = (\/adﬂd—i— (1—ad)(1—6d)) and My, (1/2) =

2py/(1 — 0)0 + 1 — p. Then, the distribution of V; and W; equals:

(o (§20) = (= () - e

P (Vi = 0) = —abet 1 Z0ad=Ba)
(\/WBH (1—ad)(1—ﬁd))

and

P (W1 = log (?)) =P <W1 = —log (1;9» -5 1;(19_(19)—?1+p

]__
P(W, = 0) = b
2p/0(1—6) +1+p
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Thus, simple calculations yield
E[Vai] = E[W1] =

2 (1-Ba)aa\\> B+ (1—aql - Bg)
E[Val = (log ((1—04(Z)Bj>) : (\/ﬁdﬁdf; - _(;d)(l—dﬁd))Z :O(\/M)

E[Wf]<log< 90>)2'2p\/‘9(19_(19)%9)1_po(p)

W Kg4 2 W Kg w
B> Ve + Z Wi | | =222 ElVjl+ Z Wil = > KaE[VA] + LE[W7]
d=2 j=1 d=2 j=1 d=2
w
=> 0 ( Oédﬁde) + O(pL).
d=2
(43)
Let £ = max {pL, VagBaK, d}s/ : By Eqn. (43) and the Chebyshev’s inequality, we have
W Ka 3/4
Plo<) > Viy+ ZWk < max {pL \/adﬁde}
d=2 j=1
W K 2
1 3/2
s [ +2Wk > max {pL, \/asBaKa |
d=2 j=1 (44)
K L
S 1 Zd o e EVE] + 200 E[W]
—2 max {pL7 \/ﬁﬁd—f{d}g/2

1 ZZ[LQ O (VaaBiKa) + O(pL) 1 O(max {pL,/aaBiKa}) Q 1

2 maX{pL7\/ad5de}3/2 2 maX{pL,\/adﬁde}S/z 24

where (i) follows from the fact that max {\/ aqBqaKy, pL} = w(1). Substituting Eqn. (41) and
Eqn. (44) into Eqn. (40), we obtain the lower bound in Eqn. (9).

O

Proof of Lemma 4: According to the definition of Y ~ Binom(7n, p), we have

P <Y > P ) =Y py=i)= Y (Ti”>pi(1 — )i, (45)

1 g - cnp . cnp
7'210 1 121 1
g og

Due to the inequalities (7) < (%)b and 1 — a < e~ %, the right-hand side of Eqn. (45) is further
upper-bounded by

NGO CO R RN |

22 22 i \ e /gy
cnp
(ii) 2e (111) 2e4/T \ los = c cn (IV) cn
< Z < f) <f> = 2exp (log <2 f) g I pl > 2 exp (772]9) ,
> c ey ) log =
og I

where (i) follows from the fact 1 — p > 1/2; (ii) holds since 7 log % < /7 when 0 < 7 < 1; (iii)
follows due to the inequality ) .-, at < % < 2a’ for 0 < a < 1/2; (iv) holds since ¢ > 2e. [
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Proof of Lemma 5: We first prove that for a specific user i € [n] that belongs to cluster a € [K],
the statement

P (L(i;Cq) — L(4;Ca) < Tlogn) = O(n~17¢/?)
holds for any @ € [K] such that @ # a. According to the expression of local log-likelihood function

in Eqn. (15), and recall that a; = log (%) and b = log (1%99), we have

IP’(L(@';CQ) — L(i;C;3) < 7log n)

w
- P(Zad - (ha({i},Ca) = ha({i}.Ca)) + b(IA(va)| — [A(va)]) < ﬂogn>
d=2

n/K—1 n/K n/K—1
o) w ( d—1 ) (d 1)*( d—1 ) ym (46)
<P<Zad Z ij—Adj)+ Z B(/ij—l—bZPi(Z@i—l)>—Tlogn)
j=1 j=1 j=1
(ii) W ("{ff;l) m
SIP’(Zad Z (ij—Adj)—i—bZPi(Z@i—l)2—Tlogn—0(logn)>,
d=2 j=1 =1

where {Ag}; "~ Bem(aa), {By};. {B)}; % Bem(Ba), {Fi}: % Bem(p) and {©;}; ~'
Bern(6). Moreover, (i) follows from the fact ym = min; je(k1.iz; ||V — vjllos (i) is true since

n/K n/K—1
v de2 Z( 1)-(5) Bj; = o(logn). According to Lemma 2, the above expression is further
upper—bounded by

~—~

f)

w
1
exp <2Tlogn + o(log n) — (1 + of Z Tla—(1+ 0(1))’ymp19>
=K
@ 1 —l—et+ir
< exp §Tlogn—(1—|—0(1))(1—|—e)logn =n 27,

n—1 n—1
where (i) follows from the fact lim,,_, oo ("/ k_l) = (d’_l) and the condition Z de2 2 (i )Id +

d-1 Kd
ymply > (1 + €) logn. By choosing 7 to be sufficiently small (e.g. 7 = ¢) and then takmg a union
bound over all the n users, we complete the proof of Lemma 5. (|

Proof of Lemma 6: For a fixed {C,j}ke[K € Zs, we say user { is bad if there exist an a # a
satisfying |L(i;CZ,CZ) — L(i; Cq, Cg)| > % logn. Since there are at most ( ;) - K°" many partitions

yYas

in Z5,and () - K°* < n’" - K" < eK‘Sn logn it suffices to prove

P (Z 1{¢ is bad} > §”> < O(e—(K+1)>5nlog n,

i=1

As the events {1{user ¢ isbad}}! ; are not mutually independent, we adopt the technique of
decoupling analysis [47] to handle this issue. First, note that

|L(i;CZ,CZ) — L(i;Ca, Ca)|

w
=Y aa- ha({i},C) = ha({i},Ca) — ha({i}, CZ) + ha({i}, Ca)

d=2

= Zad ha({i},C3 \ Ca) = ha({i},Ca \ C3) — ha({i},C5 \ Ca) + ha({i}, Ca \ C7)

(47)

Q..
[ V)

a (ha({i},CZAC,) + ha({i}, CZACa))

IN
=14 1

ag - max {hd({z’}, CZAC,), hd({i},chca)},

U
I
)
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where A represents the symmetric difference of two sets. Without loss of generality, we assume
max{hqa({i},CZAC,), ha({i},CZACa)} = ha({i},CZAC,), and the other case can be handled in a
similar manner. Then we have the following upper bound

w
|L(5;C2,C2) — L(i:Ca, Ca)| <2 aa - ha({i},C;AC,),
d=2
and the right-hand side can further be split as

2Zad AN+ (A2),),
where (A})g £ ha({i}, (C2AC,) N {1,2,...,i}) and (A2)g & ha({i}, (CZAC,) \ {1,2,...,i}).

Thus, for each z = 1, 2, the set of variables {( #)a}.—, is mutually independent. Then, by defining
7 &1 {Zd=2 ag(AF)g > ilogn} for z = 1,2, we have

- 0 - 0 2 )
P 1{i i —n| <P s = 2> —
<; {i is bad} > 2n> < ((Z_Zl ;> 4n> U (; > 4n>>
<P iﬂ1>én +P iﬂ%én
; i=1 4 i=1 A )

In the following, we will prove that P (327 Il > 2n) < O(e~(k+1)onlogn) and the other term
can be handled in a similar manner. For {C} }rc|x] € Zs, note that hq({i},CaAC7) consists of at
most ( ) 1ndependent random variables that are either Bern(ayy) or Bern(34) and oy > /34. For

any d, let {Ag;} '~ Bern(ad) Hence,

w
(Z aqg(A;)g > 10gn> <P <dz_2adhd({i},CaACj) > Zlogn)

w
S P zz:ad j{: /Lh 10g71
d=2
48
wo[ () (*9)
<P U adZAdl>4(W_1)logn
d=2 =1
i) (&) -
< P Agi > ———1
_dz:; (ad 2 di > 4(W—1) ogn)

sn
where (i) follows from the fact that if aq4 Zi(i]l) Ay < 4(W 7 logn are true for all d, then

Zd 5 aq(A})q must less than 7 log n.

Forany 2 < d < W, aconstant [ > 0 is chosen. By using Lemma 4 with ¢ = max {5e,l . M},

niTlay
we obtain
(FTL ) d—1
~1g, (o) d—1 d—1
z Auz T <p | Y Awz S ) <o (<P <ot
log d T p log 57— 2
(49)
Since limg_, o+ @ = 0, there exists a sufficiently small 5’ > 0 such that whenever § < &/,
5
d-1
en®lay T
< logn. 50
log s — 4(W —1)ay & (50)
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Thus, for1 <4 <mnandd < ¢,

w (dﬁ—nl)
IE”(]Il—l (Zad >Zlogn> <ZIP’<ad ; Adi>4(VVT—1)IOgn> o
w

d=2

By Chernoff-Hoeffding inequality [48], we get

P (Z I > in) < exp (—nDKL (jHQ(W — 1)n_l)) . (52)
i=1

Then, by taking a sufficient large value of [, we have
5 1-2
N 1—-]1 4
1)nl> + ( 4) 8 <1 —2(W — 1)nl>

Dx1 (iHQ(W - 1)n_l) = —log (2(W

0

4
0§ S b
> 2 -4 _ -
> 4log (2(W—1)nl> +log (1 4)

9

4

0.

TS,

=
=

on! ) 9
lo (S(Wl)) - 1—1—0(6 )
{(1—1)-logn — (I —1)-log8(W — 1) — 14+ O(5%)}
> (k+1))onlogn

<
=1

(53)
where (i) holds when [ > 1 and 2(W —1)n~! < n~! < %; (ii) follows from the fact that log(1 —z) =
—x + O(2?) as z — 0; and (iii) follows since § > n~!

Thus, we obtain

n 6
P (Z I} > 4n> < exp(—(k+ 1)dnlogn).
i=1

O
Proof of Lemma 7:  For simplicity, we define deg(i)q = h ( n]\ {i}),and U(i) £ {j € [m] :
L o 17[3/
(i,7) € U}. Also recall that a/;, = log <BZ((1—<XZ§) and b’ £ lo ) Note that
(e e — L el i)
- (t)
< —dil- 1 c®) el . ) (0=
DIRLY (ha(i),€) + ha(i}.ci”)) + o= b1 - ([Astwa) 4 1AsC)l)
w
<D 2laq —ay| - deg(i)a+2[b— | - ()]
d=2

n—1 ..
For any 2 < d < W, deg(i)4 is dominated by Zl(igl) Ag;, where {Ag;} Sy Bern(ag). Then, by
applying a standard large deviation inequality (e.g., the Bernstein’s inequality), we have that for all
t>0,

(5=1) 2
t
P(deg(i)g > t) <P E Ag >t | <2exp () (55)
‘ i=1 " (d 1)O‘d +1t

Since ag = O ((log n)/ (Z:})) by taking ¢ = ¢; log n for a sufficiently large ¢; > 0, we obtain

P (deg(i)g > c1logn) < o(n™1).
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Then by taking a union bound over all the users, we can ensure that ZZ‘;Z deg(i)q < ¢1logn for
n

all 4 € [n] with high probability. Similarly, due to the assumptions p = © (M + 10%) and

m = O(n), one can prove that there exists a positive constant cy such that [U/(i)| < ¢3 logn holds
forall i € [n].

Thus, Eqn. (54) is further upper-bounded by

w
22|ad —a]-cplogn +2[b— b cylogn.
d=2

Then, it suffices to prove:

< m with high probability;

(ii) [b—1b'| < g7 with high probability.

Since the proof of (ii) is similar to (i), we only give the proof of (i) here. Note that, for any d,

|aq — aq|
o / 1—a 1
log %d + |log & + ‘log %d + ‘log @
Ba 1 —aq d
r_ o o l
= 1og<1+adad>’+ log(1+ﬁd 5d>’+ 1og<1—adad>’+ log(l— a=Ba
aq Ba 1—aq 1 — Ba
(56)
Here, we introduce another lemma to complete the proof.
()
Lemma 10 Let n £ maxye (g u. For a sufficiently small 1, both M = O(n) and
%T = O(n) holds with high probability.
Proof: ~ We provide the proof after finishing the proofs of Lemmas 8 and 9. ([

According to Lemma 10, Eqn. (56) is upper-bounded by O(n). Since Stage 1 guarantees n = O(1),
the proof of Lemma 7 is completed.

]

Proof of Lemma 8: For any hypergraph HG, let { A4 }4 i Bern(ag), {Bai }i i Bern(3;) be
the set of Bernoulli variables. Then, we denote the set of nodes that are deleted in step (ii) by F.
Since ag < B4, we have

w (4;
d=2 i=1
Hence, by the Markov’s inequality,
BIF] | ESE,dx ) A
P(Ual 23r) =1=P(F|2r) 21— —"—>1- =z . L
Yo >
=1 =2 4l % =1-0(1)
log® n
This completes the proof. O

Proof of Lemma 9: To prove Lemma 9, it suffices to show that
L((R')@2)y — [(R') > L(R'"™)) — L(R) + L(R'")) — L(R).
Let Cili? represent the cluster that is identical to cluster C; except that user 7; (which belongs to C;)

is removed while user i (Which belongs to C) is added. Similarly, let Céliz represent the cluster that
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is identical to cluster Co except that user 4o is removed while user i; is added. By Lemma 1, we have
L((R))) — L(R)

w
Zad( (Civiz Civiz) — py(Cy,Ch) + ha(CEH2,Co112) — hd(C%Cg))+b(|A(R,<i1>)<i2)|—|ARr|).
d=2

(58)

By the definition of |A x|, we have

A rnym| = [Ar| = (

—[Ar|) + (|Apn | = [AR) - (59)

Let C}* be the cluster that is identical to C; except that user 4; is removed, and C4' be the cluster that
is identical to Cy except that user ¢; is added. The clusters C5' and C5? are defined similarly. Note that

hd(Cili27Cili2) = hd(cil’cil) + hd<{i2}>cil)’
hd(céli27céli2) = hd(Cil,Cil) + hd({il}vcél)a

w

L(R'") — L(R) = Zad (hd(cilacil) - hd(ChCl>) +b(|Agan | — [Ar]),
d—2

M=

LR —L(RY = ay (hd(céz, C?) — hd(627c2)) + b(|A o) | — [Arr]).

a
U

2

Hence, we have

L((R)) — L(R') ~ (L(R'™) = L(R') + L(R) ~ L(R)))

w
=Y aa(hal{iz}h.C1) + hal{in}.C5) ) > 0
d=2
This completes the proof. O
Proof of Lemma 10: Here, we will only prove M = 0(n), %%Bd =0(n)
follows similarly. Note that
((I/den)n)_,’_('rgn) (n/dK)_((1/Kd7n)n)_(ndn)
oy = Y A+ 3 B;, (60)
i=1 i=1
o (V)
where {A} A Bern(ay) and {B} ~ Bern(f84). We define v £ 4 (n/f<> <2 for
d

simplicity, and one can show that v = O(). Then, by the triangle inequality, we have

1 e e _la-v A= (%) (4
— g — k o7k )< - Al + = ;.
R N I R G RPY I A ST I
(61)
By Chernoff-Hoeffding inequality, for any [ > 0, we have
4= (")
(1-1) 1 1< 0=
P K g — K(n/K) Z Al Z K lOéd
d -1 (62)

< exp (—(1 —) (niiK) Dk, (Ozd + yag
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Since D, (ad + yaq @)
d—1

ad> = 0O(lay) and ag = © ( logn ), Eqn. (62) is upper-bounded by

="

(1—9) 1 1—~
P — Al > l
FURE & MEE
- (63)
n/K\, logn _
< €Xp <_(1 - 7)( d )l (n—l)) = O(Tl 1)'
d—1
. K
Setting [ = ﬁ, we have
- (")
pld I—(v) Q= —re V] <0 | =100, (64)
K( d ) i=1
By applying Bernstein’s inequality, the following statement holds with high probability,
RN
—— Y B < KBy =O(aw). (65)
n/K
K("f) =
. . . |1 ha(cP )
Substitute (64) and (65) into (61), we obtain | =g — W = O(n)ag. Then we have
d
1 hd(c(t)7c(t))
lag — agl < Z e W = O(n)aq,
ke[K] d
which completes the proof of @ = O(n). O

G Additional Experiments
G.1 Incorporate Hyperedges to Graph-based Methods

To further explore the MCH algorithm’s ability to utilize hyperedge information, we conduct ad-
ditional experiments. Specifically, we employ clique expansion to convert hyperedges into fully
connected edges (thereby transforming hypergraphs into graphs), enabling the utilization of additional
hyperedge information in graph-based methods. The results in Figure 4 indicate that incorporating
hyperedge information does enhance the performance of graph-based baselines. However, the pro-
posed MCH algorithm continues to outperform them due to its ability to fully utilize the hypergraph
information.

G.2 Running-Time Comparison

We compare the running times of the selected 8 algorithms, as shown in Table 1. Our proposed MCH
exihibits high efficiency. Note that all the experiments are performed with the same hardware setup,
including a 6-core i7 9750H CPU and 16GB of memory.

Table 1: Comparison of runng times for different algorithms. Each algorithm undergoes 10 iterations.

Methods GraphRec socialMF soialReg  svd++ user k-NN
Running Time (/s) 291.93 301.33 33.28 22.52 3.15
Methods item k-NN  Ahnetal. ’18 MCH
Running Time (/s) 3.45 5.3 5.7
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Figure 4: Comparative Experiments: Hyperedge Inclusion (Ahn et al. HG) vs. Exclusion (Ahn et
al.) on the synthetic dataset and semi-real dataset.

H A detailed comparison with [11]

Ref. [11] was the first to theoretically investigate how much gain graph information can provide for
matrix completion problems. Our work is inspired by this study, with the main influences reflected in
the following aspects:

1. Framework Adoption: We adopted the same research framework as [11], focusing on the
SBM model for matrix completion problems involving binary ratings.

2. Algorithm Design: Drawing inspiration from [11], we also employ a similar three-stage
algorithm.

However, our work introduces the following three key improvements:

1. Theoretical Assumptions: While [11] considers the case of only two symmetric culsters, we
extend this assumption to multiple symmetric culsters. Furthermore, our proposed MCH algo-
rithm is capable of handling multiple asymmetric culsters in practical applications, addressing
the most general scenarios.

2. Problem Setting: The primary distinction lies in the problem setting. We consider the presence
of multiple social hypergraphs, whereas [11] only addresses a single social graph. In addition,
our treatment of multiple uniform hypergraphs can be viewed as a non-uniform hypergraph.
This extension necessitates solving more complex combinatorial problems and deriving tighter
bounds to achieve sharp thresholds—an inherently non-trivial challenge.

3. Experiments and Applications: The MCH algorithm is designed to handle hypergraph social
information, while the algorithm in [11] reduces hypergraph information to graph information
for processing. To demonstrate the benefits of leveraging hypergraph information, we conducted
experiments, including those shown in Figures 3e and the three experiments in Figure 4. These
experiments confirm that using hypergraph information provides additional gains, validating the
practical significance of our approach.
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