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Abstract

Experimental exploration of high-cost systems with safety constraints, common in engineering
applications, is a challenging endeavor. Data-driven models offer a promising solution,
but acquiring the requisite data remains expensive and is potentially unsafe. Safe active
learning techniques prove essential, enabling the learning of high-quality models with minimal
expensive data points and high safety. This paper introduces a safe active learning framework
tailored for time-varying systems, addressing drift, seasonal changes, and complexities due
to dynamic behavior. The proposed Time-aware Integrated Mean Squared Prediction Error
(T-IMSPE) method minimizes posterior variance over current and future states, optimizing
information gathering also in the time domain. Empirical results highlight T-IMSPE’s
advantages in model quality through synthetic and real-world examples. State of the art
Gaussian processes are compatible with T-IMSPE. Our theoretical contributions include
a clear delineation which Gaussian process kernels, domains, and weighting measures are
suitable for T-IMSPE and even beyond for its non-time aware predecessor IMSPE.

1 Introduction

Many systems pose challenges due to their high costs for experimentation, whether in actual implementation
or in numerical simulation of the underlying physics. This concern is particularly pronounced in engineering
applications. Data-driven models emerged as a valuable solution for swiftly simulating such systems. However,
acquiring the necessary data for these models can still be prohibitively expensive, e.g. in machine calibration
(Badra et al., [2020)), biology (Sverchkov & Craven, [2017)), numerical simulation (Al-Obaidi, 2022)), prototype
building (Torres et al., |2016)), or process optimization (Hernandez Rodriguez et al., [2022)). To address this
situation where measurements can be taken at almost arbitrary positions in a continuous domain, active
learning techniques become crucial, allowing the learning of a high-quality model using a minimal amount of
expensive data points. This involves setting inputs or calibration parameters in a manner that maximizes the
information gathered from experiments.

Moreover, many real world systems are subject to safety constraints, such as critical temperatures, pressures,
or restricted sensor working conditions, which must be adhered to during measurements. Often, these safety
constraints are unknown and need to be modeled, leading to the application of safe active learning and related
methodologies (Berkenkamp et al., 2023; |Cowen-Rivers et al. 2022; [Sui et al., 2018 [Schreiter et al.l 2015)).
While active learning is usually superior to static Design of Experiments (DoE) approaches (Smith) [1918;
Pukelsheim| 2006)), static DoE is not even applicable in the face of learnable safety constraints on outputs.
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Figure 1: This illustrative sketch showcases the efficacy of our acquisition function T-IMSPE in variance
reduction on a domain D in present (dark color) and future (light color). The darker color at the bottom
exhibits the transition from the prior blue line to the posterior green dashed line when conditioning on the
red data point x at present time. The lighter colored top delineates the induced variance reduction in a future
time step. The left subplot (a) highlights the suboptimal variance reduction when employing the entropy
acquisition function: it leads to a measurement at the boundary and to a very low reduction of the future
variance. The right subplot (b) reveals the capability of T-IMSPE to outperform entropy in reducing the
average variance at current and future time steps.

Real-world scenarios frequently involve time-varying systems, presenting additional complexities. Examples
include systems affected by drift (Talluru et al.l 2014]), possibly caused by continuously polluting sensors
(Thewes et al., [2015); systems influenced by periodic trends like seasonal variations (Bacastow et al., [1985;
Scherliess & Fejer} [1999); or dynamic systems, where current decisions influence future behavior, such as
is reflected in NX (Non-linear eXogenous) model structures (Chen & Huang) 2015; |Zimmer et al., [2018);
Actively learning such systems proves challenging, as parts of the system may change or certain operation
points might be currently unreachable. Despite these challenges, there is a substantial demand for learning
such systems. For example production systems with periodic changes may require accurate model-based
anomaly detection, drift in sensors needs to be counteracted, or engines needs to be modeled for a cost-efficient
calibration. Dynamic systems necessitate an understanding of their dynamic behavior.

This paper introduces a safe active learning framework tailored for time-varying systems. The approach
involves measuring at safe positions where the maximum information can be collected. Notably, we focus on
also gathering information about future scenarios, rather than solely the current system state.

Technically, we start from the acquisition function IMSPE (Integrated Mean Squared Prediction Error),
also known under various other names such as ALC (Active Learning Cohn) or IMSE (Integrated Mean
Squared Error) (Sacks et al.l [1989b)). This acquisition function chooses measurement points that minimize
the posterior prediction variances, integrated over the entire relevant domain. We extend IMSPE to the
acquisition function Time-aware Integrated Mean Squared Prediction Error (T-IMSPE), which minimizes the
posterior variance over current and future states of the systems. Surprisingly, the necessary integration in
both IMSPE and T-IMSPE can be computed in closed form for many Gaussian process models, in particular
the ones that are state of the art in active learning scenarios.

Our main contributions are:

o We introduce the novel T-IMSPE acquisition function for safe active learning of time-varying systems,
see Figure [l We compute the defining integral in closed form, improving computational complexity
and accuracy.

o We demonstrate the advantages of T-IMSPE in terms of model quality in a real world example about
engine calibration for dynamic driving and two synthetic examples about drift and seasonal changes,
see Section [Bl
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o (T-)IMSPE involves the computation of an integral. We consider computability of (T-)IMSPE in
closed form via antiderivatives and provide a cookbook of usage for various Gaussian processes kernels
and domains to be used in (T-)IMSPE, see Section

o We distinctly delineate the theoretical scope of closed-form integrals and show the boundaries of
practical supremacy of T-IMSPE in various delineating scenarios in Appendix

2 Background

Active learning applications typically use Gaussian process (GP) models due to their Bayesian capabilities in
dealing with few data points and their reliable uncertainty estimates through variances.

2.1 Gaussian processes (GPs)

A Gaussian process (GP) g = GP(m, k) defines a probability distribution on the evaluations of functions
D — R where the domain D C R? = R'*4 such that function values g(z1),. .., g(x,) at points x1,...,2, € D
are jointly (multivariate) Gaussian. Such a GP g = GP(m, k) is specified by a mean function m : D — R :
z — E(g(x)) and a positive semidefinite covariance function

kD’ 5 R:(2,w) = E((g(2) — m(@))(g(w) — m(w))).

Our experiments use the kind-of-default squared exponential covariance function kgg : (z,2') —
_llz=="|3
2

sian distribution g(z) ~ N (m(z),k(x,z)) for g(z),m(z) € R™ and k(z,z) € R™" with g(z); = g(z;),
m(z), = m(x;), and k(z,z);; = k(z;,x;). Likelihoods and posteriors can now be computed via linear
algebra from this multivariate Gaussian (Rasmussen & Williams, [2006]). We denote the posterior covariance
function of a GP conditioned on a dataset (z,y) € (D x R)" by k(—, —|x) and we define k(z) = k(z,z) and
k(z,w);; = k(x;,w;) for w = [wi,..., wy]. The posterior covariance is independent of the output data y,
which is used in active learning to plan the input x.

exp( Any finite list of evaluations of g at * = [x1,...,x,] follows the multivariate Gaus-

GPs are used to model dynamical systems in various ways. This paper uses NX structures in GP models
(Chen & Huang, [2015} |Crespi, 2019)). Additionally, GPs have been used to model state space systems (Frigola
et al., [2014} Eleftheriadis et al.l 2017)), linear differential equations (Besginow & Lange-Hegermannl 2022;
Harkonen et al.| |2023)), or periodic dynamics (Klenske et al., [2015)).

2.2 Time varying systems

We are motivated by learning certain time varying systems. For example, we consider systems with a behavior
y depending on inputs z € D in addition to drift or other time dependent changes e.g. in daily or yearly
cycles. Such behavior f is often modelled by including the time input ¢t amongst the model inputs.

y:f(xvt)' (1)

In these systems, the input x can be chosen arbitrarily in an active learning approach, whereas the time t is
predetermined.

Another imporant kind of time varying systems is behavior y where the current behavior depends on current
and previous inputs. A typical example is the modeling in the calibration of engines, whose temperature not
only depends on current engine speed and engine load, but on previous values of speed and load as well, e.g.
in case of braking or speeding up. Other applications lie in calibration of engineering machinery like power
turbines or yield prediction depending on fertilization in agriculture. Such behavior is often modelled by
Nonlinear eXogenous (NX) structures, where in total ¢ inputs are are used, often the current input z; and
the ¢ — 1 previous inputs x¢—1,Tt—2,...,Tt—p41:

Y= f(@, 01, T4—2, ., Tp—r41)- (2)
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In such systems, the input z; can be chosen arbitrarily, whereas the inputs zy_1,z¢_9,...,24_¢y1 are
predetermined from previous choices.

In contrast, in dynamical systems, the combinations of state action cannot be chosen freely, as the system has
to evolve to reach a certain state z;. In our time varying systems, we have complete freedom to choose parts
of the inputs, i.e. z in respectively x; in (2]), and the influence of the time comes from uncontrollable
conditions respectively a memory of the system that influences the system output.

Optimizing such systems or with Bayesian optimization is common, see e.g. (Brunzema et al., [2022).
The goal of this paper is the construction of a novel acquisition function for safe active learning in such
dynamic systems, including the computation of closed form integrals and a cookbook for which GP covariance
functions this is possible.

2.3 Safe active learning

Safe Active Learning (SAL) (Schreiter et al., [2015; |Zimmer et al.| [2018)) is a sequential experimental design
which strives for safety under previously unknown constraints. SAL iteratively determines a new point x, for
labelling that maximizes information I(z.), where I is the so-called acquisition function, and is safe with high
probability. Entropy is commonly used as a measure for information and is in case of Gaussian distribution
proportional to the predictive variance of the regression GP. For a comparison and elaboration of entropy, e.g.
its other names in the literature, see Subsection [3.1

We consider the case of a safety critical quantity, e.g. a temperature should stay below a critical temperature.
Then, one can calculate a safety indicator z that indicates safety for non-negative values z > 0. We assume that
the safety critical quantity cannot be computed, but (potentially noisy) measurements on this safety critical
quantity can be obtained. Then, a safety GP gsate = GP(Msafe, ksate) modeling the values of z ~ ggafe ()
can be trained. Often but not necessary, the safety GP is the (or amongst the) model(s) that we strive to
learn. This yield the probability of safely obtaining a new point z, when already some data (x,y) has been
obtained as

5(1’*) = N(Z;msafe(x*‘xay)7ksafe(xwx*|x)) dz.
220

Now, a new point x, can be determined by maximizing (cf. Appendix [F]) information constrained on safety:

Ty = AIGMAX, D g(z,)>a I(xy) (3)

where 0 < « < 1 indicates the desired safety level. The goal of this paper is the introduction of a new
acquisition function for measuring information I for time varying systems.

Remark 2.1. Our experiments use o = 0.977 such that two standard deviations from the mean of a Gaussian
is predicted as being safe. This safety criterion corresponds to the probability of a random and statistically
independently drawn point being safe. In active learning, points are not drawn independently, since the data
points are not drawn independently but chosen by an acquisition function. Due to this lack of statistical
independence, points might have a higher probability of being unsafe. To describe our experiments, we chose
the wording "satisfying" for safety percentages around 97.7 % or higher and "acceptable" for slightly lower
percentages that are still above 95 %. All experiments, independent of the acquisition functions, show similar
and at least acceptable safety.

After a new label y, has been obtained, both the regression and the safety GP can be retrained and the
next constrained optimization problem solved. More formally, SAL can be summarized in the following
Algorithm

We use GP hyperparameter training, which is fast and well-established. If in certain real-time applications
further speed up is required, techniques of amortized inference are at hand (Bitzer et al., 2023} |Liu et al.
2020). Changing hyperparameters has a strong effect on the overall performance of all algorithms, including
on safety (Fiedler et al., [2024)) due to model misspecification, in particular in case of few data points. Still,
changing hyperparameters is state of the art in active learning and Bayesian optimization (Garnett}, 2023)
and, in our experience, superior to fixing hyperparameters.
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Input: Budget n, initial data (z,y) = (25, y;) 2!
Output: Trained Gaussian Processes
Train initial GPs;
fori=1tondo

Determine x, by solving and get label y, for x,;

Update (z,y) < ((x,y), (z«, y«)) and retrain GPs;
end

Algorithm 1: Safe Active Learning (SAL) with Gaussian Processes

2.4 Integrated Mean Squared Prediction Error (IMSPE)

The Integrated mean squared prediction error (IMSPE) acquisition function strives for a model posterior with
minimal average variance. Start with a (prior) Gaussian process g ~ GP(m, k) and have already measured at
n positions € R**4 IMSPE selects z, € R*¢ with minimal

k(z|zs, ) dp(z,), (4)
R

where k(z,|2., x) is the posterior variance of the Gaussian processes g when conditioned on observations at
x4 and x, and p is a suitable finite measure used to average over reference points .

Consider IMSPE for the special case of the squared exponential covariance function with lengthscale of one
and signal variance of one and a Gaussian p with mean zero and variance 1. Assume furthermore one existing
measurement point at x = 1. Now let us consider which point x, € R to choose next, according to IMSPE. In
the appendix in Example we explicitely compute the ISMPE acquisition function [ k(zy |z, 1) du(z,),
plotted in Figure[2] Values for z, are most suitable to reduce the variance of the posterior GP in the area
around zero with variance 1 (as specified by the measure p) if they are slightly negative. The positive area is
less suitable, since there already exists a measurement point x at z = 1.

r=1

fRd k‘(xr\x*, ) dﬂ(xr)

—

> T

Figure 2: The IMSPE criterion in the motivating example. Without the (green) data at = = 1, the IMSPE
criterion would be symmetric around zero. With the (green) data at 2 = 1, the optimal choice according to
IMSPE for the (red) next measurement point ., is the red position at x, = —0.5479204538.

We give a short discussion on IMSPE and entropy as aquisition functions for safe active learning without
time awareness. We introduce related work on IMSPE in Section [3|and for further theoretical comparisons
of IMSPE against other acquisition functions, we refer to Appendix [D] In the realm of statistics, IMSPE
stands out as the state of the art, where the superior theoretical properties of IMSPE are highly regarded.
In contrast, in the field of machine learning, entropy takes precedence as state of the art. Our preliminary
experiments have indicated that both communities make valid choices, and the divergence in state-of-the-art
criteria arises from varied applications of GPs. In statistical communities, there is a tendency to maintain
fixed GP hyperparameters in active learning methods, while in machine learning, hyperparameters are
regularly optimized. Our experiments on time-varying systems, where we do optimize hyperparameters,
contradict these preliminary experiments, as IMSPE is superior over entropy. In contrast to this, the ablation
experiment in Appendix [E.1] shows that without seasonal change (a = 0), entropy outperforms T-IMSPE,
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which is identical to IMSPE for such time-constant systems. We note that these findings are based on initial
experiments, lack scientific rigor, need a thorough follow-up, and are out of scope of this paper.

3 Related work

3.1 Acquisition functions for active learning

In machine learning, the standard acquisition function is entropy. This approach is often called ALM (Active
Learning Mackay) (MacKayl, [1992). The acquisition function BALD (Houlsby et al., |2011) was originally
presented for classification tasks. For regression tasks, it is equivalent to the entropy criterion (Riis et al.|

A.3) (Riis et al} 2022 G.2).

The acquisition function mutual information has gained prominence in safe active learning scenarios. Originally
applied in the context of sensor placement for fixed sensors (Krause et all [2008), mutual information-based
acquisition functions have found applications in active learning scenarios with discrete domain D
et al., 2014; [Kirsch et al., [2019; [Li et al.,|2022b)). For a detailed comparison of IMSPE with averaging mutual

information (Krause et al., 2008) and S-diversity 2021)), refer to Appendix [D.2}

While classical criteria from the Design of Experiments (DoE) theory (Smithl [1918; Pukelsheim| 2006), such
as D-optimal designs, could be potential acquisition functions, they have not gained traction in machine
learning due to their emphasis on learning parameters rather than making predictions. IMSPE is closely
connected to the classical V-optimality criterion in DoE theory, where measurement points are chosen to
minimize the model’s variance at a finite number of points (Fedorov & Hackl, [1997, (2.1.18)). IMSPE can be
considered a variant of A-optional designs, where it minimizes the average variance of the response, while
A-optimality minimizes the average variance of the model parameters. Other geometric criteria have also been
proposed in practice (Thewes et al.,|2016). None of these DoE criteria allow to include safety constraints.

IMSPE has a long history. The seminal work by (Sacks et al., [1989b)), see also (Sacks et al., |1989a)) and the
authors’ book (Santner et al.l [2003]), introduced the acquisition function IMSE (Integrated Mean Squared
Error), estimating mean squared error via posterior variance for polynomial covariance functions.
renamed IMSE into IMSPE and conducts extensive theoretical investigations into its asymptotic properties.
The second time the name IMSPE appears in the literature is in (Fang} 2000). (Ankenman et al., 2010
proposes the use of IMSE, for which they use a closed form formula, for active learning. (Leatherman et al.)
gives a thorough overview about techniques for static designs with IMSPE. (Leatherman et al.l [2018)
computes the IMSPE for certain finite dimensional GPs. For modern references to IMSPE we refer to
(Gramacyl, [2020} [Binois et al.| [2019)), with extensive implementation hetGP (Binois & Gramacyl, [2021)) in the
system R.

IMSPE has been reintroduced under different names. (Cohn et al., |1996) introduced active learning for
mixtures of Gaussian with the goal of minimizing IV (Integrated Variance), for which they found a simple
closed form; this is another special case of IMSPE later named AL(ﬂ (Active Learning Cohn). (Seo et al.
introduced active learning to GPs, where they used VI from ALC while approximating the integral
using sampled points. (Burnaev & Panov, 2015) independently introduced IMSPE as Integrated MSEGain,
providing an unproven closed form. (Gorodetsky & Marzouk, |2016) independently introduce IMSPE under
the name IVAR (Integrated VARiance), where they compute the integral numerically. Recent literature has
extensively utilized IMSPE or its variants. (Vernon et al., 2019) focuses on safety boundaries,
applies ALC in closed-set active learning, investigates IMSE, ALC, and ALM in safe
active learning, and employs a discrete approximation to ALC/IMSE for local GPs.

None of these approaches use IMSPE or its variants under different names to specifically collect information
for future time steps.

1Some authors distinguish between IMSPE and ALC (Sauer et al., [2023)), noting that IMSPE computes the integral in
equation in closed form, while ALC approximates it numerically. However, this distinction is not widely recognized in the

literature. For an example, see 2020, §6) by the second author of (Sauer et al., 2023).
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3.2 Active learning in dynamic systems

Active learning has also been explored in dynamic systems. (Schneider} [1995; Umlauft et al., 2020) consider
dropping old data points when their information content becomes irrelevant. (Lughofer} |2017) provides an
overview of active learning in data streams, while (Jain et al.| [2018)) applies active learning to GP models
for non-linear control during closed-loop control. Safety considerations in dynamic systems are addressed
by (Zimmer et all |[2018), and (Buisson-Fenet et al., [2020) proposes an iterative active learning scheme in
dynamical systems based on mutual information. (Yu et al.,2021) conducts active learning specifically for
GP state space models, and (Heim et al.| |2020) learns safety constraints in dynamical systems. Similar
strategies can be found in reinforcement learning for non-stationary environments (Padakandla et al., 2020
Padakandlal, [2021} Ritto et all 2022} [Cowen-Rivers et all [2022), control (Fisac et al., [2018; |Agarwal et al.
12019; |Capone et al., 2020), concept drift (Han et al., 2022), and theoretical work on regret in non-stationary
systems (Zhang, 2021; Zhao et all |2022)). The papers (Fiducioso et al., 2019} [Krause & Ong, |2011)) consider
regret in the current time/context and show that their choice of acquisition function is still sublinear in
changing contexts.

Notably, none of these approaches considers acquisition functions that account for information or prediction
accuracy at future time steps.

3.3 Safe learning

Safe exploration has been employed in robotics (Sui et all 2018; Berkenkamp et al. [2016; Baumann et al.,
2021), energy management (Galichet et all, 2013), terrain exploration, (Moldovan & Abbeel, [2012; Turchetta;
et all, and engine modeling (Schreiter et al., [2015; |Zimmer et al., |2018; [Schillinger et al.l 2017 |Li
et al.L . While most of this Safe Learning work is on Bayesian optimization, some is on active learning
but does not consider future information or future prediction accuracy. considers Bayesian
optimization (but not active learning) in a dynamic setting, with a focus on safety guarantees.

Active learning aims at learning a model over the whole input space to perform some post-hoc or worst-case
analysis. In contrast, Bayesian optimization is only interested in an optimal point of operation. Once this
point or the area is found, the rest of the input space is not of any interest anymore. In this regard, active
learning and Bayesian optimization are conceptually different. Specifically, IMSPE reduces the variance
globally and seems unreasonable to be integrated meaningfully into a Bayesian optimization framework.

4 T-IMSPE - Time-aware Integrated Mean Squared Prediction Error

Our criterion T-IMSPE uses the concepts and formulas from IMSPE in time-dependent models, to ensure
variance reduction not only for the current time step, but also for future time steps. We first consider GP
models with time as an additional input for both continuous and discrete time domains, and afterwards we
consider NX-GP models for dynamic systems in discrete time domain. In both cases, T-IMSPE work with a
wide range of GP covariance structures.

4.1 T-IMSPE for GPs with time amongst its inputs

Here, we consider time varying systems as in , where the time is one of the model inputs. Consider a GP
g = GP(m, k) defined on the domain R x D, where R represents the time domain and D C R? represents
the remaining inputs, e.g. “spatial” inputs. For example, when not encoding any specific time dependent
behavior in the GP prior, k might be a squared exponential covariance function on R4+, Let u be a finite
measure on R x D. We define T-IMPSE for choosing a new data point x, € D at time t, € R after already
obtained data (7,z) € (R x D)™ for such GPs as

TIMSPE(z,) / F (e, 22| (e, 22), (72)) dpi(trs 2. (5)

By Theorem [4.4] below, this integral is computable in closed form for most common covariance functions.
The time-aware aspect can now be included in the measure p. Assume we have a suitable measure pp on the
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domain D. Then, we can encode our desire to accumulate information in the relevant time interval [t t. + At]
by a uniform distribution py = 1y, 4 1 a¢- Then, defining p1 as the product measure p := p; @ pp strives to
choose a new data point as follow: the posterior variance over the domain D is reduced being weighed by up,

while this reduction is not only achieved at t,, but aware of future times in all of [t., t. +At]. The relevant time

domain might also be considered discrete via py = 1 ¢, 41, ¢.+A¢), then p:=p @ up = z“:':ft 0: @ up

for the Kronecker delta 6;.

4.2 T-IMSPE for GPs with NX-structure

Here, we consider time varying systems as in , where the time dependency is modeled via an NX structure.
Consider y; = f(&¢, £t—1,...,%¢—¢+1) for some positive £ € N by placing a GP prior ¢ = GP(m, k) on the
function f : D* — R. Such models work in discrete time domain. Let x be a finite measure defined on D°.
Assume we already obtained n data points at = € (DZ)”, where the condition z; ; = ;41441 € D for the
NX structure for i € {1,2,...,£—1} and ¢t € {1,2,...,n — 1}. We define T-IMPSE for choosing a new data
point z, € D for such NX GPs as

T-IMSPE(x,) = /k(a:r|aT*, x) dp(z,), (6)
where Ty = (Tu, T1,m, - - - To—1n) € D? is the new measurement position with previous measurement positions
to predict the model dynamics. Since z1 y,...,Zs—1,, are the measurement positions from previous steps,

they are well known values, to which we add the vector x, of new inputs. We now use the closed formula for
T-IMSPE in [ k(z, | #.,2)du(z,) from Theorem [4.4] where instead of x. we substitute Z,. This formula
allows optimization for x,.

In our experiments we chose the ¢-times product measure p := ®f:1 up for a fixed finite measure up on the
domain D. Note that if pup is Gaussian or a uniform measure on a multi-dimensional interval, then so is
. This acquisition function is time-aware, as points are chosen that reduce the variance over all possible
dynamical behaviour.

This version of T-IMSPE is a special case of the previous one: start with the version from Subsection 4.1
ignore the time dependency in the GP and intepret the GP to have the NX-time inputs. Now, the additional
average over time in T-IMPSE is trivial.

4.3 P-elementary functions for closed form (T-)IMSPE

A key step to applicability of our new T-IMSPE criterion is the evaluation of the integral in Equation ,
and hence in the Equations and @ This section shows that the integral can be computed in closed form
for a variety of covariance functions and measures. This decreases computational load improves numerical
stability of values and gradient. Even though this work uses the squared exponential kernel, work on efficient
kernel selection (Bitzer et all 2022) allows the modeler to quickly pick a suitable composed kernel. Our
theoretical contribution actually extends beyond our T-IMSPE criterion to the general situation of IMSPE.
We summarize and extend existing results (Sacks et al., [1989b; [Leatherman et al.l 2018) that this integral
can be computed in closed form, putting them into a more abstract and widely applicable framework.

Recall the class of elementary functions, which was defined in the 19th century (Liouville, |1833ajcib; [Bronstein
2005) to e.g. describe the well known result that while erf(z) := [ exp(—2?)dz is analytical and even entire,
it is not expressible in closed form using classical functions. The class of elementary functions is not suitable
to describe functions being computable in PyTorch, e.g. it is too big in the sense that it is closed under inverse
functions and it is too small as functions like erf(x) are nowadays easily computable. Furthermore, the class
of elementary functions only considers univariate scalar function f : U — R for U C R, whereas multivariate
multi-ouput functions are common in machine learning. Now, we adapt this definition of elementary functions
to formally define what it means to compute functions in closed form in a system like PyTorch.

Fix a programming framework P. We think of P as PyTorch, but one might as well think of P as JAX, TF
or any other current or future framework. Then, we view the following operation as computable in closed
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form in P: @ they have access to functions in P, @ one can compose functions, and one can perform
arithmetic operations. More formally, we define the following.

Definition 4.1. We define the set of P-elementary functions as the intersectiorﬂ of all sets of partia]ﬂ
functions U — R?®" for U C R% | d’',d" € Z~, that

(a) include all constants (considered as constant functions) and functions available in P,
(b) are closed under function composition o, and

(c) are closed under (multivariate and multi-output) rational maps; in particular additions, subtractions,
multiplications, divisions, and linear maps.

Example 4.2. The following functions are PyTorch-elementary:

i. (z1,22) — 2x1 — 4229 by Definition |4.1){(c)|

ii. x1 — erf(x1) by Definition [4.1}}(a)
iti. (x1,22) > erf(x;) by using all of Deﬁnition as (w1 > erf(z1)) o (1, 22) — z1).
iv. (x1, 29, x3) — erf(softmax(zy + 7 - 2, F(%)Q)) by using all of Definition

We now show that IMSPE and T-IMSPE are PyTorch-elementary for a wide range of covariance functions,
making safe active learning with them is computationally efficient and numerically stable.

4.4 Computability in closed form

IMSPE and T-IMSPE can be computed in closed form with a mild assumption on the GP covariance.

Definition 4.3. Let u be a finite measure on R?. We say a covariance function k is P-elementary
covariance marginalizable w.r.t. p if the integral [ k(z1,2,)k(x,, z2) du(z,) exists as a P-elementary
function in x1 and xs.

This is a non-trivial definition. In the appendices, we show or recall from the existing literature that constant
(Example [A.3), ARD squared exponential (Examples , polynomial (Example , half-integer Matérn
(Example [A.5), Wiener process (Example [A.5)), and random Fourier feature (Example covariance
functions are Pytorch-elementary covariance, while rational quadratic and periodic covariance functions are
probably not (Example , all when considering p as a non-degenerate continuous uniform distribution on
a multidimensional interval or non-degenerate Gaussian distribution.

The class of P-elementary covariance marginalizable covariance functions is closed under various operations:
scaling (Proposition , multiplication on independent inputs (Proposition , and also under sums
when the covariance functions satisfy another condition (Proposition . Furthermore, if a covariance
function is P-elementary covariance marginalizable w.r.t. two measures, then so it is w.r.t. the sum of these
two measures (Proposition . This cookbook allows to construct new GPs from previous ones, such that
T-IMSPE stays applicable. For more details on this cookbook see Appendix From this discussion we
conclude that the following theorem is widely applicable.

Theorem 4.4. Assume the prior covariance function k of a prior GP g to be P-elementary covariance
marginalizable w.r.t. a measure pu. Then, IMSPE and T-IMSPE are P-elementary, i.e. they can be computed
in closed form in the programming framework P.

These results have the major advantage that it is sufficient for the prior covariance function to be P-elementary
covariance marginalizable, and we do not need properties for the posterior covariance functions. For a proof

2Intersecting is a way of constructing mathematical objects when direct constructions are inconvenient. E.g., the span of a
set of vectors can be defined as intersection of all linear subspaces containing this set of vectors.

3Partial functions are functions that are not defined in all of their domain. This is necessary, e.g. as we divide through
functions having zeros or use logarithms.
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Figure 3: Plots for the seasonal change experiment (Subsection |5.1)) for ¢ = 0 (left) and ¢ = 6 (right).

of Theorem [.4] we refer to Appendix [B] which also provides a very concrete formula for the computation of
these criteria. We do not claim novelty to these proofs, which are known for the special case of polynomial
covariance functions since (Sacks et al., [1989b) and additional special cases are spread over the subsequent
literature, see Subsection [3.1]

We follow the state of the art approach in active learning, where GPs are trained after each addition of a new
data point, including hyperparameter training. After this training, IMSPE and T-IMSPE have the same
computational complexity as computing the entropy and can be evaluted on O(n?) for n training data points.

Corollary 4.5. IMSPE and T-IMSPE as computed in the proof of Theorem[[.4 need a one-time Cholesky
decomposition (which is computed anyway during the GP training) of the data covariance matriz k(x,z) in
O(n?), independent of the new data point x., where n is the number of data points. Afterwards, these criteria
can be evaluated in O(n?) as a function in x.,.

The proof of this corollary in Appendix [B]is very explicit and yields a direct formula for computations. For
us, the most important special case of the above general theory is the following.

Corollary 4.6. IMSPE and T-IMSPE can be computed in closed form in PyTorch for a prior GP with
squared exponential covariance, provided the measure p is Gaussian or continuous uniform.

5 Experiments

We conduct three experiments for safe active learning (Algorithm [1) in time varying systems. Thereby,
we demonstrate the superiority of the modeling quality achieved by T-IMSPE over both entropy, which is
currently the state of the art (see Appendix @ in active learning, and IMSPE, while keeping the same safety
standard. For further results of our experiments resp. further details on the setup of our experiments see
Appendix [E] resp. Appendix [F]and the attached code. We use the paired Wilcox signed rank test to show
statistical significance.

5.1 Experiment: seasonal change

We consider learning a system with strong periodic seasonal changes. The system is given as by rotating the
two-dimensional domain in the function from Equation in Appendix and plotted in Figure [3| with
additional plots in the Appendix in Figure [TI] It is particular challenging due to the quick period in time of
47 ~ 12.6 and high variation of around 50 % in its range. These changes also strongly affect the position of
the safe area.

We start with 8 initial measurements at times 0,...,7 positioned at the inital points of a Sobol sequence
in the safe area. Afterwards, 100 further measurements at times 8,...,107 are conducted according to the
respective safe active learning criteria T-IMSPE (from Equation , entropy, and IMSPE.

For the upcoming experiment and the subsequent experiment, we utilize a grid as our test dataset, restricting
to grid points where the behavior is currently safe. The rationale behind restricting our test data to this safe
area is rooted assessing the model’s quality there. The test data varies across different time steps, reflecting
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Figure 4: Box plots of RMSE value in the safe area of the experiments from active learning with seasonal
changes (left, Subsection and under drift (right, Subsection. The x-axis shows these value on averaged
over all time steps and at certain ascending time steps from 10% to 100%. The left diagram compares the
results of 450 runs between T-IMSPE (blue), entropy (red), and IMSPE (green), where T-IMSPE is highly
significantly (p < 2.2e—16) superior to entropy in all eleven comparison, whereas T-IMSPE is superior over
IMSPE on average (p < 2.1e—3). The median error reached by T-IMSPE at 30 % of the time is reached
by entropy at 50 % of the time, which is a 40 % reduction of measuremt time and cost. The right diagram
shows the gain of RMSE values in 500 runs when choosing T-IMSPE over entropy (red) and over IMSPE
(green). The results are significantly (p < 1le—10) better for T-IMSPE over entropy in all 11 comparisons and
and significantly better in 10 out of 11 comparisons for T-IMSPE over IMSPE.

the changing state of the system. Consequently, our analysis is confined to the current time, deliberately
excluding future time steps. This intentional exclusion prevents any unwarranted advantage of T-IMSPE over
entropy in the evaluation criteria, as T-IMSPE optimizes over future time steps. This precaution ensures a
fair and unbiased evaluation of model performance within the immediate temporal context. Comparisons are
done between runs of equal random seeds, in particular the same noise is added to the initial measurement
points.

Due to changing domains, we strive for a good RMSE not only at the final time step, but during all of the
measurement time. Figure 4] summarizes the results in terms RMSE in 50 runs with different seeds by the
above protocol after 10, 20, ..., 100 time steps, and the average over all time steps. In this experiment,
T-IMSPE is vastly superior in reducing RMSE in comparison to the state of the art entropy. The superiority
of T-IMSPE is highly significant (p < 2.2e—16) for all time steps and the average model quality. This number
2.2e—16 is the smallest representable p-value in R and indicates a result that is statistically highly significant,
essentially suggesting that the probability of the observed result occurring under the null hypothesis is
vanishingly small. Comparing T-IMSPE to IMSPE, we have T-IMSPE being superior to IMSPE on average
(p < 2.1e—3) and over the first three time steps at 10 % to 30 % (p < 2.2e—4, p < 1.1e—2, p < 1.5e—T).
Afterwards, when IMSPE and T-IMSPE have both mostly converged, both methods perform comparably,
with advantages for IMSPE at time steps 40 % to 90 %.

With all acquisition functions, over 99.5 % of all points were safe; this is satisfying by Remark

5.2 Experiment: drift

We consider learning a system with strong temporal drift. The system is given as by the formula in
Equation in Appendix and plotted in Figure [5| with additional plots in the Appendix in Figure
and Figure This system is particularly challenging due to the strong drift effect: the safe area shrinks
in size by approximately a factor of 2 and the range of the function increases by a factor of more than 150.
With the exception of the changed formula, our setup is the same as for the experiment with seasonal drift in
the previous Subsection
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Figure 5: Plots of the drift experiment (Subsection [5.2) for ¢ = 0 (left) and ¢ = 100 (right).

Due to changing domains, we strive for a good RMSE not only at the final time step, but during all of the
measurement time. Figure [4] summarizes the results in terms RMSE in 500 runs with different seeds by the
above protocol after 10, 20, ..., 100 time steps, and the average over all time steps. We see that at almost all
time steps, and in particular on average (left), the RMSE of T-IMSPE is smaller than that of the entropy. In
a

comparisons. The superiority of T-IMSPE over IMSPE is highly significant (p < 2e—16) on average, highly
significant (p < le—5) for 5 time steps (10 %, 40 %, 50 %, 60 %, 80 %), significant (p < 5e—2) for 4 time
steps (20 %, 70 %, 90 %, 100 %), and inconclusive at one time step (30 %).

We have 96.2 %—-96.5 % safe points for all 3 acquisition functions; this is acceptable by Remark

5.3 Dynamic real world system: rail pressure

This experiment considers the rail pressure example from (Tietze et al. 2014). The system consists of an
actuation v and an engine (rotational) speed ny, which yield the rail pressure 1. This system is particularly
challenging, as measurement positions at one time step strongly affect the measurements at subsequent time
steps. Furthermore, such measurements are quite expensive in real world scenarios. There exists a formula,
given in the code, such that ¥, = ¥(ng, ng—1, ng—2, Ng_3, Vi, Vg—1, Vg—3) with vg_o missing, and we will try
to find a GP model g such that ¢ = g(ng, ng—1, Nk—2, Nk—3, Vk, Vk—1, Vk—2, Vk—3). Here, the final RMSE
values in the safe domain are most important in practice. To obtain test data in the safe area, we constructed
a random safe trajectory of length 2024, where the next point is always a random point that turned out to be
safe.

Previous papers considered this dynamic example using piecewise linear trajectories as in (Zimmer et al.l 2018]),
where given a history of measurement position (ng, vx), (Rgk—1,Vk—1), . - ., & new point (ngys, Vk+5) was chosen
and the measurement position between were linearly interpolated as (nj4q, Vg4i) = % (ng, vk)+ % (Nkt5s Vit5)-
We consider fully dynamic learning, where given the above history, (ngy1,vg+1) is chosen. Hence, we are in
the setting of NX models as in Subsection [£.2] where IMSPE is not feasible as a comparison.

The results of the RMSE of comparing 100 runs of entropy to 100 runs of T-IMSPE (from Equation @ over
1000 iterations are shown in Figure[6] The superiority in RMSE values shows the superiority of the T-IMSPE
over entropy for dynamical systems. The Wilcox signed rank test conducted 10 times (every 100 steps) shows
that at all time steps TIMSPE is significantly better than entropy with p < 1.1e—6 after 100 time steps and
p < 3.2e—15 (sic!) at all remaining tested time steps.

Entropy had 97.5 % safe points and T-IMSPE had 99.2 % safe points in these experiments, see also Table
in Appendix [E] which is satisfying for both acquisition functions by Remark

6 Conclusion
This paper introduced an algorithm for safe active learning that is specifically suited for time varying

systems. Our T-IMSPE acquisition function is able to capture the time dependence and does not only collect
information for the current time step, but also for future time steps.

12
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Figure 6: Left: Common rail pressure system (system for high-pressure fuel injection) with controllable inputs
vk, Nk and measured output vy, taken from [Zimmer et al. (2018]); Tietze et al.| (2014)) Right: This diagram
show the decline in RMSE in the rail pressure model from Subsection Entropy (red) shows a slow decline
over the 1000 steps, whereas our approach T-IMSPE declines more consistensly, faster, and ends in much
smaller RMSE values. The dashed line is the mean of 100 runs, the area shows the 20 area and the solid
lines show 5 examplatory runs. The mean error reached by T-IMSE in the rail pressure example after 250
steps is the same as the one reached by entropy after 1000 steps. This is an 75 % reduction of measurement
time and cost

Our T-IMSPE acquisition function can be evaluated in closed-form at comparable complexity as the widely
used entropy acquisition function. This holds for commonly used kernels and we theoretically show the
boundary of computability for the IMSPE and T-IMSPE criteria and construct a cookbook of GP constructions
for IMSPE and T-IMSPE. The superiority of TIMSPE is highly significant.

Additionally, the theoretical contributions of this paper allow further applications which need more control
over information collection; for example one can specify where and when information is important and one
can see for which covariance functions such information gathering is possible.

The experimental results show a clear and significant advantage for the model quality obtained by T-IMSPE
over the state of the art entropy and over IMSPE in various settings of time changing systems, while keeping
the safety. In Appendix [E.I] we discuss what happens if systems are only slightly time changing.
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A On P-elementary covariance marginalizable covariance functions

This section provides more information about P-elementary covariance marginalizable covariance functions.
In particular, we provide a cookbook of which GP covariance constructions result in P-elementary covariance
marginalizable covariance functions.

A.1 Motivating example
Recall Definition a covariance function k is P-elementary covariance marginalizable w.r.t. a finite measure

w on R if the integral [ k(z1,z,)k(z,,z2)du(z,) exists as a P-elementary function in z1 and z. This
condition was used in Theorem [£:4] and hence allowed for closed form computations of IMSPE and T-IMSPE.

Let us see this definition in action for the special case of the squared exponential covariance function with
lengthscale of one and signal variance of one and a Gaussian measure, as already considered in Subsection [2.4
The rest of this appendix section vastly generalizes this example.

Example A.1. According to Formula , IMSPE selects the next measurement point z, € R'*? such that
the averaged posterior variance

/ k(| ) dp(y),
Rd

is minimal for any chosen measure g on R'*?. Consider specifically d = 1, the prior Gaussian process
g = GP(0, k) with mean zero and covariance function

(21 2932)2> ’

k(z1,22) = exp (
and p the standard Gaussian distribution given by the (Lebesgue, denoted by A) density
du 1 o x2
— =—exp|—— | .
dA 2 P 2

Assume furthermore one existing measurement point at = = 1.

Now let us consider which point z, € R to choose next, according to IMSPE.
/k(mr|;v*,1)du(xr)
R
B B k(zs, ) k(ze, )] [k(ze, 20)
_/IR (k(”’x’“) [k(zr,22) k(1)) {k(l,x*) k(1,1) k(L) | ) L)
B 1 k(1) ! k(x., )
/R<1[k(acha:*) k(z,,1)] {k(l,x*) : ] {kl,xr dps(z,)

1 (e woe [y ) [ e

1 1 - . 1 —k(1,2.)| k(2 2p) -
R gy /R [k(@r,2) k. 1) {—k‘(l,x*) | ] [m,xr)}d“( )
=1- W/}R(k(xr,mf + k(2,,1)? = 2k(1, 2)k(zr, 2 k(20 1)) dpa(,)
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This integral is computable, if we can compute the above products (or squares) of covariance functions.

Computing this is closed form is precisely the condition of k being P-elementary covariance marginalizable

w.r.t. . Luckily, this is possible for Gaussians, see also Example [AZ4] for a more general statement of this fact.
1

(1 — k(L 2.)%)

(/Rexp (—W)zdﬂ(mr)"’_/RGXp (—W)zdu(mr)
1—2 x 1

=1

(1 —k(1,2.)2)V2m

(/Rexp (_W>2exp (—f) d\(z,) + /Rexp <—(xr21)2)26xp (—f) dA(z,)
-t (B2) [ (e (L () )

2

(/Rexp (—(xr — ) - Jf) d\(z,) + /Rexp (—(q;T —1)2 - 3;) dA(z,)

~2exp (_(1—230*)2) /ReXp (_(xr —Qx*)Q N (:cT;1>2 _ 3323) d)\(xr)>

Again, we stress that these integrals are computable in closed form.

e (e () ¢ e () - e ()

R EETE sy <¢1§e"p (-5) + Frow (-3) - o (gt -5 +5))>

The resulting acquisition function shows which values for x, are most suitable to yield information concentrated
around zero with variance 1 (as specified by the measure u) for the given Gaussian process. We plot this
function in Figure [2 and discuss it in Subsection 2:4]

This example has shown on the special case that we need to integrate certain products of covariance functions
in closed form to compute IMSPE and T-IMSPE in closed form. This was the definition of P-elementary
covariance marginalizable covariance functions, which will be formally used in the proof of Theorem in
Appendix [B] similar to the example above.

A.2 Examples of P-elementary covariance marginalizable covariance functions

We now generalize this definition of a covariance function k being P-elementary covariance marginalizable,
such that it takes two covariance functions info consideration. This generalization is necessary for taking
sums of two covariance functions, see Proposition Our proofs below are given in this slightly more
general framework.

Definition A.2. Let p be a finite measure on R%. We call a pair (k;, ko) of two covariance functions
P-elementary cross-covariance marginalizable w.r.t. p if the integral [ ki(z1,z,)ka(z,, x2) dp(x,)
exists as a P-elementary function in x; and .
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Obviously, a covariance function k is P-elementary covariance marginalizable w.r.t. p if (k, k) is P-elementary
cross-covariance marginalizable. Hence, we will show some of the following results for P-elementary cross-
covariance marginalizability, which implies these results for P-elementary covariance marginalizability.

The definition of P-elementary cross-covariance marginalizability is non-trivial, as many relevant covariance
functions are elementary (cross-)covariance marginalizable w.r.t. relevant measures. While we state the
following examples with P being PyTorch, these results should obviously hold for any reasonable programming
framework.

Example A.3. Constant covariance functions k;(z1,2z2) = ¢; are PyTorch-elementary cross-covariance
marginalizable w.r.t. any finite measure p. The integral

/ ki(21, 2 )ko(2r, x2) dp(z,) = / caco dp(zy)
D D
=cico - u(D) €R
is a real number since y is a finite measure. Hence, this real number can be represented by PyTorch.
Example A.4. Consider the automatic relevance detection squared exponential (SE) covariance function
d
15~ (@i — i)
k y) = o2 —— R
sbot(z,y) = 0% exp ( DI

Then, ksg 6, ¢, and ksg o, ¢, are PyTorch-elementary cross-covariance marginalizable w.r.t. any continuous
uniform distribution on a multidimensional interval or any Gaussian distribution. This holds, since any finite
product of Gaussian functions is again Gaussian, leading to integrals involving the error function erf or
more squared exponential functions. To prevent digging even deeper into gory details of indices, here we
demonstrate this in the one-dimensional case for a uniform measure p = c- 1,y

/ ksE,oy,0, (1, T )KSE, 00,05 (27, T2) dpe(y)
R
b 2 2
1(z1 — ) 1 (zg — )
_ .42 o ) )2 _Z\re v
—/a ¢ o] exp( 5 iz ) 05 exp( 5 a dA(z,)

b 1(z1 — )2 1 (z9 — )2

—co20? / exp (_QW) exp (_2@2€;>> dA(z,)
a 1
b 2 _ 2 _ 2 _ 2

:CJ%US./ exp (£2(m1 'TT) ‘el(xQ xr) >d>\($r)

b 2 2 2 292 2
2059 + 2051 005 (x1 — x2)
:CU%US . L exp <_(€% +£§) . (‘7)7’ — M) — W d)\(xr)

. _(11—12)2) . Go—z)+3(b—z2) | _ £} (a—z1)+03(a—w2)
5 5 Vlily eXp( 2(63+63) <erf< 01037/203 4203 orf 01051/203 4202
=C0705 *

b V202 202

The same computation for a Gaussian measure p follows from an additional completion to the square and the
multidimensional case follows from the one-dimensional case and Fubini’s theorem on the order of integration.
We refer to Appendix [C| for more details on this covariance function for T-IMSPE and IMSPE.

Example A.5. Using the Risch-Algorithm as implemented in Maple, polynomial covariance functions,
half-integer Matérn covariance functions, and Wiener process covariance are PyTorch-elementary covariance
marginalizable w.r.t. both continuous uniform distribution on an interval or any Gaussian distribution.
Additionally, these three covariance functions, together with constant and squared exponential covariance
functions, are all pairwise PyTorch-elementary cross-covariance marginalizable.
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Table 1: These tables shows pairs of standard covariance functions and whether they are PyTorch-elementary
cross-covariance marginalizable w.r.t. any continuous uniform distribution on a multidimensional interval (left
table) or any Gaussian distribution (right table). The reasons for this summary are given in the examples
[A4] and [A77] The negative results stemm from the fact, that Risch’s algorithm in Maple failed
to compute the necessary integrals in Maple in closed form. A checkmark on the diagonal means that a
covariance function is PyTorch-elementary covariance marginalizable. For the negative results in brackets for
the cosine covariance function, see the comment in Example [A77] For the extension from cosine covariance
functions to random Fourier features (RFF) see Example

8 o o .8 o 3
uniform S ) :;é '% E \g g ;*g Gaussian § M % % E \g g .'g
istributi n 2 = H istributi n 2 = =

distribution % £ S &= < g distribution % £ S = < g

2, 2,

polynomial v v v v v v - - polynomial v v v v v v - -
SE VAR A O T O R A SE v v v v v v - -
Wiener process | v v v Vv vV vV - - Wiener process | v v v () () v - -
cosine v ) Vv v v v - - cosine VA O VAV C) B
RFF v ) v v v - RFF v Vv =YY - -
Matérn v v v v v v - - Matérn VA ) N G VA
RQ S RQ S
Periodic S Periodic - - - - - - - -

The proof of this is easy to understand on a high level, although a detailed technical proof ends in a gory
fight against indices, case distinctions, and factorsﬂ First, using Fubini’s theorem, everything reduces to the
one-dimensional case. Second, case distinction in the minimum-function in the Wiener process covariance
function is easily dealt with by splitting the one-dimensional integrals at its positions of non-differentiability;
this results in integrals where only one case appears. Afterwards, the Wiener process is just a polynomial
covariance. Now, the integrands are just products of polynomials and exponential functions with at most
quadratic exponents. These integrals can be solved by—potentially ugly—combinations of partial integration,
completion to squares in exponents, and usage of the Gaussian error function, similar to Example [A:4]

Example A.6. Neither the rational quadratic (RQ) nor the periodic covariance function seem to beﬂ
PyTorch-elementary covariance marginalizable w.r.t. non-degenerate continuous uniform distributions on
a multidimensional interval or non-degenerate Gaussian distributions, let alone PyTorch-elementary cross-
covariance marginalizable w.r.t. any of the standard covariance functions.

Example A.7. Consider the PyTorch-elementary (cross-)covariance marginalizability of the cosine covariance
function w.r.t. a uniform distribution on an interval. It is easily recognized as PyTorch-elementary covariance
marginalizable, as the integral basically reduces to a square of cosines. Similarly, Risch’s algorithm in Maple
is able to verify that the cosine covariance function is PyTorch-elementary cross-covariance marginalizable
together with constant, linear, polynomial, and Wiener process covariance functions. More interestingly,
it seems that the pair of squared exponential and cosine covariance function is not PyTorch-elementary
cross-covariance marginalizable w.r.t. both continuous uniform distribution on an interval or any Gaussian
distribution. While Maple can find an antiderivative for the defining integral in closed form, this antiderivative
involves complex error functionsﬂ which are not implemented in current versions of PyTorch. Perhaps, this
pair will be PyTorch-elementary cross-covariance marginalizable in a future version of PyTorch.

4We recommend implementations of the Risch-Algorithm as implemented in Maple, Maxima, or Mathematica to solve these
integrals.

5At least neither the authors nor—and much more important—the implementation of the Risch algorithm in Maple were able
to compute these integrals in closed form.

6The following Python code shows, that the error function in PyTorch does not support complex arguments in a recent
version.
»> torch.__version__
’2.0.1°
»> torch.erf (torch.tensor (complex(1,1)))
Traceback (most recent call last):
File "<stdin>", line 1, in <module>
RuntimeError: "erf_vml_cpu" not implemented for ’ComplexFloat’
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Now consider the cosine covariance function and its PyTorch-elementary (cross-)covariance marginalizable
w.r.t. a Gaussian distribution. Even showing that it is PyTorch-elementary covariance marginalizable needs
some manual intervention to simplify the results of Risch’s algorithm in Mapldﬂ As the squared exponential
covariance function is a Gaussian, this trick works to show that the pair of cosine covariance function
and squared exponential covariance function are PyTorch-elementary cross-covariance marginalizable. The
pair of cosine covariance and polynomial covariance is easily seen as PyTorch-elementary cross-covariance
marginalizable using repeated partial integration. Similar to above, we get complex error functions when
trying to compute the integrals for the Pytorch-elementary cross-covariance marginalizability of the cosine
covariance when paired with either half-integer Matérn covariance or Wieder process covariance, rendering
these two pairs not Pytorch-elementary cross-covariance marginalizability in current version of PyTorch.

We summarize the results of the previous examples [A.4] and [A77)in Table[[] We do not recommend
to reproduce most of these integrals without the help of a computer algebra system.

A.3 A cookbook of constructing P-elementary covariance marginalizable covariance functions

Knowing the base covariance functions, which are P-elementary (cross-)covariance marginalizable, we now
consider the standard constructions of composite covariance functions. We construct a cookbook that
states which of these constructions results in P-elementary (cross-)covariance marginalizable covariance
functions. As a first example, scaling covariance functions does not change their P-elementary cross-covariance
marginalizability.

Proposition A.8 (Scaling covariance functions). If a pair (k1, k2) of two covariance functions is P-elementary
cross-covariance marginalizable w.r.t. some measure yu then so is (afk‘l,agkg) for any 01,09 > 0.

Proof. The proof is obvious from the linearity of integrals. O

Multiplying covariance functions on independent inputs keeps P-elementary cross-covariance marginalizability.

Proposition A.9 (Covariance functions with independent inputs). Consider a direct sum decomposition
R? = R% @ R with 1 a finite measure on R% and pa a finite measure on R%. Assume that a covariance
function k factors over this decomposition, i.e. there are two covariance functions k; : R4 @ R% - R, i = 1,2,
with k(z,2") = ki(z1,2)) - ka(xa,25) for x = (21,22) € RN & R® and 2’ = (2, 24) € R @ R%. If ky resp.
ko are P-elementary cross-covariance marginalizable w.r.t. p1 resp. po, then so is k w.r.t. py ® ps.

Proof. This follows directly from Fubini’s theorem on the order of integration. O

One special case of this previous result is that the measure p might be chosen as a product measure of a
bounded uniform measure in some coordinate directions and a Gaussian measure in different coordinate
directions.

The class of P-elementary covariance marginalizable covariance functions is not closed under addition, for
example the sum of a cosine covariance function and various other covariance functions is not Pytorch-
elementary covariance marginalizable w.r.t. uniform or Gaussian measures. However, the addition of pairs of
P-elementary covariance marginalizable covariance functions sometimes results in P-elementary covariance
marginalizable covariance functions.

Proposition A.10 (Sums of covariance functions). Assume that a pair (k1,k2) of two covariance functions is
P-elementary cross-covariance marginalizable and both k1 and ks are P-elementary covariance marginalizable
w.r.t. some measure . Then, ki1 + ko is P-elementary covariance marginalizable.

"For simplicity we consider a special case where parameters are set to 1. The following Maple code computes of the relevant
integral for the PyTorch-elementary covariance marginalizability of the cosine covariance function, subtracts the intended results,
and shows that this difference is zero. A direct computation seems impossible.
> simplify(

int (cos (x—xr)*cos (y—xr) *exp(-xr~2) ,xr=-infinity..infinity)

-sqrt (Pi) /2*cos (x-y) -cos (x+y) *sqrt (Pi) /2*exp(-1) )(j'
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Proof. Consider
/(kl(xl, ) + ka(x1, 2,)) (k1 (22, ) + ko(22, 2,.)) dp(z,)
- /kl(:cl,xr)kl(xg,xr) + ky (21, 2 ) ko (20, 2,
+ k(21,2 )k (2, 22) + Ko (21, ko (22, 2,) ()
_ /kl(thr)kl(xg,xr)du(xr) +/kl(xl,xr)kg(mg,xr)du(xr)

+/kg(.’l)h.’lﬁr)k/’l(l‘g,LUT)du(iEr)+/k’2(a)‘1,l’r>k‘2($2,$r) dp(z,)

All four integrals exist as P-elementary functions by assumption. Since the class of P-elementary functions is
closed under addition, the proposition holds. O]

Example A.11. By this proposition, all said for the cosine covariance function in Example also holds
for covariance functions from random Fourier features (Hensman et al., [2018]), as these are just specific linear
combinations of cosine covariance functions.

As a direct corollary, if three or more covariance functions are all P-elementary covariance marginalizable
and pairwise P-elementary cross-covariance marginalizable w.r.t. some finite measure p, then so is their sum.
Looking at Table [I] we hence see that e.g. the sum of a polynomial covariance function, a Wiener process,
and a squared exponential covariance function is P-elementary covariance marginalizable.

Adding measures keeps P-elementary cross-covariance marginalizability.

Proposition A.12 (Linear combinations of measures). If a pair (ki,k2) of two covariance functions is
P-elementary cross-covariance marginalizable w.r.t. both the measures py and po, then so is (ky, ko) w.r.t.
aipy + asps for ap,as € R.

Proof. The proof is obvious from the linearity of integrals. O

This fact allows to use IMSPE and T-IMSPE in domains that are no hyperrectangles, as long as the domain
can be reasonably approximated by hyperrectangles. We can even subtract measures this way, e.g. to cut out
parts of an area. One could even use negative measures as obtained from this proposition to avoid getting
information in certain areas.

B Proofs of closed form computability of IMSPE and T-IMSPE

We provide our proof of Theorem [:4] about the computability of IMSPE and T-IMSPE for P-elementary
covariance marginalizable covariance functions and its corollaries. We do not claim novelty to the idea of this
proof, since similar proofs exist for the special case of polynomial covariance functions since (Sacks et al.,
1989b). The discussion of additional special cases are spread over the subsequent literature, see Subsection
e.g. Lemma 3.1 in (Binois et al., 2019). In comparison to previous proofs, we provide a longer and more
explicit proof.

Proof of Theorem[].]} Consider the 1 x 1-matrix k(z,|z., ) in the integral
/k'(xr|:n*,x) dp(z,).

from the definition of IMSPE. We can make the integrand more explicit as
k(x,|z, 2.) = k(z,, 2,) — k(2 (2, 2))k((2, 24), (2, 2.)) " k((2, 24), 20)

= k(zr,zr) = [k(zr,2)  k(z,,2.)] [:((;;H;)) f&ﬂfﬁ)}l {;((;HZ))}
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The Schur complement
S, = k(zy, 2) — k(24, 2)k(z, 2) " k(2, 2.,),
the scalar 02 = k(x.,.), and the vector
L= k(z,,2)k(z,z)™' = (k(z,z)  k(z, z,))7.
allows to describe the above matrix inverse in closed form.

k(z,z)  k(z,z.) -
k(ze,2) k(x., xy)
~ [k(zy2) T+ () T k(w2 ST R (2, ) (2, 2) T —R(2, @) 1k(av 7,)S!
- —S k(wy, )k (2, 2) 71 !
k(z,z)"'+ S;'LTL —S;'L
-S7L St

_ gt S.k(z,2) '+ LTL —LT

* —L 1

Having a closed form of the inverse, we can write

k(@@ )

-tz o) Menenl ({07 S0] (K

= k(z,2) — [k(zr,2)  K(ze,2.)] SO 5 k (@) ) FE _fT} Lﬁfi))]

= 0 = ST [k(wnx) k() [S*k PR ﬂ Lf(ﬁf,mé}))]

=02 — 5. [k(zr,2)  K(zr, 2.)] [S*k % x_i’}i(l' iTﬁfiffﬁi LTk(x*’xr)]
— 02 — SN (Suk(@r, 2)k(w, )"k (x, 2,) + Kz, 1) LT Lh(x, 2,)

— k(zp, ) LT k(2y, 20) — k(z0, 2.) Lk (2, 20) + k(20,20 K (24, 7))
=02 — 5, (Sik(z, 2)k(z, )" (2, z,)
+ k(zy, 2)k(z, 2) " k(x, 2)k(z,, 2)k(z, 2) " (2, 2,)
— k(x, 2)k(z, ) h(z, 1) k(2. )
— k(z,, x)k(xy, 2)k(z, x)*lk(x,xr) + k(xr,m*)k(m*,xr))

Writing k(z, :r:) CT(C as Cholesky decomposition, CI' := k(z,,2)/CT, C, = C\k(z,z,), CI =
k(z«,7)/CT, O\ := C\k(z,7.), and the correlation ¢ = k(z,, x.) = k(x., ;) thlb simplies to

k(z,|z, )
=02 — S (Suk(2y,2)/CTCO\k(z, 2) + k(20,2) JCT C\K(2, 2. )k (24, ) /CT C\K (2, 2,
— k(zp, 2) /CTC\k(, 2.)k(x4, 2,) — k(2,2 )k (24, 7) JCT O\ K (2, 21
+ k(zr, 2 ) k(2 21))
=02 - St (s.crc, +cle.cTo, —cCl e, — cCTC, + c2)
=o?-Ccrc,-s;'cre.cro, + s;tectc, + S;eCTC, — ST 2
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Now

/k(:cT|x*, x) du(z,) ey

— [tauten) - [ €TC,duw) - [ s:icre.cre,dute,)
1.1) (1.2) (1.3)
+ / S tecTC, du(zx,) +/S;10CECU dp(z,) —/5;102 dp(z,)

(I.4) (L.5) (1.6)

Here, ¢? and S; ! are scalars, C, is a vector of linear combinations of k(x,,x), C, is a vector of linear
combinations of k(z.,z). This means that all entries are either constant or a constant times a product of
k(zy,z1) - k(z,, z2). All linear combinations and all constants can be computed via numerical linear algebra,
mostly using the Cholesky decomposition. In particular, these integrals, considered as functions in z., are
P-elementary, since k is P-elementary covariance marginalizable.

T-IMSPE is a way of applying IMSPE to specific GPs. Hence, the claim for T-IMSPE follows from that of
IMSPE. O

Proof of Corollary[{-5 Initially, we compute a O(n?) Cholesky decomposition of the data covariance matrix
k(z,z). For each z., We make O(n?) evaluations of closed form functions and a small finite number of
forward and backward substitutions of Cholesky factors, each computable in O(n?). O

The statistics literature, see e.g. (Gramacyl, [2020)), is also concerned with avoiding the Cholesky decomposition
in O(n?), which is possible by rank-one-update formulas of the covariance matrices. These computational
improvements are only possible when hyperparameters are not retrained between iterations.

C Detailed explicit formulas of T-IMSPE and IMSPE for squared exponential
covariance functions

We give very explicit formulas for T-IMSPE and IMPSE when using squared exponential covariance function.
Therefore, consider the 6 integrals in on page independently. We assume a squared exponential
covariance function

d 2
kZRd X Rd —R: (131,.%2) — Ha2exp (_1((11%_(372)”)

2 1z
h=1 '/
d
1 ((@)n — (w2)n)?
— 42 _
= o2 exp ( 5 hz::l 7

with automatic relevance determination. For simplicity, we assume p to be a probability distribution, i.e.
wu(R?) = 1, and later we will also specifically concentrate on Gaussian measures and uniform measures.

C.1 Integral (1.1)

Jo2du(z,) = 02 = k(xs, ). This term is independent of z,, as k is stationary.
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C.2 Integral (1.2)

/ —CTC, dp(z,)
_ / k(ar, 2)/CTC\k (@) du(,)

= —/k(xr,ac)k(a:,x)flk(x,xr) dp(z,)

n

=— Z /k(xr,xi) (k(z,z)fl)i’j k(zj,z,)dp(z,)

-- (k(a?,x)*l)w/k(xr,xi)k(xj,xr)du(xr)

¥ 1 4 L ((@r)n = (x)n)* + ((x5)n — (@r)n)?

— —i,]z:l (k:(amx) )Z_J_.a ./Hexp <_2 h h 7 h h )du(xr)
=— Y z.2) Y. ot x 1 ((@r)n = (@)n)* + ()0 — (@r)n)? x

This should be integrable easily, e.g. for p the continuous uniform distribution on [a1,b1] X ... X [ag, bg] this
integral evaluates to

- Z (k(x,x)’l)ij ot
Q=1 ’
d W) _ (w)
) H 0, - exp (_ ((z5)n — (a?z)h)2> ' erf( 205, erf 20,
h=1 Al 2ap, — 2bp,
or for = N'(m,diag(s)) this integral evaluates to
2 2_ 2 2 2 2
n d exp (—Zh((Zj)h—mh) _éh2(£(2$'i)2h—mg) —52((x)n—(x:)n) )
- (2 +252)
—Z(k(x,x) l)i"OA'Héh' h\*h h

This term is independent of z,.
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C.3 Integral (1.3)

/-S;loZC*Ova dp(z,)

_ _5;1/030*0301, du(z,)

_ 75;1/k(xr,x)/C’TC\k(I,I*)k(x*vx)/CTO\k(xvxr)“(zr)

= =51 [ e 2) - (CT\C\K(, ) (k(2.,2)/C7 /) Ko, )
_ g / K(wp, ) - (567) - K(x, 2,) ()

== Z /k(xr,xi) Kikj - k(g xe)p(ar)

i,j=1
=51 Z ﬁinj/k(gcT,xl) k(zj,zr)p(z,)
i,j=1
- d (2 — 23)? + (2 — x,.)?
=-8,'" Z RL“J/HQXP <_ : - /2 : - >ﬂ(537)
i,j=1 h=1
n d
B 1(zp —2)% + (2 — )2
_ 14 J
=-S5, "0 lgl KiK; hl:[l/exp <—2 7 ()

for k = (CT\C\k(z,2.)) = k(z,2) 'k(z,z.). This should be integrable easily, e.g. for x the continuous
uniform distribution on [a1,b1] X ... X [ag, bg] this integral evaluates to

n d
=3 stk I
ij=1 h=1

2ahf(®j)h*(fri)h> _ erf (2bh—(z]-)h—(xi)h)

d x)n — (2)n erf oTh il
'hl;[lexp <(( J)hM}zf )’)2>, ( ¢ 7

2ayp — 2by,

or for u = N(m,diag(s)) this integral evaluates to

2 2 2 2 2 2
n d exp <_éh((wj)h—7ﬂh) —ZhQ(e(Z'M)Zh—"L;L) —sp((@)n—(zi)n) )
_ (02 +2s2)
o § S* 10,41%,%.1_[&]’. h\Ch h
h=1

ij=1

This term depends on x, (via k).
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C.4 Integral (1.4)

/S;lcCUTC’*u(xr)
:/S;lk(z*,xr)k(xr,x)/CTC\k(z,I*)u(xT)

—S; 102/Hexp(— (@ )

e o et

=57 10221@ /HeXp (— (@.)n (xT) ks ) (e, i) p(z,)

S st [ fTew( 10 (et £k =)
i=1 h=1 h

. —1 : 1 ((z)n — (x)n)? 4+ (@p)n — (@:)n)?
:;m.S* 04.,11:[1/6)(1)(_2 h h : h h )u(a:r)

for k = (CT\C\k(z,2.)) = k(z,2z) 'k(z,z.). This should be integrable easily, e.g. for p the continuous
uniform distribution on [a;,b1] X ... X [ag, bg] this integral evaluates to

n d
S ki-s7tet vt T
i=1 h=1
2ap— (s )n—(Ti)n 2bp— (s )n—(xi)n
H ( (@) — (xi)ﬁ) exf (2enlegam(ln )  grf (2usleaseon )
exp .

4@% 2ah — Qbh

k(x,2)/CTO\k(z, z. ) p(z,)

k(x, z) - CT\C\k(x, 2. ) ()

or for p = N (m,diag(s)) this integral evaluates to

n d ex —0 (@) n=mn)* =0 (@) —mn)? =57 (@) —(2i)n)*
I | 2656 725
i=1 h=1 V0 + 257

This term depends on x,.

C.5 Integral (1.5)

J S 1eCTCypu(z,). This is the same integral as the last one.

C.6 Integral (1.6)

[ -5 dutan) = [ -5 due,)
/ ~S;tot Hexp (—W)zd,u(xr)
=5, 104H/exp< gh(x*)h)2>2du(xr)
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X [ag, bg] this integral

This is easily integrable, e.g. for p the continuous uniform distribution on [ay, b;]

evaluates to
ap— (T« by, — (@
erf( h e(h’ )h)—erf( b g(h )h)

_1 4 . d . .
S* g \/771' H €h Qah — Qbh
h=1

or for = N'(m, diag(s)) this integral evaluates to

(mh*(w*)h)z)

Cot T P
h=1 v£i+25i

This term depends on .

C.7 All terms in (I) together

For p the continuous uniform distribution on [a, b] we have

[ #lalo ) dute,)

:0'*

ot vl th

4= 1
f[ w2y erf (eslagasten ) o (Zaslegnsten )
= 45% 2an — 2by,

Z lo nlnjf H lp
J=1 h=1
2ap—(x;)n=(Ti)n 2bp—(z4)n—(x4)
‘ (o) — (o) off (P2 Cgpm i) —nf (nCoppuntean)
. H exp | — 7 . ;
h=1 4 h 2(Lh -2 h

n d
+22ni-5;104-ﬁd- Hﬁh
=1 h=1
2ap—(z«)n—(Ti)n 2bp, — (T4 )n—(xi)n
(z)n — (ffz)h)2> erf ( n—( 222 ) ) —erf ( n=( 25: ;)

d
T e ( i
Pt 405

2ay, — 2by,

d ap—(x:)n bp—(z)n
14 d erf(#h== ) — erf(H—pmt )
_S*O'\/E'th. 2ap — 2bp,
h=1
=02
2 d
- Z <(k(x’x)_1)1:,j + S*_l’fi"%) oty H n
ij=1 fole
(@)n — (z)n)?\ ©f (W) —erf (W)
> . 2ah — Qbh

HexP( 4
d
+221€i~5;104 VAt I e
h=1

i=1
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zi)n)? ) erf (W) — erf (W)
2ap, — 2by,

d
e (@
1 o~

d an—(T)n brh—(@+)n
erf (2= ) — erf (=220
e P S 0 - 23 23
i ﬁ ];[ h Zah — Qbh
For a multivariate normal y = N (m, s) where s = diag(s1, ..., sq4) € R¥*? we have:

[ Hlarle) duta)

,ZQ x:)n—m 2752 2 h—m 2752 o)n— (i 5
Zn: (k-( )—l) 4 ﬁé eXP( w((x)n—mn) hz(g(i(g)é,l_i_%g)) 2 (25— (w:)1) )
- x,T L0 -
i,j=1 »J Pt \/m

exp (*fi((@j)h*mh)2*422(l§fgé);+;zg) —sp ((z)n—(zi)n)? )

_ZS UKZK;] Hfh \/M

i,7=1

exp < _é}zL((x*)h_mh)2_[i2(£(2x€e)2h+272h))2_5i((x*)h_(xi)h)z )

n d
+25 kSTt T ¢ -
; ,!‘;[1 \/€Z+2sh

d ¢ (— (mh—(ﬂﬁ*)h)z)
gt H h o OXP 64255
h=1 Vi, +2s;
2
=0

*Z( +S /-z,;nj)'o4~ﬁ€h
h=1

2 202 ) V2 —82 (@) r — (), )2
exp( 4, ((zj)n—mn) ZhQ(Z(i(IZ)';’tL—&-ng)) ((@i)n—(zi)n) )

7,7=1
d
EI VG + 283
2 2 2 2 2 2
n d exp <_€}L((x*)h_77lh) _Zh(;zwie)zh_ng) _sh((x*)h_(xi)h) )
+2) w570t [ - ZAURET

(mh—(z*)h)Q)
€i+25i

1, H
h=1 VG, +2sj,

d {p, - exp(—

D On Baselines

Here, we comment on our choice for entropy as the only baselines in the experimental Section [5} We chose
entropy as (only) baseline acquisition function, since it is the state of the art for active learning and safe active
learning in machine learning. This is different to Bayesian optimization, where multiple acquisition functions
are commonly used. In Appendix [D:I] we give reasons why several classical methods are no suitable baselines.
Marginalized S-diversity and marginalized mutual information are acquisition functions we developed during
the paper and do not appear in the literature. They have no closed form, and their numerical approximations
are very sub-par in our preliminary ablation experiments in Appendix Furthermore, we comment the
superiority of entropy over IMSPE for GPs with trainable hyperparameters as remarked in Subsection
which excludes IMSPE as baseline.
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D.1 Classical baselines

ALM is just another name for the entropy, as described in Section [2.3] D-optimal designs are a non-active
version of entropy, as described in Section [3.1} IMSE, ALC, IV, and IVAR are just other names of IMSPE, as
commented in Section A-optimal designs and V-optimal designs are non-active versions of IMSPE in
different interpretations, and hence not suitable for a comparison.

D.2 Comparison of IMSPE to marginalizing 5-diversity and marginalizing mutual information

Maximizing the mutual information I(z,;z, | ) (Krause et all 2008]) between a new datapoint z, w.r.t.
some points of interest x,. conditioned on previously existing data = is a classic choice to place sensors or
to conduct measurements in active learning settings. It is originally restricted to discrete sensor positions,
where it leads to an NP hard decision problem. Despite this restriction, applicability of mutual information
has increased as discussed in Subsection B.11

For active learning purposes we can replace the mutual information by the squared ﬁ—diversityﬁ D% (22 |
x) := exp(I(x;x,)) (Leinster] 2021} van Dam) |2019; |Chiu et al.| |2014)), as is is just a composition with a
monotonous and injective map. Instead of maximizing the (squared) S-diversity, we can also minimize the
inverse Squaredﬂ B-diversity D[;Z(ac*; z,|z). Consider z,,r, € R™*? and » € R"*,

DEZ(x*er | #) = exp(I(@s; 2 | x))_2
= exp (H(z, | z) — H(z, | 24, 2)) 7
exp (%(1 +log(2m)) + % log (det (k(xy|2x, x))))2

exp ((4(1 + log(2m)) + L log (det (k(z,|2)))))?
_ exp (log (det (k(z, ., 2))))
exp (log (det (k(z,[x))))
_ det (k(zp|zy, x))
det (k(z,|z))
_ k(xy |z, )
k(zr|z)

determinant of 1x1-matrix

The denominator is a constant w.r.t. x, and can be disregarded when minimizing DEQ(x*; Tplx) Wt x,.
We can write the numerator in terms of prior covariances:

k(l’rkﬂ*,l‘) = k(xﬂxr) - k(xrv (x*,x))k((w*,x), (x*,m))flk((x*,x),mr)

Minimizing this acquisition function obviously leads to choosing z, =~ x,, which is obviously a usually bad
choice, since any real form ob optimization is ignored in favor of just choosing the reference point. Similar
phenomena appear for multiple reference points x,., where each reference point leads to a local minima in the
loss landscape of . — k(z,|z.,x). To prevent these attracting local minima in the loss landscape, one can
minimize the above criteria when averaged over x,.:

/Dﬁ_2(a:*; x| ) dp(x,) = / W dp(z,) average inverse squared [-diversity
/k(xr\x*,x) dp(z,) IMSPE
/ —zy; x| ) dp(z,) average negative mutual information

8The interpretation of B-diversity is that of the diversity between two groups. In our case, this we aim to minimize the
diversity between x, and z,, when conditioned on x.
9We were unable to find anything close to resembling a closed formula for any other power of the S-diversity.
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Here, we assume some (finite or probability) measure p.

The average negative mutual information and the IMSPE are connected via a Jensen gap.

/—I(ﬂ]‘*;xr | z) dp(ar)
-/ (; log (det ((a,]2))) ~ 5 log (det (k(a ., x”)) dnter)

— [ (3o kGarlo)) ~ G 08 (kGar o) ) o)

_ %/log(k(:vr\x*,m))du(xr) - %/1Og(k(mr|x))du(xr)

Jensen ]

< Jtos ([ Karkoa)duten)) - 5 [ row kol duta)

constant in .

1
s 3 log (/ k(2y|x., x) du(mﬁ) (equal up to a constant)

Here, the latter line is just one half the log of the acquisition function IMSPE. Hence, the mutual information
and IMSPE are closely connected. IMSPE has the advantage for continuous domains, as one can marginalize
the reference points in closed form.

The comparison to the inverse squared S-divergence Dﬁ_Q(x*; xy | ) is more complicated. While DB_Q(QU*; Ty |

x) = % and k(z,|x., x) are equal up to a factor that is constant in x.. Sadly, this factor is not constant in

x,, over which we marginalize. Hence, [ k(z,|z.,z)dpu(z,) and fDﬂ_Q(m*; z, | z)dp(z,) = [ % dp(x,)
are differently weighed integrals. In the latter case, one weighs reference points x, higher if k(z,.|z) =~ 0, i.e.
reference points near the data points. We do not think that this is suitable in practice. In addition to no

closed form integrals and very suboptimal initial experiments, we did not pursue the §-diversity any further.

We elaborate on a preliminary empirical comparison between the marginalizations suggested above, and
not only between (T-)IMSPE and entropy. First, we were neither able to compute [ —I(z.;z, | z)dp(x,)
nor | D/;Q(a:*;xr | )du(x,) in closed form for any choice of covariance function we tried. Furthermore,
numerical or MC approximations to these integrals suffer from a problem: the appearance of local optima at
all points where the integral is numerically or stochastically evaluated. In preliminary experiments, this led to
the same suboptimal behavior as for finitely many reference points x,.. More precisely, for the minimization
of both —I(x;x,|z) and Dﬁ_Q(x*; x, | ), one chooses z, is a local optimum close to one of the x,.. In fact,
any data point in x will repel z, and any point in z, will attract x,. This leads to many local optima, that
are not optimal for active learning. The many local optima are a problem for the optimization in safe active
learning, as many more starts of the optimization are necessary, leading to drastically increased computation
time. Further increasing the number of reference points x, leads to more, but less pronounced, local extrema;
this did not improve the situation. In Figure [7] we see how optimal the acquisition functions entropy, IMSPE,
and a numerical approximation of IMSPE are for placing a single data points in one to twelve dimension.

We cannot change the z, during a single optimization run, as this leads to unstable optimization. Even
choosing the x, different in every active learning step resulted in suboptimal exploration, as measurements
are not prioritized by being near the safety boundary, but by being close to one of the x,.

E Further results of the experiments

E.1 Further results for the seasonal change experiment

For the example about seasonal change from Subsection [5.1] the average amount of safe area that is recognized
as safe area is also similar for entropy (0.401 £ 0.048) and T-IMSPE (0.394 + 0.039).
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Figure 7: For various dimensions 1 < d < 12, we consider the average posterior variance over the interval
[~1,1]¢ of a GP after adding a two datapoints. The first datapoints is at the origin, and the second datapoint
it optimized with 5 different acquisition functions. For a better visual representation, we print the average

variance o2

2
avgs Which is bounded between 0 and 1, in log-odds, i.e. as log( Tavg ), where smaller is still

lfoqu

better. The prior GP is has a squared exponential covariance functions with all hyperparameters set to
one. The entropy acquisition functions (red) is very suboptimal, since the second point is always placed at a
position with maximal variance after adding the origin, which is the boundary of the domain. While the
numerical approximations to the intergral in the definition of IMSPE (shades of light blue) come close to
the symbolically computed IMSPE (dark blue), they rarely find the same optimum. For example in one
dimension, the optimally places points are at —1 (entropy), —0.633 (IMSPE approximated with 64 points),
—0.598 (IMSPE approximated with 256 points), —0.536 (IMSPE approximated with 1024 points), which are
at best near the real optimum at —0.532 (closed form IMSPE).

For the example about seasonal change from Subsection [5.1] we conducted an ablation study about the effect
on dwindling superiority of T-IMSPE over entropy, once the seasonal effect weakens. We consider learning a
system with seasonal changes of various changes, again by rotating the domain in the function
McCormick : (z1,x2) —
sin(zy + z2) + (z1 — 22)? — 1.521 + 2.525 + 1,

by the formula

1
ssnl, : (¢, 21, 22) — =1+ 10 McCormick(
1 1. [at 1. /1 . [at
- —sin | — — —sin | =sin [ —
2 P 2™ \10) )T M\ 10 ) )
1 . 1 . at n 1 1 . at )
5sin | 5sin | oo ) J 21+ 5 cos | osin{ 15 ) ) @2),

where a € {0,1,2,3,4,5} determines the strength (or speed) of the seasonal change. Note that in Subsection
we used a = 5. The value a = 0 corresponds to no seasonal change. We keep all other parameters as in the
main experiments.

In Figure |8 we see the results of this experiment. Entropy is superior for a € {0, 1}, whereas for a > 2 we
have that T-IMSPE results in lower RMSE values. This is in accord with both the literature as discussed
in Subsection and the results in this paper: entropy is the superior acquisition function when temporal
changes are non-existant or weak, whereas T-IMSPE is the superior acquisition function for applications with
temporal changes.
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Figure 8: Box plots of the RMSE values in the safe area of the experiments from active learning with seasonal
changes in Appendix [E.1] We compare the results of 25 runs between T-IMSPE (blue) and entropy (red) on
for various values of the strength of the seasonal change a. We see that T-IMSPE is superior to entropy for
larger values of a, whereas for smaller values of a we see the superiority of the entropy.

It remains an open practical question how to detect, whether a system is sufficiently enough time changing,
where we currently have no clear answer. Computation time is comparable between T-IMSPE, entropy and
IMSPE, so this is cannot guide a decision. We checked the length scales in direction of time as criterion, and
they were not sufficiently correlated with time variance. Perhaps one could use model selection for Gaussian
processes: if a GP that is constant in time direction is more suitable to model the data, then the system
might not be sufficiently time variant; this is speculative. It remains to guess for a potential user of T-IMSPE,
entropy, or IMSPE, which acquisition function is more suitable in a situation. If a system is noticably time
variant, we suggest T-IMSPE. Note that IMSPE behaves exactly as T-IMSPE if a system is constant in time;
hence, it might be a safe choice to always use (T-)IMSPE. In the borderline of mild or no time variance, all
methods show comparable performance and our preliminary experiments point to a strong dependence on
the dataset; in this overlap, the choice is not too relevant.

E.2 Further results for the drift experiment

Consider the experiment about drift in examples as discussed in Subsection[5.2] Due to the drift, any active
learning scheme won’t bring down the RMSE significantly. Instead, the goal is to hold the RMSE on an
acceptable level despite the drift. In the main paper, we have shown the RMSE gain of T-IMSPE over entropy
in Figure @ Figure [J] also shows the raw RMSE values.

E.3 Further results for the rail pressure experiment

Subsection [5.3] considered the rail pressure experiment for dynamic systems. Here, we show additional
results. Also, the amount of safe area that is recognized as safe area is drastically larger for T-IMSPE, see
Figure [I0] Table [2] shows some additional numerical results. In addition, this tables serves as an ablation for
the maximal distance in an elipsiodal norm, allowed by the safe active learning algorithm in this experiment.
This axis-parallel ellipse with semi-axes 80.3 and 2.17 is actually a circle in scaled space (see Appendix
for the formula for scaling) of radius 0.1. Increasing the radius to 0.15 or 0.2, i.e. allowing more dynamic
behaviour, massively decreases the quality of the results in safe active learning.
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Figure 9: Box plots of the RMSE values in the safe area of the experiments from active learning under drift
in Subsection We compare the results of 500 runs between T-IMSPE (blue), entropy (red), and IMSPE
(green) on average during the runs (left) and then ascending at specific time steps. In contrast to the other
use cases, the drift prevents a major decrease of the RMSE over time. These are the raw values of Figure [4]
from the main paper, where the difference of experiments with the same seeds were considered.
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Figure 10: This diagram show the increase in recall for classifying the safe validation data correctly into as
safe in the rail pressure model from Subsection Entropy (red) show a slow incline, whereas our approach
T-IMSPE rises faster, resulting in much higher recalls. The dashed line is the mean of 100 runs, the area
shows the 20 area and the solid lines show the same 5 exemplary runs as Figure @

F Technical Details on experiments

Our implementation is done in the PyTorch environment (Paszke et al., 2017)).

All our GPs use the squared exponential covariance function with a separate length scale ¢; as hyperparameter
for each input (automatic relevance determinantion). Additionally, we use the signal variance aj% and noise
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Table 2: We show various additional results on dynamic railpressure experiment from Subsection We
compare entropy (first three rows) to T-IMSPE (seconod three rows) with three different maximal distances
(0.1, 0.15, and 0.2) for each step in scaled space. The experiment in the paper used the clear superior distance
of 0.1. The first row shows the computation time in seconds on an NVIDIA RTX3080 GPU of all 1000
safe active learning steps. Here, entropy clearly takes longer, even though in theory it should have a fast
evaluation time by a small constant factor. Debug outputs indicates that entropy leads to significantly more
failed optimization runs, where the safety and other constraints could not be kept. Both approaches choose
over 90 % of points as being safe, with T-IMSPE achieving 99 % safety. Our safety criterion of two standard
deviations of the GP model prediction stay below the safety bound would predict that—ignoring model
error—independently chosen points are about 97.7 % safe. The last row shows the recall of our safety criterion
on safe trajectories, i.e. the percentage of safe trajectories in the test data, which are recognized as being
safe. In these recall values, T-IMSPE is more than twice as good as entropy. See also Figure [I0} where the
recall values are plotted over time, instead of the average as here. Results are the mean of all five seeds, with
standard deviation in brackets.

strategy max. distance | comp. time (s) safe points (%) static recall (%)
0.1 13093(£334)  97.5(£0.4) 18.3(£6.4)
Entropy 0.15 14022(£653) 94.0(£0.3) 16.5(£2.6)
0.2 15604(£1129)  90.3(£0.2) 9.2(+2.3)
0.1 3792(+212) 99.0(+0.4) 38.5(+3.4)
T-IMSPE (ours) 0.15 3915(+179 97.1(0.7) 32.8(+3.6)
0.2 4305(£271) 93.3(+1.2) 25.6(£7.2)

variance o2 as as additional hyperparameters, as in (Rasmussen & Williams, 2006)). The GP has a constant

mean function m as hyperparameter. For the initial training of the GP hyperparameters, we use the SQPE
implementation from PyGranso (Liang et al., 2022; |Curtis et al.l 2017). After each new measurement, we
retrain all hyperparameters with 30 steps of ADAM. When training hyperparameters, instead of minimizing
the negative log likelihood, we minimizing the negative log a-posteriori. This is the same GP for both
acquisition functions entropy and T-IMSPE.

The choice of a GP with squared exponential covariance function for all experiments might be unintiutive.
Specific covariance functions might have improved the results of the examples, e.g. periodic or cosine covariance
functions for the experiment with seasonal chance in Section [5.1] However, there are several reasons for
experiments with a standard covariance function such as the squared exponential covariance.

1. We did not want to assume any specific time-varying structure (other than dynamic structure in the
third experiment) in our covariance function.

2. We prefer a consistent approach over several experiments.

3. The GP used in the seasonal change experiment in Section does not directly model periodic
behavior. Despite this, T-IMSPE still steers the data acquisition such that even a GP with a
uninformative covariance functions learns the periodic behavior, see Figure [d We see it as an
advantage to T-IMSPE that periodic structures are automatically captured with a standard Gaussian
process.

4. We conducted preliminary experiments with a periodic covariance function in the seasonal change
experiment in Section These experiments used the numerical approximations to T-IMSPE, since
there is no closed form version for the periodic covariance in T-IMSPE, see Table [I} The results
were as follows: Safe active learning behaved very suboptimal with all acquisition functions when
we trained the hyperparameter for the period length of the periodic covariance function, since the
hyperparameter for the period length was hard to learn in a Gaussian process with multiple inputs
and few measurement points. This lead to many local optima, most of which showed very suboptimal

OWithout constraints, this is basically a Newton optimization.
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behavior, and very overfit models. When we manually set the period to the correct value (something
that seems to be unreasonable in many practical examples) and used a numerical approximation
to T-IMSPE, entropy was superior to the numerically approximated T-IMPSE. This is consistent
(and one of many reasons) for our observation in Appendix [D] that numerically evaluated integrals
perform suboptimally.

We choose the following priors for the experiments. For the seasonal change experiment from Subsection [5.1
and for the drift experiments from Subsection the priors are

softplus ™ (¢;) ~ N(5,1%)
softplus™ ! (£,) ~ N(0,1?)
softplus™!(of) ~ N (1,1%)
softplus™!(,) ~ N'(—3,1%)
m ~ N(10,0.01?)

for softplus(z) = log(1 + exp(x)), temporal length scale ¢; and spatial length scale ¢,. For the rail pressure
experiments from Subsection [5.3] the priors are

softplus ™' (¢) ~ N

softplus™ (o) ~ N

softplus ™ (o,) ~ N

m~N

0.5,0.1%)
0.5,0.1%)
—3,0.1%)
11.77,0.012).

—~ ~ —~~

For the rail pressure example, it is particularly important to have conservative priors, since otherwise safety
constraints are kept much less often. The priors for the mean are particularly strict. This prevents small
mean functions and hence exploration into unsafe area which are deemed safe due to unsuitable extrapolation.
Taking the mean as trainable hyperparameter with prior instead of fixing it allows for flexible models once
enough data is collected. While using GPyTorch (Gardner et al., 2018, we reimplemented the priors to avoid
inconsistencies in GPyTorch.

The optimization for safe active learning is done again using the SQP implementation from PyGranso with
3 random restarts. In case of the first or second unsuccessful optimization, where no point keeping the
constraints could be found, we start an additional optimizations with new starting points, such that at most
5 restarts are performed. In the optimizer, all tolerances are set to 10™% and maximal 200 iterations are
allowed. The most important constraints, the safety constraint, is taken Mmgafe (T4|2, ¥) + 24/ ksate (24]2) < ¢,
where ¢ is the constraint and mgafe (74|, y) TeSp. \/ksafe(T+|x) are the mean resp. standard deviation of the
posterior GP at x,. This corresponds to oo = 0.977.

We adapted entropy (mildly) to the time-variant case: we maximize the variance by only allowing the current
time step, similar to the usage of the acquisition function in (Fiducioso et al., [2019). However, to the best of
the authors’ knowledge, IMSPE is the only acquisition function that allows to specify that knowledge should
be collected to add information for future time steps.

The finite measure for T-IMSPE in the experiment with seasonal changes and for the drift experiments
are chosen as 1px4,,t,+10], Where to is the current time point, D is the allowed spatial domain, and 1 is
the indicator function. In other words, we want to reduce the variance equally over D and up to 10 time
steps into the future. For the rail pressure experiment, we chose 1p4 as measure for T-IMSPE, to search for
trajectories that reduce the variance over the space of all trajectories. The exponent 4 in D* is due to having
4 time steps in our NX model.

As in the seasonal change example, the drift example starts with 8 initial measurements at times 0,...,7
positioned at the inital points of a Sobol sequence in the safe area. Afterwards, 100 further measurements
at times 8, ..., 107 are conducted according to the two respective safe active learning criteria entropy and
T-IMSPE.
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Figure 11: Plots of the function from @ for the seasonal change experiment for various values of ¢.

In the rail pressure example, we also model real world safety procedure, mirroring a similar procedure in
(Zimmer et all [2018} [Tebbe et al. [2024). Once a measurement is not safe, we jump back to the area that
was initially declared as safe. Note that the jump back itself is not necessarily safe itself, due to potentially
being a long trajectory. However, once inside the area that was initially declared as safe, the behavior will
quickly stabilize, which is not necessarily the case outside of the initially safe domain. The NX structure was
chosen similar to (Zimmer et al., 2018; Tebbe et al., 2024), i.e. based on expert knowledge. If, in a different
application, this expert knowledge is not available, one can use techniques for NX structure optimization
to find a suitable value, e.g. from (Yassin et al., [2010). The domain is D = [1000,4000] x [0,60], the safety
constraint is to keep the rail pressure below 18, and the initially known safe domain for steady state behavior
is [2093,2414] x [14.36,23.0]. Bigger jumps result in uncontrollable dynamic behavior, hence we restrict
(nk+1,vk+1) to an ellipse around (ng,vr) with axis-parallel semi-axes 80.3 and 2.17. We choose 256 initial
measurements in the known safe domain, while keeping distances between points short enough that the initial
measurements are all safe. After an unsafe measurements with rail pressure above 18, we will return to the
safe domain to stabilize the dynamic behavior.
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Figure 12: Plots of the function from for the drift experiment for various values of .

F.1 Formulas for the experiments

The formula of the seasonal change experiment in Subsection [5.1] uses the classical McCormick function
(McCormickl, [1976)

McCormick : (z1,x2) —
sin(zy + x2) + (21 — 22)? — 1.521 + 2.525 + 1,

in the formula

1
ssnl : (¢, 21, 22) — =14 M McCormick(
Lol an () Y or Lo (L (1 -
geos|gsin( g )|z —gsin{gsin{g )|
i (L (2) ) o1 Lo (Luin () ) )
oin(gsin{ 5 ) Jar+geos(gsin{g))az).

See Figure [11| for a visual representation of this function. We consider this function in the spatial domain
[—4,4]%, where the area [—0.5,0.5] x [—1,1] is deemed save initially. Measurements at (t,z1,z2) are deemed
safe if ssnl(¢, z1,x2) < 0.
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Figure 13: Plots of the function from for the drift experiment for various values of ¢.
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The formula of the drift experiment in Subsection [5.2]is given by

1 . t
drft : (¢, 21, 22) 1000 ((2 + sin <2>> t+ 1)

t
. <Rosenbr0ck(m1, x9) — 25+ 10)

for the classical Rosenbrock function (Rosenbrock [1960)
Rosenbrock : (z1,22) — (8- |27 — xa| + (1 — x1)?).

This function is visualized in Figure and Figure We consider this function in the spatial domain
[—4,4]2, where the area [—0.5,0.5] x [—1,1] is deemed save initially. Measurements at (, 21, x2) are deemed
safe if drft(¢,21,22) < 0. Note that the safe area is decreasing as ¢ increases.
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