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Abstract

Reinforcement learning in infinite-horizon Markov decision processes (MDPs) is
typically framed as expected discounted return maximization. In this paper, we
formulate an alternative principle for optimal sequential decision-making in infinite-
horizon MDPs: variational Bayesian inference in transdimensional probabilistic
models. In particular, we specify a probabilistic model over a random-length
state—action trajectory and consider the variational problem of finding an approxi-
mation to the posterior distribution over state—action trajectories conditioned on
state—action trajectories that reflect some desired behavior. We derive a tractable
variational objective for infinite-horizon settings, prove a variational dynamic-
discount policy iteration theorem, show that fixed discount factor KL-regularized
reinforcement learning objectives are special cases of dynamic-discount variational
objectives, and prove that learning dynamic discount factors is optimal.

1 Introduction

We provide a Bayesian framework for deriving behavior-driven optimal decision rules for sequential
decision problems. In particular, we provide a mathematical justification for learned, dynamic dis-
count factors in KL-regularized reinforcement learning, which have been proposed as an empirically
useful tool in recently developed reinforcement learning algorithms [4, 6, 8], and establish a rigorous
foundation for framing modern reinforcement learning methods as probabilistic inference. Although
control as inference has gained in popularity, the treatment of infinite-horizon settings in previous
works is ad-hoc and not probabilistically well-motivated. With this work, we hope to address this
shortcoming and provide a clear formulation of control as inference that carefully disambiguates
modeling and inference assumptions.

Levine [3] and Haarnoja et al. [1] presented a framework for framing maximum-entropy reinforcement
learning as Bayesian inference in probabilistic models over finite-horizon state—action trajectories.
However, most modern reinforcement learning problems are not formulated as finite but as infinite-
horizon problems [5, 9]. To apply their probabilistic probabilistic formulation of reinforcement
learning to infinite-horizon problems, Levine [3] and Haarnoja et al. [1] introduce a fixed discount-
factor into their formulation post-hoc and without providing a probabilistic justification for doing
so. In this paper, we show that including a (fixed) discount factor as proposed by Levine [3] and
Haarnoja et al. [1] is a special case of a more general probabilistic framing of the problem, leads to
a variational formulation with a loose evidence lower bound, and can provably be improved upon
by framing Bayesian variational inference in infinite-horizon MDPs as variational inference in a
transdimensional probabilistic model.

To derive a learning algorithm that allows us to infer a policy that reflects the behavior encoded
in desired state trajectories, we frame the problem of finding an optimal policy as computing
an approximation to the conditional distribution over state—action trajectories given state—action
trajectories that reflect a desired behavior. We formulate a corresponding probabilistic model and
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derive tractable variational objectives for finite- and infinite-horizon settings. Based on these results,
we define a novel Bellman backup operator and show that for tabular settings, the repeated application
of the operator converges to an optimal policy and an optimal dynamic discount factor. Building
on this result, we show that fixed discount factor KL-regularized reinforcement learning objectives
are special cases of the dynamic-discount objectives derived here and demonstrate that variationally
learned, dynamic discount factors are optimal in KL-regularized reinforcement learning.

2 Preliminaries

Standard reinforcement learning (RL) addresses reward maximization in a Markov decision pro-
cess (MDP) defined by the tuple (S, A, ps,,pa,7,7) [10, 11], where S and A denote the state
and action space, respectively, pg denotes the initial state distribution, py is a state transition dis-
tribution, r is an immediate reward function, and +y is a discount factor. To sample trajectories,
an initial state is sampled according to ps,, and successive states are sampled from the state tran-
sition distribution S;11 ~ pg(-|s¢, a;) and actions from a policy A; ~ w(-|s¢). We will write
To:t = {So,Ao,S1,...,S:, At} to represent a finite-horizon and 7o = {S;, A+}$2,, to represent
an infinite-horizon stochastic state—action trajectory, and write 7o.: = {So, a0,81,...,St, a:} and
7o = {st,a;};2, for the respective trajectory realizations. Given a reward functionr : S x A — R
and discount factor v € (0, 1), the objective in reinforcement learning is to find a policy 7 that
maximizes the returns, defined as E,,_ [>,° 77 (s¢, a¢)] , where p. denotes the distribution of states
induced by a policy 7.

3 A Variational Formulation of RL in Infinite-Horizon MDPs

Desired behaviors for artificial agents are often abstract and hard to encode into reward functions.
However, in practice, it is often easy to represent desired behaviors via demonstrations. Such
demonstrations can be thought of as sample state—action trajectories from a distribution over optimal
state—action trajectories. In the remainder of this paper, we will demonstrate how to use variational
Bayesian inference to infer an optimal policy from a set of optimal state—action demonstrations.

To start the exposition, we note that for every state in the environment, there exists a desired, or
optimal, behavior that an agent could take. We denote this optimal behavior for any given state as
the set of state—action trajectories by 72, Throughout, we will use the index € to denote optimality.
Hence, for any state s € S, assuming the MDP is ergodic and transition dynamics are deterministic,
there exists a set of actions that will set an agent on an optimal state—action trajectory, that is,
A = {a € A|s' ~ pa(s'|s,a) : s € 79}, meaning there exists a set of actions that will set an
agent on the optimal state—action trajectory with probability one.

If the transition dynamics are stochastic, each state—action pair will have some probability less than
one of transitioning the agent onto an optimal state—action trajectory. Denoting the event of a state
being in the optimal state—action trajectory by s € S%, where S = {s € 7%}, we can define a
random variable £(S?) = I{s’ € S**}. We then have that £ = 1 if the state s’ into which an agent
transitioned after taking action a in state s is in the optimal trajectory and &(S?) = 0 otherwise. The
probability of transitioning into a state on the optimal state—action trajectory at time step ¢ + 1 is then
given by

P(€41(S%) = 1]5,,a,)= /

de(st+1 |st,at)dsi1 :/ Pa(Si+1|8e,a) [{si41 € SQ}dSt-s-L (D
S S

In other words, the probability of transitioning into a state on the optimal state—action trajectory
corresponds to marginalization over the set of optimal states S**. Equation (1) is a likelihood function.

Similarly, by the Markov property, the joint probability of transitioning into a state on the optimal
state—action trajectory and staying on it from time step 1 to time step t* = ¢t + 1, given a state—action
trajectory, factorizes and is given by

P(&1.441(S) = 180, a0, -, St, &)

t t
= H /de(st’—i-l |St’>at’)dst’+l = H /pd(st'+1 \St',at')H{St'H € SQ}dSt'-s-l,
0V/S S

t’'=0

@

where we start from ¢’ = 0 without loss of generality.



3.1 Warm-Up: Finite-Horizon Reinforcement Learning as Variational Inference

First, we consider the finite-horizon setting. This formulation only diverges slightly from prior work
but will help us transition to the transdimensional model formulation for the infinite-horizon setting.

With the notion of trajectory-dependent optimality described in the previous section, we can now
specify a model over finite-horizon state—action trajectories and &;.41(S*),

t t—1
(704,141 (8%)) = sy (50) [ [P(&rr41(8%) = 1Isvr, ar)p(ar [s) | [ palseta |se, av)p(ar [sr),
t’'=0 t'=0

where T o.; is a state—action trajectory starting at state Sy and ending at state S;, p(a:|s;) is
a conditional action prior, p4(s;+1 |st, a:) is the environment’s state transition distribution, and
€1.001(SD) = {&v(S?) = 1} is the set of events corresponding to transitioning onto an optimal
trajectory. By extension, the probability of transitioning onto an optimal state—action trajectory and
remaining on it for t* time steps given a state and a prior policy is given by the marginal likelihood

t
P(&1:41(S%)=1] SO)Z// Do, (To:t | So)(H / pa(se+1 [ sy, an) dSt'+1>dS1:t dag:t
At+1St 0 8¢

3
t—1

where DFy.180 (To:t [s0) = p(as | st) H pa(se+1 |8y, ar) play |se) 4)
/=0

is a prior distribution over state-action trajectories. Using an indicator function I{s,;; € S}
denoting whether the next state is on the desired state—action trajectory, the marginal likelihood in
Equation (3) can equivalently be expressed as

P(&1.041(S?) = 1]s0)
t
= // PFy.4180 (To:t | SO)(H /pd(st'+1 Ise,ap) [{sy11 € SQ} dst/+1>dsl;t dag.¢.
AtF18t f—o”/S

This marginalization establishes the connection between the full joint distribution in Equation (3) and
the likelihood of remaining on an optimal state—action trajectory under a state—action trajectory prior
and the likelihood function defined in Equation (1).

&)

P(&1.441(S*?) = 1|s0) is the marginal likelihood of remaining on the optimal state trajectory from
time step 1 to time step ¢+ 1 under the prior policy p(a; | s;) and the dynamics model py(s;+1 | s¢, at).
Using Bayes’ Theorem, we could use the marginal likelihood to compute the posterior distribution
over state—action trajectories, p ¢ (- [€141(S 2)). Unfortunately, the marginal likelihood

in Equation (5) is intractable for all but the simplest probabilistic models.

To infer an approximate posterior distribution over state—action trajectories instead, we express
posterior inference as the variational minimization problem

minq”i’o:tEQ DKL(q'i-U:t () H PToléries ( | gT:tJrl(SQ)))’ (©)

where Dy (- || -) is the KL divergence, and Q denotes the variational family over which to optimize.
We consider a family of distributions parameterized by a policy 7 and defined by

t—1
45, (To:t) = ps,(so)m(ar |s¢) Ht/:o pa(se 1|8y, av)m(ay |sy), (7N

where m € II, a family of policy distributions, and where pg,, (so) Hi;lo pa(Se4+1 | Sp,ap) is the
true state transition distribution up to and including the state transition at ¢. In Proposition 1 (Fixed-
Time Variational Objective), we show that under this variational family, the inference problem
in Equation (6) can be equivalently stated as the problem of maximizing an entropy-regularized
expected reward function at every time step, where the reward function is given by the log-likelihood
of transitioning onto an optimal state—action trajectory given a state—action pair. This is effectively
the result obtained by Ziebart et al. [13], Levine [3], and Haarnoja et al. [1].



3.2 Infinite-Horizon Reinforcement Learning as Variational Bayesian Inference

To derive an infinite-horizon objective, we modify the probabilistic model used above. To represent
the possibility that an agent may stay on the optimal state trajectory for any number of time steps,
that is, for state—action trajectories of varying lengths, we treat the length of the trajectory itself as a
random variable, 71", and define the model

t
(o, €1.011(8%), ) =pr(t)ps, (s0) [ [, P(6r+1(S?) = 1] su, av)palserr [ se,av)p(ar |sv),

where pr(t) is the probability of remaining on the optimal state trajectory for ¢ + 1 time steps. Since
the trajectory length is itself a random variable, the joint distribution is a transdimensional distribution
defined on l4),~ ,{t} x &' x A" [2].

Unlike in the fixed-horizon setting, the variational Bayesian inference problem in the infinite-horizon
setting corresponds to finding the posterior distribution over both state—action trajectories and the
length of the optimal state trajectory 7" conditioned on the desired behavior 7., ; (S ). Analogously
to the steps above, we can express this inference problem variationally as

minq:rOZT‘TeQ DKL(Q?'O:%T(') l DFo.r Tlerin (-] ff:wl(sg)))v (®)
where t denotes the time step immediately before the outcome is achieved, Q denotes the variational
family. Under this variational distribution, we can obtain an unfactorized variational objective that
does in general not lend itself to stochastic gradient-based optimization (and off-policy reinforcement
learning). The variational objective is given in Proposition 3, but we omit it here for brevity.

To obtain a variational objective amenable to stochastic variational inference and off-policy reinforce-
ment learqlng, we Fleﬁpe the varla.tlonal famlly as follows:. 45 ;T,T(T()it’ t) = q,i-o:T‘T(T();t | t)gr(t),
where qr is a distribution over 7" in some variational family QT parameterized by
t

qr (t) = th+1 (At+1 = 1) Ht':l th/ (At' = 0)7 (9)
with Bernoulli random variables A; denoting the event of “remaining on the optimal state trajectory
from time step 1 to time step t+1,” we can equivalently express the variational problem in Equation (8)
recursively in a way that is tractable and amenable to off-policy optimization:
Theorem 1 (Dynamic-Discount Behavior-Driven RL as Variational Inference). Let qr(t) and
45, ‘T(%O:t | t) be as defined in Equation (7) and Equation (9), and define a behavior-driven state
value function,

Vﬂ(stasﬂ; qr) = ]Eﬂ'(at |'s¢) [Qﬂ(snat’sﬂ; QT)} — Dxo (7 (- |se) | p(- | s¢)), (10)
a behavior-driven state—action value function

Qﬂ—(stv ag, SQ? QT) = T(Sta ag, SQ? qA)+Q(At+1 = 0) ]Epd(sf,+1 | s¢,at) [Vﬂ(st+1a SQ’ T, qT)] ) (11)
and a behavior-driven reward-like function

’I’(St7at,SQ; QA) = 10gP(§t+1(SQ) =1 | Staat) - th+1(At+1 = 1)]D)KL(th+1 ||pAt+1)' (12)
Then given an optimal state trajectory S%,
DKL (47,77 () 1970 e C €871 (8D))) = = Epgog) [V (80, 85 ¢7)]+C,

where C = logp(&f.7,1(SY)) is independent of w and qr, and hence maximizing
Ep(s0) [V (80, S qr)] is equivalent to minimizing Equation (8) and hence, the following holds:

argmin Dy (@7, () | Doy 16 gy (1 Eran (89)) = argmax e[V (s0, 8% qr).
w€ll,qreQr mell,gr€Qr
Theorem 1 tells us that the solution to the variational problem we started out with (Equation (8)),
is in fact the solution to an infinite-horizon reinforcement learning problem with a reward function
determined by the likelihood of transitioning onto an optimal trajectory, a learned, dynamic discount
factor, and KL divergence regularization. In Appendix A, we prove that dynamic-discount factor RL
is optimal and preferred over fixed discount factors. For detailed proofs, see the appendix.

4 Conclusion

Using a variational framing of the inference problem, we showed that optimized, dynamic discount
factors are optimal in KL-regularized RL and that fixed discount factor methods are a special (less
optimal) case of this formulation. We hope that this work contributes to bridging the gap between
reinforcement learning and probabilistic inference research and helps establish a mutual reference
point from which to derive new insights and methods.
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Appendix A Dynamic-Discount Behavior-Driven Reinforcement Learning

Building on Theorem 1, we will now define a dynamic-discount behavior-driven Bellman backup operator and
use it to derive a policy iteration theorem for variational, dynamic-discount reinforcement learning. In particular,
we define:

Definition 1 (Dynamic-Discount Behavior-Driven Bellman Backup Operator). Given a function Q : S x A X
S — R, define the operator T™ as

T™Q(st,a:, 8% qr)=r(st, a0, 8%1qa) +da, iy (Arr1 = 0) By sy 1sa) [V(Str1,8%5ar)], (A1)

where r(s¢, a¢, S L ga) is from Theorem I (Dynamic-Discount Behavior-Driven RL as Variational Inference)
and

V(St789§ qT) = ]Ew(at |'s¢) [Q(St7atasﬂ§ QT) + DKL(T‘-(' | St) ”p( ‘ St))' (AZ)

This dynamic-discount, behavior-driven Bellman backup operator is identical to the Bellman backup operator for
KL-regularized reinforcement learning [7] except for the learned, dynamic discount factor, ga, , (A¢+1 = 0).

In tabular settings, repeated application of this Bellman operator will result in an optimal policy and an optimal
dynamic discount factor. More specifically, alternating between policy evaluation and optimization of the
variational distribution over the state—action trajectory and the trajectory length converges to an optimal policy.

Theorem 2 (Variational Dynamic-Discount Behavior-Driven Policy Iteration). Assume |A| < oo and that the
MDRP is ergodic.

1. Dynamic-Discount Behavior-Driven Policy Evaluation (D2BD-PE): Given policy  and a function Q°:
S x AxS =R, define Q' = T™Q". Then the sequence Q* converges to the lower bound in Theorem 1.

2. Dynamic-Discount Behavior-Driven Policy Improvement (D2BD-PI): The policy
at = arg ma {E,T/(a,, . [Q"(st, ar, 8% qT)] N, caarmira st))} (A3)
and the variational distribution over T recursively defined in terms of
g (Dep1 =0]s0;m, Q")

x o . (A4d
= (E"<at+1 |st+1)pa(sit1 | st,at) Q@ (st+1,ae41,8 5q7)] + o (pAtH (Avyr = 0)))
improve the variational objective.  In other words, vyt (s0,8%qr) > V7™(s0,S8%qr) and
V™ (s0,S8%q}) > V™ (s0,S8% qr) forall so € S.

3. Alternating between D2BD-PE and D2BD-PI converges to a policy ™ and a variational distribution over T,
@, such that Q™ (s,a, 8% ¢%) > Q™ (s,a,S8%; qr) for all (z,qr) € Il x Qr and any (s,a) € S x A.

An implication of this result is that an optimal policy found via dynamic-discount behavior-driven policy iteration
has at least as high a state value at So = sg as it would under a fixed discount factor. That is, for pr given by a
fixed geometric distribution with parameter -y, the state—action value function simplifies to the standard Bellman
backup operator,

Q" (st,ar, 8% pr) = logP(&11(S?) = 1]st,a0) + YEpy(s,s 1 | st.a0) [Vﬁ(StHySQ;W,PT)] . (A5)

and
Q™ (s0, a0, 8% ¢7) > Q" (s0,a0,S”; pr). (A.6)

In other words, dynamic discount factors are optimal in KL-regularized reinforcement learning and can be
justified using the variational Bayesian inference formulation described here.



Appendix B Proofs

B.1 Finite- and Infinite-Horizon Variational Objectives

In this section, we present detailed derivations and proofs for the results in the main text.

Proposition 1 (Fixed-Time Variational Objective). Let the variational distribution q5 ,(To:) be as defined
in Equation (7). Then, given a horizon length t* and optimal state trajectory S @

DKL(Q&-M(') ||p7"'0:t\.§1;t+1(' |€f;t+1(59))) = logp(ff:Hl(SQ)) - -7:—(7@5&)’ (B.7)
where
t
Fr,8%) = oz (o) {Z log P(&r41(S?) = 18, an) = Dre(n(-[se) || p(-[sv) |, (BS)
t/=0

and since og p(£5.141(S?)) is constant in T,

argerginDKL(qi-O:t(-) ||p~;-0:t‘51:t+1 (1€5441(S™))) = argérrllax.f(w,Sn). (B.9)

Proof. To find an approximation to the posterior p_ 1, .| (-] €.441(8))), we can use variational inference.
To do so, we consider the trajectory distribution under pz ¢, . (-] €1.441(S))), which by Bayes’ Theorem

is given by
* Q
pi—o:t‘fl:t+1 ( | fl;t+1(8 )))
_ Pso(s0) [To—o P& 11(S?) = 1[sp,ar)p(as |se) [Ty palse i [ s, an)p(a [si)
P(G;t+1(sﬂ))
Inferring an approximation to the posterior distribution p3_ ¢, . (- | £3.411(S®)) then becomes equivalent to
finding a variational distribution ¢+ s, (- |s0), which induc;s a trajectory distribution ¢4 (-) that minimizes
the KL divergence from g3 () ©0 pg e, ., (- [€1e41(S7)):
. Q
min_Dxe(qq,, () | 7o, 6,00, C1E641(ST)))- (B.11)

9T 0.

(B.10)

If we find a distribution ¢4 (-) for which the resulting KL divergence is zero, then ¢4 (-) is the exact
posterior. If the KL divergence is positive, then ¢+, (+) is an approximate posterior. To solve the variational
problem in Equation (B.11), we can define a factorized variational family

t—1

45, (To:t) = Pso(so)m(at | st) H s, 4,18y .A, (Stq1 | sy, av)m(ay [sy), (B.12)
t1=0

where Ao.; and Sp.; are latent variables over which to infer an approximate posterior distribution. Returning to
the variational problem in Equation (B.11), we can now write

ke (47, () | P 600 (1 €801 (ST))

~ q"i'o,t (7-0:t)
= A, (To:t) log T dso.rdao; (B.13)
/A“rl /S“rl Tose ! Do elér.ean (To:t ‘51:t+1($9)) ' '

7‘7_:(71—7 SQ) + 10gp(ffzt+1(sﬂ)),

where

t
F(m,8%) = oy, Fo0 [Z log P(&r11(S?) = 1]y, a1)

=0
t—1
+logp(at |s¢) — logm(as | se) + Z log p(ay [s) — logm(ay | sy ) (B.14)
/=0
t—1
+ Z log pa(sy+1|se, ar) — log 4s,/ 118y .Ay (str41 8¢, 2)
=0



and

log p(£1.441(S?))

i (B.15)
= log// P(&1:¢41 = 1] s0, a0, ~~-7St7at)pﬂi'o,t(TO:t)dSO:tdaO:t
At+1gt+1 :

t
= log// (H /pd(st/+1 ‘Stl7at/) H{St’Jrl S SQ} dst/+1> pﬁi-ovt (‘F();t)dSo;tdao;t (B.16)
Attlst+l \ S5, Js )

is a log-marginal likelihood. Following Haarnoja et al. [1], we define the variational distribution over next states
as the true transition dynamics, that is,

4S,y1180.A, (St41 | St,ar) = pa(se+1 | se, ar), (B.17)
so that
t—1
Q»-i-ott(fo;t) = Pso (So)ﬂ'(at |St) H pd(St/+1 ‘ st/,at/)ﬂ(at/ |St’)- (Blg)
/=0

We can then simplify F(m, S*?) to

t

F(r. S = Eup o | 2108 P(E41(8%) = 1 sia) =D r(-|s0) [ ([ 50)| - (B.19)

/=0

Since log p(£1,441(S*)) is constant in 7, solving the variational optimization problem in Equation (B.11)
is equivalent to maximizing the variational objective with respect to w € II, where 1I is a family of policy
distributions.

Corollary 1. The objective in Equation (B.19) corresponds to KL-regularized reinforcement learning with a
time-varying reward function given by

T(St',atugﬂ) = 10gP(§z/+1(SQ) = 1]sy,ay).
Proof. Let
(s, ay,8%) = logP(£p11(S?) = 1| sy, ay). (B.20)
and note that the objective
t
F(m,8) =Eop (700 [Z log P(¢11(S%) = 1] sv,ar) — Dr(m(- | s0) || (- | st/>>} . B2

t’'=0

can equivalently written as

t
F(m 8% =Eop o [Z r(s,au, 8%) + Dra(n(-sv) || p(.- | sm)] : (B.22)
t'=0
which, as shown in Haarnoja et al. [1], can be written in the form of Equation (B.65). O

Proposition 2 (Unfactorized Dynamic-Discount Behavior-Driven RL as Variational Inference). Let
Uy 1 (Toits 1) = a5 0 (Toie [£)ar (1), (B.23)

let qr(t) be a variational distribution defined on t € No, and let 45 or ‘T(%O:t | t) be as defined in Equation (7).
Then, given an optimal state trajectory S, we have that

DKL(qﬁro;TvT(') ||p7'0:TaT|§1;T+1 (] £I:T+1(SQ))) = logp(éf:TJrl(SQ)) — F(m, qT789)7 (B.24)
where
e} t
]:(777 qr, SQ) = Z qT(t) Eq-;—0:T|T(7"'0:t ['t) [ Z lOgP(gt'+1(SQ) =1 | St’7at’)
t=0 t/=0 (B.25)

— D (47 5.2 () P70 ()]

and log p(§1.711 (8%)) is constant in  and qr.



Proof. In general, solving the variational problem
. Q
E%ISDKL(Q’?():T,T(') I PF o Tlerizss C1ELT41(ST))) (B.26)
is challenging, but as in the fixed-time setting, we can take advantage of the fact that, by choosing a variational
family parameterized by

t—1

q7_’0:T|T(7-01t |t) = m(ar|s:) H pa(Sy41|sp,an) m(ay |sy), (B.27)
t'=0

with 7 € II, we can follow the same steps as in the proof for Proposition 3 and show that given an optimal state
trajectory S,

DKL (45,77 () (| PFo g iy (16011 (89)))) = log p(Elr 1(ST)) = F(m,qr, S%),  (B.28)

where

[e'e] t
Frar, ") = D art) By Gouln | D 10gP(Er41(S?) = 1], a0)
t=0 ’ t'=0 (B.29)

= Dx(g7y,,..7(0) | p%O:T,TC))],
where g3 . (To:t,t) = a5, .7 (To: | £)gr(t), and hence, solving the variational problem in Equation (8) is
equivalent to maximizing F (m, g7, S Q) with respect to 7 and qr. O
B.2 Recursive Variational Objective & Bellman Backup Operator

Proposition 3 (Factorized Dynamic-Discount Behavior-Driven RL as Variational Inference). Let the variational
distribution factorize as

A7y (To:ts 1) = a5 (Toue [ D) ar (t), (B.30)
let
t
gr(t) = ga,, (Der1 =1) [ aa, (Av =0) (B.31)
t'=1

be a variational distribution defined on t € Ny, and let qﬂ;-O:T‘T('Fo;t | t) be as defined in Equation (7). Then,
given an optimal state trajectory S, Equation (B.25) can be rewritten as

F(r,41,8%) = Bq () [Z (H gn, (Ay = o>) (r(se a1, 8% aa) = Diw (- |s2) | p(-| st»)]

t=0 \t'=1

(B.32)

where

r(st, at789§ QA) = 10gp(€t+1(89) =1 ‘ St,ar) — qAq (At+1 = 1)DKL(th+1 H pAt+1)7 (B.33)

Proof. Consider the variational objective F (7, g7, S Q) in Equation (B.25):
F(m qr,8")

oo t
=> qr(t) Eqr ir(oalt) [Z log P(¢41(S”) = 1]sv,ar) — Di(gy, . () | p’f’OZT,T('))]
t=0 ’

/=0
(B.34)
[o'e] t ~
Qg7 (Tot [ D) qr(t)
= tE,. o log P(&y Sﬂzls/,a/flo 0T d7o:
5008 | 06687 = ) — g ST
(B.35)
[o'e] t -~
Qi o7 (Tost [ 1)
= ar(t)Eq, i (Foe 1) Zlogp(gt,ﬂ(gﬂ):1|St,,at,)710g~°‘T‘T7~t
t=0 o /=0 pTOZT\T(TOIt‘ )
o (B.36)
t
_ Z qr(t)log a Et; .
t=0 qr

10



Noting that ;% ) g7 (t) log 128 = D (gr || pr), we can write

qr(t)
F(mqr,8")
o] t ol
Aoz 7 (To:t [ 1)
=> qr()E,. Fou |t log P(€11(8%) = 1]sv,a1) — log 2T ————| — Dxe(gr || pr)
; U7, pim (Toie |1) z'zz:o p’i‘o:T\T(TO?i |t)
(B.37)
oo t
Q
= Z;QT(U Boz oo 19 [Z log P(§141(S™) = 1| St’vat')]
= v=e o) (B.38)
- 45 g.p T \T0:t t
=) ar(t)Eq .0 1) |log —F————=| = Dxw(qr || pr).
; qTo:T\T( 0:¢ 1) pﬁ'o;T\T(TO:t ‘t)
Further noting that for an infinite-horizon trajectory distribution
47,18, (Tv [sv) = H Pa(St+1|se,an)m(as | se), (B.39)
t=t/
trajectory realization 7141 = {7 }§_,, ., and any joint probability density f(s:, at),
Z‘IT o (To 1D [f(Stvat)}
(B.40)

tnqg

[ ([ ar, oar@sandn ) aren )
Stx At '

o~
I
<}

p"qg

~
Il
<}

=1

(
( Gy g7 (FOst [ 1) [ (t)f(st,at)] : (/q,;-TH(ﬁH)dﬁH)) (B.AD)
(

tnqg

( q(7o: t)QT(t)f(Snat)d‘I:O:t) : (/ Ty ("Ft+1)d7~'t+1) ) (B.42)
StxAt

=1

-3 / )f (s, ar)dFo (B43)
t=0

o
Il
<}

8

=/qTO(‘ro)ZQT(t)f(st,at)d?o, (B.44)

t=0
we can express Equation (B.38) in terms of the infinite-horizon state—action trajectory
07, (F0) = [ [ palsisr|se,an)m(ar|s:) (B.45)
t=0

as

/=0

}—(777QT7SQ) = /Q7"-0(7~'0) ZQT(t) Z 10gP(§z/+1(89) = 1|sy,ay)d7T
t=0

(B.46)
= ar®Dx(ar, 7 1) 1| Pyy (- 18) = Dia(gr || pr)
t=0
[e%e) t
Bag, i | 32 ar(0)( 3 108P60ss(8™) = 1sva0)
=0 #'=0 (B.47)

= D0 1) | P 1) = Do 1),
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Using Lemma 5 and the definition of g7 (¢) in Equation (9), we can rewrite this objective as

]:(71-7qT7SQ)

Eoz, (7o) {Z ( I] aa, (Av = o))th, (Ay = 1)( > logP(€r41(S”) = 1|sw,ar)

t=0 t'=1 t'=0 (B.48)

— Dxe (a7 7 1) 1| gy 1) )] i(ﬁ%t,mﬂ:o>)DKL<qAM||pAM>

t=0 t'=1
:Eq-;—o("’o) |:Z <H q(Ay =0 >

t/=1

(4D = 1)( S 08B 1(5) = 1[s080) — Biaary - 16) | Dy (-18)) (B49)

t'=0

- DKL(th+1 H pAt+1)):| )

with

DKL(th+1 I pAt+1)

qAi4q (At+1 = 0) 1- qa, (At+1 = 0)

4+ (1 — A =0))1 .

pAt+1 (At+1 — 0) ( th+1( t+1 )) og 1— pAt+1 (At+1 — 0)
(B.50)

=dqn,q (Aty1 = 0)log

NF:XF, to 're—express.DKL(qi-.ozT‘T(- [€) |l p?‘o:T\T(' | t)) as a sum over Kullback-Leibler divergences between
distributions over single action random variables, we note that

- 47 |T( alt)
D@y e C 10 P C10) = [ (e [)1og 220 M2 S, (Bis)
Stx At Py, T|T( |
~ Hz' (g [sy) o
= g7 (Tt | £) log SE=b————"d7o., (B.52)
/stxAt Tor|T Ht, L p(ay |sy)
(a|se) -
= t) log 7d . B.53
/StxAt qTOT\T TOt| t/zo (at/ |St/) T0:t ( )
Eqs (7o) Z / (s | s2r) log TR 18) g, (B.54)
7o o play |sy)
Eo.r, (7o) ZDKL (Ise) | p<-|st/>>], (B.55)
t’=0

where we have used the same marginalization trick as above to express the expression in terms of an infinite-
horizon trajectory distribution, which allows us to express Equation (B.49) as

'7_—(7T7qT7SQ)
t

= Eqp, (50) [Z (H q(Ay =0 ) : <QAH_1(At+1 = 1)(2 log P(&41(S%) = 1] i, )

= t/=1 t'=0

Eqz, (o) ZDKL “[se) |l p(: St'))] > — Dx(ga,, |l pAm))}
t'=0

oo t t
= Eqi—o(?o) |:Z (H Q(Ai' = O)) : <th+1(At+1 = 1)(Eq7-—0(7’0) [Z IOg]P)(gt’-H(SQ) =1 ‘ St’vat')

t=0 \t'=1 t'=0

Dl [s0) | (| sﬁ»D — D gy | pAM))] .
(B.56)
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Rearranging and dropping redundant expectation operators, we can now express the objective as
Q
F(m,qr,8")

= Ell-;—o (7o) |:_ Z (H qan,, (At/ = 0)> (th+1 (At+1 = 1)DKL(th+1 H pAt+1)):|

t=0 \t'=1
e} t

+ (H ga, (Dy = 0)ga,, (A = 1)) (B.57)
t=0 \t'=1

=qr(t)
t

Eag, (7o) [Z log P(€v41(S™) = 15, a0) — Dra (- s0) | p(| sy»} ,

/=0

whereupon we note that the last term can be expressed as

S ar () By () [Z log P(¢r41(S%) = 1| s, ar) — Dew (m(- | s07) | p(-| sm}

/=0

(B.58)
= Eqy (7o) ZZqT )(1og P(€r+1(S7) = 1|sv, ) = D (m(- [ s0) | p<~sy>>>]
Lt=0 t'=0
=Bz, (7o) ZqT>t (log P(¢c+1(S%) = 1st,a0) = D (n(-| s1) | p(-sm)} (B.59)
Lt=0
=Eop () | D (H 4n, (Av = o>) (log P(&141(S?) = 1]s1,a,) = D (m(- | s1) || p(-| sm)],
Lt=0 \t'=1

(by Lemma 2)

(B.60)

where the second line follows from expanding the sums and regrouping terms. By substituting the expression
in Equation (B.60) into Equation (B.57), we obtain an objective expressed entirely in terms of distributions over
single-index random variables:

]:(777qT7SQ)
=Eoz 7o) [Z (H aa, By = 0))
. (1ogp(gt+1(39) =1]st,ar) — qa,qy (D1 = D)Dxi(qa,yy || Pa,) = Dre(m(-[se) || p(-] St)))}
(B.61)
= Eq:ro(i-o) [Z (H an, (Ay = 0)) (T(St7at759;%) — Dk (7(-|se) || (-] sﬁ))} , (B.62)
t=0 \t'=1

where we defined

T(ShatvSQ; QA) = IOgHD(&Jrl(SQ) =1 | St, at) —qA4q (At+1 = 1)DKL(th+1 H pAt+1)’ (B.63)
which concludes the proof. O

Theorem 1 (Dynamic-Discount Behavior-Driven RL as Variational Inference). Let qr(t) and q, 7 (To:¢ | )
be as defined in Equation (7) and Equation (9), and define a behavior-driven state value function,

V(8,55 qr) = Enay s [Q7 (50,20, 8% )| = Diw (- |32) [ p(- | 50)), (B.64)
a behavior-driven state—action value function
Qﬁ(st,at,SQ;qT) = r(st,at,SQ;qA)Jrq(AtH =0)Ep,(si 1 |se,me) [Vﬁ(stH,SQ;w,qT)] ,  (B.65)
and a behavior-driven reward-like function
r(se,ar, 8% qa) = logP(641(S”) = 1] s, a1) — ga,yy (Aes1 = DDxi(ga,, | pagy,).  (B.66)
Then given an optimal state trajectory S,

DKL(‘Z%O:T,T(') ||p7~'0:T,T\§1;t+1(' | G:Hl(sﬂ)))*czf}-(ﬂyQT7SQ) = *VW(SO:SQH]T)’
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where C' = log p(&1.711 (89)) is independent of T and qr, and hence maximizing V™ (S%; 7, qr) is equivalent
to minimizing Equation (8) and hence, the following holds:

argmin D - . - -| &5 8Y)) = argmax E,s) [V (s0, S .
WEH%]TGQT KL(q’TO:T,T()||p7'0:T,T|§1:T+1( [§1:741(S7))) WEH%]TGQT p( o)[ (so qr)]

Proof. Consider the objective derived in Proposition 3,

]:(777 qr, SQ)

=EBqz (f0) [Z (H aa, (Ay = 0))

t=0 \t'=1

’ (th+1 (Ary1=1) IOgP(gt-H(SQ) =1[s¢,a¢) — DKL(th+1 l pAtJrl)) —Dxi(7(as | se) || p(at‘st)) )

= r(st,a:,8%qa)

(B.67)
and recall that, by Proposition 2,
Dxe (44,7, 7 C) | Pyo.r,TIe1.7 41 (- §I:T+1(SQ))) = —F(m,qr,8%) +log p(&l.r41(S%)). (B.68)
Therefore, to prove the result that
DKL(Qf0:T,T(‘) ||p7"0;T,T\51;T+1 (| fI:T+1(SQ))) = _VW(SOvSQ§ qr) + IOgP(S:T-&-l(SQ)),

we just need to show that F (7, qr, S) = V™ (s0, S qr) for V™ (s0,S%; qr) as defined in the theorem
statement. To do so, we start from the objective F(r, g7, S Q) and and unroll it for t = 0:

F(m,qr,8%)
[e'<) t
(B.69)
=Eoz (7o) {Z (H ga, (Ay = o>> r(se,ar, 8% qa) — Dra(n(ar | 1) || plads:)
t=0 \t'=1
oo t
= Er(ag | s0)p(s0) [7‘(507&0759;%) + Eq(r1 I50,20) [Z IT a2, (A0 =0) (T(SuamSQ; qa)
t=1t'=1 (B 70)

— Dxe (- [ s¢) || p(-ISt))) = Diw.(m(- [ s0) [ p(- [ 50))-

With this expression at hand, we now define
T Q.
qum(SO7aO7S 7qT)

oo t
= r(so, aojsﬂ; qa) + Eq(ry1s0,a0) [Z H qn, (Ay =0) (r(st, at,SQ; qa) — Dxu(m(-|se) || p(-] st))):| ,
t=1¢'=1

(B.71)
and note that

F(m,q7,8%) = En(ag | s0)p(s0) [@am (S0, 20, 875 gr) — Dre(m(- | s0) || p(- | 80))] = EP@U)[V”(SO,SQ(;];]?)Z]),

as per the definition of E, s, [V ™ (s0,S*; gr)]. To prove the theorem from this intermediate result, we now
have to show that Q.. (so, ao, S gr) as defined in Equation (B.71) can in fact be expressed recursively as

Qhum(st, ar, 8%;qr) = Q" (s0, a0, S”; ¢r) with

Q" (s0,20,8% qr) = r(st,ar,8%qa) + a(Ars1 = 0)Ep s,y | sr,a0) [VW(SHLSQ?W;QT)] . (B.73)
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To see that this is the case, first, unroll @™ (so, ao, S gr) fort =1,
Q:{lm(s(h ao, SQ7 qT)

o t
— (50,20, 8% 8) + Eytry .an) [Z [T 4, (B0 = 0)(r(st,a0, 8% ga) = Dia(:[30) | pC-| sm)}

t=1t'=1

(B.74)

gk

H th’ (At/ = O) (T(St,at,SQ;QA)

1¢=1

= 7(so, ao, SQ; qa) + Epy(s1la0.a0)

Eq(‘fl\soyao) |:

t

(B.75)
~ Dia(m(-|s¢) | o | m)))”

Q
=7(s0,20,5 ;9a) + Ep(s1]a0,20)

Er(ay s1) [qm(Al =0) (7"(517317SQ§(ZA) — Dxe((- | s1) || P('|Sl)))

+ E‘Z("'lelxal)

> TT aa, (A0 =0)(r(si, a0, 8% gs) = Dra(n(-|s:) | “"St”m’

t=2¢/=2
(B.76)
and note that we can rearrange this expression to obtain the recursive relationship
Qi (s0,20,8% qr)
= T(SO730789§ qa) +qa, (A1 = 0) ]Epd(S(H»l ['so,a0) | ™ Dk (7 (- [s1) || p(-|81))
B.77)

+ ErarIs1) [r(slvalaSQ§QA) +E

i (H th/(At’ = 0)) (T(Sﬁatvsﬂ;qA)

t=2 =2
b

~ D (n(-]s0) | (| s)))]

where the innermost expectation is taken with respect to ¢(72|s1, a1). With this result and noting that
Q
Qium(s1,a1,58 ;5 qr)

=r(s1,a1,8%qa) + E

) (H aa, (Ay = o>> (50, 8% aa) — Dia (- ) || (| s)))}

t=2 \t/'=2
(B.78)
where the expectation is again taken with respect to g(72[s1, a1), we see that
Q
Qam(s0,20,5 5 q7)

= 7‘(507 ao, SQ; QA) +qa, (AI = 0) Epd(50+l |'s0,a0) |:IE7T(81 [s1) [Q;m(sla ai, SQ; QT)] (B.79)
= Diu(m(-[31) || p(- [1))]
=7(s0,a0,8%;ga) + qa, (A1 = 0)Ep s, |s.a) [V”(ShSQ; qT)], (B.80)

for V(st41,S . gr) as defined above, as desired. In other words, we have that

F(m,q1,8%) = Er(ag | s0)p(s0) [@am (S0, a0, 875 gr) — Dre(m(- | s0) || p(- | 80))] = Ep(sm[V”(SO’SQ(;l%qg)l])'

Combining this result with Proposition 2 and Proposition 3, we finally conclude that
Dke(q5, .7 () ||P7”-0:T,T|51:TJrl (&1 (S) = —F(m,qr, 8 + C = —EMSO)[VW(SO,SQ; qr)] + C,
(B.82)

where C' = log p(§f:T+1(SQ)) is independent of 7 and gr. Hence, maximizing V™ (so, S; gr) is equivalent
to minimizing the objective in Equation (8). In other words,

. * Q
ﬂgﬁi;nelrQIT{DKL(an,T(-) | DT ierp C1ELT+1(S7)))}

o . o (B.83)
= argmax F(m,qr,S") = argmax E,s,)[V"(s0,S ;qr)].
mell,qreQr mell,qreQr
This concludes the proof. O
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B.3 Optimal Variational Posterior over T'

Proposition 4 (Optimal Variational Distribution over T'). The optimal variational distribution ¢} with respect
to Equation (B.64) is defined recursively in terms of qx,, (A1 = 0)Vt € No by

QA Ay = 0w, Q™) = o (A(se, 7, g7, Q") + 0 (pa,,, (Ary1 =0))), (B.84)
where
A(se, m,q7,Q")
= En(arsy s 0)pa(sess |seanm(ar |s0[Q7 (8t41,ai41, 875 qr) — log P(€41(S?) = 1|51, a1)]
1 x

and o () is the sigmoid function, that is, o(x) = =7 and o ! (z) =log 1.

Proof. Consider F(x, gr,S%):

]:(ﬂ-aqT7SQ) = Eﬂ(at\st)[Qw(stvataSQ;qT)] (B 85)
= Er(arjso) [1(st,at,8%4a) + 4y, (Aepr = 0) E [V(se41, 8% qr)]].

Since the variational objective F (, gr, S*?) can be expressed recursively as

Vﬂ—(stasﬂ;qT) = ]E‘ir(at | s¢) [Q(St,at,SQ;QT)] - DKL(T((' | Si) H p( ‘ St))7
with
Q™ (st,a:, 8% qr) = r(si,ar, 8% qa) + qapyr (D1 = 0)Ep (s, (51,00 [V”(Stﬂ,SQ; QT)] ;

r(st,ar, 8% qa) = log P(€41(S7) = 1 s, a1) — qary, (Avpr = DDk(ga,, [|Pay),

and since Dxr(qa, , || pa,,,) is strictly convex in ga,,,(A¢+1 = 0), we can find the globally optimal
Bernoulli distribution parameters ga, ,, (A¢+1 = 0) for all ¢ € Ny recursively. That is, it is sufficient to solve
the problem

q*AH_l(AtH =0) = argmax {}"(qu,SQ)} = argmax {.7:(71',qu,...,qAHl,...,sO,SQ)}
an, 4, (Ae41=0) an, 4 (At41=0)

(B.86)

for a fixed ¢ 4+ 1. To do so, we take the derivative of F(m,qa;,...,qA;, ;- --,S0, 5%, which—defined
recursively—is given by

Era,|s0) [Q(St,atysg;qT] = Dxo(m(-[s¢) || p(-[st))

= Eﬂ’(at ['st) [T(Shahsg; qA) +aqn (At+1 = 0) Epd(5t+1 [st,at) [Vn(stJrhSQ; qT)H (B.87)
= Dw(m(-[se) [ p(-[st))

= Era, |s) | 108 P(&41(S7) = 1[5, a1) — Dki(qary, || Pay,y)
- _ (B.88)
a1 (D1 = 0)Ep s,y 150,a0) [Vﬁ(Sm,SQ; qT)] = Do (m(- |se) [ p(-[se))
= Eﬂ'(at |'s¢) IOg P(£t+1(89) =1 | Stvat) - DKL(thJrl H pAt+1)
- _ (B.89)
+9n,, (AtJrl =0) Epd(st+1 | st,at) [VW(SHJvSQ; QT)] - DKL(T‘-(' I st) ” p(' | St))?
with respect to ga,_ , (A¢41 = 0) and set it to zero, which yields
T Q
0=- Eﬂ(at |'st) [Eﬂ(awﬂ Ist+1)pa(st+1 |st,at) [Q (Sf+1’ ary1,S ;qT)]]
" log 1— q*AH»l (At+1 = O) _ log q*AH»l (At+1 = O) (Bgo)
1- PAttq (A1 =0) PAag (A1 =0) .
Rearranging, we get
q*AH—l (A1 =0) ( ™ Q PA1 (A1 = 0) )
=exp|E St+1,a41,S + lo , B.91
= aa,., (B =0) P ( E[Q7(st+1, 641,55 gr)] +log 7 —par (B = 0) (B.91)
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where the expectation is taken with respect to m(at+1 | St+1)Pa(St+1 | St, a¢)m(ar | s¢) and the Q-function
depends on g(Ay) with t' > ¢, but not on g3, , (A¢+1 = 0). Solving for A, (A¢1 = 0). Solving for
A, (At41 = 0), we obtain

. Q. PA 4 (At41=0)
eXp(]Epvrde(at \St)[Q (st1,a41,8 ,CIT)} + log 1—1’;:@ (A¢41=0)

A4 (D1 =0) = i (B92)
1+ exp(Ep,,, ra; | s) Q7 (St41, 8141, 5% qr)] + log WM

= U(JEPW Q" (41,8141, 8%¢0)] + 0 (paysy (Aers = 0)) ) (B.93)

where prp, = m(a¢t1 |Si+1)pa(Se+1|se,ar), o(-) is the sigmoid function with o(x) = ﬁ and

o~ !(z) = log 7. This concludes the proof. O

Remark 1. As can be seen from Proposition 4 (Optimal Variational Distribution over T"), the optimal approxima-

tion to the posterior over T trades off short-term rewards via Er(a, | s,)[7(St, at, S qa)), long-term rewards

Via B (a1 [se41)pa(sets |se.an @ (St41, at1, S qr)), and the prior log-odds of not achieving the outcome

. L . . . Ay, (Ae41=0)

at a given point in time conditioned on the outcome not having been achieved yet, %.
—Pa, 4 (Ae41=0)

B.4 Dynamic-Discount Behavior-Driven Policy Iteration

Theorem 2 (Variational Dynamic-Discount Behavior-Driven Policy Iteration). Assume |A| < oo and that the
MDRP is ergodic.

1. Dynamic-Discount Behavior-Driven Policy Evaluation (D2BD-PE): Given policy  and a function Q° -
Sx AxS — R, define Q' = T™Q". Then the sequence Q° converges to the lower bound in Theorem 1
(Dynamic-Discount Behavior-Driven RL as Variational Inference).

2. Dynamic-Discount Behavior-Driven Policy Improvement (D2BD-PI): The policy
7" = arg max {Eﬂ/(at I'st) [Q"(Sn a, S QT)} — Dy (7'(- |se) || (- | St))} (B.94)
7/ €Il

and the variational distribution over T recursively defined in terms of
+
g (Aey1 =0;m,Q7)

) o ) (B.95)
= U(Il‘lf(at+1 Ises)pa(siar [sean @ (Str1,8041, 8 5qr)] + 07 (pa,,, (A1 =0)) )

improve the variational objective. In other words, we have that v (s0,8% qr) > V™ (s0,S8% qr) and
VW(SO,SQ;(];:) > V™(s0,S% qr) forall sy € S.

3. Alternating between D2BD-PE and D2BD-PI converges to a policy © and a variational distribution over T,
@, such that Q™ (s,a,S%; ¢%) > Q" (s,a,S% qr) forall (7,qr) € Il x Qr and any (s,a) € S x A.

Proof. Parts of this proof are adapted from the proof given in Haarnoja et al. [1], modified for the Bellman
operator proposed in Definition 1.

1. Dynamic-Discount Behavior-Driven Policy Evaluation (D2BD-PE): Instead of absorbing the entropy term
into the Q-function, we can define an entropy-augmented reward as

TW(Stvata’SQ;qA) = lOgP(§t+1(SQ) =1]s,a;) — DKL(th+1 l pAt+1)
+ qA¢qq (AH-l = O) ]Epd(st+1 |Styat)[DKL(7r(' | St-‘rl) H p(' ‘ St+1))}'
We can then write an update rule according to Definition 1 as
Q(st,ar, 8% qr) < ™ (st,a:, 8% qa) + qap,, (Are1 = 0)E[Q(si41, 211, 8% gr)],  (B.9T)

where ga, ., (A¢41 = 0) < 1 and the expectation is computed under 7(as+1 | St+1)pd(St+1 | S¢, a¢). This
update is similar to a Bellman update [10], but with a discount factor given by ga, , (Aty1 = 0). In
general, this discount factor ga, . , (A¢+1 = 0) can be computed dynamically based on the current state and
action, such as in Equation (B.84). As discussed in White [12], this Bellman operator is still a contraction
mapping so long as the Markov chain induced by the current policy is ergodic and there exists a state
such that ga, ,; (At41 = 0) < 1. The first condition is true by assumption. The second condition is true
since ga,, (A1 = 0) is given by Equation (B.84), which is always strictly between 0 and 1. Therefore,
we apply convergence results for policy evaluation with transition-dependent discount factors [12] to this
contraction mapping, and the result immediately follows.

(B.96)
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2. Dynamic-Discount Behavior-Driven Policy Improvement (D2BD-PI): Let moq € IT and let Q™ and V™ol
be the behavior-driven state and state-action value functions from Definition 1, let g be some variational
distribution over 7', and let mn.w be given by

Tonew (at]s¢) = argmax B (a, |s,) [Q"“"’(St,auSQ;QT)} —Dxe (7' (- |se) |l p('lst))} (B.98)
7/ €11

= argmax Jr,, (7' (as,st), qr). (B.99)
7/ €11

Then, it must be true that Jr,(7od(ac|st); ¢r) < Trye (Moew(aclse); gr), since one could set
Trnew = Told € II. Thus,

]Eﬂ'new(adst) [Qﬂnld (St7 at, ‘SQ; qT):| - DKL(ﬂ'new(' ‘ St) H p( ‘ St))

. (B.100)
2 Erga(arlse) [Q”"“(Suatﬁ ;qT)] — Dxw(maua(- [ s¢) || p(+ | 5¢)),

and since
VT (0, 5% 1) = Enyyarien) [ (51,20, 8% r)] = Dia(maalc51) || p(-[ 1)), (B.10D)
we get
B (arfo0) | @ (6,20, 5% 1) | = D (moeu (- [2) || p(-[80)) = V™%(s1, 8% qr).  (B102)
We can now write the Bellman equation as
Q™ (st a1, 5% )
=qa,, (Aep1 = 1) logpa(g s, ar) +qa,; (Aer1 = 0)Ep s,y 150,00V

o (5441, S gr)]

(B.103)
< qag,, (Atrr = 1) logpa(g]s:, ar)
+ QAt+1(At+1 =0) ]EP(St/ISt,at)[]Eﬂ'new(at/‘st’) [Qﬁold(s’f”a’f”sg; qT)] (B.104)
— Dk (Toew (- [ s27) || (- [8¢7))],

S Qﬂ'new (St, at,SQ; QT) (BIOS)

where we defined t' = t + 1, repeatedly applied the Bellman backup operator defined in Definition 1 and
used the bound in Equation (B.102). Convergence follows from Dynamic-Discount Behavior-Driven Policy
Evaluation above.

3. Locally Optimal Variational Dynamic-Discount Behavior-Driven Policy Iteration: Define 7 to be a policy

at iteration 7. By ODPI for a given ¢r, the sequence of state-action value functions {Q™ (g7)}52; is
monotonically increasing in 4. Since the reward is finite and the negative KL divergence is upper bounded by
zero, Q" (gr) is upper bounded for 7 € II and the sequence {7*}$2; converges to some 7*. To see that 7*
is an optimal policy, note that it must be the case that Jr« (7*(a¢|s:); qr) > Tx+ (7(as | st); qr) for any
m € II with m # 7*. By the argument used in ODPI above, it must be the case that the behavior-driven
state-action value of the converged policy is higher than that of any other non-converged policy in 11, that is,
Q™" (st,as;q7) > Q™ (st,as; gr) for all m € I and any ¢& € Or and (s,a) € S x A. Therefore, given
qr, ™ must be optimal in IT, which concludes the proof.

4. Globally Optimal Variational Dynamic-Discount Behavior-Driven Policy Iteration: Let 7' be a policy and
let g7 be variational distributions over 71" at iteration ¢. By Locally Optimal Variational Dynamic-Discount

Behavior-Driven Policy Iteration, for a fixed ¢4 with ¢ = q%Vi, j € Np, the sequence of {(7Ti, qiT)}{’il
increases the objective Equation (B.24) at each iteration and converges to a stationary point in 7*, where
Q™ (si,at;qw) > Q™(sy,a;qy) for all 7 € IT and any ¢ € Or and (s,a) € S x A. Since the

objective in Equation (B.24) is concave in ¢, it must be the case that for, q}l € Or, the optimal variational
distribution over 7" at iteration %, defined recursively by

¢ (A =0;7,Q™)
- U(Ew(at+1 | st+1)pd(st+1 | s¢,at) [Qﬂ (St+17 a1, SQ: qr (Triv Qﬂ- ))] + J_l (pAt+1 (At"v‘l = O))7

for t € No, Q"(st,a;97) > Q" (st,ar;gr) for all 7 € IT and any (s,a) € S x A. Note that gr is
defined implicitly in terms of 7* and Q“l, that is, the optimal variational distribution over 7" at iteration
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7 is defined as a function of the policy and @Q-function at iteration 7. Hence, it must then be true that for
QT (st,as;q7) > QT (st,a; qr) forall g7 (7*,Q™ ) € Or and for any 7* € Il and (s,a) € S x A.
In other words, for an optimal policy and corresponding Q-function, there exists an optimal variational
distribution over 7' that maximizes the @)-function, given the optimal policy. Repeating locally optimal

variational behavior-driven policy iteration under the new variational distribution g7 (7*, Q“*) will yield an
optimal policy 7** and computing the corresponding optimal variational distribution, g7 (7**, Q"H) will
further increase the variational objective such that for 7**) € I and ¢5* (7**, Q™ ) € Qr, we have that

Qﬂ**(suat?(l}*) > QWM(St,aHQ;) > QW* (st,as; qr) > Qﬂ* (st, a¢; qr) (B.106)

for any 7* € IT and (s,a) € S x .A. Hence, global optimal variational behavior-driven policy iteration
increases the variational objective at every step. Since the objective is upper bounded (by virtue of the
rewards being finite and the negative KL divergence being upper bounded by zero) and the sequence of
{(7*, ¢%)}52, increases the objective Equation (B.24) at each iteration, by the monotone convergence
theorem, the objective value converges to a supremum and since the objective function is concave the
supremum is unique. Hence, since the supremum is unique and obtained via global optimal variational
outcome—driven policy iteration on (7, gr) € II x Qr, the sequence of {(7°, ¢7) }$2; converges to a
unique stationary point (7*, ¢7) € II X Qrp, where Q™ (s¢,as; @) > Q7 (sy,ar; ¢4) for all € IT and
any ¢ € Qr and (s,a) € S x A.

O

Corollary 3 (Optimality of Variational Outcome Driven Policy Iteration). Variational Dynamic-
Discount Behavior-Driven Policy Iteration on (7, qr) € II x Qr results in an optimal policy at least as good
or better than any optimal policy attainable from policy iteration on w € 11 alone.

Remark 2. The convergence proof of ODPE assumes a transition-dependent discount factor [12], because the
variational distribution used in Equation (B.84) depends on the next state and action as well as on the desired
outcome.

B.5 Lemmas
Lemma 1. Let ¢(T = t) = q(T = t|T > t)[[\_,q(T # i — 1|T > i — 1) be a discrete probability
distribution with support No. Then for any t € No, we have that

t

W50 =S g =iT > ) [[aT#j - UT>j—1)=[[aT#i— 1T >i-1). @107

i=t j=1 i=1
Proof. We proof the statement by induction on .
Base case: Fort = 0, ¢(T" > 0) = 1 by definition of the empty product.

Inductive case: Note that ¢(7' < t) = [[\_, ¢(T =i — 1|T > i — 1). Show that

t t+1
qT>t)=][a@#i-1UT>i-1)=qT>t+1)=[[a@#i-1T>i-1). (B.108)
i=1

i=1

Consider (T >t +1) = >°72, . ¢(T =i|T > 1) H;:1 q(T # j — 1T > j — 1). To proof the inductive
hypothesis, we need to show that the following equality is true:

[e'e] [ t+1
S ar=iT>)[[a@#i-1UT>j-1)=][]a@#i-1T >i-1) (B.109)
i=t+1 j=1 i=1

= qT=idT>)[[aT#i-UT>2j-1)—gT=tT>t)[[o(T#j-1UT >j—1)

i=t j=1 j=1

=qT#UT > t) [[a(T #i— 1T >i-1).
=1

i

(B.110)
By the inductive hypothesis,

W50 =S g =iT > ) [[aT#j - UT>j 1) =[[aT#i 1T >i-1), @1

i=t j=1 i=1
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and so

t
Equation (B.110) <= [ [ a(T # JIT > j) —q(T #t + 1T >t +1 (B.112)

Jj=1

t t
JJa@ =T =5 =aq@ #tT >t) [[a(T #i- 1T >i-1). (B.113)
i=1

Jj=1

Factoring out [[;_, ¢(T # i — 1|T > i — 1), we get

t t
=S [[aT#i-1UT>i-1)A—qT =tT>t)=qT #UT>t) [[¢(T =5 - 1T >j—1)
3=t —q(T#|T>1) =1

(B.114)

t t
qT#UT > ) [[aT#i-UT > 1) =qT #HT > t) [[a(T #5— 1T > - 1),
ol i1
(B.115)
which proves the inductive hypothesis. O

Lemma 2. Let qr(t) and pr(t) be discrete probability distributions with support No, let Ay be a Bernoulli
random variable, with success defined as T' = t + 1 given that T' > t, and let qa, be a discrete probability
distribution over A, for t € N\{0}, so that

qa1 (A1 =0) = q(T #t|T > 1)

. (B.116)
qA 4y (A1 =1) =q(T =t |T > t).
Then we can write q(T = t) = qa,., (Aip1 = 1) [I'_, ga,(A; = 0) for any t € No and have that
i ¢
q(T > 1) ZCIAH.l i1 = l)Hqu(Aj =0) :Hin(Ai:O)' (B.117)
Jj=1 i=1

Proof. By Lemma 1, we have that for any ¢ € Np

(o) @ t
qT>t)=> qT=iT>)[[a@#i-UT>j-1)=][[aT#i-1UT>i-1). (B.118)
i=t j=1 i=1
The result follows by replacing ¢(T" = i|T" > i) by qa,,, (Aiy1 = 1), (T # j— 1T > j — 1) by

a,(A; =0),and q(T #i— 1|T > i — 1) by ga,(A; = 0). 0

Lemma 3. Let qr(t) and pr(t) be discrete probability distributions with support No. Then for any k € No,

q(T:t|T2k)]

Eivq(r|T28) {log p(T=t|T >k)
> (B.119)
qT=t|T>k+1)

pT=t|T>k+1)

= F@p R) +a(T # k| T > B)Eyogir roi) {mg

Proof. Consider E;q(7 | 7>k) [log %} and note that by the law of total expectation we can rewrite

it as

T =t|T>k)
Btra(r 721 {log p(T=t|T > k)

=t|T >k
= (T = K| T > K) Bymger 7o) {log M]

p(T =t|T > k) (B.120)
oI =t|T>k '
+q(T#k|T > k) Eing(r| T2k+1) {1 %
o(T =k|T > k) (T =t|T>Fk)
=q(T = k|T>k)logm (T # k|T > k) Eoq(rir5K041) logm
(B.121)
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For all values of T" > k + 1, we have that

QT =t|T>k)y=qT=t|T>k+1)q(T#k|T>k) (B.122)
p(T=t|T>k) =p(T=t|T>k+)p(T#k|T>k) (B.123)

and so we can rewrite the expectation in Equation (B.121) as

qT=t|T>k)] _ (T =t|T>k . oT#k|T>k)
BT T2kt |18 = [Ty | T e ) [ s gy YO8 T £ R T > )
(B.124)
_ g(T = t|T > k) a(T £ k| T > k)
= Beeamir2b4) [1°g pT=tT> k)] T8 T ERT > F)
(B.125)
Combining Equation (B.125) with Equation (B.121), we have
T =t|T>k)
Bivar =i 108 L om 175
qT =k|T>k) (T;ék\Tzk)
TkT>klo—+TkT>k —_— =
=l | Nog TSk T AR o8 ST AT >  (B.126)
= f(a,p;k)
qT=t|T>k+1)
>
+q(T # k[T > k) Eyog(r | T21+1) [lng(T: [T >k+1)
which concludes the proof. O

Lemma 4. Let qr(t) and pr(t) be discrete probability distributions with support No. Then the KL divergence
from qr to pr can be written as

o0
Diw(gr || pr) = > (T > t)f(qr, pr,t) (B.127)
t=0

where f(qr,pr,t) is shorthand for

f(qT,pT,t):q(T:ﬂth)logw+q(T¢t|T2t>log%'

(T =t|T>¢ (B.128)

~—

Proof. Note that ¢(T' = k) denotes the probability that the distribution ¢ assigns to the event T = k and ¢(7" >
m) denotes the tail probability, that is, ¢(T" > m) = > 7> q(T = t). We will write ¢(T'|T > m) to denote
the conditional distribution of ¢ given T > m, that is, (T = k|T > m) = 1[k > m]q(T = k)/q(T > m).
We will use analogous notation for p.

By the definition of the KL divergence and using the fact that, since the support is lowerbounded by T' = 0,
q(T =0)=¢q(T=0|T > 0), we have

_ q(T=1t)] _ q(IT'=t|T >0)
Dx(gr || pr) = Eimg(ry {log g t)] = Eiq(r|T>0) |log T=t|T>0)]" (B.129)
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Using Lemma 3 with £ = 0,1, 2, 3, ..., we can expand the above expression to get

Dk (gr || pr)
T=t|T>1 (B.130)
= flgr,pr,0) + q(T # 0| T > 0) Ereg(r | 7>1) {log ZETTM}
= f(g,p,0) +¢(T #0|T > 1)f(qr,pr,1)
T =
+q(T#0|T 2 0)q(T #1|T > 1) Erngir|722) {bg Z( —

\1/ 'f(Q7p7 0)

=q(T>0)
+q(T#0|T >0) f(g,p,1)
—_————
=q(T>1)
q(T #0|T>0)g(T#1|T >1) f(qr, pr,2)

=q(T>2)

t|T22)] (B.131)

qT=t|T >3)
T T > THA1|T>Dq(T#2|T>2)E; log ————=
q( 750| >0)g(T#1|T > 1)g(T #2|T > 2)E, a(T | T>3) |108 p(T=t|T > 3)

=q(T23)
(B.132)
=> q(T > t)f(qr,pr,1), (B.133)
t=0
where f(qr,pr,t) is shorthand for
o7 =t|T > 1) a7 £1|T > 1)
t)y=q(T=t|T>t)log—————"= TH#t|T>t)log—————"=. (B.134
flgr,pr,t) = q 1T 20log sy Tl AT 2 Dlog 7 =gy B39
and we used the fact that, by Lemma 1,
t
qT>t)=[[aT#k—-1|T >k—1). (B.135)
k=1
This completes the proof. O

Lemma 5. Let qr(t) and pr(t) be discrete probability distributions with support No, let Ay be a Bernoulli
random variable, with success defined as T' = t given that T' > t, and let qn, and pa, be discrete probability
distributions over A for t € No\{0}, so that

a1 (Ber1 =0) = (T # T >1t) qag (D1 =1) = q(T =¢|T > t) (B.136)
pAt+1(At+1:O) :p(T#t|T2t) pAt+1(At+1 —1) —p(T—tlTZt) (B137)
Then the KL divergence from qr to pr can be written as

oo

Dxw(gr || pr) = Z ( H qa,(Ay = 0))]D)KL(th+1 ||pAt+1) (B.138)

t=0 k=1

Proof. The result follows from Lemma 4, Equation (B.135), Equation (B.136), and the definition of f. In detail,
from Lemma 1, and Equation (B.136) we have that

t
T >t) H (T#k—-1|T>k—-1)= Hqu Ag = 0). (B.139)

From the definition of f(qr, pr,t), we have

qT=t|T >t T #t|T >1)

)=q(T=t|T>1t)]og 77—+ T#t|T>t)] B.140

flar,pr,t) = q T2 0log 75y YT AT 2Dlog armm=sy  (B140
qA; 4 (Aty1=0) qA; (Aty1=1)

= Ai41 =0)log —————= A¢p1 =1)log ————F= (B.141

th+1( e ) & Pas (At+1 = O) q( ! ) pAt+1 (At+1 1) ( )

= DKL(thJrl H pAt+1)' (B.142)

Combining Equation (B.139), Equation (B.142), and Equation (B.127) completes the proof. O
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