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Abstract

Unsupervised ensemble learning emerged to
address the challenge of combining multi-
ple learners’ predictions without access to
ground truth labels or additional data. This
paradigm is crucial in scenarios where evalu-
ating individual classifier performance or un-
derstanding their strengths is challenging due
to limited information. We propose a novel
deep energy-based method for constructing
an accurate meta-learner using only the pre-
dictions of individual learners, potentially
capable of capturing complex dependence
structures between them. Our approach re-
quires no labeled data, learner features, or
problem-specific information, and has theo-
retical guarantees for when learners are con-
ditionally independent. We demonstrate su-
perior performance across diverse ensemble
scenarios, including challenging mixture of
experts settings. Our experiments span stan-
dard ensemble datasets and curated datasets
designed to test how the model fuses exper-
tise from multiple sources. These results
highlight the potential of unsupervised en-
semble learning to harness collective intelli-
gence, especially in data-scarce or privacy-
sensitive environments.

1 INTRODUCTION

Ensemble learning manifests in various real-world ap-
plications, from crowd-sourced platforms to health-
care expert consultations and multi-sensor systems
in autonomous vehicles. These diverse scenarios all
seek to leverage shared and complementary informa-
tion from multiple learners to create a more accu-
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rate and resilient meta-learner (Dong et al.| [2020;
Ganaie et al., 2022)). The importance of ensemble
methods has grown significantly with the rapid ad-
vancement of deep learning techniques, each offering
unique strengths across various fields (Yang et al.|
2023).

Unsupervised ensemble learning addresses the criti-
cal challenge of combining multiple learners without
access to ground truth labels, essential when labeled
data is scarce (Zhang} 2022). This is particularly valu-
able when there is no clear metric to assess individ-
ual learner performance or adequacy. Within this
domain, an important case arises when even addi-
tional data or learner features to learn from are un-
available. This constraint can be relevant in various
scenarios, such as federated learning (due to privacy
concerns) (McMahan et al., 2017)), mixture-of-experts
models, and multi-modal environments where differ-
ent data types (e.g., images, text, video) make tra-
ditional representation fusion methods challenging to
use (Liang et al., 2024). Another rising multi-modal
area is foundation models, where most of the work
focuses on aggregating different modalities at the rep-
resentation level. By focusing solely on the learners’
predictions, such methods can offer a flexible frame-
work for fusing knowledge across diverse models and
domains, especially in such constrained settings.

However, in these settings, existing unsupervised en-
semble methods often leave potential performance un-
tapped due to their limiting assumptions about learner
relationships. Traditional approaches like majority
voting are effective mostly when learners are inde-
pendent and perform similarly (Shaham et al., [2016),
while more sophisticated models such as the Dawid-
Skene model (Dawid and Skene, 1979) impose re-
strictive conditional independence assumptions, which
might perform sub-optimally when they do not hold.
These constraints can fail to capture the intricate
inter-connections that frequently exist among diverse
learners in real-world applications, hindering the full
exploitation of their collective knowledge. This unre-
alized potential motivates our approach to harness the
power of deep learning to try to model complex learner
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interactions more effectively.

We argue that deep learning architectures, with their
ability to disentangle latent representations and model
complex interactions, provide a promising solution to
this challenge. Motivated by this insight, we seek
to develop a novel unsupervised ensemble learning
method that reformulates the Dawid-Skene model as
an energy-based model. This allows us to incorpo-
rate deep layers, creating a flexible and end-to-end
trainable framework that captures sophisticated cross-
learner relationships while building upon the theoret-
ical foundations of the original model.

Our contribution can be summarized as:

1. We present the iRBM, an identifiable variant of
a Fully Multinomial RBM and show its equiva-
lence to the Dawid-Skene model with theoretical
convergence guarantees.

2. We use the iRBM to propose DEEM, a deep
model that tackles the conditional independence
assumption in an unsupervised way.

3. We effectively demonstrate our model’s improved
performance over existing baselines, in varying
real-world ensemble scenarios.

A PyTorch implementation is provided at https://
github.com/shaham-lab/deem.

2 RELATED WORK

Ensemble Using Additional Information This
line of work focuses on learning true labels by utiliz-
ing information additional to the learners predictions.
For instance, (Chan and Schaar| (2022) assume access
to information about the learners’ densities or the data
on which they were trained. Similarly, Rodrigues and
Pereiral (2018),Chen et al.| (2020), |Chu et al.| (2021)
and |Cao et al. (2019)) primarily rely on training data
(the actual example) to construct their ensemble pre-
dictions. Our method differs from the above as it does
not require additional inputs, focusing solely on learn-
ers’ predictions to generate labels.

Ensemble Using Learners Predictions Several
other methods base their ensemble on extracting use-
ful knowledge from the learners’ different predictions
alone. Possibly the first work to consider an unsuper-
vised ensemble setup (in crowd-sourced applications)
is the seminal Dawid-Skene (DS) model presented by
Dawid and Skene| (1979), which estimates the maxi-
mum likelihood of the latent true labels via an EM al-
gorithm, assuming conditional independence between

all learners given the label. Many subsequent meth-
ods have built atop of the DS model, to improve its
efficiency or extend it. For instance, some exemplary
works try to adapt this scheme to adversarial learn-
ers (Ma and Olshevsky| 2020)), or identify the Dawid-
Skene model using second-order statistics (Ibrahim
et al) [2019; |Ahsen et all [2019). The DS model is
a valuable setup as it provides convergence guarantees
to the true labels, but its full applicability is ques-
tionable since the conditional independence condition
tends not to hold in practice (Jaffe et al., 2016).

Additional works considered relaxing the conditional
independence assumption up to a certain degree. |Jaffe
et al| (2016) assume conditional independence might
be present among some classifiers, given their depen-
dence structure can still be described by a tree of depth
two, while work by [Tenzer et al.,| (2022)) allows up to
order of % correlated error pairs in the covariance ma-
trix for m classifiers. The closest to ours is (Shaham
et al.,|2016), that formulates the DS model as a binary
Restricted Boltzmann Machine (RBM), and accom-
modates dependence among learners through stacked
RBMs, trained layer by layer. |Li et al.| (2019) model
the dependence structure by a Markov network, as-
suming the correlations parameters are drawn from a
Gaussian.

Unlike these methods, we propose a simple deep learn-
ing architecture in order to accommodate possible de-
pendencies between learners, learning their relations
in an unsupervised way. Although our guarantees
only hold for the simple case, we empirically show
our method outperforms other baselines when this as-
sumption does not hold. Our method also trains end-
to-end using an energy-based loss, is inherently multi-
class, trains in mini-batches and outputs a classifier
that can be used for new unseen data.

Relation to Programmatic Weak Supervision
This framework (Ratner et al) [2016) uses multi-
ple weak labeling functions (LFs) on unlabeled data
to recover true labels for training a downstream
model (Zhang et al. 2022a; [Wu et al.l 2023} Tono-
lini et al., |2023)). PWS differs from our approach in
key aspects: PWS labeling functions may cover only
subsets of data, while we assume all learners provide
predictions for the entire dataset. Additionally, we
employ an ensemble for immediate and future infer-
ence without further training, unlike PWS which aims
to train a separate end model. Despite these differ-
ences, PWS represents the closest existing paradigm
to our work, therefore we will empirically compare our
method against relevant PWS techniques to evaluate
its performance.
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3 BACKGROUND

3.1 Unsupervised Ensemble Learning

We consider a multi-class classification setting. Let
X e {1,...,K}Y € {1,...,K} be random vari-
ables. In this paper, the vector X = (Xi,...,X4)"
represents the predictions of d learners or annotators
on an instance, where Y is the true label and K is the
number of classes. The pair (X,Y") has a joint distri-
bution which is given by pg(X,Y) = pe(Y)pe(X|Y).
The joint distribution pyg(X,Y’) is not known to us,
neither are the marginals pg(X), pe(Y).

Let (z™M,yM), ... (™ y™) be n iid. samples
drawn from py(X,Y"). In unsupervised ensemble learn-
ing, we observe {z()}?_, and aim to recover {y)}7_,.
We use the words classifiers or learners interchange-
ably and the notation p(z) as a shorthand for Pr(X =
x), the probability of the variable X to be the value .

3.2 The Conditional Independence Model

Dawid and Skene| (1979)) assumed that the conditional
distribution py(X|Y) of the model factorizes, i.e.,

d
po(X[Y) = [ [ po(XilY). (1)
=1

Equation , also known as the conditional indepen-
dence model, is fully parameterized by 0 = ({¢im :
i=(1,....,d),l = (2,...,K),m = (1,...,K)},{m :
t=2,...,K}), where
Yam = Pr(X; =1Y =m), m=Pr(Y =t).

Remark 1. By definition, ¥;1;m = 1 — Zl# Yitm for
every pair of possible (i,m) indices. Likewise, m =
1-— Zt#l Tt

3.3 Fully Multinomial RBM

A Fully Multinomial Restricted Boltzmann Machine
(FM-RBM), depicted in Figure |1} extends the binary
RBM to accommodate multinomial inputs and out-
puts. This bipartite graph generative Energy-Based
Model (EBM) consists of a visible layer V' with d,
units and a hidden layer H with d; units. Each unit
is represented as a one-hot encoded vector of size K,
allowing for K possible discrete stateﬁﬂ For informa-
tion about RBMs and energy-based models, please see

Append

"While a general Fully Multinomial RBM can have dif-
ferent numbers of multinomial states for visible and hidden
units, we use K for both, as for our task it is sufficient. This
simplification aids understanding without loss of general-

ity.

Figure 1: Fully-Multinomial RBM, with d,,, d; multi-
nomial units, each with size K. The weights tensor W
connects from every node in one layer to all nodes in
the other, and vice versa.

The FM-RBM is parameterized by A = (W,a,b),
where W is a 4-way tensor of sizes (K, K, d,, d,) repre-
senting the weights, while a and b are matrices repre-
senting the visible and hidden biases, with sizes (K, d,)
and (K, dp,), respectively. For clarity, we use subscripts
1, j for the visible and hidden units indices, and super-
scripts [, m to denote the classes of the visible and
hidden multinomial units throughout this paper.

Each FM-RBM configuration (V = v, H = h) is asso-
ciated with its energy:

Ex(v,h) = (2)

Z alT’Ul + Z mehm + ZvlTWl,mhm
l m

l,m

which defines its probability as:
efE)\ (’U,h)

P,\(VZU,H:}L)ZW

With Z = -, e~ PA(w:h) a5 the partition function.
Note that v and h are matrices (of sizes (K,d,),
(K,dy)). o' h™ are vectors that represent the [-th
class in the visible layer and the m-th class in the hid-
den layer.

Equation implies that the conditional probabilities
of the visible and hidden units can be represented as

softmax functions (Appendix Al):

(a3, 5, whh
p(vi = ek“") = 7 [
Zlﬁl eaﬁEm > with
S5 wled

ZK R DVDIP wimol?
m=1

p(h; = eglv) =

where ey is a one-hot vector, with 1 at its k-th dimen-
sion and 0 at the rest. ex € (e1,...,ex).

Given {z;}, ~ pe(X) iid. training data, the
FM-RBM parameters are tuned to maximize the log-
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likelihood of the training data, using energy-based op-
timizations. In our case, each z; is encoded as a 2D
matrix of dimension (K, d, ), that contains one-hot rep-
resentations of all labels in the original predictions vec-

tor (See|Appendix F|for an example).

4 PROPOSED APPROACH

This section presents a comprehensive development of
our proposed method. We begin in by ad-
dressing an identifiability issue of the FM-RBM and
introducing the identifiable FM-RBM (iRBM) model.
We then establish the equivalence between the iRBM
and the Dawid-Skene (DS) model, clarifying their re-
lationship. In we show guarantees for
the recovery of the true posterior by the iRBM un-
der the conditional independence assumption. Finally,
introduces our full model, where we intro-
duce a deeper structure as a heuristic for cases when
the conditional independence assumption is not satis-
fied, thereby enhancing the model’s capacity to cap-
ture complex inter-connections between learners.

4.1 The iRBM as a DS Model

The softmax function is translation invariant, mean-
ing that adding a constant to all arguments yields the
same probability distribution. Since we use it for the
FM-RBM multinomial units, the model is not identifi-
able as its parameters cannot be uniquely determined.

This issue prevents us from constructing a map be-
tween the unique solutions of the FM-RBM and the
conditional independence model, necessitating a mod-
ification to the FM-RBM structure, where every multi-
nomial unit has one fixed coefficient.

We address this by defining the Fully Multinomial
Identifiable RBM (iRBM), which we will use to prove
the equivalence result with:

Definition 1. FM-iRBM The Fully-Multinomial
Identifiable RBM (iRBM) is defined as a Fully-
Multinomial RBM parameterized by A\ = (W, a, b), with
the same energy and probability distribution of the FM-
RBM as in Equation . In addition:

wZ»": ifl=1andm=1

{aé(), W =0, b =0 ifl=1gorm=1

are constant?l Refer to for illustration.

To show the equivalence of the iRBM to the condi-
tional independence model, we proceed to present a

2The fixed parameters can be any scalar, but we chose
these values for simplicity and consistency with our initial-
ization scheme.

bijective map from the parameters A of an iRBM with
a single hidden unit, to the parameters 6 of the condi-
tional independence model, so that the joint distribu-
tion specified by the iRBM is equivalent to that of the
conditional independence model.

Lemma 1. The joint probability px(V = x, H = y)
of an iRBM parameterized by A = (W, a,b) with d, =
d and dnp = 1, is equivalent to the joint probability
po(X = z,Y = y) of the conditional independence
model with the parameters 0 = ({um},{m}) given
by:

ZU ebtJrzl bt
bm+zl lelJn

1pilﬂ% = U(Z)ilm7 Ty =

2o hefer, . ex} €

where o is the softmaz function, zjm = (al + wl™),
and z = (Ziim, - - -, 2ixkm) € RE. The map X\ — 0 is
a bijection.

Proof can be found in

It can be seen that the effective number of free param-
eters of the iRBM and the conditional independence
model are both exactly equal to (dK + 1)(K — 1) pa-
rameters.

Note that the result proven by |[Shaham et al| (2016)
for the binary RBM can be considered a special case
of Lemma where K = 2 and z;;,, = —(al + w!™) for
[ =1orm=1and by = —by, which will zero out the
logits of all exponents of the first hidden and visible
units, essentially yielding the sigmoid function as the
conditional probability of the RBM for 2 classes.

Remark 2. Let {z;}!" | be observations from the con-
ditional independence model, specified by pg. Given
0, and under the mild assumptions that Yj €
{1,...,d}, X; LY (every classifier is not independent
of Y. i.e., not merely a random guess), and d > 3, then
the conditional independence model is a special case of
the tree model presented by |Chang (1996]), which was
proved identifiable under these conditions. Therefore,
the conditional independence model is also identifiable.

Corollary 1. Based of Lemma[l, and Remark[3, it
follows that the iRBM is identifiable as well.

4.2 iRBM for Ensemble Learning

We now demonstrate how the posterior probability
po(Y = y|X = z) can indeed be recovered by an iRBM
with a single hidden unit in a consistent manner, given
some {z;}?, ~ pg(X) observed data from the con-
ditional independence model defined in Equation ,
summarizing the main result of the equivalence. We
prove this corollary similarly to (Shaham et al.| 2016),

and present the proof in[Appendix DJfor completeness.
Corollary 2. For any x,y, the iRBM posterior prob-
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ability p; . (H = y|V = x) converges to the true pos-
terior po(Y = y|X = z), as n — oc.

Due to the energy-based nature of the iRBM and its
architecture, two notable considerations arise regard-
ing the limitations of implementing this equivalence in
practice:

Remark 3. The parameters’ identifiability is up to a
global permutation of the classes; Meaning that one
might recover a map, where the multinomial output
units of the iRBM correspond to a permutation of
the conditional independence model class labels, poten-
tially relabeling the classes. Formally, there is a bijec-
tive mapping ¢ : {1,..., K} — {1,..., K} such that
poY = y|X = ) = pr(Y = 6(y)|V = 2).

As on average, the X s are more accurate than a ran-
dom guess, this can be resolved by solving the assign-
ment problem between the predictions and the major-
ity vote decision. As will be discussed later, since we
initialize the iIRBM with a majority-vote (MV) initial-
ization, the permutation often defaults to the identity
mapping in our implementation.

Remark 4. Corollary[] is based on the assumption
that we found the iRBM Mg, In practice, achiev-
ing the MLE is difficult due to the intractability of the
EBM true gradient, resulting in maximizing a proxy to
the gradient. More so, there is no guarantee that after
training an iRBM one can obtain the MLE, since its
likelihood function is not concave.

4.3 Deep Energy Ensemble Models

After establishing the equivalence between the iRBM
and the conditional independence model, we address
the limitation of the conditional independence between
input learners, which is often violated in practice and
might yield sub-optimal results for the iRBM predic-
tions.

To overcome this, we propose a Deep Energy-based
unsupervised Ensemble Model (DEEM), depicted in
extending iRBM with deep layers. DEEM
propagates input through Multinomial layers, with an
iRBM predictor estimating py(Y'|X) via Corollary

The incorporation of deep layers and non-linear ac-
tivation functions is motivated by their ability to
form disentanglement of latent variations in the in-
puts (Mehta and Schwab), [2014; [Tishby and Zaslavsky,
2015; Shwartz-Ziv and Tishbyl [2017) and their richer
expressive power (Montufar et all (2014} [Eldan and
Shamir, 2016} |Vardi et al., |2022)). Intuitively, we can
view the propagation through the layers as a process
that preserves latent label information while reduc-
ing conditional dependence between the input features,

DEEM

Of =i,

Deep Multinomial Net Vi iRBM

[eXOXOX6)

Figure 2: The DEEM model. The sample z; goes
through the deep network, to acquire the visible input
v; to the iRBM layer, which then forwards it to get h;.
In training, v;, h; are used to compute the gradient
which then propagates backwards. When inferencing
on z;, the prediction h; is mapped to the correct class
and returned.

enabling DEEM to better approximate complex pos-
teriors p(Y|X) with non-trivial learner relations.

Post-training, we use majority vote decision for class-
mapping (Remark , enabling prediction on seen and
unseen examples. Key implementation details follow,

with additional information in

The Multinomial Layer The Multinomial layer is
a deep network component we design to keep the prob-
abilistic nature of DEEM and our input, while allowing
easy forward propagation and the benefits of the deep
structure as discussed earlier. It can be seen as an
extension to the regular linear layer but with multino-
mial inputs and outputs.

Formally, a Multinomial layer consists of a weight 4-
way tensor W of size (K, K,d,d) and bias b of size
(K,d) , Where K is the multinomial unit size, and d
is the input and output sizesﬂ

Similarly to the FM-RBM, An example z sized (K d),
is forward propagated through the layer as follows:

K
mo__ im0 m
z; —E w;iw; + 03,

=1 i=1

to give z of sizes (K, d), where f is an activation func-
tion, ,j are the indices of the input and output di-
mensions and [, m are the indices for the multinomial
dimensions. Conceptually, each layer propagates a set
of one—holﬂ predictions to new latent set of predictions.

We employ Sparsemax (Martins and Astudillo), [2016))
as the activation function for the multinomial layer.
This ’sparser’ alternative to softmax assigns probabili-
ties only to sufficiently large logits, zeroing the rest.

3In principle, this layer can take any diy, dout sizes, but
we found that assigning them equal results in more robust
training of the model.

4Due to its structure, this architecture also supports
soft-label injection naturally. We focus one-hot represen-
tations for clarity.
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This approach yielded better results than softmax,
likely due to its handling of our one-hot input data.

4.3.1 Training and Inference Details of
DEEM

DEEM is trained in a standard end-to-end fash-
ion, calculating the classic energy loss logp,(z) =
—FE,(z) — log Z(w) based on Equation (I8), em-
ploying the Deep Langevin Proposal sampler(Zhang
et al.,|2022b). Post-training, the Hungarian algorithm
(Kuhn| |1955) compares DEEM predictions with the
majority vote decision to obtain a class map for infer-

ence. provides a detailed pseudo-code of

the training and inference procedures.

Given a trained DEEM and a sample 2 ~ py(X), its
label y is estimated by propagating = through the
whole model. The output is then decided by taking
the arg max py (h|x), and mapping using the class map
function.

Note that due to the stochastic nature of DEEM, one
can also estimate the label by sampling from pj (h|z),
propagating x through the network several times and
averaging the outputs to obtain E(Y|X = z). Exper-
imentally, we found the arg max estimate to be suffi-
ciently effective in most cases.

Procedure Training

Input: x: batch of one-hot encoded inputs, A: model
parameters
Output: ¢: class mapping function

Initialize A with appropriate priors
while convergence criterion not met do
Sample negative examples Xneg
Propagate x and Xneg through the model to
obtain (v,h) and (Vneg, hneg)
Epos < Energy(v,h, \),
Eﬂe% < Energy(Vneg7 hneg, )‘)
L+ Epos - Eneg
Freeze iRBM constants
Update A using gradient of £
end

Y + Model(x, \), Yav < MajorityVote(x)
¢+ HungarianAlgorithm(}7'7 Ymv)
return \, ¢

Procedure Inference

Input: x: input sample, A: trained model
parameters, ¢: class mapping function
Output: y: predicted class label

h < Propagate(x, A)
y + ¢(arg maxy (hy))
return y

Algorithm 1: DEEM: Energy-Based Model for
Classification

5 EXPERIMENTAL RESULTS

In this section, we present our method performance.
First, we show that the iRBM accurately reconstructs
the parameters of the original conditional indepen-
dence model, and that the multinomial layers of
DEEM empirically promote conditional independence.
Then, we benchmark DEEM against other baselines on
several simulated and real-world datasets. Lastly, we
evaluate DEEM on unique ensemble scenarios, deriv-
ing insights for its use in practice. Detailed informa-
tion about the datasets in this section can be found in

]
Append

\
Classifiers Correlation

iRBM estimated parameters
\

True parameters i,
Figure 3: Recovery graph (left) and a weight correla-
tion heatmap (right). In the recovery graph, each cir-
cle is the parameter value from the DS model (¢, 7t)
(X-axis), and its corresponding iRBM parameter value
(Y-axis), using the map outlined in Lemma The
closer to the dotted identity line, the better the recov-
ery (as it means they have the same value). It can
be seen that the iRBM recovers the DS model orig-
inal parameters correctly. The heatmap shows each
classifier’s correlation with the iRBM final prediction,
which shows the iRBM was able to tell the classifiers
that benefited the prediction, and rule out the rest
(which were random guesses).

5.1 Recovery of the DS Parameters

To test for our model’s capability to correctly recover
the true DS model parameters, we trained an iRBM
on a simulated dataset (CondInd), which consists of
K = 3 classes and conditionally independent clas-
sifiers, where the first four classifiers predictions are
drawn from the original labels with a small perturba-
tion, and the rest are all random guesses.

We show the results in Figure [3] where we can ob-
serve how the iRBM successfully recovers the original
parameters that created the dataset. Additionally, we
can see the correlation with the iRBM weight vector
to the prediction, suggesting it was able to distinguish
‘true’ classifiers from those that do not benefit the pre-
diction.
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5.2 Disentanglement Through the
Multinomial Layers

Upon the addition of the multinomial layers to mit-
igate conditional dependencies between learners, we
empirically validate the claim by the analysis be-
low, conducted on the trained DEEM of the MnistE
dataset:

At each layer of DEEM, and for each true label (used
only for analysis purposes), we compute the mutual in-
formation (MI)E| between classifier outputs as a proxy
for conditional independence. The input to the MI
computation is the argmax prediction of each classi-
fier (feature), treated as a discrete random variable.

Table 1: Max MI and Frobenius Norm mean and std
per true class, across the multinomial layers.

Layer Max MI Frobenius Norm
Layer 0 (Input) 0.827 £+ 0.294 4.428 +1.796
Layer 1 0.981 +0.272 3.504 4+ 1.439
Layer 2 (iRBM input) 0.314 + 0.068 2.687 £ 0.985

For each true class and each layer, we construct a full
d x d MI matrix which we summarize below using the
maximum MI and Frobenius norm (Excluding diago-
nal entries).

These statistics reflect an approximation for the level
of dependence among classifiers at each layer. As
shown in Table [I] and Figure [ both max MI and
Frobenius norm decrease across layers, supporting our
hypothesis that the learned representations are shifted
towards conditional independence as we move through
the multinomial network.

Class_0 — Mutual Information

Layero Layer1 Layer2

Figure 4: The conditional mutual information ma-
trices of a trained DEEM with 2 multinomial layers.
Starting from the input layer in the leftmost column,
it can be seen how the mutual information is gradually
reduced as we progress through the multinomial net-
work, until we get disentangled features as input for
the iRBM component. This is a typical plot from one
particular true label class subset of the data.

®We computed the MI using mutual _info_score from
scikit-learn, which performs binning via empirical co-
occurrence counts.

5.3 Unsupervised Ensembles

We evaluate our method on a carefully curated set of
simulated and real-world datasets, designed to show-
case its ability to capture complex learner interactions
— a crucial aspect of high-quality ensembles. Our
benchmark spans across diverse scenarios, including
multi-modal cases. This enables a more rigorous as-
sessment of the effectiveness of unsupervised ensemble
methods across varied applications.

Datasets The datasets include Tree3K, a simulated
dataset designed to test performance in the presence of
hierarchical conditional dependencies between learn-
ers. MnistE, constructed from three types of classifiers
trained on MNIST (LeCun et all|1998) data, emulates
a standard expert ensemble scenario.

For multi-modal evaluation, we incorporate the
CS:GO dataset from MuG (Lu et al., |2023), which
combines text, image, and tabular features. This
dataset’s ensemble consists of uni-modal models
trained using AutoGluon (Erickson et al., [2020). Ad-
ditionally, we include several tabular datasets derived
from UCI (Dua and Graff], 2017)), utilizing predictions
from diverse pre-trained tabular model architectures
as provided by TabRepo (Salinas and Erickson| 2023).

This carefully assembled collection presents a wide
spectrum of ensemble configurations and classifier sets,
offering a robust evaluation framework for unsuper-
vised ensemble methods.

Our datasets are particularly valuable for assessing
performance where the conditional independence as-
sumption is violated, a common limitation in real-
world applications. Additional specifications and pre-

processing steps are in

Benchmarks We compare our performance to
classic methods such as majority-vote (MV) and
Dqﬂ (Dawid and Skene, [1979), unsupervised ensem-
ble models like L-SML (Jaffe et al.,2016), DNN (Sha-
ham et al, [2016) and recent PWS and crowd-
sourcing methods such as EBCC (Li et al., [2019), LA-
pass (Yang et al) 2024), HLM (Wu et al. [2023]) and
FlyingSquid (Fu et al.l |2020]), adapting to one-vs-all
when necessary.

Additionally, we include the iRBM performance (to
compare the benefits of DEEM), BestClf, represent-
ing the best individual classifier in the ensemble and
AvgClf, the average individual classifier accuracy.

5Using an enhanced implementation by |Sinha et al.
(2018))
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Table 2: Accuracy Performance.
AvgClf is presented as a reference. Methods without standard deviations are either deterministic by design
or implementation (i.e., EBCC where one run is selected based on highest ELBO). Terms det and sto are the
deterministic and stochastic variants of DNN, respectively.

Table shows methods performance on each of the datasets.

BestClf and

Tree3k MnistE PetFinder CSGO MicroAgg2 EyeMovem  ArtiChars  GesturePhsm
BestCIf 87.62 86.79 94.09 90.13 63.39 74.75 92.87 69.98
AvgClf 73.594+10.47  65.724+16.0  65.68+17.5  78.79+8.31 60.342.49 63.5+9.52 70.39+16.36 60.69+6.46
MV 94.63 82.41 77.02 85.34 61.85 71.32 79.04 64.23
L-SML 95.67 85.63 79.57 88.82 62.80 72.45 79.69 65.38
DS 95.29 92.63 80.15 86.94 63.01 73.44 82.30 64.72
EBCC 94.98 87.92 78.58 86.79 62.82 73.26 84.10 63.43
HLM 94.65 85.21 79.03 87.08 62.93 71.09 79.06 66.25
LAspass  95.60+0.00 86.71+0.05 78.05+0.00 86.79+0.00 61.95+0.00 72.49+0.01  79.95+0.01 64.48 £0.00
FSquid 94.35 77.35 69.50 82.58 61.10 72.18 78.91 62.03
DNNgto  93.28 +1.73  77.73+4.48 78.36+0.27 82.79+7.03 61.904+0.88 68.48+10.23 83.53 +1.37 66.57 +0.59
DNNge: 93.10+1.73  78.63+4.49 76.79+0.93 82.56+6.86 62.354+0.21 67.444+10.15 82.84 4+2.30 65.88 +0.79
iRBM 95.23 £0.05 87.13+0.04 77.974+0.07 85.754+0.14 61.86 +0.00 73.03 £0.10 79.22 +0.04 66.55 £0.05
DEEM 95.5240.08 94.95+0.00 79.84+0.08 88.16+0.46 63.0640.01 73.73+0.29 82.2140.33 67.00 +0.51

While this information is not available in unsuper-
vised settings, it provides readers with insight into the
original strength of the ensemble’s components, offer-
ing context for interpreting the unsupervised methods’
performance.

Table [2| presents the performance on all datasets.
The performance is averaged over five runs across all
datasets, wherever applicable. DEEM has the high-
est average accuracy, being 0.6% better on average
than the second-best method, and is either the best
or second-best performer on most of the benchmarks,
as seen in the table.

5.4 DEEM as a Mixture-of-Experts Model

To test DEEM’s ability to uncover hidden specializa-
tions and expertise, we build three datasets:

e MnistE-4/7, where two learners become an ora-
cle on one of the digits, one being an expert on 4
and one on 7, additional to their performance.

e MnistE-568, where three learners, one from each

distinct algorithm family, become oracles on three
digits, 5, 6, and 8.

e AmpData, where one classifier is added as an
oracle on two designated classes, being completely
random anywhere else - complementing all other
classifiers, which are random on those designated
classes.

These setups evaluate whether DEEM can effectively
identify experts, route relevant inputs to them and in-
tegrate their outputs—even under limited overlap with
general knowledge. Further details and additional ex-
periments are provided in Appendix [Il

DEEM achieves best or second-best accuracy on all
portions of the datasets (Table . In AmpData,
DEEM gains 7.34% over DS—where all other meth-
ods fail to harness the dataset’s oracle expertise, at
a slight decrease in accuracy on the remaining data.
DEEM also assigns 3—-7x higher weights to subset ex-
perts (Figure , showing it effectively synthesizes la-
tent specializations.

Table 3: Accuracy on expert subsets (classes with oracle learners) and remaining data of each of the MoE

datasets.
MnistE-4/7 MnistE-568 AmpData
Method Expert Remaining Expert Remaining Expert Remaining
MV 84.82 82.98 91.66 83.02 54.82 99.63
L-SML 88.32 86.20 95.83 87.55 46.34 99.92
DS 91.70 92.52 95.07 93.62 89.29 97.64
LAgpess 88.3840.0  86.7340.0 95.37+0.0 89.57+0.01 28.15+0.05 99.91+0.11
EBCC 94.53 88.57 95.74 90.77 34.06 98.70
HLM 87.11 85.28 92.59 87.19 60.28 98.36
iRBM 92.28+0.39 86.13+0.25 96.07 +£0.10 88.8940.09 29.99+0.98 99.92+0.01
DEEM 95.27+0.08 94.69+0.0 96.07+0.42 94.29+40.76 96.63 +0.44 96.17 +0.81
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Figure 5: Learner importance chart on MnistE-568.
Red bars are the enhanced oracle learners. DEEM
strongly favors the specialized on the expert, where
they are relevant (left panel), while preserving their
respective contribution on the rest of the data (right
panel).

5.5 ImageNet Pretrained Ensemble

To assess our method under harsh real-world large
scale conditions, we created an ensemble of five pre-
trained models on the ImageNet validation set, where
we filter out examples where all models unanimously
agree. To our knowledge, this is the largest class-wise
evaluation attempted in unsupervised ensemble learn-
ing, with two orders of magnitude more classes than
previous benchmarks, expanding to K = 1000. Fur-
ther details are available in Appendix

Table 4: ImageNet Accuracy

BestClf MV L-SML DS
60.83 56.41 20.33 56.24
LAspess HLM iRBM DEEM

57.98+0.0 56.21 57.37+0.11 57.47+0.05
Table [4] shows DEEM achieves second best rankings,
successfully scaling to beyond conventional class sizes,
highlighting its robustness and relevance despite its
sparse one-hot structure.

6 CONCLUSIONS

In this paper we presented DEEM, a novel flexible
EBM model that enables unsupervised training and
inference ensemble learning, with no dependence re-
strictions on classifiers. We lay out theoretical guar-
antees with empirical support for recovering the true
posterior in the iRBM setting, and empirically demon-
strate that multinomial layers reduce conditional de-
pendencies. We benchmark DEEM performance com-
pared to other baselines and showcase its properties
given unique ensembling scenarios, including the abil-
ity to utilize leaners’ expertise and accommodating
large scale number of class sizes. We discuss lim-

itations, scalability and ethic considerations in [Ap
pendix M
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Checklist

The checklist follows the references. For each ques-
tion, choose your answer from the three possible op-
tions: Yes, No, Not Applicable. You are encouraged
to include a justification to your answer, either by ref-
erencing the appropriate section of your paper or pro-
viding a brief inline description (1-2 sentences). Please
do not modify the questions. Note that the Checklist
section does not count towards the page limit. Not
including the checklist in the first submission won’t
result in desk rejection, although in such case we will
ask you to upload it during the author response period
and include it in camera ready (if accepted).

In your paper, please delete this instructions
block and only keep the Checklist section head-
ing above along with the questions/answers be-
low.

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
Yes, in the main paper in Section [f] and Ap-

pendices [A] [C] and [H]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
Yes, in the main paper in Section [4 and rele-
vant Appendices [G] and [H]

(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. Yes. Will be provided
upon acceptance.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. Yes. In Sections [£1]
and 4.2

(b) Complete proofs of all theoretical results.
Yes. Refer to Appendices [C| and D]

(¢) Clear explanations of any assumptions. Yes.
please see aforementioned sections and ap-
pendices.

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). Yes

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). Yes.
Please see Appendix [G]

(¢) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). Yes. Elaborated in main
paper.

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). Yes. Appendix

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. Yes.

(b) The license information of the assets, if ap-
plicable. Yes. Appendix [H]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. Yes. Provided
upon acceptance.

(d) Information about consent from data
providers/curators. Not Applicable.

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. Not Applicable

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. Not Applicable.

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. Not Applica-
ble.

(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. Not Applicable.
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A Fully Multinomial RBM
We further describe the Fully-Multinomial Restricted Boltzmann Machine (hereby FM-RBM or simply RBM)
in detail, writing its energy and derive its units’ conditional probabilities.

Unless otherwise stated, capital letters denote sizes, and their lowercase letters are indices in range 1 to the
capital letter. We denote L, M as the visible and hidden multinomial unit sizes, respectively. Let d,,d, be the
RBM visible and hidden sizes, as in binary RBM.

ey is the one-hot vector with 1 at its index k. e, = {e; ... ex} where K is the number of classes. In our derivation
it will be L or M for v or h, respectively.

The energy of the FM-FBM is:
- E Tt T - ST T )
o

Or in its vectorized form:

—Z<al,vl>—2<bm,hm>—zz << w'™ ol > ™ > (3)
Z<av>+2<bmhm>+22<<w ol > R ) (4)

ZalTUl + meThmZvlTWl,mhm (5)
l m l,m

This follows as an expansion to support multinomial input and output, as first proposed in (Salakhutdinov et al.|
2007) for the Multinomial-Binary RBM.

B FM-RBM Visible Conditional Probability

Recall that v; is a multinomial vector with L elements. The only allowed configurations for a multinomial vector
are the one-hots defined by e ...er. which we will denote as e; for the one-hot vector with 1 at the /-th index.

p(v; = e, h)
p(v; = e|h) = Th)

B Z{v\vi/:el}p(vi'Jh)

X, p(viesh)

Z{v\vi/:el} e Bwh /7
Zv e—E(v,h)/Z
_ D {oloy—er} e~ Flh)
D pofemeny €T D ey €N

Note that we can write
L
Tt -y 3 ene
v =1 v|v,=e;
for any v;, as we defined its allowed values earlier.

Now let us look at the energy in numerator term from for the specific e;:
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S B =YY a Zg,—i—Zmehm—i—ZZZZgz wil b (10)

{v|v;;=e;} =k i=r =k m i=r

= a* 1+Zmehm+22221 wi by (11)

=k m i=r

=a +mehm > whrhy (12)

l=k,m,i=rj

=a"+ Z bR+ Z Wi h" (13)

Note that the term »_ . b7'hT" doesn’t depend on the values of [ or i,

m,j "J
Therefore:
Pl = exlh) = D o A+ oy M)

i — Ck - mpm m m

' exp(ak+z’m_]b h +Z'rnj h +Zl7§kl Ta +Z7n] ]h +Zl75kmz 7,] l h )
(14)
B exp(ay + 3, wkrhy) (15)

eXp(a“wlE + Zm] h + Zl#k) = ra + Zl#k: m,i=r,j lmhm)

(16)

Which ultimately gives the softmax probability:

k k
et 25 wig"hy

plvi = exlh) = ZZL:1 eaé+2m = wiphy

A derivation in similar fashion can be done for the hidden conditional probability p(h; = k|v) as well.

C Proof of Lemma 1

Proof. We will define 6 so for every x,y, po(X; = 1Y = m) = px(V; = |H = m), and pg(Y = y) = pa(H =
y). For completeness, in this proof we denote L as the visible multinomial dimension, and M as the hidden
multinomial dimension. The weight matrix W has dimensions (L, M, d, 1), the visible bias a has dimensions of
(L,d) and the hidden bias b dimension is M x 1.

Recall that:
it 3 wiihy

L al’+2 E wl'mhm
Zl _1 e 7 m

(Vi=elH; =ep) =

Because our hidden dimension is 1, we can remove the summation over j. We also denote H = H;. Moreover,
note that H is the one-hot vector e,,. This let us reduce the equation to:

l lm
eai+wi

P = el = o) = S

Therefore we define:
'(/}ilm = U(Z)ilm
Where o is the softmax function, 2, = (al +w!™), and z = (21, - - ., ziLm) € RE.

Note that for iRBM, for any combination of indices (l m) € L X M such that either I =1 or m = 1 (The first
visible or hidden index), we set the parameters (al w} ) to be some fixed scalar values, denoted as a; and w!™ E

“In our paper they equal 0 or 1
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This ultimately make the effective parameters of W and a be (L —1) x (M —1) x d and (L — 1) X d, respectively.
Since in our case, K = L = M, we can simply write d x (K —1)? and d x (K — 1).

Notice that the map from the effective parameters (al,w!™) to 1, is injective, since there are d(K — 1)K

unknowns and ‘the same number of linearly independent equations.

Assume towards a contradiction, that the map from the effective parameters (aé, wim) to ¥;1m is not injective.

Then there exist two distinct pairs (al, wi™) # (@, w!™) such that for some set of indices (i,1,m),

Zitm = (al +wl™) = (a} + wi™)

Since the w!™ are unique to each );;,,, it must be that any change in parameters comes from altering a! as well.
However, notice that modifying any aé necessarily inflict change on wél for z;1 (to keep the same sum). This
contradicts Definition [1} in which w!™ for m = 1 is a constant. Therefore, the map (al, w!™) to i1, is injective.

By FM-RBM definition, recall that:

—E(v,e)
Zve{el,‘..,eL}d e

H = e =
Pa( t) Zye{el,...,eL}d,hG{elwweM}e_E(Uyh)

Z ezl alTUH‘Zm bMThm'f‘ZL,m slwlmpmT
_ v

= Z ] eZz aTo+3,, 07 Thp+3, ,, vt WhmhmT
U7

For brevity, we write >0 i, o qaas D, and Yoo o ohas >
Since H = ey, the hidden term ) v Th,, simply reduces to b* (As it only equals 1 in the ¢-th dimension),
while visible term ), alTvl can be factorized out. Thus we set:
S, O O A
Zv,h b vtwihm

T =

To see the map of A — @ is 1:1, if we open the summation over i, we can rearrange this equation and get:

ﬂ_t(z ebt+zl lel,t + Z ebm+zl 1)lWl,7n) _ Z ebt+zl ,UlWl,t
v

v v,h#ey
m Lyisl,m t Lyplt
= T E eb i vw :(1—7Tt) E €b+ZlUW
v,h#ey v
bWLJrZ ’UlWl’m
b T 2 hte, © '

= 1 _ 7'(t Zv ebt_,’_zl vIWit

Therefore, given (W, a), m; can be uniquely determined by b'. As per iRBM definition, the effective parameters
count of b is dp, * (M — 1), or just (K — 1) in our case. This means that the map from b® to 7’ is injective, as
there are (K — 1) linearly independent equations for 7% as well.

To complete the proof, notice that the total parameters of both model are equal. For the conditional independence
model, there are a total of d(K — 1)K parameters for the conditionals, and K — 1 for the priors. This yields the
identity:

d(K -1 +dK-1)+ (K -1)=d(K - 1)K + (K — 1)

In total, each model has exactly (dK + 1)(K — 1) parameters.

As a result, the map A — 0 is injective. An identical argument shows that the map # — X is injective as well,
therefore the map A — 0 is a bijection. O

D Proof of Corollary 2

Proof. Given the conditions outlined in Corollary [[Junder which the iRBM is identifiable, and as p)(H = y|V = )
is continuous in 6, by the consistency property of MLE, we get:

lim S\MLE =
n— 00
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and
Pl (H = y|V = LL’) - p)\(H = y|V = 37)

Under the map A — 6, we acquire
pA(H =y|lV =2) = pg(H = y|V = x)

which completes the proof. O

D.1 MLE Consistency

We appeal to Wald’s Consistency Theorem to guarantee that the Maximum Likelihood Estimator A\MLE con-
verges to the true parameter \g. Our iRBM framework satisfies the required regularity conditions:

e Compactness: The parameter space (probabilities and weights) is a compact subset of Euclidean space.

e Identifiability: The unique maximizer condition is satisfied; The global identifiability of the iRBM is rigor-
ously proved in Lemma [I] and Remark [2|

e Continuity: The log-likelihood of the iRBM (an exponential family model) is continuous with respect to .

e Uniform Convergence: The energy function is regular, ensuring that the Uniform Law of Large Numbers

applies. Since these conditions hold, the estimator is consistent, ensuring the posterior convergence stated
in Corollary [2]

Therefore, the MLE is consistent.

E Additional Background

E.1 Energy-Based Models

Energy-Based Models (EBMs) are a class of probability models, that associate an energy scalar E,,(z) to each
configuration of x w.r.t. to learnable parameters w. For a given input x, its probability is defined as the
Boltzmann distribution over all possible configurations:

_ (=B ()
pu(e) = T (1)

where Z(w) = [ exp(—Ey(z)) dz is the normalization constant.

The probability p,,(x) is proportional to the exponential of the negative energy, ensuring that configurations
with lower energy have a higher probability. The gradient of the maximum log-likelihood is given by:

0 0 0 ,
w0 Ingw(x) = _%Ew(z) + Eprnp,, |:8wEw(x )} (18)

The first term can be easily computed, but the computation of second term (which refers to the configurations
sampled from the EBM distribution), is intractable in most cases, so the gradient can only be approximately
estimated by sampling from p,,. One common way is by constructing a Markov chain.

In the context of learning, Equation can be interpreted as adjusting the parameters w of the model to
minimize the energy of the observed data points while maximizing the energy of the data points currently
sampled from the model, ultimately associating high energy to unobserved points.

E.2 Restricted Boltzmann Machine

Restricted Boltzmann machine (RBM) is a bipartite graph generative stochastic EBM, with a set V of d, visible
units, and a set H of dj hidden units, and each unit takes binary values. V' and H are arranged in two layers,
fully connected to one another, with no connections between units of the same layer.
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An RBM is parameterized by a weight matrix W of size (d,, dy), in addition to a visible bias a of size d, and a
hidden bias b of size dj. Given these parameters, the energy function of the RBM for a given configuration of v
and h is defined as:

E(v,h) = — (a"v+b"h+ 0" Wh) (19)
With the joint probability distribution:
efE(v,h)
p(v,h) = W

The target of training an RBM is to learn a probability distribution over a set of data, mostly to generate
new similar data. The visible units represent observed data points and the hidden units correspond to a latent
representation we learn. Each hidden unit can be interpreted as a learner function that captures some hidden
dependency between observed features (Fischer and Igel, [2014; Montufar et al., 2014).

F FM-RBM Input Example

Consider a FM-RBM as described in [section 3| with d = 4 classifiers and K = 3 classes. Given an example input
[1,3,2,1], it is transformed into a 2D one-hot matrix x; € {0, 1}#*:

Ty =

OO =

0 0 1
010 (20)
1 00
where each column is a one-hot vector corresponding to the classifier’s prediction. For the forward pass, the

FM-RBM weight tensor W € RE>XEKxdvxdn s applied to x;, adding the hidden bias b € RE* This effectively
computes:

Qu
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foreachm € 1,...,K and j € 1,...,d,. Where 2] is the logit (Before applying softmax on the m-th dimension).

F.1 Identifiable RBM Visualization

In essence, the Fully Multinomial Identifiable RBM (thereby iRBM) only modification to the standard FM-RBM,
is fixing the first coefficients of every visible and hidden multinomial units of the model.

This modification lets K — 1 degrees of freedom for every probability vector of K classes, as one can notice
that for a probability vector of size K, the last coefficient is always the remainder of one minus the sum of all
other probabilities (As can be seen in Remark [1} for example). This is what allow us to uniquely determine the
parameters that produced the values.
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Figure 6: Fully-Multinomial Identifiable RBM (iRBM). The filled units are the fixed coefficients of the model.
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G Additional Training and Inference Information
Here we lay out additional training and inference information for using DEEM in practice.

G.1 Initalization Scheme

In our implementation we initialize the Multinomial layers to the identity function:

m )1 ifl=mandi=j
0 otherwise

We add N(0,0?) noise to both weights and bias, where o = 0.005 by default.
The iRBM is initialized to output the majority vote decision:

wim — 1 ifl=m
0 otherwise

Then, for all zeroed weights and all biases:

Im __ I _ mo__
wi" =€ a;=¢€ b"=¢€

where € ~ N(0,02) and ¢ = 0.01 by default.

This lets us begin training when every learner is unfavorable and has equal amount of contribution to the meta
prediction. This initialization returns the majority vote, as the m-th multinomial logit accumulates 1 only when
[ = m, meaning the learner predicted the class m. Since we sum over d and then apply the softmax function,
the highest probability will be the class that got the most predictions.

G.2 Model Distribution Sampling Method

Traditional RBM gradient approximation methods like Contrastive Divergence (Carreira-Perpinan and Hinton|
2005) or PCD (Tieleman, 2008)) rely on MCMC sampling between visible and hidden layers, limiting training to
a layer-wise approach. To maintain end-to-end flexibility, we adopt an alternative sampling strategy.

We employ the deep Langevin proposal (DLP) sampling method (Zhang et al., [2022b]) for our energy-based
model. This scalable, parameter-free approach constructs a proposal distribution over possible local updates
based on likelihood gradients with respect its discrete input. In DEEM, these updates encompass all K classes

for each learner. Refer to for the pseudo-code.

G.3 DLP Sampler

The pseudo code for our sampling methods follows the recent work presented by [Zhang et al. (2022b)), which
suggest a scalable gradient-based sampling approach for discrete distributions. The pseudo-code for the algorithm
is:

Where g;(X|)) is a categorical distribution:

1 L— i3
qi(A;) = Categorical (Softmax (2VU()\)Z»T()\2 —A\i) — )\’2>\ZH2)) , (22)
!

and A;, A, are one-hot vectors.

We use their DMALA algorithm, which adds a Metropolis-Hastings correction to the suggested proposal. The
MH step equation is given by:

min (1, exp(UN) — U(N)) ng) (23)

In our experiments, we found it to perform slightly better than the gibbs based approach suggested by |Grathwohl
et al.[(2021), and with more sampling speed. Another recent Langevin-based method by |Du and Mordatch! (2019)
performed well on some seeds, but we found DLP to be more consistent and robust to hyperparameters choices,
likely since it is tailored for discrete inputs.
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Input: a: step size
Output: \*): samples
Procedure Sample With DLP
Initialize A
while convergence criterion not met do
for : +— 1 to d\ do
// Done in parallel
Construct g;(-|A) by Equation
Sample A; ~ g;(-|A
end
// MH Step
Compute g(X'[A) = []; a:(Xi|A)
Compute g(A[N') =TT, a:(AIX))
Set A < )\ with probability given by Equation
end

return \%)

Algorithm 2: Samplers with Discrete Langevin Proposal (DULA and DMALA)

G.4 Choosing Hyperparameters and Training Insights

Due to the energy-based nature of our model, and especially its training procedure, which involves maximizing
a proxy to the gradient (As pointed in Remark , careful attention to its chosen hyperparameters and model
configuration is required to avoid unwanted behavior. Hyperparameters that are too low will result in long or
non-existent training, while hyperparameters that control the learning too much might interfere the delicate two-
part energy training dynamic, possibly making data examples’ energy go up or retrieving poor model negative
samples, causing training instability or diversion.

Another issue we encountered repeatedly during our initial research is that for some configurations, like those
with an inadequate sampler or with a learning rate that is too strong, resulted in a phenomenon we call ’dead
units’, where during training the model collapses and maps all data to a smaller subset of its multinomial output
units. Since our method is fully unsupervised, and we do not have any other data information, we can not tell
if this is a wanted behavior for a given dataset (As some data might be inherently unbalanced), which leads us
to derive training insights from other metrics.

Wherever applicable, we put an emphasis in our trials on figuring good hyperparameters and configurations that
need less compute, in order to have a solid training foundation that is easier and faster to run for as many
applications.

We found these tips to help boost the model stability significantly:

e A discrete sampler that allows for quality model samples. We were able to create performant models using
other EBM sampler method, but as pointed in the aforementioned section, they were less robust. For our
DLP sampler, we found that a small number of sampler steps (number of times we run a sample through
the model repeatedly to acquire a truer model sample) is sufficient. We have used 5, trying values up to
100, but the reader is advised to experiment with more sampler steps given the resources.

e Our trials suggest regularization is unnecessary for training DEEM successfully. Although it is usually
advised, using too big of a regularizer can cause dead units to appear, which overshadows potential benefits.
If you choose to use regularization, consider L1 over L2.

e Bigger batch sizes are significantly better than small ones. It is possible to train using as low as 32 examples
per batch, but results are often less stable. We opt for a batch size of at least 1024 examples universally,
with more if memory and compute allows.

o We saw that SGD momentum boosts training in the beginning, but since we do not have a fine-grained
metric to elucidate where we reach convergence, we ultimately chose not to use it. If you do choose to use
momentum, values up to 0.5 are enough.

e The right convergence criterion is one that allows the model to stabilize after possible energy difference dips
(more on that in the section below). However, in practice, it has shown that with a proper learning rate,
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top performance can be achieved sufficiently within a range of 50-150 epochs.

e In our experimentation, one multinomial layer already should suffice to capture a reliable amount of the
benefits of the disentanglement and reduction of conditional independence between learners. However, it
is worth noting (as discussed in the appendices below) that most benchmarks in this field are of small to
medium size datasets, and wherever the dataset was bigger in size or class number (Like MnistE, Tree3k
or ImageNet), additional layers have been helpful in harvesting more of the aforementioned benefits, with
some diminishing returns. As a rule of thumb, one can begin with one multinomial layer, and decide to add
more given the other metrics or phenomena (like the MI scores or ’dead units’) are still in line. The other
real-world consideration might be the added compute time overhead for propagating the gradient through
the added layers.

e We have found that initializing with a small gaussian noise and increasing the impact of the MV initialization
(i.e. setting wiljl = 2 ) improves stability and robustness to a degree. We only included this in the appendix
in order to avoid confusion, as the base MV initialization is stable enough.

G.4.1 Choosing the learning rate

As for the learning rate, we found that using large values often resulted in great overall performance, but opened
the training process for instability and the dead units phenomenon that badly hurts accuracy, which is hard to
spot and stop mid-training. However, a learning rate that is small but can give subpar results, where too small
of a learning rate causes model to stay stagnant. Therefore, a thoughtful choice is needed for choosing a learning
rate for a new given dataset, making sure to balance the trade-off between stability and accuracy.

In order to understand how the learning rate behaves, and to determine what could be a good candidate for
a given dataset, we run an analysis test using a set of potential learning rate values for one fixed set of initial
weights initialization. In our analysis, we run every configuration for a fixed number of epochs, and look at one
main metric and two complementary metrics, computed on the whole training dataset:

e Energy difference: The difference between two terms, the mean (positive) data points energy and the
(negative) mean model samples energy.

e Positive energy: The mean positive energy, the first term of energy difference.

e Negative energy: The mean negative energy, the second term of energy difference.

train_neg_energy for Different Learning Rates

— LR=1e-05
LR=5e-05

— LR=0.0001
—— LR=0.0005
— LR=0.001
— LR=0.005
4 LR=0.01

— LR=0.05

g_energy

train_ne

4 250 500 750 1000 1250 1500 1750
Epoch

Figure 7: GesturePhsm negative energy graph for each learning rate. It can be seen that the first 3 biggest
learning rates in this example increase over time, which implies these learning rate are unstable at that current
hyperparameter setup.

Since our model is an energy-based model, we can expect to find the positive energy to not increase, meaning our
data samples become more probable as model samples. We also expect to see similar behavior for the negative
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model samples, which means the samples we acquire using our sampler, correctly represent high probability
model distribution samples. Seeing curves that behave otherwise can suggest the model training is unable to
provide high quality model samples or learn the data distribution properly.

Given the two complementary metrics behave as expected, we experimentally found the best runs to be those
which their energy difference metric to show a ’dip’ at the beginning of training, where the difference value drops
and increases, then relatively convergence to a value for as long as possible without dropping again, creating a
U or a V shaped curve with a long tail. Values that dropped suggested model instability especially for higher
learning rates. Small portion of datasets output a mirror image of these phenomena, where all curves start high
and decrease, in that case the inverse of all guidelines apply.

In summary, we choose the promising learning rates based on the following steps:

e Look at the positive and negative energy curves, and filter out LRs that their curves increase, see Figure [7]
for example.

e Filter out energy difference curves that either explode down or up (Including ones that show a ’dip’, but
then fall or rise from the tail). Usually, curve values stay within 2-2.5 times their initial value margin.

e From all remaining LR curves, that their energy difference curve has a ’dip’ and a tail, it is preferred to
choose the smallest learning rate, for stability.

e As a general rule of thumb, our goal in maximizing the energy loss is to have zero or close-to-zero difference
between the averaged energy values of the positive and negative examples, and so trials that approached
zero tend to be better than one that did not. However, this is not granular and it is not guaranteed that
the curve which is closest to zero has indeed the highest score.

train_diff for Different Learning Rates

— LR=1e-05
—— LR=5e-05
—— LR=0.0001
-1.25 — LR=0.0005
—— LR=0.001

-1.50

-175

train_diff

-2.25

-2.50

-2.75

0 250 500 750 1000 1250 1500 1750
Epoch

Figure 8: Tree3k energy difference for each learning rate, after filtering exploded values. In this plot, no learning
rate was able to rise completely from the ’dip’ and approach zero. However, 5e-5 and le-4 (orange and green
lines) are potent due to their more aggressive ’dip’, and the long steady, not increasing tail that follows.

Notes:

e Some energy difference curves might seem to converge to a tail in the future or have a wide 'dip’. These LRs
might also be suited for the problem, but come second after ones that posses the aforementioned structure,
as it is unknown whether they can actually reach convergence. In some cases, such energy curves might be
favorable, given their individual positive and negative curves are more stable than the ones with the clearer
"dip’.

e For some plots, it is easier to spot the trends using smoothing. We use a simple exponential moving average
with alpha values ranging from 0.7 to 0.99.
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Once a learning rate and other hyperparameters have been chosen, one can remove less successful runs based on
the stability of their energy difference curve and the same guidelines above.

We employed an automated tool monitoring the energy difference metrics between different initializations. The
yieled results were then manually analyzed to extract useful guidelines for choosing and handling the various
hyperparamters, and understading how they behave in the training regime. We publish this as part of our
codebase, in order to provide practitioners with an automated flow for choosing hyperparameters for everyday
tasks,

G.5 Running time and compute resources

Table presents the running time comparison for every dataset. It can be seen that regardless of the deep-
learning infrastructure and the energy-based training, DEEM is still competitive with other classical baselines,
and stays within the same order of magnitude, with a small overhead by absolute means.

All experiments were conducted using one NVIDIA 1L40S GPU; however, the method is lightweight and can
be executed on significantly slower hardware without issues. The memory footprint is minimal, requiring only
about 0.5 GB of VRAM on average, making the approach accessible even on modest GPU setups. We believe
this ensures reproducibility and ease of experimentation across a wide range of computational environments. For

more details regarding scalability concerns please refer to

Table 5: Comparison of methods running time across datasets (in seconds). Values are mean =+ std or raw times
(lower is better).

Method Tree3k MnistE Csgo Petfinder  MicroAgg2 EyeMovem Arti Chars Gesture Phsm
MV 0.64 1.11 0.05 0.30 0.54 0.25 0.24 0.29
L-SML 1.45 4.50 0.06 1.34 1.71 1.08 3.65 1.75

DS 5.68 53.03 1.43 8.04 11.29 3.88 17.25 14.21

LA <ls <ls <ls <Is <ls <1s <1s <1s
EBCC 3.37£1.50 31.64+4.52 0.124+0.05 8.584+0.81 15.19£0.10 2.63+0.75  7.47+3.09 6.06+1.28
HLM 1.02 2.83 0.03 0.47 0.55 0.30 0.60 0.87

DEEM 16.12+0.43 42.68+0.81 7.35+£0.68 21.03+0.54 15.02+£0.58 18.944+0.51 44.75+0.70 19.09+0.75

G.6 Use of soft-labels

In our paper, we focused on hard labels to align with the classic unsupervised ensemble and crowdsourcing
literature and benchmarks. In many real-world black-box scenarios, one only has access to discrete decisions
(e.g., human annotators, sensors, API calls), not internal probabilities.

However, our architecture is actually not constrained to hard labels, unlike some of the other methods. As we
utilize one-hot encoding for the input of DEEM, and this structure is kept from the input through the iRBM
component, the model can inherently accept continuous vectors (soft labels) from the probability simplex, with
no further adjustments. This also allows to combine both soft and hard labels in one example if needed.

The following experiment shows the accuracy of DEEM trained on a new PetFinder ensemble dataset with
adjusted classifiers trained on a different seed, using the classifiers’ soft labels as input.

Table 6: Accuracy of the revised PetFinder ensemble dataset
BestCIf AvgClf MV DEEM

94.29 71.03+17.85 82.24 84.09+0.29

H Datasets

Here we lay out additional information about the curated datasets, how they were created and their properties.
To comply with all methods, we calculate accuracy on the train portion of the data.
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e CondInd: A dataset conforming to the structure of the conditional independence model’s classifiers, for
assessing the ability to recover its parameters by the iRBM. For the first four classifiers, the probability of
predicting the correct label k given k is the true label (Pr(X; = k|Y = k), the diagonal of the confusion
matrix) is sampled uniformly from the interval [%, 1], where K = 3 is the number of classes. This ensures
they are significantly better than random guessing (1/K). The remaining probability mass is distributed
uniformly among the incorrect classes. The remaining classifiers in the ensemble are pure noise, with a fixed

probability of 1/K for all classes.

e Tree3K: The label Y was sampled from a Uniform(1/k) distribution for & = 3; each node in the intermediate
and bottom layer was generated from his parent with a probability ¢ sampled uniformly from [0.7,1] to have
the same label as its parent and the remainder sum 1-v) were uniformly sampled and divided for the rest
of the classes, resulting in a KxK probability matrix for each node with its ¢ as the diagonal. The tree
structure is of dimensions [1,3,4], starting at the true label Y, resulting in d = 12 classifiers.

e MINIST-E: The MNIST(LeCun et all 1998]) train data of n = 60,000 samples was used, from which a
train-test split of [0.3,0.7] was taken to train 3 classifiers, available from scikit-learn package: A decision
tree of depth 5, Gaussian Naive Bayes and a multi-layer Perceptron with & = 1 and a maximum iteration
number of 100. Every classifier predict on the full n samples, then each of which was duplicated 5 times
and then 10 percent of its predictions were uniformly randomized, to create a 5-3-1 dependence structure
between classifiers, d = 15.

e PetFinder, CS:GO: These datasets provides benchmark for data that spans across different modalities,
with both tabular, textual and visual fields. CSGO and HS original data is from |[Lu et al.| (2023), and
PetFinder is from [Howard et al.| (2018). We trained different uni and duo-modal predictors using the
AutoGluon (Erickson et al.| [2020)) library, for a total time of one hour per dataset, to create a diverse set
of learners algorithms, namely a text Transformer, tabular MLP, CNN, and purely tabular methods like
XGBoost, CatBoost and Light GBM. We used the default train/test split for training the classifiers.

e UCI Datasets: The rest of the datasets, are retrieved from the TabRepo (Salinas and Erickson, |2023)
dataset. Originally made for tabular model evaluation on UCI (Dua and Graff, |2017)) datasets, this bench-
mark consists of 1310 models from 10 different families, each trained with different hyperparameters and
configurations. In order to create a varied ensemble, we choose one classifier from each family at random,
and concatenated the predictions to form our datasets ensembles. We then took the five biggest datasets
(in terms of examples) for our evaluation.

Wherever a train/val/split was unavailable, test data for both datasets was taken as the last 20 percent of the
full data, and 10 percent of the remaining samples were left out as validation.

We used and modified all following datasets in this work. The PetFinder dataset is provided under the CC BY
4.0 license. The CSGO dataset from the MuG benchmark is released under the CC BY-NC-SA 4.0 license. The
UCI Machine Learning Repository datasets are available under CC BY 4.0, unless otherwise stated per individual
dataset. We used classifiers data released from TabRepo github, following all terms of use as provided. Our
amended versions of these datasets are released under a CC BY 4.0 license to ensure free use with proper
attribution. Full documentation and dataset versions are provided our code repository and online.

H.1 ImageNet

To evaluate the scalability of DEEM on large-scale datasets, we constructed a special ImageNet (Russakovsky
et al., |2014)) ensemble dataset. This setting is particularly challenging, as it involves two orders of magnitude
more classes than any dataset considered in prior work. Specifically, the dataset comprises K = 1000 ImageNet
classes (compared to a maximum of 30-50 classes in prior benchmarks). We curated this dataset by aggregating
predictions from a collection of five pretrained models on the ImageNet validation set. The pretrained models
were taken from PyTorch vision package, spanning different architectures and top-1 accuracies between %82-88,
approximately.

To increase its difficulty and relevance, we further filtered out examples where all models unanimously agreed,
ensuring that the remaining samples probe how methods leverage hidden knowledge in ambiguous or non-trivial
cases. The filtered dataset has 20 percent of the original examples, where the weakest and strongest modified
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learners have now accuracies of %38.97 and %60.88, respectively. Other preprocessing steps were conducted in
similar fashion to the unsupervised ensemble datasets above. Unfortunately we were not able to run the official
EBCC implementation on this dataset.

I MoE Analysis

Here we present further details of our MoE experiement for the DEEM model. For the MoE datasets we have in
total one simulated dataset (AmpData) and three real-world datasets (MnistE47, MnistE568, MnistE4/7):

e AmpData: Our dataset consists of d = 6 classifers, and K = 5 classes. The 5 first classifiers were assigned
%90-92 accuracy on the last three classes, and score random on the first two classes. The last classifier
amplifies the shared information in the ensemble, by having oracle performance on the first two classes,
while random guessing on the last three classes. This scenario is designed to test added specialization when
knowledge overlap is minimal.

e MnistE-47 and 568 Datasets: We altered the MnistE dataset in the following way: To reduce classifiers’
dependence, we first introduced some label noise, selecting 10% of examples at random and assigning random
labels to them. Then, we selected 3 classifiers, one from each classifier 'family’, and gave it oracle performance
on given classes, 4 and 7 for the first dataset, and 5,6 and 8 for the second dataset. These tests allows to
understand if a model is able to utilize the specialization even when knowledge overlap between the experts
and rest is less pronounced. These tests are similar but with different oracle classes.

e MnistE-4/7: This dataset was curated by using the MnistE dataset in similar way to the above datasets, but
here only two classifiers were selected, and each classifier was given oracle performance on only one distinct
class, classes 4 and 7 respectively. This setting was designed to assess the ability to utilize multiple distinct
sources of specialization. More detailed information is available in subsection below.

Every trial was run 5 times with the same steps procedure as other datasets in this paper. Figures [9] and [I0]
show the accuracies of every individual classifier of the altered MnistE datasets, with the experts marked in red.

The learners impact on DEEM prediction of the MnistE-47 dataset is shown in Figure and as seen in Figure |5
DEEM was able to increase the specialized learners effect on the expert portion of the data without hurting their
contribution on the remaining examples.

I.1 Two distinct areas of expertise

In the additional setup of MnistE-4/7, we altered the MnistE dataset to construct a scenario, where only two
experts are chosen instead of three, but one has oracle access only to the 4 class, and the second with an access to
the 7 class predictions only. This further assess fusion of knowledge from multiple distinct sources of expertise.
The results are presented below: We have additionally tested the performance on each of the classes separately
(Class 4/7 Alone), to better understand the impact of utilizing each expertise on its own. These results suggest
DEEM is able to successfully fuse distinct expertise without overriding one atop of the other, while maintaining
high performance across the rest of the dataset.

Table 7: Separate expert subset and remaining data accuracy.

MnistE-47 MnistE-568 MnistE-4/7 AmpData

Method Expert Remaining Expert Remaining Expert Remaining Expert Remaining
MV 91.66 83.02 91.66 83.02 84.82 82.98 54.82 99.63
L-SML 94.87 86.74 95.83 87.55 88.32 86.20 46.34 99.92
DS 97.3 92.01 95.07 93.62 91.70 92.52 89.29 97.64
LAipass 94.33+40.05 86.5540.1 95.024+0.01 88.55+0.07 87.96 +0.03 86.51 +0.02 28.15+0.05 99.9140.14

2pass  95.09+0.0 86.80+0.18 95.37+0.0 89.57+0.01 88.38 £0.0 86.73+0.0 28.154+0.05  99.91+0.11
EBCC 96.68 88.60 95.74 90.77 94.53 88.57 34.06 98.70
HLM 92.82 85.38 92.59 87.19 87.11 85.28 60.28 98.36
iRBM 96.62 40.07 86.32 £0.18 96.07 +0.10 88.89+0.09 92.28 +0.39 86.134+0.25  29.9940.98 99.92+40.01
DEEM 97.1+05 94.044+061 96.07 £0.42 94.2940.76 95.27+0.08 94.69 +0.0 96.63 +0.44 96.17 £0.81
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Figure 9: MnistE-47 classifiers’ individual accuracies on the full dataset.
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Figure 10: MnistE-568 classifiers’ individual accuracies on the full dataset.
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Figure 11: MnistE-47 leaners impact. The left panel shows impact on the subset, while the right panel shows
for the rest of the data.
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Table 8: Performance on MnistE-4/7 dataset.

MnistE-4/7 Expert Remaining Class 4 Alone Class 7 Alone
MV 84.82 82.98 81.08 88.33
L-SML 88.32 86.20 86.48 90.04

DS 91.70 92.52 85.72 96.83

LA pass 87.96 £ 0.03  86.51 £ 0.02 85.19 £ 0.02 90.55 £ 0.04
LAspass 88.38 £ 0.0 86.73 £ 0.0 85.90 £ 0.0 90.71 £ 0.01
EBCC 94.53 88.57 92.72 96.23
HLM 87.11 85.28 85.09 89.00
iRBM 92.28 + 0.39  86.13 + 0.25 90.42 £ 0.56 94.03 £ 0.23
DEEM 95.27 + 0.08 94.69 £+ 0.0 94.64 + 0.0 96.15 + 0.0

J Classifier Scalability

We have conducted an additional experiment to test classifier scalability. We expanded the GesturePhsm dataset
in one order of magnitude, from 11 to 100 classifiers (generating 8 variations of each distinct classifier with
independent random noise, and completing the remainder with random-guess classifiers).

DEEM successfully converged and maintained superior accuracy over the baseline (DS), demonstrating that the
method scales robustly with the classifier size.

Table 9: Accuracy over extended GesturePhsm100 dataset, with 100 classifiers.
BestCIf AvgCIf MV L-SML DS EBCC HLM LA iRBM

69.8 52.55 £ 13.27 63.89 65.06 65.12 66.17 66.12 64.08 64.09 £ 0.02

DEEM
67.05 + 0.12

K Sensitivity Assessment

Here we present a small preliminary sensitivity assessment for the DEEM model.

Our goal in this preliminary assessment is to elucidate how classifiers’ quality might impact DEEM’s prediction.
In other words, how the model responds to a change in the ensemble, reacting to the addition of classifiers that
benefit the prediction and those who are pure noise. This Classifier Impact assessment results are averaged over
3 runs.

Here, we start by taking the MnistE dataset, constructing a new d = 3 base ensemble, made from three classifiers,
one from each algorithm family. Then, for the quality classifiers, we simply add different classifiers from the
original dataset, where for the non-quality ones, we construct random-guess classifiers with a small ¢ = 0.001
percent of examples assigned the true labels, so the non-quality classifiers are better than random (following the
conditions presented in Remark [2| ). The good classifiers are added in alternating order, where every addition
is from a subsequent algorithm family.

We note that the three families of classifiers have different performance, where the last family achieves around
20% increase in accuracy over the other two families, which might affect the overall performance of the ensemble
differently.

Since the accuracy threshold of the individual classifiers and the majority vote changes from ensemble to ensemble,
we employ a slightly different metric we call ’accuracy quality’: We mark examples where the true label is among
one of the example’s prediction, and after the model is trained we see how many of these examples the model got
right, yielding a subset of all data. This allows to have a more standardized metric for our assessment, examining
the extent to which DEEM was able to decipher the true answer.

As depicted in When non-quality classifiers were added, the model keeps its accuracy quality and
handles the noise robustly, with slight decreases in the 0 and 6th rows, which we believe is due to instability
of the training as mentioned before, given we ran all ensembles with the same hyperparameters. When we add
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good classifiers, performance remains the same as the overall averaged accuracy remains the same, yet a steady
increase in accuracy quality is shown, with 4%, 7% and 10% increase respectively for each subsequent row,
starting from the 7th row.

Combining with the previous results, we hypothesize that in order to model the complex inter-relationships
between learners in the most potent way, a certain level of persistent true signal must exist within the ensemble
for DEEM to perform the most effective. However, the exact amount of this persistent signal remains unknown
and is subject to further research.

L Disentanglement Through the Multinomial Layers

Following the addition of the multinomial layers to assist with the reduce of the conditional dependencies between
classifiers, we empirically validate the claim using the following analysis:

At each layer of DEEM, and for each true label (Importantly, the true label is used only for analysis purposes,
not for training), we computed the mutual information (MI) between classifier outputs as a proxy for conditional
independence. The input to the MI computation is the argmax prediction of each classifier (feature), treated as
a discrete random variableF]

These analyses were conducted on a trained DEEM with two layers on the MnistE dataset. For each true class
and each layer, we construct a full d x d MI matrix which we summarize below using the maximum MI and
Frobenius norm (Excluding diagonal entries).

Layer Max MI Frobenius Norm
Layer 0 (Input) 0.827 + 0.294 4.428 + 1.796
Layer 1 0.981 +0.272 3.504 +1.439

Layer 2 (iIRBM input) 0.314 + 0.068 2.687 £ 0.985

Table 10: Max MI and Frobenius Norm across layers.

8We compute the MI using mutual _info_score from scikit-learn, which performs binning via empirical co-occurrence
counts for compting the value.

Classifiers Quality Impact

Number of Added Quality Classifiers
Accuracy Quality Value

Number of Added Random Classifiers

Figure 12: Impact of added learners on the model’s accuracy quality. The axes show the amount of added high
and low quality learners to the original ensemble.
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These statistics reflect an approximation for the level of dependence among classifiers at each layer. As shown
in Table and Figure , both max MI and Frobenius norm decrease across layers, suggesting that the
learned representations are shifted towards conditional independence as we progress through the deep multinomial
network. These results support our hypothesis, which is as data flows through the network, classifier outputs
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Figure 13: The mutual information matrices of a trained DEEM with 2 multinomial layers. Each row corresponds
to a specific true label class subset of the data. Starting from the input layer in the leftmost column, it can be
seen how the mutual information is gradually being reduced as we progress through the multinomial network,
until we get disentangled features as input for the iRBM component.

become less statistically dependent. The drop in MI is particularly pronounced in the final layer where the
iRBM start to operate, suggesting that the network learns to shape representations to help overcome the iRBM
structural assumption of independence.

M Considerations

When considering limitations for this work, we mostly focus on the possibility to acquire the true posterior of the
iRBM and the remarks we outline in Section [£.I} and the traditional difficulty in training energy-based models
in general (Song and Kingmal, [2021)). Regarding the boundaries of our proof, the ensemble conditions suggested
by (Chang |1996) are realistic in most real-world scenarios, but knowing how much data is sufficient to acquire
the true posterior accurately enough remains a question.

However, with the growing abundance of available data, this is relaxed to a degree. As for training the iRBM
model, as have been shown in the experiments, we are able to train it successfully and consistently, given a
proper initialization and a gradient sampling method.

Other related issues stem from the aforementioned instability of energy-based models training. This can create
some scenarios where the model diverges without noticeable indications. Although it is not guaranteed to
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converge to the most optimal result, our initialization scheme and suggestions regarding hyperparameters can
easily assess when a model has collapsed, and choose a competitive LR that is both learn and stable.

In future work, several avenues remains open for exploration. First, other mechanisms or deep architectures can
be applied to relax the conditional independence assumption, as well as better training control and optimization,
in order to improve its effectiveness and robustness.

Scalability Most works in this field, including this paper (and arguably most real world applications of ensem-
ble learning problems) consider only medium sized multi-class problems, both regarding dataset size and number
of classes. Since our method trains by mini-batches, it allows easy processing of large scale datasets. However,
due to the one-hot nature of the inputs of RBMs, DEEM deep layers and iRBM weights are both dependent
on the number of classes, and grow quadratically as they increase. High number of classes might incur heavy
memory overhead for intermediate matrices multiplication, specifically in computing the categorical distribution
of the DLP sampler in Eq. due to its intermediate proposal matrix that is sized d- K3. This might amplify the
inherent EBM training instability and sparsity input data concerns. In that case, memory considerations need
to be taken into account, which is subject to further research. For a temporary mitigation, one can compute the
matrices multiplication in chunks and resort to smaller mini-batches or use gradient accumulation if possible.

Ethic statement. In whole, we believe DEEM allows for positive implementation in many areas. Malicious
use can not ever be avoided completely, but as our theme setting assumes the absent of any data or model
information, let alone one that can jeopardize one’s privacy or security, and learns the classifiers’ dependencies
in an unsupervised manner, we believe it brings the possibility of unintended use to a minimum.



Unsupervised Ensemble Learning Through Deep Energy-based Models

N Drafts

N.0.1 datasets with lalpass

big one: moe: 80.3375 79.81

Table 11: Accuracy Performance. Table shows methods performance on each of the datasets. BestClf is presented
as a reference. Methods without standard deviations are either deterministic by design or implementation (i.e.,
EBCC where one run is selected based on highest ELBO). Terms det and sto are the deterministic and stochastic
variants of DNN, respectively.

Tree3k MnistE PetFinder CSGO MicroAgg2 EyeMovem ArtiChars GesturePhsm

BestClf 87.62 86.79 94.09 90.13 63.39 74.75 92.87 69.98
MV 94.63 82.41 77.02 85.34 61.85 71.32 79.04 64.23
L-SML 95.67 85.63 79.57 88.82 62.80 72.45 79.69 65.38
DS 95.29 92.63 80.15 86.94 63.01 73.44 82.30 64.72
EBCC 94.98 87.92 78.58 86.79 62.82 73.26 84.10 63.43
HLM 94.65 85.21 79.03 87.08 62.93 71.09 79.06 66.25

LAipass 95.4440.02 86.58 £0.07 78.05+0.03 86.84+0.11 61.95+0.01 72.174+0.03 79.6440.05 64.46 +0.01
LAspass 95.6040.00 86.71+0.05 78.05+0.00 86.79+0.00 61.95+0.00 72.4940.01 79.95+0.01 64.48 £0.00
FSquid 94.35 77.35 69.50 82.58 61.10 72.18 78.91 62.03

DNNyo 93.28£1.73 77.73 £4.48 78.36 +0.27 82.7947.03 61.90+0.88 68.48+10.23 83.53+1.37 66.57 +0.59
DNNge¢r 93.10+1.73 78.63+£4.49 76.79+0.93 82.56+6.86 62.35+0.21 67.44+10.15 82.84+2.30 65.884+0.79

iRBM 95.23 £0.05 87.13+0.04 77.974+0.07 85.754+0.14 61.864+0.00 73.03+0.10 79.224+0.04 66.5540.05
DEEM 95.52+0.08 94.95+0.00 79.84 +0.08 88.16+0.46 63.06+0.01 73.73 +0.29 82.2140.33 67.00+0.51
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Table 12: Accuracy on expert subsets (classes with oracle learners) and remaining data of each of the MoE
datasets.

MnistE-4/7 MnistE-568 AmpData
Method Expert Remaining Expert Remaining Expert Remaining
MV 84.82 82.98 91.66 83.02 54.82 99.63
L-SML 88.32 86.20 95.83 87.55 46.34 99.92
DS 91.70 92.52 95.07 93.62 89.29 97.64

LAipass 87.96 £0.03 86.51 £0.02 95.024+0.01 88.5540.07 28.1540.05 99.91+40.14
LAgpass 88.3840.0  86.7340.0  95.3740.0 89.57+0.01 28.1540.05 99.91+0.11
EBCC 94.53 88.57 95.74 90.77 34.06 98.70
HLM 87.11 85.28 92.59 87.19 60.28 98.36

iRBM 92.2840.39 86.13+0.25 96.07 £0.10 88.89+0.09 29.99+0.98 99.92+40.01
DEEM 95.27+0.08 94.69+0.0 96.07 +0.42 94.29+0.76 96.63 +0.44 96.17 +0.81

Table 13: Relative Performance. Table shows methods performance on each of the datasets. BestClf, iRBM and
DNN are presented as a reference.

Tree3k MnistE  PetFinder =~ CSGO  MicroAgg2 EyeMovem ArtiChars GesturePhsm

BestClf 87.62 86.79 94.09 90.13 63.39 74.75 92.87 69.98
MV 94.63 82.41 77.02 85.34 61.85 71.32 79.04 64.23
L-SML 95.67 85.63 79.57 88.82 62.80 72.45 79.69 65.38
DS 95.29 92.63 80.15 86.94 63.01 73.44 82.30 64.72
EBCC 94.98 87.92 78.58 86.79 62.82 73.26 84.10 63.43
HLM 94.65 85.21 79.03 87.08 62.93 71.09 79.06 66.25

LAq1p0ss 95.44 +0.02  86.58 0.07  78.05 003 86.84 +0.11  61.95 +0.01 72.17 003 79.64 +0.05 64.46 +o.01
LAsgpass 95.60 +0.00 86.71x0.05 78.05x000 86.79+000 61.95x000  72.49 1001  79.95 +0.01 64.48 +o0.00
FSquid 94.35 77.35 69.50 82.58 61.10 72.18 78.91 62.03

DNNg, 93.28 x1.73  T7.73 xa4s 78.36 027 82.79x703 61.90+0ss 68.48 +1023 83.53 +1.37 66.57 +0.59
DNNge: 93.10 173 78.63 £4.49  76.79 1093 82.56 £6.86 62.35+021 67.44 11015 82.84 1230 65.88 +o0.79

iRBM 95.23 +0.05 87.13+0.04  77.97+007 85.75+014 61.86+000  73.03+010 79.22 +0.04 66.55 +0.05
DEEM 95.52 +0.08  94.95 +0.00 79.84 +0.08 88.16+046 63.06 +0.01 T73.73 +o20 82.21 +o033 67.00 +o0.51
DEEM vl 95.56 94.99 79.99 87.52 63.07 73.49 80.5 67.58

Table 14: Compute time (seconds).

Tree3k MnistE PetFinder CSGO MicroAgg2 EyeMovem ArtiChars GesturePhsm
BestCIf
MV 0.64 1.11 0.05 0.3 0.54 0.25 0.24 0.29
L-SML 1.45 4.5 0.06 1.34 1.71 1.08 3.65 1.75
DS 5.68 53.03 1.43 8.04 11.29 3.88 17.25 14.21
EBCC 337 £ 1.5 31.63£4.52 0.12£0.05 8.58+0.81  15.19£0.1  2.63£0.75 7.474+3.09  6.06+£1.28
HLM 1.02 2.83 0.03 0.47 0.55 0.3 0.6 0.87
LAlpass
LA?pass
FSquid
DNNsto
DNN ges
iRBM
DEEM

DEEM vl 16.12£0.43 42.68£0.81 7.35+£0.68 21.03+0.54 15.024+0.58 18.944+0.51 44.75+0.7  19.09+0.75
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Table 15: Separate subset and rest of data accuracy.

MnistE-47 MnistE-568 AmpData MnistE-4/7
Method ~ Subset Rest Subset Rest Subset Rest Subset Rest c4(4668 ) ¢7(4981 )
MV 91.66 83.02 91.66 83.02 54.82 99.63 84.82 82.98 81.08 88.33
DS 97.3 92.01 95.07 93.62 89.29 97.64 91.70 92.52 85.72 96.83
LAipess 9433005 86.55x01  95.02+001  88.55+007  28.15x0.05 99.91+014a 87.96:0.03 86.51x0.02 85.19+0.02 90.55+0.04
LAgpass  95.09+00 86.80x01s  95.37x00  89.57x001  28.15x005 99.91x011 88.38x00 86.73x00 85.90+00 90.71x0.01
EBCC 96.68 88.60 95.74 90.77 34.06 98.70 94.53 88.57 92.72 96.23
HLM 92.82 85.38 92.59 87.19 60.28 98.36 87.11 85.28 85.09 89.0
L-SML 94.87 86.74 95.83 87.55 46.34 99.92 88.32 86.20 86.48 90.04
iRBM 96.62+0.07  86.32+0.18 96.07+0.1 88.89+009  29.99109s  99.921001 92.28+039 86.13x025 90.421056 94.03+0.23
DEEM 97.1x05 94.04x061 96.07 2042 94.29 1076 96.63 £0.42 96.17 2081 95.27+008 94.69+00 94.64x00 96.15x00
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