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Abstract

In this paper, we propose a provably convergent and practical framework
for multi-objective reinforcement learning with max-min criterion. From a
game-theoretic perspective, we reformulate max-min multi-objective reinforcement
learning as a two-player zero-sum regularized continuous game and introduce an
efficient algorithm based on mirror descent. Our approach simplifies the policy
update while ensuring global last-iterate convergence. We provide a comprehensive
theoretical analysis on our algorithm, including iteration complexity under
both exact and approximate policy evaluations, as well as sample complexity
bounds. To further enhance performance, we modify the proposed algorithm with
adaptive regularization. Our experiments demonstrate the convergence behavior
of the proposed algorithm in tabular settings, and our implementation for deep
reinforcement learning significantly outperforms previous baselines in many
MORL environments.

1 Introduction

Reinforcement Learning (RL) focuses on sequential decision-making in Markov Decision Processes
(MDPs), which have been extensively studied both theoretically and practically. However, in
several practical decision-making problems such as autonomous vehicles, resource allocation and
communication, multiple objectives should be simultaneously optimized instead of a conventional
single objective [27, 23| 24} 160]. These scenarios motivate the development of Multi-Objective
Reinforcement Learning (MORL), an extension of RL in which the reward function yields a vector
rather than a scalar. In recent years, MORL has seen significant progresses [61} 150} 31} 37, 20]. A
widely-adopted approach to MORL is the utility-based approach [46, 22], which is formulated as
follows: for a utility function u (also called scalarization function), solve max, u(V{,...,VE),
where 7 is a policy and V}T is the value function of the k-th objective. As long as the utility function
is non-decreasing in the sense of Pareto dominance, the optimal policy for u(V;",..., V) is also
Pareto optimal [46]].

Although many previous works on MORL considered the weighted sum utility function [61 18, 31]],
the weighted sum utility function is not the desired design metric in many cases, especially when
considering the application of MORL to resource allocation where fairness is an important issue. For
example, consider scheduling of cloud computing resources, in which a computing job is typically
divided into multiple subtasks and each subtask is performed by a different resource and completed
subtasks are combined to finish the overall job [47,57]]. In this case, the overall time for finishing the

School of Electrical Engineering, KAIST, Republic of Korea, 2University of Toronto Robotics Institute,
Canada, Faculty of Engineering, Bar-Ilan University, Israel. *Correspondence to: Youngchul Sung <yc-
sung @kaist.ac.kr>.

39th Conference on Neural Information Processing Systems (NeurIPS 2025).



job is determined by the maximum of subtask completion times. Consider another example of traffic
signal light control at an intersection combining multiple roads. One can consider the waiting time at
each road and may want to minimize the maximum of the waiting times of all roads for fairness on
the drivers at all roads rather than to minimize the sum of the waiting times. Hence, the min-max
(or equivalently max-min with negation of objectives) criterion naturally arises in many real-world
resource allocation problems as well as other application domains [[13} 42 (63|34} 29| 21}, [17], where
fairness is important. (Please see Appendix [B] for comparison with other scalarizartion criteria
including proportional fairness.)

In this paper, we consider this max-min MORL, where the utility function is the minimum function:
u(zy,...,2x) = ming=; . x x; and the resulting problem is given by max, ming—; . x V.
With the increasing relevance of max-min MORL, Park et al. [37] recently proposed a model-free
algorithm for max-min MORL through a convex formulation to circumvent the non-differentiability
of min operation. Although their work provides a model-free algorithm to solve exact max-min
MORL in contrast to previous approximation methods [[19} 39, [50]] or model-based approaches [14]]
to max-min MORL, their algorithm suffers from high memory requirement and computational costs
and only guarantees average-iterate convergence. In this paper, we further advance max-min MORL
and propose a fast algorithm for max-min MORL with last-iterate convergence and significantly
improved efficiency in computing time and required memory by reformulating max-min MORL as a
two-player zero-sum game.

Our contributions are summarized as follows:

e We propose a single-loop algorithm for entropy-regularized max-min MORL by leveraging appro-
priate regularization to derive a closed-form update.

o Our algorithm can be viewed as a primal-dual algorithm and we provide a theoretical analysis of the
proposed algorithm in the tabular case, including global last-iterate convergence, iteration complexity,
and sample complexity.

e We demonstrate convergence behavior through numerical simulations in the tabular case and show
that our deep reinforcement learning implementation significantly outperforms existing baselines in
several MORL environments including a realistic traffic signal control task.

2 Background

Multi-objective Markov decision process A multi-objective Markov decision process (MOMDP)
extends a standard MDP by incorporating a vector-valued reward function. Formally, a MOMDP is
defined as (S, A, P, u, r, ) with state space .S, action space A, transition P : S x A — A(S), where
A(X) denotes the set of probability distributions on set X, initial state distribution p € A(S) and
discount factor y € (0,1). Unlike single-objective MDPs, the reward functionr : S x A — RE
is vector-valued with r(s,a) = (r1(s,a),...,rk(s,a)), where K is the number of objectives. An
agent sequentially interacts with an environment by taking an action from its stationary policy
m: S — A(A). Unlike single-objective settings, the agent seeks to optimize all components of the
reward vector simultaneously in some manner.

The multi-objective state value of a policy 7 is defined as V™ = E, - [>;2,v'r(s, ar)] € RE,
and VT denotes the k-th element of V™. The multi-objective state value with entropy regularization
is definedas VI =E,, » [>°, 7' (v(s¢,a) — Tlog m(a|st)1x)] € RX, where T is a regularization
coefficient, 1x is a K-dimensional vector all of which entries are 1, and V,;“T denotes the k-th
element of vector V7. Throughout this paper, w = (w(1),...,w(K)) € AKX denotes a weight
vector, where AX is the (K — 1)-simplex, i.e., AKX = {w|w(i) > 0Vi, w(l) +--- +w(K) = 1}.
For a weight vector w, we define the weighted value as V.7 = (w, V™) and the weighted soft value

w

as V5 . = (w, VT), where (-,-) denotes inner product. The soft values can be decomposed as
Vi =V + TH(r), Vkand VT . = VI + 7H(r), where H(n) = E,, » [~ 3, 7' log m(a|s;)] is
the expected cumulative entropy of policy w. A summary of notations is provided in Appendix [A]

Max-min MORL Since the value function for MORL is vector-valued, optimizing the value
function V™ over 7 cannot be defined as in single-objective RL. Thus, max-min MORL considers
the following max-min optimization: max, ming—; .. x V;'. However, it is known that max-min
MORL may yield the indeterminacy of its solution and entropy regularization resolves the possible



indeterminacy of max-min MORL solution [37]. So, in this paper, instead of max-min MORL, we
can consider the following entropy-regularized max-min MORL problem:

max min [V +7H(7)] (1)
T k=1, K N ——r
=Vi.

which converges to max-mix MORL as 7 — 0. It can be shown that the value gap between the entropy
unregularized and regularized problems is proportional to the coefficent 7. Due to the non-linearity
of the min operator, max-min MORL or entropy-regularized max-min MORL cannot be solved
directly using standard RL methods, requiring a specialized framework such as [37] or approximate
approaches [[19}139,150].

Mirror descent and natural policy gradient Mirror descent (MD) [36] is a general optimization
framework that subsumes popular algorithms such as gradient descent and the multiplicative weights
update [6]. It has been widely applied in learning dynamics across various games [} 165, [7, [59].
Formally, the update rule for MD can be expressed in primal domain as

Ter1 = Max MV f(zy),7) — Dy(x, 2), 2

where f(x) is the objective function, A is a step size, and D, is the Bregman divergence induced by
a continuously differentiable and strictly convex function , defined as Dy, (x,y) = ¢¥(z) — ¥ (y) —
(Vi(y),z — y), Yo,y € X. MD basically implements steepest descent in a manifold of which
Riemannian metric is given by the Hessian of D, capturing relevant geometry of the optimization
variable space. In reinforcement learning, the natural policy gradient (NPG) can be interpreted as a
MD variant for MDPs with the Fisher information metric [26, 36} 48]].

3 The Proposed Method

Our goal in this paper is to solve the general problem (I)). We here develop a single-loop algorithm by
interpreting entropy-regularized max-min MORL (1) as learning a Nash equilibrium in a two-player
zero-sum game and exploiting theory of learning in games.

3.1 Max-min versus min-max

In this section, we derive Theorem @ which serves as the initial step for our reformulation of the
entropy-regularized max-min MORL problem () as a two-player zero-sum game.

Our key idea begins with the fact that the entropy-regularized max-min MORL problem is
equivalent to the following problem [37]:

Minimization Reformulation : min V) _ 3)

weAK ’

where V5  is the optimal soft value under the scalarized reward (w,r). Here, the equivalence of
problems means that both problems have the same optimal value and an optimal solution of one
problem yields an optimal solution of the other. The equivalence was first shown in [37] and a brief
explanation of this equivalence is provided in Appendix [C]for readers’ convenience.

The next enabling step is that the problem (I)) involving minimization over discrete variable & can be
converted to minimization over continuous variable w € AX as follows [9]:

max kqu,jl.l.l,K Vi, = max wréliAnK (w, VI, 4
where (w, VT) = Zszl w(k)V;" , and w(k) is the k-th element of weight vector w. This can easily
be seen by considering the case in which we have a single minimum V,7 _ for some k. In this case,
the minimizing w is given by (0,---,0,1,0,---,0) with 1 at the kth position. Note that while
the two problems in (4) yield the same optimal value, the minimizers are not always in one-to-one
correspondence. When the minimum is attained at multiple & indices, the corresponding optimal
weights w form a convex combination of those indices and lie on the boundary of the simplex.
Theorem [3.1below formally bridges this gap by proving equivalence of optimal solutions.

Furthermore, due to V5 . £ max, (w, VT) by its definition, the problem (3) can be rewritten as

i V7. 5
Join max (w, VI) Q)



Combining these relations, we have the following equivalence between the max-min problem ()
(=(1)) and the min-max problem (@) (=), i.e.,

max wrgiAnK<w, VD = wmlAnK mﬁtx(w V7). (6)

Note that the max-min value is not equal to the min-max value in general. Since value functions
in RL are non-concave in policy even with direct parameterization [2]], the equality (6)) cannot be
directly induced from the minimax theorem [45]].

From this special relation that the max-min value equals the min-max value in our case, the existence
of a saddle point is guaranteed in Proposition[FI]in Appendix[F.1} Once the existence of a saddle point
is guaranteed, Theorem [3.1] establishes the equivalence of this saddle point (i.e., Nash equilibrium)
in (6) and the solution of entropy-regularized max-min MORL (I); i.e., it suffices to find a Nash
equilibrium in (6)) to solve entropy-regularized max-min MORL.

Theorem 3.1. Let (7, w) be a saddle point in (@) Then, T is a solution to the entropy-regularized
max-min MORL (T).

Proof: See Appendix [F.2]

Now, based on Theorem 3.1} we will reformulate entropy-regularized max-min MORL as learning a
Nash equilibrium achieving equality of (6) in the two-player zero-sum game whose payoff functions
are given by (w, VT) and —(w, VT) for efficient algorithm construction.

3.2 Two-plaer zero-sum regularized continuous game formulation

We first define a two-player zero-sum continuous game G as follows. There are two players; Learner
and Adversary. The player Learner corresponds to the RL agent in the MOMDP who learns the
policy parameter §. We define the strategy space of Learner as Xpegrner = © C R9, which is the
space of policy parameters in the MOMDP. In other words, Learner takes continuous strategy 6 € O,
which indicates the parameter of pohcy The player Adversary has the strategy space X, q, = AK
and takes continuous strategy w € A The utility functions of the two players are defined as

g _ _ g

ULearner (6’ IU) - <’U), V‘71_1'9> = T U4dy (97 w) 0
In this game, Learner tries to maximize its utility (w, V™) and Adversary tries to maximize its
utility —(w, V7¢), i.e., minimize (w, V™). In a NE of this game, max-min and min-max values

become the same and (6)) is achieved to yield our policy solution.

Instead of learning a NE in G, however, we solve the following regularized game RG, which is
judiciously designed to our advantage for efficient algorithm construction. The regularized game RG
has the same players and strategy spaces as the original game G. Instead, RG has utility functions
regularized from the utility functions of G. Formally, the utility functions of RG are defined as

uRS  (0,w) = (w, V™) + 1H(mg) —T H(w) = —uX5 (0, w), (8)
—(w,VT9)
where H(r) = E, » [~ 3, 7" log w(a;|s;)] as already defined, H(w) := — Zszl w(k)logw(k),

and 7 and 7, are positive coefficients.

Now, let us explain why we solve the new regularized game RG instead of solving G. For Learner,
the main reason for adding entropy regularization H (7p) is to avoid the indeterminacy problem as
already explained [37]]. In short, stationary deterministic policies are insufficient for max-min MORL
since there exists an MOMDP that has only a stochastic optimal policy for max-min MORL [46].

For Adversary, adding — H (w) regularization, Adversary minimizes (w, V7) — 1, H (w). That
is, Adversary minimizes (w, VT%) while increasing the entropy H(w). Note that Learner
maximizes min,eax (w, V) with its policy mg. Without —H (w) regularization, w achieving
min,eax (w, V) would be one-hot vector focusing only on the worst dimension of V¢, However,
with — H (w) regularization, the elements of the w vector will be spread out to incorporate multiple
objective dimensions for Learner’s optimization. This speeds up learning and we can achieve
last-iterate convergence rather than average-iterate convergence, which will be proven in Section 4]
In addition, unlike other strongly convex regularizations such as squared /5-norm, our choice of
negatlve entropy regularization enables a closed-form solution for the MD update of w shown in (12)
in Sectlonn 3.3| This closed-form update due to our — H (w) regularization significantly simplifies the
optimization process and reduces computational overhead.



3.3 The ERAM algorithm: Entropy-regularized adversary for max-min MORL

We propose ERAM (Entropy-Regularized Adversary for Max-min MORL), an efficient algorithm to
solve max-min MORL via a game-theoretic perspective. Based on the reformulation of the problem
as a two-player zero-sum game, we leverage equilibrium learning methods and introduce a variant of
the MD algorithm to find a Nash equilibrium in RG.

RG
Learner

041 = arg(gnax {n{Vy uRd (O, we), 8) — Dy (0,0:)}. 9)

First, we update the policy parameter with the MD objective on u with step size 7 as follows:

Learner

Note that the objective in (9)) can be viewed as the Lagrangian of the optimization of the linear approxi-
mation of Learner’s utility around current 6, (i.e., ulks  (0;,w;)+(Vould —  (0y,w;), 0—0;))
under a constraint on D, (8, 6;). Here, we choose the convex function ¢ for the Bregman divergence
to be the negative Shannon entropy to make the Bregman divergence the KL-divergence, which yields
the Fisher information matrix (FIM) as Hessian matrix and is relevant to statistical manifolds: That is,
7o is a probablity distribution with coordinate 6, and {7y} forms a statistical manifold where FIM is
an invariant metric [5]. Then, the optimization with such conservatism in RL leads to natural policy
gradient (NPG) [15, 136l 26, |48]]. The NPG update rule is given by [1L1]

K

9t+1 = 915 + nFT(Qt) Z wt(k)VeV,:f_", (10)
k=1

where F(60) = E(s q)imo [Volog mg(a|s)Velog me(als)”] is the FIM, n is a step size for NPG,
and t denotes the Moore—Penrose pseudo-inverse [25]]. In the discrete tabular case, with softmax

. o 0sa .
policy parameterization, i.e., wp(als) = # 6 € RISIIAI which is general enough to cover
non-negative stochastic policies, we have the closed-form for NPG update [11]:

1 1— -
m(m(a\s))“ exp ( . = wf,f(s,a)> , (11)

where a« = 1 — % and Z,(t,s) is a normalization constant. In the case of linear function
approximation for 7y, NPG can easily be implemented with compatible function approximation [55].
In the case of general nonlinear neural network parameterization, the computation of FIM is difficult
but the NPG update for 8 can readily be replaced with TRPO [48] or PPO [49]] of which purpose is to
solve such divegence-constrained policy optimization. We will use PPO for deep implementation.

For the update of the strategy w of Adversary, we use a variant of MD objective on ufdgv with step

size \ as follows:

w1 = argmax AV (—(w, V™)) |y=w,, W) + ATy H (w) — Dy (w, wy). (12)

weAK

7o, (als) =

Note that 7H (7g) is irrelevant to w update, and 7, H (w) is outside of the gradient. Again, we choose
the Bregman divergence to be the KL divergence, considering {w} forms a weight simplex AX, a
manifold identical to the probability simplex of K outcomes. With this choice, we have the following
closed-form solution to (I2) [9]:

1-p

Tw

w41 = softmax (— V7™ 4+ Blog wt> (13)

/\Ti +1- In this way, we circumvent any complicated iterative procedure to update 15,5.
R

Note that we could have derived another closed-form solution to w; 1 for conventional MD on u 7, ,
which yields the same solution as in (I3) with 5 = 1 — Ar,,. We prefer the modified MD update
because the resulting closed-form solution employs 5 = ﬁ which is guaranteed to lie in (0, 1)
for any choice of hyperparameters A and 7,,. We note that and together lead to an NE of the
game Ry, as shown in SectionE}

where § =

3.4 The ARAM algorithm: Adaptively-regularized adversary for max-min MORL

Although ERAM provides an efficient model-free algorithm based on PPO and closed-form update of
wy, the performance can further be improved by detailing the w, update. We here develop Adaptively



Regularized Adversary for Max-min MORL (ARAM), a variant of ERAM. In ARAM, we adopt
an adaptive regularization method that extends the standard entropy regularization. Note that the
regularizer H (w) in the Adversary’s update rule (I2) can be expressed as the KL divergence from
the uniform reference weight %1;(, ie., H(w) = —Dkr, (w H %1;{) + log K. Thus, increasing
entropy is equivalent to minimizing the distance from the uniform reference. In ARAM, we replaced
the uniform reference % 1 with a dynamically computed vector ¢ € AKX leading to the regularizer
— Dy, (w|c) instead of H (w), where ¢ captures the correlation between each reward component and
the worst-performing objective in the previous iteration. That is, the i-th element of the reference
vector c is obtained as

¢; = softmax(E; 4[r;i(s,a)ri(s,a)]), i=1,--- | K, (14)
where i’ is the index of the worst-performing objective at the previous iteration batch and the
expectation is replaced with sample expectation. Thus, ERAM minimizes (w, V7¢) while trying to
keep w close to %1 K, 1.e., considering all objective dimensions equally. On the other hand, ARAM
minimizes (w, V™) while putting more emphasis on poorly-performing objective dimensions but
not solely on the worst dimension, enabling joint optimization of multiple objective dimensions
unlike previous GGF-PPO [50] which optimizes only the worst dimension at each batch. Again, a
closed-form formula for the w update in ARAM can be derived and more on ARAM is provided in

Appendix D}

Summarizing the above, the pseudo-codes of the proposed algorithms are in Appendix [E] Our source
code is provided at https://github. com/whbyeon/ERAM- ARAM.

4 Theoretical Analysis

In this section, we provide theoretical analysis of ERAM with respect to convergence, iteration
complexity, and sample complexity under the assumption of tabular MOMDP in which the closed-
form update (TT)) for 6 is available with the softmax policy parameterization of 7y (a|s), while leaving
theoretical analysis of more complicated ARAM as a possible future work. Note that the term
"global convergence" means "convergence regardless of initial condition", and the term "last-iterate
convergence of sequence x; to z*" means "x; — x* ast — oo", whereas the term "average-iterate
convergence" means "% thl xy — x* ast — oo", which does not imply z; — x* in general.
Note that for (TT]) and (I3)) we need to know the action value function since the state value function
can readily be obtained from the action value function by summing over actions. We consider two
cases regarding the knowledge of the action value function, exact and approximate policy evaluation
cases, for proof of convergence.

Global convergence with exact policy evaluation: Theorem [.1|shows the last-iterate convergence
of Algorithm[I] when policy evaluation is exact.

Theorem 4.1. Let {0;}: and {w:}: are the sequences generated by Algorithm and let Ty = my,.
Then, the optimality gaps satisfy the following:

Hog 7™ —log miloc < Cilp(n, N)]' (15)

[l = willoe < Calp(n, V)] (16)

Q%+ = Qi+ oo < Calo(n, NI (17)

for some Cy,C5,C3, where 0 < p(n,A) < 1 — 52 < 1 withn = 6(17777), Tw =

12K (max, ok |i(s,a)|+7 log | A])?
AT

Proof: See Appendix [G|

For last-iterate convergence of policy and weight, the step size of weight-update A\ = O(e?) should
have a smaller scale than the step size of NPG 1 = O(e). We note that if n = O(e), then it suffices
for A to have a smaller scale at least O(e?), p > 1. Our choice A = O(€?) is one possible choice
that satisfies this condition. In an intuitive sense, the policy is required to be updated faster than the
weight.

Corollary 4.2. Let the desired accuracy error tolerance be denoted by €. To achieve ||log m* —

. _ 2
1Og77t||oo S €accs ||U)* _thoo S €accs HQZ;T - ZZ,THOO S €ace with n= E(l.r ’Y)’ A= Tw(i_62)r

softmax policy and exact policy evaluation, Algorithm|l|requires at most O(%2 log %) iterations.

> 0 and € € (0, €p) for some eg.



https://github.com/whbyeon/ERAM-ARAM

Global convergence with approximate policy evaluation: When exact policy evaluation is not
available, our algorithm can be adapted to use approximate value estimates with bounded error. We
establish that the last-iterate convergence guarantee still holds under this relaxed setting.

Theorem 4.3. Assume that the estimated values Q7, . and QF, satisfy ||Q7, . — Q7 ;|lc < 6 and

H@Z — Q7o < 6 forany w,w, k. Let {0}, and {w;}, be the sequences generated by Algorithm@
a modified version of Algorithm 1 for approximate policy evaluation provided in Appendix|[E] and let
my = mg,. Then, the optimality gaps satisfy the following:

log w* —log m¢lee < Ch[p(n, M)} + D16 /€ (18)
lw* = willoe < Calp(n, \)]' + Dad/e? (19)
Q%+ — Q% +lloo < Cs[B(n, )] + Dsd /e (20)

where 0 < p(n,A\) < 1— % < 1fore € (0, €p) with the same condition in Thearemexceptfor
the values ofﬁl, ﬁg, 53 and eg.

Proof is similar to that of Theorem[4.T]and is provided in Appendix [H|

Corollary 4.4. Let the accuracy error tolerance be denoted by €,... Assume that the estimation
2
error 6 is sufficiently small to satisfy 6 < <z==, i = 1,2,3. To achieve [[log 7* — log T¢]|co <
* . 1— 2
2€aCC7 ||7~U>‘< - wt”oo S 26(106’ and ||QZ;*}7— - Zrut,“-,—Hoo S 2€acc with n= <( T‘Y)» A= Tw(ifez),
softmax policy with approximate policy evaluation, Algorithm |2| requires at most O(}2 log - 1. )
iterations. Furthermore, with estimation error § = O(e2eacc) under Assumptions and
provided in Appendix[J| by employing fresh samples for the policy evaluation for each objective
at every iteration and taking the union bound for all objectives and all O(Ei2 log %) iterations,

Ealcc) = O(ﬁ) samples per each

Algorithmrequires at most O(M%) x O(Z log
State-action pair.

Remark 4.5. It can be shown that the difference between the optimal value function induced the
regularized game RG and that of the unregularized counterpart (i.e., RG with T = 1, = 0) is
upper-bounded linearly in the regularization coefficients T and T,,. This implies that the optimal
solution of the regularized game yields a value function close to that of the original max—min MORL
problem (i.e., () with T = 0), as long as the regularization coefficients are sufficiently small.

Proofs of Corollaries 4.2 and 4.4] are provided in Appendix [l and details for the sample complexity
analysis are provided in Appendix [J}

5 Related Works

Max-min MORL The utility-based approach is a key aspect of MORL, as it incorporates fairness
and reflects user preferences [46, 22]]. To capture broader notions of fairness, recent studies have
adopted non-linear utility functions. Cousins et al. [[14] considered a model-based approach to fair
RL but this method is applicable to small finite problems. Fan et al. [19] analyzed fairness through
the lens of the Nash social welfare function, while Peng and Fain [39] proposed a reward-aware
value iteration framework for general non-linear welfare functions, including the min operator. These
works focused on optimizing the objective E, [miny Y, v*7x(s¢, a)], which is not the true min
value ming E [Y°, 77, (s¢, ar)], to simplify the problem. Siddique et al. [50] studied fair policy
learning in MORL using the generalized Gini social welfare function, which includes max-min
fairness as a special case. GGF-DQN, their DQN-based method, optimizes again the surrogate
objective E [miny >, v'7rx(s¢, a¢)] due to the difficulty in constructing a Bellman operator under
the non-linearity of the min operator. GGF-PPO, their policy-based method, performs PPO update
every iteration batch based on the current minimum objective value dimension. Note that if we
remove H(w) by setting 7, = 0 and remove D, (w, w;) in our w update (I2), then the strategy
w of Adversary is the one-hot vector with element 1 at the minimum dimension of V7 and this
case corresponds to GGF-PPO. Hence, our work can be considered as a generalization of GGF-PPO.
However, when w is constrained to switching among one-hot vectors as in GGF-PPO, only average-
iterate convergence is guaranteed [6]. Note that our method has H(w) encouraging to consider



multiple dimensions simultaneously and D, (w, w;) preventing rapid jumps in w for last-iterate
convergence. Performance improvement will be shown in Section [6]

For max-min fairness based on direct optimization of miny E, >, v'ri(s¢, a;)], Park et al. [37]
proposed a theoretical framework based on primal-dual convex programming for maximum-entropy
reinforcement learning. To implement this framework, they introduced a model-free double-loop
algorithm: the inner loop computes a stochastic zeroth-order gradient estimator using Gaussian
smoothing, and the outer loop performs projected gradient descent with the estimated gradient. The
complexity of this method is far beyond that of our current method.

Game-theoretic learning with regularization Regularization techniques have been widely used to
compute Nash equilibria in game-theoretic settings. APMD [1]] analyzes MD under smooth monotone
game assumptions, which do not hold in our RL-based setting due to the non-monotonicity of the
value gradients. In addition, APMD applies MD to all agents, whereas we combine RL-oriented
NPG for the learner and MD for the adversary, which better suits deep RL implementations. Perolat
et al. [40] studied two-player zero-sum Markov games based on replicator dynamics and provided
an asymptotic convergence analysis using Lyapunov techniques. Aggarwal et al. [3]] focused on
regularized linear-quadratic games and established non-asymptotic convergence guarantees. Zeng
et al. [64] proposed a regularized gradient descent—ascent method for two-player zero-sum Markov
games and provided non-asymptotic analysis. In contrast to these approaches, our method addresses
a heterogeneous setting with one RL learner and a non-RL adversary, and is specifically tailored to
max-min criterion for MORL. We also provide non-asymptotic convergence for our method. For a
detailed discussion of zero-sum Markov game literature, we refer the reader to Appendix

Primal-dual methods and distributionally-robust RL  Several constrained RL methods adopt
a primal—dual framework to solve constrained MDPs, where a Lagrangian function is formulated
and an alternating optimization procedure is applied to maximize over the policy and minimize
over the Lagrange multipliers [10} 33} 132, [17/, [18]. Although our algorithm can be viewed as one
instance of primal-dual algorithms, our work differs from these approaches in that the weight w lies
in a probability simplex, whereas Lagrange multipliers of these works reside in the non-negative
quadrant. In addition, due to w € AX, we employ entropy regularization H (w) instead of the ||w/||?
regularization used in Miiller et al. [33]], which allows us to obtain a closed-form solution for the
w-update without requiring projected gradient descent used in Efroni et al. [[18], Miiller et al. [33]].

Distributionally-robust reinforcement learning (DR-RL) typically addresses transition uncertainty [52}
16} 30]. Analogously, in reward-uncertain MDPs [44], one can define an uncertainty set in the
reward space and apply a max—min formulation to achieve robustness. Our setting corresponds to a
finite uncertainty set {ry, ..., 7k }, where the regularization term captures such internalized reward
uncertainty, in a manner similar to how DR-RL handles transition uncertainty. For infinite uncertainty
sets, DR-RL could potentially be extended to analyze robustness in terms of a distribution over the
reward space.

6 Experiments

6.1 Numerical results in tabular setting

We empirically demonstrate the convergence of our algorithm
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in tabular MOMDP settings. We considered three types of tab- S22
ular MOMDPs with different sizes: (|S|,|A], K) = (2,2,2), ‘| S etlemte
(3,3,6),and (4,4,4). As the suboptimality measure, we used b

the Nash gap, a common metric in game theory [53|38]], de- k&'\h‘
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game. Figure 1: Nash gap

Figure [ shows that the Nash gap of Algorithm [2]decreases quickly over time in all three tabular
settings. Each curve represents the average over 50 randomly generated instances, with shaded areas
showing standard deviation. We also present the convergence behavior of ARAM with approximate
policy evaluation in the tabular settings in Figure[7]in Appendix [[]



6.2 Experimental results in traffic signal control

To evaluate the effectiveness of our algorithm in real-world multi-objective problems, we conducted
experiments in the traffic signal control simulation environment [4]. At a four-road intersection,
the agent controlled traffic signals based on traffic state information and received a reward vector
composed of the negative total waiting times. Rewards were defined either per road (4 objectives) or
per lane (16 objectives). We considered three scenarios: Base-4, Asym-4, and Asym-16, which differ
in the number of objectives and traffic flow symmetry, as explained in Appendix

We compared our method against GGF-DQN, GGF-PPO [50], Park
et al. [37], and Avg-DQN. Avg-DQN optimizes the average re-
ward + >, ri(s,a), reflecting simple sum approaches. GGF-
DQN optimizes a surrogate objective, E [ming >, v'ri(s¢, at)],
which yields a lower bound on the true max-min objective
ming E-[>, v'ri(s¢, ;)] via Jensen’s inequality. GGF-PPO per-
forms a PPO update on the objective of minimum value at each itera-
tion. In contrast, the method of Park et al. [37] directly solves the tar-
get problem () without relying on a surrogate, using projected gradi-
ent descent with a smoothed gradient estimate via Gaussian smooth- Figure 2: Traffic signal control
ing. We evaluated the max-min performance as the minimum of the ~environment [4]

empirical return vector, i.e., ming Rj, = + Zi\; S i (se, ar),
averaged over N = 32 episodes and five random seeds. (Simulation details are provided in Ap-

pendix [M1])

Environments ARAM ERAM Parketal. [37] GGF-PPO GGF-DQN Avg-DQN

Base-4 -1160 -1387 -1681 -1731 -1838 -2774
Asym-4 -2696 -2732 -3510 -3501 -3053 -4245
Asym-16 -15043 -17334 -23663 -21663 -17792 -27499

Table 1: Max-min performance in traffic signal control. Bold: best; underline: second-best.
Table [T| reports the max-min performance across the traffic signal control environments. ARAM
consistently outperforms all baselines across all environments. ERAM achieves comparable results
while maintaining architectural simplicity, and both methods directly optimize the target objective
without relying on surrogate losses.

More experimental results on other environments such as the species conservation environment [S1]],
MO-Reacher environment [20], and Four-Room environment [20] are provided in Appendix E
showing the superior max-min performance of our algorithms.

6.3 Complexity comparison

Convergence behavior Our method guarantees last-
iterate convergence, unlike Park et al. [37]], which en-
sures only average-iterate convergence. Figure [3]illus-
trates this difference in simple MOMDPs with two states,
two actions, and two objectives. We present results on
three representative randomly generated MOMDPs to

ensure visual clarity; the same color is used to indicate oo éii‘é 2000 2003000
the same MOMDP instance across the two plots. In each
case, ERAM consistently approaches the true optimal
value, up to a gap determined by the regularization coef-
ficient, while the baseline exhibits oscillatory behavior.
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Memory efficiency To assess memory efficiency, we
compared the number of model parameters used in each [ 500 1000 1500 2000 2500 3000
weight update. As in the original implementation, Park Step o

et al. [37] employs 20 copies of the Q-network, re- Figure 3: Convergence comparison in ran-
sulting in 274,084 parameters per update in the Base- dom tabular MOMDPs: ERAM (top) V8.
4 and Asym-4 environments (4-dimensional reward), Park etal. [37] (bottom). Colors indicate
and 274,096 parameters in Asym-16 (16-dimensional re- different random MOMDPs.

ward). In contrast, our method uses only 13,704 and 14,484 parameters, respectively—corresponding



to reductions of approximately 95% and 94.7%. Despite this drastic reduction, our method achieves
superior max-min performance, as shown in Table

Computational cost efficiency
To evaluate the computational

. Envs ERAM ARAM Park et al. [37] GGF-PPO
complexity of our method, we
Compared the training wall-time Base-4 111£2.6 120+ 3.9 346 + 14 122 +£4.0
across different environments. Asym-4  87.2+24 87424 241+63 84.8+2.2
Park et al. [37] relies on an exten. _Asym-16 35627  365£20 112595 394+55

sive soft Q-learning procedure
for each weight update, leading
to significantly longer training times. In contrast, our single-loop approach updates the weight and
policy simultaneously, substantially reducing overall training time. ERAM achieved training time
reductions of approximately 67.8% in Base-4, 63.8% in Asym-4, and 68.4% in Asym-16. Similarly,
ARAM achieved reductions of approximately 65.5% in Base-4, 63.7% in Asym-4, and 67.6% in
Asym-16. Although ARAM includes an additional step for computing correlation vectors, this
overhead does not noticeably increase the total runtime. Overall, the computational complexity of
ARAM is almost the same as that of ERAM. All experiments were conducted independently on the
same hardware to ensure a fair comparison. See Table [2|for a full summary. Note that the memory
requirement and computational complexity of ERAM and ARAM are at the same level of GGF-PPO
since our w update uses a closed-form solution and the size of w is only the number of objectives.

Table 2: Training wall time (minutes), averaged over five seeds.

6.4 Ablation study

Since Learner of our algorithm is PPO in deep RL cases, ablation study regarding Learner can
refer to PPO, and we focus on ablation study of Adversary whose update is given by (I3) for ERAM
or for ARAM with two hyperparameters A and 7,,. The algorithms are not so sensitive when 3
is not near 0 in ERAM or not near 1 in ARAM. When 3 ~ 0, ERAM effectively omits the mirror
descent term, allowing us to observe the impact of MD. When 8 ~ 1, ARAM ignores the adaptive
regularizer, highlighting its contribution to performance. Please see Appendix [M.3]and Figure 8] for
more.

7 Conclusion

In this paper, we have considered MORL with max-min criterion. Exploiting the special max-min
and min-max equivalence in this problem, we have reformulated max-min MORL as a two-player
zero-sum regularized continuous game. We have proven the existence of a NE of this game, which
yields a max-min MORL policy. Then, we have proposed efficient algorithms to find a NE of this
game, where the learner can use conventional PPO to update its strategy and the adversary updates its
strategy based on a closed-form formula. We have proven last-iterate convergence of the algorithms
in the tabular case and demonstrated that the proposed algorithms significantly outperform existing
max-min MORL methods. The proposed max-min MORL algorithm has the complexity of PPO and
can be used practically for many real-world resource allocation problems.
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tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: We provide the source code for the traffic signal control experiment, which
constitutes the main experimental result of the paper.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.
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¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: The experimental setups and environments are described in Appendix [[]and
M| The source code is provided and hyperparameters are listed in Appendix [M.2]

Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We used five random seeds for the deep RL benchmarks in Section [6.2] and
Appendix [N] and fifty random seeds for the tabular settings in Section[6.1]and Appendix
Figure [I|and Table [2]report the standard deviation across seeds, with shaded areas in the
figure and numerical values in the table. Figure [3|shows results from three random seeds for
improved visual clarity.

Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Device specifications are provided in Appendix [M.2]
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

 The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The research fully complies with the NeurIPS Code of Ethics.
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: We discuss the social impacts in Appendix [O]
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper does not pose risks of misuse requiring special safeguards.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

* Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: We use Stable Baselines3 (MIT license), SUMO-RL (MIT license), and MO-

Gymnasium (MIT license), all of which are properly cited and used in compliance with their
respective licenses.

Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets
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Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: We do not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing or human-subject research.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: The research does not involve human subjects and therefore does not require
IRB approval.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
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Answer: [NA]

Justification: The research does not involve LLMs as an important or original component of
the core methodology.

Guidelines:
* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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A Glossary

Notations Descriptions
MOMDP
S State space
A Action space
P Transition dynamics
m Initial state distribution
r Multi-objective reward in the MOMDP
K number of objectives, i.e., dimension of multi-objective reward
Tk k-th coordinate of vector rewardr, k = 1,..., K
¥ Discount factor
m, I1 Policy, Policy space
0,0 Policy parameter, Policy parameter space
w weight, action of Adversary
Values
vr Eun Do, 07, fr(s¢, a;)] € R, Value vector under policy  in the MOMDP
vir Eur [0t Tk (st,at)] € R, k-th coordinate of value vector under policy 7 in the MOMDP, k = 1,..., K
v (w, V™) =31 w(k)V], the weighted value for any w € AK.
VI E.n 3 v (r(se, ar) — Tlog m(ae|si)1k)] € RE, soft value vector with K objectives and entropy coefficient 7
Vir, k-th coordinale of soft value vector
VI (w, VI) = By [3, v ((w, (¢, a)) — 7log w(ae|s¢))] € R, soft value with scalar reward (w, r)
Vi rs Qi v Soft optimal values with scalar reward (w, r
Constants
T Entropy coefficient for NPG
Tw Entropy coefficient for mirror descent on w
7 Step size for NPG
A Step size for mirror descent on w
« 1-=
1
B prmens
Mathematical Notations
AK (K —1)-Simplex, i.e., {w € RE[ 1 w(k) = Lw(k) >0, k=1,...,K}
(z,y) P  Tilis inner product for any z,y € R%.
H(w) - Zk 1 w(k)log w(k), Shannon entropy for any w € A*
H(m) Bpr [= 32,7 log m(ars,)]
softmax(x) Z;‘Zle Tyeees Z(i de’% ) € R? for any z € R?
1y all-one-vector with dimension d
Dkr, Kullback Leibler divergence
-1l ly-norm, i.e., ||z|y = Z?:] |z;| for z € RY
I oo leo-norm, i.e., |20 = max; |z

Table 3: Notations in the main paper

B Relationship between Max-Min Fairness and Other Fairness Criteria in
MORL

We can consider three major scalarization methods for MORL, as follows:

¢ Sum return maximization

K
max Y w;V; 1)
i=1
* Max-min optimization
max min{w V1, - ,wg Vi } (22)
* Proportionally-fair (PF) optimization
K
max Z w; log V; (23)
i=1

Here, w1, - -+, wk are some given weighting factors. We consider the weighted version of all three
methods above for full generality.

The sum return maximization for given weights is a simple single-objective RL for which there are
many existing algorithms. Hence, the problem is rather simple.

Consider the PF problem. Since the logarithm function is differentiable, the policy gradient of the PF
objective (23) can easily be obtained. That is, let us use V;" instead of V; to show the dependence of
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return on the policy parameter 6 explicitly. Then,

) _— 1 oV
B E e = ety o

Note that avie * s nothing but the conventional policy gradient, which is given by
Vo log (s, CSQZ‘ (s,a) [54]. Hence, it is rather straightforward to solve the PF problem for MORL
and we only need to track individual Q functions.

In contrast, the max-min problem does not allow such direct differentiation and becomes more
complicated. Hence, a specialized method is needed as in [37] or approximate approaches were
considered as in [[19,|39,150]]. In this paper, we solve the exact max-min MORL problem and provide
a very efficient algorithm for this problem.

v, Y \\ y: x
7 X
/’ —a S
y /‘ — N
) . T ¢
--------- )—,—_ x
C
\‘\?C + y=c
4

Figure 4: Relationship between max-min fairness and other fairness notions in MORL.

Figure [ illustrates the solution of each method for equal weights with two objectives. In the figure,
all of points a, b, ¢, and d are Pareto optimal. The max-min solution, point a, corresponds to the
Pareto-optimal point that achieves Pareto efficiency with V; = V5 due to equalizer rule [63]. Note
that by weighting w; and ws, we can achieve the Pareto-boundary point on which w;V; = wa V5 due
to the same equalizer rule, e.g., Point b in the figure.

Point c is the sum return maximization point on which the Pareto-boundary is tangential with the
straight line V; 4+ V5 = c for some c. Again, we can change the slope of the line by considering
weights as wy V1 + waVo = c.

Point d is the PF point on which Pareto-boundary is tangential to the curve V1V, = ¢’ for some ¢/
because ), log V; = log[[, V;. Note that the PF point is a compromised point between the sum
maximization point and the max-min point.

C Brief Summary of the Prior Work: Convex Optimization Formulation of
Max-Min MORL [37]

Based on the fact that value function is linear in state-action occupancy measure [54,41]], Park et al.
[37] rewrote the max-min MORL without entropy regularization in terms of state-action occupancy
measure (PO in Park et al. [37]).

PO : max  min 3 d(s,a)ri(s,a) (25)
Zd(s’,a’) =u(s’) + ’YZP(S/‘S, a)d(s,a), Vs’ (26)
d(s,a) >0, Vs,a. 27)

By taking dual problem and linear programming formulation of value iteration [41]], Park et al. [37]
has shown that solving P0 is equivalent to solving the following convex optimization problem P2.
The convexity of the objective function in P2, and the equivalence of PO and P2 are addressed in
Theorem 3.1 and Theorem 3.2 in Park et al. [37], respectively.
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P2 in Park et al. [37] : mi Vi 28
in Park et al. [37] Join, ZS:M(S) " (s) (28)
where V.*(-) is optimal value function with linearly scalarized reward (w, r(s, a)).

However, this value iteration based method can fail to find optimal policy in max-min MORL even
in a simple one-state MOMDP [46] [37]]. This issue is called indeterminacy; that is, there exists an
MOMDP which has no max-min optimal policy, which is stationary and deterministic. To circumvent
this issue, [37]] adopted entropy regularization to ensure the policy stochastic and established convex
programming reformulation similar to above:

PO’: max k:I{l}-IiK d(s,a) {ri(s,a) + TH(x"(|s))} (29)
Zd(sﬂa’) =u(s") +72P(s’\s,a)d(s,a), vs' (30)
d(s,a) >0, Vs,a (3D

where 7%(a|s) := %.

Similar to above, solving P0’ is equivalent to solving the following convex optimization problem P2’.
The convexity of the objective function in P2’, and the equivalence of PO’ and P2’ are addressed in
Theorem 4.1 and Theorem 4.2 in Park et al. [37], respectively.

P2’ in Park et al. [37]] : mi v 32
in Park et al. [37] wrénAnKzS:u(s) . (5) (32)

where V5 _(-) is the soft optimal value function with scalar reward (w, r(s, a)) which is the solution
of soft Bellman equation in v.

v(s) = TlogZeXp[%ﬂw,r(s,a» + 'yZP(s’\s, a)v(s')}], Vs

D More on Adaptive Regularization of Adversary

With the adaptive regularizer — D1, (wl|c;), where

¢t = c(my) = softmax (E(s qymgr [re(s,a) -7 (s, a)})K (33)

k=1’

and where 7} denotes the index of the worst-performing objective at iteration ¢, i.e., V7" < V™" for
t
allk =1,..., K, the Adversary’s update rule in Equation (I2]) becomes:

Wi =argmax ANV, (—(w, V7)) | yew,, W) — AT Dicp(w||e:) — Dgr(wl]jwy) (34)

weAK
=argmax (—AV7™ + A1, log c; + logwy, w) + (A1, + 1) H (w) (35)
weAK
1-8
=argmax (——— V7% + (1 — B)logc; + Slogw,, w) + H(w). (36)
weEAK Tw

This leads to the following closed-form solution [9]]:

wyy1 = softmax <—1_6V’” + Blogw: + (1 — B)log c(m)) ) (37)

w

The pseudo-code of the deep RL implementation of ARAM combined with PPO is provided in
Section[E3]
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E Pseudo Codes

E.1 ERAM

Algorithm 1 Adversary with regularizer for max-min MORL employing exact policy evaluation

Input: initial policy parameter 6, initial weight wg, number of iterations ', NPG step size 1, MD
step size A, regularizer coefficients: 7, 7,
fort =1to7T do

Evaluate current policy 7; and obtain V™

011 < 0, +nFT(0y) Zszl w(k)VoV), ot > update Learner’s strategy
w1 ¢ softmax (ff—ﬂV”t + Blog wt) > update Adversary’s strategy in closed form

end for
Return: 7, wp

In the tabular case with softmax policy, the 6 update is simplified as
o 1—a
7T9t+1 (a\s) X (71'9t (CL‘S)) eXP(T T (Saa))' (38)

In the deep learning setting, the § update can be replaced with PPO [49], and the corresponding 6
update is seen in Appendix [E.3]

E.2 ERAM with Approximate Policy Evaluation

Algorithm 2 ERAM employing approximate policy evaluation

Input: initial policy parameter 6, initial weight wg, number of iterations 7', NPG step size 7, MD
step size A, regularizer coefficients: 7, 7,
fort=1to T do N

Obtain approximate policy evaluation V"¢ for current policy 7,

Ory1 + 0 +nF1(0)) Zle wt(k)VQV,:i‘ > update Learner’s strategy with V™, e.g.,

W1 softmaz(fl;—ﬂv”t + Blogw) > update Adversary’s strategy
end for
Return: 7, wp

In the tabular case with softmax policy, the 6 update with approximate policy evaluation is simplified
as

1—anar,

.1 (als) o (o, (als))® exp(——Qr ™ (s, a))- (39)

In the deep learning setting, the 6 update can be replaced with PPO [49], and the corresponding 6
update is seen in Appendix [E.3]

25



E.3 ARAM with PPO for the Learner Update

Algorithm 3 Adversary with adaptive regularizer for max-min MORL with multi-objective variant of
PPO
Input: policy network mg and state-value vector network V4, initial parameters 8y, ¢o, clip coeffi-
cient €, initial weight wg, number of iterations T', MD step size A, regularizaion coefficients:
TPPO; Tw
fort =1toT do
Collect samples from 7y, and update critic buffer Be,itic
V. :=Vy, > Get estimate of value for current policy with current critic network
Compute c¢;:

¢(my) = softmax (E(&a)wd”st [r (s, a)n-; (s, a)])kzl

Update Learner’s strategy with PPO
Optimize L, (6;6;, w;) to obtain 6,41
Optimize L,z (¢) to obtain ¢¢41

Update Adversary’s strategy

1-p

Tw

wyy1 ¢ softmax (— \A/'t + Blogw: + (1 — B)log ct) (40)

end for
Return: 7, wr

o~

Here, Leiip(6; 01, we) = —E (g 4)ngmor min{r(0)(s, a)(we, As, a)), clip(r(0) (s, a), 1 — ecip, L +
cotip) (e, A(s,0))} + TppoH (m(-|5))] with estimated vector advantage A(s,a) € R, and
Lc7'iti0(¢) = E(S,Vs,mrget)NBcritic[quﬁ(s) - Vs,ta7'get||2] with the estimated return vector at s
replacing Vi target-

The closed-form update formula for Adversary’s strategy w with the D(w||c;) regularizer is shown
above.

F Supplementary Materials for Section

F.1 Existence of a saddle point in (6]

Proposition F.1. [f max, min,cax (w, VI) = min,ecax max,(w, VT) holds, then a saddle point
of (w, VT exists.

Proof. By assumption, max, min,cax (w, V') = min,,c ax max,{w, V') -(1) holds. By extreme

value theorem, w* := arg min, . x max,(w, VI) -(2) and 7% := argmax, min,cax (w, VJ)
-(3) exist. (Note that the policy space Il = A(A)lsl is compact due to Tychonoff’s theorem.) Then,
(w*, VT') > min(w, V) (41)

= maxmin(w, VI) (- (3)) (“2)

= minmax(w, V) (- (1) @)

= max(w’, V) (. (2)) (44)

>(w*, V). (45)

Therefore,
(w*, VT < max(w*, VT) = (w*, VT ) = min(w, VT ) < (w, VT ), Yw, . (46)

This implies that (w*, 7*) is a saddle point of (w, V™), which concludes the existence of a saddle
point of (w, V). O
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F.2 Proof for Theorem 3.1]

Proof. Let (T, w) be a saddle point in (@) and for any w € AK define 7*(w) := argmazx, (w, VT).
Let w™* be the optimal solution of minimization reformulation of entropy-regularized max-min MORL
@).

By Theorem 4.2 in Park et al. [37], if w is any optimal solution of (3], whose objective func-
tion is V%, £ V.,ﬂ:(') = <~,VT7T*(')> with the domain A¥, the policy defined by 7, (a|s) =

Q. (5,0)=Va () & QL () (s,a)—Vr" () (s
eXp( ‘<>T ) & e , <>T T (s)

regularized max-min MORL where @7, ; and V;; _ are soft optimal values for scalar reward
(w,r). Therefore, we show that @ is an optimal solution of (3). This concludes that the induced

is an optimal solution of entropy-

policy mg(als) := exp (M) is an optimal solution of entropy-regularized max-min
MORL ().
By the definition of saddle point,
(w,VT) < (w0, VI) < (w, VT), Vw,. 47)
In particular, 7 = 7*(w) by (47), i.e. T is soft optimal policy for scalar reward (@, r). Then,
(@, V7) =min(w’, VZ) (- (47)) (48)
=min(w/, V@)Y (7= 7 (w)) (49)
<(w*, VI (@) (50)
<(w*, VI ) (51)
<(w,vy") (52)
(- w* is an optimal solution of (3) with objective function V¥, £ VWT 0 = (Vv Oy
(53)
(@, V) (7 = (). (54)
Therefore, (0, VT) = (w*, VT ")), which means that 1 is an optimal solution of (3). Then, for
any s, a,
L (s,a) =VE (s
mw(als) :exp( ir(5,) i )> (35)
T
7 () 7 ()
0 $,a) — Vﬂ) T S s
=exp (Qw’T (s,a) r )> (.- definition of 7*(-)) (56)
T
T _(s,a) — VT (s
=exp (Qw,‘r( ) 'w,‘r( )> ( =" (QI})) (57)
T
=7 (als) (. 7 is soft optimal policy for scalar reward (@, r)). (58)
Therefore, 7 is an optimal solution of entropy-regularized max-min MORL (). O

F.3 Remark for replacing MD with NPG
Remark F.2. The MD update rule can be written as
w1 (k) oc (wy(k))? exp (- 1;)5
Recall that the NPG update with softmax policy (T1)) is
7o, (a|s) o< (mg, (als))* exp <17_a :9‘(s,a)) . (60)

We can observe that the update rules for MD and NPG have similar structures under the softmax
policy family. This gives an intuition for why replacing MD on 6 (9) with NPG does not appear to be
absurd.

V,f‘), Vk=1,...,K. (59)
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G Proof of Theorem 4.1]

Note that the strategy of Learner is a policy parameter 6;, it suffice to analyze the convergence of
resulting policy m; := mp,. Similar to [11], we define auxiliary variables that are needed for our
proof.

€o(s,a) = exp(Q7- + (s,-)/7) 1m0 (als) (61)
Ei1(s,0) ==(&(5,0)) % 7 P (0 (62)
ko(k) =l exp(= VT /7w)|[1wo(k) (63)

B —i=8vrt
i) =(re ()P =V 64
(m*,w*) : Nash equilibrium in RG (65)
Qur =Qur ") & max Q7 - (soft optimal Q-value w.r.t. reward (w,r)) (66)
Vs ::VJT(w) = max V,; - (soft optimal V-value w.r.t. reward (w, r)) (67)

In words, & (s,-) and k; are unnormalized 7;(-|s) and w, respectively. That is, m:(a|s) =
§e(s,a) /11§ (s, )1, Vt, s, a and wi(k) = ke(K)/[|kellr, VE, k.

G.1 Introducing optimality gaps

Optimality gap for 7
We note the 1-Lipschitzness of log-sum-exponential (Ise) function, which was also mentioned in [11]].
Define the function lse(x) := log Z?:l e . For x,y € RY,

llse(x) — Ise(y)| =|(Vise(z), x — y)]|
(where z = tx + (1 — t)y for some ¢ € (0, 1), by mean value theorem)
=|(softmax(z),z — y)|
d -

<z = ylloo Y, =7 = Iz = ¥llo-
i=1 Z] 16

Then, for each s, a,
|log 7 (als) — log mi(als)| =|(Q7- . (s,a)/T = Vi (s)/7) = (log &(s, a) — log [[€(s, ) [11)]
=(Qf- - (s,0) /T —log&i(s,a)) — (Vi () /7 —log 1€ (s, ) [|1))]
<|Q7- ( ;a)/T —log&(s, a)l
+|ls€( v 7(8,°)/7) — Ise(log & (s, a))|
. ( )/T = lse( g**ﬁ(s, -)/7) holds for soft optimal value)
SIQw*,T(S, a)/7 —logé&(s,a)| + Q. (s,a) /7 — log&(s, a)]
(" 1-Lipschitzness of /se)

=2|Q7 - (s,a)/T —log&(s, a)|
where the first equality utilized the fact that 7* = RBR(w™*) (regularized best-response), i.e. soft
optimal policy with respect to reward (w* r), and the property of soft value function and soft optimal

policy 7* (als) = exp (QT”*'T(S’G) — ’(S)> established in [33].

Therefore,
* 2 7
[log 7 — log m¢[| oo < ;HQw*,T—TlngtHw (68)
In words, the term ||Qgi77 — 710g &t |0 bounds the gap between policy 7 in ¢-th iteration and Nash
policy 7*.
Optimality gap for w
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Lemma G.1. |[w — 0| < |[logw — logw'||e, Yw,w' € int(AK) where the logarithm is taken
element-wisely and int(D) denotes interior of set D.

Proof. Let z,y € int(AX), interior of simplex, and define f(z) := [logzy,...,logzk|? for any
r € int(AK). Leta = f(z), b= f(y) and g(z) := [e™1,...,e"%]T for any x € R, By the mean
value theorem for multi-variate function g,

9(b) = g(a) = Jy(c)(b — a)

where Jy(c) is Jacobian matrix of g at c and ¢ = ta + (1 — ¢)b, t € (0, 1). Specifically, the Jacobian

matrix becomes a diagonal matrix Jy(c) = diag(e®,...,e°%). Then,
19(6) = 9(a)lloc = [1(c)(b = a)lloc <[|Tg(c)[lo0llb — allo
=max{e?,..., e }|b— allwo

Here, since z;,9; < 1 (" 2,y € int(AK)), a; = logz; < 0 and b; = logy; < 0. Hence,
¢; = ta; + (1 — t)b; < 0. These results in max{e“!,...,e®} < 1. By plugging in a = f(z),
b = f(y) above, we conclude that ||y — |~ < ||logy — logy||« for z,y € int(AK). O

Due to the lemma|G.1] it suffice to analyze || log w* — log w|| instead of [|w* — wy||oc-
Note that w* is the best-response to 7* with respect to u"** since (7*, w*) is Nash equilibrium in
RG, and w* can be written as below.

w* =argmax —(w, VT ) + 7, H(w) (69)
weAK
1 "
= softmax (V;r > (70)
Tw
Using this,
: exp (Vi) (k)
logw*(k) — log w:(k) =log —log (71)
|| exp (—}wv;r*) Ih 15ell1
I 1«
=— —V7, —logke(k) — (Ise(——VT ) —lse(logr:))  (72)
Tw Tw

By taking absolute value for both side and applying triangular inequality,

1 1. -
[log w* (k) — logw:(k)| < | — T—V,:T —log ki (k)| + |lse(—7_—V7Tr ) — lse(log k)| (73)

1 - 1 .
<) - TfV,:T —log ki (k)| + || — T—VZ — log K¢ o (74)
(. 1-Lipschitzness of [se) (75)
By taking max;, for both sides, obtain the following bound.
. 2 o
|| log w* — log wt|eo < T—H = VI — 1y, logkt]eo (76)
In particular, combining this bound with the lemma|G.T} obtain the following bounds.
* * 2 ¥
[w* — w|loo < || logw™ —logwi oo < 7_7” — VI —7ylog kil (77)

Optimality gap for soft ()
The optimality gap for soft () at iteration ¢ can be expressed as follows.

||erui,‘r - ;ttTHOO (78)

Supplementary term
Following [[11]], we use the following supplementary term which helps to analyze the optimality gap
for soft Q.

max{0, — min(QF, , — 7log&)} (79)
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G.2 Recursive bounds for optimality gaps and supplementary term

We establish recursive bounds for the following three optimality gaps and the supplementary term:
HQZ;J — 7log &t|| oo (optimality gap for policy ), ||QZ;7T — Q7 |loc (optimality gap for soft
Q function), || — V7 — 7, log ¢ || (optimality gap for w ) and max{0, — min, (Q7}, ,
7log&;:)} (supplementary term, used for optimality gap for soft ) function). After then, following
[L1], we establish linear system with these optimality gaps to show convergence.

Recursive bounds: optimality gap for policy For each (s, a),

QT 1 (s,a) = Tlog & (s,a) = QT (s,a) — ralog&(s.a) — (1 — Q. ,(s,a) (- (62))

(80)
= a(QZ};T(s,a) —1log&i(s,a)) (81)
+ (1 - Oé)( Z;,T(&a) - ;tt,T(Sv a)) (82)

Thus,

QT , — Tlog il < Al|QNn , — Tlog &l + (1 — Q)|QT.  — Q. oo (83)

Recursive bounds: optimality gap for soft () function Since 7 (thus, ) is a max-player and w is
a min-player in our two-player zero-sum regularized game, we cannot guarantee monotonicity of

w, -(s,a) int. Thus, we establish both upper and lower bounds for qui’T(s, a) — Quith +(s,a)
and these will offer an upper bound for \Q,’J;J(s, a) — Quitl +(s,a)|, thus upper bound for
Q% ~(s,0) — Quiti .+ (5, 0)l|sc-

1) Upper bound
For each s, a,

QT'ur)*,T (Sa a) - fuiill,f(& a) (84)
=(w*,r(s,a)) + VEyp(|s,a) [VJ;T(S/)] — (weg1,7(s,a)) = VEgp(s.0) [Vgtjll’r(s')] (85)
=(w* — wiy1,7(5,0)) + VEg wp(s,a) [Vage - (5")] (86)
—VEy o p(5,0)Barmmisn (1) 511117(5', a') —tlogm1(s',a’)) (87)
=(W" = wes1,7(5,0)) + VBgrp( o0 [T log |e@n /T ] (88)

£t+1(s/7 al)
ARy b s Barmre (o) |@T0 (s, a') — 7log ST (89)
e R A e
=(w" — wy1,1(8,0a)) (90)
Bt p(fs.o [T 10g [[e7%7 =Ty — Tlog [1€41 (5", )] — (4) oD
—VEg o P([5,0),0"~mes1 (|57 | g‘:lﬁ(s’, a') —7log&i1(s’,a")] — (B) (92)

In the third line, the second term used V. + = Vi, since " is the best-response to w* with
respect to u*9 and the third term used soft Bellman equation. In the fourth line, used V,". L) =

7log ||e®w . *")/7||; which holds for soft optimal value function.

We can easily upper bound the line (90), (w* — wy41,1(s,a)), by Krpmax|w* — wit1]/oo due to
Hélder inequality and ||r(s, a)||1 < KTmaz Vs, a where 7,4 = maxs ok |75 (S, a)|. By ,

(w* — wiy1,1(s,a)) (93)
SKrmaw”w* — Wt41 ||oo (94)
2Kr,, -
Sﬂ” - VI — Twlog key1lleo (95)

From now, we derive the upper bound for (A).
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For each s,

7log [[e@ws /7|1y — Tlog [|€41 (s, ) (96)

=7(Ise(Qf- ,(s,)/T) — Ise(log &1 (s, ) 97)

§T|\Q$J(s, /T —log &41(8, ) |leo (.- 1-Lipschitzness of [se) (98)

:HQEZ,T(S7) _Tlog€t+1(8v)||00 (99)

<[Q%- , — Tlog &l (100)

Therefore,

(A) =7Eqgnp(.js,0lrlog [[e@er /T — Tlog || 1(s, )|1] (101)
ABop( o |Q- » — 7108 111 100 (102)

=7[1Q%- , — Tlog &1l (103)

From now, we derive the upper bound for (B).

To establish the upper bound, following Cen et al. [[11]] and Yang et al. [62], we use supplementary
term. For each s, a,

Z}t;_ll,r(sv a) -7 log £t+1<87 a) (104)
>min{Q7 1 ~(s,a) — Tlog&r1(s,a)}, (105)
then,
—( Zﬁllﬁ(s, a) — tlog&ii1(s,a)) (106)
< - nsnan{ with 7 (s,0) = Tlog&iii(s,a)} (107)
<max{0, —min{Q7 1 ~(s,a) — Tlog&11(s,a)}}. (108)

Using the last term, establish the upper bound for (B) as follows.

(B)=— PyEs’NP('|S,a)7a/~m+1(‘\S’)[ Zruf£++11,r(s/u al) —7log §t+1(3/7 a/)] (109)
S,‘YES/NP(‘ls,a),a/Nﬂ't+l('lé‘/) [max{(), - I?ian{Qgttt_ll,T(sa a) —7log gt—l—l(sa a)}}] (110)
=7 max{O, - mln{QZ)tttll,T (Sa a) -T IOg €t+1(sa a)}} (111)

Combining (93), (T03) and (TTT)), obtain the upper bound for optimality gap for soft @ as follows.
For each s, a,

QZZJ(S,G) - Z)tt-:llf(&a’) (112)
ZKTma:t o* o
STi” = VI —1,logkirlleo "”YHQw*,r‘TIOgngHoo (113)
+v max{0, —nslian{ with r(s,a) — Tlog&ia(s,a) b} (114)
—UB, (115)
As mentioned, we derive the lower bound for Qi";ﬁ(s, a) — Q7 ,(s,a) and finally combine with
the upper bound li to conclude the upper bound for HQ’JAAS, a) — Q1 (5,a)]|co-
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Qgﬁ‘ T(S a) - Zt/::hr(s’ a) (116)

=(w* — wyy1,7(s,a)) + By [V2 (') = Viir! (s)] (117)
=(w* = wiy1,7(s, ) + VB [(w*, VT (s)) = (wrg1 — w* +w*, V7 (5))] (118)
=(w* = wyy1,7(s,0)) + By [(w*, VI (s') = VI (s)) + (" — wyqr, VS ()] (119)
=(w* —wiy1,7(s, a) + YE« [V ()]) +1Eo [Vie (8) — Vit ()] (120)

=(w" = w1, QT (s,a)) + 1By [V2 (s)) = Vit 1 (s")] (121)
> — Q7 max, zlllw —wt+1\|oo+0 (122)
>~ Qromarts — || —VT =y log oo (- H (123)
= —UB, (124)

where Qr mag,l, = MaXy 5o |QF(s,a)|1 = %ﬁogw). In the first inequality, the first term

+(s) > Vigiti(s), Vs since (7%, w*) is a
Tmax+T log \A\
1—y

From —UB; < Q$7T(s,a) — Quitl (s,a) <UB; (frorn and .)
obtain | Q7. . — Qu/A +llec < max{UBy,UBs}.
Note that since 7,00 < Q7 maz. UB2 dominates the first term in U B;. By combining the upper

bound (T12)) and the lower bound (T16)), conclude the recursive bound for optimality gap of soft Q@
function as follows.

is from Holder inequality and the second term is from V7

w*,

Nash equilibrium in RG. For simplicity, we denote Qnmaz =

||QZ}*,T - Zrutttll,‘r IOO (125)
ZKQT mazxr T *
STi’H = VI —7ylogkiiillec + Q- » — T10g &t l0 (126)
+~max{0, — rré}’ian{QfJ:hT(s, a) — tlogé&i1(s,a)}} (127)

Note that the terms in the right-hand side, which are the terms for ¢ 4 1, will be boiled down to the
terms for ¢ by using recursive bounds.

Recursive bounds: optimality gap for w Foreach k =1,..., K,
— Vi — 7w log ket (k) (128)
=B(=Vi) + (1= B)(=ViTy) — TwBlogre(k) — (1= B)(=ViL) (- (64))  (129)
=B(=Vi, — Twlog ry(k)) + (1 = B)(=ViT, + ViL). (130)

Thus,

| = Vi, = 7w log kg (R)] (131)
<B| = Vit = mwlog ku (k)| + (1 = B)| = ViTy + V| (132)
<81 =V — o me(k)| + (1= ) | QF- . — 7log& (133

where the last inequality is due to the lemma 15 in Yang et al. [62], applying with 7*(-|s) =
softmax(QT. ,(s,)/7) and m(-|s) = softmax(log&(s,-)) and M = r”‘“(HV)JzTY()l 1) log | 4]
following Yang et al. [62].

By taking maxy,, we obtain the upper bound for optimality gap of w as follows.

. . M .
| = VI —7wloghitille < Bl — VT *Twlogfitlloo+(1*ﬂ)7||Q7J,*,T*Tlogftﬂoo
(134)
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Recursive bounds: supplementary term

at::l,T(Sv CL) -7 IOg §t+1(37 CL) (135)
= ;t:lT(s, a) — talogéi(s,a) — (1 — a)Qy (s,a) (- li (136)
:Qgt::hr(&a) - ZL’;’T(S,CL) —‘rOZ( Z)i,‘r(&a) —TIngt(S,CL)) (137)
To establish a lower bound for the term Qu%} +(s, a) — Q% (s, a),
Zrutttll,T(Sv (I) - :ILTvtt,T(S? a) (138)
=(Qu +(s,a) = QUH1(s,a) + (QF (s, a) — QY -(s,a)) (139)
>Quth +(s,a) — QU (s, a) (140)
=(wir1 —wi, Q7 (s,a)) (141)
> — Qrmaz,ly |Wi+1 — Wel|oo (.7 Holder inequality) (142)
> — Q‘r,maz,h || log W41 — IOg thOO ( lemmam (143)
> — 2Qrmaz,ly || 108 Ker1 —1og Killoo (- wy = HLt” 't and 1-Lipschitzness of 1se) (144)
Rt|l1
2 T,max 1-
=— @rmazts B)H — VTt — 7, 10g Kt || oo (145)
TUJ
2 T,max, 1 - T ¥ a*
= i fll( ﬂ)(” = VI + VT o + | = VI — 7y log ko) (146)
2Q‘r,maw,l 1-—- B M * *
> Wrmeet 0= D) Myor gl + |~ VI~ i log el (147

The third line is due to performance improvement lemma of NPG with fixed reward (Cen et al. [11]],
lemma 1), which implies Qu.,"; (s, a) — w, . (s,a) >0, Vt, s, a. For completeness, we provide the
statement of the lemma below.

Lemma G.2. (Performance improvement by NPG with fixed scalar reward; adaptation of Lemma 1
in Cenetal. [11])
For0<n< 1_%

Vil = Vit e =B [ — 75) Dre(mea (ls)llme([9) + 5 Dicn(m(ls) i (]5))]
where d;,'*" is a stationary distribution induced by policy 7,11 and initial state distribution p,
e di 7 (5) = (1—7) 32, 2000 Y P+ (5, = s]s0)pls0).

As a result, Quiy +(s,a) — QFt (s,a) > 0 for any s, a.

The last inequality (T47) is due to the lemma 15 in Yang et al. [62], applying with 7*(-|s) =
softmax(QZ;,T(s, -)/7) and 7 (+|s) = softmax(log & (s, -)).
Plugging (147) into (T37) results in the following bound.

with o (s,a) — Tlog &4 (s, a) (148)
=Qu, ~(s:a) = Q, +(s,0) + Q7 ~(s,a) — Tlog&(s,a)) (149)
2Qrmazt, (1 —B8) M . .
= Q””“j’l( 5)(7I\Qw*,f—ﬂogftum+ll—VT — 7w 10g it o0) (150)
+a(Q7, - (s,a) — Tlog &(s, a)), (151)
which implies
_( af’:rllﬂ.(S,a)—T]ngH_l(S,G/)) (152)
2 T, max 17 M T* *
<2rmaet LD My ctogalloe 41 VI —mulogmll) (153
—O[( Ztt,T(s,a)—Tlogﬁt(s,a)). (154)
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By taking max; , for both sides,

— IEian{QfU‘tth(s, a) — tlog&ii1(s,a)} (155)
2 T,Mmax 1 - M * a*
<2l Myor  cloglle +1 - VI~ mlogmlle)  (156)
—Q min{Qgtt,T(&a) - Tloggt(&a)} (157)
2Q+ maz.1, (1 — M -
<2l Myor  cloglle 41 - VI —mulogmlle)  (158)
w
+amax{0, - min{Q7 ,(s,a) — Tlog&(s,a)}}. (159)
Since the last line is non-negative,
max{0, — min{QT_(5,a) — 7log €4 (s,a)}} (160)
<a max{(), - min{ngm(s, a) -T 1Og ft(sa a)}} (161)
QQT,’H’LGZE, 1- ﬁ M * T
2t Q=P My ctoggloe + - VI~ rulogmlle). (162
w

G.3 Linear system for optimality gaps

For simplicity, we denote the three optimality gaps and supplementary term as follows.

G(m) =[Q%- , — Tlog &l (163)
G(Q1) =1Q% » — Q7 +lloe (164)
Glwy) =] = VT — 7,108 Kt |l oo (165)

Hy :=max{0, - min(Qy), , — 7log&;)} (166)

The recursive bound for these G(m;),G(Q¢),G(w;) and H, are summarized below.

G(Qiy1) S%G(wtﬂ) + G (me41) + YHipa (. (123))
G(mi1) <aG(m) + (1 — a)G(Qy) (. (3)

QKQT,maz

w

<(a+ (1 —a)y)G(m) + (1 —a)(
(*. by the bound for G(Q1) above)

Gluer1) <6G(w) + (1~ 6) 2G(m) (. (39)
ZKMQT,mam(l - ﬂ) + ZKQT,ma:c(l - 6)

G(wy) +vHy)

Hiq <aHp+ o G(m) - G(w) (. (160))
This can be written into the follovgjing linear system. b
2K T,mazx 1—
G(mie1) a+(1—a)yy ez ()] rgn,
Glw)| < M5 B 0 G(wy) (167)
Hyq 2KMQrimas(1=8)  2KQr.maz(1—5) o H,
where M = T’"”(IJW)(J{EQ()IJW) log |4] ,a=1— %,ﬂ = 7%1(1’“.

Let the transition matrix above be A(n, A). Since A(n, A) is non-negative matrix, by Perron-Frobenius
Theorem [23], A(n, A) has an eigenvalue which is equal to spectral radius. The characteristic
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polynomial is simplified as follows.

f(@) = (@ —a){(z—(a+ (1 -a)p)(z-F) (168)
=:f1(z)
QKMQT max
- (1-a)d- 169
S (1 a)(1 - ) (169)
N—
=X
2KMQ-
o 2BV Qe (1 o)1 - p)(w+1-28) (170)
=:g(x)
Take step size 7 and \ to satisfy « = 1 —eand 3 =1 — €2. Le., take ) = 5(1;7) and \ = T“}(iz_@).

Note that the polynomial f; has zeros at &+ (1 — )y, 5 < 1. Let fa(z) = fi(z) - X(1—a)(1—5),
then f2(1) = (1 -5 — X)(1 — a)(1 - B).
2KMQr maz 2K 2(rmaee + 7log|A|)

X = <— rmaz 171
TTw TTw (I—=7)2 @, a7ty
_ 4KQ‘2r,maa: (172)
TTw(1l =)
-7
< 173
< (173)

by assumption on 7,,. Therefore, fo(1) > 0 which implies that the zeros of f5, namely z; < xo
are less than 1. This implies that the first term of f, i.e. (z — «)f2(x), has three distinct zeros
ata=1l-e<a+(l-a)y=1—-¢€l—-v) < B =1-¢fore < 1—+. Furthermore,
(x —a)(fi(x) — X(1 — a)(1 — B))|s=1 = €f2(1) = €*(1 — v — X)) where X is independent
of e. For the last term, g(1) has value y M Crmaz o5 29(1 = 9)e®. Fore < 1, f(1) =

TTw v’
Al-—y—-X)—g(1)>e*(1—v— I_TV) —2y(1—7)e® > 64(@ — 24(1 = v)e) > 0. Note
that since v, € < 1, € already satisfies € < +. Therefore, x5, the maximal zero of (x — ) fo() moves
to x5, the maximal zero of f(z) = (z — «) fa(x) — g(z) which is still 25, < 1(Otherwise, f(z) < 0).
Denote this 2, < 1 as p(n, A), which is the spectral radius of A(n, \).

Specifically, forx =1 — % direct calculation results in

=y oy 22—y 315 1
@) =(—5= = X)e' = (F 7 + =5 X)* + ge (174)
l—y 2—79 3y—-11—7v 4 1—~
(gt~ (T e (X < =) (175)
4
=(2(1 =) = (4+57 = 677)e) 35 > 0 (176)

by assumption € < %. Therefore, p(n, ) <1— % <l

G(me)
For simplicity, let x; = |G(w¢) |. The linear system (167) leads to
H
G(m), G(wy), He < ||| < p(n, M) [0l (177)
for some norm. Finally, by (68), (77), (123) and (T73), conclude the following.
. 2
Hog 7™ —log e loc <= [xollp(n, A)' (178)
N 2
lw” = wlloo <—llxollo(n, A)* (179)
195+~ Qe <CE2 423 o ol A (150
w*, T Wi, T = 3IM )
where p(n, \) <1 — % with choice of = @ and \ = ﬁz_ez)
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Remark G.3. The condition for € is € < €y = mm{# 1 — ~} can be simplified with

6’)/2 I
tighter bound. Since 3 < 4+ 5y — 67 < L2 for v € (0,1), 4_‘?(5;7_'&2 < 2(1;«/) <1—~and
thus, €y = mln{%, v} = ﬁ. In particular, we can take stronger condition
2
€< €= % Condition for \ becomes \ < %, then, from \ = WQGZ) > =, A satisfies the

condition for €. Condition for 11 becomes 1 < M, which also satisfies the condltwn for € by
€= % < €.

H Proof of Theorem

Now suppose that we can access only an approximate policy evaluation (i.e. estimate for soft Q-
function). Let an approximate policy evaluation for given 7 with reward (w, r) be Q7, . We assume
that ||Q7, ; — Q7+l <9, V7, w,s,a(Assumption .

We conduct similar analysis in Appendix [G] with approximate policy evaluation and derive a linear
system.

Similar to the appendix define auxiliary variables.

€o(s,a) :=|| exp(Q] ( )/m)llimo(als) (181)
Er1(s,a) =(&(s,a))% 7 ol se) (182)
Ko(k) =[ exp(=V7 /Tw)||1wo( ) (183)
R (k) =(R(k))Pe 7 VT (184)
m¢, wy @ policy and weight at ¢-th iteration (185)
(7r* w™) : Nash equilibrium in RG (186)
w,rs Vo + €xact policy evaluations (187)
T V’r : approximate policy evaluations (188)
Le., estimators for soft optimal value for given policy 7 and reward (w,r).  (189)

A;T, I7T” : approximate policy evaluations (190)
L.e., estimators for soft optimal value for given policy 7 and vector reward r. (191)

Q. =Qu, (W) & max Q.- (soft optimal Q-value w.r.t. reward (w, r)) (192)

Var =V, (W) & max Ve

w,T

(soft optimal V-value w.r.t. reward (w,r)) (193)

Note that m¢(-|s) = @(s, 9/ ||§(s, -)||1 also holds for the case with approximate evaluation by the
definition of &;.

Performance difference of NPG with approximate evaluation
Before deriving the bound for the equation above, we first adapt performance difference lemma with
approximate evaluation to our setting.

Performance difference for V,j! . with approximate evaluation becomes

Viitir(s) = Vgl - (s) (194)
=Vl (8) = Vil (s )+V£§t1( 8) = V7 () (195)
(w41 = 00V 9) = 2 Qe — Qe (- [ lemma ) (196)
2

> - V‘r,mamll Hthrl - wt”oo - 175 (197)
-7
2

- Q‘r,maz,ll ||wt+1 - thoo - 176, (198)
-



Tt

and performance difference for @ with approximate evaluation becomes

we,tau
Zttill,T (8’ Cl) - Zttﬂ'(s’ a) (199)
=(wis1 — we,x(s,a)) + VB VI L(5) = Vi (s)] (200)
279
Z - K’rmax”wt-&-l - wt”oo - ’YQT,max,ll ||wt+1 - wt”oc - ﬁ (201)
276

= Q‘nmax,h ||wt+1 - wt”oo - (202)

I—x
H.1 Recursive bounds for with approximate evaluation

Recursive bounds with approximate evaluation: optimality gap for policy For each (s, a),

Qp- -(s,a) — Tlog&41(s, a) (203)
=Q7. +(s,0) — Talog&(s,a) — (1 — a)QT: (s,a) (- (182)) (204)
=a(QI. ,(s,a) — Tlog&(s,a)) + (1 — @)(QL. ,(s,a) — QL. ,(s,a)) (205)
=a(Qf. ,(s,a) — Tlog&(s, a)) (206)

+(1— )@ (5,0) = QI (5,0)) + (1 - )(Q, ,(5,0) = QT (5,0)  O7)
Thus,

1Q7- - = Tlog & lloo < allQ: - = Tlog&illoe + (1 = @)|QF: - = Q7 lloc + (1 — )6,
(208)

Recursive bounds with approximate evaluation: optimality gap for soft () function 1) Upper
bound
Similar the case with exact evaluation, start from the following identity.

Qi - (s,0) = Qi (s, a) (209)
=(w" —wet1,1(s,a)) (210)
+YE ([0 [T log |95 =Ty — 7 log € (57, ) 1] 211)
7’YES/NP('|S,CL),CL'NTH+1('IS/)[ Z)tfill,f(slval) - Tlog€t+1(5l7a,)] (212)

2Krmas * ~
<—— - VI —7wloghitille (213)
+711Q7x - — Tlog &l 214)
+v max{0, — rgnan{Qg‘:lT(s, a) — tlog&y1(s,a)}} (215)

where the last inequality is derived by the similar logic in the case with exact evaluation.

2) Lower bound
Similar to the case with exact evaluation,
T Tt+1 > QQT,maac,ll * ~
Qw*,r(sva) - wt+1,7'(sﬂa) = = || 7VT - Tw log/it-i-lHOO' (216)
w

Combining the upper bound and the lower bound, obtain the following upper bound for the optimality
gap.

Q% - — Qutt oo 217)
9KQ; . R . R
S = VI —mwlog Rl +911Q%- - — Tlog &l (218)
+~max{0, — nguan{ witt o (s,a) — 7log Erv1(s,a)}} (219)
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Recursive bounds with approximate evaluation: optimality gap for w
Foreachk=1,..., K,

— Vi — 7y log By (k) (220)
=B(=Vii) + (1= B)(=ViT,) = mwBlogRe(k) — (1 = B)(=ViTL) (. (184)) (221)
=B(~ Vi — ulogRe(k) + (L= B)(~Vir + Vi) + (1= B)(-ViL + V). (222)

Then, for the same logic in the case with exact evaluation, obtain the following bound.
| = VT — 7, logReri o (223)
. . M, . ~
<Pl = VT —7wlogRelloo + (1 = B)— QU — T1og &lloc + (1 = 5)8 (224)
Recursive bounds with approximate evaluation: supplementary term
;*;11 (s,a) — Tlog §t+1(s a) (225)
=QTt (s,a) — ralogé(s,a) — (1 — a)QI (s,a) (- (182)) (226)
=Qut 1 (s,0) — Talog&i(s,a) — (1 — )(QF, - (s,0) — QFt ,(5,0) + Q7 1 (s,0)  (227)
=Qu +(s,0) — Q- (s,a) (228)
+(Q7, +(s,0) — Talog€y(s,a)) — (1 - a)(Q7;, - (5.0) — QU +(5.)) (229)
Modify (T38) with approximate evaluation as follows.
gttill,‘r(&a) - 2)1,7(870‘) (230)
:( 77;;111,7'(87 a) - Zt:; (Sv a)) + ( Zt:,r; (57 a) - Zrutt,-r(sa a)) (231)
27§
>Qut +(s,a) — QU (8, 0) = Qrmaz, iy [wit1 — wil[oo — ﬁ (. (199)) (232)
276
=(west = we, QF )= Qrimaz.iywers = willos = 72— (233)
-7
2v0 .. . .
> = Qrmaz iy | Wit 1 — Welloo—Qr maz,iy [[Wi1 — Wiloo — 1-~ 5 (" Holder inequality) (234)
276
> — QQT,maw,ll || lOg Wi+1 — IOg thoo_ﬁ ( lemmam) (235)
~ ~ 276 K
> — 4Q+rmaz1, || log Ke41 — log nt||oo—17 (orw = ” ” 't and 1-Lipschitzness of 1se)
- Ktll1
(236)
4 T,max 1- N7 -~ 274
=— @r.mazt, (1 = ) | — VIt — 1, log nt||00777 (237)
Tw 1—7
4Q+ maz 1-— T T T ™ " =~
> Wrmarh LB Gy v = VI VT e - VT~ i log )
(238)
276
= (239)
L=
AQr maz, (1 — M, . ~ - N 276
> — Q . %ll( 6>(6+7|‘Qw*,’r_TloggtHOO—"_”_VT _TwlogHtHOO)_lL (240)
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Plugging (240) into (229), obtain

il (s,a) — rlog€i(s, a) (241)
4Q 7 mawt, (1 — M, . ~ - N 276
> AQrmarts = B) (5 Myom gl + = VT = i log Rrflee) - 22 242)
Tw T 1—7
+af Qtﬁ(s,a)fTaloggg(s,a))f(lfa)é (243)
4 T,mazx 1_ M ¥ <~ * ~
= AQrmar L= B) My e g B le [ = VI — 7 log Relloo) (244)
Tw T
+a(QT . (s,a) — Talog& (s, a)) (245)
2'7 4QT mazx l1(1 - B) nt
(1 —a)(1 + 20y _ 2ermaz, S(ra=1- 246
(@ -+ ) s (ra= 1 ) (246)

By reversing the sign of both sides, taking max, , and max{0, -} as in the case with exact evaluation,
we obtain the following bound.

max{0, - min{ Q7. - (s,a) — Tlog &11(s,a)}} (247)
<amax{0, - min{Q7  (s,a) — Tloga(s,a)}} (248)
AKQrmaa(1—B) M, . " i R
K Crmaal LDV Mo g+ |~ VT~ rlogRil)  (249)
2 4K T,max 1-
+max{0, (1 — a)(1 + T—;) _ ARGy, . L=B) s (250)

H.2 Linear system with approximate evaluation

For simplicity, we denote the three optimality gaps and supplementary term as follows, with slight
abuse of notation.

G(m) =l|QT- » — Tlog &l (251)
G(Q1) =lQ%- » — QT +lloo (252)
Glwy) =] = VT — 7,108 Rt lno (253)
H; :==max{0, — min(Qy , — 7log &)} (254)
G(Quen) < ZEEEII Gy 1) 9 Gmes) + 1 Hos - @)
G(mi11) <aG(m) + (1 — a)G(Qr) + (1 — a)d (. (208))
< o+ (1= a)Glm) + (1 - )L ) 4 Hy) + (1 - )
(. by the bound for G(Q; 1) above)
M
G(wi) < BG(we) + (1= B)—G(m) + (1 = )9 (. @29))
Ht+1 S OlHt + 4KMQT,7;LG1‘(1 B ﬂ) G(?Tt) + 4KQT,max(1 B B) G(wt) ( @)

+max{0, (1 — a)(1 + 72_%) ~ AKQrmac(1 = B)

Therefore, the resulting linear system becomes the follgwing.

)30

KQr maz(1—a
Gmie1) a+(1—a)yy ez _q)y] g,
G(wm)l < —— 3 0 G(w)| +0y  (255)
Ht+1 4K1\/IQT,’"LO/(E(1_ﬂ) 4KQT,'maz(1_ﬂ) o Ht

TTw Tw
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where
l1-a
. L) ’ (256)
max{0, (1 - a)(1 + 22) — HQuuac(126);
Tma:v(l+’Y)+27’(12*’}/)10g|A|7a:177_777’ 5 |
(1=7) T o

M = (257)

Let the transition matrix above be A (1, A). The characteristic polynomial is simplified as follows.

f@)= (@~ (a+(1-a))@-B)=-a) (258)
 2KM Q7 max(1 = a)(1 = B) (- a) (259)
~ 7zll(z\chT,mj(Tl —)=8) 19 (260)

For the same analysis in Appendix |G} p(n, A), the spectral radius of /T(n, A) satisfies p(n, A) <

1— % < 1 with assumption X = % < 1T and n = (1 0\ = W with
€ < co = min{yrii—th7, 55,1 — 7} More tightly, since 3 < 4 + 11y — 1292 < 32 for
€ (0,1) 2(17_7)2 < 1 — ~ and we can take tighter condition € < € + 0 := min{ i Com

> A4+11y—12y 313 » 2y I

2
To satlsfy the condition for ¢, required condition for it suffice for 5 and A to satisfy the range A < —*

and n < ©©0=1)
, G(m)
Using p(n, \) < 1 — 5 and by letting x, = | G(w;) | (slightly different from |Gfsince this x; contains
H,
different auxiliary variables), recursive application of the linear system (253)) results in the following.
x; < A, N'xo + (I + -+ A(n, ) 1)dy (261)
which results in
— 1—pl
), Glu). He < Il <000 Nl + L= 22y (62)
1
Sf)n,)\txo +A795 (263)
(1, A)"lIxoll + — N llyll
- 2yl
<p(n, ' lIxoll + =5~ (264)
for some norm. Therefore,
* 2 —~ 2
Jog 7 — log e <2 (Ixoll(n, A + 120 ) (265)
x 2 ~ 2lly
" —wlloe <2 (xollotn, A + 2025 266
o~ W T(1—7 N 2|y
197~ Q3 e <=2 29y . 0y + 21 267

2

where p(n, \) < 1 — % with choice of n = 6(1 Y and \ = iy

I Proof of Corollaries 4.2l and 4.4

Proof of Corollary For each i = 1,2, 3, to achieve C;[p(n, \)]! < €qee, it suffices to find ¢
which satisfies C;[p(n, A)]* < Ci[1 — —2] = €ace- Then, log C; + tlog(1l — —2) log €qcc. Since
log(1 — %) ~ —% for small , this results in ¢ = % (log C; — log €qcc) = O(Z% log ——
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Proof of Corollary For each i = 1,2, 3, to achieve C;[p(n, )] + Dib/e? < 2eq40c with
5 < % it suffices to find ¢ which satisfies C;[p(n, \)] + D;6 /€2 < Ci[1 — —2] + €ace = 2€qccs

~ 2
ie., Ci[1— —] = €gcc- FOr the same logic in the case of exact policy evaluation, iteration complexity
becomes at most O( 2 log ——).

The derivation and analysis for sample complexity is in Appendix

€acc

J Sample Complexity under Approximate Policy Evaluation

Assumption J.1. We assume access to a generative model that allows sampling next states from
P(-| s,a) for any (s, a), as in Li et al. [28]].

Assumptlon J.2. For any given error bound 9, policy m and weight w € AX, we have access to an
estimate Q » and Q” of value functions Q7, . and QF, which satisfy ||Q worlloo < 0 and

HQ;r - Q;;Hoo < 0, respectively.

As discussed in Li et al. [28], Assumption [J.2]can be achieved for any fixed 7 and any k-th objective
within error [|QF . — QF ,[[cc < d with high probability if the number of samples per each state-
actions pair exceeds the order of 0 (W), under Assumption By employing fresh samples

for the policy evaluation for each objective at every iteration and using union bound, H@’; — Q7o =
maxy |QF , — QF ,|lc < is achieved with high probability if the number of samples per each

state-actions pair is exceeds the order of O ((1_5)3 52) In particular, since Q7, , is a soft value
function with a scalar reward (w,r), we need samples exceeding the order of O (W) to
estimate. Since O (ﬁ) (.© w update requires vector value V™) + 10) (W (.- m update

requires scalar value Q7 ;) = 0 ( ﬁ) we used O ( E 52> in Corollary I

K Discussion on Two-player Zero-sum Markov Games

We provide a detailed discussion on how our framework relates to the literature on two-player
zero-sum Markov games (2p0Os MGs).

Problem Settings. Our target problem, entropy-regularized max—min MORL, can be viewed as
a two-player zero-sum Markov game in which the minimization player (the adversary) has a state-
independent policy w, and the transition is determined solely by the maximization player (the learner),
since P(s'|s, a) is independent of w. We also aim to find an €,..-QRE, as considered in several prior
works.

Algorithmic Settings. Table 4| summarizes the algorithmic settings of our method and existing
studies on two-player zero-sum Markov games. Here, “symm” denotes symmetric regularization
and learning-rate structures, while “asym” denotes asymmetric ones. In 2p0Os MGs, symmetric
regulanzatlon is natural because both players use policies as their strategies with cumulative entropy

H () on the order of log ‘Al . In contrast, in ERAM, the adversary uses a weight w as its strategy

with non-cumulative entropy H (w) on the order of log K, which justifies the use of asymmetric
regularization coefficients.

Techniques for Proof. We carefully reviewed the proof of Theorem 1 in Cen et al. [[12] and found
it to be applicable to the MORL setting under symmetric learning rates and regularization (n = A
T = Ty,) by using ﬁH (w) or by absorbing ﬁ into 7, thereby yielding asymmetric coefficients.
Nevertheless, a direct application remains challenging because our setting lacks these symmetric
conditions. Our proof instead relies on asymmetric learning rates for last-iterate convergence (see
Section M) and asymmetric regularization (see Algorithmic Settings above).
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Table 4: Comparison of algorithmic settings in two-player zero-sum Markov games.

Reference Entropy Reg. Reg. Coef. Base Method Policy Param. Learning Rates
Daskalakis et al. [[15]] X none PG direct asym
Zeng et al. [64] v symm PG softmax asym
Wei et al. [58] v none OGDA direct symm
Cen et al. [12]] v symm OMWU direct symm
ERAM (Ours) v asym NPG, MD softmax asym

The result of Cen et al. (2023) applies to MORL in the symmetric case because its key step, Eq. (14),
has a state-dependent right-hand side (RHS) that is ultimately bounded by || - ||r,, , removing all state
dependence. Hence, both the state-dependent policy in MGs and the state-independent w in MORL
satisfy the same recursive bounds as in Lemma 2—4 of Cen et al. (2023). In our setting, however,
since w is already state-independent and there is only one RL learner, we find that adapting the proof
in Cen et al. (2022) is sufficient for our analysis.

Convergence Speed. Cen et al. (2023) provides a convergence error bound of O((1 — (1 —
7)nv/4)*), while our method achieves at most O((1 — €2/2)!) < O((1 — A1y, /4)"). The proof in
Appendixshows that if we take € > (1 — )2, we have 1 — A7, /4 < 1 — (1 —~)n~y/4. Hence, our
convergence rate is comparable to that of prior work and does not conflict with their results. (Note
that € > (1 — )2 does not violate € € (0, € = 48(1 —)/121) (Remark|[G.3), for y sufficiently close
to 1.) This discussion highlights that while the mathematical foundation of ERAM aligns closely
with existing analyses in two-player zero-sum Markov games, our asymmetric learning-rate structure
and the non-monotone nature of value gradients in RL motivate a distinct line of analysis tailored to
the MORL framework.

L Supplementary Material for Numerical Results in Tabular MOMDPs

For each tabular MOMDP, transition matrix and reward function is randomly generated. The reward
function has range [1,20]. For all experiment, we used v = 0.95, 7 = 7, = 0.05, n = 0.01 and
A = 0.0001. The following graphs show last-iterate convergence behaviors for value Vit = and
weight w;. For simplicity, we report w; (1), the first element of the weight w; at iteration t.

The figures below show the last-iterate convergence behavior of values (V¢ ~) and the first component

of weights (w (1)) resulting from Algorithm 2]

(|S|7|A|7K):(27272) (|S|7|A|7K):(37376) (|S|7‘A|5K):(47474)

Figure 5: Last-iterate convergence of values in three types of MOMDPs, each with 50 randomly
generated instances.
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(|S|7|A|aK):(27272) (|S|7|A|aK):(37376) (|S|7‘A|aK):(47474)

Figure 6: Last-iterate convergence of w(1) in three types of MOMDPs, each with 50 randomly
generated instances.

We also evaluated ARAM in tabular settings. To demon- 0 Sl A=2.210)
strate the effectiveness of ARAM, we considered two 60 (IS1.IALK)=(4,4,10)
types of tabular MOMDPs with an increased number gig
of objectives (K = 10): (|S|,]|A|,K) = (2,2,10) and =,
(4,4,10). Weused vy = 0.95, 7 = 7, = 0.05, 7 = 0.01 23
and A = 0.0001. Similar to ERAM, the Nash gap of 10
ARAM decreases rapidly over time in both environments, Y e e e o
as shown in Figure[/| Each curve represents the average Step

over 50 randomly generated instances, with shaded areas Figure 7: Nash gap for ARAM

showing standard deviation.

M More on the Traffic Signal Control Experiment

M.1 Traffic signal control environment

We evaluate our method in a traffic signal control simulation environment with three scenarios:
Base-4, Asym-4, and Asym-16. Each scenario simulates a four-way intersection with four roads
(North, East, South, and West), where each road consists of four lanes. Vehicles arrive from the four
directions with specified inflow proportions and can proceed straight, turn left, or turn right.

In the Base-4 scenario, 75% of arriving vehicles proceed straight, and the remaining 25% make
left or right turns with equal probability. Among the straight-going vehicles, the proportions from
West to East, East to West, North to South, and South to North are [0.1,0.1, 0.4, 0.4]. The reward
is 4-dimensional, where each element represents the negative total waiting time on a road. The
simulation includes 10,000 vehicles and is trained for 100,000 time steps.

The Asym-4 scenario shares the same reward structure as Base-4 but introduces asymmetry in the
traffic inflow, which is set to [0.4,0.1, 0.4, 0.1] across the four directions. Additionally, the turning
probabilities vary by incoming direction to better reflect realistic traffic patterns. The scenario uses
4,000 vehicles and is also trained for 100,000 time steps.

The Asym-16 scenario uses the same asymmetric inflow as Asym-4 but increases the granularity
of the reward by assigning one reward per lane, resulting in a 16-dimensional reward vector. Each
element corresponds to the negative waiting time of a specific lane. This scenario includes 4,000
vehicles and is trained for 200,000 time steps.

For completeness, we provide the max-min performance under the metric of Park et al. [37] in the
following table (see Table . Let 7* denote the max-min optimal policy, and let 75¢°% denote the
final policy obtained from training with a fixed seed seed;. The metric used in the prior work [37]
averages over all seeds and then takes the minimum, i.e., miny, % Yo Erveear Do, ik (se, ar)).
In contrast, our metric computes the max-min performance for each seed and then averages the
results, i.e., = >0 ming B veea, [Y, V7 (se, ap)]. I 8% = ... = goecdn — 7% the value

vectors V™ ““" are identical to V™ , and both metrics yield the same measurement. However, if
mseedy ... gseedn are not exactly the same, the metric in the prior work averages returns that are
from different policies, which does not accurately reflect each learned policy’s true performance.
Thus, we evaluate the max-min performance of each policy separately and then average the results.
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Environments ARAM ERAM Parketal. [37] GGF-PPO GGF-DQN Avg-DOQN

Base-4 -1140  -1387 -1455 -1603 -1838 -2774
Asym-4 -2589 -2568 -3510 -3094 -2670 -4245
Asym-16 -14399  -15259 -17754 -19569 -16477 -27499

Table 5: Max-min performance in traffic signal control. Bold: best; underline: second-best.

M.2 Experimental Setup

The PPO hyperparameters are listed in the table below. We use the default network architecture
and optimizer settings provided by Stable-Baselines3 [43]]. For entries with multiple values, the
best-performing one was selected based on validation performance.

PPO hyperparameter value
entropy coefficient le-6
value loss coefficient 0.5
gae coefficient 0.95
clip range 0.2
optimizer Adam
hidden layer sizes for actor network [64, 64]
hidden layer sizes for critic network [64, 64]
activation function Tanh
epochs 2,4,6,8
rollout steps 64, 128
batch size 16, 32
learning rate 0.001, 0.002, 0.003

Table 6: PPO hyperparameters for ERAM and ARAM

The main hyperparameters for ERAM and ARAM are A\ and § = ﬁ (i.e.
Tw), Which appear in the closed-form updates of w in both ERAM @I} and
ARAM (@Q0). The best-performing hyperparameters were selected for each traf-
fic scenario from the search over 8 €  {0.01,0.25,0.33,0.5,0.67,0.75,0.99} and
A € {0.001,0.002,0.003,0.01,0.02,0.03,0.1,0.2,0.3}, and their influence is analyzed in
the ablation study. In addition, all experiments were conducted on a machine equipped with two Intel
Xeon Gold 6238R CPUs.

In each traffic scenario, the selected hyperparameters are listed in the following order:
(epochs, rollout steps, batch size, learning rate, A, 3).

ERAM ARAM

Base-4 (8,128, 32,0.001, 0.2,0.67) (8, 128, 32,0.001, 0.1, 0.67)
Asym-4 (4,128, 32,0.003,0.03,0.67) (4, 128, 32, 0.003, 0.03, 0.25)
Asym-16 (8, 128, 32,0.001, 0.2, 0.5) (8,128, 32, 0.001, 0.2, 0.01)

Table 7: Selected hyperparameters for ERAM and ARAM in each traffic scenario

M.3 Ablation study

As mentioned above, we conducted an ablation study on A and 5 = ﬁ (then, 7, = (% —1)/Ais

automatically determined), which are the main components of the closed-form update rules for w
in both ERAM (T3) and ARAM (@0). Figure 8] presents the ablation study on A and 3 for ERAM
and ARAM across different traffic scenarios. Each heatmap visualizes the minimum return obtained
for varying (), §) combinations. In each heatmap, red indicates lower minimum return, while blue
indicates higher minimum return.
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N Additional Experimental Results

ARAM ERAM Parketal. [37] GGF-PPO GGF-DQN Avg-DQN

Spec. Cons. 31 27 27 27 22 4
MO-Reacher  25.27 25.13 23.54 24.32 23.90 22.44
Four Room 1.80 1.56 1.02 1.47 0.02 0.12

Table 8: Max-min performance in species conservation environment, MO-Reacher environment, and
Four-room environment

The Species Conservation environment (SC) [51]], a com-
monly used benchmark in MORL, aims to promote the

conservation of species in an ecological simulation via

multi-objective reinforcement learning. This environment 1 X 2
includes two species: sea otters (an endangered predator)

and northern abalone (their prey). The state space captures x| x S x| x
population information, and the action space consists of

five discrete actions. The agent aims to achieve fair conser-

vation of both species by treating their population levels X 212
as a vector-valued reward. 1 X 2

MO-Reacher environment (MR) [20] is a multi-objective
extension of Reacher [56]. This environment has a 6-
dimensional observation space containing the sine and
cosine values of the central and elbow joint angles, as
well as their angular velocities. It has a discrete action space consisting of torques applied to the
central and elbow joints, where each torque can take one of three values: —1, 0, or 1. As an
extension of the standard Reacher environment, MO-Reacher includes four targets. The reward
function is defined based on the distance between the tip of the arm and each target as follows:
r; = 1 — 4]|(tip’s position) — (target i’s position)||?, i = 1,2,3,4.

Figure 9: The map for Four-Room envi-
ronment

The Four-Room (FR) environment [20] contains two types of collectible items, labeled 1 and 2.
Figure [9 shows the map used in the Four-Room environment. The agent starts at the center of the
map, marked as "S". Cells marked "X" represent walls. Each episode terminates after a maximum of
200 steps. The agent collects items 1 and 2 throughout the episode, and the numbers of each collected
item constitute the two-dimensional objective reward.

In all environments, we trained for a total of 100,000 timesteps. Table E] demonstrates the superior
max-min performance of our algorithms in all environments.

O Limitations and Broader Impacts

The max-min criterion works best when objectives are homogeneous, such as having the same units.
Extending it to heterogeneous objectives is an interesting direction for future work. While our theory
focuses on softmax policy parameterization, analyzing last-iterate convergence under more general
settings, such as linear function approximation, remains a valuable research direction.

Our work on max-min MORL may have several broader impacts. The proposed algorithm can be
applied to real-world resource allocation problems where fairness or robustness across competing
objectives is critical, such as transportation, healthcare, and public infrastructure. Moreover, the max-
min criterion may contribute to more robust preference modeling in RL fine-tuning of large language
models (LLMs), especially in the context of preference alignment. In such applications, max-min
training can mitigate the influence of outlier preferences and help ensure consistency across diverse
feedback signals. Because our algorithms are both memory-efficient and computation-efficient, it may
be particularly suitable for training large-scale models under practical resource constraints. While our
method is general and does not directly involve deployment, we note that any reinforcement learning
system deployed in sensitive domains should be carefully audited for fairness, safety, and long-term
behavior. We believe our approach supports these goals by improving robustness in multi-objective
decision-making.
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