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ABSTRACT

In online learning, a model processes a nonstationary data stream by alternat-
ing between training and prediction steps. Recent work has employed a Gaus-
sian Kalman filter with learnable forgetting coefficient to adapt last-layer classi-
fier weights under sudden distribution shift. Gaussian models assume Euclidean
geometry, while softmax heads (especially with normalized features) are primar-
ily directional. We investigate this limitation by modeling each class weight
on the hypersphere with a von Mises—Fisher (vMF) posterior. On various drift
tasks with pretrained backbones, the VMF filter consistently improves negative
log-likelihood, expected calibration error, and Brier score compared to Gaussian
Kalman filtering, at the cost of a small reduction in average online accuracy.

1 INTRODUCTION

Deployed models often face distribution shift, yet in many scenarios, only lightweight adaptation is
feasible due to cost constraints. A common approach is to keep a backbone feature extractor ¢( - )
fixed and update only the final layer online. In this regime, Titsias et al.|(2023) proposed a Bayesian
approach that treats the readout weights as latent states and applied Kalman filtering with a learnable
forgetting coefficient ,, to handle abrupt nonstationarity.

A key modeling choice in this Gaussian head filter is Euclidean geometry; each class weight evolves
in R? with a Gaussian posterior. However, the decision rule of a softmax head is primarily direc-
tional when features are normalized (as in many modern pipelines). In this setting, uncertainty in
|lw]| is largely irrelevant to classification, yet a Gaussian posterior necessarily allocates probability
mass to norms, while being able to express uncertainty by shrinking means toward the origin.

We propose a hyperpsherical analogue of supervised online Kalman head learningﬂ We model each
class weight on the unit hypersphere S?~! and represent uncertainty with a von Mises—Fisher (vMF)
posterior. We retain the learnable forgetting mechanism of the Gaussian filter by letting -,, control
the strength of spherical diffusion in the predict step. Since the softmax likelihood is nonconjugate to
the vMF prior, we approximate the update by a conjugate surrogate, which yields a closed-form vMF
update and is empirically more stable than moment matching the true posterior when the predictive
softmax is sharp.

We evaluate on sudden drift tasks using pretrained backbones (ResNet-18, CLIP) and test if and
under what types of drift the vMF filter might improve over the Gaussian. We use Brier score and
average online accuracy as primary metrics and observe that the vMF filter consistently improves
probabilistic performance at the cost of accuracy. Our contributions are as follows:

* A vMF state-space model and Kalman-style filtering recursions for online last-layer adap-
tation on S?~ 1, with a learnable forgetting coefficient ,,.

* Practical closed-form approximations for the nonconjugate predict and update steps.

* An empirical study on sudden drift tasks, comparing against Gaussian Kalman head filter-
ing using Brier, ECE, prequential NLL, and online accuracy.

'Code: https://github.com/dboekestijn/hyperspherical-filtering
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2 RELATED WORK

Titsias et al.| (2023) model last-layer weights with a state-space model (SSM) and perform efficient
Kalman-style recursions, learning a forgetting coefficient to handle nonstationarity. We follow the
same “frozen backbone + adapted head” paradigm and replace the Euclidean Gaussian posterior with
a directional posterior on S¥~ 1. Schirmer et al. (2024) propose STAD, an SSM approach to unsuper-
vised test-time adaptation that tracks time-evolving class prototypes and includes Gaussian and vMF
instantiations. Our setting differs in that we (i) use supervised online updates (labels available), and
(ii) adapt discriminative head weights for a fixed representation rather than unlabeled prototypes.
vMF-based filtering has been studied for spherical states in signal processing and robotics (e.g.,
Kurz et al.[(2016); Tronarp et al.| (2018))). Separately, hyperspherical classification objectives with
normalized features/weights (e.g., ArcFace (Deng et al.,[2019)) motivate directional modeling when
decisions depend on angular similarity. We connect these ideas by applying directional filtering to
supervised online adaptation of neural classifier heads under drift.

3 PROBLEM SETTING

We consider online multi-class classification on a stream (., Y, ), with input data z,, € X and

labels y,, € {0,1}%, Zszl Ynk = 1, with K the number of classes. At each step n, the learner
(1) makes a prequential prediction for y,, given past observations and the current input x,,, then (ii)
updates its state after observing the true label. Following the setup by Titsias et al.[(2023)), we use a
two-part model: (i) a fixed backbone ¢( - ; ) that produces a features ¢,, == ¢(x,,;0) € R%, and (ii)
a time-varying linear softmax head with weights W,, = (wp 1, ..., wn i ). We focus on the “frozen
backbone + adapted head” regime and keep 6 fixed throughout.

4 BACKGROUND: GAUSSIAN ONLINE LEARNER

Since the comparison in our paper is between Euclidean and hyperspherical state models, our pri-
mary setting uses /-normalized features ¢, = ¢, /||¢n|| € S?~!. Given W,, and ¢,, logits are
Znk = w; 7 ®n and the label is modeled by the softmax likelihood

exp(w,), kggn)

i —.
Ej:l eXp(sz,j Pn)
All Bayesian methods predict via the Bayesian predictive density

p(yn,k =1 | yl:nfl) = /p(yn,k =1 | Wn) p(Wn | y1:n71)de,

which is intractable for the models considered here. Following [Titsias et al.| (2023), we therefore
approximate the density via Monte Carlo sampling:

p(@/n,k =1[W,)= O'k(WJ(gn) =

S
1 ~
p(ynk =1 ‘ yl:n—l) ~ E Zo—k((W7$8))T¢n)’ W?ES) ~ p(Wﬂ | yl:n—l)v

s=1
and predict the label &k}, = arg maxy, p(yn.r = 1 | y1.n—1). The posterior over W, is updated after
observing y,, .

We maintain posteriors over W,, and update them with Bayesian filtering recursions. As in Titsias
et al.| (2023), a key mechanism is a learnable forgetting rate -y,, € (0, 1] in the transition step, which
enables explicit, gradient-based control of adaptation speed under nonstationary. Following Titsias
et al.[(2023), each class weight w,, ;, evolves in R via a first-order Gaussian Markov model:

p(wo ) = N(0,021),
p(wn,k | wn—l,k) = N(’ynwn—l,ka (1 - 7721)012111)7 n Z 1.

The predictive and updated posteriors have class-specific means and a shared covariance matrix:

K K
p(Wn ‘ yl:n—l) = H./V'(m;k,A;), p(Wn | yl:n) = HN(mn,k:aAn)a
k=1 k=1



Published as a conference paper at CAO Workshop at ICLR 2026

where mgfk) and Agf) follow standard Kalman filtering update recursions; we refer to Titsias et al.
(2023)) for the exact expressions. To achieve this, since the softmax likelihood is nonconjugate to
a Gaussian posterior, [Titsias et al.[(2023) use a Gaussian surrogate on the one-hot targets: ¢(y,, |
W) = Hszl N (Ynk | ], . én,0?), yielding a closed-form Kalman update (a standard trick also
used in Gaussian process classification (Rasmussen & Williams, [2005)). As in Titsias et al.| (2023),
we learn ~,, online via an empirical Bayes SGD update on the log predictive density:

Tn & Y + pnV,, log P(Yn | Y1:n-1),

using the Monte Carlo predictive estimate. We enforce ~,, € (0, 1] via the reparameterization ~y,, =
exp(—%én) with §,, > 0 enforced by clipping (Titsias et al., 2023).

5 METHOD: HYPERSPHERICAL ONLINE LEARNER

We replace the Euclidean SSM with a directional model on S?~!. We assume ¢~>n € S 1 and
wy x € S¥1. Uncertainty over directions is represented by a von Mises—Fisher (vMF) distribution
(Mardia & Jupp, [2009):

vMF(z | u, k) = Cq(k) exp(kpTx), peST k>0,
with first moment

Elz] = Aa(k)p, Aq(k) = m.

We place a hyperspherical Markov model on each class weight:

p(wo k) = VMF (10, Ko),
P(Wn i | Wn—1,k) = VMF(Wp—1.k; Ky, k), n>1, )

where k., . controls diffusion on the sphere. We use assumed density filtering (ADF) with a factor-
ized vVMF predictive posterior

K
pWa | y1:n—1) = H VMF(N;J@"@;k%
k=1
matched by a forward-KL projection. Choosing -, i such that Ag(k., ) = 7 gives the desired
moment contraction as in the Gaussian case, E[W,] = ~, E[W,,_1], so that the resulting ADF
predict step becomes

Ho e = Hn—1,ks Kk = Agl(%Ad(’fnfl,k))

We allow class-specific concentrations ,, j, so that the filter can represent class-dependent uncer-
tainty: frequently updated classes become more certain, while inactive classes gradually diffuse.
This remains a fair comparison to the Gaussian baseline, where class-specific means m,, j, already al-
low each class weight and its effective precision (the norm) to evolve independently; the vMF model
captures the same effect by scaling the concentrations. This yields O(2dK) parameters (directions
plus concentration), versus O(d? + dK) when tracking full covariances. In high-dimensional fea-
ture spaces the O(d?) term can dominate, making the hyperspherical formulation substantially more
computationally efficient.

The exact posterior p(Wy, | y1:n) X D(Ynk = 1 | Wy) ¢(Wy, | y1:n—1) is nonconjugate due to
the softmax likelihood. We considered (i) self-normalized importance sampling (SNIS) moment
matching and (ii) conjugate likelihood surrogates. While SNIS is principled, it can be numerically
unstable when the predictive softmax is sharp. We therefore investigate the use of conjugate sur-
rogates, analogous in spirit to Titsias et al.| (2023). The simplest of these is an improper one that

replaces the softmax likelihood with a per-class exponential-family term linear in w;{, RO
Pe(Un | wn k) = exp(l{yn = k}oTwn k),

with I{-} the indicator function. Then, the likelihood term is simply added to the vMF natural
parameter:

M,k = n;,k + ]I{yn = k}qbnv q(wn,k | yl:n) = VMF(Nn,k:a 'k&n,k)a
With fi5 & = T,/ 1,k lls on,k = [[7n,]]. Others are presented in App.[A.2]
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6 EXPERIMENTS

Setup We evaluate supervised online head adaptation under distribution shift. Our main exper-
iment follows the Split-CIFAR-100 protocol of Titsias et al.| (2023 using an ImageNet-pretrained
ResNet-18 backbone. In addition, we evaluate on the Yearbook dataset (Ginosar et al.,|[2015)), which
exhibits gradual temporal drift. To test robustness across feature representations, we repeat all ex-
periments with a CLIP backbone (Radford et al., 2021)).

In all cases, the backbone is kept fixed and only the final-layer head is adapted online. To isolate
the effect of the state-space geometry, we use {3-normalized features for both methods. For Split-
CIFAR-100, the stream is divided into ten periods using CIFAR-100 coarse labels so that each period
contains 6000 images covering ten disjoint classes (Lee et al.l [2020; [Titsias et al.l 2023). For the
Yearbook dataset, the images are shuffled within-year and streamed in ascending year-order.

We compare the Gaussian Kalman filter of Titsias et al.| (2023 with our vMF filter. Both methods
learn the forgetting coefficient y,, online as described in Sec. 4| and use the same Monte Carlo
predictive approximation. For the vMF filter, we find the Laplace projection surrogate likelihood to
give the best results (see App.[A.2] We report average online accuracy and Brier score as primary
metrics.

Results Fig. [I| shows stream- 098 04
ing performance on Split-

CIFAR-100. The vMF filter — _°% g 03
consistently improves proba- 5097 S,
bilistic performance, achieving =
a lower Brier score than the 096 01

. . 0 1000 2000 3000 4000 5000 6000 0 1000 2000 3000 4000 5000 6000
Gaussian baseline throughout Sample index Sample index
the stream. This indicates

. .o Figure 1: Comparison of Gaussian and vMF filters on Split-
better-calibrated redictive 118 p p
uncertainiy under abn};pt (;isgi- CIFAR-100 with an ImageNet-pretrained ResNet-18 backbone.

bution changes. Intuitively, uncertainty in the vMF model is expressed by reduced concentration
(approaching a uniform distribution on the sphere) rather than shrinking the weight vector toward
the origin as in Euclidean space.

At the same time, we observe a drop  Table 1: Comparison of Gaussian and vMF filters on multi-
in online accuracy after the first pe- ple dataset-backbone combinations across three seeds. Due
riod. This behavior is expected in this  to consistency, standard deviations only reported for the first
adversarial Split-CIFAR-100 proto- dataset (accuracy).

col, where each period introduces

disjoint classes, requiring rapid allo- ResNet-18 CLIP

cation of probabﬂity mass to previ_ Dataset Method  Acc. Brier Acc. Brier
ously unseen labels. In the Gaus- Split-CIFAR-100 Gaussian 0.32 (£0.01) 099  0.76 (£0.01) 0.9
sian Kalman filter, resetting via mean VME ~ 025(£00) 097  0.56(£0.01) 097
hrink lerate thi 1 Yearbook Gaussian  0.71 049  0.98 0.47
shrinkage can accelerate this reallo- VMF 054 05 081 047

cation, whereas on the sphere the pre-
dictive mean direction is preserved and uncertainty is expressed only through concentration. This
explanation is supported by the observation that average online accuracy is comparable between the
methods during the first period.

Table [T] shows that this pattern persists across datasets and backbones. The vMF filter consistently
improves the Brier score while the Gaussian filter achieves higher online accuracy.

7  DISCUSSION AND CONCLUSION

We replace Gaussian Kalman head filtering with a von Mises—Fisher posterior on S?~! for online
adaptation. On various dataset and backbone combinations testing disjoint label shift and gradual
temporal drift, this geometry-matched filter improves calibration with a fixed backbone. However,
in our experiments, the vMF filter is unable to improve on accuracy, where the Euclidean shrinkage
seems to handle various types of drift better.
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A DERIVATIONS FOR VON MISES—FISHER MODEL

A.1 PREDICT STEP

Let the joint prior over the weights W,,_; € S("~D*K be given as a product of von Mises—Fisher
(vMF) densities:
K

PWhn-1 | Y1n-1) = H VMEF (pin—1,k Fn—1) - )
k=1

P(Wn—1,k|Y1:n—1)

For completeness’ sake, the below derivation is for shared concentrations and thus omits the class-
index k for the concentrations x,,. The derivation is simpler (can be factorized) and carries out in
largely the same way for class-specific concentrations <y, j.

The predictive posterior is obtained by multiplying the prior with the transition density (Eq. (I)) and
integrating out the prior’s random variables:

p = p(Wn | yl:nfl) = / p(Wn ‘ anl)p(anl | yl:nfl)defl
S(d—1XK)
K
= / [H VMF(wn,k | wnfl,kvfi'yn)VMF(wnfl,k | Hn—1,k, anl) de,1
S(d—1x K) i

K
T T
o H/ eXP(Ky, Wy, 1 ;W k) €XP(Kn—11), 1 xWn—1,k) dWn—1,k
Sd—1
k=1

K
= H / exp((ﬁ'ynwn,k + Hn—l,LL7L—1,k)Tw7L—1,k) dwn—l,k
k1 §d—1

oVMF (W 1,k |Mn & kn k)

_ ﬁ 1
P Ca(kn k)

xXp(Wn k|Y1:n—1)

where, using R,, , = K-, Wp i + Kn—1/tn—1, the integrand is proportional to a vMF with mean and
concentration parameters given by my, = Ry, /|| Rn x| and k,, & = || Rn i ||, respectively.

The last equation follows immediately from the fact that the integrand is an unnormalized vMF,
yielding exactly the reciprocal of the vMF normalizing constant C4(k,, 1) after integration. How-
ever, the resulting density is intractable, as no closed-form distributions satisfy this highly nonlinear
form.

To keep the filtering efficient, we fit a proper factorized vMF

K
q = q(Wn ‘ yl:n—l) = H VMF(:U’;M H;)
k=1

on the obtained predictive posterior (p) by minimizing the forward-KL divergence of p from q
KL(p || Q) = KL(p(Wn | yl:n—l) || Q(Wn | yl:n—l))

p(W, | y1;n1)>
= [log( B t2En=U ) (W | yrmey) AW,
/ g(q(anlm_l) P(Wo | y1:n-1)

K

x / [Z —log Ca([|R,, [l) = log Calry,) = Ky (tt, 1) Twn k| P(Wn | Yr:n—1) dWh,.
k=1

2For notational brevity, we hereafter omit the domains of integration; they are implied by the variable of
integration.
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This forward-KL divergence can be minimized analytically as follows. First, since /1, , must lie on

the unit hypersphere—i.e., must satisfy ||z, , || = 1—we add a Lagrange term 2(1— (Hyy 1) T k)
(with Lagrange multiplier \) to the forward-KL divergence, to get the Lagrangian:

_ A _ _
Lk oo s A W) 5= KL(p | 0) + 5 (1= (1) Th p)-

Then, we minimize this Lagrangian by setting all its partial derivatives to zero.
For A:

2£( ks W) =0

8)\ :u“n7k;7 no’Y n) —
= 1- (N;,k)TM:L,k =0,

which gives us back the constraint we specified. This means A is a free multiplier.

For 1, ,:
vu;k L:(M;kv Kp s AiWa) =0
— /[H;wn,k] p(wn,k | yl:n—l) dwn,k - )\,U,;k =0
= Koy Bop[wn k] — Ay, j, =0
_ Ko
= i = == Eplwn i, )
with
(LIE®)
Ep[wn,k’] = Ep(wn,k\ylma)[wmk} = Ep(u’nfl,klyl:n—l) [Ep(wn,klwnq,k)[wn—l,k]]
)
= Ep(wn—l,klylzn—l) [Ad('%’yn)w’ﬂfl-,k] (4)

= Ad(H’Yn) ]Ep(wnfl,klylznfl)[wn_lyk]
- Ad(’%’yn)Ad(KJnfl)Mnfl,ka
where (i) p(wp i | wn—1) is defined in Eq. (), and (ii) p(wn—1,k | Y1:n—1) in Eq. (). Combining

Eq. (@) with the fact that X is a free Lagrange multiplier, unit norm of ., is satisfied when K% =
I, [ ] Soz

- E, [wnk]
Fok = E, [wn il

- Ad(kry, ) Ad(Fn—1)pn—1k
Fnk = [ Aa(fy ) Aa (R tm—1.1]

lttn—1.kl=1
= n—1,k-

In other words, the forward-KL-minimizing mean for the predictive posterior simply equals the prior
mean.

3Law of Iterated Expectation.
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Last, for +_ :

K
V,.-KL(p | 9) /Z [ — ()T wn,k} p(Wa | y1:n—1) dW,, = 0
k=1
1 K
= Ag(ky,) = ?Ep(wnwm,l) lZ(M;,k)Twn,k]
k=1
| K
- Ad(“;) = E Zul—l,k Ep(wn,klyl:n—l)[wn’k]

_ Eq.
= Admy) P Ak, Aalran) Znun el

llpn—1.kll=1
= Aa(sy) TETT Aa(ks,) Aa(snr).
As mentioned in Sec. [5] the Gaussian model’s mean-shrinkage behavior is matched when E[W,,| =
Vn E[Wh—1], or, in terms of vMF first moments, by equating Ad(/@g)u;’k = Yn Ad(Kn—1)tn—1k
for all classes k. Equivalently:
Ad(/i’)/n) Ad(ﬁnfl) =Tn Ad(/infl)y

so that

b = Ag" () 5)
leads to the desired mean-shrinkage behavior via the transition density of Eq. (I). Finally, this gives
the predictive posterior concentration as:

K, = A(Il ('Yn Ad("fn—l))-

Class-specific concentrations If one tracks class-specific concentrations ,, ;; (with additional
class-index k), the derivations can be carried out in largely the same way. Noting that the enforced
mean-shrinkage behavior requires that ., satisfy Eq. (3 for any £ still, the derivations lead to the

intuitive result: )
Ko = Ag" (vn Ad(kn-1%))-

A.2 UPDATE STEP

When using a softmax likelihood

eXP(wIL.lﬂsn)
P(yn =1 Waidn) = K — )
Z]‘:l eXp(wn,j¢7L)
all class weights in W,, = (wn.1,...,wn ) € SP™VXK are coupled, and thus the update step
should be carried out jointly. With factorized predictive posterior

K
q(Wa | yr1in—1) = H VMF(wn,k;N;,kv”;),
k=1
the update step after observing label [ is given by Bayes’ rule:
q(Wn I yl:n) X p(yn,l =1 | Wn) q(Wn | yl:nfl)
exp(w] ¢n) 1 o
= K ) T H VMF(wThk; p’n,k7 ’%n )’
Zj:l exp(w7L,j¢n) k=1
which yields a posterior that is again intractable and also does not factorize over k& anymore.

Titsias et al.|(2023)) circumvent this problem by linearizing the softmax likelihood into a product of
Gaussian distributions. This makes the likelihood conjugate to the Gaussian posteriors they main-
tain so that the update step uses again closed-form Kalman filter operations, trading bias (inexact
likelihood) for variance (closed-form updates). Several options mirror this design choice with vary-
ing degrees of faithfulness to the true observation model (softmax likelihood). In the following
exposition, we refer to the natural parameter of the vMF distribution, n = kpu.
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Improper conjugate likelihood Since the vMF is an angular distribution, it should track the cor-
rect mean direction fi,, j over time. This mean direction must align well with those features ¢,, that
correspond to the observed labels for class k. Therefore, a very simple, but improper, conjugate
likelihood may be defined as:

pk(yn ‘ wn,k) = exp(]I{yn = k}¢Twn,k)a

with I{-} the indicator function. Then, the likelihood term is added to the vMF natural parameter:

T,k = 777:)}C + ]I{yn = k}¢na Q(wn,k | yl:n) = VMF(#?L,R” Hn,k:)a

with fin & = Mk /|Mn.klls Knk = [|7nk|]. Over time, these updates nudge the mean direction pu, x
in the direction of ¢,, whenever it corresponds to class k.

Laplace projection A more principled conjugate ADF update uses a local first-order expansion of
the softmax likelihood and projects it onto the vMF natural-parameter space (for a general treatment,
see, e.g.,|Wilkinson et al.|(2023))). For class k, define the log-likelihood term

K
b k(W) = Hyn = k}w]  dn —log [ > exp(w] ;¢n)

j=1

A first-order Laplace (ADF) projection evaluates the gradient of this log-likelihood term at the pre-
dictive mean direction:

9nk = an,ken,k(wn,k) ‘

wn,k:/l';k
= ¢n({yn = k} — p;,k)v

where ;
exp((tty, 1) Pn)

S exp((py ) 6n)

The vMF natural parameter is then updated additively:

Dok =

Mk = My i+ Gnoks q(Wn i | Y1:n) = VMF (i ks K k),

with i, = nn,k/”nn,k”’ Rn,k = Hnn,k”'

This yields an approximate conjugate update for the vMF density driven by the local softmax gradi-
ent.

Moment matching True ADF minimizes the forward-KL divergence of the assumed posterior
from the true posterior. For exponential-family distributions in general, forward-KL minimization
equates to moment matching. For the vMF distribution specifically, it suffices to match the first

theoretical moment By, |1 1)[wn,4] to the empirical moment R, = £ 37 wff;c, wff?e ~

p(wn,k | yl:nfl)-
However, samples wff%ﬁ cannot be drawn from p(wm & | Yy1.n—1) directly. Instead, from importance
sampling, one has that the weighted first moment

s
Rn,k = Z agf)wfi;c,
s=1

with
(s) _ UEIS)
Y’ T =5 )
2221 Un
ul) = p(yns = 1| W),
and

W7(lS) ~ p(Wn | yl:n71)7
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tends to E[wy, , | y1.n] as S — oo. Then, the assumed posterior parameters are recovered by
equating:

Ad(ﬁn,k),uln,k = Rn,ka

ie.,
pink = R/ Bukll,  Fng = A7 (|Rnl)-

B EXTENDED RESULTS

B.1 FuLL SpPLIT-CIFAR-100 METRICS
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Figure 2: Comparison of Gaussian and vMF filters on Split-CIFAR-100 with an ImageNet-
pretrained ResNet-18 backbone.

C IMPLEMENTATION NOTES

C.1 APPROXIMATIONS OF VON MISES—FISHER IDENTITIES

The vMF ‘resultant length’ is given by (Mardia & Juppl [2009):

_ ap(k) d
Aq(k) = m =-a log C4(k).

For this paper, it is sufficient to focus on nonnegative, integer d, as d is the dimensionality of the
weight vectors.

For large d (~ 100), the upper-bound by [Segura| (2011) is sufficiently accurate for our purposes (see
Fig. [3):

Aa(k) = ————
K) = ,
¢ v+ V2 4 K2
v =d/2 — 1, with inverse
2uz
A7Y(2) = .
d (Z) 1_'_2:2

10
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Their derivatives are given by:
u(k) (v + u(k)) — K2

Aalr) = u(k)(v +u(k))2
u(k) = Vv? + k2, and
v 22
474() = w

Finally, the indefinite integral is given by:

/Ad(n) dk = u(k) —vlog(v +u(k)) + C,
with which the log-normalizer can be efficiently computed:

log C4(k) =log C'4(0) — log Ca(0) —log Cy(k )]
IOg Cd / Ad t)dt.

These approximations get rid of the computational complexity and small-/large-~ (especially rel-
ative to d) numerical inaccuracies, while providing closed forms and constant-time computational
complexities. In our experiments, we therefore entirely replace the exact values of A4 and related
functions with these approximations.

AlK) ford =2 Agl) for d =10 Agl) for d =100

Figure 3: Relative absolute errors ‘A”‘A_i’qdl of the Ay approximation due to Segura (2011), vs. the

true values of A; computed using the scipy.special module (using scipy.special.ive
functions). The approximation error decreases in both « and d.

C.2 NAESSETH GRADIENT CORRECTIONS AND GPU-FRIENDLY SAMPLING FROM VON
MISES—FISHER DISTRIBUTIONS

von Mises—Fisher sampling Using the established |[Wood (1987)) algorithm, we implement a fast,
stable, accurate (see Fig. [), and GPU-friendly von Mises—Fisher sampler. The sampler supports
gradient-based learning via an rsample routine in PyTorch (in contrast to non-gradient-safe sam-
pling, and in reference to the eponymous PyTorch implementations of reparameterized sampling
routines) that returns alongside the drawn samples the acceptance log-probabilities of the rejection
sampling scheme by|Wood (1987). ViaNaesseth et al.|(2017), these log-probabilities allow gradient
corrections of, e.g., loss quantities through which gradients should flow to learnable parameters.

Gradient corrections More formally, let x ~ gy () be drawn by a rejection sampler with proposal
ro(x), acceptance probability ag(x,u), and let log ag(x,u) be returned by the sampler. Naesseth
et al. (2017) give the unbiased score-correction

VoEq, [f(2)] = Eqy [Vo f (2) + f(2) Vg log ag(z, u)] .

In practice, we implement this by adding, in the loss,
(Vologp(y | ¢, ) +logag(x, u), 6 — stopgrad(f)) .
This inner product term is zero in the forward pass, while in the backward pass, this allows the

sampler’s stored log acceptance probabilities log ag to provide exactly the Naesseth correction term
needed for gradient flow through the rejection sampling step.

11
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Average first moment error (k =0.1)
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Figure 4: Comparison of sampling accuracy of our custom von Mises—Fisher sampler compared to
the SciPy implementation over ranges of « and d.
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