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Abstract

State-space formulations allow for Gaussian pro-
cess (GP) regression with linear-in-time computa-
tional cost in spatio-temporal settings, but perfor-
mance typically suffers in the presence of outliers.
In this paper, we adapt and specialise the robust
and conjugate GP (RCGP) framework of Altami-
rano et al. (2024) to the spatio-temporal setting.
In doing so, we obtain an outlier-robust spatio-
temporal GP with a computational cost compa-
rable to classical spatio-temporal GPs. We also
overcome the three main drawbacks of RCGPs:
their unreliable performance when the prior mean
is chosen poorly, their lack of reliable uncertainty
quantification, and the need to carefully select a
hyperparameter by hand. We study our method
extensively in finance and weather forecasting
applications, demonstrating that it provides a re-
liable approach to spatio-temporal modelling in
the presence of outliers.

1. Introduction

Gaussian processes (GPs; Williams & Rasmussen (2006))
are flexible probabilistic models used in a vast class of prob-
lems from regression (Williams & Rasmussen, 2006) to emu-
lation (Santner et al., 2018) and optimisation (Garnett, 2023).
GPs originated in spatial statistics, where their use for re-
gression was known as kriging (Krige, 1951; Stein, 1999),
but they have more recently been used widely in spatio-
temporal settings, including in epidemiology (Senanayake
et al., 2016), neuroimaging (Hyun et al., 2016), object track-
ing (Aftab et al., 2019), and psychological studies (Kupilik
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Figure 1. Spatio-temporal GPs in the presence of outliers. The top
row shows the observed data as a function of spatial covariates s €
RZ. Outliers are highlighted in red and are uniformly distributed
on [—8,—6] U [6, 8]. The second row gives the fit of a regular
STGP, whilst the third row gives our proposed ST-RCGP fit. The
last row shows the true latent function f(s1, s2,t) = sin(2mt)s; +
cos(2mt)s3. Further details are provided in Appendix C.4.

& Witmer, 2018). Their popularity arises from their ability
to encode spatial and temporal properties such as smooth-
ness, periodicity, and sparsity (Duvenaud, 2014), allowing
them to model phenomena such as local weather patterns
or seasonality. Crucially, GPs also have an exact, closed-
form posterior when using a Gaussian likelihood. However,
naive implementations have a cubic computational cost in
the number of data points N, limiting their scalability. To
address this issue, a plethora of approximations have been
proposed (Drineas et al., 2005; Titsias, 2009; Hensman et al.,
2013; Wilson & Nickisch, 2015). While effective, these do
not typically recover the exact GP, require careful tuning,
and can degrade performance for complex datasets (Bauer
et al., 2016; Pleiss et al., 2018).

In spatio-temporal settings, an alternative strategy is to re-
formulate the GP as a state-space model (SSM) (Reece &
Roberts, 2010; Hartikainen & Sarkka, 2010; Sarkka & Har-
tikainen, 2012; Solin, 2016; Nickisch et al., 2018; Hameli-
jnck et al., 2021). This gives rise to a class of models—
spatio-temporal Gaussian processes (STGPs)—with linear
cost in the number of temporal observations. But, as with
standard GPs, STGPs lack robustness to model misspeci-
fication, such as with outliers arising from extreme events
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(Heaton et al., 2011), measurement errors that are spatially
correlated (Tadayon & Rasekh, 2019), and other hetero-
geneities (Fonseca et al., 2023). Figure 1 illustrates this in
the case of outliers. Clearly, the STGP (2™ row) fails to
align with the ground truth (4™ row).

To resolve this issue, existing work on STGPs has focused
on using likelihoods corresponding to distributions which
are more expressive than Gaussians, such as mixtures or
heavy-tailed distributions. Doing so breaks conjugacy, and
the posterior must typically be approximated (Hartikainen
etal., 2011; Solin & Sarkkd, 2014; Hamelijnck et al., 2021).
We refer the reader to Nickisch et al. (2018) for a com-
prehensive overview and to Wilkinson et al. (2023) for a
Python package providing those algorithms. Although these
methods have been efficiently implemented, they typically
use additional optimisation steps at each time-point and
are hence significantly more costly than conjugate STGPs.
We also highlight a small body of work that uses outlier-
rejection Kalman filters with STGPs to improve robustness
in inference tasks (Bock et al., 2022; Waxman & Djuri¢,
2024). While these outlier-rejection methods offer robust-
ness at lower computational cost compared to non-conjugate
STGPs, they are generally considered less expressive and
not as strongly supported by theoretical foundations.

Recently, Altamirano et al. (2024) introduced a method,
called robust and conjugate Gaussian processes (RCGPs),
that uses generalised Bayesian inference (Bissiri et al., 2016;
Knoblauch et al., 2022) to confer robustness to standard GPs.
Their approach is highly attractive since it provably provides
robustness to outliers whilst maintaining conjugacy, but it
shares the cubic cost of GPs. Existing work on RCGPs
also has three main limitations: RCGPs underperform when
the prior mean is chosen poorly (see Ament et al. (2024)
and the Appendix of Altamirano et al. (2024)), their uncer-
tainty quantification properties have not been well-studied,
and they have an additional hyperparameter compared to
standard GPs. Further, the existing heuristic for tuning this
parameter relates to the proportion of outliers in the data,
which is unknown in practice and generally has to be hand-
picked on a case-by-case basis.

In this paper, we show how to refine and specialise the
RCGP framework for spatio-temporal data. Our algorithm,
denoted spatio-temporal RCGP (ST-RCGP), inherits the
computational and memory efficiency of STGPs, as well
as the robustness properties of RCGPs (see 3™ row of Fig-
ure 1). The sequential aspect of the state-space formulation
also allows us to overcome the three main limitations of
RCGPs (sensitivity to prior mean, lack of reliable uncer-
tainty quantification, and the additional hyperparameter).
Overall, we observe that the ST-RCGP provides inferences
comparable to state-of-the-art non-Gaussian STGPs with a
computational cost similar to classical STGPs.

2. Background

GP Regression Let {xy, y }1_, be observations, where
X, € X C R% are covariates and yr € Y C R areresponses.
For observation noise ¢, GP regression considers

yr = f(xx) + €, fork=1,...,N )]
where the latent function f : X — R is modelled by a GP
prior f ~ GP(m,x) with mean m : X — R and covari-
ance (or kernel) v : X x X — R, such that for any inputs
X = (X1,...,Xn) ", the vector f = (f(x1),..., f(xn))"
is distributed as a N-dimensional Gaussian A/ (m, K) with
m = (m(x1),...,m(xn))" and (K);; = r(xi,x;). The
kernel  typically depends on parameters 8 € © that we
omit from the notation for brevity. When the observa-
tions y = (y1,...,yn)' have independent Gaussian noise
(€1, en) " ~ N(0,0%Iy), the posterior predictive for
fo=flay) atz, € Xis foly, X ~ N (pg&p, L&p) with

N -1
MGP:m*+kI(K+U2 ) (y —m) ?)
Yep = kux — k] (K +0%1.) 'k,
where Iy is the N x N identity matrix, k, =
(K(2g, 1), ooy (T, ZN)) Ty ke = K(T, 24 ), and my, =
m(x, ). The orange colouring can be ignored for now, but
will be used to highlight differences with RCGPs. To obtain
this mean and covariance, we must invert an /N X N matrix—
an operation with computational complexity O(N?3).

State-Space Formulation An alternative approach, which
has linear-in-time cost, is to use a state-space representation.
Consider Equation (1) with spatio-temporal inputs. At time
try € T C R, we now have inputs x;, ; = (sj,tk) cX =
S x T on a spatial grid S = (s1,...,s,,)! € 8™ C
R™s*4s with n, points and spatial dimensionality d (i.e.
d = ds + 1). The observations corresponding to x; =
(Xk1s- -y Xkn,) ! aredenoted yr = (Yk.1,---,Ykm,) €
R™s, leading to a total number of data points N = n;ng
where n; is the number of time steps. If standard GPs were
used here, the cost would be O(n3n?), which may become
impractical.

A solution to this issue is to reformulate GPs as SSMs. We
first collect v partial derivatives of f with respect to time
in a state vector z = z(s,t) € R+ where (z(s,t)); =
%f(s, t)fori =1,...,v+1. We assume a stationary and
separable kernel so that (s, t;8',t') = ks(s —s' )k (t — '),
where k4 and x; are spatial and temporal kernels respec-
tively. For a large class of kernels (Solin, 2016), we can
represent the GP prior as the solution to a stochastic differ-
ential equation (SDE):

0z(s, 1)
ot

=Fyz(s,t) + Liw(s, ), 3
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where F, € Rv+Dx+D 1, ¢ RO+ADX1 and w(s, )
is a spatio-temporal white noise process corresponding
to the derivative of Brownian motion with spectral den-
sity Q.; € R+ (Solin, 2016). The matrices F,
L:, Q. and the constant v depend on x. Equation (3)
defines a continuous latent process, but given a finite
collection of points, this becomes a SSM with states
2 = (2(s1,tk), ., 2(sn,, 1)) € R+ and time
steps Aty = ty, —tr—1 (Hartikainen & Sarkka, 2010; Sarkka
& Hartikainen, 2012; Séarkka & Solin, 2019):

zo ~ N(0,Xg), and for k > 0,

z2p = Ap_1Zk—1 + dp—1, de—1 ~N(0,Zp_1) D)

yi = Hzy +¢;

where H € R™=*":(*+1) i5 defined such that Hzj, = f}, :=
(f(s1,tk), ey f(sns,tk))—r. The matrices A,_; and Xj_;
depend on F¢, L; and Q. in the SDE formulation. We de-
fine them in Appendix C.2, and provide information on how
to compute them in practice for a list of common kernels &.

Filtering and Smoothing Solving the SSM from Equa-
tion (4) via sequential inference amounts to first retrieving
the filtering distribution p(z|y1.x), and then the smooth-
ing distribution p(zg|y1.n) (Sirkkd, 2013). Taking Equa-
tion (4), and assuming the observation noise is Gaussian so
that e, ~ N(0, 0%L,,, ), the predict and update equations are
conjugate and given by the Kalman filter (Kalman, 1960)
and Rauch-Tung-Striebel smoother (Rauch et al., 1965); see
Section 8.2 of Sdrkkd (2013). The resulting distribution
has densities p(zx|y1:x—1) = N (zx; M1, Pgjr—1) and
P(ze|y1:x) = N (zi; my, Py ), with predict step:

myp_1 = Ap_1my_qp_

Prjpo1 = A1 Pr_qpp1 Al + Sy, ®
and (Bayes) update step:
P = (P,;‘}H n HTJ_QI,,\H)A
K =Py H 0721, ©)
my, ;= my,_1 + Ki(yr — £1.),
where fi, = Hmy,_;, Ky € R=EFDx my, e

R+ and Py, € R FDxn:(+1) - The posterior
p(zx|y1.nv) is obtained by marginalising the smoothing dis-
tribution, and matches exactly the original GP posterior
(Solin, 2016). For a new input (s, t), the predictive is
obtained by including (s, ,) in the filtering and smoothing
algorithms and predicting without updating. Importantly,
this algorithm only inverts matrices whose sizes scale with
v—where typically v < 10 (Hartikainen & Séarkki, 2010)—
or ng, but not with n;. In contrast to the standard GP’s
O(n3n3) time and O(n?n?) memory cost, the STGP only
requires O(nyn?) time and O(n;n?) memory (Solin, 2016).
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Figure 2. Behaviour of y — wimq (X%, y) as we vary ¢, B, and .
We emphasize |yr — v(xx)| and wimo (X, yx ) with datum yy.

Generalised Bayes for GP Regression Conjugate GPs
and STGPs rely on the fragile assumption that €1, ..., en
are Gaussian. While non-Gaussian likelihoods can address
this, they also break conjugacy—and thus require expensive
and potentially inaccurate approximations. Fortunately, gen-
eralised Bayes (GB) (Bissiri et al., 2016; Knoblauch et al.,
2022) can produce robust and conjugate GP posteriors. GB
mitigates model misspecification by constructing posterior
distributions through a loss £ : YV x YN x XN — R via

where o< denotes proportionality and £ is typically an esti-
mator of a statistical divergence between the likelihood
model and the data (Jewson et al., 2018). The loss £
used for RCGPs (Altamirano et al., 2024) is a modifi-
cation of the weighted score-matching divergence, first
proposed by Barp et al. (2019), to regression. It gener-
alises score-matching (Hyvérinen, 2005), and is a special
case of the framework in Lyu (2009); Yu et al. (2019);
Xu et al. (2022). Importantly, it uses a weight function
w: X xY — R\ {0} that down-weights unreasonably
extreme data points. This choice yields the RCGP posterior
predictive f, ~ N (1icgps Shegp) With

[hegp = M + K] (K+U2

) (
Sheap = kux — kK] (K+0°7,,)
)

) ®)

-1
y
,11{*7

where w = (w(x1, 1), ..., w(xxn,yn)) ", and

m,, = m + 02V, log(w?)

2
Jy = diag ("2W2) .

The expressions look similar to those in Equation (2),
with differences highlighted in orange. This also reveals
that standard GPs are recovered for the constant weight
w(x,y) = o/v/2. The similar forms also suggest that,
much like classical GPs, a naive implementation of RCGPs
has a complexity of O(N?) due to the associated matrix
inversion. However, under mild conditions on w, RCGPs
benefit from provable robustness to outliers (see Proposition
3.2 of Altamirano et al., 2024).
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Figure 3. Failure Modes with Existings RCGPs. We generated N = 80 data points from the true function f(z) = 3sin(2nx) using
N(0,0.5) additive noise, then corrupted ¢ = 10% of observations around x = 0.76. The leftmost figure shows that RCGP’s posterior
mean is strongly affected by the choice of prior mean, highlighting Issue #1. In the two middle plots, we demonstrate that the recommended
¢ =Qn(1 —€) = 3.7 (from Altamirano et al. (2024)) is far from optimal—emphasizing Issue #3—even when fitting simple data and
knowing the true proportion of outliers €. These two plots also show RCGP’s inaccurate uncertainty quantification when hyperparameters
are chosen poorly, which is further supported by the rightmost coverage plot and illustrates Issue #2 .

In prior work, Altamirano et al. (2024) suggested to take
w of the form of an inverse multi-quadric (IMQ) kernel
depending on a centering function v : X — R, a shrinking
Sfunction ¢ : X — R, and a constant 8 > 0:

1
(y — ’Y(X))Q) o
c(x)?
The IMQ has been used frequently to robustify score-based
divergences (Barp et al., 2019; Key et al., 2021; Matsub-
ara et al., 2022; Altamirano et al., 2023; Matsubara et al.,
2024; Liu & Briol, 2024). It is a bump function centred
at y(x) that grows as |y — (x)| decreases, and shrinks as
|y — v(x)| increases (see Figure 2). The centering function
~(x) determines where the bump is maximised, and any y
far from ~y(x) is down-weighted (see Figure 2). The shrink-
ing function ¢(x) determines how quickly we down-weight
observations that deviate from ~(x), and § determines the
maximum of the weight function (see Figure 2). Note that

[ is a multiplicative constant which is equivalent to a GB
learning rate (Wu & Martin, 2023).

wimQ(x,y) = S (1 + 9

While IMQ-based weights have shown much promise, they
rely on three hyperparameters that can be difficult to select:
v, B, and c. Altamirano et al. (2024) proposed centering at
the prior mean via y(x) = m(x), and setting 3 = o/v/2
to guarantee that observations are never assigned a larger
weight than they would in a standard GP. Finally, they sug-
gested a heuristic choice for c based on the assumed propor-
tion of outliers: if ¢ € [0, 1] is the expected proportion of
outliers, they suggest setting the shrinking function to the
constant ¢(x) = Qn (1 — ¢), for Qn(1 — ¢) the (1 — ¢)®
quantile of {|yx — v (xx)|}2_;.

These choices can provide good performance in many set-
tings, but introduce several failure modes:

Issue #1 (Sensitivity to the prior mean m): Altamirano
et al. (2024); Ament et al. (2024) pointed to the poor perfor-

mance of RCGPs when m is not chosen carefully. Indeed,
setting v(x) := m(x) can be undesirable when m is not a
good approximation of f. In that case, observations close
to m(x) but far from f(x) will have large weights despite
likely being outliers, whereas observations close to f(x) but
far from m(x) will be down-weighted despite likely having
little noise. We show this in Figure 3. Altamirano et al.
(2024) suggest fixing this problem by choosing a prior mean
using a simpler regression model, but this solution requires
an additional fit of the data, which can be cumbersome.

Issue #2 (Poor uncertainty quantification): The values
of 8 and c have a significant influence on the predictive
variance, but it is not clear that the suggested choices are
sensible when it comes to uncertainty quantification, and Al-
tamirano et al. (2024) did not study this question. This could
mean that RCGPs are consistently under- or overconfident—
a problem we also illustrate in Figure 3. Sinaga et al. (2024)
proposed a computation-aware extension of RCGPs to im-
prove uncertainty quantification, but their approach still
depends on having good values for /3 and c.

Issue #3 (Selection of shrinking function c): The pro-
posed heuristic for selecting c requires the user to speculate
on the proportion e of outliers. Not only is this difficult to do
reliably if we do not know ¢, but, as shown in Figure 3, the
approach can also fail to select good values of ¢ even when
the correct € is used. This can lead to unreliable posterior
estimates and either under- or overconfidence in the RCGP
posterior. In addition, setting x — ¢(x) to be constant can
be sub-optimal when outliers are clustered in time or space,
in which case adapting the shrinking function according to
its input could lead to improved uncertainty quantification.

3. Methodology

Spatio-Temporal RCGPs We now show that, similarly to
GPs, inference for RCGPs can be performed using an SSM
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representation and filtering/smoothing updates. To achieve
this, we use the weighted score-matching loss

1 &
Lk, yh,20) = — > lwk g, vks)s 5, (e
S ]=1

+ 2V - (w(Xk g Yrj) S5, (W) > (10)

where s¢(y) := (f —y)/o is the score of the Gaussian error,
and the dependency on zy, is through fj, ; := (Hzy);. Then,
the generalised filtering posterior equations are

pr(zk|y1e) X po(zilyik—1) exp (—nsL(Xp, Vi, 2k)) ,

Pr(2klyie—1) = /p(zk|zk71)p£(zk71|Y1:k71)dzk717

for p(zx|zx—1) defined as for Equation (4).

Proposition 3.1. Suppose we model ey, ..., en N N(0,0?)
and choose w : X xY — R\ {0} such that y —
w(y, z) is differentiable. Then, the generalised posterior
pr(2r|y1.k) associated to the SSM formulation of RCGPs
is a N(z; mgﬁw Pgﬁ,) and inference can be performed
through Kalman filtering/smoothing with predict step

R GB
Mmg|p—1 = Ak*lmk_l‘k_17

Prjp—1:= Ak—1ngl|k_1A;L1 + -1,

and update step

-1
GB ._ —1 T _—2 1
Pt = (Pl +H 021 H)

Ki® = P{iH 072

“wi

mgﬁg = Mglg—1 =+ KgB(yk - fu'), )a

= £, + 02V, log(w?) and Iy, =
2
diag(%w,f). Moreover, the associated predictive is

where f,,

pe(Yelyie—1) = /p(Yk|Zk)p£(Zk|Y1:k—1)de

= N(ykaﬂm Sk)7

where p(yilzr) = N(yi;zr, 021,.), £, = Hmy 1,
and Sy, := HP;,_ \H' + 0°L,_.

See Appendix B.1 for the proof. We refer to the SSM
formulation of RCGPs as ST-RCGPs, and note that the
above closely relates to existing GB filtering updates (Duran-
Martin et al., 2024; Reimann, 2024); but differentiates itself
by using the weighted score-matching objective of Barp
et al. (2019)). In contrast to what we propose in this paper,
however, these previous filtering methods do not deal with
hyperparameter optimisation and smoothing, or notions of
down-weighting optimally.

Proposition 3.1 offers two key advantages over standard
RCGPs: firstly, it operates with significantly smaller matri-
ces of size ns (v + 1) X ng(v + 1) rather than nyng X nyng
as for vanilla RCGPs; speeding up computations. Secondly,
whilst vanilla RCGPs require the weight function to be fixed
during inference, we can adapt it as filtering is performed,
thereby improving inference quality. This novelty powers
much of our developments, and allows us to address Is-
sues #1, #2, and #3 mentioned in Section 2. Our notation
highlights this adaptivity by indexing weights with time.

The standard formulation of RCGPs arises as a particular
case of Proposition 3.1 where wy, are specified as outlined
in Section 2 and are only allowed to depend on the cur-
rent observation (X, yx). In this setting, smoothing and
filtering solutions of the ST-RCGP match the RCGP batch
solutions exactly. This emphasizes the importance of adap-
tivity: ST-RCGPs can fix prevailing issues of vanilla RCGP
precisely because they allow adaptive weights, which in turn
causes filtering and smoothing distributions to differ. Propo-
sition 3.2 formalizes this result, and identifies conditions for
which ST-RCGP and vanilla RCGP match.

Proposition 3.2. Consider constructing a generalised pos-
terior using L as defined in Equation (10), and assume that
weights are chosen non-adaptively. Then, whenever the GP
prior is a Gauss-Markov process, it will hold that filter-
ing and smoothing distributions constructed sequentially as
in Proposition 3.1 will be equal to those constructed in a
single batch from using the vanilla RCGP form defined in
Proposition 3.1 of Altamirano et al. (2024).

See Appendix B.2 for more details and the proof.

Weight Function Proposition 3.1 imposes some con-
straints on the choice of weight function: it should be strictly
positive, differentiable over its domain (this ensures that all
quantities in Proposition 3.1 are well-defined). We also need
the weight to be bounded from above to ensure robustness,
and to avoid attributing weight to arbitrarily large y € R,
we require that lim,|_, o w(x,y) = 0. The IMQ satisfies
all these conditions, and has been well-studied and recom-
mended in prior literature (Matsubara et al., 2022; Riabiz
et al., 2022; Chen et al., 2019)—making it an ideal choice
of weight function. This choice is further justified by the
fact that the IMQ hyperparameters ~y, 5 and c are related to
concepts of robustness that we will exploit when specifying
the IMQ. In particular, by selecting v, 8 and ¢, we want to

1. down-weight observations far from where we expect the
data to be, as specified by the center of the data (via );

2. match the rate at which we down-weight observations
with how confident we are in our estimate of the center—
something that was not considered for RCGPs (via c¢);

3. be able to recover the STGP when there are no outliers,
that is in well-specified settings (via f3).
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First, since y — wimmo(Xk, y) peaks at the centering func-
tion y(xy), we let ¥(xx) := Ey, ~p, (-Jyr.r_1) Y], Which is
the mean of our GB filtering posterior predictive, thus re-
specting principle 1 as observations far from our prediction
are down-weighted. This approach removes the vulnerabil-
ity of the ST-RCGP to a poor prior mean and does not incur
additional cost as filtering is part of the inference procedure
of the ST-RCGP, thus resolving Issue #1. We also note that
this estimator of the center is robust, since we use the GB
posterior predictive, which we will see is itself robust.

Second, we observe in Figure 2 that reducing ¢ narrows

wimg, Which in turn increases the rate V, wpig o 1/ c? at

which observations are down-weighted. To respect principle
2, we let

2 — 2

" (%k) 1= Byienpe (o) (Ve = 7(x1))7]

Y

which is the variance of the GB filtering posterior predictive
and reflects our confidence in . This selection of c is
systematic, adaptive, and relates to |yr — v(x)|, as it is
extracted from the same distribution as v is. These two
features are lacking in RCGPs and resolve Issue #3.

Finally, we set 8 = o/ /2, because as seen in Proposi-
tion 3.1, [ is a superfluous hyperparameter when o is con-
sidered, and we wish to recover the STGP in the event where
v(xx) = yg for k =1, ..., ny or equivalently wy, = 51, ac-
complishing the purpose of principle 3.

In the spatio-temporal setting, v and c are vec-
tors v = (Y(X1x)-,Y(Xno k)" and ¢ =
(e(x1.k)s---,¢(Xn, k). Here, using the posterior predic-
tive pr(yk|y1..—1) for adaptivity, we take ~; = f, and
¢} := diag(S). In Figure 11 (presented in the appendix),
we illustrate how our selection of hyperparameters improves
the posterior. Although we favour the above specification
of =y, there are other ways to estimate the center of the data
that can be appropriate in special cases (see Appendix C.11).

Robustness To study the robustness of ST-RCGP to out-
liers, we use the classical framework of Huber (1981). Con-
sider the dataset D = {(xx,yx)},~,, and suppose that for
some m € {1,...,n;} and j € {1,...,ns}, we replace
a single observation y,, ; in the vector y, by an arbitrar-
ily large contamination y;,, ;, resulting in the contaminated
dataset Dy, ; = (D \ {(%Xm,ym)}) U{(Xm, ¥ )}, where
Y = Um1s Y js s Ym,n, ). The influence of such
contamination is measured using the divergence between a
posterior based on D and the posterior based on Dy, ..

As a function of [y;, ; — ym ;| this divergence is called
the posterior influence function (PIF) and has been studied
in Ghosh & Basu (2016); Matsubara et al. (2022); Altami-
rano et al. (2023; 2024); Duran-Martin et al. (2024). For
Gaussian posteriors, Altamirano et al. (2024); Duran-Martin
et al. (2024) used the Kullback-Leibler (KL) divergence to

compute the PIF in closed form as follows:
PIF(y;, ;D) = KL (pc(£|D)|lpc (£ Dy, ;) -

We call a posterior robust if the PIF is bounded in its first
input, as this implies that even as |yfn,j — Ym,j| — 00, the
contamination’s effect on the posterior is bounded. Our next
results formalises the robustness of ST-RCGP.

Proposition 3.3. For w = wpo with 3 = 0 /2, v(x) =
fi, and ¢ (x;) = diag(Sy) the PIF of ST-RCGP satisfies

sup |PIF(y7cn,]> D)| < 00,
yf,weR

making it robust to outliers.

See Appendix B.3 for the proof.

Robust Hyperparameter Optimisation The parame-
ters @ we need to optimize consist of the noise level o2
and kernel parameters such as lengthscale, amplitude and
smoothness. Based on p(y|zi,0) = N (yi; £, 021,.)
from Section 2 and the GB posterior pr(z|y1.x-1,6) =
N (my,,—1(0), Pyp—1(0)), a standard approach would be
to minimise the objective

Tt

0(0) == = _log pr(yelyr:k-1,0),
k=1

which has a closed form provided in Appendix C.3. This ap-
proach is a version of leave-one-out cross-validation, which
has been proposed in Altamirano et al. (2024) to fit RCGP’s
hyperparameters (see Appendix C.3). Although objectives
like o are common, they are problematic for robustness. In
particular, ¢ uses a form of log-likelihood loss on the poste-
rior predictive—a loss that is well-known to be susceptible
to outliers. Unsurprisingly, this makes ¢ a poor criterion for
hyperparameter optimisation—it will overfit the hyperpa-
rameters to outliers, and undo most of the robustness gains
we achieved through Proposition 3.3 (see Appendix C.3).
Fortunately, there is a simple and elegant way around this:
weighted likelihood approaches (see e.g. Field & Smith,
1994; Windham, 1995; Dupuis & Morgenthaler, 2002; De-
waskar et al., 2023). Specifically, we define

vcB(0) = — Z Wy log pr(yk|yik—1,6)
k=1

where Wy, = w(wjy) € Ris a function that maps the
weight vector wy, at time ¢, to a type of summary indicating
whether or not the observations at time ¢ jointly constitute
an outlier along the temporal dimension of the observation
process. In the absence of a spatial dimension, this value
can be chosen as the weight itself so that wy := wy, as it
reflects our belief that the corresponding point is an outlier.
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Figure 4. Simulated Temporal Data With Focussed Outliers. Left:
N = 200 points are generated from a GP with Matérn kernel (v =
3/2), and contaminated with 5% outliers. RCGP uses y(z) =
m(z) = & Zfil yi and ¢ = Qn(0.95). While predictions are
made on data with outliers, we fit the hyperparameters of RCGP on
decontaminated data to make it as strong a competitor as possible.
In contrast, ST-RCGP uses the robust hyperparameter optimisation
and selection from Section 3 to fit and predict from data with
outliers. Despite this, ST-RCGP performs much better than RCGP.
Right: The coverage plots measure how often the uncontaminated
data falls within the predictive distribution’s g-th quantile.

In the spatio-temporal setting, however, we might instead
define it as the mean, a lower quantile, or the minimum
of weights across spatial locations. We refer the reader to
Appendix C.3 for more details and experiments showing
how ¢gp improves on ¢ in temporal and spatio-temporal
settings. On top of the better parameter estimates, we also
find that the weighted approach reduces the variance in
gradient computation (Wang et al., 2013), and seems to
yield faster convergence. The computational cost of ¢gp is
O(nyn?3)—the same as for inference with STGPs.

4. Experiments

In the remainder, we study the advantages of ST-RCGP on
numerical examples. First, we investigate how ST-RCGP
improves upon RCGP. Second, we explore ST-RCGP in
well-specified settings without outliers. Third, we showcase
its virtues on financial time series with severe outliers and
its superior performance relative to competitors. Our last
numerical experiment studies the robustness ST-RCGP ex-
hibits towards spatio-temporal temperature anomalies. The
code to reproduce all experiments is available at https:
//github.com/williamlaplante/ST—RCGP.

Throughout Section 4, we evaluate experiments
based on root mean squared error RMSE(X, ) :=
VEy po(-1x) [(Y —§)?] and evaluations of the neg-
ative log predictive distribution NLPD(X,y,56) :=
Ey wpo(-1X) [f log pg (Y|Q,&2)] on the test data, where
Dy 1s the Gaussian density with mean § and variance &2
specified by the model. To capture the tradeoff between

robustness to outliers and statistical efficiency—defined in
this paper as a model’s ability to recover the standard GP in
well-specified settings—we report the expected weighted
ratio EWR(X) = EYNPO(“X) [w(x, Y)/U}STGP(X, Y)]
We expand on these metrics in Appendix C.1.

Even when investigating temporal tasks without spatial di-
mensions, we keep the name ST-RCGP to clarify that in-
ference proceeds (i) via the state-space representation of
Proposition 3.1, and (ii) via hyperparameters chosen using
the methods of Section 3—rather than those used for vanilla
RCGPs in Altamirano et al. (2024).

Fixing vanilla RCGP In previous sections and Figure 3,
we found that vanilla RCGP is vulnerable to prior mean
misspecification (Issue #1), can produce poor uncertainty
estimates (Issue #2) and cannot correctly select ¢ (Issue
#3). In our first experiment, we show how ST-RCGP im-
proves on those issues. To this end, we simulate data from
a GP and compare the fit produced by both algorithms in
Figure 4. The plotted predictives show that RCGP is com-
promised by outliers due to Issue #1 and Issue #3, while the
coverage plots point to unreliable uncertainty estimates in-
duced by Issue #2. In contrast, using an adaptive centering
and shrinking function allows ST-RCGP to produce reliable
uncertainty estimates and predictions.

ST-RCGP in Well-Specified Settings While robust meth-
ods offer protection from contaminated data, some can only
do so at the expense of statistical efficiency. Here, we
show that ST-RCGP remains statistically efficient in well-
specified settings and robust to outliers when required. The
setup we use is described in Appendix C.13, and results are
reported in Table 1. While RMSE and NLPD are compara-
ble across methods in well-specified settings, STGP suffers
from a clear drop in NLPD and RMSE when outliers are
introduced. In contrast, compared to other methods, the
ST-RCGP maintains the lowest RMSE and NLPD in both
cases. Also, its EWR is high in well-specified settings and
drops in the presence of outliers to obtain robustness. The
ST-RCGP thus exhibits the properties we seek out of robust
methods in well-specified settings.

Table 1. EWR, RMSE, and NLPD for different methods in well-
specified settings and with data containing outliers.

Outliers Method EWR NLPD RMSE
STGP 1.0£0.0 3042 0.38 +0.02

Yes RCGP 0.886 +£0.001 6.6+0.3 0.21 £0.01
ST-RCGP 0.863 +0.002 5.54+0.2 0.19+0.01
STGP 1.0+ 0.0 6.5+0.2 0.194+0.01

No RCGP 0.894 £0.001 5.6+0.1 0.19+0.01
ST-RCGP 0.903 +£0.001 5.74+0.1 0.194+0.01
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Figure 5. Comparing Estimates of DJIA Index During Twitter Flash Crash Incident. RCGP uses a prior mean of the data over the two
days. We notice a dip in the posterior predictive of RCGP when the prior mean aligns with the crash event (red), whereas ST-RCGP
and relevance pursuit algorithm (RP) from Ament et al. (2024) remain unaffected. In the right plot, we show computational time vs the
number of data points. Note that RP has cost K times the standard GP, where typically K > 1.

Robustness During Financial Crashes On April 23rd
2013, the Associated Press’s Twitter account was hacked
and posted false tweets about explosions at the White House.
This led to a brief but significant market drop, including in
the Dow Jones Industrial Average (DJIA), which quickly re-
bounded after the tweet was proven false. This data set was
previously studied by Altamirano et al. (2024) and Ament
et al. (2024). We plot the GP, RCGP, and ST-RCGP fits
in Figure 5, as well as the robust GP via relevance pursuit
(RP) fit from Ament et al. (2024). While RP behaves as
desired, the plot reveals that the GP is not robust to the
crash. Interestingly, the RCGP performs even worse since
v, which is chosen as the constant prior mean obtained
by averaging two days of data, happens to be close to the
outliers during the crash, implying that RCGP is centered
around the outliers. This is another instance of Issue #1, and
it is addressed by ST-RCGP. By using an adaptive center-
ing function introduced in Section 3, ST-RCGP is centered
around more reasonable values. The right-hand panel of
Figure 5 also highlights that ST-RCGP leads to substantive
computational gains relative to RCGP and GP due to its
state-space representation from Proposition 3.1. We do not
plot RP because it is implemented using a different package,
and computational time is thus not comparable. But the cost
of RPs is a multiple of that for GPs (Ament et al., 2024),
and hence also significantly more than that of RCGPs and
ST-RGCPs. It is also unclear how easily RPs could use the
spatio-temporal structure to get a linear-in-time cost. For
this reason, we do not explore RP beyond this experiment.

Since the flash crash dataset only contains N = 810 data
points, we further explore the computational properties of
ST-RCGP by considering a trading day of index futures
data with N = 46, 800 data points. We then synthetically
induce a crash similar to that in the previous example (see

Table 2. Performance comparison on N = 46800 data points with
outliers. Below, Total (s) denotes clock time for full inference,
1-Step (ms) the estimated slope of a linear model fitted to execution
time data for different data set sizes. Further, RMSE and NLPD
use 1000 test points around the induced crash that are not outliers.

| Total(s) 1-Step (ms) RMSE NLPD
STGP | 80£0.7 0.17£001  0.5440.01 13.940.3
ST-RCGP | 94404 0.20+£0.02 0.14540.002 —0.62+0.01
MEP 201405 0.60+£001 0.15+0.01 —0.57+0.03
MVI 283406 0.61+£0.01 0.15+0.01 —0.53=+0.04
MLa 2042 0624003 0174001 —0.39+0.1

Appendix C.14). Naive GP implementations struggle with
data of this size, and so we focus on inherently sequential
methods. Table 2 summarises the results, and compares
ST-RCGP against STGP, as well as several off-the-shelf in-
ference methods for sequential GPs with Student’s ¢ errors
from the BayesNewton package (Wilkinson et al., 2023) that
include Markov expectation propagation (MEP), Markov
variational inference (MVI), and Markov Laplace (MLa).
While STGP and ST-RCGP have similar computational cost,
the robustness of ST-RCGP leads to superior performance.
Conversely, ST-RCGP’s performance is comparable to mod-
els using Student’s ¢ errors for this problem, but its compu-
tational cost is substantively lower. This is true despite the
fact that ST-RCGP is exact, while the other robust methods
in Table 2 only produce approximate inferences.

Forecasting Temperature Across the UK Having estab-
lished the performance of ST-RCGP for simpler problems,
our last experiment studies its behaviour on spatio-temporal
temperature data with synthetically induced outliers. In
particular, we induce what are often referred to as focussed
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September October November December °C
{ { %] € 30.00
25.79 Table 3. Performance on temperature data.
A, 55°N|-gae 2158 Models perform inference on contaminated data,
e ? r%? ?f g ? r%? ’ but RMSE and NLPD use outlier-free data.
wn . .
50°N| ﬁ*r & & 17.37 November introduces focussed outliers, and De-
: { { 13.16 cember is a one-step forecast.
d p < & STGP ST-RCGP
4.74 RMSE NLPD | RMSE NLPD
& 55°N 3
g r{zﬁ) 0.53 May  0.79 1.63 0.59 0.76
: q WS 2 q ;
5 soon o _3.68 un 0.77 1.53 0.54 0.67
2y i ¥
Jul 0.76 1.49 0.55 0.75
;{ { 4: 4? ~789 Aug  0.77 1.61 0.50 0.66
10°W5°W 0° 5°E 10°W5°W 0° 5°E 10°W5°W 0° 5°E 10°W5°W 0° 5°E Sep 0.82 213 0.49 071
) Oct 1.23 7.50 0.50 0.63
Figure 6. Temperature fit across the UK between September and December 2023. Nov 3.30 41.62 1.19 244

Focussed outliers appear in November and are shown as red crosses. We forecast the
month of December. September is the last month included in parameter optimisation.
We include September to show performance on previously seen data.

outliers, and which simulate the impact of rare natural phe-
nomena that affect neighbouring weather stations. The data
we use is collected by the Climate Research Unit (see Harris
et al., 2020) and measures temperature from 16/01/2022 to
16/12/2023 at ngy = 571 locations, containing N = 11,991
data points in total. Hyperparameter optimisation is per-
formed from 16/01/2022 to 30/09/2023, with later dates
serving as test data. In October and November 2023, we
perform in-sample predictions, and December 2023 is used
for a one-month temperature forecast. Figure 6 and Table 3
display the results, and Appendix C.15 provides a coverage
analysis. The two models perform similarly when there are
no outliers. However, the ST-RCGP outperforms the STGP
slightly because the outliers impact the STGP posterior dur-
ing the months before they are introduced due to smoothing.
With outliers, the STGP loses prediction accuracy (NLPD
and RMSE), whereas ST-RCGP maintains consistent RMSE
and NLPD over time, offering more reliable predictions at
comparable computational cost.

5. Conclusion

We proposed ST-RCGPs based on an overhaul of the RCGP
framework of Altamirano et al. (2024) that addressed some
major drawbacks of vanilla RCGPs, further improved their
computational efficiency and paved the way for their use
in spatio-temporal problems. ST-RCGPs have the computa-
tional complexity of STGPs, but additionally provide robust-
ness to outliers. Further, we empirically demonstrated that
ST-RCGPs match the performance of the relevance pursuit
algorithm from Ament et al. (2024) and of various robust
GP methods from the BayesNewton package (Wilkinson
et al., 2023) at a fraction of their computational cost and
without approximation error.

Dec 3.84 3.30 ‘ 1.38 2.13

Our method builds on classical STGPs, which remain vul-
nerable to scaling in the spatial dimension and could be
addressed similarly to Hamelijnck et al. (2021) through vari-
ational approximations. Furthermore, our method may be
computationally suboptimal if parallel computing is avail-
able, in which case parallel-scan algorithms (see also Sarkka
& Garcia-Fernandez (2020)) could be interesting to adapt to
ST-RCGPs if possible. However, we consider these inves-
tigations to be outside the scope of this paper. An entirely
different but equally relevant endeavour for future research
is to explore the use of non-Gaussian likelihoods within
the RCGP framework. This would extend its use beyond
the standard regression setting, and allow its application to
classification problems, count data, and various bounded
data domains.
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Supplementary Material

The Appendix is structured as follows: We first introduce notation. Then, in Appendix A, we derive the loss function used in
the main paper. Next, in Appendix B, we provide the proofs of all our theoretical results. Finally, in Appendix C, we provide
additional details on our numerical experiments, as well as further experiments that complement those in the main text.

Notation

Suppose we have a vector v = (v, v, ...,uny) | € RV, where v; : R — R, and a matrix M € RV XY Then,

U1 Ce 0 0
o diag(v):=| * - ¢ © | and diag(M) := (M1, Mss, ..., Myy)T where M;; := (M),;.
TN N |
0 0 UN
P v im (e 0d)T

T
¢ log(v) := (log(vy),...,log(vn))

T
e V,v= (a@“h e (%UN) , where ('%'Ui is the partial derivative of v; with respect to y.
s vOW:= (vjwi,....,uvywy) ' forw € RV,

We now remind the reader of the dimensionality of matrices and vectors crucial to the main algorithm (Proposition 3.1) of
this paper:

o Ap_1, B, € RreH)xns(v+1) are the transition matrices from Equation (4)
o H € R"*7(+1) i5 the measurement matrix from Equation (4)

* Vi, Wik, f',S’B € R™¢ are the observations, weights and filtering predictives from Proposition 3.1.

Pk € R (vH1)xns(v+1) s the covariance matrix from Proposition 3.1

. mgﬁC € R™:(*+1) is the mean from Proposition 3.1

L]

K$B € R™s (“+1) X7 ig the Kalman gain matrix from Proposition 3.1

o Jy, € R™*"s js the weight-based matrix from Proposition 3.1.
Finally, when we use p(-) = N(- ;u,X), we are referring to the density of the normal distribution with mean x and
covariance ¥, and when we use NV (u, 33), we are referring to the distribution.

A. Score-Matching & Loss Function

This section provides the derivation of the loss function used in the main paper based on the weighted Fisher divergence.

We define the weighted Fisher divergence at a fixed time t5. Let fi(.) = f(.,tx) the spatial model at time ¢;. Let
pr(y|s) = p(y|s, ti) be the density of the true data-generating process at time t, and py, (y|s) = p(y| fx(s)) be the density
of our model at time ¢,.

13
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The weighted Fisher divergence for regression between the model and data-generating process at time ¢; depends on the
corresponding scores sy, (y|s) = Vylogpy, (y|s) and si(y|s) = V,logpi(y|s) and is given by (Barp et al., 2019; Xu
et al., 2022; Altamirano et al., 2024):

D = Esnp. [Evepe(is) [l0n(S,Y) (s1(Y18) = 57, (1))
= Esp. |:EYNP7¢(<|S) [Hwk(S, Y)ss, (Y[S)[l5 +2Vy - (wi(S, Y)Qka(YIS))” ’

where py s = p(s|tr) is the marginal, wy (s, y) = w((s, tx), y), and the equality—which crucially does not depend on sy,
anymore—holds up to an additive constant C' not depending on fx.

Now, consider a dataset such that Xx = (Xg 1, -.es Xk.n,) s fOr g ; = (85,t6) € X =S X T, ¥k = (Y15 Ykn,) | » and
let f, := f(xx) = (f(Xk.1)s +r f(Xk,n,)) | Moreover, let zy, be related to fy, as fj, := Hzy,. The empirical loss we obtain
for filtering is then

L(Xk, Y, k) Z lwk,js£.m,515 + 2V - (Wk,5)*55k.5) (11)
where w,; = w(Xp,j, yr,;), and sy ; = sp, (yk,j)-

B. Proofs of Theoretical Results
B.1. Proof of Proposition 3.1

In the following, we derive the generalised Bayes filtering posterior distribution when the loss function is quadratic. We
then show that the weighted score matching loss with a Gaussian model yields a quadratic loss. Finally, we provide the
derivation of the GB predictive.

Let us assume a quadratic loss in zj, or equivalently in f; := Hz,, of the form:

— (B Ry ' — £ vie + Ci)

[’(Xk7Yk7Zk) = m

where Ry, € R™s*"s is an invertible matrix, v, € R", and C € R. The GB filtering update equations are then

Pe(2rlyie) X p(2k|yie—1) exp(—ns L(Xk, Yi, Zk))

1 3 1 -

o exp (—Q(Zk - mk|k—1)TPk|}g_1(Zk - mk|k1)> exXp <—2 (fkTRk 'y - kaTVk)) (12)
1 _ -

X exp (—2 ( (Pk‘}C 1+ H'R; 'H)z;, — 22;(Pk\}c—1mk\k*1 + HTV’“))) ’

which implies that the mean mk| .. and covariance Pg‘ .. of the GB posterior p. are:

PR = (P, + H'R'H)
| klk—1 (13)
my = PG (Pkﬁe 1Mk|e—1 + HTVk) :
As with the typical Kalman filter, those equations can be written in the form
Pk\k (Pk|k 1T HTR;H)
Kj® = k\kHTR ' (14)

mk\k = Myjp—1 + Kk (Revi — Hmyp_q),

where K¢P is the Kalman gain matrix. The typical Kalman filter equations—those used for STGPs—are recovered when
vi =R, 'yyand R ' :=07%0,..

14
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Weighted score matching and Gaussian likelihood. We now show that the loss function defined in Appendix A and
Gaussian likelihood lead to a quadratic loss in fj,. We have a Gaussian likelihood, which gives a score function of the form:

1
P(Yk|2Zk, Xi) < exp <—2(Yk —f) o, (yi — fk)) = spp = Vylogp(yrlfe) = (f —yx) "o 2L, (15)

where fj, := Hzy, z;, = (21,1, ..., Zkmy) Yk = (k1 ,ykn)T and sy = (Sfk1s- sf7k7ns)T. Then, the loss is given
by

Ns

1
L(Xk, Y, Zk) = E (Whjssk,5)° +2Vy (R 5510
S

2
nz<w y (frj — yk,j)) +ov, (wivj (fk,j(;yk,j))

2 2 1 2 2 2 2 2 2
— Z —wi i fi; — ;fhjyk,jwk,j Tk, Yk T ;Vy(wk,jfk,j) - ;Vy(wk,jyk,j)

Now let us group all the elements that do not depend on f and call it C(yx ;)

Ns

1 1 2 2
Lk, Yk, 20) =~ > gwi,jfif,j - gfk,jyk,jwi,j + ;Vy(wz%,jfk,j) + C(Y,5)

s 21

= z_: ki~ %fk,jyk,jwﬁ,j + %wk,jfk,jvywk,j + C(Yr.5)
ni z:: TWhifig — wk] (yr.g — 20 (wi3) "' Vywi ) frg + Cyr,)
Next, we rewrite the loss in terms of vectors and matrices as follows:
£y ) =51 (2 ding (WD — AT @ing(w )y — 20%diag(ows) Ve + Clo) ).

where C(yx) = X272, O(yr,;), diag(wj) € R™ ™ is the diagonal matrix of the vector wj = wj © wy, for © the
element-wise mu1t1p11cat10n operator, and V,wy, = (Vywi. 1, ..., VyWe n, )T. This leads to

2
R~ (yr;wi) = —4d1ag(wi)
57 (16)
Vi (Yr; W) = - (diag(w})yr — 20> diag(wy,)V,wy) .

GP predictive The GB predictive can be written as:

perlyin1) = / (yilz)pe (2aly L1 )dz

where p(yi|zr) = N (yr; Hzy, 0°L,,) is the likelihood and pz (zx|y1:x—1) = N (2zx; my_1, Pyj_1) is the predict step
defined in Proposition 3.1. Since both densities are Gaussian, this integral is known and the solution is also a Gaussian of
the form:

pe(Yrlyir-1) = /N(Yk; Hzy, %1, )N (z; My 1, Prje—1)dze = N (ye; Hmyp_ 1, HPy o HT 4 0°1,,)
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B.2. Proof that ST-RCGP reproduces RCGP for Proposition 3.2

We first define the necessary quantities. Let the posterior density of RCGP be

PreGp(Fiak X1k, Y1:k) o D(Fiak|x1:1) exp(—kns Lregp(X1:k, Yicks f1:1)),

where p(f1.5|x1.%) is the prior density, and

Lrecp(X1:k, Yi:ks f1:1)

Z w(Xi g5 Yi,3)s 5, (Yi5))? + 2V (WP (%45, Yi5)5 £ (Yi5) (17)
1j5=1

i=

where 4 indexes time, j indexes spatial coordinates, and k € {1, ..., n;}. Note that we now have dependence on f}, instead of
zy, for simplicity of notation; however the two definitions are equivalent since f;, = Hzy.

For fixed hyperparameters of w (for example, ¢, 5 for wimg), the loss £ from Proposition 3.1 relates to Lrcgp as

k
Z (xi,yi. £), (18)

which implies that the loss Lrcgp is summable (can be broken down into a summation over 2 = 1, . .., k). Moreover, let the
posterior filtering distribution of ST-RCGP on £}, be

w\»—

Lreop(X1:k, Yicks f1ik)

pstreap (Fe| X1k, Y1:6) X pstrecp (B[ X1k, Y1:o—1) exp(—ns L(Xk, Vi, fi))
pstreap (e[ X1:k, Y1e—1) = /p(fklxlzkafk—l)pST—RCGP(fk—l|X1:k—1>YI:k—l)dfk—la

where the loss L is specified as in Proposition 3.1.

The above definitions are such that the prior density is the same for prcgp and pstrcgp, and the loss £, which is summable,
is specified identically. If we further impose on the Gaussian process to be Markovian (the so-called Gauss-Markov process),
which is a requirement for the Gaussian process to be expressed as a state-space model, these assumptions will allow us to
postulate the following Proposition 3.2:

Proposition B.1. Suppose that
(i) the prior distribution p(f1.x|X1.x) is identical for prcgp and psr-recp;

(ii) the loss function L is defined as in Proposition 3.1 and LrcGp(X1:k,Y1:k, f1.1) as in Equation (17), with weights that
do not depend on past observations;

(iii) the GP prior f ~ N (m, k) is a Gauss-Markov process and can be expressed as a state-space model.

Then,

1. preap (Felx1:k, Y1:6) = Pst-reap (Fe|X1:k, Y1:1) (filtering posteriors are equal)

2. preep (fx|Xim, s Yim, ) = PsT-reaP (Fe|X1:n,, Y1:n, ) (sSmoothing solutions are equal).

Proof. The proof is divided into two steps: the first to tackle claim 1., which is that the filtering posteriors are equal, and the
second to claim that the smoothing distributions are equal (claim 2.). In both cases, we proceed inductively, with a base case
and an inductive step.

We first want to show that proap (£ X1:x, Y1:6) = Psr-rRocep (fk| X1k, Y1:1)-

Step 1: procp (feX1:k, Yi1:6) = pst-reaP (Fe|X1:6, Y1:1) (claim 1.).

Base Case:
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Consider k£ = 1. Then from the RCGP equations in Altamirano et al. (2024) (Proposition 3.1) and in our own Proposition 3.1,
the RCGP posterior and the ST-RCGP posterior are:

prece (fi|x1,y1) = N(f1; precp, Zreap)

pst-rece (fi|x1, y1) = N(fi; psr-rear, Bst-rCar),

where
-1
prcep = my + Ky (K1 + UQle) (y1 —my,) (19)
ERCGP = Kl (Kl + (72']11)1)_1 U2J11)1
and
_1 A
pst-recp = Hmyjg + HP?ﬁHT (0%T) (Y1 - fwl)
(20)

1 -1
Ysrrecap = H ((P%%) + HTU_QJ[UllH) H'
Then, we expand YXgcgp as follows:

—1
Sreap = Ki (K1 4+ 0°Jy,) 023y,

—Ki - K1 (0%0,,) " (K4 (UZle)‘l)_l

—K; - K (Ky +0%3,,) Ky,

where in the first line, we apply the Woodbury identity (Chapter 2.1.3 Golub & Van Loan, 2013), and in the second, we
use the fact that for two invertible matrices A, B, we have (A= + B~1)~! = A(A + B)~!B. Moreover, since f}, = Hzy,
EST—RCGP = HP?&HT, so that
1 -1
Ystregp = H <<Pf‘%) + HTU_QJ;3H> H'

-1
T T T T
~HP{IH - HPH (HPIH +0%,,) HPJH,

where we again use the Woodbury identity. But, both matrices HP%%HT and K represent the covariance matrix of p(f; |x1),

and thus must be equal by the assumption of identical prior (assumption (i)). Therefore, substituting K; = HP(fl%HT in
either of the expression for ZRCGP or ZST—RCGP ylelds ZRCGP = ZST—RCGP-

Now, we have

—1 —1
precp = my + Ky (Ky +0°J,,) (1 —my,) = my + Sreap (0°Tw,) (1 — my,)

where in the second equality, we substitute Ygrcgp from Equation (19). Since HP1|1HT is the covariance of
psT-roGp(f1]X1,y1), then, HPMH—r = Yst.rcap = Xrcap (last equality holds from previous step). Moreover,
Hm,, = f; and m; are both the mean of p(f1). Since the priors are identical, we then have Hm, |, = f; = my, and by
extension m,,, = f'wl since the two distributions are defined with the same loss function (and thus have identical weights).
Then, as before, substituting these quantities yields urcgp = tsT-rcap, concluding the base case.

Inductive Step:

Suppose that pst.regp (fi—1[X1:6—1, Y 1:k—1) = Pregp(fr—1|X1:6—1, Y 1:x—1) for some & > 2. Then,
prece (fr X1k, Y1:k) = /pRCGP(flzklxlzlcay1:k)df1:k71

21

0</GXP(—E(XM,yl:k,f1;/c))]0(f1:k\X1:k)df1:k71

17
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But p(fi.r|x1.k) = p(felfie—1, X0)p(fre—1x1:6) = p(felfi—1,%1:6)p(f1:6—1]X1:1) by the Markov assumption on f
(assumption (iii)). That is, fj is conditionally independent of f;.;_o given fj,_;.

Also, exp(—L(X1.k, Y1:ks f1:1)) = exp(—L(Xk, ¥k, Tr)) exp(—L(X1.—1,Y1:6—1, f1.k—1)) since the loss is summable.
Therefore,

Preap (B[ X1k, Yi:k) o exp(—L(Xk, Yk, fi)) /p(fk\fkq,X1:k)p(f1:k71|x1:k)eXp(—C(Xkal,ykahf1:k71))df1:k717

where we substitute p(fir.x|x1:) = p(felfi_1,x0ea)p(fre—1|xir) and  exp(—L(x1k, Y1k, f1r)) =
exp(—L(Xg, Yk; i) exp(—L(X1.k—1,¥1:k—1, f1.k—1)). Now, using the definition of the prcgp for k — 1:

procp (Fi [ X1k, Y1) X eXp(_E(Xk»Yk»fk))/p(fk|fk717Xl:k)FRCGP(fl:kfl|X1:k717YI:kfl)dfl:lcfl-
Splitting the integral into f;.;_o and f_; we obtain:
precp (f X1k, Y1) < exp(_ﬂ(xky}’lmfk))/p(fk|fk71axlzk)/pRCGP(fkflafl:k72‘X1:k717YI:kfl)dflzk72dfk:71

= eXp(_E(XkaYkafk»/p<fk|fk71aXl:k)pRCGP(fkfﬂxl:kflaYI:kfl)dfkfla

where in the last equality we integrate out f;.;_o (which integrates to 1 since prcgp is a density). Finally, using the inductive
step assumption and the definition of the density pst.rcgp, We have:

preap (| X1k, Yiik) o eXp(_»C(XImYIcyfk))/p(fk|fk717Xl:k)pST—RCGP(fkfl|X1:k717Y1:k71)dfk71

o« pstreap (Fx X1k, Y1:k) s

Therefore, precp(fx|X1.5,Y1:5) < pstreep (fk|X1:.k, ¥1.x). However, since both sides are densities, the proportionality
implies equality; that is, precp (£x|X1:x, Y1:5) = pstrcep (£ |X1:k, Y11 ), Which concludes the first step of the proof. Now,
we want to show that the smoothing solutions are equal (claim 2.). We use a similar approach; however, the proof starts
from the largest possible value of k£ and then goes down in values.

Step 2: We want to show that prege (£ X100, , Y1:n, ) = P (| X1:m, s Y1, )-
Base Case:

Consider k¥ = n;. Then, the smoothing and filtering distributions are identically defined. Therefore, by Step 1,
pRCGP(fnt |X1:nt ) y1:nt) = pST—RCGP(fnt |X1:nt y Y1, )

Inductive Step:

Suppose that pstrecp(fe+1]X1m,, Y1) = DPreep(fet1lX1in,, Yim,) for & < mny — 1. We want to show that

pstreGp (£k [ X1:m,, Y1, ) = Precp(fk|X1:n,,Y1:n,)- Then, by Theorem 8.1 of Sirkkd (2013), which requires that fj
be independent of y 1., given f,; (satisfied by Markov assumption (iii)),

fr+11fx ) Precp (Fet1 %1 :
pRCGP(fk|X1:ntv}’1:nt)pRCGP(fk|X1:k7Y1:k)/{p( +1lfi)orcop(fi [Xun,, Yrine) dff11. (22)
PrGP (Frp1 [ X1:k41, Yiik)
However, by Step 1, preop(fi|X1:k,Y1:6) =  Dstreop(fi|X1:k,y1:6), and the inductive step implies

PReGP (fr1]X1:n, s Yiin, ) = PsTRCGP (Fit-1|X1:m, 5 ¥1:n, ) Therefore, there remains to show that pregp (fi41[X1:041, Y1:6) =
PstreGP (Fot1|X1:6+1, Y1:1). But

PreGP (Frp1|X1:k41, Yiik) = /p(fk+1|fk)pRCGP(fk|X1:kaYI:k)dfk (23a)
= /p(fk-H|fk)pST-RCGP(fk|X1:k7Y1:k)dfl~c (23b)
= pstreGp (Frp1 [ X161, Yiik), (23¢)
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where in Equation (23a) we integrate and expand pregp(£x, fx+1/X1:6+1, ¥Y1:), in Equation (23b), we apply the result from
Step 1, and in Equation (23c), we use the definition of psr.rcgp. We conclude that

Therefore, substituting the above quantities,

P(fev1/fk)pstrecp (Fet1|X 100, , Y1:
preap (| Xim,, Yim, ) = PST-RCGP(fk\XLk,YLk)/ [ (1| )psrroce ([ X1, Yiin,) dfy+1
DsTRCGP (Fut 1 [X1:k41, Y1:k)
= pstrecp (Fk| X1, , Yim, )-
This completes our inductive step and the proof. O

B.3. Proof of Proposition 3.3

To prove the robustness of ST-RCGP, we rely on the fact that ST-RCGP and RCGP share the same distribution for spatio-
temporal data; therefore, we could use the following result from Altamirano et al. (2024) adapted to the spatio-temporal
setting:

Proposition B.2 (Altamirano et al. (2024)). Suppose f ~ GP(m, k), (€1, ....,en)" ~ N(0,Ix0?), andlet Cy € Rk = 1,2
be constants independent of yy,, ;. Then, for RCGP regression with Supyc x ey w(x,y) < 0o has the PIF

PIF(y5,. 5, D) < Cr(w(Xm.j Y j) Vi) + Co- 24)
Thus, if Vx € X, sup,¢y |y - w(x, y)?| < 0o, RCGP is robust since sup,c cy | PIFrcap (Us, ;» D)| < oo

Hence, it suffices to verify that the proposed weight function satisfies the necessary conditions for robustness presented in
Proposition B.2.
The weight function and the hyperparameter recommended are:

<y—w<x)>2>é

07 , (25)

wimo(x,y) = S (1 +

. 2

with § = %, y(x) := Ep, [y]. and c?(x) := B, [(y — 7(x))?].

It is straightforward to verify that wimg(x,y) < Sforallx € X andy € Y. Since § = ‘772 < 400, it follows that
SUDye v yey W(X,y) < +00. Thus, with the recommended hyperparameters, w satisfies the first condition.

Now, we need to check the second condition, which is that Vx € X', sup, ¢y, ly| - w(x,y)? < +oo. To show this, let us
consider an arbitrary x € X and two cases for y:

Case 1: |y| < |y(x)| + |e(x)| Since wimg(x,y) < Sforallx € X and y € Y, it follows:
[yl - w(x,y)? < [ylB* < B2(Jv(x)] + |e(x)])
Which implies that, as long as |y(x)| < oo and |¢(x)| < oo we have that:
sup ly| - w(x,y)? < 0o

yey
sty <|y(x)[+le(x) [}

Case 2: |y| > |[y(x)| + |c(x)|

1 1 c(x)? c(x)?
2 2 2 _ 2 _ 32
lyl - w(x,y)” < |y|B 14 @GP < lylB =L ly|B ( =p

y—(x))? 10
c(x)? c(x)? |y| (1 -y )

Now, we observe that this function is decreasing for |y| > |v(x)| + |¢(x)|, and particularly:
2
lim 52—6()() 5 =0,
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since |y| > |y(x)|. Therefore, attains its maximum at |y| = |y(x)| + |e(x)

c(x)? < 32
g < () + e
(1 22)

Which implies that, as long as |y(x)| < oo and |¢(x)| < oo we have that:

, which leads to the following bound:

ly - w(x,y)* < B°

sup ly| - w(x, y)* < co.
yeY
st |y[>]v(x)[+]e(x)[}

Finally, let us check that |y(x)| < oo and |¢(x)| < occ. Since y(x) = E, . [y] and ¢*(x) := E, . [(y — 7(x))?] are the mean
and the variance of p.(y|x) respectively, and p. (y|x) is a Gaussian, we know that the |y(x)| < oo and |¢(x)| < 0.

Putting it all together, we have that:

Vo € X, sup |y| - w(x,y)? < oo.

yey
C. Additional Numerical Experiments
C.1. Performance Metrics
Let po(-|x) be the density of the true data-generating process on the spatio-temporal grid X = (x1,...,x3)" € X™. The

first performance metric we use is the root mean squared error (RMSE):

1 ne MNs

RMSE(X, ) 1= /By wpu [(V =021 %\ [ 2 D2 (g — i)
S k=1j=1

where N = n;n, is the number of data points, y; is the data, and ¢; is the model’s prediction. The second performance
metric we use is the negative log predictive distribution (NLPD):

N
. . 1 ..
NLPD(X, §,6) := Eypy(jx) [~ logpy (Y19,6%)] = —Nzlogm(yi | 9i,67),
=1

where 62 is the model’s variance on the prediction 7;, and D¢ 1s the Gaussian density. Finally, for the methods with weights

such as RCGP and ST-RCGP, we introduce the expected weight ratio (EWR):

1
2

EWR(X) := Ey p, (%) { wee Y) ] ~ ntlns ii (1 y (kg (_X:SSJW)_ )

wstep(x,Y) o c

where wsrgp := ¢/+/2 is the constant weight for the standard spatio-temporal GP. Note that by construction, EWR < 1.
In particular, if wy = wsrgp for all £k = 1, ..., n;, then EWR = 1 and we recover the STGP posterior exactly. Therefore,
since the STGP is not robust to outliers, EWRs that are near one are not necessarily optimal, since an EWR of 1 implies a
solution—the vanilla STGP—which is not robust. This metric thus conveys a tradeoff between statistical efficiency—a
model’s ability to recover the STGP in well-specified settings—and robustness to outliers. In well-specified settings, we then
want EWR to be larger and closer to one. When there are outliers, we wish the opposite so that we benefit from robustness.

C.2. Implementation Details

All experiments are run on the CPU of a 2020 13-inch MacBook Pro with M1 chip and 8GB of memory.

Definition of Matrices A;_; and 3X;_; In the following, we provide a few examples of the SDE matrices needed to
compute Aj_1 and X _1, and explain how they are obtained in practice. We define Aj_; := exp(FA#;) and

At
S = / CFALILQ LT g, (26)
0
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where F = I, @ F, € R0 1, = [, @ L, € R%=#TUx% and Q. = K, ® Q. € R"%*"(+1) for
(Ks)ij = ks(ss,8;). The notation @ refers to the Kronecker product of matrices, and the term exp(F Aty ) corresponds to
the matrix exponential. From Equation (26), we see that the matrices Ag_1 and 3 _;for k = 1, ..., n; are derived from F,,
L; and Q. in the SDE formulation.

SDE Matrices for Common Kernels We provide in Table 4 common kernels and their SDE matrices. That is, for each
kernel we select, we specify the matrix form of F;, L;, along with Q. ;. We later explain how these can be used to compute
A1 and Qg_;. The parameters in Table 4 are the lengthscale ¢, the amplitude o, and the period length wy; the inputs
of the kernels are ¢,t € R and 7 := t — t’; the functions used are the Gamma function I" and K, is the modified Bessel
function of the second kind.

Table 4. Table of kernels and their corresponding SDE matrices

Kernel Formula Parameters F; L; Q.+
Wiener Process kwp(t, t') == o2 min(t, ') Ok 0 1 a?
Exponential Kexp(T) := 02 exp(—7F) 0wyl —1/¢ 1 202 /¢
4 v v\ vT 0 1 0 :
Matérn v = 1/2 kernel ke (1) := 02 %I(U) (‘/? ) K, (\/TT) O by N = /3L (_)\2 _2>\> (1> ANa7
0 1 0 0
Matérn v = 3/2 kernel ~ (same as above) O, by X = /5/1L 0 0 1 0 1602)5/3
—A3 —3X\2 -3\ 1
sadi sin? (woT n 0 — 7
Periodic Kperiodic(T) 1= 02 exp (—#) 0y b, wo > i1 (woj USOJ) nly 0

The matrix Aj_; can be straightforwardly computed in most programming languages that offer linear algebra computations.

The covariance matrix 3; 3,1 is rarely computed directly; instead, it is obtained by Matrix Fraction Decomposition (MFD)
(see Chapter 6 of Siarkkéd & Solin (2019) for an overview of the method). Provided that the matrix F; is Hurwitz, that is, all
its eigenvalues have strictly negative real parts, the procedure to compute X; ;1 can be further simplified (Sérkkéd & Solin,
2019) (i.e., no need for MFD) to

21&70 = Z:t,oo
T
23ii,k—l = 2:it.,oo - At,k—lzt,ooAth_l»

where the initial covariance X, o can be found via the steady-state solution by solving for 3; ; in the following continuous
Lyapunov equation (Sarkkd & Solin, 2019; Hartikainen & Sarkka, 2010)

Fi3 oo + 3 ooF, +L:Q. L =0.
Note that we provide the full implementation for the ST-RCGP and the STGP in our code.

C.3. Robust Hyperparameter Optimisation

Issue With RCGP  Although the RCGP method is robust in inference, it still has well-known problems with hyperparameter
optimisation when there are outliers. The method used is outlined in Altamirano et al. (2024), which corresponds to the
leave-one-out cross-validation (LOO-CV). The optimisation objective is posed as follows:

n
6%,0 == argmax {Zlogpw(yix, y—i,0, 02)} :
7 Li=1

where y_; = (y1,...,¥i—1,Yit1,---,Yn). Moreover, the pseudo marginal likelihood is given by p¥ (y;|x,y_;,0,02) =
N(plt,oF + 0?), where

pit =2 +m; — [(K + J2Jw)71 (v — mw)} ,

3

(<ot
O'IR = [(K + UQJW)_I} il — %w(mi,yi)d,

K22
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where the notation follows that of Equation (8).

In Figure 7, we simulate data y with outliers to highlight the issue. We generate 80 data points from a GP with Squared
Exponential kernel of amplitude o, = 0.2, lengthscale ¢ = 1, and variance > = 0.01 in normally distributed data. We
position four outliers around the y = 2 mark. To fit the data, we follow the suggested approach from Altamirano et al. (2024)
and use a constant mean function equal to the arithmetic average of the data. In Figure 7, we show the results. Clearly, the
RCGP fitting the data with outliers fails to produce adequate hyperparameters, whereas the fit on outlier-free data does well.

* Data
21 Outliers
—— RCGP fit (Outliers)
11 RCGP fit (No Outliers)

Figure 7. RCGP Parameter Optimisation With and Without Outliers. The fit with outliers yields a kernel lengthscale of 0.19, a kernel
amplitude of 0.99, and variance of 0.026. The fit without outliers yields a kernel lengthscale of 1.46, a kernel amplitude of 36.9, and
variance of 0.0066.

Issue with STGPs Hyperparameter Optimisation the optimisation objective for STGPs is typically

nt

1 & _
0(0) := — glogp(yﬂyl:k,l,ﬂ) =5 kzz:llog |27Sk(0)| + s;(@)Skl(G)sk(H),

where S;,(0) := 0L, + HP;,_1()H" and &), :=y, — £,.(0).

However, with outliers, this objective does not perform well since reasonable estimates of the latent function will have
large €y, and thus small p(yx|y1.x—1, 8)—effectively fitting the outliers. This makes it so ¢ may have a global minimum 6*
vastly different from the one in well-specified settings, in which case we could not recover the true latent function. We show
in Figure 8 what happens when we fit STGP with a ¢ objective. On the left side of the plot, we fit and make predictions with
contaminated data. On the right side of the plot, we fit decontaminated data and make predictions on data with outliers. Both
approaches yield undesired results, but most importantly, they are vastly different—a result that stems from introducing
outliers in the data used for hyperparameter optimisation. Overall, Figure 8 shows that ¢ is strongly affected by the presence
of outliers and is not a robust objective for finding hyperparameters.

Improving ST-RCGP’s Hyperparameter Optimisation: Temporal Setting For temporal data, we now show that when
there are outliers in the training data and we are using the ST-RCGP algorithm, choosing ¢gp from Section 3 as an objective
function for hyperparameter optimisation is more reliable than using the regular ¢. It is given by:

pen(0) = 3wy (log [218(6)] + <] (6)S (6)ex(6))
k=1

where definitions are as above with n; = 1, and the weights w;, are the ones from the ST-RCGP. In Figure 9, we fit the
ST-RCGP on contaminated data with both objective functions to the best of our ability (that is, we adapt the learning rate
and the number of optimisation steps as best as we can to get optimal results). We observe that using (g improves the
optimisation process drastically compared to using ¢, since way fewer steps were necessary, and doing so allows obtaining
reasonable hyperparameter values for inference.
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(a) Fitting STGP on Outlier Data. The hyperparameters ob-
tained are: Lengthscale / = 0.118, amplitude o, = 3.438,
observation noise o2 = 2.842.
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(b) Fitting STGP on Outlier-Free Data. The hyperparameters
obtained are: Lengthscale £ = 0.236, amplitude o, = 3.187,
observation noise o2 = 0.055.

Figure 8. Impact of outliers on hyperparameter optimisation with . The data is generated in the same way as for Figure 4 but with 100
data points instead and five outliers from a N'(0, ¢ = 10). Both models use a Matérn 3/2 kernel.

BN
—51 \
—— ST-RCGP
_10] Data
Outliers
0.0 0.2 0.4 0.6 0.8 1.0

xT

(a) Fitting ST-RCGP on Outlier Data With . The hyperpa-
rameters obtained are: Lengthscale ¢ = 0.683, amplitude
0. = 2.078, observation noise 02 = 1.909. The optimisation
process takes roughly 100 steps at a rate of 0.009 and is unsta-
ble (does not converge and produces infinite values if learning
rate is increased).

O—W
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—v] —— ST-RCGP
_101 Data
Outliers
0.0 0.2 0.4 0.6 08 1.0
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(b) Fitting ST-RCGP on Outlier Data With pgp. The hyper-
parameters obtained are: Lengthscale £ = 0.112, amplitude
o = 4.162, observation noise o> = 0.094. The optimisation
process takes roughly 25 steps at a rate of 0.2 and is consider-
ably more stable.

Figure 9. Impact of objective function on ST-RCGP’s hyperparameter optimisation. The data is generated in the same way as for Figure 8.
Both models use a Matérn 3/2 kernel and centering and shrinking function as specified in Section 3.

Improving ST-RCGP’s Hyperparameter Optimisation: Spatio-Temporal Setting We turn our attention to spatio-
temporal data and make the same point as in the previous paragraph, which is that choosing pgg is more reliable than using
the standard . We use the following objective:

ean(0) = iy (log [2654(6) | + <] ()5 (0)1(6))
k=1

where now, the representation Wy, (wy,) of the weights wy, at time step ty, is given by:

wk — Qk,ns (5)
Zzn;1 Qi,ns (5),

where Q. (0) is the J-quantile of the weights wy,. In this experiment, we choose § = 0.05. The data we use is identical to
that for Appendix C.4, except that the outliers are only introduced at steps k¥ = 2 and 6, and the rest remains uncontaminated.
As a performance metric, we use the cumulative mean absolute difference (CMAD) between our estimate of the latent
function and the true latent function (not the observations), which is given by CMAD = >} | n% o — £,

We fit the data with an ST-RCGP that has a Matérn 3/2 kernel, and a centering and shrinking function as specified in Section 3.
We compare using ¢ and pgp and optimise for 30 training steps with an Adam optimiser with a learning rate of 0.1. We run
the process five times with newly sampled data and outliers, keeping the latent function and the distributions from which the
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data and outliers are sampled the same. We find that ¢ yields CMAD values of [1.9974,1.6703,1.9517,1.6100, 1.7321],
whereas pgp produces CMAD values of [0.4633,0.5385, 0.5058, 0.4479, 0.5321]. The ygp objective yields substantially
smaller CMAD values, and thus provides a more reliable hyperparameter objective function. We illustrate this in Figure 10,
where we show three time steps of the first run (out of the five) for both objective functions.

Pen ¥

Prediction Data Latent Function Prediction Data Latent Function

101 101 101 101 101 101

(a) Fitting ST-RCGP on Outlier Data with the Robust ¢gp. (b) Fitting ST-RCGP on Outlier Data with the Regular ..
Figure 10. ST-RCGP Fits Using The Objective Functions pgp and .

C.4. Synthetic Spatio-temporal Problem in Figure 1

A grid of size n, = 25 x 25 is produced and repeated through n; = 10 time steps between ty = 0.2 and t; = 0.8. We use a
latent function f(s1, s2,t) = sin(27t)s? + cos(27t)s3 and generate additive noise from a N(0, 0%), where we set 0 = 0.2.
At any time step, if a data point is located in the region s; < 0, with 10% probability, we contaminate the data point with an
outlier sampled from U ([—8, —6] U [6, 8]).

For both the STGP and ST-RCGP, we fit the data with the optimisation objective ¢ and use de-contaminated data (original
data without outliers) for the objective. We use the Adam optimiser with 20 training steps and 0.4 learning rate. The two
algorithms use a Matérn 3/2 kernel. The ST-RCGP uses the adaptive centering and shrinking function from Section 3.

C.5. RCGP Issues from Section 2

The data is generated by adding noise sampled from a A'(0, ¢ = 0.5) to a latent function f(z) = 3sin(27z) on a temporal
grid z € [0, 1.4] with n; = 80 points. We substitute at 8 locations outliers drawn from a (3,0 = 0.2).

The RCGP optimisation process we use for kernel hyperparameters and observation noise is the one recommended
in Altamirano et al. (2024). Note that we conduct optimisation on the original data without outliers. We have three
configurations: First, with constant prior mean m(x) equal to the data average and ¢ = Qn(0.9); second, with m(x) =
sin(2mz) and ¢ = @Qn(0.9); third, with m(z) = sin(27x) and ¢ = 0.8. All configurations use a Squared Exponential
kernel and are separately optimised (that is, they do not necessarily share hyperparameters). Note that inference is conducted
on data with outliers.

C.6. ST-RCGP Posterior when Varying c and 3

We generate N = n; = 100 data points from a GP prior with prior mean m = 0 and Matérn 3/2 kernel with £ = 0.2,0,, =
2.0. We add noise from a NV'(0, 02) where 02 = 0.25. Outliers are generated by adding noise at 5 temporal locations drawn
from a (0, o) with o = 20.

24



Robust and Conjugate Spatio-Temporal Gaussian Processes

The ST-RCGP uses a Matérn 3/2 kernel with lengthscale £ = 0.198 and amplitude o, = 3.01. We use an adaptive centering
function for all values of S and ¢. Then, we perform inference with varying values of 3 and ¢ to conduct a sensitivity
analysis of those hyperparameters. The results are shown in Figure 11.

We notice that increasing § will lead to overfitting the data. Conversely, decreasing [ too much yields underconfident
uncertainty estimates. The middle ground is 3 = o/+/2, which yields mean and uncertainty estimates that are appropriate,
thus supporting our selection of hyperparameters.

For c, Figure 11 shows that a lower ¢ will be more robust to outliers, but may also overinflate the uncertainty estimate. On
the other hand, a c that is too large will produce an algorithm closer to the STGP, which is not robust to outliers. Visibly, the
adaptive choice for c performs the best, confirming our choice of hyperparameter.

1
10°1 e Data B =0.50 1 e Data c=5

c=10.05 ¢ = adaptive

Figure 11. Impact of c and 8 on the posterior. We keep all parameters other than [, ¢ identical and choose m; = fi. Outliers are
highlighted in red. When [ increases (or decreases), the rate at which we learn from data increases (or decreases), and the confidence
intervals narrow (or widen). When c decreases, we increase robustness at the cost of larger posterior uncertainty. These tendencies support

Boxoandc= /02 + UJ% where oy is the standard deviation of the predictive filtering posterior p(yx|y1:x—1)-

C.7. Well-Log Dataset

The well-log dataset, first introduced by Ruanaidh & Fitzgerald (1996), comprises 4,050 nuclear magnetic resonance
measurements collected during the drilling of a well. Change points in the sequence indicate transitions between sediment
layers encountered by the drill. In addition to these distinct transitions, the data also includes outliers and noise caused
by shorter-term geological events, such as floods, earthquakes, or volcanic activity. In Figure 12, we contrast the results
obtained from the ST-RCGP and the STGP. They perform equally well in well-specified regions, but the STGP lacks
robustness to outliers.

C.8. Sensitivity Analysis on IMQ Exponent

To understand how the shape of the weight function affects ST-RCGP’s posterior estimates, we conduct a sensitivity analysis.
We examine how varying the IMQ exponent—currently « := —1/2— impacts results. We conduct this analysis because
Proposition 3.3 shows robustness requires weights to decay faster than 1/4/]y|, i.e., « < —1/4; but, overly fast decay can
reduce statistical efficiency (overly robust)—highlighting a tradeoff worth exploring. The result of this analysis is shown in
Figure 13.

C.9. Sensitivity Analysis on Centering and Shrinking Functions

To capture the impact of the centering and shrinking functions on the posterior results, we conduct an analysis where we
compare ST-RCGP and RCGP when all parameters are kept as in RCGP, apart from the centering function. We further
explore the impact of also altering the shrinking function. To do so, we generate data with outliers the same way as in
Appendix C.12. We then plot the posterior distributions of both algorithms in Figure 14 with a confidence interval (CI) of
30.
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Nuclear Magnetic Resonance Data

0 500 1000 1500 2000 2500 3000
Time Step

Figure 12. Well-log data. The top and bottom panels show the STGP and ST-RCGP fits to the data, respectively.

C.10. Effect of Outlier Timing on ST-RCGP Posterior

We investigate the impact of changing the point in time at which outliers are introduced on the posterior of the ST-RCGP.
The data is generated as in Appendix C.13. The results are shown in Figure 15.

C.11. Choices of Centering Function in Special Cases

In Table 5, we highlight a few potential alternative choices other than ST-RCGP’s filtering predictive f}, for the centering
function depending on whether the data is temporal or spatio-temporal. Also, we demonstrate which choices of centering
functions recover the STGP and RCGP. The following points briefly explain the relevant features of each choice:

e Data: This choice, which yields constant weights and thus recovers the STGP, implies that our best estimate of the
center of the data is the current observation. Interestingly, if the observation is an outlier, this implies we center the
algorithm around the outlier. This provides an intuitive understanding for why the STGP fails to be robust.

¢ Prior Mean: Choosing for our centering function the prior mean m(xy) recovers the RCGP (assuming a constant ¢ for
the ST-RCGP). However, as previously explored in Section 4, this choice can yield poor results when the prior mean
aligns with the outliers.

« Spatial Smoothing: This choice requires an additional hyperparameter (potentially many) that comes from K. The
matrix K, dictates how much we want to smooth our data at time step ¢;. This can be useful when there are unusual
spatial structures in the data that K, can capture. Alternatively, when there are few time steps, the filtering predictive
might not be the best estimate of the center of the data, in which case a good way to estimate the center that is more
appropriate than a simple average is to use K.

» Temporal Smoothing: This centering function employs the same concept as the “Spatial Smoothing”. It requires a
lookback period n; and weights 1; that determine how important the datum at step ¢ is to estimate the center of the
data at step k.

* Filtering Predictive: This is the choice we make in this paper for ST-RCGP and explained in Section 3. It involves
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Impact on ST-RCGP Posterior When Varying IMQ Exponent

90 = STGP (0) . i | . R
‘., - ‘., [N
<101
[sestostucese |oestestecese
O 4
LN N N A oo reearureag
20 . . /8 | . . A
° o, ~ ° ., [
- 101
m~ _
Snesnetn o i . _
0 ™ s o w
201 . o — 2] . i 3/4
‘., -~ ‘., .~
< 101
U’M 1 M T R, R P
201 . . — 1 . . — 2
° . . -~ ° . . .~
10
easestageny
O’mvﬂ..w 1 .
0.0 0.2 04 0.6 038 L.0.0 0.2 0.4 06 0.8 1.0

Figure 13. Impact on ST-RCGP fit when varying the IMQ exponent. The red-shaded plots indicate values of « that violate the robustness
condition, i.e. & > —1/4. The figures are denoted by |/, so that, for example, the top-right panel corresponds to e = —1/32. Outliers
are highlighted in red.

no additional hyperparameters, and is our model’s best (and robust) prediction of y given past observations. These
reasons are why we choose this option over the other for the ST-RCGP.

* Smoothed Predictive (S): Same concept as “Spatial Smoothing,” but the smoothing is applied on predictions instead of
on the data.

* Smoothed Predictive (T): Same concept as “Temporal Smoothing,” but the smoothing is applied on predictions instead
of on the data.

C.12. Experiments Showing we Fix Vanilla RCGP from Section 4

Data We generate n; = 200 data points at evenly spaced inputs in = [0, 1] from a GP with Matérn 3/2 kernel with
lengthscale £ = 0.1 and amplitude 02 = 2, and mean function m(z) = 2e~>*. The sample function f = (fi1,..., fa,)
drawn is then centered: f — f — f, where f := ;- 37", f;. Noise is added and drawn from a \'(0, %) with o = 0.25.
We contaminate the data with 10 outliers |y¢| for i = 1, ..., 10 sampled from a N'(5,02 = 1). These outliers replace the
data at specified locations. We keep both the original data and the contaminated data for further tasks.

Fit To fit the RCGP, we use the code from and follow Altamirano et al. (2024). We choose a constant weight function equal
to the mean of the data, and ¢ = @ 5 (0.95) since there are 5% outliers. The hyperparameters are optimized on the original
data (without outliers) since training RCGP on contaminated data would result in overfitting the outliers and unreliable
predictions. However, RCGP predictions are made on contaminated data.
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Identical Weights

* Data — RCGP
5 ST-RCGP CL(RCGP) =" °
CI (ST-RCGP) Prior Mean

Figure 14. ST-RCGP and RCGP comparison. We contrast the two algorithms as we progressively change the specification of the weight
function. The CI corresponds to the 3o confidence interval. The prior is the constant function used in the weight function of the RCGP
and the ST-RCGP in the first plot. In the second plot, the centering function «y of the ST-RCGP is the predictive mean. In the third plot,
the shrinking function c is the filtering predictive’s covariance, as specified in Section 3.

Table 5. Choice of Centering Function ~yx For Weights w. ¥;’s for i = ny, ..., k are normalised weights selected from the n;-th past time
step tn, (lookback period). K € R™ %™ is a row-wise normalized kernel matrix.

Algorithm Centering ~y(x) Description
STGP Yk Data
RCGP m(xy) Prior Mean
K.y: Spatial Smoothing
> iy Temporal Smoothing
ST-RCGP  f; = Hmy;,_; Filtering Predictive
K, f, Smoothed Predictive (S)
Yo ik Smoothed Predictive (T)

To fit the ST-RCGP, we use the Adam optimiser and the robust scoring objective wgp from Section 3. The hyperparameter
selection is as in Section 3. Our learning rate is 0.3, and the number of optimisation steps is 70 (30 would be enough; we’ve
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Figure 15. Impact of outlier timing on ST-RCGP Posterior.

used more to study convergence). In contrast to RCGP, the ST-RCGP is both training and predicting on contaminated data.

Coverage The coverage values are computed given a prediction i and standard deviation o. For each quantile, we find a
corresponding z-score, and determine the proportion of data points falling within p & zo.

C.13. Experiments in Well-specified Settings from Section 4

We use the same dataset as in Appendix C.4, from which we can select the outlier-free data or the contaminated data. We
use a Matérn 3/2 kernel for the GP prior. First, we perform hyperparameter optimisation on the dataset with outlier-free data.
This involves 25 training steps using the Adam optimiser and a learning rate of 0.3. The criterion we use as our optimisation
objective is the standard ¢ (since there are no outliers). Second, we obtain the performance metrics for each model. This is
done by generating new data as previously (from Appendix C.4). For each newly generated data, we compute statistical
efficiency, RMSE and NLPD for each model. We take the average and standard deviation to report our metrics.

C.14. Experiments with Financial Crashes from Section 4

Twitter Flash Crash We retrieve the “close” data from the DJIA index on April 23rd, 2013, and the previous day. This
amounts to 810 data points. We build an evenly spaced temporal grid from O to 1 with 810 points. The observations are then
standardised.

The GP fit is implemented in Python’s sklearn package and uses a Matérn 3/2 kernel with amplitude o, = 0.72, lengthscale
¢ = 0.0955, observation noise o = 0.02, and prior mean m = 0. The RCGP fit uses a Matérn 3/2 kernel with o, = 1,
lengthscale ¢ = 0.09, a and a constant prior mean equal to the average of the data. Also, RCGP has ¢ = 0.25, since it offers
a more robust posterior than ¢ = Q. The ST-RCGP fit uses a Matérn 5/2 kernel with amplitude o, = 1., lengthscale
¢ = 0.1, 0% = 0.02 and has an adaptive shrinking and centering function, as specified in Section 3. The RP fit is exactly the
one from Ament et al. (2024) since it is obtained using the same code.

29



Robust and Conjugate Spatio-Temporal Gaussian Processes

The execution time is computed post-optimisation of each method, since we wish to capture execution time at inference.
Also, to avoid caching and establish a fair comparison, each model has a second instance specifically for inference-making
that hasn’t observed data yet but has the optimised hyperparameters.

Index Futures with Synthetic Crash The data is obtained from https://www.kaggle.com/c/
caltech-cs155-2020/data. It captures an Index Futures price over time, measured at 500ms intervals. We select
N = 46800 data points, which amounts to a trading day. We built a temporal grid between 0 and 46800 and rescaled it by 0.5
(500 x 0.001). The observations are then standardised. The crash induced aims to mimic the Twitter crash incident, but with
slightly more outliers. Therefore, we drop 8 data points by [0.9995,0.9994,0.9992, 0.996, 0.994, 0.998, 0.998, 0.9998] of
their original value (not standardised) to create a V-shaped outlier region and add random noise to the drop sampled from a
N(0, ) for o = 0.0001. Note that the amplitude of this drop is roughly similar to that of the Twitter flash crash experiment.

The STGP has a Matérn 3/2 kernel with £ = 6, o,, = 6, and observation noise o = 0.14. The ST-RCGP has a Matérn 3/2
kernel with ¢ = 6.5, o, = 1, and observation noise ¢ = 0.3. It also uses an adaptive centering and shrinking function as
in Section 3. The BayesNewton methods all use a Student-T likelihood with df = 6 (degrees of freedom), except for the
Laplace method, which has df = 4. They are also optimized following the code from Wilkinson et al. (2023).

The execution times are computed 5 times and evaluated on a new instance of the model’s class to avoid caching issues.
The one-step cost for each method is obtained by evaluating execution time for an increasing number of data points (/N =
5,10, 100, 500, 1000, 2000, 2500, ..., 35000, 40000, 46800), and then performing linear regression. The slope corresponds
to the one-step cost. The RMSE and NLPD standard deviations are obtained by repeating inference on a newly generated
crash event a total of 20 times.

In addition to Table 2, Figure 16 illustrates the fit of each method to the data.
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Figure 16. Fitting the STGP, ST-RCGP and some methods from the BayesNewton package to the Index futures data with a synthetically
induced crash.

C.15. Experiments with Temperature Forecasting from Section 4

The data is from the Climate Research Unit (CRU) and is available at https://crudata.uea.ac.uk/cru/data/
hrg/. We select latitude and longitude ranges of [45, 60] and [—12, 8] respectively, which amounts to n, = 571 spatial
locations per time step. The data is monthly, starting in January 2022 and ending in December 2023, which is a total of
ng = 24 time steps. This leads to N = n; x ng = 11,991 data points. We add 6 focussed outliers on a patch with latitudes
and longitudes in [51.25, 53.25], [—3, —1] respectively. The outliers are drawn from a A'(120, 0?) with o = 10. Before
fitting the data, we pre-process it by standardising.

To fit the data, we use the standard objective ¢ (since the data has been cleaned by the CRU beforehand, see Harris et al.
(2020)) with Adam optimiser, 60 optimisation steps and 0.05 learning rate. Both the STGP and the ST-RCGP use a Matérn
3/2 kernel for the temporal and spatial kernels. For STGP, this yields the following hyperparameters: A Temporal amplitude
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of o, = 0.76, temporal lengthscale ¢, = 2.51, spatial amplitude o,,, = 0.76, spatial lengthscale ¢, = 2.42, and variance
02 = 0.15. For ST-RCGP, the hyperparameters are: A Temporal amplitude of o,,, = 1.12, temporal lengthscale £; = 2.13,
spatial amplitude o, = 0.82, spatial lengthscale ¢, = 2.34, and variance o> = 0.069. In Figure 17, we demonstrate the
coverage of ST-RCGP and STGP on the temperature forecasting experiment for the month of October, which occurs before
the introduction of outliers.
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Figure 17. STGP and ST-RCGP Coverage during the month of October.
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