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Abstract

Existing bounds on the generalization error of deep networks assume some form of
smooth or bounded dependence on the input variable and intermediate activations,
falling short of investigating the mechanisms controlling such factors in practice.
In this work, we present an empirical study of the Lipschitz constant of networks
trained in practice, as the number of model parameters and training epochs vary. We
present non-monotonic trends for the Lipschitz constant, strongly correlating with
double descent for the test error. Our findings highlight a theoretical shortcoming
in modeling input-space smoothness via uniform bounds.

1 Introduction

A longstanding question towards understanding the remarkable generalization ability of deep networks
is characterizing the hypothesis class of models trained in practice (Hanin & Rolnickl |2019b; Novak
et al.,|2018). Indeed, finding a parameterization that accurately describes the class of generalizing
trained networks could shed light on the mechanisms controlling model complexity (Neyshabur et al.|
2015alb). At present, constraints have been derived from postulated assumptions on the training
data (We1 & Mal, [2019)), loss (Bartlett et al., |2017), model architecture (Hanin & Rolnickl, 2019blal)
as well as global optima (Ma & Ying| 2021). In this context, empirical studies play an important
role in isolating trends that could inform theoretical research (Zhang et al.|[2019; Jiang et al.} 2019;
Zhang et al.l 2018}, [Keskar et al., [2017). Chiefly, a central question is understanding the role of
overparameterization (Arora et al., 2018} Zhang et al.,|2018]), a key property of state of the art models.

Increasing evidence shows that large generalizing networks express smooth functions of the training
data (Ma & Ying| [2021)), and that input-space smoothness can be predictive of generalization (LeJeune
et al.| 2019} Novak et al.} 2018)). Importantly, a recent line of works connects input-space smoothness
to the double descent curve of the test error (Belkin et al.,|2019), highlighting a non-monotonic
dependency of several quantities from model size, namely nonlinearity of the model function (Gamba
et al., |2022a), sharpness of the loss landscape (Gamba et al.| 2022b), as well as consistency of the
decision function and reproducibility of decision boundaries (Somepalli et al., [2022)).

At the same time, many theoretical works bounding the test error of neural networks assume some
form of input-space regularity — via uniformly bounded Lipschitz constant of the model function and
layers — in order to prove generalization (Ma & Ying| [2021; Wei & Ma, |2019; |[Nagarajan & Kolter,
2018)), falling short of investigating the mechanisms promoting the assumed regularity. Specifically, it
is unclear whether simple uniform bounds on the Lipschitz constant provide a faithful representation
of the hypothesis class of trained networks. Recently, the problem has received renewed attention,
with |Bubeck & Sellke| (2021) proposing a lower bound for a general class of interpolating models
in terms of sample size and number of parameters, and Roth et al.| (2020) studying the Lipschitz
constant in adversarial training for fixed-size networks. However, no systematic study of implicit
regularization driven by overparameterization in practical settings has been carried out so far.
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Figure 1: (a) Double descent curve for the test error for a family of ConvNets of increasing model
size, trained on CIFAR-10 with corrupted train labels. Solid lines (resp. dashed lines) denote the test
error (resp. train error). (b) Average prediction confidence over the training set, for the same networks.
(c) Empirical Lipschitz constant of the network function, peaking at the interpolation threshold, and
then decreasing for increasing model size. All standard deviations are computed over 3 random seeds.

Contributions In this work, we revisit input-space smoothness of deep networks and present an
empirical study of the Lipschitz constant of model functions parameterized by ReLU networks.

* By controlling the degree of parameterization of trained models, we experimentally show
that the empirical Lipschitz constant of the network is predictive of model-wise double
descent (Belkin et al.| [2019), thereby explaining trends reported in the literature for loss
landscape sharpness for the same family of networks.

* We present evidence that the non-monotonic trend of the Lipschitz might be inherently tied
to the dynamics of SGD, and furthermore that it may hold globally in the input space.

2 Methodology

We study feed-forward networks composing L linear layers with the continuous piece-wise linear acti-
vation ReLU ¢(z) = max{0, =}, interpreted as functions f(x, W) = WLp(WL=1g(- .. p(Wix +
b'))+b~~1) + b, which are themselves continuous piece-wise linear]'|in the input variable x € R?.
Due to such property, ReLU networks partition their input space into convex polytopes known as
activation regions (Hanin & Rolnick, [2019a; Raghu et al.l 2017, Montufar et al.,|2014), on each of
which a linear function is computed. In the notation of |Rahaman et al.|(2019), f can be written as

f(x, W) = Z L (x)Wx + b, (D

where the index e denotes an activation region, and the indicator function represents conditioning the

factorization W, := [],_, diag(¢%)W? by the binary activation pattern ¢, of each ReLU according
to the preactivation of the corresponding layer ¢, dependent on the input x to the network.

A recent work (Gamba et al., 2022b) studies the Jacobian norm ||V £(x, W, y)|| of crossentropy
loss £ : R? x {1,..., K} — R with respect to the input variable as a measure of sharpness, and
shows that it correlates with the peak and descent in test error for large interpolating models. In this
work, we decompose the Jacobian norm of the loss as the product

Vx(Lof)| = [[(ey =) - Vxf]| 2

where e, is a K -dimensional one-hot encoded vector with the y:th component set to 1, and ¥ are the
softmax scores of the network logits. We note that the left factor in the product is related to prediction
confidence 1 — ||e,, — y||?, and focus on input smoothness as measured by the Jacobian Vf.

!Convolutional as well as residual networks can be represented this way by vectorizing their weight tensors.
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Figure 2: (a) Double descent curve for the test error for a family of ConvNets of increasing model
size, trained on CIFAR-100 with corrupted train labels. Solid lines (resp. dashed lines) denote the test
error (resp. train error). (b) Average prediction confidence over the training set, for the same networks.
(c) Empirical Lipschitz constant of the network function, peaking at the interpolation threshold, and
then decreasing for increasing model size. Standard deviations are computed over 3 random seeds.

Operator norm To measure smoothness of the piece-wise linear f, we study the operator norm
of the Jacobian Vf. For linear operators A : (R?, || - ||l,) — (R, || - ||,), such norm is defined as

[ Allop = SUPy.|x||, 0 ””i%, where the norms || - ||, and || - ||, are respectively taken in input and
p
logit space. For linear operators, the operator norm measures the maximum change propagated by the

function, and can be thought of as a measure of its scale. Crucially, if p = ¢ = 2, then the operator
norm can be estimated by computing the largest singular value of A.

For any data point X € R?, evaluating the Jacobian at X yields V,.f(x, W) _— W, i.e. the linear

x=
function computed by f on the activation region € of X. Hence, at each point, || W||o, provides an
estimate of worst-case sensitivity of the linear “piece”. We note that, while the supremum || A||op
may not be attained within the activation region of X, the operator norm upper bounds worst-case
sensitivity within the region. Furthermore, activation regions neighbouring training data tend to
compute approximately the same linear function (Gamba et al.| 2022a; Roth et al., 2020).

Computing the operator norm Computing the operator norm of W, € R¥*? entails two steps.
First, computing the gradient Vf| N W, (via automatic differentiation), and then estimating its

largest singular value. To perform the latter, we use a standard power method, detailed in section

Empirical Lipschitz constant Trivially, the operator norm ||A||o, corresponds to the smallest
Lipschitz constant for A since, by definition, if | Au — Av||, < v[[u — v||,,Vu,v € R%and vy > 0,

then [[Allop = SUPy;u|,=1 |Aully < 7. In our experiments, we estimate the Lipschitz constant

of the network by its empirical constant, v, = + 25—1 Hfo| |lop, for all training points
= X=Xp,

Xn € {Xn, yn}nN:l, as well as validation data. In the next section, we empirically show that the
double descent trend observed for the loss function in related works originates from the piece-wise
linear function f, and study the empirical Lipschitz constant of networks trained in practice.

3 Experiments

In this section, we present a study of the empirical Lipschitz constant of trained networks as their
number of parameters varies. The full experimental setup is detailed in section [B] We reproduce
the double descent curves of the test error by training a family of 5-layer ConvNets as well as
ResNet18s (He et al.,[2015) on the CIFAR datasets (Krizhevsky et al.,[2009) with 10%, 15% and 20%
of the training labels randomly perturbed. Following Nakkiran et al.|(2019)), we control model size
by increasing the base width w (number of learned feature maps) of each convolutional stage in both
model families, following the progression [w, 2w, 4w, 8w], and varying w = 1, ... 64. To isolate the
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Figure 3: (a) ResNets trained on CIFAR-10 with 20% corrupted labels evaluated using random test
data. The results suggest that the non-monotonic trend of the empirical Lipschitz constant might
be a global property of the network function. Interestingly, the Lipschitz constant is lower for data
lying closer to the training data. (b) Development over epochs of the Lipschitz constant (top) and
the test error (bottom) for several model sizes. Underfitting models (low base width) maintain a low
Lipschitz throughout training, while models harmfully overfitting the training data keep increasing
the Lipschitz constant. Finally, large overparameterized generalizing models undergo a epoch-wise
double descent in the test error, associated with plateauing Lipschitz constant for larger models,
which is smallest for the largest models. All results averaged over 5 random seeds.

role of overparameterization (and its interaction with the optimizer), we train the networks with SGD
with momentum and fixed learning rate, without explicit regularization. Figure [Ta]and 2a show the
double descent curve for the test error for our experimental setting. Analogous results for ResNet are
presented in Figure[da] In the following, we denote with interpolation threshold the smallest model
size that can perfectly classify the training data (i.e. reaching zero training error) (Belkin et al.} 2019).

Lipschitz constant follows model-wise double descent Figures [Ta] and [Ib] show that, while
the test error undergoes double descent as the model size increases, the mean confidence

1- % 22;1 lley,, — ¥nl* (proportional to the left factor in Equation grows monotonically, with
all models past interpolation threshold predicting the training targets with very high confidence. At
the same time, the Lipschitz constant grows non-monotonically with model size (Figures[Ic|and 2c)),
peaking at interpolation threshold and then decreasing as the degree of parameterization increases.
This finding highlights the need for better understanding the mechanisms implicitly regularizing
smoothness in relation to model size. Postulated monotonic bounds on the Lipschitz therefore do not
accurately model the effective complexity of trained networks and may hide important information.

Beyond training data 'We now turn our attention to validation data, and probe a series of ResNet18s
trained on CIFAR-10 with 20% corrupted training labels, by using randomly generated data, lying
increasingly far from the support of the data distribution. We generate random validation data by
sampling i.i.d. pixels with per-channel distribution from the following families: uniform with mean
and standard deviation matching the per-pixel distribution of the training split of CIFAR-10, isotropic
normal with analogous moments, pixels randomly sampled from within a unit hypersphere, as well
as strong random jitter applied to each CIFAR-10 training image. Intriguingly, the emprical Lipschitz
constant estimated on validation data closely follows that of standard CIFAR-10, with a sharp peak at
the interpolation threshold, suggesting that the observed property might hold globally in the input
space for the network function, depending only weakly on training data at convergence.



Overparameterization affects epoch-wise double descent Finally, we study the Lipschitz constant
throughout prolonged training, for ResNets trained for 4k epochs. Figure [3b|reports the test error
(bottom) and empirical Lipschitz constant (top) as a function of training epochs. We observe how
only large overparameterized models undergo epoch-wise double descent, corresponding to a plateau
of the Lipschitz constant, which stably holds throughout the rest of training. At the same time, models
at the interpolation threshold (base width 5) present a sharply increasing Lipschitz constant, matching
the model-wise trends reported in Figures|Ic|anddc] This finding suggests that overparameterization
might play a role in biasing the learning dynamics of SGD, and that hypothesis-space studies alone
might not be able to explain how smooth interpolating solutions are found in practice.

4 Related Work

Capturing the complexity of deep networks trained in practice is a challenging open problem that may
require taking into account the data distribution, the model class, as well as the optimizer (Kawaguchi
et al., |2017). Theoretical studies via the Rademacher complexity hinge upon finding a correct
parameterization of the hypothesis class of neural networks trained in practice (Neyshabur et al.,
2018)). Several works constrain parameterizations by assuming upper bounds on the Lipschitz constant
in order to bound the norm of layer activations and their gradients (Ma & Ying, 2021 |We1 & Mal
2019; Nagarajan & Kolter], 2018, |[Bartlett et al., | 2017)). In this work, we argue that expressing such
bounds through an abstract constant may hide the effective complexity of model functions relized by
networks trained with stochastic gradient descent. Specifically, we show that by varying the model
size, the Lipschitz constant presents non-monotonic behaviour correlating with the test error.

Recently, characterizing robustness in relation to overparameterization has been formally studied by
Bubeck & Sellke|(2021)) for a generic class of interpolating models, providing the first lower bound on
the Lipschitz constant that decreases with increasing model size, suggesting that overparameterization
is necessary in order to achieve robustness. At present, it is unclear how to express a tight upper
bound in terms of the fundamental components of neural networks. In this work, we take a first
step in this direction by studying the Lipschitz constant in relation to optimization. Our results
empirically substantiate Bubeck & Sellke| (2021), as well as highlight the importance of incorporating
the optimizer into the hypothesis class of neural networks.

Recent works study nonlinearity of the model function (Gamba et al., [2022a)), regularity of decision
boundaries (Somepalli et all) [2022)), as well as sharpness of the loss (Gamba et al., 2022b)) in
relationship to double descent, while works on adversarial training study the relationship between
curvature and model robustness for fixed-size models (Moosavi-Dezfooli et al.,2019). By studying
the Lipschitz constant in the double descent setting, our work explains the trends reported for loss
sharpness in (Gamba et al.,[2022b) by connecting them to the Lipschitz constant of the underlying
network function. Finally, our work extends the observations of [Novak et al.|(2018)) and |[LeJeune
et al.|(2019), showing a strong correlation between smoothness and generalization for large models.

5 Conclusions

In this work we present an empirical study of the Lipschitz constant of ReLU networks in hypothesis
space (model-wise) as well as throughout training. The Lipschitz constant, largely assumed to be
uniformly upper bounded in theoretical works, is behaving non-monotonically in model size, high-
lighting a theoretical gap in the current understanding of model complexity. Importantly, smoothness
alone is neither sufficient nor necessary to ensure generalization, and understanding the emergence
of smoothness in interpolating solutions for the hypothesis class of neural networks is still an open
question. Our findings highlight that the (model-wise) behaviour observed in hypothesis space
is tightly related to the dynamics of SGD, with only large models achieving generalization and
bounded Lipschitz. A central question is therefore understanding the ability of SGD to recover
smooth solutions among those expressible by a given model class, in relationship to model size. We
hope our findings will inspire the development of tighter theory of deep networks, accounting for the
non-monotonic behaviour of smoothness of overparameterized models.
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Figure 4: (a) Double descent curve for the test error for a family of ResNet18s of increasing model
size, trained on CIFAR-10 with 20% corrupted train labels. (b) Average prediction confidence over
the training set, for the same networks. Confidence monotonically increases with model size, with
models past the interpolation threshold matching the targets with high confidence. (c) Empirical
Lipschitz constant of the network function, peaking at the interpolation threshold, and then decreasing
for increasing model size. All results are averaged over 5 random seeds.

A Appendix

Section [B] fully details our experimental setup. Section [C|presents a standard algorithm for estimating
the operator norm, while section [D]describes the distributions used for generating random validation
data for Figures[3aland[5a] Section[E|presents double descent curves for the test error and the operator
norm for ResNet18. Finally, section [F presents epoch-wise trends for a family of ConvNets.

B Experimental Setup

Following |Nakkiran et al|(2019) we train a family of ConvNets composed of 4 convolutional stages,
each composed of a [Conv, ReLU] block, followed by maxpooling with stride 2, and 1 final linear
classification layer. We also train a family of ResNet18s (He et al.,2015) without batch normalization
layers. Both network architectures are composed of 4 convolutional stages, in which the spatial
dimensions are reduced by factor of 2 and the number of learned feature maps doubles. More
precisely, the convolutional stages respectively follow the progression |w, 2w, 4w, 8w], where w is
the base width of the network. In our experiments, we vary the base width in the range w =1, ..., 64.
To tune hyperparameters, we take a random validation split of size 1000 from the CIFAR-10 (resp.
CIFAR-100) training set. We train all networks with SGD with momentum 0.9, batch size 128, a
fixed learning rate, set at ;1 = 5e — 3 for the ConvNets and ;1 = 1le — 4 for the ResNets. We train the
ConvNets for 500 epochs, and the ResNets for 4000. To stabilize prolonged training, we use learning
rate warmup over the first 5 epochs of training, starting from a learning rate po = 10~% x p.

Our codebase is implemented in Pytorch 1.11, running on a local cluster equipped with NVIDIA A100
GPUs with 40GB onboard memory. We use 3 random seeds for the ConvNets and 5 for the ResNets,
controlling network initialization and the shuffling and sampling of mini-batches from the training set.
We use a dedicated random seed for generating the validation split used for hyperparameter tuning,
fixed for all networks, as well as a fixed seed for corrupting the CIFAR training labels.

C Operator norm estimation

To estimate the operator norm of the Jacobian Vif = W evaluated at a training point, we use a
power iteration algorithm. Starting at iteration ¢ = 0 with randomly initialized vectors @1y € R¥,
Vo € R?, with corresponding normalized vectors ug = 1o /||@oll4, Vo = Vo/||Vo|lp, at step t we
compute 0y <+ Vyf vi_1, V¢ < ul Vif, 0y < ul V,f v, with o, storing the largest singular value
at convergence. The algorithm is iterated until |0y — o¢_1| < tol, with relative tolerance tol = le — 6.
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Figure 5: (a) ConvNets trained on CIFAR-10 with 20% corrupted labels evaluated using random test
data. The results suggest that the non-monotonic trend of the empirical Lipschitz constant might
be a global property of the network function. Interestingly, the Lipschitz constant is lower for data
lying closer to the training data. (b) Development over epochs of the Lipschitz constant (top) and
the test error (bottom) for several model sizes. Underfitting models (low base width) maintain a low
Lipschitz throughout training, while models harmfully overfitting the training data keep increasing
the Lipschitz constant. Finally, large overparameterized generalizing models undergo a epoch-wise
double descent in the test error, associated with plateauing Lipschitz constant for larger models,
which is smallest for the largest models. All results averaged over 3 random seeds.)

D Generating Random Validation Data

To generate random validation data for the experiments reported in Figures [3a] and [5a we define
several distributions over RGB pixels, and sample each pixel independently. We consider the
following distributions:

* Xp ~ U([1ciFaR — OCIFAR, KCIFAR + OCIFAR]) Pixel-wise

* Xp ~ N ([pcirar: Zsocirar)) pixel-wise

* X, ~ U (Sq-1) (pixel-wise) hypersphere

* X, + €,, with € strong random jitter

where pcrar and ocpar respectively denote the per-channel mean and standard deviation computed
on the CIFAR-10 training set. For each distribution, we generate a validation set of 50k i.i.d. samples,
and probe networks trained on CIFAR-10 with 20% corrupted labels.

E Additional Results for ResNet
Figure [a] reports the double descent curve for the test error for the family of ResNets considered,

the average confidence computed on the training set (Figure [4b)), as well as the empirical Lipschitz
constant (Figure [Ac), matching the trends described in section 3| for the ConvNets.

F Additional Results for ConvNets

Figure [Sa| presents non-monotonic trends for the Lipschitz constant for ConvNets trained on CIFAR-
10 with 20% corrupted training labels, and evaluated using random test data. We observe how random
data lying closely to the support of the training data distribution, namely CIFAR-10 training images
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with random jitter, closely follow the Lipschitz constant estimated on clean CIFAR-10 data, while
other validation sets present a higher value for the constant, but the same non-monotonic trend. We
believe the distance between curves — larger than that observed for ResNets in Figure [3a]— originates
from the lower training budget (500 epochs vs 4k).
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