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ABSTRACT

Optimal transport (OT) finds a least cost transport plan between two probability
distributions using a cost matrix over pairs of points. Constraining the rank of
the transport plan yields low-rank OT, which improves statistical stability and
interpretability compared to full-rank OT. Further, low-rank OT naturally induces
co-clusters between distributions and generalizes K-means clustering. Reversing
this direction, we show that solving a clustering problem on a set of correspon-
dences, termed transport clustering, solves low-rank OT. This connection between
low-rank OT and transport clustering relies on a transport registration of the cost
matrix which registers the cost matrix via the transport map. We show that the
reduction of low-rank OT to transport clustering yields polynomial-time, constant-
factor approximation algorithms for low-rank OT. Specifically, we show that for the
low-rank OT problem this reduction yields a (1 + γ)-approximation algorithm for
metrics of negative-type and a (1 + γ +

√
2γ )-approximation algorithm for kernel

costs where γ ∈ [0, 1] denotes the approximation ratio to the optimal full-rank
solution. We demonstrate that transport clustering outperforms existing low-rank
OT methods on several synthetic benchmarks and large-scale, high-dimensional
real datasets.

1 INTRODUCTION

Optimal transport finds a transport plan between two distributions in a space M provided an appro-
priate cost function c : M ×M → R between pairs of points in the space. When c is the squared
Euclidean cost, the cost of this optimal map is known as the Wasserstein distance or Earth Mover’s
distance, W 2

2 (µ, ν), and is one of the most natural and popular metrics for assessing the distance
between any two probability distributions µ, ν supported on M .

OT has gained popularity in machine learning and scientific applications for its ability to resolve
correspondences between unregistered datasets. In machine learning, optimal transport has found
applications in generative modeling (Tong et al., 2023; Korotin et al., 2023; 2021), self-attention
(Tay et al., 2020; Sander et al., 2022; Geshkovski et al., 2023), unpaired data translation (Korotin
et al., 2021; Bortoli et al., 2024; Tong et al., 2024; Klein et al., 2024), and alignment problems in
transformers and LLMs (Melnyk et al., 2024; Li et al., 2024). Moreover, OT has become an essential
tool in science, with wide-ranging applications from biology (Schiebinger et al., 2019; Yang et al.,
2020; Zeira et al., 2022; Bunne et al., 2023; Halmos et al., 2025c; Klein et al., 2025) to particle
physics (Komiske et al., 2019; Ba et al., 2023; Manole et al., 2024).

Low-rank optimal transport (Forrow et al., 2019; Scetbon and Cuturi, 2020; Lin et al., 2021; Scetbon
and Cuturi, 2022; Scetbon et al., 2023; Halmos et al., 2024) has emerged as an alternative to full-rank
OT that additionally constrains the rank of the transport plan. Low-rank optimal transport brings
structural benefits for statistical robustness and co-clustering. Specifically, the low-rank structure
serves as a strong regularizer on the transport plan, producing estimators of Wasserstein distances
that are more robust to outliers and sparse sampling and achieving sharper statistical rates (Forrow
et al., 2019; Lin et al., 2021). Further, by implicitly forcing transport to factor through a low rank or a
set of latent “anchor” points, it jointly partitions the source and target samples and aligns the resulting
groups (Forrow et al., 2019; Lin et al., 2021). Interestingly, K-means appears as a special case when
only one dataset is considered (Scetbon and Cuturi, 2022) so that low-rank optimal transport offers a
strict generalization of K-means to multiple datasets.
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However, several practical and theoretical factors limit low-rank OT. First, as low-rank OT is
non-convex and NP-hard, similar to NMF (Lee and Seung, 2000), it is sensitive to the choice of
initialization (Scetbon and Cuturi, 2022) and produces highly variable low-rank factors. Second,
current algorithms, which rely on local optimization through mirror-descent (Scetbon et al., 2021;
Halmos et al., 2024) or Lloyd-type (Forrow et al., 2019; Lin et al., 2021) approaches, consist
of a complex optimization over three or more variables. Finally, although preliminary work has
characterized theoretical properties of the low-rank OT problem (Forrow et al., 2019; Scetbon and
Cuturi, 2022), existing algorithms lack provable guarantees beyond convergence to stationary points.
This contrasts with standard tools for K-means clustering that offer robust O(logK) (Arthur and
Vassilvitskii, 2007) and (1 + ε)-approximation factors (Kumar et al., 2004) in addition to statistical
guarantees (Zhuang et al., 2023).

Contributions. We show that low-rank OT reduces to a simple clustering problem on correspon-
dences called transport clustering. In detail, we reduce low-rank OT from a co-clustering problem
to a generalized K-means problem (Scetbon and Cuturi, 2022) via a transport registration of the
cost matrix. This registers the cost with the solution to a convex optimization problem: the optimal
full-rank transport plan. Transport clustering eliminates the auxiliary variables used in existing
low-rank solvers and converts the low-rank OT problem into a single clustering subroutine: one
low-rank factor is given by solving the generalized K-means problem on the registered cost, and the
second factor is automatically obtained from the first. We prove constant-factor guarantees for this
reduction: for kernel costs the approximation factor is (1 + γ +

√
2γ) and for negative-type metrics

it is (1 + γ) where γ ∈ [0, 1] is the ratio of the optimal rank K and full-rank OT costs. Because the
reduced problem is a (generalized) K-means instance, transport clustering inherits the algorithmic
stability and approximation guarantees of modern K-means and K-medians solvers. In addition to
its theoretical guarantees, transport clustering (TC) is a simple and practically effective algorithm for
low-rank OT that obtains lower transport cost on a range of real and synthetic datasets.

2 BACKGROUND

Suppose X = {x1, . . . , xn} and Y = {y1, . . . , ym} are datasets with n and m data points in a space
M . Letting ∆n = {p ∈ Rn+ :

P
j pj = 1} denote the probability simplex over n elements, one

may represent dataset each explicitly over the support with probability measures µ =
Pn
i=1 aiδxi

and ν =
Pm
j=1 bjδyj

for probability vectors a ∈ ∆n and b ∈ ∆m. The optimal transport framework
(Peyré et al., 2019) aims to find the least-cost mapping between these datasets µ 7→ ν as quantified
via a cost function c : X × Y → R.

Optimal Transport. The Monge formulation (Monge, 1781) of optimal transport finds a map
T ? : M → M of least-cost between the measures µ and ν, T ? = argminT :T]�=�

E�c(x, T (x)).
Here, T]µ denotes the pushforward measure of µ under T , defined by T]µ(B) := µ(T�1(B))
for any measurable set B ⊂ M . Define the set of couplings Γ(µ, ν) to be all joint distri-
butions γ with marginals given by µ and ν. The Kantorovich problem (Kantorovich, 1942)
relaxes the Monge-problem by instead finding a coupling of least-cost γ? between µ and ν:
γ? ∈ argmin
2Γ(�;�) E
 c(x, y) . This relaxation permits mass-splitting and guarantees the ex-
istence of a solution between any pair of measures µ and ν (Peyré et al., 2019).

In the discrete setting, the Kantorovich problem is equivalent to the linear optimization

min
P2Π(a;b)

nX
i=1

mX
j=1

Pij c(xi, yj) = min
P2Πa;b

〈C,P〉F , (1)

over the transportation polytope Π(a, b) ,
�

P ∈ Rn�m
+ : P1m = a,PT1n = b

	
defined by

marginals a ∈ ∆n and b ∈ ∆m. 〈A,B〉F = trA>B denotes the Frobenius inner product and
[c(xi, yj)] = (C)ij ∈ Rn�m is the cost matrix evaluated at all point pairs in X,Y .

Low-rank Optimal Transport. Low-rank optimal transport (OT) constrains the non-negative rank
of the transport plan P to be upper bounded by a specified constant K. This has computational
(Scetbon et al., 2021; Scetbon and Cuturi, 2022; Halmos et al., 2024), statistical (Forrow et al.,
2019), and interpretability benefits (Forrow et al., 2019; Lin et al., 2021; Halmos et al., 2025a),
with the drawback that it results in a non-convex and NP-hard optimization problem. For a matrix
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M 2 Rn � m
+ , thenonnegative rank(Cohen and Rothblum, 1993) isrank+ (M ) , minf K : M =

P K
i =1 qi r >

i ; qi ; r i � 0g, or the minimum number of nonnegative rank-one matrices which sum to
M . Thelow-rank Kantorovich problem(Scetbon et al., 2022; 2023; Halmos et al., 2024) is then

min
P 2 �( a ;b)

fhC; P i F : rank+ (P) � K g (2)

which constrains the (nonnegative) rank of thetransport planP to be at mostK . Following (Cohen
and Rothblum, 1993; Scetbon et al., 2021), the low-rank Kantorovich problem (2) is equivalent to

min
Q 2 �( a ;g) ;R 2 �( b;g)

g2 � K



C; Q diag(g� 1)R > �

F ; (3)

which explicitly parameterizes the low-rank planP as the product of two rankK transport plansQ and
R with outer marginalsQ1K = a; R1 K = b and a shared inner marginalg = Q> 1n = R > 1m .

K -Means and GeneralizedK -Means.Given a datasetX , theK -means problem �nds a partition
� = fCk gK

k=1 of X with K clusters and means� 1; : : : ; � K such that the total distance of each point
to its nearest mean is minimized. Letting thek-th cluster mean be� k = 1

jCk j

P
i 2C k

x i , theK -means
problem minimizes the distortion

min
�

X

Ck 2 �

X

i 2C k

kx i � � k k2
2: (4)

Using the identityjCk j
P

i 2C k
kx i � � k k2

2 = 1
2

P
i;j 2C k

kx i � x j k2
2 yields an equivalentmean-free

formulation of (4) in terms of pairwise distances:

min
�

X

Ck 2 �

1
jCk j

X

i;j 2C k

1
2

kx i � x j k2
2: (5)

De�ne the assignment matrixnQ 2 f 0; 1gn � K by Q ik = 1
n if i 2 Ck and0 otherwise. Then,(5)

is equivalently expressed (up to the constant factorn) as a sum over all assignment variables with
cluster proportions given byjCk j = n =

P
i Q ik :

hC ` 2
2
; Q diag(1=Q> 1n ) Q> i F =

nX

i =1

nX

j =1

X

Ck 2 �

1
2

kx i � x j k2
2 Q ik

n
jCk j

Q jk (6)

where(C ` 2
2
) ij = (1 =2)kx i � x j k2

2. In the preceding assignment form,(6) is the cost of the rankK
transport planP = Q diag(g� 1)R > whereR = Q andg = Q> 1n . Following this observation,
Scetbon and Cuturi (2022) introducedgeneralizedK -meansas the extension of(4) to arbitrary cost
functionsc(x i ; x j ) by replacingC ` 2

2 in the mean-free formulation(6) with a general costC. Let t
denote the disjoint set union operator. Inpartition formthis yields the following problem.

De�nition 1. Given a cost matrixC ij = c(x i ; x j ) 2 Rn � n , thegeneralizedK -meansproblem is to
minimize over partitions� = fCk gK

k=1 the distortion:

min
�

8
<

:

KX

k=1

1
jCk j

X

i;j 2C k

c(x i ; x j ) :
KG

k=1

Ck = [ n]

9
=

;
(7)

De�ne the set ofhard transport plansto be � � (a; b) , f P 2 Rn � K
+ : P1 K = a; P > 1n =

b; kPk0 = ng, wherekPk0 = jf (i; j ) : P ij > 0gj. Then,(7) is equivalent to the optimization
problem

min
Q 2 � � (u n ; �)

hC; Q diag(1=Q> 1n ) Q> i F ; (8)

whereu n = 1
n 1n is the uniform marginal. Interestingly, whenX = Y, a = b = u n , andC = C ` 2

2
,

the optimal solution(Q; R ; g) of (3) always hasQ = R 2 � � (u n ; g) following Proposition 9
in Scetbon and Cuturi (2022). Consequently,K -means strictly reduces to low-rank OT (see also
Corollary 3 in Scetbon and Cuturi (2022)), proving that the low-rank OT problem (3) is NP-hard.
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Figure 1: TCon (a) a synthetic 2-Moons (X ) and 8-Gaussians (Y ) dataset (n = m = 1024) from
Tong et al. (2023) with the(b) Monge map alignment ofX andY = � (X ) using Halmos et al.
(2025b).TCreduces low-rank OT (co-clustering) to(c) clustering a single set of Monge registered
correspondences using generalizedK -means.

3 TRANSPORTCLUSTERING

We introduce a hard assignment variant of the low-rank OT problem and argue that it naturally
generalizesK -means to co-clustering two datasets. We introduceMonge registrationof the cost
matrix as a tool for reducing low-rank OT to generalizedK -means and discuss approximation
guarantees for the reduction. Finally, we introduceKantorovich registrationas the analogue of Monge
registration for the soft assignment low-rank OT problem(3). As this reduction converts low-rank
OT from a co-clustering problem to a clustering problem, we refer to the procedure astransport
clustering.

Clustering methods such asK -Means output hard assignments of points to clusters to represent a
partition. The extension of(3) to co-clustering with a bipartition then requires the low rank factors
to represent hard co-cluster assignments. Speci�cally, we require that the transport plansQ andR
in (3) lie in the set of hard transport plans� � (a; b)1 instead of�( a; b), mirroring the assignment
version ofK -means in Section 2.

De�nition 2. Given a cost matrixC ij = c(x i ; yj ) 2 Rn � n , the assignment form of the (hard)
low-rank optimal transport problem is to solve:

min
Q ;R 2 � � (u n ; g)

g2 � K

hC; Q diag(1=g) R > i F : (9)

There is an equivalent partition-form of(9) which parallels the partition form ofK -means in Zhuang
et al. (2023). In particular, one �nds a pair of partitions� X = fCX;k g; � Y = fCY;k g minimizing the
distortion:

min
� X � � Y

8
<

:

KX

k=1

1
jCk j

X

i 2CX;k

X

j 2CY;k

c(x i ; yj ) : jCX;k j = jCY;k j;
KG

k=1

CX;k =
KG

k=1

CY;k = [ n]

9
=

;
: (10)

This form(10)solves for a bipartition, implying(9) is a form of co-clustering (Appendix A.1). When
the setsX andY are distinct,(10)provides a natural generalization ofK -means for co-clustering:
(i) there areK co-clusters, (ii) each dataset receives a distinct partition� X ; � Y , (iii) co-cluster
sizes are matchedjCX;k j = jCY;k j, and (iv) one minimizes a distortionc(x i ; yj ). WhenX = Y and
CX;k = CY;k , observe that this exactly recovers the generalizedK -means problem.

As an example, the decomposition of (10) for the squared Euclidean cost can be written as

min
� X � � Y

KX

k=1

X

i 2CX;k

kx i � � X
k k2

2 +
KX

k=1

X

j 2CY;k

kyj � � Y
k k2

2 +
KX

k=1

jCk jk� X
k � � Y

k k2
2

1A well-known result on network �ows (see Peyré et al. (2019)) states that vertices of the (soft) transportation
polytope�( a; b) have� n + K � 1 non-zero entries, implying that the solutions of the (soft) low-rank OT
problem (3) are nearly hard transport plans.
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where� Z
k = 1

jCZ;k j

P
i 2CZ;k

x i for Z = X; Y (see Remark 1). While(4) �nds a single centroid per
cluster, this is a natural generalization for optimizing two: one minimizes twoK -means distortions
of � X

k ; � Y
k on X andY , and an additional distortion between the cluster centers� X

k ; � Y
k . When

X = Y and� X
k = � Y

k , this collapses toK -means.

To solve the low-rank OT problem(9)-(10), we propose a reparameterization trick motivated by the
assignment form(9). Speci�cally, as the matricesQ; R 2 � � (u n ; g) are hard assignment matrices
with matching column and row sums there exists a permutation of the rows ofR (resp. Q) that
takesR to Q. Formally, for any feasibleQ; R , there exists a permutation matrixP � 2 P n with
R = P >

� Q. With this reparameterization, we reformulate (9) as follows,

min
Q ;R 2 � � (u n ; g) ;

g2 � K

hC; Q diag(g� 1) R > i F = min
Q 2 � � (u n ; g) ;

P � 2P n ;
g2 � K

hC; Q diag(g� 1) (P >
� Q)> i F ;

= min
Q 2 � � (u n ; �) ;

P � 2P n

hCP >
� ; Q diag(1=QT 1n ) Q> i F ; (11)

wherePn is the set of permutation matrices. This reformulation of(9) might appear to offer little:
the optimization remains over a dif�cult and non-convex pair of variables(Q; P � ). However, the
reformulation(11) offers a new perspective: forP � �xed, (11) is a symmetric optimization problem
over a single assignment matrixQ with respect to theregisteredcost matrixCP >

� .

In fact, whenP � is �xed in (11) the result is exactly the generalizedK -means problem(7) discussed
in Section 2. Unfortunately, however, the reduction from(9) to (7) requires a priori knowledge of the
optimal choice for this unknown permutationP � . This leads us to ask:

Is there an ef�ciently computable choice of permutation matrixP � that accurately
reduces low-rank optimal transport to the generalizedK -means problem?

We answer this question in theaf�rmative. Speci�cally, we show that taking the optimal Monge
mapP � � as the choice ofP � yields a constant-factor approximation algorithm (Algorithm 1) for
(hard) low-rank OT given an algorithm for solving the generalizedK -means problem (Section 4).
The resultingtransport clustering(TC) algorithm �rst �nds a correspondence betweenX andY and
then clusters the transport registered cost, effectively clustering on the correspondences (Figure 1).

Algorithm 1 (Transport Clustering).

(i) Compute the optimal Monge map by solvingP � ? , n � arg minP 2 �( u n ;u n ) hC; P i F .

(ii) Register the cost matrix~C = CP >
� ? and solve the generalizedK -means problem with

~C for Q = arg min Q 2 � � (u n ;�) h~C; Q diag(1=Q> 1n ) Q> i F .

(iii) Output the pair(Q; P >
� ? Q).

Using standard algorithms for the Monge problem such as the Hungarian algorithm (Kuhn, 1955) or
the Sinkhorn algorithm (Cuturi, 2013), ones easily implements step (i) in polynomial time. For step
(ii), we propose two algorithms for generalizedK -means problem based upon (1) mirror descent and
(2) semide�nite programming based algorithms forK -means (Peng and Wei, 2007; Fei and Chen,
2018; Zhuang et al., 2023).

Given a(1 + � )-approximation algorithmA for K -means, an appropriate initialization for step (ii)
of Algorithm 1 maintains the constant factor approximation guarantee with an additional(1 + � )
factor. An analogous statement holds for metric costs where theK -means solverA is replaced with a
K -medians solver, yielding polynomial-time constant-factor approximations for low-rank OT with
metric and kernel costs independent of an algorithm for generalizedK -means (Section 4).

Finally, we note that an analogous notion ofKantorovich registrationexists for the soft assignment
variant of the low-rank OT problem(3) with arbitrary marginalsa; b supported onX andY with
n 6= m. In this setting, rather than register via the Monge permutation, one registers by the optimal
Kantorovich planP � using eitherQ = P � diag(1=b)R or R = ( P � )> diag(1=a)Q. When solving
with respect toQ, this results in a (soft) generalizedK -means problem:

min
Q 2 �( a ;� )



CP � ;> diag(1=a); Q diag(1=Q> 1n )Q> �

F :

5
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To obtainR , one applies the conjugationR = ( P � )> diag(1=a)Q, which ensures thatR1 K =
(P � )> diag(1=a)Q1K = b andR > 1n = Q> diag(1=a)P � 1n = g.

4 THEORETICAL RESULTS

Approximation of low-rank optimal transport by generalized K -means.In this section, we justify
the reduction from the low-rank optimal transport problem(3) to the generalizedK -means problem
(7) by proving that solving the proxy problem(7) incurs at most a constant factor in cost. All proofs
are found in Appendix A.1.

In detail, we derive a(2 + 
 ) approximation ratio for any costc(�; �) satisfying the triangle inequality
and a(1 + 
 +

p
2
 ) approximation ratio for any cost induced by a kernel, which includes the

squared Euclidean cost. For metrics of negative type, we provide an improved approximation ratio of
(1 + 
 ). Examples of negative type metrics include all`p metrics forp 2 [1; 2] and weighted linear
transformations thereof (see Theorem 3.6 Meckes (2013)). Any metric embeddable in`p, p 2 [1; 2],
is also of negative type. For example, tree metrics are exactly embeddable in`p while shortest path
metrics are approximately embeddable in`p with small distortion (Abraham et al., 2005).

To state our results, we write that a cost matrixC is inducedby a costc(�; �) if there exists points
X = f x1 : : : ; xn g andY = f y1; : : : ; yn g such thatC ij = c(x i ; yj ). A costc(�; �) is akernel costif
c(x; y) = k� (x) � � (y)k2

2 for some feature-map� : X ! Rd. A cost functionc(�; �) is conditionally
negative semide�niteif

P n
i =1

P n
j =1 � i � j c(x i ; x j ) � 0 for all x1; : : : ; xn and � 1; : : : ; � n such

that
P n

i =1 � i = 0 . Equivalently, this requires all cost matricesC induced byc(�; �) to be negative
semide�niteC � 0 over 1?

n = f � 2 Rn : h�; 1n i = 0g. A cost functionc(�; �) is said to be of
negative typeif it is a metric and conditionally negative semide�nite.

Theorem 1. Let C 2 Rn � n be a cost matrix either induced by i) a metric of negative type, ii) a
kernel cost, or iii) a cost satisfying the triangle inequality. IfP � ? denotes the full-rank optimal
transport plan forC and ~C = CP >

� ? is the Monge registered cost, then

min
Q 2 � � (u n ; �)

h~C; Q diag(1=Q> 1n ) Q> i F

� (1 + 
 ) � min
Q ;R 2 � � (u n ; g) ;

g2 � K

hC; Q diag(g� 1) R > i F ; (Metrics of Negative Type)

� (1 + 
 +
p

2
 ) � min
Q ;R 2 � � (u n ; g) ;

g2 � K

hC; Q diag(g� 1) R > i F ; (Kernel Costs)

� (1 + 
 + � ) � min
Q ;R 2 � � (u n ; g) ;

g2 � K

hC; Q diag(g� 1) R > i F ; (General Metrics)

where
 2 [0; 1] is the ratio of the cost of the optimal rankn and rankK solutions and� 2 [0; 1] is
the min-ratio of the cluster-variances de�ned in Lemma 4.

Note that the approximation ratio
 � 1 as the optimal cost decreases monotonically with the rank.
Consequently, the upper bound in Theorem 1 is at worst a2-approximation for negative type metric
costs and at worst a(2 +

p
2)-approximation for kernel costs. Further, following the argument in

(Scetbon and Cuturi, 2022),
 is typically much smaller than one, especially for smallr � n. Finally,
we note that the statements of Theorem 1 holds even wheng is held �xed in both the upper and lower
bounds. This follows from analyzing the proof of the theorem.

Next, we show that the derived approximation ratios are essentially tight and cannot be further
improved without additional assumptions. Speci�cally, we show that wheng is �xed, the upper
bound in Theorem 1 is realized by explicit examples inR2. We provide separate examples for the
Euclidean and squared Euclidean distances (Appendix A.2). Formally, we have the following result.
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Proposition 1. For all � > 0, there exists an integern and datasetsX; Y of sizen such that for the
cost matrixC 2 Rn � n

+ induced on these points by either the Euclidean or squared Euclidean cost,

min
Q 2 � � (u n ; g)

h~C; Q diag(g� 1) Q> i F

� (2 � � ) � min
Q ;R 2 � � (u n ; g)

hC; Q diag(g� 1) R > i F ; (Euclidean Metric)

� (3 � � ) � min
Q ;R 2 � � (u n ; g)

hC; Q diag(g� 1) R > i F ; (Squared-Euclidean Distance)

for someg 2 � K and ~C = CP >
� ? the Monge registered cost.

The preceding lower bounds rely on (1)unstablearrangements of points, where the Monge map
changes dramatically upon an� -perturbation, and (2) a limit where the size of a the sets of the
pointsX; Y is taken to1 asjX j " 1 ; jY j " 1 . In �nite settings with stable Monge maps, the
approximation ratios in Theorem 1 may be greatly improved.

Guarantees from Transport registered initialization with K -means andK -medians.In the pre-
ceding section, we derived constant factor approximation guarantees by reducing low-rank OT to gen-
eralizedK -means via Algorithm 1. However,~C does not necessarily express a matrix of intra-dataset
distances, so that even for kernel costs and metrics one cannot directly solve generalizedK -means us-
ing K -means orK -medians. In Theorem 2, we show that by solvingK -means orK -medians cluster-
ing optimally onX; Y separately to yieldQX ; R Y and taking theminimumof the Monge-registered
solutions(QX ; P >

� � QX ) and (P � � R Y ; R Y ) in cost (Q; R ) ! h C; Q diag(1=Q> 1n )R > i , the
constant factor approximation guarantees are preserved. In other words, using the best initialization in
generalizedK -means betweenQ (0) = QX andQ (0) = P � � R Y by solvingK -means orK -medians
already ensures a constant-factor approximation to low-rank OT on initialization, which only requires
an algorithm for generalizedK -means with a local descent guarantee to maintain the approximation.

Let A 1; A 2 denote blackbox(1 + � )-approximation algorithms forK -means andK -medians. For
example, such polynomial time approximation algorithms exist when the dimension is �xed forK -
means (Kumar et al., 2004), and(1 + � ) approximation algorithms exist forK -medians (Kolliopoulos
and Rao, 2007). Then, we have the following guarantee for Algorithm 1 when using Algorithm 2 to
implement step (ii) of the procedure.

Theorem 2. LetC be an-by-n cost matrix either induced by i) a metric of negative type, ii) a kernel
cost, or iii) a cost satisfying the triangle inequality. Let(Q � ; R � ) be the solution output by using
Algorithm 2 for step (ii) of Algorithm 1 with oraclesA 1 andA 2. Then,

(1 + � ) � 1 � hC; Q � diag(1=(Q � )> 1n ) (R � )> i F

� (2 + 2 
 ) � min
Q ;R 2 � � (u n ; g) ;

g2 � K

hC; Q diag(g� 1) R > i F (Metrics of Negative Type)

� (1 + 
 +
p

2
 ) � min
Q ;R 2 � � (u n ; g) ;

g2 � K

hC; Q diag(g� 1) R > i F (Kernel Costs)

� (2 + 2 
 + 2 � ) � min
Q ;R 2 � � (u n ; g) ;

g2 � K

hC; Q diag(g� 1) R > i F (General Metrics)

where
; � 2 [0; 1] are de�ned as in Theorem 1.

GeneralizedK -means Solver.To solve the generalizedK -means problem we propose (1) a mirror-
descent algorithm calledGKMSthat solves generalizedK -means locally, like Lloyd's algorithm, and
(2) a semide�nite programming based approach.GKMSsolves a sequence of diagonal, one-sided
Sinkhorn projections (Cuturi, 2013) of a classical exponentiated gradient update. Suppose(
 k )1

k=1 is
a positive sequence of step sizes for a mirror-descent with respect to theKL divergence. Then, the
update forQ (k ) is given by:

Q (k+1)  Pu n ;�

�
Q (k ) � exp

�
� 
 k r Q F j Q ( k )

� �
; (12)

whereF (Q) , h~C; Q diag(1=Q> 1n )Q> i F andPu n ;� (X ) = diag( u n =X1 K )X is a Sinkhorn
projection onto the set of positive matrices with marginalu n , �( u n ; �) = f X 2 Rn � K

+ : X1 K =
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Figure 2: The relative cost of the rankK 2 f 50; 75; : : : ; 250g transport plan inferredLOT, FRLC,
andLatentOT compared to the cost of the transport plan inferred byTC across315 synthetic
instances (lower is better). Each dataset containsn = m = 5000 data points. LatentOT is excluded
from the stochastic block model evaluation as it takes as input a squared Euclidean cost matrix.

u n g. Observe that solving low-rank OT(9) with the constant-factor guarantees of Theorem 2 only
requires(12)to decrease the cost from the initialization of Algorithm 2. We show in Proposition 3 that
assuming a� lower bound onQ> 1n (similar to Scetbon et al. (2021); Halmos et al. (2024)), relative-
smoothness to the entropy mirror-map holdskrF (k+1) � rF (k ) kF � � kr  (k+1) � r  (k ) kF
for � = poly( n; kCkF ; � ). By the descent lemma (Lu et al., 2018), this implies that Theorem 2
provides upper bounds on the quality of the �nal solution ofGKMS. See Appendix A.4.1 for more
details on theGKMSalgorithm and Appendix A.4.2 for a semide�nite programming approach

Complexity Analysis. The time and space complexity of Algorithm 1 depends on the complexity of
optimal transport and generalized K-means. Procedures such as Agarwal et al. (2024) and Halmos
et al. (2025b) permit OT to scale with~O(n) time andO(n) space complexity for constant dimension
d. GKMSrequiresO(ndr ) iteration complexity if the cost is factorizedC = U dV >

d andO(nr ) space
to storeQ. In addition, recent SDP approaches forK -means using the Burer-Monteiro factorization
Zhuang et al. (2023) likewise provide linear time and space complexity for generalizedK -means.

5 NUMERICAL EXPERIMENTS

We present numerical experiments for three synthetic and two real datasets to demonstrate the
effectiveness of transport clustering (TC) for low-rank OT and co-clustering. Implementation details
are provided in Appendix B.1.

Synthetic Validation. We constructed three synthetic datasets to evaluate low-rank OT methods
and evaluated transport clustering against three existing low-rank OT methods:LOT(Scetbon et al.,
2021),FRLC(Halmos et al., 2024), andLatentOT (Lin et al., 2021). The three synthetic datasets
are referred to as 2-Moons and 8-Gaussians (2M-8G) (Tong et al., 2023; Scetbon et al., 2021),
shifted Gaussians (SG), and the stochastic block model (SBM). The 2M-8G dataset contained three
instances at noise levels� 2 2 f 0:1; 0:25; 0:5g, the SG dataset contained three instances at noise
levels� 2 2 f 0:1; 0:2; 0:3g, and the SBM dataset contained a single instance. Each instance contained
n = m = 5000 points and methods were evaluated across a spectrum of ranksK 2 f 50; 75; : : : ; 250g
andK 2 f 10; : : : ; 100g with �ve random seedss 2 f 1; 2; 3; 4; 5g. In total, each algorithm was ran
on64 instances for5 random seeds. Synthetic dataset simulation details are provided in Appendix
B.2.

To evaluate the low-rank OT methods, we computed the relative cost of the low-rank OT plans output
by existing methods compared to the cost of the low-rank OT plan output byTC. Across all synthetic
datasets,TCwas consistently the best performing method in terms of minimizing the low-rank OT
cost (Figure 2). On the 2M-8G dataset,TC outperformed all methods in the highest noise setting
(Figure 2, 7) and was slightly (� 1%difference) outperformed byFRLCin the low noise, high rank
setting. On the SG dataset,TC was the top performing method and obtained an average relative
improvement of23%compared to the next best performing methodLOT(Figure 2, 5). On the SBM
dataset,TCoutperformed all methods and obtained an average relative improvement of4%compared
to the next best performing methodLOT(Figure 2, 4).
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Table 1: Comparison of low-rank OT methods across three datasets: CIFAR-10 (n = 60;000),
smallest mouse embryo split (n = 18;819), and largest mouse embryo split (n = 131;040).

Dataset Method Rank OT Cost# AMI (A/B) " ARI (A/B) " CTA "

CIFAR-10
(60;000)

TC 10 231.200 0.478/ 0.476 0.358/ 0.356 0.412
FRLC 10 235.950 0.411 / 0.407 0.281 / 0.277 0.351
LOT 10 234.733 0.430 / 0.427 0.306 / 0.303 0.358

Mouse embryo
E8.5! E8.75

(18;819)

TC 43 0.506 0.639/ 0.617 0.329/ 0.307 0.722
FRLC 43 0.553 0.556 / 0.531 0.217 / 0.199 0.525
LOT 43 0.520 0.605 / 0.592 0.283 / 0.272 0.611

Mouse embryo
E9.5! E9.75

(131;040)

TC 80 0.389 0.554/ 0.551 0.172/ 0.169 0.564
FRLC 80 0.399 0.491 / 0.487 0.116 / 0.115 0.447
LOT 80 – – / – – / – –

To evaluate co-cluster recovery, we computed the ARI/AMI with reference to the ground truth clusters
when the rankK matched the true number of clusters (K = 250 for SG,K = 100 for SBM). On
the SG dataset,TCwas the second best performing method (Figure 5) with a slightly worse average
ARI/AMI than LatentOT (TC0.97/0.99;LOT0.94/0.98;FRLC0.60/0.88;LatentOT : 1.00/1.00).
On the SBM dataset,TCwas the best performing method (Figure 4) and obtained the highest average
ARI/AMI ( TC0.09/0.20;LOT0.02/0.02;FRLC0.02/0.01).

Co-Clustering on CIFAR10. Following Zhuang et al. (2023) we applied low-rank OT methods to
the CIFAR-10 dataset, which contains 60,000 images of size32� 32� 3 across 10 classes. We use a
ResNet to embed the images tod = 512 (He et al., 2016) and apply a PCA tod = 50, following the
procedure of Zhuang et al. (2023). We perform a strati�ed 50:50 split of the images into two datasets
of 30,000 images with class-label distributions matched. We co-cluster these two datasets using the
methods which scale to it:TC, FRLC(Halmos et al., 2024), andLOTScetbon et al. (2021). We set the
rankK = 10 to match the number of labels. ForTC we solve forP � ? with Halmos et al. (2025b) and
solve generalizedK -means withGKMS. On this 60k point alignment,TCattains the lowest OT cost of
231:20vs.LOT(234:73) andFRLC(235:95). To evaluate the co-clustering performance ofTC we
evaluate the AMI and ARI of the labels derived from the asymmetric factors against the ground-truth
class label assignments (Table 1).TCshows stronger agreement on both marginals (AMI/ARI: split A
0:478=0:358, split B 0:476=0:356) thanLOT (0:430=0:306, 0:427=0:303) or FRLC(0:411=0:281,
0:407=0:277). To assess the accuracy of co-clustering across distinct domains, we computing the
class-transfer accuracy (CTA): the fraction of mass aligned between ground-truth classesacross
datasetsover the total (for� the class-class transport matrix, this istr � =

P
� k;k 0). TCattains a CTA

of 0:412, compared toLOT(0:358) andFRLC(0:351), indicating more accurate cross-domain label
transfer. See Section B.3 for more details.

Large-Scale Single-Cell Transcriptomics.Recent single-cell datasets have sequenced millions
of nuclei from model organisms such as the mouse (Qiu et al., 2024; 2022) and zebra�sh (Liu
et al., 2022) across time to characterize cell-differentiation and stem-cell reprogramming. Optimal
transport has emerged as the canonical tool for aligning single-cell datasets (Schiebinger et al., 2019;
Zeira et al., 2022; Liu et al., 2023; Halmos et al., 2025c; Klein et al., 2025), and low-rank optimal
transport has recently emerged as a tool to co-cluster or link cell-types across time, allowing one to
infer a map of cell-type differentiation (Halmos et al., 2025a; Klein et al., 2025). We benchmark
the co-clustering and alignment performance ofTC, LOT, andFRLCon a recent, massive-scale
dataset of single-cell mouse embryogenesis Qiu et al. (2024) measured across 45 timepoint bins
with combinatorial indexing (sci-RNA-seq3). We align 7 time-points withn = 18819-131040cells
(stages E8.5-E10.0) for a total of 6 pairwise alignments (Table 1, Supplementary Table 2). We set the
rankK 2 f 43; 53; 57; 67; 80; 77g to be the number of ground-truth cell-types. WhileLOTruns up to
E8.75-9.0 (30240cells) and fails to compute an alignment past E9.0-E9.25 (45360cells), we �nd TC
andFRLCscale to all pairs. Transport clustering yields lower OT cost, higher AMI, and higher ARI
than bothLOTandFRLCon all dataset pairs (Supplementary Table 2). Notably, the co-clustering
performance is also improved for all timepoints: as an example, on E8.5-8.75TCachieves a CTA
of 0:722and correctly maps the majority of mass between recurring cell-types across the different
datasets, compared toLOT (0:611) andFRLC(0:525). See Section B.4 for more details on this
experiment.
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A A PPENDIX

A.1 APPROXIMATION GUARANTEES FOR LOW-RANK OPTIMAL TRANSPORT

To prove the approximation guarantees stated in Theorem 1, we start by proving the equivalence
between the partition formulation(10)and the assignment formulation(9) of the (hard) low-rank OT
problem.

Throughout, we assume thatC is induced by a cost matrixc(�; �) on X = f x1; : : : ; xn g and
Y = f y1; : : : ; yn g, matching the assumptions in Theorem 1. Denote the set of partitions off 1; : : : ; ng
asPn and the set of partitions of sizeK asPK

n . De�ne the costJ (X ; Y) of two partitionsX ; Y 2 P K
n

as

J (X ; Y) ,
KX

k=1

1
jX k j

X

i 2 X k

X

j 2 Yk

c(x i ; yj ):

Then, the assignment formulation(9) is equivalent to the following partition formulation over the
datasetsX andY :

min
X = f X k gK

k =1

Y = f Yk gK
k =1

fJ (X ; Y) : jX k j = jYk j; X ; Y 2 P K
n g: (13)

The form(13) is a concise form of(10) that is used in the proofs. To see the equivalence, note that
the cost of a solution(Q; R ; g) equals

hC; Q diag(g� 1)R > i

=
nX

i =1

nX

j =1

C ij [Q diag(g� 1)R > ]ij =
nX

i =1

nX

j =1

C ij

KX

k=1

Q ik R jk

gk

=
KX

k=1

1
gk

nX

i =1

nX

j =1

C ij Q ik R jk =
KX

k=1

1
gk

X

i 2 X k

X

j 2 Yk

c(x i ; yj )

whereX k = f i : Q ik > 0g; Yk = f i : R ik > 0g are partitions inPn due to the constraints onQ and
R . Rescaling the objective byn, we have thatng� 1

k = jX k j = jYk j. Thus, every feasible solution
(Q; R ; g) of (9) induces a solution of(13) with equivalent cost, up to a constant factorn. For the
other direction, observe that any solution of(13) induces a solution of(9) with equal cost, again up to
the factor ofn, by following the equalities in the opposite order.

WhenR = P >
� Q for a permutation matrix� , it follows thatYk = � (X k ). Thus, �xing P � in

the low-rank OT problem(11) is equivalent to requiring thatYk = � (X k ). Consequently, any
approximation guarantee for the partition formulation(13)carries directly over to(9). Formally, we
have the following statement.
Lemma 1. For any� > 0 and permutation� , the inequality

min
Q 2 � � (u n ; g) ;

P � 2P n ;
g2 � K

hQ diag(g� 1) Q> ; ~Ci F � � � min
Q ;R 2 � � (u n ; g) ;

g2 � K

hQ diag(g� 1) R > ; C i F ;

where~C = CP >
� holds if and only if

min
X 2P K

n

J (X ; � (X )) � � � min
X = f X k gK

k =1

Y = f Yk gK
k =1

fJ (X ; Y) : jX k j = jYk j; X ; Y 2 P K
n g:

This states that in order to prove Theorem 1 it suf�ces to prove the analogous inequality for the
partition formulation (13).

We now start the proof of Theorem 1. In the case wherec(�; �) is a metric we prove both of the results
together, as many of the components are shared. The case wherec(�; �) is induced by a kernel is
handled separately, as the triangle inequality is lost, and naïve application of the doubled triangle
inequality results in a worse guarantee.

We start by proving the following upper bound on twiceminX 2P r
n

J (X ; � (X )) , which holds for
arbitrary metrics.
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Lemma 2. Let X = f X 1; : : : ; X K g; Y = f Y1; : : : ; YK g be a feasible solution to the optimization
problem(13)and suppose thatc(�; �) is a metric. Then, for any permutation� ,

J 1 + J 2 � 2M � +
KX

k=1

1
jX k j

X

i;j 2 X k

c(x i ; x j ) +
KX

k=1

1
jYk j

X

i;j 2 Yk

c(yi ; yj ); (14)

whereM � =
P n

i =1 c(x i ; y� ( i ) ), J 1 = J (� � 1(Y); Y), andJ 2 = J (X ; � (X )) .

Proof. Consider the solution� � 1(Y) = f � � 1(Yk )gK
k=1 ; Y = f Yk gK

k=1 to the optimization problem
(13): this is a feasible solution as� � 1 preserves the size of sets. Using the triangle inequality, we
have thatc(x i ; yj ) � c(x i ; zi ) + c(zi ; yj ), so that takingzi := y� ( i ) we can bound the cost ofJ 1 as:

J 1 =
KX

k=1

1
jYk j

X

i 2 � � 1 (Yk )

X

j 2 Yk

c(x i ; yj )

�
KX

k=1

1
jYk j

X

i 2 � � 1 (Yk )

X

j 2 Yk

[c(x i ; y� ( i ) ) + c(y� ( i ) ; yj )]

=
KX

k=1

jYk j
jYk j

X

i 2 � � 1 (Yk )

c(x i ; y� ( i ) ) +
KX

k=1

1
jYk j

X

i 2 � � 1 (Yk )

X

j 2 Yk

c(y� ( i ) ; yj ): (15)

Using the fact that� � 1(Y) partitionsf 1; : : : ; ng and performing a change of variables with� , the
upper bound (15) becomes

J 1 �
nX

i =1

c(x i ; y� ( i ) ) +
KX

k=1

1
jYk j

X

i;j 2 Yk

c(yi ; yj ): (16)

We then apply a symmetric argument to the feasible solution(X ; � (X )) of (13)by using the bound
c(x i ; yj ) � c(x i ; x � � 1 ( j ) ) + c(x � � 1 ( j ) ; yj ). This yields

J 2 �
nX

i =1

c(x i ; y� ( i ) ) +
KX

k=1

1
jX k j

X

i;j 2 X k

c(x i ; x j ); (17)

and adding the bounds together completes the proof. �

The preceding result yields the aforementioned upper bound asminX 2P K
n

J (X ; � (X )) �
minfJ 1; J 2g. We now state two well-known folklore results relating the sum of intra- and inter-
dataset distances. For completeness, we provide proofs of the both statements.

Metrics of negative type form an interesting class of metrics as they satisfy the following relationship
between the intra-cluster and inter-cluster variances.

Lemma 3. Supposec(�; �) is conditionally negative semide�nite. Then, for all sets of pointsX =
f x1 : : : ; xn g andY = f y1; : : : ; yn g,

nX

i =1

nX

j =1

c(x i ; x j ) +
nX

i =1

nX

j =1

c(yi ; yj ) � 2 �
nX

i =1

nX

j =1

c(x i ; yj ): (18)

Proof. Let Z = X [ Y . De�ne the matrixD 2 R2n � 2n by D z;z 0 = c(z; z0). Then, sincec(�; �)
is conditionally negative semide�nite,� > D� � 0 for all � s.t. � > 12n = 0 . Set �� z = 1(z 2
X ) � 1(z 2 Y). Then, sincejX j = jY j we have�� > 12n = 0 and therefore

�� > D �� =
nX

i =1

nX

j =1

c(x i ; x j ) +
nX

i =1

nX

j =1

c(yi ; yj ) � 2 �
nX

i =1

nX

j =1

c(x i ; yj ) � 0:

This completes the proof. �
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For arbitrary metrics, the preceding bound holds with an extra factor of2.
Lemma 4. Supposec(�; �) is a metric. Then, for all sets of pointsX = f x1; : : : ; xn g and Y =
f y1; : : : ; yn g,

nX

i =1

nX

j =1

c(x i ; x j ) +
nX

i =1

nX

j =1

c(yi ; yj ) � 2(1 + � ) �
nX

i =1

nX

j =1

c(x i ; yj ); (19)

for � 2 [0; 1] de�ned to be the minimum ratio of intra-dataset distances:

� , min

( P n
i =1

P n
j =1 c(x i ; x j )

P n
i =1

P n
j =1 c(yi ; yj )

;

P n
i =1

P n
j =1 c(yi ; yj )

P n
i =1

P n
j =1 c(x i ; x j )

)

: (20)

Proof. Applying the triangle inequality gives the two inequalities

c(x i ; x j ) � c(x i ; yk ) + c(yk ; x j ) and c(yi ; yj ) � c(yi ; xk ) + c(xk ; yj ) (21)

for all i; j; k 2 f 1; : : : ; ng. Taking the sum overi; j; k from 1 to n and applying symmetry of the cost
c(�; �) to the �rst inequality in (21) yields

n �
nX

i =1

nX

j =1

c(x i ; x j ) � n �
nX

i =1

nX

k=1

c(x i ; yk ) + n �
nX

k=1

nX

j =1

c(yk ; x j )

which holds if and only if
nX

i =1

nX

j =1

c(x i ; x j ) � 2 �
nX

i =1

nX

j =1

c(x i ; yj ): (22)

Applying a symmetric argument to the second inequality in(21) and adding the two inequalities
shows

nX

i =1

nX

j =1

c(x i ; x j ) +
nX

i =1

nX

j =1

c(yi ; yj ) � 4 �
nX

i =1

nX

j =1

c(x i ; yj ):

When asymmetry� 6= 1 is present, the preceding bound is tightened by re�ning the bound on the
smaller term in the left hand side of the preceding equation to2� �

P n
i =1

P n
j =1 c(x i ; yj ). This

completes the proof. �

The proof of Theorem 1 in the metric case is then a corollary of Lemma 1, 2, 3, and 4. The details are
described in the subsequent proof.

Proof of Theorem 1 (Metric Costs).Applying the fact that(� � 1(Y � ); Y � ) and(X � ; � (X � )) are fea-
sible solutions together with the inequality2 � minf a; bg � a + b, we have

min
X 2P K

n

J (X ; � (X )) � minfJ 1; J 2g � (1=2)(J 1 + J 2):

Applying Lemma 2 with the optimal solution ofX � = f X �
1 ; : : : ; X �

K g andY � = f Y �
1 ; : : : ; Y �

K g to
the right hand side of the preceding inequality then yields the bound

min
X 2P K

n

J (X ; � (X )) � M � +
KX

k=1

1
2jX �

k j

X

i;j 2 X �
k

c(x i ; x j ) +
KX

k=1

1
2jY �

k j

X

i;j 2 Y �
k

c(yi ; yj ); (23)

which upper bounds the cost in terms of the intra-dataset costs ofX � andY � .

Whenc(�; �) is negative semide�nite, applying Lemma 3 to (23) shows that

min
X 2P K

n

J (X ; � (X )) � M � +
KX

k=1

1
jX �

k j

X

i 2 X �
k

X

j 2 Y �
k

c(x i ; yj ) = M � + J (X � ; Y � ); (24)

proving the claim. Whenc(�; �) is a metric, applying Lemma 4 to (23) yields the weaker bound

min
X 2P K

n

J (X ; � (X )) � M � + (1 + � ) � J (X � ; Y � ): (25)

Combining these two bounds with the equivalence in Lemma 1 completes the proof. �

16



864

865

866

867

868

869

870

871

872

873

874

875

876

877

878

879

880

881

882

883

884

885

886

887

888

889

890

891

892

893

894

895

896

897

898

899

900

901

902

903

904

905

906

907

908

909

910

911

912

913

914

915

916

917

Under review as a conference paper at ICLR 2026

For kernel costs of the formc(x i ; yj ) = k� (x i ) � � (yj )k2
2; the squared normk�k2

2 is not a metric
and the preceding argument no longer applies. While the proof of Theorem 1 does go through upon
replacing applications of the triangle inequality with applications of the doubled triangle inequality
kx � yk2

2 � 2(kx � zk2
2 + kz � yk2

2), it reduces the quality of the bound to2 + 2
 . To slightly
improve this bound, we derive an analog of Lemma 2 for kernel costs by applying Young's inequality
at a different point in the argument and optimizing the bound over the introduced parametert.

As a preliminary, we will make use of the following relationship between the cross cluster cost
betweenX andY to the intra-cluster cost ofY .
Lemma 5. LetX = f x1; : : : ; xn g andY = f y1; : : : ; yn g. Then,

1
n

nX

i =1

nX

j =1

kx i � yj k2
2 =

nX

i =1

kx i � � (Y )k2
2 +

1
2n

nX

i =1

nX

j =1

kyi � yj k2
2; (26)

where� (Y ) = 1
n

P n
i =1 yi .

Proof. Inserting� (Y ) � � (Y ) into the left hand side summation and expanding the result yields:

1
n

nX

i =1

nX

j =1

kx i � yj k2
2 =

1
n

nX

i =1

nX

j =1

kx i � � (Y ) + � (Y ) � yj k2
2

=
1
n

nX

i =1

nX

j =1

kx i � � (Y )k2
2 +

1
n

nX

i =1

nX

j =1

k� (Y ) � yj k2
2

+
1
n

nX

i =1

nX

j =1

hx i � � (Y ); � (Y ) � yj i

=
nX

i =1

kx i � � (Y )k2
2 +

1
2n

nX

i =1

nX

j =1

kyi � yj k2
2:

The second equality follows from the identity
P n

i =1 kyi � � (Y )k2
2 = 1

2n

P n
i =1

P n
j =1 kyi � yj k2

2 and
the identity:

1
n

nX

i =1

nX

j =1

hx i � � (Y ); � (Y ) � yj i =
nX

i =1

*

x i � � (Y );
1
n

nX

j =1

(� (Y ) � yj )

+

= 0 :

This completes the proof. �

Next, we have the following analog of Lemma 2 specialized to the squared Euclidean cost. The
key trick is to expand one of the inner-products, and to apply both Cauchy-Schwarz and Young's
inequality term-wise only after performing the decomposition from Lemma 5 to obtain an improved
constant.
Lemma 6. Let X = f X 1; : : : ; X K g; Y = f Y1; : : : ; YK g be a feasible solution to the optimization
problem(13)and suppose thatc(x i ; yj ) = kx i � yj k2

2. Then, for allt > 0

J 1 + J 2 � 2 � (1 + 1=t) M � + (2 + t)

2

4
KX

k=1

1
2jX k j

X

i;j 2 X k

kx i � x j k2
2 +

KX

k=1

1
2jYk j

X

i;j 2 Yk

kyi � yj k2
2

3

5

(27)

In the preceding,M � =
P n

i =1 c(x i ; y� ( i ) ), J 1 = J (� � 1(Y); Y), andJ 2 = J (X ; � (X )) .

Proof. By Lemma 5, the costJ 1 is equal to

J 1 =
KX

k=1

1
jYk j

X

i 2 � � 1 (Yk )

X

j 2 Yk

kx i � yj k2

=
KX

k=1

2

4
X

i 2 � � 1 (Yk )

kx i � � (Yk )k2 +
X

i 2 Yk

kyi � � (Yk )k2
2

3

5 ; (28)
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where� (Yk ) , 1
jYk j

P
i 2 Yk

yi . Next, we expand the inner-product of the left hand side term in(28).
This yields

KX

k=1

X

i 2 � � 1 (Yk )

kx i � � (Yk )k2 =
KX

k=1

X

i 2 � � 1 (Yk )

kx i � y� ( i ) + y� ( i ) � � (Yk )k2

=
KX

k=1

X

i 2 � � 1 (Yk )

(kx i � y� ( i ) k
2
2 + ky� ( i ) � � (Yk )k2 + 2



x i � y� ( i ) ; y� ( i ) � � (Yk )

�
)

= M � +
KX

k=1

X

i 2 � � 1 (Yk )

ky� ( i ) � � (Yk )k2 +
KX

k=1

X

i 2 � � 1 (Yk )

2


x i � y� ( i ) ; y� ( i ) � � (Yk )

�

By an application of the Cauchy-Schwarz inequality to each inner product term followed by an
application of Young's inequality, we obtain
KX

k=1

X

i 2 � � 1 (Yk )

2


x i � y� ( i ) ; y� ( i ) � � (Yk )

�
�

KX

k=1

X

i 2 � � 1 (Yk )

2



 x i � y� ( i )






2




 y� ( i ) � � (Yk )






2

�
KX

k=1

X

i 2 � � 1 (Yk )

�
1
t




 x i � y� ( i )




 2

+ t



 y� ( i ) � � (Yk )




 2

�

=
M �

t
+ t �

KX

k=1

X

i 2 � � 1 (Yk )




 y� ( i ) � � (Yk )




 2

;

for any parametert > 0. Combining with (28),J 1 is upper bounded as

J 1 � (2 + t) �
KX

k=1

X

i 2 Yk

kyi � � (Yk )k2
2 + (1 + 1 =t)M �

= (2 + t) �
KX

k=1

1
2jYk j

X

i;j 2 Yk

kyi � yj k2
2 + (1 + 1 =t)M �

The latter part of the equality follows from the identity:
X

i 2 Yk

kyi � � (Yk )k2
2 =

1
2jYk j

X

i;j 2 Yk

kyi � yj k2
2:

Applying a symmetric argument to derive an upper bound onJ 2 yields

J 2 � (2 + t) �
KX

k=1

1
2jX k j

X

i;j 2 X k

kx i � x j k2
2 + (1 + 1 =t)M �

Summing the two bounds then completes the proof. �

Proof of Theorem 1 (Squared Euclidean and Kernel Costs).Replicating the argument of the metric
case of Theorem 1, we evaluateJ 1 andJ 2 on the sets(� � 1(Y � ); Y � ) and(X � ; � (X � )) where the
optimal solution to (13) isX � = f X �

1 ; : : : ; X �
K g andY � = f Y �

1 ; : : : ; Y �
K g. This yields

min
X 2P K

n

J (X ; � (X )) �
1
2

� (J 1(� � 1(Y � ); Y � ) + J 2(X � ; � (X � ))) :

By Lemma 6 and Lemma 3, the right-hand side is upper-bounded by

(1 + 1=t) � M � + (1 + t=2) �

2

4
KX

k=1

1
2jX �

k j

X

i;j 2 X �
k

kx i � x j k2
2 +

KX

k=1

1
2jY �

k j

X

i;j 2 Y �
k

kyi � yj k2
2

3

5

� (1 + 1=t) � M � + (1 + t=2) �
KX

k=1

1
jX �

k j

X

i 2 X �
k ;j 2 Yk �

kx i � yj k2
2

= (1 + 1 =t) � M � + (1 + t=2) � J (X � ; Y � ):
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Since this holds for arbitraryt > 0, we optimize the bound with respect tot and �nd the optimal
valuet =

p
2
 . Thus, the tightest bound has coef�cient

�
1 + 1=

p
2


�

 + (1 +

p
2
= 2) = 1 + 
 +

p
2
;

concluding the proof. �

Next, we show that the approximation guarantees of Theorem 1 hold with an additional(1 + � ) factor
for kernel costs (resp. metric costs) when using Algorithm 2 to solve step (ii) in Algorithm 1. For
both metric and kernel costs, the proof of the approximation guarantees follows from analyzing the
proof of Theorem 1.

Algorithm 2.

(i) Compute assignment matricesQ; R 2 � � (u n ; �) by applyingA 1 (resp.A 2) to X and
Y independently.

(ii) If hC; Q diag(1=Q> 1n )(P � � Q)i F � h C; (P � � R ) diag(1=R > 1n )R > i F , setQ (0)  
Q. Otherwise, setQ (0)  P � � R .

(iii) Perform local optimization for the generalizedK -means problem on the cost~C with the
initializationQ (0) .

We start with the proof for squared Euclidean and kernel cost functions.

Proof of Theorem 2 (Squared Euclidean and Kernel Costs).Let X = f X 1; : : : ; X K g and Y =
f Y1; : : : ; YK g be (1 + � ) optimal solutions to theK -means problem emitted byA 1 for X and
Y respectively. LetX � = f X �

1 ; : : : ; X �
K g andY � = f Y �

1 ; : : : ; Y �
K g be the optimal solution to(13).

Then, by the(1 + � ) optimality ofX andY and Lemma 3, we have
KX

k=1

1
2jYk j

X

i;j 2 X k

kx i � x j k2
2 +

KX

k=1

1
2jYk j

X

i;j 2 Yk

kyi � yj k2
2

� (1 + � ) � (
KX

k=1

1
2jX �

k j

X

i;j 2 X �
k

kx i � x j k2
2 +

KX

k=1

1
2jY �

k j

X

i;j 2 Y �
k

kyi � yj k2
2)

� (1 + � ) � J (X � ; Y � ):

By Lemma 6, and the preceding inequality it then follows that for allt > 0
1
2

(J (X ; � (X )) + J (� � 1(Y); Y)) � (1 + 1=t) � M � + (1 + � )(1 + t=2) � J (X � ; Y � ):

Optimizing the parametert as in the proof of Theorem 1 and taking the minimum over the two
solutions completes the proof. �

An analogous proof technique to Theorem 2 applies to the metric case with the additional application
of the basic inequality:

min
j

nX

i =1

c(x i ; x j ) �
1
n

nX

i =1

nX

j =1

c(x i ; x j ) � 2 � min
j

nX

i =1

c(x i ; x j ):

This inequality relates theK -medians objective to the intra-cluster cost
P n

i =1

P n
j =1 c(x i ; x j ) used

in Lemma 2 and picks up an additional factor of2. �

A.2 LOWER BOUNDS FORTHEOREM 1

In this section, we construct an explicit family of examples that realize the upper bounds in Theorem
1 for the Euclidean and squared Euclidean cost functions. Both constructions rely on unstable
arrangements of points, where upon slight perturbation, the Monge map changes dramatically.
Making use of this instability, the constructions are set up to have the optimal Monge map be a poor
choice for co-clustering while there is a near-optimal non-Monge map that is substantially better for
co-clustering.
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Figure 3: Geometric constructions providing lower bounds for Theorem 1 in the case of(left)
Euclidean cost (k = 3) and(right) squared Euclidean cost (k = 2). Points inX are colored black and
points inY are colored white. Points connected by a line segment have identical coordinates and are
separated for ease of visualization.

Euclidean Metric Cost. Fix � > 0. The construction consists of two datasetsX andY each with
2k +2 points placed near the line segment[0; 2]� f 0g. The �rst two pointsP = (0 ; � ) andQ = (2 ; � )
are near the ends of the line segment. The next pair of pointsM W = M B = (1 ; � � ) are slightly below
the middle of the segment. Finally,2k pointsL i

W = L i
B = (0 ; � i�

k ) are at the left end of the segment
and2k pointsRi

W = Ri
W = (2 ; � i�

k ) are at the right end of the segment. DatasetsX andY are then
de�ned asX = f P; MB g [ f L i

B gk
i =1 [ f Ri

B gk
i =1 andY = f Q; M W g [ f L i

W gk
i =1 [ f Ri

W gk
i =1 . A

diagram of the construction is provided in Figure 3 for the case ofk = 3 .

First, observe that under the Euclidean cost metric, the points have a unique Monge map� : X ! Y
de�ned as� (P) = Q; � (M B ) = M W ; � (L i

B ) = L i
W ; and� (Ri

B ) = Ri
W . The preceding Monge

map� has cost2 since the distance betweenP andQ is 2 while the distance between the remaining
mapped points is0. Next, consider an optimal Monge map� 0 with � 0(P) 6= Q. Since there arek + 1
black pointsf L i

B gk
i =1 andP andk pointsf L i

W gk
i =1 , at least one black pointf L i

B gk
i =1 or P must

map toM W or f Ri
W gk

i =1 via � 0. If P is such a point, we must have thatP maps toM W , as otherwise
it would obtain a cost greater than2. However, this yields a contradiction asM B must map to a
point of distance at least1 and the cost of mapping� 0(P) = M W is strictly greater than1. Applying
a similar argument to the pointL i

B together with the fact that the cost of mapping� 0(P) = L i
B is

greater than� proves the optimality and uniqueness of� .

Second, consider an optimal solutionX � = f X 1; X 2g; Y � = f Y1; Y2g to the partition reformulation
(13) of the (K = 2 ) low-rank OT problem where� (X i ) = Yi , i = 1 ; 2, and the cluster sizes are
balanced:jX 1j = jX 2j = jY1j = jY2j. We will argue that the cost of such a solutionJ (X � ; Y � )
is lower bounded by4k+2

k+1 . In contrast, taking the solutionX 1 = f Pg [ f L i
B gk

i =1 ; X 2 = f M B g [
f Ri

B gk
i =1 andY1 = f M W g [ f L i

W gk
i =1 ; Y2 = f Qg [ f Ri

W gk
i =1 , which does not satisfy� (X i ) = Yi ,

we have that the cost

J (f X 1; Y1g; f X 2; Y2g) =
1

k + 1

0

@
X

x 2 X 1

X

y2 Y1

kx � yk2 +
X

x 2 X 2

X

y2 Y2

kx � yk2

1

A = 2 + O(� ):

Consequently, taking the limits� ! 0 andk ! 1 shows that the constant factor(1 + 
 ) stated in
Theorem 1 is tight and arbitrarily close to2.

Finally, we argue that the cost of any solutionX � = f X 1; X 2g; Y � = f Y1; Y2g with � (X i ) = Yi

hasJ (X � ; Y � ) � 4k+2
k+1 . Without loss of generality, assume thatP 2 X 1. Since� (P) = Q and

� (X 1) = Y1, it follows thatQ 2 Y1. Let l denote the size of the setf i : L i
B 2 X 1g. We analyze the

two casesM B 2 X 1 andM B =2 X 1 separately.

Case 1(M B 2 X 1). Since the set sizes are balanced andM B 2 X 1, we havep = k + 1 � (l + 2) is
equal to the size of the setf i : Ri

B 2 X 1g. Consequently, the cost of the solution is lower bounded
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by:

(k + 1) � J (X � ; Y � ) � (4 + 3p + 2 l(p + 1)) + 2( k � p)(k � l )

= � 4l2 � (5 � 4k)l + (5 k + 1)

To see this, note that the cost of mapping pointP 2 X 1 to Y1 is at least3 + 2p asP must map to the
p pointsRi

W , M W , andQ. The cost of mapping thel pointsL i
B to Y1 is at least2l(p + 1) and the

cost of mappingM B to Y1 is at leastp + 1 . Since the size ofX 2 \ f L i
B gk

i =1 is k � l and the size
of X 2 \ f Ri

B gk
i =1 is k � p, the cost of mappingX 2 to Y2 is at least2(k � p)(k � l ). Adding the

lower bounds gives the �rst bound and algebraic manipulation the second. Since the lower bound is a
concave quadratic function inl , it is minimized at eitherl = 0 or l = k � 1. Evaluating both yields
the lower boundJ (X � ; Y � ) � 4k+2

k+1 .

Case 2(M B =2 X 1). Since the set sizes are balanced andM B =2 X 1, we havep = k � l is equal to
the size of the setf i : Ri

B 2 X 1g. By a similar argument to the previous case, we have that the cost
of the solution is lower bounded by:

(k + 1) � J (X � ; Y � ) � 2 + 2p + 2 l(p + 1) + 2 lp + 2( k � l + k � p) + 4( k � l )(k � p)

= � 8l2 + 8kl + (4 k + 2) :

Since the lower bound is again a concave quadratic function inl , it is minimized at eitherl = 0 or
l = k. Evaluating both yields the lower boundJ (X � ; Y � ) � 4k+2

k+1 . This completes the proof of the
�rst part of Proposition 1. �

Squared Euclidean Cost. Fix 1 > � > 0. The construction consists of two datasetsX andY
each with2k + 2 points placed along the edges of the square[0; 2] � [0; 2]. The �rst two points
P1 = (1 + �; 2) andP2 = (1 � �; 0) are on the top and bottom edges of the square. The second two
pointsQ1 = (0 ; 1) andQ2 = (2 ; 1) are set on the left and right edges of the square. Finally,2k
pointsL i

W = L i
B = (0 ; 2) andRi

W = Ri
B = (2 ; 0) are placed along the top left and bottom right

corners of the square. The setsX andY are then de�ned asX = f P1; P2g [ f L i
B gk

i =1 [ f Ri
B gk

i =1
andY = f Q1; Q2g [ f L i

W gk
i =1 [ f Ri

W gk
i =1 . A diagram of the construction is provided in Figure 3

for the case whenk = 2 .

First, we show that under the squared Euclidean cost function there is a unique Monge map� : X !
Y de�ned as� (Pi ) = Qi , � (L i

B ) = L i
W , and� (Ri

B ) = Ri
B , up to a relabeling of the corner points

f L i
B gk

i =1 [ f Ri
B gk

i =1 . The preceding Monge map has cost equal to4 + 2� 2 � 4� < 4 as� 2 < � . Next,
suppose that there is a distinct (up to a relabeling of the corner points) Monge map� 0 with equal (or
lower) cost. Note that since� 0 is an optimal Monge map, then� 0(L i

B ) 6= Rj
W for anyj , as the cost

of mapping pointL i
B to Rj

W is 8. Similarly, L i
B cannot map toQ1. Therefore, if� 0 6= � it must be

the case that� 0(L i
B ) = Q2 for somei . Then, either� 0(P1) = Q1 or � 0(P2) = Q1, but in either case

mapping the remaining point results in a cost of at least4, a contradiction to the optimality of� 0.

Second, consider an optimal solutionX � = f X 1; X 2g; Y � = f Y1; Y2g to the partition reformulation
(13) of the (K = 2 ) low-rank OT problem where� (X i ) = Yi , i = 1 ; 2, and the cluster sizes are
balanced:jX 1j = jX 2j = jY1j = jY2j. We will argue that the cost of such a solutionJ (X � ; Y � )
is lower bounded by12k+4

k+1 + O(� ). In contrast, taking the solutionX 1 = f P1g [ f L i
B gk

i =1 ; X 2 =
f P2g [ f Ri

B gk
i =1 andY1 = f Q2g [ f L i

W gk
i =1 ; Y2 = f Q1g [ f Ri

W gk
i =1 , which does not satisfy

� (X i ) = Yi , we obtain the cost

J (f X 1; Y1g; f X 2; Y2g) = 4 + O(� ):

Consequently, taking the limits� ! 0 andk ! 1 shows that the constant factor stated in Theorem 1
is lower bounded by3 in the worst case.

Finally, we argue that the cost of any solutionX � = f X 1; X 2g; Y � = f Y1; Y2g with � (X i ) = Yi

hasJ (X � ; Y � ) � 12k+4
k+1 . Without loss of generality, assume thatP1 2 X 1. Since� (P1) = Q1 and

� (X 1) = Y1, it follows thatQ1 2 Y1. Let l denote the size of the setf i : L i
B 2 X 1g. We analyze the

two casesP2 2 X 1 andP2 =2 X 1 separately.
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Case 1(P2 =2 X 1). In this case, the size of the setf i : Ri
B 2 X 1g is p = k � l following the fact that

jX 1j = k + 1 andP2 =2 X 1. Then, the cost of the solution is lower bounded by:

(k + 1) � J (X � ; Y � ) � (8lp + 5 l) + (8 lp + p) + (2 + l + 5p) + (8( k � l )(k � p) + k � l )+
(8(k � l )(k � p) + 5( k � p)) + (2 + 5( k � l ) + k � p)

= � 32l2 + 32kl + 4(1 + 3 k):

To derive the previous bound, we explicitly tabulate the cost between all types of points. Speci�cally,
the cost of mappingf L i

B : L i
B 2 X 1g to all points inY1 is at least8lp + 5 l. The cost of mapping

f Ri
B : Ri

B 2 X 1g to all points inY1 is at least8lp + p. The cost of mappingP1 in Y1 is 2 + l + 5p.
Proceeding in this way for the points inX 2 yields the �rst inequality. Algebra with the substitution
p = k � l yields the equality. Since the lower bound is a concave quadratic function inl , it is
either optimized atl = 0 or l = k. Evaluating the lower bound at these points yields the inequality
J (X � ; Y � ) � 12k+4

k+1 :

Case 2(P2 2 X 1). In this case, the size of the setf i : Ri
B 2 X 1g is p = k � l � 1 following the fact

thatjX 1j = k + 1 andP2 =2 X 1. Then, the cost of the solution is lower bounded by:

(k + 1) � J (X � ; Y � ) � (l + 5 l + 8 lp) + (4 + l + 5p) + (4 + 5 l + p)
+ (8 lp + 5p + p) + 2 � 8(k � p)( l � l )

= � 25l2 + ( � 25 + 25k)l + 28k � 4:

This follows an explicit tabulation of teh cost between all types of points. Since the lower bound is
a concave quadratic function inl , it is either optimized atl = 0 or l = k - 1. Evaluating the lower
bound at these points yields the inequalityJ (X � ; Y � ) � 28k+4

k+1 � 12k+4
k+1 : This completes the proof

of the second part of Proposition 1. �

A.3 PROOF OF CONNECTION BETWEEN LOW-RANK OPTIMAL TRANSPORT AND K -MEANS

We provide a brief proof of the connection between low-rank optimal transport andK -means stated
in the main text. The statement and proof are attached below.

Remark 1. Suppose� X
k = 1

jCk j

P
i 2CX;k

x i ; � Y
k = 1

jCk j

P
j 2CY;k

yj wherejCX;k j = jCY;k j = jCk j.
Then, for the squared Euclidean cost(10) is equal to a pair ofK -means distortions onX; Y and a
term quanti�ed the separation between assigned means� X

k ; � Y
k

KX

k=1

1
jX k j

X

i 2 X k

X

j 2 Yk

kx i � yj k2
2

=
KX

k=1

� X

i 2CX;k

kx i � � X
k k2

2 +
X

j 2CY;k

kyj � � Y
k k2

2 + jCk jk� X
k � � Y

k k2
2

�

Proof. Starting from the de�nition of the partition form of the low-rank costC ` 2
2 , we have

KX

k=1

1
jX k j

X

i 2 X k

X

j 2 Yk

kx i � yj k2
2 =

KX

k=1

X

i 2CX;k

kx i k2
2 +

X

j 2CY;k

kyj k2
2 � 2 � jCk jh� X

k ; � Y
k i

By adding and subtractingjCk jk� X
k k2

2 andjCk jk� Y
k k2

2, we �nd the right hand side is equal to

KX

k=1

� X

i 2CX;k

kx i k2
2 � jC k jk� X

k k2
2+

X

j 2CY;k

kyj k2
2 � jC k jk� Y

k k2
2

+ jCk j
�
k� X

k k2
2 � 2 � h� X

k ; � Y
k i + k� Y

k k2
2

�
�

We conclude by observing
P K

k=1

P
i 2CX;k

kx i k2
2 � jC k jk� X

k k2
2 =

P K
k=1

P
i 2CX;k

kx i � � X
k k2

2 (resp.
for Y ) and identifyingk� X

k k2
2 � 2 � h� X

k ; � Y
k i + k� Y

k k2
2 as a difference between means. This results
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in the following form for the right hand side:
KX

k=1

� X

i 2CX;k

kx i � � X
k k2

2 +
X

j 2CY;k

kyj � � Y
k k2

2 + jCk jk� X
k � � Y

k k2
2

�
;

and completes the proof. �

A.4 GENERALIZED K -MEANS ALGORITHMS

A.4.1 MIRROR DESCENT(GKMS)

Here we present an algorithm for generalizedK -means – which we call (GKMS) – that solves
generalizedK -means locally using mirror-descent.GKMSconsists of a sequence of mirror-descent
steps with the neg-entropy mirror map (q) = �

P
qij logqij with KL as the proximal function. This

results in a sequence of exponentiated gradient steps with Sinkhorn projections onto a single marginal
Sinkhorn (1966). Notably, Lloyd's algorithm forK -means, which is the most popular local heuristic
for minimizing theK -means objective, alternates between an update to meansf � k gK

k=1 � Rd and
hard-cluster assignmentsZ 2 f 0; 1gn � K . This algorithm only optimizes cluster assignments for a
�xed cost C, lacking an explicit notion of points or centers inRd. Moreover, it permits dense initial
conditionsQ (0) and representsQ 2 Rn � K

+ . As the loss lacks entropic regularization, in theory the
sequence(Q (n ) )1

n =1 converges iǹ2 to sparse solutions, but requires a �nal rounding step to ensure
it lies in the set of hard couplings.

We state the generalizedK -means problem with its constraints explicitly as:

min
Q 2 Rn � K



C y; Q diag(1=Q> 1n )Q> �

F

s.t. Q1K = u n ; Q � 0n � K :

To derive the associated KKT conditions, one introduces the associated dual variables� 2 Rn and a
non-negative matrix
 2 Rn � K

+ . From this, we derive a lower bound to the primal by constructing
the LagrangianL as

L(Q; 
 ; � ) =


C y; Q diag(1=Q> 1n )Q> �

F + h� ; Q1K � u n i � tr 
 > Q

DenoteD � 1 = diag(1=Q> 1n ). For arbitrary directionsV 2 Rn � K one has the direction derivative
in Q for F is

D


C y; QD � 1Q> �

F [V ] =


C y; VD � 1Q> �

F +


C y; QD � 1V > �

F +


C y; QD diag(1=Q> 1n )[V ]Q> �

F

by symmetry inQ, this is

=


C y;> + C y; QD � 1V > �

F +
1
2



(C y + C y;> ); QD diag(1=Q> 1n )[V ]Q> �

F

=


SQD � 1; V

�
�

1
2



1n diag� 1(Q> D � 1SQD � 1)V

�
F

So that forS = (1 =2)(C y;> + C y) the symmetrization ofC y we �nd

r Q L = SQD � 1 �
1
2

1n diag� 1(Q> D � 1SQD � 1) � � 1>
K � 


Thus, one may summarize the KKT conditions for generalizedK -means by

SQD � 1 �
1
2

1n diag� 1(Q> D � 1SQD � 1) � � 1>
K � 
 = 0n � K ;

Q1K =
1
n

1n ;

Q � 0n � K ;

 � Q = 0n � K :

Next, let us suppose we consider a mirror-descent on the generalizedK -means loss with respect
to the mirror-map given by the neg-entropy = � H (p), and associated divergenceD  (p j q) =
KL( p jj q).
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Proposition 2. Suppose(
 k )k � 0 is a positive sequence of step-sizes for a mirror-descent with respect
to theKL divergence on the variableQ in (7). That is, using the update rule

Q (k+1) , arg min
Q 2 �( u n ;�)

hQ; r Q F j Q ( k ) i F +
1

 k

KL( QkQ (k ) ); (29)

where we de�ne the generalizedK -means loss function as

F (Q) ,


C y; Q diag(1=Q> 1n )Q> �

F :
Then the updates are of exponentiated-gradient form with one-sided Sinkhorn projections,

Q (k+1)  Pu n ;�

�
Q (k ) � exp

�
� 
 k r Q F j Q ( k )

� �
; (30)

wherePu n ;� (X ) = diag( u n =X1 K )X .

Proof. From the �rst-order stationary condition, we have that

r Q F j Q = Q ( k ) � � 1>
K � 
 +

1

 k

log
�

Q
Q (k )

�
= 0n � K

Q = Q (k ) � exp
�

 k

�
�r Q F j Q = Q ( k ) + � 1>

K + 

��

For notational simplicity, denoteK 
 = e� 
 k r Q Fj
Q ( k ) � e
 k 
 . From the constraint, we deduce

Q1K = diag( e
 k � )
h
Q (k ) � K 


i
1K = u n

Q (k ) � K 
 1K = diag( e� 
 k � )u n =
1
n

e� 
 k �

So that we �nd the exponential of the dual variable to be

e
 k � = (1 =n)1n �
�

Q (k ) � K 
 1K

�
= u n �

�
Q (k ) � K 
 1K

�

Thus, in the identi�cation ofQ 2 � u n ;� we may evaluate the value ofe
 k � for dual variable� 2 Rn

and �nd the following update

Q = Q (k ) � exp
�

 k

�
�r Q F j Q = Q ( k ) + � 1>

K + 

��

= diag( e
 k � )Q (k ) � exp
�

 k

�
�r Q F j Q = Q ( k ) + 


��

= diag
�

u n =
�

Q (k ) � K 
 1K

�� �
Q (k ) � K 


�

SupposingQ(0)
ij > 0 and supposingr Q F is bounded, it directly follows that the entries ofQ are

positive and thus from the complementary slackness condition,
 ij Qij = 0 , we �nd that the dual
multiplier 
 ij = 0 . It follows thatQ(k )

ij > 0 for all iterationsk, and likewise
 (k )
ij = 0 , so that

K 
 = e� 
 k r Q Fj
Q ( k ) � e
 k 0 = e� 
 k r Q Fj

Q ( k ) . Thus, for

K (k ) = Q (k ) � e� 
 k r Q Fj
Q ( k ) (31)

we conclude that the update is given by

Q (k+1) = diag
�

u n =K (k ) 1K

�
K (k ) (32)

�

Since the mirror-descent(29) is a case of the classical exponentiated gradient and Bregman-projection
on the KL-proximal function Peyré et al. (2019), one can also derive this by the stationary condition
for the kernel

0 = r Q F j Q = Q ( k ) +
1

 k

logK � Q (k )

�
1

 k

logK � Q (k ) = r Q F j Q = Q ( k )

With an update for the positive kernelK given byK := Q (k ) � exp
�
� 
 k r Q F (Q (k ) )

�
, The

associated Bregman projection with respect to the KL-divergence Peyré et al. (2019) is therefore
minQ 2 � u n ; � KL( Q jj K ), which coincides with the projection in (32).

To address convergence, let us recall the de�nition of relative smoothness.
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De�nition 3 (Relative smoothness). LetL > 0 and letf 2 C1(Rn ; R). Additionally, for reference-
function! let D ! be its associated distance generating (prox) function.f is thenL-smooth relative
to ! if:

f (y) � f (x) + hr f (x); x � yi + LD ! (y; x)

In general, if an objectivef is L -relatively smooth to , the descent lemma applied to mirror-descent
guarantees that for
 k � 1=L one decreases the loss. In particular, one has

f (xk+1 ) � f (xk ) + hr f (xk ); xk+1 � xk i + LD  (xk+1 ; xk ) (33)

Where, since we have

xk+1 := arg min
x

hr f (xk ); xi +
1

 k

D  (x; x k )

hr f (xk ); xk+1 i +
1

 k

D  (xk+1 ; xk ) � hr f (xk ); xk i +
1

 k

D  (xk ; xk ) = hr f (xk ); xk i

The property ofL -smoothness and taking
 k � 1=L implies descent, as

f (xk+1 ) � f (xk ) + hr f (xk ); xk+1 i +
1

 k

D  (xk+1 ; xk ) � hr f (xk ); xk i +
�

L �
1

 k

�
D  (xk+1 ; xk )

� f (xk ) + hr f (xk ); xk i � hr f (xk ); xk i +
�

L �
1

 k

�
D  (xk+1 ; xk )

= f (xk ) +
�

L �
1

 k

�
D  (xk+1 ; xk )

WhereD  (xk+1 ; xk ) � 0 and
 k � 1=L implies a decrease. Thus, we next aim to show that the
proposed mirror-descent, under light regularity conditions, isL -smooth and thus guarantees local
descent for appropriate choice of step-size
 k .

Proposition 3. Suppose that for the neg-entropy mirror-map, (Q) =
P

ij Q ij logQ ij , one consid-
ers the lossF :=



S; QD � 1Q>

�
F for Q in the set�( u n ; �) andD � 1 = diag(1=Q> 1n ). Moreover,

suppose the following �oor conditions hold:Q ij � � > 0;
�
Q> 1n

�
k � � > 0. Then,F is L -smooth

relative to :

kr (k+1)
Q � r (k )

Q kF �
�

L A +
L A

p
n

�

�
kr  (k+1) � r  (k ) kF ; (34)

L A :=
�

kSkF

�
+

p
n kSkF

� 2

�
(35)

Proof. Following Scetbon et al. (2021) or Halmos et al. (2024), by either strictly enforcing a lower-
bound on the entries ofg or adding an entropic regularization (e.g. a KL-divergence to a �xed
marginal, such asu r , with a suf�ciently high penalty� ), one may assume �oors of the form

Q ij � � > 0;
�
Q> 1n

�
k � � > 0

kdiag(Q> 1n ) � 1kop �
1
�

Additionally, note thatQ ik 2 [0; 1=n] andkQk2
F =

P
ik Q2

ik <
P

ik Q ik = 1 . Now, starting from

r Q := r (A )
Q + r (B )

Q = SQD � 1 �
1
2

1n diag� 1(Q> D � 1SQD � 1)

We see

kr Q ( k +1) � r Q ( k ) kF � k SQ(k+1) D � 1
k+1 � SQ(k ) D � 1

k kF
| {z }

Term 1

+
1
2






 1n

�
diag� 1(Q (k+1) ;> D � 1

k+1 SQ(k+1) D � 1
k+1 ) � diag� 1(Q (k ) ;> D � 1

k SQ(k ) D � 1
k )

� 






F| {z }
Term 2
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From the �rst term, one �nds

kSQ(k+1) D � 1
k+1 � SQ(k ) D � 1

k kF � k SkF kQ (k+1) D � 1
k+1 � Q (k ) D � 1

k kF

� k SkF

�
kQ (k+1) kF kD � 1

k+1 � D � 1
k kF + kD � 1

k kF kQ (k+1) � Q (k ) kF

�

As one haskD � 1
k+1 � D � 1

k kF = kD � 1
k D � 1

k+1 (D k+1 � D k )kF � � � 2kD k+1 � D k kF and since

k(Q (k+1) � Q (k ) )> 1n k2 �
p

nkQ (k+1) � Q (k ) kF (36)

One collects a bound on the �rst term of the form

�
�

kSkF

�
+

p
n kSkF

� 2

�
kQ (k+1) � Q (k ) kF := L A kQ (k+1) � Q (k ) kF (37)

For the second, observe that

k1n diag� 1 X k2
F = tr( 1n diag� 1X )> (1n diag� 1X )

= nkdiag� 1X k2
2 � nkX k2

F

So thatk1n diag� 1 X kF �
p

nkX kF . Thus, we �nd the second term is bounded by

�
p

n
2






 Q (k+1) ;> D � 1

k+1 SQ(k+1) D � 1
k+1 � Q (k ) ;> D � 1

k SQ(k ) D � 1
k








F

=
p

n
2






 Q (k+1) ;> D � 1

k+1 r (k+1 ;A )
Q � Q (k ) ;> D � 1

k r (k;A )
Q








F

�
p

n
2

kQ (k+1) kF kD � 1
k+1 kF kr (k+1 ;A )

Q � r (k;A )
Q kF +

p
n

2
kr (k;A )

Q kF kQ (k+1) ;> D � 1
k+1 � Q (k ) ;> D � 1

k kF

Now, since we have already quanti�ed the differencekr (k+1 ;A )
Q � r (k;A )

Q kF with smoothness
constantL A in (37), and also quanti�edkQ (k+1) ;> D � 1

k+1 � Q (k ) ;> D � 1
k kF , we simply invoke both

bounds from above to conclude the bound on the second term as

�
L A

p
n

2�
kQ (k+1) � Q (k ) kF +

p
n

2
1
�

�
kSkF

�
+

p
nkSkF

� 2

�
kQ (k+1) � Q (k ) kF

=
�

L A
p

n
2�

+
L A

p
n

2�

�
kQ (k+1) � Q (k ) kF =

L A
p

n
�

kQ (k+1) � Q (k ) kF

Thus, we �nd the objective to beL-smooth with constant given in terms ofL A (37)

� L kQ (k+1) � Q (k ) kF ; L =
�

L A +
L A

p
n

�

�

Lastly, for the entropy mirror-map observe that forr  (x) = log x one has for� 2 [�; 1] by the
mean value theorem thatlog0(� )ju � vj = � � 1ju � vj = j logu � logvj, so that following Scetbon
et al. (2021) one concludes relative smoothness in via the upper bound

� L kr  (k+1) � r  (k ) kF �

Corollary 1 (Guaranteed Descent). By Proposition 3 one can ensure thatF is smooth relative to
the entropy mirror-map with constantL given in Proposition 3. For
 k � 1=L, this guarantees
descent on the objective and ensures the initialization guarantees of Theorem 2 are upper bounds on
the �nal solution cost.

A.4.2 SEMIDEFINITE PROGRAMMING

Here we present an algorithm for generalizedK -means via semide�nite programming. The basic idea
is that the semide�nite programming approaches forK -means (Peng and Xia, 2005; Peng and Wei,
2007; Zhuang et al., 2022; 2023) apply immediately to the generalizedK -means problem. First, by
analyzing the argument in (Peng and Xia, 2005; Peng and Wei, 2007) for constructing an equivalent
form of K -means, one observes that the generalizedK -means problem (8) is equivalent to:

min
P � 0

�
hP; Ci F : tr( P) = K; P1 K = 1n ; P 2 = P; P = P >

�
: (38)
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Replacing the non-convex constraintP 2 = P with its relaxationP � 0, yields the semide�nite
relaxation of generalizedK -means problem (8),

min
P � 0

�
hP; Ci F : tr( P) = K; P1K = 1n ; P � 0

�
: (39)

The only difference between the reformulation of generalizedK -means(38)and the reformulation of
K -means studied in (Peng and Xia, 2005; Peng and Wei, 2007) is the structure of the cost matrix
C. The advantages of the semide�nite programming approach compared toGKMSis that it provides
higher quality solutions, does not depend on the initialization parameters, and provides a lower bound
on the optimal cost. The disadvantage is the computational cost required to solve large semide�nite
programming problems. Mildly alleviating the computational burden, we apply recent approaches
from Zhuang et al. (2023) for solving the semide�nite programming problem (39).

A.5 EXACT REDUCTIONS OFGENERALIZED K -MEANS BY CLASS OFCOST C

A.5.1 NEARLY NEGATIVE SEMIDEFINITE COSTS

WhenC is negative semide�nite, the generalizedK -means problem(39) exactly coincides with
theK -means problem. In these cases, approximation algorithms forK -means, such as established
(1 + � ) approximations Kumar et al. (2004) and poly-timelogK approximations (e.g.k-means++
Arthur and Vassilvitskii (2007)), directly transfer to the low-rank OT setting. However, by de�nition,
such costs express symmetric distances between a dataset and itself and are not relevant to optimal
transport between distinct measures.

Interestingly, direct reduction of generalizedK -means to toK -means holds for a more general class
of asymmetric distances which may express costs between distinct datasets. In Proposition 5, we
show such a strong condition: it is suf�cient for the symmetrization of any costC, SymC, to be
conditionally negative semi-de�nite.

Proposition 4. Suppose we are given a cost matrixC 2 Rn � n where the symmetrization ofC,
Sym(C) := C> + C is conditionally negative-semide�nite so thatSymC � 0 on1?

n . Denote the
double-centeringJ = 1 � 1

n 1n 1>
n and p.s.d. kernelK := � (1=2) J SymC J � 0. Then Problem 7

reduces to kernelk-means Dhillon et al. (2004a) onK :

min
Q 2 � � (u n ; g) ;

g2 � r

hQ diag(1=g)Q> ; C i F � max
Q 2f 0;1gn � r

tr D � 1=2Q> KQD � 1=2 (40)

D := diag( g) denotes the diagonal matrix of cluster sizes andQ the matrix of assignments.

Cost matrices induced by kernels, such as the squared Euclidean distance, are classically characterized
by being conditionally negative semide�nite Schoenberg (1938); Rao (1984). For a satisfying costC,
Proposition implies that 7 is equivalent toK -means with Gram matrixK = � (1=2) J SymC J . This
is a stronger statement than requiringC � 0. Observe that the Monge-conjugated matrix,SymC y

turns an asymmetric cost into a symmetric bilinear form on(i; j ). Moreover, asSymC plays the role
of a distance matrix in the conversion toK , we offer it an appropriate name

De�nition 4 (Monge Cross-Distance Matrix). LetC y = CP >
� ? for P � ? the optimal Monge permuta-

tion. Denote its symmetrization bySym(C y) = CP >
� ? + P � ? C> . In the1?

n subspace, each element
may be expressed as the cross-difference

M y
ij = hx i � x j ; T(x i ) � T(x j )i (41)

Thus, we refer toM y as the Cross-Distance Matrix induced by the Monge map.

Proposition 5 implies that the reduction toK -means holds if and only if the bilinear forms of the
Monge gram matrix admit an inner product in a Hilbert spaceH. In other words, if there exists a
function sohx; T (y)i := h (x);  (y)i . For clustering on any symmetric costC, one has that the
Monge map is the identityT = I , so thathx i � x j ; T(x i ) � T(x j )i immediately reduces to a EDM
kx i � x j k2

2. Notably, this also holds for a more general class of distributions without identity Monge
maps – multivariate Gaussians in Bures-Wasserstein spaceBW( Rd) Chewi et al. (2024). These
automatically admit CND cost matrices following Monge-conjugation for the squared Euclidean
distancek�k2

2.
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Remark 2. hx; T (y)i := h (x);  (y)i holds universally for transport maps between any two
multivariate Gaussians Peyré et al. (2019). Let� 1 = N (� 1; � 1) and � 2 = N (� 2; � 2). The
transport mapT such thatT] � 1 = � 2 is given by the af�ne transformationT(x) = A x + b with

A = � � 1=2
1

�
� 1=2

1 � 2� 1=2
1

�
� � 1=2

1 � 0 andb = � 2 � A � 1. Thus, for :=
p

A

hx i � x j ; A x i + b � (A x j + b)i = k
p

A (x i � x j )k2
2

In general, the conjugated costM y shifts C to be nearer to a clustering distance matrix after
symmetrization: the diagonal entries are zeroM y

jj = 0 , for squared Euclidean cost Brenier (1991)
the entrieshx i � x j ; T(x i ) � T(x j )i � 0, andM y reduces to a matrix of kernel-distances onx i � x j

wheneverSym(C y) is CND. Moreover, for squared Euclidean cost one hasT = r ' for a convex
potential' 2 cvx (Rd) Brenier (1991). Thus, to second-order, all entries may be expressed on1?

n as
PSD formshx i � x j ; T(x i ) � T(x j )i � h x i � x j ; r 2 ' (x j )(x i � x j )i for r 2 ' (x j ) � 0.

While K -means reduces to a special case of low-rank optimal transport whereQ = R , as has
been previously shown Scetbon and Cuturi (2022), the other direction is signi�cantly less obvious:
it often appears that one can only gain by takingQ 6= R and optimizing over a larger space of
solutions whenC is an asymmetric cost with respect to a pair ofdistinctdatasetsX; Y . We note
that when the conditions of Proposition 5 hold, generalizedk-means exactly reduces toK -means, so
that step (ii) inherits its existing algorithmic guarantees. In particular, supposeC 2 Rn � n satis�es
Proposition 5 and one may also solveK -means to(1 + � ) using algorithmA. For the Gram-matrix
K = � (1=2)J SymC J one may yield the eigen-decompositionK = U�U > and compute point
Z = U� 1=2. Then, given a solution toK -means onZ, �Q := A(Z), one automatically inherits
(1 + � )-approximation of generalizedK -means by the exact reduction. We detail the algorithm for
this special case in Algorithm 3 below.

Algorithm 3.

(i) Symmetrize the Monge-conjugated costSym(~C) = CP >
� ? + P � ? C>

(ii) Grammize asG = � (1=2) J Sym(~C)J for double-centeringJ = 1n � 1
n 1n 1>

n

(iii) Yield Z from eigen-decomposition ofG = ZZ >

(iv) RunK -Means onZ to yieldQ

(v) Output the pair(Q; P >
� ? Q).

Thus, for this class of cost, Algorithm 1 guaranteesoptimalsolutions to generalizedK -means by
reduction to optimal solvers forK -means.

Observe two valuable invariants of the optimization problem(7): �rst we have an af�ne invariance,
naturally characterized by the optimal transport constraints; second, the symmetry of the coupling op-
timized introduces an invariance to asymmetric components of the cost itself, so that the optimization
(7) is equivalent to one on the symmetrization of the cost.

Lemma 7(Invariances of GeneralizedK -Means.). Suppose we are given a cost matrixC 2 Rn � n .
Then the generalizedK -means problem

min
Q 2 � � (u n ; g) ;

g2 � K

hQ diag(1=g)Q> ; C i F (42)

Exhibits the following invariances:

1. Invariance to asymmetric components

arg min
Q 2 � � (u n ; g) ;

g2 � K

hQ diag(1=g)Q> ; C i F = arg min
Q 2 � � (u n ; g) ;

g2 � K

hQ diag(1=g)Q> ; S i F (43)

WhereC = A + S for its symmetric componentS , (1=2)(C + C> ) 2 Sn and its
skew-symmetric componentA := (1 =2)(C � C> ) 2 An .
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2. Invariance to af�ne offsetsf 1>
n + 1n h> and shifts
 1n 1>

n

min
Q 2 � � (u n ; g) ;

g2 � K

hQ diag(1=g)Q> ; � + f 1>
n + 1n h> + 
 1n 1>

n i F (44)

= min
Q 2 � � (u n ; g) ;

g2 � K

hQ diag(1=g)Q> ; � i F + f > u n + u >
n h + 
 (45)

Proof. Observe that symmetry of the matrixQ diag(1=g)Q> implies the objective(42) is equivalent
to the objective onC>

hQ diag(1=g)Q> ; C i F = tr Q diag(1=g)Q> C = hQ diag(1=g)Q> ; C> i (46)

This directly implies (1). For (2), ifC = � + XY > . Then, we have that

hQ diag(1=g)Q> ; C i F = hQ diag(1=g)Q> ; � i + tr X > Q diag(1=g)Q> Y

Thus, the constraints onQ imply for each case of (44) that


 tr 1>
n Q diag(1=Q> 1n )Q> 1n = 
 1>

n Q 1n = 


tr f > Q diag(1=g)Q> 1n = f > Q diag(1=g)g = f > Q diag(1=g)g = f > Q 1K = f > u n

(Q1n )> diag(1=g)Q> h = (diag(1 =g)g)> Q> h = ( Q1K )> h = u >
n h

�

Proposition 5 (Reduction toK -Means for costs with conditionally negative semi-de�nite sym-
metrization.). Suppose we are given a cost matrixC 2 Rn � n . Then generalizedK -means reduces
to K -means ifSymC , (1=2) (C> + C) is conditionally negative-semide�nite (CND) so that
SymC � 0 on1?

n = f � : h�; 1n i = 0g.

Proof. Owing to invariance of the objective toSkew(C) we may replace the minimization in(42)
with a minimization over the symmetric component ofC, (1=2)(C + C> ) = S:

arg min
Q 2 � � (u n ; g) ;

g2 � K

hQ diag(1=g)Q> ; C i F = arg min
Q 2 � � (u n ; g) ;

g2 � K

hQ diag(1=g)Q> ; Si F (47)

Observe that the solution of the objective is invariant to outer products between constantf ; h 2 Rn

with the one vector1n , i.e. components of the formf 1>
n + 1n h> . Denote the double-centering

J = 1n � (1=n)1n 1>
n . If S is conditionally negative semide�nite (CND), then applying this af�ne

invariance implies the objective is equivalent to

min
Q 2 � � (u n ; g) ;

g2 � K

hQ diag(1=g)Q> ; J SJ i F (48)

Thus, forJ SJ � 0 we exhibit a positive semide�nite kernel matrixK = � (1=2) J SJ � 0 and have

min
Q 2 � � (u n ; g) ;

g2 � K

hQ diag(1=g)Q> ; C i F = � 2 hQ diag(1=g)Q> ; K i F (49)

� max
Q 2f 0;1gn � K

tr D � 1=2Q> KQD � 1=2 (50)

WhereD , diag(g) denotes the conventional diagonal matrix of cluster sizes andQ the matrix of
assignments. Thus, ifS = SymC is conditionally negative semide�nite, up to constants Problem(7)
reduces to kernelk-means (Dhillon et al., 2004b). �
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B EXPERIMENTAL DETAILS

B.1 IMPLEMENTATION DETAILS

For the synthetic experiments we inferred the Monge mapP � � by applying the Sinkhorn algorithm
implemented inott-jax with the entropy regularization parameter� = 10 � 5 and a maximum
iteration count of 10,000. For the real data experiments, we inferred the Monge mapP � � using
HiRef (Halmos et al., 2025b), and used a low-rank version ofGKMSwhich uses a factorization
of the costC = AB > for scaling. The remaining implementation details are consistent across the
synthetic and real data experiments.

For theGKMSalgorithm, we used aJAX implementation of theGKMSalgorithm with step size

 k = 2 for a �xed number250of iterations. To construct an initial solution, we �rst applied the
K -means algorithm implemented inscikit-learn on X andY to obtain clustering matrices
QX andQY . Then, using the Monge registered initialization procedure in Algorithm 2, we took
the best of the two solutionsQX andP � � QY asQ. Next, we performed a centering step by setting
Q (0) = � Q + (1 � � )Q0 whereQ0 is a random matrix in�( un ; �) generated from the initialization
procedure in Scetbon et al. (2021) with� = 1

2 . Finally, we ranGKMSon the registered cost matrix
~C = CP >

� � with Q (0) as the initial solution.

For the synthetic stochastic block model (SBM) example we applied the semide�nite programming
formulation of the generalizedK -means problem described in Appendix A.4.2 with the solver from
Zhuang et al. (2023) to initializeQ (0) prior to runningGKMS.

B.2 SYNTHETIC EXPERIMENTS

We constructed three synthetic datasets to evaluate existing low-rank OT methods. Each dataset was
constructed withn = m = 5000 datapoints, resulting in a cost matrixC 2 R5000� 5000 .

2-Moons and 8-Gaussians (2M-8G).In this experiment Tong et al. (2023), we generated two
datasetsX; Y � R2 representing two spirals (X ) and 8 isotropic Gaussians (Y ). In particular,
we used the functiongenerate_moons from the packagetorchdyn.datasets to generate
the two interleaving moons as the �rst dataset. These are de�ned as semi-circles with angles
� 1 � Unif(0 ; � ); � 2 � Unif(0 ; � ) and(r cos� 1 r sin � 1) � c and(r cos� 2 � r sin � 2) + c for
constant offsetc. We add isotropic Gaussian noise with variance0:5. As in Tong et al. (2023), one
scales all points with~Y = aY + bfor a = 3 ; b = ( � 1 � 1) to overlap visually with the 8 Gaussians.
For given variance� 2 = 1 :0, we generatedk 2 [8] isotropic Gaussian clustersN (� k ; � 2I 2) with
means on the unit circleS2, given by

 
� 1
� � �
� 8

!

=

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

(1; 0);
(� 1; 0);
(0; 1);
(0; � 1);
( 1p

2
; 1p

2
);

( 1p
2
; � 1p

2
);

(� 1p
2
; 1p

2
);

(� 1p
2
; � 1p

2
)

The 2-moons constitutes a simple non-linear manifold and the 8-Gaussians constitutes a simple
dataset with cluster structure.

Shifted Gaussians (SG).To construct the SG synthetic datasets we placedK = 250 Gaussian
distributions with means� 1; : : : ; � k 2 RK at the basis vectorse1; : : : ; eK 2 RK . Similarly,
we constructed another set of means� 0

1; : : : ; � 0
k by perturbing the means� 0

i = � i + � i with
� i � N (0; 0:1p

n I K ). Then, we randomly sampled groups of sizem1; : : : ; mK with
P K

k=1 mk = n by
randomly sampling a partition ofn of sizeK . Then, for both datasetsX andY , we assigned cluster
1 to the �rst m1 points, cluster2 to the nextm2 points, ..., and clusterK to the �nal mK points. For
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points in clusterk in datasetX , we samplemk points fromN (� k ; � 2
p

n I K ). Similarly, for points in

clusterk in datasetY , we samplemk points fromN (� 0
k ; � 2

p
n I K ).

To construct the cost matrix, we takeC ij = kx i � yj k2
2. We construct three instances using different

noise values� 2 2 f 0:1; 0:2; 0:3g:

Stochastic Block Model (SBM).To construct the SBM instance, we generated a graphG = ( V; E)
from a stochastic block model using within cluster probabilityp = 0 :5 and between cluster probability
q = 0 :25overK = 100 clusters of �xed sizem = 50. Edge weightswe were generated by randomly
sampling weights fromUnif(1:0; 2:0). The cost matrixC ij = dG (i; j ) was taken as the shortest path
distance between verticesi andj in G with the weight functionw.

B.3 CIFAR10

We follow the protocol of Zhuang et al. (2023) in this experiment by comparing all low-rank OT
methods on the CIFAR-10 dataset, containing 60,000 images of size32� 32� 3 across 10 classes.
We use a ResNet (resnet18-f37072fd.pth) to embed the images to dimensiond = 512 He et al. (2016)
and apply a PCA tod = 50, following the procedure of Zhuang et al. (2023). We then perform a
strati�ed 50/50 split of the images into two datasets of 30,000 images with class-label distributions
matched. We use a �xed seed for this, as well as for the low-rank OT solvers following theott-jax
implementation of Scetbon et al. (2021). For low-rank OT, we set the rank toK = 10 to match the
number of class labels. To runTC we solve for the couplingP � ? with Hierarchical Re�nement due
to the size of the dataset Halmos et al. (2025b), and solve generalizedK -means with mirror-descent.
In this experiment, we specialize to the squared-Euclidean costk� � �k 2

2.

For our evaluation metrics, we �rst compute the primal OT cost of each low-rank coupling as our
primary benchmark. We also evaluate AMI and ARI to the ground-truth marginal clusterings, given
by annotated class labels. We compute our predicted labels via the argmax assignment of labels
asŷ(i ) = arg max z Q i;z andŷ0(j ) = arg max z R j;z . Lastly, we assess co-clustering performance
by using the class-transfer accuracy (CTA). Given a proposed couplingP, de�ne the class-to-class
density matrix for two ground-truth classesk; k0 (distinguished from the predicted classes of the
arg-max of the low-rank factors) to be

(� )k;k 0 =
X

ij

P ij 1 i 2C k 1 j 2C k 0

The class-transfer accuracy is then de�ned to be

CTA( P) =
tr �

P
� k;k 0

(51)

in other words, the fraction of mass transferred between ground-truth classes (i.e. the diagonal of� )
over the total mass transferred between all class pairs.

B.4 SINGLE-CELL TRANSCRIPTOMICS OFMOUSEEMBRYOGENESIS

We validateTC againstLOT Scetbon et al. (2021) andFRLC Halmos et al. (2024) on a recent,
massive-scale dataset of single-cell mouse embryogenesis measured across 45 timepoint bins with
combinatorial indexing (sci-RNA-seq3) Qiu et al. (2024). In aggregate, this dataset contains 12.4
million nuclei across timepoints and various replicates. As our experiment, we align the �rst
replicate across 7 timepoints (E8.5, E8.75, E9.0, E9.25, E9.5, E9.75, E10.0) for a total of 6 adjacent
timepoint pairs. For each timepoint pair, we usescanpy to read the h5ad �le and follow standard
normalization procedures:sc.pp.normalize_total to normalize counts,sc.pp.log1p
to add pseudocounts for stability, and runsc.tl.pca to perform a PCA projection of the raw
expression data to the �rstd = 50 principle components (using SVD solver "randomized"). As we
use Halmos et al. (2025b) as the full-rank OT solver, subsampling each dataset slightly to ensure
thatn has many divisors for hierarchical partitioning. Similarly to the CIFAR evaluation, we ensure
that the two datasets have a balanced proportion of classes – which, in this case, represent cell-types
annotated fromcell_id in thedf_cell.csv metadata provided in Qiu et al. (2024). We set the
rankK to be the minimum of the number of cell-types present at timepoint 1 and timepoint 2. We
runLOT, FRLC, andTCon this data with the squared Euclidean cost. In both cases, we input the data
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Table 2: Single-cell transcriptomics alignment on consecutive mouse embryo timepoints. We report
OT cost (lower is better), AMI/ARI for each split (A/B), and class-transfer accuracy (CTA; higher is
better).

Timepoints Method Rank OT Cost# AMI (A/B) " ARI (A/B) " CTA " Runtime (s)

E8.5! E8.75
(18,819 cells)

TC 43 0.506 0.639/ 0.617 0.329/ 0.307 0.722 63.38
FRLC 43 0.553 0.556 / 0.531 0.217 / 0.199 0.525 16.45
LOT 43 0.520 0.605 / 0.592 0.283 / 0.272 0.611 8.77

E8.75! E9.0
(30,240 cells)

TC 53 0.384 0.597/ 0.598 0.231/ 0.230 0.545 177.12
FRLC 53 0.405 0.534 / 0.541 0.174 / 0.178 0.492 16.92
LOT 53 0.390 0.559 / 0.567 0.193 / 0.197 0.487 10.88

E9.0! E9.25
(45,360 cells)

TC 57 0.452 0.563/ 0.554 0.190/ 0.187 0.500 286.95
FRLC 57 0.481 0.524 / 0.515 0.158 / 0.155 0.471 19.31
LOT 57 – – / – – / – – –

E9.25! E9.5
(75,600 cells)

TC 67 0.411 0.562/ 0.567 0.191/ 0.194 0.565 470.61
FRLC 67 0.431 0.484 / 0.488 0.129 / 0.130 0.441 33.91
LOT 67 – – / – – / – – –

E9.5! E9.75
(131,040 cells)

TC 80 0.389 0.554/ 0.551 0.172/ 0.169 0.564 806.81
FRLC 80 0.399 0.491 / 0.487 0.116 / 0.115 0.447 58.58
LOT 80 – – / – – / – – –

E9.75! E10.0
(120,960 cells)

TC 77 0.361 0.559/ 0.560 0.180/ 0.181 0.475 741.91
FRLC 77 0.379 0.502 / 0.502 0.130 / 0.130 0.437 52.02
LOT 77 – – / – – / – – –

as point cloudsX; Y as opposed to instantiating the costC explicitly and specialize to the squared
Euclidean cost.
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Figure 4: Comparison of low-rank OT methods on the stochastic block model dataset.(Left) Relative
cost of the rankK 2 f 10; : : : ; 100g transport plan inferred byLOTandFRLCcompared to the cost
of the transport plan inferred byTC. (Right) Co-clustering accuracy (AMI/ARI) ofTC, LOT, and
FRLCat rankK = 100. The stochastic block model dataset consists of100clusters of size50.

Figure 5: Comparison of low-rank OT methods on the shifted Gaussians dataset.(Top) Relative cost
of the rankK 2 f 50; 75; : : : ; 250g transport plan inferred byLOT, FRLC, andLatentOT compared
to the cost of the transport plan inferred byTCacross noise levels� 2 2 f 0:1; 0:2; 0:3g. (Bottom)
Co-clustering accuracy (AMI/ARI) ofTC, LOT, FRLC, andLatentOT at rankK = 250 across
noise levels� 2 2 f 0:1; 0:2; 0:3g. The shifted Gaussians dataset consists of250clusters of unequal
size.
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Figure 6: Relative cost of the rank K ∈ {50, 75, . . . , 250} transport plan inferred by LOT, FRLC,
and LatentOT compared to the cost of the transport plan inferred by TC across noise levels
σ2 ∈ {0.1, 0.2, 0.3} for the 2-Moons and 8-Gaussians (Tong et al., 2023) dataset.

2 Moons, 8 Gaussians Shifted Gaussians

Figure 7: Runtime of TC, LOT, FRLC, and LatentOT versus the rank K ∈ {50, 75, . . . , 250} for
the 2-Moons and 8-Gaussians (Tong et al., 2023) dataset and the Shifted Gaussians dataset across all
noise levels.

Figure 8: (Left) An example co-clustering of the two-moons 8-Gaussians dataset Tong et al. (2023)
with Algorithm 3. (Right) A comparision between the raw cost matrix C (top), and the transport
conjugated cost My (bottom).
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