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Abstract

Actor-critic (AC) is a powerful method for learn-
ing an optimal policy in reinforcement learning,
where the critic uses algorithms, e.g., temporal
difference (TD) learning with function approxima-
tion, to evaluate the current policy and the actor
updates the policy along an approximate gradient
direction using information from the critic. This
paper provides the fightest non-asymptotic con-
vergence bounds for both the AC and natural AC
(NAC) algorithms. Specifically, existing studies
show that AC converges to an € + &qiiic neigh-
borhood of stationary points with the best known
sample complexity of O(e~2) (up to a log fac-
tor), and NAC converges to an € + Ecritic + /Zactor
neighborhood of the global optimum with the best
known sample complexity of O(e~2), where €crigic
is the approximation error of the critic and €¢¢0r
is the approximation error induced by the insuffi-
cient expressive power of the parameterized pol-
icy class. This paper analyzes the convergence
of both AC and NAC algorithms with compatible
function approximation. Our analysis eliminates
the term &4 from the error bounds while still
achieving the best known sample complexities.
Moreover, we focus on the challenging single-
loop setting with a single Markovian sample tra-
jectory. Our major technical novelty lies in ana-
lyzing the stochastic bias due to policy-dependent
and time-varying compatible function approxima-
tion in the critic, and handling the non-ergodicity
of the MDP due to the single Markovian sample
trajectory. Numerical results are also provided in
the appendix.
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1. Introduction

Actor-Critic (AC) (Barto et al., |1983; |Konda & Tsitsiklis),
2003) is a reinforcement learning algorithm that combines
the advantages of actor-only methods and critic-only meth-
ods by alternatively performing policy gradient update (ac-
tor) and action-value function estimation (critic) in an online
fashion. Specifically, the critic uses a parameterized func-
tion to estimate the value function of the current policy, e.g.,
temporal difference (TD) (Sutton, [1988) and Q-learning
(Watkins & Dayan, [1992). Then the actor updates the pol-
icy along an approximate gradient direction based on the
estimate from the critic using approaches such as policy
gradient (Sutton et al.| |{1999) and natural policy gradient
(Kakadel 2001). In contrast to critic-only methods, AC
methods, which are gradient based, usually have desirable
convergence properties when combined with the approach
of function approximation. However, critic-only methods
may not converge or even diverge when applied together
with function approximation (Baird, |1995}; (Gordon, |1996).
Moreover, AC methods also enjoy a reduced variance due
to the critic, and thus their convergence is typically more
stable and faster than actor only methods.

While the asymptotic convergence for AC and NAC has
been well understood in the literature, e.g., (Bhatnagar et al.|
2009; [Kakade, 20015 [Konda & Tsitsiklis, [2003; [Suttle et al.|
2023)), its non-asymptotic convergence analysis has been
largely open until very recently. The non-asymptotic analy-
sis is of great practical importance as it answers the ques-
tions that how many samples are needed and how to appro-
priately choose the different learning rates for the actor and
the critic. Existing studies show that AC converges to an
€ + Ecritic neighborhood of stationary points with the best
known sample complexity of O (e=2) (Chen et al., 2021}
Olshevsky & Gharesifard, [2023;|Xu et al.l|2020a), and NAC
converges to an € + Eqitic + +/Zactor N€ighborhood of the
global optimum with the best known sample complexity of
O(e3) (Chen et al., [2022} Xu et al., [2020a), where &igic
is the approximation error of the critic and e, 1S the ap-
proximation error induced by the insufficient expressive
power of the parameterized policy class. In this paper, when
presenting sample complexity, we omit the log factors. In
these studies, the critic employs a fixed class of parameter-
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Table 1. Comparison of sample complexity of AC

Reference Single-loop | Sample size Error Comments
(Wang et al.[2020) X O (e*‘j) € + Euitic | Critic: neural
(Zhou & Lu[[2023) V O € LQR
(Chen et al.||2023) Vv O (e ??)
(Zhang et al., 2020b) v Asymptotic
(Qiu et al.[2021) X O (e 9 Actor:
(Kumar et al.,2023) X O(e73) non-linear, smooth
(Kumar et al.,[2023) (Xu et al.,[2020b) X O (e7%°) | €+ e | Critic: linear
(Xu et al., 20204} |Suttle et al., 2023) X O(e?) function approx.
(Barakat et al.l [2022) (Wu et al | [2020) vV @) (672'5
~ (Olshevsky & Gharesifard, 2023) (Chen et al.,|[2021) N O (e
Our Work Vi O(e7?) €

ized functions (typically linear function approximation with
fixed feature), which may not satisfy the compatible condi-
tion (Sutton et al., [ 1999) (see Section[Z] for details). This
will result in a non-diminishing bias in the policy gradient
estimate, and therefore, an additional error term & is in-
curred in the overall error bound. Several works (Cayci et al.}
2022; |Wang et al.||2020) propose to use overparameterized
neural networks in the critic to mitigate this issue, where
Eqitic diminishes as the network size increases. However,
the convergence of the critic requires stringent conditions
that are hard to verify (Cayci et al., 2022} 'Wang et al., 2020),
and large neural network introduces expensive computa-
tional and memory costs. Actually, if the critic employs the
approach of compatible function approximation, which is
linear, then €. vanishes without introducing additional
computational and memory costs (Sutton et al.,|{1999) (see
details in Section [2). Moreover, for NAC applied with fixed
function approximation in the critic, one needs to explicitly
estimate the Fisher information matrix and compute its in-
verse, which will be computationally and memory expensive.
Another advantage of compatible function approximation
when applied with NAC is that the inverse of the Fisher
information in the natural gradient will cancel out with the
policy gradient (see Proposition[2), and thus there is no need
to estimate the Fisher information matrix anymore.

1.1. Challenges and Contributions

Though AC and NAC with compatible function approxima-
tion enjoy no approximation error from the critic and no
need of estimating the Fisher information matrix (for NAC),
their non-asymptotic convergence analyses are much more
challenging than the ones with fixed function approximation.
To the best of the authors’ knowledge, this paper develops
the tightest non-asymptotic error bounds for AC and NAC
algorithms, and our analyses are for the challenging case
of single Markovian sample trajectory. We prove that AC
with compatible function approximation converges to an €
stationary point with sample complexity O(e~2), and NAC

with compatible function approximation converges to an
€ + y/€actor N€ighborhood of the globally optimal policy
with sample complexity O(e~3). Our non-asymptotic error
bounds outperform the best known AC and NAC bounds
in the literature by a constant £ and achieve the same
sample complexity: O(¢~2) for AC and O(e~3) for NAC
(see Tables[I]and [2)). We note that this constant &g is due
to the approximation error of the function class used by the
critic, and does not diminish with time.

One of the biggest challenges in the analysis is due to
the time-varying critic feature function. Specifically, the
critic with compatible function approximation employs an
w-dependent linear function class, where w is the policy pa-
rameter. As the actor updates the policy, the feature function
of the critic also changes with w. Therefore, the critic is us-
ing a linear function with time-varying w-dependent feature
to track the value function of the current policy 7,,, which
is also time varying. This makes the analysis of the tracking
error, i.e., the error between the ideal limit of the critic given
the current policy and its current estimate, challenging. In
this paper, we design a novel approach to explicitly bound
this error. The central idea is to construct an auxiliary eligi-
bility trace with fixed feature to approximate the eligibility
trace with time-varying feature (in the critic, we use k-step
TD with compatible function approximation).

In this paper, we focus on the challenging single-loop setting
with a single Markovian sample trajectory. Some studies
tried to decouple the updates of the actor and the critic
using approaches, e.g., nested loop (Qiu et al., 2021} |Agar{
wal et al., 2021 /Chen et al., 2022; [ Xu et al.| [2020a;; |Suttle
et al., 2023), and to further develop the non-asymptotic
analysis. Specifically, after the actor updates the policy,
then the policy is fixed and the critic starts an inner loop
to iterate sufficient number of steps until it gets a perfect
evaluation of the current policy. This decoupling approach
makes it easier to analyze as there is no need to analyze the
interaction between the actor and the critic. However, this
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Table 2. Comparison of sample complexity of NAC

Reference Single-loop | Sample size Error Comments
_ (Khodadadian et al.[[2022) N O ()
~ (Khodadadian et al., 2021) X O (%) € Tabular case
(Wang et al.,[2020) X O (9 € + Ecritic
jCayci et al.;2022) X O (e77) +/Eactor | Critic: neural
_ (Agarwal et al,, 2021) X O () Actor:
(Xu et al., [2020a) X @ (673) € + Ecritic non-linear, smooth
(Xu et al., 2020b) X @) (6_4) +y/€actor | Critic: linear
(Chen et al.. [2022) X O (e79) function approx.
Our Work Vv O(e™3) € + \/Eactor

decoupling approach does not enjoy benefits from the two
time-scale structure in the original AC and NAC algorithms
(Konda & Tsitsiklis,|2003;|Bhatnagar et al.,2009), e.g., algo-
rithmic simplicity and statistical efficiency, and techniques
therein cannot be generalized to analyze the single-loop
single-trajectory two time-scale AC and NAC algorithms.
Moreover, analyses therein require some kind of i.i.d. as-
sumptions or require trajectories starting from any arbitrary
state, which might be difficult to guarantee in practice. To
develop the tightest bound, we develop a novel approach
that bounds the tracking error as a function of the policy
gradient norm (for AC) and the optimality gap (for NAC).
We also note that our analysis for NAC does not need the
smoothness assumption on the parameterized policy, which
is typically required in existing NAC and AC analyses (Chen
et al.| 2021} |Olshevsky & Gharesitard, 2023).

1.2. Related Work

In this section, we review recent relevant works on non-
asymptotic analyses on reinforcement learning algorithms
with function approximation. We provide a detailed com-
parison between our results and existing studies on AC
and NAC in Tables [[] and 2] The "Sample complexity"
in the table is the one needed to guarantee the gradient
norm/optimality gap less than or equal to the "Error".

Actor-critic analyses. We list recent works on non-
asymptotic analyses for AC in Table[I] Based on whether
the updates of actor and critic are decoupled, the results can
be grouped into "single-loop" and "nested-loop/decoupling”
approaches. For a general MDP, the best known sample
complexity for both single-loop and nested-loop approaches
is O(e=2) (Chen et al., 2021} Olshevsky & Gharesifard,
2023} [ Xu et al.| [2020a; [Suttle et al., [2023)). The only ex-
ception is (Zhou & Lu, 2023)), which is due to the special
structure of the LQR problem. These studies all use a fixed
function class in the critic, and therefore, the convergence
error consists of a non-diminishing constant term of ejgc.
In this paper, we analyze the AC with compatible function
approximation, and we obtain a strictly tighter error bound

without €. Our analysis is also much more challenging
than the ones in the literature, which is mainly due to that
the function class in the critic varies with the policy in the
actor.

Natural actor-critic analyses. We list recent works on non-
asymptotic analyses for NAC in Table[2] The best sample
complexity for single-loop NAC is O (¢~%) and it is for
the tabular case (Khodadadian et al., [2022), whereas the
best sample complexity for nested-loop/decoupling NAC is
@) (6*3) with an error of € + €critic + +/Eactor (Chen et al.|
2022; Xu et al., 2020a). There exists a gap of O (6’3)
between these two approaches, which is mainly due to the
challenge in bounding the tracking error for NAC in the
single-loop setting. In this paper, we close this gap and
show that NAC in the single-loop setting can also achieve
the sample complexity of O(¢~3), and more importantly
with a reduced error of € + |/Excior-

Actor/critic only analyses. Non-asymptotic analyses for
critic only methods have been extensively studied recently,
e.g., TD (Srikant & Ying} [2019; Lakshminarayanan &
Szepesvari,[2018;[Bhandari et al., [2018;|Cai et al., 2019} |Sun
et al.}[2020; Xu & Gul[2020), SARSA (Zou et al.,[2019)), gra-
dient TD (GTD) method (Dalal et al.| 2018}; Xu et al.,[2019;
Wang et al., 202152017} |Liu et al.| 2015} |Gupta et al., 2019
Kaledin et al.} [2020; Ma et al., [2020; 2021} |Wang & Zou,
2020). There are also non-asymptotic analyses for actor
only method, e.g., (Bhandari & Russo| [2021}; 2024} |Agar]
wal et al.l 2021 [Mei et al., [2020; L1 et al., 2021} [Laroche
& des Combes| 20215 Zhang et al., 2022} |Cen et al., 2021}
Zhang et al.| 2020a} | Xiaol [2022)). In this paper, we focus on
AC and NAC algorithms, where how the errors in the actor
and the critic affects the other needs to be analyzed.

2. Preliminaries

Markov Decision Processes Consider a general reinforce-
ment learning setting, where an agent interacts with a
stochastic environment modeled as a Markov decision
process (MDP). An MDP can be represented by a tuple
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(S, A, P, R), where S denotes the state space, A denotes
the discrete finite action space, R(-,-) : S X A — [0, Rax]
is the reward function. The transition kernel P (-|s, a) de-
notes the distribution of the next state if taking action a at
state s, Vs € S,a € A.

A stationary policy 7 maps a state s € S to a probability
distribution 7 (-|s) over the action space .A. Then the ex-
pected long term average reward for a policy 7 is defined as
follows:

J(W):]\}EHOONE[ZRS“CH :|
= Eswdﬂ,awﬂ(-\s) [R(S7 a)] 5

where we denote by d, the stationary distribution

N—

dr(s) Z

t=0

(st = s|m) .

Denote by D, = d, x 7 the state-action stationary distribu-
tion. We rewrite R; := R(s¢, a;). For a given policy 7 and
an initial state s, the relative value function is defined as

e En

Given initial state s and action a, the relative action value
function (@ function) for a given policy 7 is defined as

o

m)|so = s, 7T:| Vs e S.

m)|s0 = s,a0 = a 7T:|
V(s,a) € S x A.
The relative advantage function is defined as

= QW(Sa a) -

The goal is to find the optimal policy 7* that maximizes the
long term average reward: max, J(m).

A" (s,a) V7™(s),V¥(s,a) € S x A.

(Natural) Actor-Critic with Compatible Function Ap-
proximation Consider a parameterized policy class II,, =
{7, : w € W}, where W C R?. Then the problem in Sec-
tion 2] can be solved by optimizing over the parameter space
W. Specifically, the actor updates the policy via the ap-
proach of (natural) policy gradient, where the policy gradi-
ent is given by (Sutton et al., | 1999)

=Ep,, [Q@™ (s,a) ¢u(s;a)], M

where ¢,,(s,a) = V, logm,(a|s). We further let @, de-
note the feature matrix, which is the stack of all feature
vectors. Specifically, ®@,, € RISIMIXd and the (s, a)-row
of ®,, is ¢ (s,a). On the other hand, the critic estimates
the @) function in Equation (1)) via the approach of TD

VJ ()

learning, and the () function is usually parameterized using
linear function approximation in the existing literature, i.e.,
Q = {Qu(s,a) = ¢(s,a) 0,0 € O} where ¢ denotes the
feature vector and © C R, However, as summarized in
Tables [I] and 2] using a fixed ¢ introduces an additional
non-vanishing error term e¢ic to the gradient estimate.

To avoid the critic’s function approximation error, (Sutton
et al.l |1999; [Konda & Tsitsiklisl |2003)) proposed a smart
idea of compatible function approximation, which uses the
compatible feature vector ¢,, that depends on the policy
parameter w. To explain, in order to approximate the value
function Q™ associated with policy 7, we can set the
feature vector as ¢, (s,a) := V,, log 7, (als) and solve for
the best linear approximation parameter 6" via the following
optimization problem.

0; € argnbin]EDM {(Q”“ (s,a) — ¢/ (s, a)G)Q} )

Proposition 1 ((Sutton et al.,|1999)). With compatible func-
tion approximation, the policy gradient VJ () can be
rewritten as:

VJ(n,)=Ep, [Vlogn,(als)Q™ (s,a)]
—Ep, [4u(sa)6] (50)T)]. O

This implies that as long as we can solve the finite dimen-
sional problem Equation (2)), linear function approximation
with the compatible feature ¢,, and parameter 9_; does not
induce any function approximation error. This approach is
referred to as compatible function approximation (Sutton
et al, [1999)), i.e., estimating Q™ using an w-dependent
linear function class: Q,, = {¢. (s,a)8,0 € ©}. To solve
Equation (2) for the compatible function approximation pa-
rameter, we use the k-step TD algorithm with compatible
feature ¢, (Sutton et al.,[1999).

The actor can also use the following natural policy gradient
to update the policy (Kakade,|[2001)):

VJ(r,) = F;'VJ(m),

where the matrix F,, denotes the Fisher information matrix:

Fy,=Ep,, |Viegm,(als)(Viogm,(als))"|.
Proposition 2 ((Peters & Schaall, 2008)). With compatible
function approximation, natural policy gradient is reduced
to:

VJ () = 07,

That is, there is no need to estimate the Fisher information
matrix and compute its inverse, which is typically computa-
tionally expensive.
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Algorithm 1 (Natural) Actor-Critic with Compatible Function Approximation

1: Imitialization: &, 79, wo, To = 7w, , 0o, G0 = V logmg, so, a0 ~ mo(+|S0),20 =0

2: fort=0,...,T —1do

3:  Observe Ry;; Sample s;41 ~ P(:|s¢, ar); age1 ~ me(¢|Se41)

o+(s,a) =V, logmi(als)

2=y (55, a5)

Ne+1 = N+ Ye(Re — ne)

Orr1 = 1o g (0 + 16:(0:)21)

9:  OptionI: we i1 = wi + B (e, ar)0re (e, ar)
10: Optlon 1I: Wi41 = W + Btﬁt

11: end for

R AN A

Critic: 6:(0;) = Ry — 0 + ¢/ (141, ar41)0: — ¢/ (s¢, a1)0;

/+*Compatible function approximation=*/
/*TD errorx*/
/+*eligibility tracex/
/*average reward updatex*/
/+TD updatex*/

/+Actor update in ACx/
/+*Actor update in NACx/

3. Main Results

The detailed AC and NAC algorithms with compatible func-
tion approximation is summarized in Algorithm[I] In the
critic update, oy is the stepsize, and denote by Il p(v) =
argmin,|, <p |[v — wl|, for any v € R? the project opera-
tor, and B is the radius. Next, we present the non-asymptotic
bounds for the AC and NAC with compatible function ap-
proximation in Algorithm T}

Assumption 1. (Uniform Ergodicity) Consider the MDP
with policy m,, and transition kernel P, there exists con-
stants m > 0, and p € (0, 1) such that

sug IP(s¢ € -[so =8) = Da, ()|l < mp'.
se

Here |[|-|| -, denotes the total variation distance between two
distributions. Assumption|l|is widely used in the literature
to handle the Markovian noise, e.g., (Srikant & Ying, |2019;
Zou et al.l 2019;|Bhandari et al., 2018). We further assume
that the d feature functions, ¢, ;,¢ = 1, ..., d, are linearly
independent, i.e., the feature matrix ¢, is full rank when
|S||.A| > d. This is also commonly used in the literature of
analyzing RL algorithms with linear function approximation
(Srikant & Yingl 2019; [Zou et al., [2019; Bhandari et al.|
2018).

3.1. Critic:k-step TD

Consider the critic update, where the TD method is used to
learn the relative value function under the average-reward
setting. It is known that the feature function needs to satisfy
certain condition (Assumption 2 in (Tsitsiklis & Van Royl
1999)) so that the limit of the TD method is unique. In the
following proposition, we show that compatible function
approximation automatically satisfy the assumption needed
in (Tsitsiklis & Van Roy}|1999), and therefore guarantees the
convergence of the critic without the need of any additional
assumptions.

Proposition 3. For any w € W and 6 € O, ¢,0 # e,
where e € R% is an all-one vector.

‘We note that the results in (Wu et al., [2020) use a different
assumption from the one in (Tsitsiklis & Van Royl [1999)
to guarantee the convergence of the critic in the average-
reward setting (Assumption 4.1 in (Wu et al., [2020)): the
matrix E[¢(s)(¢(s') — ¢(s)) ] is negative definite, where
¢ is the fixed feature function, s is the current state and s’ is
the subsequent state.

As discussed in Section [2} we would like the critic to find
the solution of Equation (2). However, the objective in
Equation (2) requires the knowledge of Q™, which is un-
available. Therefore, in the critic, we propose to use the
method of k-step TD, so that as k enlarges, the solution from
the k-step TD converges to the solution of Equation (2). We
present the k-step TD algorithm in Algorithm[2] Here, the
AC and NAC algorithms in Algorithm [I] are single-loop,
single sample trajectory and two time-scale. We introduce
the k-step TD algorithm in Algorithm [2| only to illustrate
the basic idea.

Based on Proposition[3] Assumption[I] and the assumption
that ®,, is full rank, from (Tsitsiklis & Van Roy, (1999,
Theorem 1), we can show that the k-step TD algorithm in
Algorithm [2has a unique solution, denoted by 07

Ep.. [6(s.0) (T (61 (s,0)05) = 61 (s,)05) | =0,
“

where 7}(5)(62(8,@)) = ]E[Z?;(}(Rj

Q(s1s ax)|so = s,a0 = a,m,].

— J(mw)) +

Assume that Ep, [¢u (s, a)¢,, (s, a)] is positive definite
with the minimum eigenvalue A.,;, > 0. This is to guar-
antee that the solution to Equation (2)) is unique. We can
remove this assumption by adding a regularizer \||0]|3 to
Equation (2) to guarantee the solution to the regularized
Equation () is unique, and bounding the difference.

Then we bound the difference between the solution to Equa-
tion (2)) and the solution to the k-step TD algorithm in the
following proposition.
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Algorithm 2 Compatible k-step TD Algorithm

Imitialization: &k, 7,00, ¢ = Vlogm,, sp,ap ~
7Tw('|80),20 = O
fort =0,....,7T —1do

Observe R;

St41 AJID(WSt,at);Gt+1 “’Ww(¢3t+1)
§5(01) = Re —n+ ¢ (Se41, ar1)0: — &' (s¢,a1)0;
/*TD errorx*/
t
ze =2y 985, a5)
/+xeligibility tracex/
n=mn+v%—n)
/*average reward updatex/
9t+1 = HQ,B(Ot + atﬁ(ﬁt)zt) /*TD update*/
end for

Proposition 4. For any w € W, the difference between 0,
and 0, can be bounded as follows:

Cgapmpk

* N*
oz - & l, < e
min

where Cyqp is a constant defined in Appendix[A.2]

It can be seen that the bound diminishes exponentially with
k. Therefore by picking a large k, the k-step TD is expected
to solve Equation (2)) to a desired accuracy.

3.2. Non-asymptotic Bound for AC

Assumption 2. (Smoothness and Boundedness) For any
w,w’ € R? and any state-action pair (s,a) € S x A, there
exist positive constants Ly, Cy, Cr and Ls such that

D[¢w(s,0) = dur(s,a)lly < Ly [|w — w55

2) ||7Tw("3) - 7Tu/('|s)||7’v <Cx ”W - "JIH2 ;
3)lguw(s,a)lly < Cy;

4)||V?7u(a s)H2 < Cs;

5) |8wi8wj8wl7rw(a|s)| < Lg, for1 <1i,j,1 <n.

The first three assumptions in Assumption [2] assume the
policy and feature function ¢,, is smooth and bounded.
The fourth and fifth assumptions in Assumption [2]are only
needed for the AC analysis. For the NAC analysis, it is
not necessary. We note that these assumptions can be
easily satisfied by choosing a proper policy parameteriza-
tion. For example, if the policy is parameterized using
neural network, then these assumptions can be satisfied
(Du et al., 2019 Miyato et al., 2018}, [Neyshabur, [2017)
if the activation functions are analytic functions and have
bounded each-order derivative, (e.g. logistic, hyperbolic
tangent and softplus). With these proper policy parameter-
izations, the fifth one in Assumption [2]can be deduced by

V27 (als) — V2 (als)||, < L llw — ||,

We first present the bound on the tracking error, which
measures how the critic tracks its ideal limit:

1 T-1
* 2
=S E [l —6ul3]
t=0

Here, 6; is the critic parameter at time ¢ of Algorithm [I] and
we rewrite 0; = 07 and .J(w;) = J(m, ) for convenience.
In the AC algorithm, we set o = o, By = 5, & = 7,
and k = O (logT) such that v > o > B > mp*. Note
that we use a projection in Line 8 in Algorithm[I} In order
for convergence and optimality, we require that all ||0 || <
B. A sufficient condition to guarantee this is to set B =

MRmaxCy .
(0=7) G C2 i) (see Appendix |A|for the proof).

Proposition 5. The tracking error of the AC algorithm in
Algorithm[I|can be bounded as follows:

T-1

% E (67 — 0.2

(c(yﬁ Cnﬁ) ZE [||VJ we)|l3 } —I-O( a)
+0 (log T) +0 (alog? T) + O (Blog? T)
2
+0 ('yloggT) +0 (52105T> +0 (Wlﬁ(;gT)

+0 (i(mpk)) +0O ((mp*)log”T) + O <(mpk)2> ,

af
where c, and c,, is a positive constant defined in Appendzx@

Sel"}/ O( ) O(flogQT) 67 (\/>10ng) we
have

1 T-1
* 2
L3 E; - 6
t=0

= log® T
;EHVJM)H]JM?(\/T). 5)

<
- 4O4T

For simplicity, we only present the order of the bound here,
and the detailed non-asymptotic bound can be found in the
Appendix [B] The key novelty in the analysis is that we
bound the tracking error as a function of the policy gradient,
and we also bound the policy gradient as a function of
the tracking error. By applying the bound recursively, we
get a tight bound on the tracking error in Proposition [5
Many existing studies in the two time-scale analysis upper
bound the policy gradient in the tracking error using its
maximum norm, which is constant-level. However, as we
see in the following theorem, the policy gradient shall also
decrease to zero. Therefore, the above approach does not
obtain the tightest bound, and leads to a higher-order sample
complexity.



Non-Asymptotic Analysis for Single-Loop AC/NAC with Compatible Function Approximation

Theorem 1. Consider the AC algorithm in Algorithm[l] It
can be shown that

T-1

7 2B [I9slE] <o ().

Theorem|I]implies that the AC algorithm with compatible
function approximation converges to an e-stationary point
with sample complexity e~2. This improves the best known
error bound by a constant £ (Wang et al.,[2020; |[Zhang
et al.,[2020Db; |Qiu et al., [2021; Kumar et al., 2023} |Xu et al.,
2020b} [Barakat et al., 2022; ' Wu et al., 2020; |Chen et al.,
2021} |Olshevsky & Gharesifard, 2023} | Xu et al., [2020a),
and matches the best known sample complexity (Chen et al.,
2021} (Olshevsky & Gharesifard, 2023; Xu et al., [2020a;
Suttle et al., [2023).

3.3. Non-asymptotic Bound for NAC

In this section, we present the non-asymptotic bound for the
NAC algorithm in Algorithm[I] It was shown in (Agarwal
et al.| 2021)) that due to the parameter invariant property of
the natural policy gradient update, natural policy gradient is
able to converge to the globally optimal policy with a gap
that depends on the capacity of the policy class. Define the
compatible linear function approximation error

o = iy {47 0)~ o001

This error represents the approximation error due to the
insufficient expressive power of the policy parameterization,
and shall decrease if a large neural network is used.

Using the same idea as the one in AC, we can also develop a
tight bound on the tracking error: O (T - %) , where now we

bound the tracking error as a function of the optimality gap
instead of the gradient norm. We then also develop bound
of the optimality gap as a function of the tracking error.
Applying them recursively, we obtain the tightest bound on
the tracking error and the tightest bound on the optimality
gap in the following theorem. We set oy = «, 5 = f3,
vt =7, and k = O (log T) such that v > a > 3 > mpF.

Assumption 3. There exist a constant C, < 00 such that

; Dy (s,a)
SUPy,ew H D, (s,0) || o < Ce.

Assumption [3| guarantees that the policy is sufficiently ex-
ploratory, and is commonly used in NAC analyses, e.g.,
(Cayci et al.| 2022} | Xu et al., 2020a}; |Agarwal et al., [2021).
Approaches to guarantee this assumption were also studied
in (Khodadadian et al.,[2021;[2022).

Theorem 2. Consider the NAC algorithm in Algorithm
Then, we have that

+0 ( (mp*) log T) + O (/ar) - ©®)

Ifwesety = O(T 3logT), a0 = O(T 3 log ' T),3 =
O(T~3log™ T), we have

min E[J(7*) = J ()] < 0 (T "5 108" T) + O (v/eweur)
Remark 1. Unlike the results for AC in Theorem|I| The-
orem 2| for NAC only needs the first three assumptions in
Assumption |2} This is one advantage of using compatible
function approximation in NAC. As we can see from Line 11
in Algorithm[l|and Proposition[2} the inverse of the Fisher
information matrix is cancelled out. Therefore, there is
no stochastic noise from using ¢,,(s¢, a)¢. (s¢, a;) in the
analysis of NAC. However, in AC, we need to handle this
noise, and therefore, the fourth assumption in Assumption 2]
is needed for the AC algorithm.

Theorem [2]implies that NAC with compatible function ap-
proximation converges to an €+ /Z,cior-n€ighborhood of the
globally optimal policy 7* with sample complexity O(e~3).
Compared to existing studies, our work eliminate the ap-
proximation error of the critic, €itic, from the overall error
bound (Wang et al.| [2020; |Cayci et al., 2022; Agarwal et al.|
2021; Xu et al., 2020ab; (Chen et al., [2022). Moreover, as
summarized in Table[2] the best known sample complexity
of NAC is e, which however is for the nested-loop NAC
variant (Xu et al.| [2020a; |Chen et al., [2022). Our results
achieves this sample complexity, and is for the challenging
single-loop NAC algorithm with a single Markovian sample
trajectory.
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Here we provide a proof sketch for the NAC algorithm to
highlight major challenges and our technical novelties. The
analysis of NAC contains of most major technical novelty
in the AC analysis.

Proof sketch. For simplicity of presentation, we set f =

log T T _ T
O (T) and T = ﬂflogﬂ' We denote by

My = E[[|0: — 607 13] + E[(n: — J(w1))?]

the sum of the tracking error and the estimation error of the
average reward. Denote by KL(w;) = K L(7*|m;) the KL
divergence between policy 7* and 7.

Step 1 (Error decomposition): According to the smooth-
ness property of KL(w) with respect to w, we bound the
performance gap between the current policy and the optimal
policy (optimality gap) as follows:

I o KL(w, 7) — KL(w)
= ; E[J(7") = J(w;)] < 75

1 T
+0 ( = PO Mj) + O(Cocy/Eactor + B +mp").

Step 2 (Estimation error in the average reward): In this
step, we analyze estimation error in the average reward:
n: — J(we). We provide a tight characterization of this
error:

E[(nt+1 - J(Wt+l)>2]
< (1= E[(m — J(wr))?] + O(BE[||VJ (wy)]|3))
+ O(mpkv + k22 + k298 + 7).

One of our key novelties lies in that we bound this estimation
error using the gradient norm E[||V.J(w;)||3]. The above
bound itself is tighter than the existing one in (Wu et al.,
2020).

Step 3 (Tracking error): In this step, we bound the tracking
error in the critic: ||6; — 0}]|3. By the TD error step in
Algorithm 1, we decompose the term ||0,41 — 07, ,]|3 as
follows:

10141 — 0544115
<16 = 67115 + 1167 — 0741115 + o100z [3
+2a(0; — 07, 0¢2¢) + 20(0; — 0F,1,642)
+2(0; — 07,07 —0/,).

Another key challenge lies in how to bound the term
E[{0; — 0], 5.2)]. We develop a novel technique of auxil-
iary Markov chain to decompose this error into two parts:
1) error due to time-varying feature function and 2) error

due to time-varying policy. Specifically, consider the first
Markov chain generated from the algorithm:

ToX P e X P
Sp,a0 — 81,01 —> ... = S¢, Q¢ —>  Sp41,A441,

where at each time j, the action is chosen according
to m; and the transition kernel is P. Here z =
Z;:tf x @i(s5,a;) is the eligibility trace used in the al-
gorithm. It can be seen that in z;, the feature ¢; changes
with j, and the distribution of s;, a; depends on the time-
varying policy ;. We then design an auxiliary eligibility
trace Z; = Z;:t_k ¢+(sj,a;), where the feature is fixed to
be ¢, and only the the distribution of s;, a; depends on the
time-varying policy ;. To further handle the time-varying
distribution of s;, a;, we design an auxiliary Markov chain
(denoted by A1) as follows:

Al - ~ T X P ~ ~ ~ ~ mXP ~ ~
1:(sg,a0) ~m = 81,a1—...5¢, Q¢ — Spa1, Ait,

where the action at each time j is always chosen accord-
ing to a fixed policy 7;. Based on this auxiliary Markov
chain, we introduce another auxiliary eligibility trace z; =
Z;:t_ » ¢:(5;,a;), where it uses a fixed feature ¢, and
samples from this auxiliary Markov chain. Lastly, we de-
sign a second auxiliary Markov chain (denoted by A2):

_ X P o_ o _ _ _ mgXP _ _
A2: (59,a9) ~ Dy "5 51,8184, 88 = St41, 041,

where the only difference between A2 and Al lies in the
initial state distribution. Then we define the last auxiliary

eligibility trace as z; = Z;:t—k (55, a;).

The difference between z; and Z; measures the error due to
the time-varying compatible feature function. We bound this
error using the Lipschitz continuity of the feature function.
The difference between Z; and Z; measures the error due to
the time-varying sampling policy. The difference between
z: and Z; measures the error due to the difference between
the stationary distribution and the actual distribution of the
samples, which can be bounded based on Assumption 1. By
such a error decomposition, we can show that

Efl|0e+1 = 074113] < (1 = Amince/2)E[]|0; — 07 ]3]
+O(K*aE[( — J(w))?]) + O(BE[|VJ (wy)|[3])

)2
+ 0O (k3a2 + E3af + 2 + mpFa + (mg ) > .

Step 4 (Bound on gradient): As we can see from Steps 2
and 3, we bound the estimation error of the average reward
and the tracking error using the gradient norm | V.J (w;)||3.
Therefore, in order to derive the tightest bound, we further
develop a novel bound on the gradient norm ||V.J (w;)||3.
Note that the idea is novel as it serves as a pivotal link
connecting the analysis of the tracking error/estimation error
in the average reward and the optimality gap. Specifically,
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we bound the gradient norm using the estimation error in
the average reward and tracking error. By the smoothness
of J(w), we have that

t+T—1

E[||VJ(w))[3] 2 J (W) — E[J(wy)]
; = <2c3 I
t+T—1

+O(} S E], —e;fna) T O(mp* + ).
j=t

We also note that we bound the gradient norm using the
optimality gap, and this is of great importance to establish
the tight bound in this paper. In previous works, this term
E[J(w,,7)] — E[J(w:)] is bounded by a constant, and thus
the overall complexity is not as tight.

Step 5: Combining steps 1-4, we conclude the proof. [

4. Conclusion

In this paper, we develop the tightest non-asymptotic con-
vergence bounds for both the AC and NAC algorithms with
compatible function approximation. For the AC algorithm,
our results achieve the best sample complexity of ¢~2 with
a reduced error from € + €.itic tO €, Where €.t 1S a non-
diminishing constant. For the NAC algorithm, our results
is the first one in the literature that analyze the single-loop
NAC with a single Markovian trajectory, and we achieve the
best known sample complexity of e~ also with a reduced
error of € + /€xctor. Our results demonstrate the advantage
of compatible function approximation when applied in AC
and NAC algorithms, including relaxed technical condition
to guarantee convergence, no need of estimating Fisher in-
formation matrix, and no approximation error from the critic.
Our technical novelty lies in analyzing the error due to use
of a time-varying and policy dependent feature in the critic.

Impact Statement

This paper presents work whose goal is to advance the field
of Reinforcement Learning. There are many potential soci-
etal consequences of our work, none which we feel must be
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A. Supporting Lemmas and Proofs for Propositions [3 and {4

In this section, we provide a number of supporting lemmas, and proofs for Propositions|1|to IA-_LI In the following proofs, ||z||2

denotes the ¢5 norm if x is a vector; and || X ||> denotes the operator norm if X is a matrix.

A.1. Supporting Lemmas

For convenience, we denote J(w) = J(m,,). We first prove a lemma showing that both J(w) and V.J(w) are Lipschitz in w.

Lemma 1. Under Assumptionsand Sfor any w,w’ € W, we have that
IVJ(@)ll, < C,

k
where Cj = Cd2> (B + C”)\"#) and

IVJ(w) = VI (W)l < L flw =l
where Ly = ™fss (41,Cy + Ly) and Ly = 3y (14 [logm™] + ).
Recall Equation . The solution 67 given the feature function satisfies that
0, = argminEp, [[Q™(s.a) - 6] (s, )95
We show that the solution §* is Lipschitz in w in the following lemma.

13

N

®
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Lemma 2. For any w,w’ € W, it holds that

162, — o,

, < Collw—wlly, (10)

where Co = (2C¢L¢ + C L ) Ly

Amin

For any w € W, let
Hou(s,0) = E [ 650, 00) (0(sk,ax) = 6u(s0,a0)) " |50 = 5,00 = @,
H = Ep,_ [Ha(s,a)]. an

log(mdC3)—log Amin
1—p

Lemma 3. For k > { ] it holds that

H,+H] -
)\max (—;w) S Cidmpk - >\min = _>\min < 07
where Amax (X) is the largest eigenvalue of symmetric matrix X.

log(m,dCi)—log Amin
1-p

When k > { W , we have that

Amin = )\min - Cidmpk
> Amin — C;dme_k(l_p)

mdc?
—1 o]
> Amin C¢dme 083( Rmin > =0, (]2)

and therefore A\, is positive.

The following lemma bounds the distance between the stationary distribution induced by 7, and the distribution of s, a; in
Algorithm E Define F; to be o-field generated by all the randomness until the j-th time-step. For simplicity, we write D,
as D;.

Lemma 4. Forany 0 < k < t, it can be shown that

t—1

P (51, a1 Fir) = Dilly < Cr Y flwr — wyll, +mp. (13)
J=i—k

We rewrite 0; = 0, , where 6, is the solution to Equation (E)
Lemma 5. Consider the term E [(0; — 6, 6;2:)]. It can be shown that

Xmin *
E[(6: — 67,620 < — “22K [|16, - 67]3]

(k+1)%C?
TJE [(J(wt) - Ut)z] +GY, (14)
where Us = Ryax + 2C4B. For AC,
t t—1 t j—1 j5—-1
Gy =2B2C2UsCr Y Y Bi+4BCUs Y [ BCIC: > > B, +mp" + BC3L, Zﬁl
j=t—k i=j j=t—k i=j—k 1=i

ZCgupmpk

)
)\min

t—1 t—1
20k + 1)CsUs | (k+1)ColUs > a; +CoCiB Y B+ (15)

j=t—2k j=t—2k

14
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and for NAC,
t—1 t j—1 j—1
GO = 2B?UsC, Z > Bi+4BCyUs Y | BCx Y > B +mp" + BL, ZBZ
j=t—k i=j j=t—k i=j—k 1=1
t—1 t—1 2C mpk
2(k + 1)C¢U5 (k+ 1)C¢U5 - Z a;+CeB | Z B + i\t:T (16)
j=t—2k j=t—2k
In the following, we prove that 8, defined in Equation (4) is bounded.
Lemma 6. The solution 0}, to Equation @) is bounded:
% 1 mC Rm X mc an X
0% < o —LmaX  _é max (17)
)\mln - dC¢mp 1- P Amin (1 - /0)
Lemma 7. Under Assumptionand Jorany w,w’ € W,
V2T (w) = V2I ()|, < Le w = 'l (18)
6C3 m3etfmax 6m2C.,Cse3Fmax mLse2Bmax
where Lg = d> ( ¢(1_p)3 + (‘i_;)z + = )
The proof of above Lemmas could be found in Appendix D]
A.2. Proofs for Propositions 1] to d]
We include the proof of Proposition [I]and Proposition 2] for completeness.
Proof. By the Equation (2), 07, satisfies that
o (@7 (5,0) = 05 (5,0)05) P (5, @) = 0. (19)
Since ¢, (s,a)@? is a scalar, we can get that
Ep,, [Q™(s,a)¢u(s.a)] = Ep,, [du(s,a)d, (s, a)d] (20)
For the policy gradient V.J (7, ), we get that
VJ(n,)=Ep, [Vlegn,(a|s)Q™ (s,a)] =Ep, [(;Sw(s,a)(qb;r (s,a) é;)] . (21
Furthermore, we have that
Vi(r,)=F, 1EDM [0 (s, a)du (s, a)Téf;]
=F,'Ep,_ [¢u(s,a)¢u(s,a)"] 6 = 0. (22)
This conclude the proof. O

We present the proof of Proposition 3]

Proposition 6. (Restatement of Proposition|3) For any w € W and 6 € ©, ®,0 # e, where e € RISIIAl is an all-one
vector.

Proof. Assume that there exists 6. € © such that ®,,0. = e, then Ep__ [¢) (s,a)0.] = 1.

15



Non-Asymptotic Analysis for Single-Loop AC/NAC with Compatible Function Approximation

Howeyver, note that

Ep.,, [03(5,0)06] = 3 dn () o ma(ale)ol (s )l
= dn,(s) Zm(a|8)V10g m.(als) "0

=2 dn.(5) 2 molals) “m(T>) 5
= de s vaﬂ'w a|s

= de (8)Vw (Z ﬂw(as)> 0.

=0, (23)

where the last equation is from the fact that ) °_ 7, (a|s) = 1, and hence the gradient of it is 0. This hence results in a
contradiction, which completes the proof. O

We then present the proof of Proposition [4]

Proposition 7. ( Restatement of Proposztton@) For any w € W, denote the fixed point of k-step TD operator by 67, and the
solution to Equation (2) by 07, then

ez =8 2<CW’ (24)
where Cyqp = CiB + C(»%r;ax.
Proof. From the definition, it holds that
7= Eo.. [pule,ol(e. ) (B, [ou(n0) (T01 0 02)]). e
and
0, = (Ep,, [¢u(s,0)0](5,0)]) " (Ep,, [6u(s,0)Q™ (s,a)]). 6)

Thus, we have that

162 — 6211,

=@, louts. ol s.0)) " (En,, [outn0) (T01 5008 - @ (5)] )]

1
< (k) T * TTw
<5 |[Eo.. [¢us0) (’rww 05 (s.0)0; - Q™ (s.0)) ||
1
=5 |[Ep-. m(s,a)(E SR, () + (ot 0) 0150 = 00 = 0,7 -Q“@»“))H’
min j 0 ]
1 (k-1 )
=3 Ep,  |¢u(s, a) <E R — J(w) + bo (s, ar) 05|50 = 5,a0 = a,
min _j:0 ]

—E ZRj —J(w)|so = s,a0 = a,m, )
3=0

2

16
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1
" A Ep., |#u(s:a) ZR — J(W) + b5k, ax) 05|50 = s,a0 = a, T,
< e Ry — J(w D
o )\Inin Dro ¢w 5 a Z o sk’a’k) ~ T Tw

2
+ /\ — ||Ep,., [¢u(s,a) (E [¢u(sk,ar) 03| (sk, ar) ~ D, 1),

/\ C¢BED [[IP (sk,ak|so = s,a0 = a,7y) — Dx |l 7]

Amm C¢ ZkRmaxED |:||IED(S]7 aj‘SO = S,ap9 = S,ﬂ'w) — Dﬂ'w HTV]
® 1
= Amin EDM} ¢w % a ZR - ‘] Skaak) ~ Dﬂwaﬂ'w

2

o (D5, a) (B [ sk ar) "05 | (st ar) ~ Dx, )],

C > ,
4+ =22 C¢Bmpk + Z Rpaxmp’

j=k

1
L B, [outo0) (B, [oule @) D], + 5 Co | CoBmet + 3 Ry’

27

where Cyyp = C’;B +C¢Rmax ﬁ, (a) follows from the triangular inequality and the fact that for any probability distribution

P, and P,, and any random variable X, s.t. | X| < Xyax, |Ep, [X] — Ep, [X]| £ Xmax | P2

— Ps| 1, (b) follows from

Assumption (c) follows from J(w) = Ep,_[R(s,a)], and (d) follows from Ep__ [¢w(s,a) (Ep,  [¢u(s,a) 65])] =
0. O

B. AC Sample Complexity Analysis

In this section, we provide the sample complexity analysis for our single-loop AC algorithm.

B.1. Bound on Gradient Norm in AC

In this section, we first present a preliminary bound on the gradient norm ||V J(w)]].
Lemma 8. It holds that

/3 .
' [V @)ll}] < E(i)] —E[I(w)] + CIBE |16, - 6;13] + G
where
L LsciB?s?  [(Cicz mp* —
L= A?:n +C,C3B Btmp’wzchQLJﬁtj;kﬁj

t—1 t—1

+CICEB°Cay > Y B

j=t—k i=j

17
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Proof. Recall that in the update of AC algorithm, w;;1 — w; = @] (8¢, as)0rde(s¢, ar). Following Lemma it can be
shown that

L
J(wer1) = J(wi) + (VI (W), wig1 — wi) — 71 lwr 41— will

LJﬂt

J(wt) + By <VJ(Wt)a qu)t 8ty ar)0r e (se, ar) H2

) &/ (st,00)0: 01 (st ar)) —
J(wi) + Bt <VJ(Wt)a :(Stvat)9t¢t(5tvat) Ep, [ff’t (s,0)0:h4(s,a)])
+ B (VJ(wi),Ep, [¢/ (s —07) Pu(s,a)]) + Be (VI (wy), VI (wy))
+ By (V@) Ep, [67 (5,0)07 éx(s,a)] — VI (wy)) — LJBt
> J(wi) + B (VI (wi), &/ (st,01)0001(s1,a0) — Ep, [6] (57a)9t¢t(5a a)])
BT T@IE ~ ST T@IE ~ B [Ep, [67 (5, (60— 67) ou(s. )]

L C’4B2
BT @IE ~ B 1Ep, [67 (5 i 6u5,0)] — V)]s~ ~E 2

@ J(we) + Bt <VJ(wt)7 ¢;r(5t7at)9t¢t(sta at) — Ep, [(;5:(3, a)brde(s, a)]>

part I

|/ (st,ae)0r0(s¢, ar) H2

\ L;C}B?
+ @I~ B [Ep, [67 (5.) (B — 07) (s, )] [}~ =22 2

~ Bi|[Ep, [0 (5, a)(0F = 87)u(s,0)] [ (30)

where we write 6, as 6 for convenience, (a) follows from Equation (3) that V.J(w;) = Ep, ¢/ (s, a)0; ¢.(s,a)].

We then bound part I in Equation (30). Note that

[E [(VI (@), & (s0,a0)8:6e(s1,a0) = Ep, [¢] (s,0)0:01(s,0)])] |
< |E (VI (@) = VI(@it)s &/ (51,00)0:04(50,a1) —Ep, [0/ (5,0)0:04(s,a)] ]|
+ ’E KVJ(% k) <l5t (8¢, a1)0t0¢(st,a:) — Ep, [¢:(5,G)9t¢t(57a)]>]‘
<SE [V (wi) = VI (@ii)lly [|0F (56, a)0se(s0,ar) = Ep, [6/ (s,a)0i1(s, a)] ]
+|E [V J(wi—i)E [¢] (56, a0)0:0(se,ar) — Ep, [¢] (s,a)0::(s,a)] |Fiei]]|

INE

2C3BLJE [||lwy — wi—kly] + CE[|[P (s¢, ael Fe—r) — Dill 1] C2B

t—1 t—1
QOgBZL‘] Z B+ C,C;B (C’7T Z E [|lw: — wjlly] + mpk>

j=t—k j=t—k

—
INs

t—1

t—1 t—1
<2C}B’L; Y B;j+C,C3B (Cﬂch > Zﬁi—l—mpk), (31)
j=t—k i=j

j=t—k

where (a) is from the L j-smoothness of .J, and (b) is from Lemma On the other hand, from Proposition we can show
that

_ _ Ca kN 2
[Ep, (¢ (s,a) (6 = 07) 6u(s,0)]|I, < Ci |67 — 7], < <g;mp> . (32)

min
Thus, combining Equation (30),Equation (3T) and Equation (32)) completes the proof,

, L;C4B?
E [ (wen)) 2 B (0] + 2B [V 2] - 252757 — ok 6.~ 07112
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Clouomph 2 t—1 t—1 t—1
— CiBy (i‘;n’)) —2C3B*L;f Z B; —C;C3BB, | C-C2B Z Zﬂi-i-mpk . (33)

j=t—k j=t—k i=j
O

B.2. Bound on |7, — J(w;)| in AC

In this section, we bound the error between 7; and J(w;), where J(w;) = limpy 00 E [% f;l R, |7th} is the average-
reward for policy 7, .

Lemma9. Ify; — 2 > f3, then it holds that

E (1 = J(we))] < (1= B[ (n = J(@)*] + CUBBE [V @0)]3] + G (4)

where

t—1 t—1 t—1 t—1
G} =2y (RﬁmXCﬂCﬁB SN B+ RLmp" + B2 > v+ RuaxCrC3BB + RumaxCyC3B Y Bj)

j=t—ki=j j=t—k j=t—k
+ R2. i + CFCLB? B} + 2Rumax Ly Cy B 57 (35)

Proof. Recall the update rule in Algorithm[T} Then we have that
N1 = J(weg1) = ne + e (Re — i) = J(we) + J(wi) — J(we)- (36)

It then follows that

(1 — J(@er1)® = (1= 70) (e = T (i) + e (Re = T (wr)) + T (wi) = I (wi1))?
< (1 =7)% (e = J(wi)? + 77 (Re — T(w) + (J(we) — T (wes1))?
+2v (R — J(we)) (J(we) — J(wes1)) +29 (1 — ) (i — S (wi)) (Be — J(wr))
+2(1 =) (e — J(wr)) (J(wi) — J(wig1)) - (37
111

The term (J (w;) — J(wi+1))? can be bounded by Lemma

T (we) — J(wis1)| < Oy llwy — wigally < CrC3BB;. (38)

Term I in Equation can be bounded as follows:

[E[(Re = J(we)) (J(wi) = J(werr)]] SE[|Ry = J(we)| [T (wi) = T (weg1)]]
< I%maxc'JE [||Wt+1 - thQ]
< RmaxCchsBﬁt' (39)

Term II in Equation (37) can be bounded as follows:

E[(ne — J(wr)) (Be — J(we))]]
SIE[(ne—k = J(wi—k)) (Be = J(we))]| + [E[(ne — ne—r — J(we) + J(wip)) (Be — J(wt))]]

CIBIE [k — Jr1)) (Bi = J(0) | Frsl] = By [ — T (wr-0)) (R(s,a) — J(ee))]
FE[ — s — T(wr) + T(wr)| R — ()]

19
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(b)
< R?

max® [[IP (82, ae| Fe—r) s Dellry] + RunaxBE (|00 — ne—i| + [ (wr) — J(wi—i) ]
(c) t—1 t—1
< R12nax Cr E [Hwt - Wj”z} + mpk + Bmax | Bmax Z v + CyE [[lwr — wt—k”Q]
j=t—k j=t—k
t—1 t—1 t—1 t—1
< RLLCxCIB > > Bi+ Ramp® + RL.. > 7+ RuaxCyCiB Y Bj, (40)
j=t—k i=j j=t—k j=t—k

where (a) follows from Ep, [R(s,a) — J(w:)] = 0, (b) follows from that 0 < 7 < Rpax, 0 < J(wi) < Rmax
0 < Ry < Ruax and (c) follows from Lemma 4}

Term III in Equation (37) can be bounded as follows:
(0 — ) () — T ))]
Q1B [~ Tw0) (VT T s — )]
B[O = 70 arss =™ T s - )]

=Bt ’E [(nt — J(w)) VTJ(wt)(fb:(St, at )0 b (se, at))] |

2 ~
s [(’” — 7@0) (6 (s a)uu(sera) 2 (¢Z<st,at)et¢t<5t,at)>} ‘

(b) C4BZ

< %E [(7715 - J(Wt))Q} + 227 3R [||Vj(wt)||§} 4 R Ly CL B2, )

where (a) follows from the Lagrange’s Mean Value Theorem and Lemma for some &; = Awr + (1 — Nwiqq with
2 2
A € ]0,1]; (b) follows from (a, b) < M and Lemma

Combining Equation (37), Equation (39), Equation (40) and Equation (1)) implies

E (1 = Jwin))?] < (1= )+ B) E | = J(@0))?] + BCIBE [V @)l

t—1 t—1 t—1
+ 29 | B2, CxC2B Y > " Bi+ REomp™ + REe Y 7 + RuaxCC3 BBy
j=t—k i=j j=t—k
t—1
+ B2 77 + CICEB2 Y + 2RinaxCiC3BY Y B + 2Rmax Ly CBB7, (42)
j=t—k
which completes the proof. O

B.3. Tracking Error Analysis of AC

In this section, we bound the tracking error ||0; — 6 [|2. Recall that we write 6} = 6, and 6, is the solution to Equation @),
ie.,

Ep.., [60(s,0) (T (81 (s, 0)0) = 61 (s, )0 )| = 0. 3)

We then present a recursive bound on the tracking error in the following lemma.

Lemma 10. Set the step sizes such that

Amin@ _ BO3 (CyLa +2Lg) 4 Amin(Ly + 2Cy) + 2X\%,
5 Ly 22 2 B, (44)

min
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then it holds that

* )\min % L >\min + B03 (C L7r +2L )
E ([0 - 03] < (1 - 2%) E[llo, - 6;13] + = — 2B (1. (w0) 2]
k+1)2C?
%aﬂ@ [0 = T(w))?] + G, (45)
where

4(k+1)BC3UsL; =L
(k + 1BCsUs L3, > o +2(k +1)C3BUsCon 3y

j=t—k

GY = (k+1)°U;Ca7 + -
4B2C* i
)\27¢ﬁt Z B; + 203 B*C3 3}
min j=t—k
ABC2L; (3Cp + Amin A(k + 1)CyUsCopmmp® 2 Coapmp®\
" ¢J()\2gp )mpkﬂt‘i’ ( ))\d)-d gap™Mp Olt+(/8+8)< gpmp)
min min t

AB3C,C4L; = X
S .d) Be DN Bi+ 204G (46)

j=t—k i=j

+ (2BCyLj(CyLyx +2Lg) + 2BLe Amin + CoAmin)

)\min

Proof. From Algorithm[T] it holds that
8001 = 113 = 115 (61 + udizs) — 67,4

(a) 112

< [0 + cudeze — 0744

= |60 + acbize — 67 + 67 — 64|

=16, — 67113 + a2 18ezell3 + |16 — 07115 + 2cve 8 — 67, Spe)

+ 20 <5t2t,9t* - :+1> +2<9t — 07,07 — ;:k+1>7 (47)
where (a) follows from the fact |[ILz(z) — yl|, < [l — ||, when [|y||, < B and ||6},, ||, < B.
Taking expectations on both sides further implies that
* 2 * (12 2 % * 2
E (18041 = 01 ll;] <E [16: = 0 13] + oZE [I1602213] + B |16 - 053]

+ 20&15 E [<9t — 9:, 6tzt>] +20£t E [<6tzt7 9: — ZK+1>] +2E [<9t — H:, 9: — Z(+1>] . (48)
—_——————

I i I
Firstly, we can get that

02E [|6,2]2] < o3 (k +1)2C302. (49)

The term ||t92‘ -0 ||2 can be bounded as follows:

167 = 071all, = 1167 = O2a + 07 — 07 = 67,1 + 67,4,

g|§;fk_67;‘+1H2"|'|9;;_é£k 2+’ :+1_§:+1H2
(a) N * N* C mpk C mpk

10 = Biall + 52 4 S5

(b) 2Cgapmp”

< Co |lwr — weyally +

>\min
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2C apmp”
= B:Co |8} (st,a1)0:0(s¢, ar)]|, + %
2Cpmp”
< CoC3 B, + 2, (50)
where (a) follows from Proposition[d} and (b) follows from Lemma[2] Equation further implies that
) 8C2 m?p?
E [\ o — 9;;1||2] < 203CiB%B + 3"27 (51)
By Lemma[5] we can bound term I in Equation (@8] as follows:
* Xrnin * (k + 1)202
E [(6; — 67, 8,2)] < —“52E [[16; — 73] + "B [(J(w1) = m)°] + G- (5
For term II in Equation (48), we have that
E [(0:20,67 = 671)] <E [[602lly [|67 — 6714,
< E[[1002elly (107 — 0], + 116 — 07, e 0 l,)]
2Cgapmp”
< (k +1)CyUs (c@chﬁt + ipmp>
2(k + 1)CyUsCoapmp®
= (k4 1)CLBU;Cop, + 2B DCoUsConmp™ (53)

Amin

where the last inequality is from Lemma [2]and Proposition ]
To convenience, we rewrite F; = F,,,. To bound term III in Equation @), note that

E [(6: — 07,67 — 67,1)]
=E[(0,—06;,0; —0;,1)] +E[(0, — 6;,60; —6;)] +E[(6: — 0f,0/ 4 —9;;1}]

<E[{0, — 05, F7'VJ(w) — t—+11VJ(wt+1)>] + %E {||9t 07| } {||9* 9‘;”;}
2 (161 - 6718] + B 105 - B2l
(a)
< E[(0: — 07, F 1y (VI (wr) = VI (wirn)))] +E [(0: = 07, (F7 1 = F2Y) VI (@)
k
+ﬁtE |:||9t e*H } ( gapmp )
QR [(0, - 07, b V2I(@r) (wr — win))] +E [0 — 07, (71 = F3h) V(@)
2
+ﬁtE |:||9t 9*” } ( gapmp )
©
< E[(0: — 0F, FL V2 (@) (wr — wig))] + E[10: — ¢ llo 152 — Frgally VI (wi)ll,]
* |2 1 Cgapmp
+ BE |:||9t —0; ||2} E <)\mm )
@ \ BC3 (CyLy + 2Ly) .
< —BE[(0: — 07, Fyy VI (@) (¢t (st,a1)0: 01 (51, a1)) )] + ¢ 532 BE [||9t — 6] ||§}
BC3 (CyLr +2Ly) . 1 [ Copmp™\?
e 19T IE] + 8 [l - 0518 + - (T )

22



Non-Asymptotic Analysis for Single-Loop AC/NAC with Compatible Function Approximation

= —BE[(0; — 07, F 1\ V2 J(@)Ep, [¢] (s5,a)0; ¢:(s,a)])]
(i)
— BiE [(6: — 07, F\V?J(@1)Ep, [¢/ (s,a)(6F — 07 )du(s,a)])]
(i)
— BE [(0, — 07, F V2T (@)Ep, [¢] (s,a)(0; — 6])p1(s,a)])]

(i)
— BE [(6; — 07, V2T (@) (& (¢, a0)0:¢e(se,ar) — Ep, [Qb;r(sa a)0ipy(s,a)]))]
()
BC3 (CyLn +2Ly) BC3 (CyLy + 2Ly) + 2X2,, )
T BE [V wl] + — BiE [0, - 0; 1]
2

1 Cgapmpk)
+ - =) . 54

6t ( >\min ( )

where (a) follows from Proposition |4} (b) follows from Lagrange’s Mean Value for some A € [0, 1], such that &; =
Awg + (1 — XN)wi41, (¢) follows from the facts that for positive definite matrices X and Y,
~1 -1 -1 -1
I =y, < X e =) Y

< X X =Yl Y (55)

27
and (d) is from that
IFii1 = Filly = |Ep,,, [¢141(s,0)0/1(s,0)] — Ep, [¢i(s,a)¢/ (s,a)]]],
S ||ED,,+1 [¢t+1(57 a)(b;_l(s, a)} - EDt [¢t+1(57 a)¢:+1(53 a)} H2

+ HEDt [¢t+1(87a)¢2—+1(57a)] _]EDt [(bt(s a)qb;r(s,a)] HQ
(

<CIDer = Dilly + E[(6:(s,a)lly + ll¢er1(s, a)lly) (s, a) — dria(s, a)ll,)

(a)

< O3 L |wert — welly +2Cs Ly llwrsr — well

- (CiLW + 20¢L¢) Bt ||¢tT(5ta ai)01 i (se, Clt)||2

<BCj (CyLyr + 2Lg) B, (56)

where (a) follows from (Zou et al., 2019) and Theorem 1 in (Li et al., [2024), where L, = $Cx (1 + [logm='] + %p) )

and

D41 = Dilly < L [lwrgr — well, - 57

We then consider the term (4),
(i) < BE (1160 = 071l [ Fa |, V2T @0 |, 1V T (@) l,]

LB (1 !
< J Bt <E [Het _ QZ‘HS} + iE [HVJ(Mt)H%}) ) (58)

a )\min 2

where the last inequality follows from Lemmal/T]
Next, we consider the term (i7),
(i) < BCGE (116 = 07 Il || Fiza [, V2T @0, 167 — 02 )
_ 2BC£CgapLJmpkﬁt
= )\2 ’

min

(59)
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where the last inequality follows from Lemma [I]and Proposition ]
Then, consider the term (7i1),
(i) < BCIE [16: = 0711y || Fiaa [, (12T @) [, 160 = 67 ]
C3LyB:

< =22 [, - 0713]

min

Consider the term (iv),
(iv) = =BE [((F AV (@) T (0 — 07), 0/ (51,a0)0:04 (51, a0) — Ep, [¢/ (5,0)0:04(s,0)])]
= —BE[(FAV2I(@) T (00— 07) — (F V2T (@k-1) T Ok — 074,
O/ (51,00)0:h1(s1,a¢) — Ep, (8] (s,0)0:1(s,a)])]

— BE [(FA V2T (@1-1-1)) T (Or—r — 07_1), & (5¢, a0)0:0¢ (51, a0) — Ep, [6] (5,a)0:0¢(s,a)])]

< 203 BOE [[[(F7L V2T (@) (6 — 07) — (FA V2T @k-1) O — 070

+ ﬂtEK(Ft__lkaJ(wt—k—l))T(et—k - :—k>7¢:(5t7at)0t¢t(3t7at) —Ep, [¢:(57a)9t¢t(5:a)]>]

(a)
< 2C3BBE [|{(Ft_+l1v2J(@t))T(9t —0;) = (F V2 (@r—k-1)) " (Ork — 9?0”2}

2BQC§LJ
+ BE | ——— [P (8¢, a¢| Fi—k) — Dyl

Amin

(b) _ N . _ R N
< 2C3BHE [||<Ft+11v2J<wt>>T<et = 07) = (F V2 @) (O — 074

9B2C2L, 8,
= e (C Z [lws — wjlly] + mpk>

)\mlll ] —t—k

< 2C3BBE [ (FEh V2T (@0))T (00— 0;) = (Fh V20 @rk-1)T (O = 070)

2B*CIL el
+— 10 (C C;B Bi +mp"
k

AI‘ﬂlD ] —t—k i= ]

where (a) follows from Lemma I]and (b) follows from Lemmad]
Consider the first term in Equation (61) and we have that
( tll1v2 (@) " (0: = 07) = (F 3 V2T (@r—k-1)) T (Or—r — 07 _1) |,
< [[(Fih = F2) V2T @) (0 = 00, + |
+ |(F V2T (@-k-1)) " (6 — Oi — 67 + 674 |

2B . R
<2BL;||F - ;iH2+fyf*HVQJ@%)“VQJ“”*k*QHQ

L
3 (10— 0l + |
@ 2B2L;C3 (CyLr +2Ly)

t
= A2, Z BJ—’_

9: B 93—kHz)

192 60) - V2 o)

min j=t—k mm

L _ _ _ _

m" (16 — Oe—illy + |67 — 05|, + |65 — o5], w0kl
<b) 2B%L;C3 (CyLx + 2L ¢ 2BL
< ! if ) 3 B+ S22 @ — ekl

min J—t—k min

24

F (V2 (@) = VI (@i-k-1)) (6: = 07)],

(60)

(61)
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L 2Cgapmpt
5 - (I@-—HtkH2+-Celwt—u%ub-+i”.’))
2B2L;C3 (CyLr 4+ 2Ly) < 2B°CiLe
< 22 Z B Z Bt
min J=t—k mln j=t—k
L = 20 mpP
J gap

E+1)CyUsLy 2 2C, s Ly pk
(+)¢6Jzaj+ gap e gmp

)\2

Amin j=t—k min

2 t
(2BC¢LJ(C¢L + 2L¢) + 2BLO)\m1n + C'O)\mln Z ﬁjv

LBV
)‘mln j=t—k
where (a) follows from Equation and Equation and (b) follows from Lemmal7]
Therefore, the term (iv) can be bounded as:
_ 2(k 4+ 1)BC3UsLy; =2
(iv) < - K B Y
min J:tfk
2BC3 Ly (2Cgp + BAmin) 2B3C, C4LJ Lt it
2. t+———— b Bi
min mm j=t—k i=j
B2 4 t
? (2BC4L(CyLn +2Ly) + 2BLeMmin + Comin) B > B
min j=t—k
Combining the above bounds on terms (4), (4¢), (i4¢) and (iv), we have that
oo BC3 (CyLx +2Ly) + Amin(Ly +2Cy) + 202, .
E [(6; — 07,07 — 07,,)] < —2 7ER BE [llﬁt—ﬂt ||§]
LJ)\min + BC’d (C¢L7r + 2L¢) 2BC2LJ (30 ap T+ >\min)
A BiE IV (wo)ll3] + —— mp" By
2(k+1)BC3UsLy | 2 2B Cx c;;L] A mp\”
e T 2 e ()
j=t—k Jj=t—ki=j
B2 4 t
= © (2BCyL;(CyLx + 2Lg) + 2BLoAmin + Codmin) B Y Bi-
min j=t—k
This bounds term III in Equation (48).
Plugging bounds on terms I, II, I in Equation (48) further implies that
- BC3 (CyLx +2Lg) + Amin(Ly 4+ 2C4) + 202,
* 2 ol ] min J [ IIlll’l %
E [||9t+1 - 9t+1||2i| < <1 — Aminv + ? 2 E [Hat - ||§}
L jAmin + B03 (C¢Lﬂ- + 2L¢) (k} + 1) 02
+ = BE IV I @ll3] + ———"auE |(m — J(w))’]
4(k +1)BC3UsL,

+ (k+1)°U;Ca7 +

t—1
. B > aj+2(k+1)C3BUs;Coa By
min G=t—k
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B2CY
N 2B Z Bj +2C3B*CE 5}
mln ] t k
ABC2L 5 (3C.m0 + Amin Ak 4+ 1)CyUs Coanp® 9 Coamp®\ >
+ ¢ : (>\2 = )mpkﬂt + ( ) )\(fnl: gapmp (ﬂt + 8) < g;\ilrjrllp )

4
+ (QBC¢LJ(C¢L7T + 2L¢) —+ QBL@)\min + C@)\min)

t—

4B3C, C4LJ =1
- ~ t
mm j t— k)

1
Bi + 20, Gy, (65)

1=j

BC(P(C¢Lﬂ-+2L¢)+)\mm(LJ+QC¢)+2)\
A2 .

min

Set the stepsize such that Xmg‘“t > min 3, and the proof ends. O

B.4. Sample Complexity of AC

We first present our proof of Proposition[35} For convenience, we set oy, = «, 3; = 3, ¢ = -y in following.

Proposition 8. (Restatement of Proposition EI) With the constant step sizes such that k = O (logT) and v > « > 3, the
tracking error of the AC algorithm in Algorithm[I|can be bounded as follows:

TZE[ertn} (Z£+22) 7 ZE[WW“}*O( a>+o<b§’7>

t=0

2 2 2 2
+0 (alog’T) + O (Blog”T) + O (ylog’ T) + O (MagT> +0 (MfygT)

k\2
+0 (5(mpk)> +0O ((mp*)log? T) + O <(m” ) > 7 (66)
« af
. 3 6
where c,, = 2LJ/\HHU+§§:XS:LWHL@ and ¢, = 7(5_\““))20 .

Proof. Recall that in Lemma[T0] we showed

j\min % L )‘min+BCS (C L7T+2L )
6041 = 011415 < (1— : a)]E [l —e7113] + =~ o 2

min

BE [V (w0l

k+1)2C2
+ waﬂi [(m - J(wt))z] +GY. (67)

>\min

Apply this inequality recursively and we have that
%112
E [l — 6711}

S\mina ‘ * LJ>\min + BC3 (C¢L7" + 2L(f7 = 7m1na et
<(1- 2) E [0 - eou%} " : oY (1-2m) B (19l

min =0
k+ 1 mm et — 7m1n I
PRGRRI Z( a) E[(J(w) }+Z< O‘) e
mln j= 0
i LjAmin + BC3 (CyLr +2Ly) (2
= (1-q)'E I — 63113] + - B (1= T E[IVIw)I3]
min =0
(k+1)2 = i
. aZ VTR - m)t ]+ - e, (©8)
min -0 7=0

where we let ¢ = ’\“‘%"
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Summing the inequality in Equation (68) above w.r.t. ¢ from 0 to 7' — 1 further implies that

1 T—1
= > E 16~ 611}
t=0

T—

=

! * LJ)\Inin+303 (C¢LW+2L¢ 5 —1t-1 .7
< LS s - gl + "3 55 D E (9]
=0 min =0 j=0
kE+1)2C2 1 -1 Tt
L EHDC

T—1t
07 2 (-0 E [ -] ¢ 7 S (-9
min =0 i=0 4

t=0 j=0
432 LjAmin + BC3 (CyLr +2Lg) B ) (/c+1)2cq5 a &1
<ot o 7o 2 E(IVT@Ih] + =5 =25 S () —ny)’
min j=0 3=0
1 T-1
+—3 "G, (69)
Tq; ¢

t—1 $_i_1 T—1 T—1 4\ « Sisg X
where the last inequality is from the double-sum trick: 37 Zj:oy TTXG < (Dm0 Xo) (X v < === for
X;>0,j=0,1,2,.., T —land y € (0,1).

Recall that we showed in Lemma[9l that
E (1 = J(@i1))’] < (0= E [0 = J ()] + CAB2BE [V @0 3] + 6. (70)
Recursively applying this inequality implies that

E [~ J ()]

t—1 t—1
< (1=9)" (0 = J(wo))* + CABB Y (1 =) T E |V w)l3] + > (-2 6l
j=0 §=0
t—1 t—1
< R (=)' + CAB2BY. (1= ) T E[IVI @3] + 3 (=)' 6. an
j=0 j=0
We then sum the above inequality w.r.t. ¢t from O to 7" — 1, and have that
1 T—-1
2
T ;E {(Ut — J(wt)) }
R[QHXT—I BT ltl ‘1 1T 1t—1 -
< EE Y (1) + OB PR [IVI@)I] + 7 Al
t=0 t=0 j= 0 t:O j=0
R2 ﬂ ) 1 T-1
max 32 E — i 72
T+ G Z 19 7601E] + 75, 2 6t (12)

where we use the double-sum trick below Equation (69) again.

Plugging Equation (72)) in Equation (69) further implies that

B2 2L jAmin + 2BC3 (CyLr +2Lg) B
T Z E [l6, - 0712] ot S Ta 2 F (117 () 3]
(k +1) 02 * -
mln Z E |: ) :| mm ZO
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2L jAmin + 2BC3 (Cy Ly + 2Ly) 2(k +1)2B%C%B\ 1 =1
< - O ) LS R [Ivw)l?]
)‘mm)‘min o (Amin) aé T =0
82 2 = 2(k+1)2C2R%,, 2(k+1)%C} 1 X
+ Z G+ + Z G}
)\mmTa >\mmTa t— (>\mm) T7 ()\mm 2
caf cnﬂ 8 B2 o
= (=2 E IV ()] + el
( a ) Z V7l + 5T AmmTa Z
2(k+1 CQRIQHX k+ 202 "
(k+ 1) 24 A ) ¢ Z Gy, (73)
()\mm) T’Y ( mm
- ) 3 2 26
where (a) follows from that ¢ = ’\“‘%", Co = QLJ/\“““+22B_C§(¢¢L"+2L¢) and ¢, = %, By Equation , if we
. - . )\fnmj\mina (S\min)Z cal3 cnB 1
set the stepsize f = min I6CT (L e t BOS(CyLn12Ly)) " 16(k+1)203032 }, then we can get that (T + "T> < i
This completes the proof of Proposition 5] O

We are now ready to prove Theorem ]

Theorem 3. (Restatement of Theorem[I) Consider the AC algorithm in Algorithm[I|with constant step sizes oy = o, By =
B, = 7. Then, it holds that

T-1
%ZE [||VJ(wt)||§] <2057 Z]E [He* Al ] +0 (Tﬂ) + 0 (Blog? T) + O(mp"). (74)
t=0

If we further set k = Fﬁ:—‘ = O(%) o= O(m),ﬁ = O(m), then we have that

T-1

T ; E[IV/@)llf] <0 (1053;) : (75)

Proof. Recall Equation (28), and we have that

—_

4 T—1

1 2(E[J — J(w 2C 2 =
Y E[Ivrl] < 2EIEIZ I T8 S s (o o] + S Y6 as)
t=0 t=0 t=0

Plug Equation (76) in Equation (73)), and we have that

1 T—-1
= > E[lo - 6;13]
t=0

—1

~

2 8B2 0 k+ 1)2C2Rr2nax (k+ 1 20(225 1 = n
E [”VJ(%”'?] P amTa | AemTa Z ot Coin)?T7 Comin)? Z “

min

1
<
— 4

oA
S| =
~+~
I
(=)

1 1« 8B> 1«
- - _ T 2 w
= scarp Ewr) Tar Z E {10 = 0715] + wmTa | 2C3TP tho Gi
2(k +1)°C2 <R2 1= ) 2 =

_ max - Gn _ GQ. 77
(AmiH)Q T'y * T’Y =0 ! * )\minTa Z k ( )

>~1

This further implies that
- Z E{llo - 0113] < cw (E [J(wr)] = J(w0))
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1682 1 L AE+12C (RZ. 1 X, - .
" XemTa C%ZG Q)2 \ T top 2O Zo W

t=0

mm

Next, we choose the stepsizes to minimize the tracking error and the gradient norm. We choose v = % and k =

log T . 2C dm
h’f—p—‘ Consider T' > )\ml , then we can get that Amin > Am‘". We set o and 8 such that @ = (k+1)27 and

: A3 A3 A2
— min min min min . I h ] h
’ { (L min F BCE(Co L +2L5) 12005 ) 7 3268 (L i + BCY(Ca Lo 12L)) 7 GAG+1)205 B2 1 [+ 11RO ds that

1 1 1 1
7=0 (ﬁ) i <ﬁ10g2:r) P =0 (\/TlogQT) =0 (ﬁlog2T> ' )

According to Equation (29), Equation (33) and Equation (#8)), the orders of the following terms are as follows:

1= 1
7D Gi =0 ((mp")B +kp%) = O (2 ) ;
t=0

Tlog”T

T—
1 logT
7 § :G?:O((mpk)7+ﬂz+k2ﬂ7+k72) o< = );

ZG" Mo+ (mph)B + (mp)” + B+ + KB ) =0 ! (80)
T B N TlogT )~

Then Equation can be bounded as follows:

. log® T
TZ]E[\@ 0:13) = ( %) 81)
Plugging Equation in Equation implies that
T— 4132 26 T-1 4 T-1
3204 B 8(k+1)°C, [ R2 1 8C,
L5 ] < ZAT U (LB S
=0 AmmTo‘ (Arnin) T’Y T’Y =0 IIllIlTa
4 g Tl
— (E[J —-J — GY. 82
+ 75 B n)]) = Jeo) + 735 3 G 82)
Plugging in the step-sizes above, we have that
Z_: [\VJ )l } (log3T> (83)
T wt )
T~ VT
which completes the proof. O

C. NAC Sample Complexity Analysis

In this section, we provide the sample complexity analysis for NAC.

C.1. Bound on Gradient Norm in NAC

Recall that in Algorithm [I} NAC updates the policy parameter as follows: w;11 — w; = 3.0, which directly implies that

||wt+1 - wt”z < B H9t||2 < Bps. (84)
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Consider the largest eigenvalue of the matrix F; = Ep, [¢:(s,a)¢, (s,a)]. Note that for any vector z € R?
1Evx]ly = [Ep, [¢e(s,a)¢/ (s, a)a]ll, < ll¢e(s, a)ll, llge(s, @)l lllly < CF Il - (85)

Thus, Apax (Fr) < C’i. Then, by Lemma we can show that

L;

Jwerr) 2 J(we) + (VI (@), w1 — we) = = llwrpr = will3
2
L
> ) + B (VT (w0),00) — P oy

> J(we) + Be (VI (wr), 07 ) + B (VT (wr), 0 — 0F) + B (VI (wy), 0 — 0F) —

(@)

2 00 + 8 (990, B, [, 0)0] (o,0]) 7 990)) = ez IVI I — O 10— 01

L;B?B?
2

5 * A% |2 LJBzﬂZ
- @ IV (w5 — C2B: |67 — 6; [ 5 :
® Bt 2 B 2 2 Cgapcimpkﬁt L;B?p3}
> J(wt) + Cid% VI (we)ll5 — @ VT (we)ll; — C3B¢ 116 — 07 |5 — o — L
CoapC2mp* By L,B232
= () + ooty IVl — O3B 0, — o7 — 2o PP LB (56)
¢ min

where (a) follows from that (V.J (w;), 0y — ;) > — &= ||VJ(wt)||§—C£ 16; — 67 |3 and (b) follows from that Ay (F;) <
#
Ci, <VJ(th), (Ep, [¢:(s,a)d] (s, a)])*l VJ(wt)> =VJ(w) (F) 7 V() > Ci; HVJ(wt)Hg , and Proposition
Taking the expectation on both sides of Equation (86)), we have that
[J (wig1)] = E[J(wi)]
B

2C'(‘;C’gapmp]~C

)\min

E
E [||VJ(wt)||§} <202 + 201K [||9t - 9:||§} + +Ly;B2C28,. (87
C.2. Bound on |7, — J(w;)| in NAC

In this section, we bound the term 7; — J(w;) for the NAC algorithm.

Lemma 11. [fwe denote

t—1 t—1 t—1 -1
G =2y, (BR?MXOW S Bt R mp + R > 4+ BCiRmax Y ﬂj>

j=t—k i=j j=t—k j=t—k

+ R2,,7? + C3B?BE + 2BC s Runax BVt + Runax Ly BB, (88)
and set vy, — ~? > [34, then it holds that
B (41 = J(@in))?] < (=) E [0 = J(@0))?] + BBE [| VI @)Il] + G, (89)

Proof. Similar to the AC analysis in Equation (37) in Appendix [B.2} we have that

(Megr = J(wep1))® = (1= 7) (7 = J(wp)) + w(Re = (i) + T (wi) = J(wig1))”
= (=) (e — J(w)® + 77 (Re = J(w)” + (J(wy) — J(wer1))?
+ 27 (R — J(wi)) (J(we) = J(wi1)) +29 (1= ve) (e — J(wi)) (R — J(wr))
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+2(1 =) (o — J(wr)) (J(we) — J(wit1)) - (90)
1II

The term |J (w;) — J(wi41)| can be bounded using its Lipschitz smoothness in Lemma|[l}

[J(we) = J(wir1)] < Cg l|wr — wig1lly < CrBps. oD

Term I in Equation (90) can be bounded as follows:

[E[(R; — J(w))(J(wr) = J(wer )| S E[|Ry = J(wi)| | (w) = J(wega)[] < BCy Rinax e 92)

Term II in Equation (90) can be bounded as follows:

[E[(ne = J(wi))(Re = J (wi))]]
SE[(me—r = J(wr—i)) (B = J(@)]| + [E[(ne = me—r — J (wi) + T (wrg)) (R — J (wr))]
SIEE [k = J (i) (Be = (@) Feielll + E [l = ne—r — J(wi) + J(wip)| [Re = J (wi)]

Q1B [ (01 — T )V RIFe k] — Eomype [ — T e 1)) R(5, @)\ Foi]]|
FE [ — s — J(n) + T ()] 1B — T(w0)]

(b)
< RoaE [P (51, 00)| Fer) s Dilly) + RunasE ([ = -] + [T (wt) = J(wr—)]]

© t—1 t—1
< ernax (Cw E [Hwt - ijQ] + mpk) + Rmax (Rmax Z v+ CyE [Hwt - Wt—k’HQ]

Jj=t—k j=t—k
t—1 t—1 t—1 t—1
< BRr2naxC7T Z Z ﬁz + R?naxmpk + anax Z Y + RmaxCJB Z ﬁj, (93)
j=t—k 1=j j=t—k j=t—k

where (a) follows from E(, o)~p, [R(s,a) — J(w¢)|F:] = 0, (b) follows from 0 < 7y < Rpax, 0 < J(wi) < Rmaxs
0 < Ry < Runax. and (c) follows from Lemmald]

We then bound term III as follows:
Bl — T () () ~ )]
=& = 7600 (=51 =)+ s 00T TEE o~ |
<[ [0 — T @) ) — )]

+ ’]E {(m — J(wp)) (Wi —wi) w (wer1 — Wt)]

V2@
= B ’E [(m - J(wt))VTJ(wt)etH + 5752 E || — J(wt)\ HZ(M)HQ ||9t||§]
2 2
< 2g [ s(@0] + ZPE [0 ] + ot By ©04)

where the first equation is from the Lagrange’s Mean Value theorem for some &y = Aw; + (1 — Mwiy1, A € (0, 1).

Plug Equation (92), Equation (93), and Equation (94) in Equation (90), and we have that

E (1 = J@i1)?] < (L= 902+ B) E [0 = T(@0))’] + B2BE [Vl

t—1 t—1 t—1 t—1
+ 27, (BREWC,, SN Bt R mp + B2 > v+ RmaxCyB Y @)
j=t—k i=j j=t—k j=t—k
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+ Rxvi + C7BBF + 2BC RuaxBive + Runax Ly BB
In Equation (93)), we use the fact that 1 — ~; < 1. This completes the proof.

C.3. Tracking Error Analysis of NAC

In this section, we bound the tracking error 8, — 6; for NAC. Define

2

. 2 Copmp” 4k + 1)CyUsCoapmp”
Gf(8+ﬁ+ﬁtce>( gpm"’) + (b + 12020202 4 A DU G
t

)\min
+2(k + 1)Cy BUsCoas s + 204G + 2C% B* 2.

Ami]ﬂ

Lemma 12. If we set the step size satisfies that 5, < Wab then it holds that

E[[6041 - 0113 < O%?%>E[@x@

C (k+1)2C? ~
+ 5 BE (VT3] + 52k [ (J(wr) —mo)?] + €.

Proof. From the update rule of Algorithm[I} we have that
8001 = 7113 = L5 (01 + wdizn) — 67,4
(a) 2
< (160 + cudez — 67,4
S H@t —+ Oét(stZt — 0: —+ 9: — 0:_,’_1H§
:Hm—9M§+aﬂwﬂm§+H%—ﬂad@+2%<&—9;&a>
+20(t<(5t22t,9:— ;+1>+2<9t—9:,9* 9t+1

where (a) follows from the fact ||IIg(z) — y||, < || — y||, when ||y||, < B and H9t+1||2 <B.

Taking expectations on both sides of Equation (98], we have that

E (18041 = 011 ll5] <E [16: - 6713] + oZE [I62013] + B [[l6; - 65,413

+ 20[t E [<0t — 9:‘, 5tZt>] +20{t E [<5tZt7 0: — 0:+1>] +2]E [<0t — 0:7 0: — 0:+1>] .
—_————

I 1I 11

For the term ||0; — 07, |

5 WE have that

167 — 01|l = 1167 — 071 + 07 — 07 — 9t+1 07|,
< |67 — Ol + (|67 — 07|, + H9t+1 0511l

(a) 2C’ mp
C@H@%—‘WH4H2+“f%R“*
min

2C apmph
B:Co |16, + =22

QCgamek

b
Amin

IN

< CoBp; +

where (a) follows from Lemma and Proposition El Hence we have that

8C2 2k
B [[6; - 07,7 < 2088287 + ST

min
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By Lemma[3] term I in Equation (99) can be bounded as
212
(k+1)2C2

" S\mln 2
E [<0t - et ’ 5tzt>] S a 2 |:||0t 9 H2:| + 25\min

E [(J(wt) — m)ﬂ + Gl (102)

For term II in Equation (99), we have that
E |:<5tzt79;k - 9:+1>j| < E |:||(5tZtH2 9* - 9?+1H ]
< (k+1)CoUsE [[|0741 — 07|, + (|07 — 07|, + (6741 — 074 [],]
2(k + 1)CyUsCyapmp”
>\min
2(k + 1)C’¢U(;Cgapmpk
)\min ’

g (k +1)C3UsCoE [[|lwet1 — welly) +

< (k +1)CyBUsCo By + (103)

where () follows from Lemma [2]and Proposition 4]
For term III in Equation (99), we have that
E [(6: — 67,07 — 0741)]

=E [(0: — 07,07 — 0;.1)) +E[(0: — 0;7,0; — 0;)] +E[(6: — 07,01 — 0741)]
SE[Hot—oerlle:—0:+1||2]+E[\|ot—9:||2||9:—0*||]+1E[||0t 0511511071 — 0544 ,]

)

0; — 0

(@) . B .
< CoE [0, = 07 I lwrsr — wull,] + S [0, - 67113] +
ﬁt

el
E [l - o7113] +

O = O]

1
ol
(b) . w2 1 Cgapmpk ?
< CoE (|16, — 07l w1 — willo] + B [0, — 67 ||2} A

t min
* * Crapmp" ’
= CaBE (16— 0}, 10elo) + BE [16: = 6713] + 5- (52"
)] + CoBiE (6= 67113] + CoBE [l16: 671,

1 [ Cgpmp ?

+ BE [9t—9;||§}+5t< B )
1 1 _
< 5CoBiE [l10, = 07 3] + 5CoBE [||6;

2
]. * * * ]' Oa mpk ’
+§C’@ﬁtIE {HQ H } + GE [Hat*Qt ||§} +E ( g/\l:nin >

< CoBE [0 — 0; — 0;

2]

2] + Cobit I, - 6712] + 3CoiE [0 — 0:12]

< LCoBE[l6, - 6;12] + LCoBE [H(F,f)—1 W(“t)Hz] +CoBE [|16: — 07 3]

2
Ce %2 Co By gdpmp %2 1 Cgapmpk
+ 2B [0 - 0712] + =2 (Am +BE (16— 0713] + - (5

d) Co 1Y [Capmp™\>
< (200 + 058 (16— 0713] + oo [I9IGlE) + (252 4 2) (S25) L aow

min

where (a) follows from Lemmal ) follows from Proposition I; ) follows from Proposition ' Proposition l 2l and
Propositlon d) follows from that HF ! H2 L

Amin

Plugging the above bounds in Equation (99), we have that

E {10041 = 00,11
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_ . Co
< (1= Aminau + (4Co +2) B) E [|I6: - 6; ||§] - BE [V wo)3]
(k + 1)202 2 Cgapmp’C 2
5\7.0%[@ [(J(wt) — 1) } + |8+ = 5 + B:Ceo S + (k+1)2U5C307
4(k + 1)CyUsCapmp”
(k+1) . R o + 2(k + 1)Cy BUsCo By + 204G2 + 202 B2B2. (105)
This hence completes the proof. O

C.4. Sample Complexity of NAC

In the following, we set oy, = v, B; = 3, and ~y; = for any ¢t > 0. We denote by KL(w;) = —Ep_. [log ﬂ“t(als)]. Recall

m*(als)
that £ = {3 log T} We first have the following lemma.

Amin @

Lemma 13. Denote by T = [ 510:; TWtA > @, then for any t' < T — T, it holds that

minE [J(7*) — J(wy)]

tS']
liL Wy IiL Wy, C C {) 2€C C t i B2 R

t,JrTltl 72 / XL —
+\/§C¢ ; Z Z 1_qtj1(Gw+G9+Gn)+2C¢\/CQCM§§ ((A&)BT (thrT)

t=t'  j=t—i

82?0201\/[ O O k BZL B2L 2Rmaux
+2C¢\/ : ( sl ¢ﬁ)+ 25+

= . 106
>\min \/T ( )
Proof. Recall that 7* = arg max, J(m) and A™ = Q™ (s,a) — V™ (s). We first have that
KL(wt) — KL(wy1) = Ep_. [log mey1(als) — log m(als)]
(a) L
> Ep,. [V logme(als)] (wer —wr) = = [weer —
LyB?
= BEp,. [8] (s,0)0:] — =5 loull;
T T * T T * BQL¢52
> BEp,.. [A"(s,a)] + BEp,.. [6; (s,0)0; — A (s,a)] + BEp_.. [¢; (5,0)(6: = 67)] — —
b * * T * BQL 2
D B (")~ Jm)) + BB, [6] (5,0)07 — A" (s,0)] +BEp,. [6] (s,a)(0 —07)] ~ 2=, (107)
1 1
where (a) follows from that
IVEp,.[logm,(als)] = VEp,. [log 7 (als)]l,
o [0u(5,0) = G (s,0)]ll; SEp,. [Lg w = &'lly] = Ly [lw = ']l (108)

and (b) follows from the fact that

Ep,. [A™(s,a)] = Ep_. [Q™(s,a) — V" (s)]
=Ep,. [R(s,a) = J(m) + V™ (s') = V7 (s)]
=Ep,. [R(s,a)] — J(m) + E(s.a)uD,e smP(ls,a) V()] — Ep, . [V7(s)]
=J(r") = J(m) + Ep, . [V™(s')] = Ep,. [V (s)]

S, a

)

S, a
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= J(m*) — J(m). (109)

To bound Term I, we first have that

[Ep,. [¢/ (5,0)0; — A™ (s, a)]|
< |Ep,. [¢/ (s,a)0; — A™(s,a)]| + [Ep,. [¢/ (s,a)(0; —6;)]|

DTF* % Tt n* *
< ’ o, | Ep [|6] (s,0)0; — A™(s,a)|] + Cy |67 — 67,
(@) || D _ 2 CyCoapmp"
< i T x AT —oeap
N ’ Dt oo \/]EDt |:(¢t (S’a)et A (S’a)) i| * /\min
(b) " k
gvg Vol il (110)
t oo min

where (a) follows from that proposition EL and (b) follows from the definition of §; in Equation (2), the definition of €, or
and the facts that

Ep, [(@T(s,a)@‘ - A’”(s,a)ﬂ < Eactor- (111)

For term II, we have that

[Ep.. [¢) (s,a)(0 — 07)]| < CylI0: — 05, - (112)

Plug the two bounds on terms I and II in Equation (TI07), and we have that

BIKL(wn)] — E[KL(arss)] 26 (7~ ELwo) - 8| B2 V- o
~ BCLE 10, 6] — S 5B, (13
which implies
BUI) ~ B w0 <EIKLGwn) - BIKL )] + 8] | v + 6925
+BCE (16— 071, + L2 52 (114)

Set My, = E |:H9t+1 — 9;;1“2} +E E{;ﬂ - J(Wt+1))2:|, and we now aim to bound M;. Combine the bounds we

obtained in Equation (89) and Equation (97), and we have that

Ce
/\2

min

(k + 1)2C3

)\min

Mij1 < (1 - ;Amma) E [10: - 0;15] + 2= BE [IV I @0)ll3] + o [(J(wi) = m)’]

+(1-9E {(m - J(wt))Q} + B?BE [HVJ(wt)H;} i éf N é?
= (1 - ;/\mina> E [||9t - 9;”3] n M

b ®ak [(J(wt) - m)g} +(1-7E [(J(wt) - m)?}
+ (Acge + Bz) BE [||VJ(wt)||§} e e

@ (1 - ;Xmma> E [l - 07113] + W“E [0~ 7] + (0~ E [ ]
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02
2 (B[ (@ien)] — EL () +2C4E [[16: - 9:||3])

Co z) 2%
(G )

2
Amin

+ (/\(;;@n + BQ> <2Cgapc‘anr:fﬁ + LJC§3262> +GY+ G
< (1 - %?\mina + 2C§CM5> E [H@t - 92‘\\3} +2C5Cu (B [J(wi1)] — E [J(w)])
+ (1 -7+ Wa) E [(J(wt) - nt)z] +Cuy (W + LJC£BQBQ>

(115)

+G% 4+ a7,
g—‘? + BZ2. For convenience, we set

where (a) is obtained by Equation , and Oy = 5
~ 2CqapCimp* 3
GY = Cu <WA S L,C2B26? ).

(116)

Amin. Furthermore, we set the step sizes such that %j\mina >

Cc3d N
2C50™ Guch that Ay > A
a}. Letq = %S\mina and 4 > ¢. Then the inequality in Equation lb can

We set k = [lfﬁw and T >
-P - min 202

S (k+1)
Amina, S\min -

ZC’gCMﬁ and 4 > max {%
(117)

be written as
Mgy < (1= q) My + 2020 (E[J(we1)] — E[J(w)]) + GY + GY + G

—‘ . For t > 2k + t, we recursively apply Equation li for ¢ times, and we have that

3logT

Recall that £ — H log T] - { lo
M, <(1—q)' M,_;+ 2C3Cnr i (1= )" (E[J(wj+1)] — E[J(w)])

j=t—t

t—1
—j-1(fw | A0 A
(1=q)~ (Gj + G +G;?)
—f

_|_
j:
(@) 4B? + R2 S :
< B 2050 Y (1= @) T E [ (wi)] ~ B[ (W)
j=t—t
(118)

t—1
(1—q) 7 (Gy +G)+GY)
S 432 + R12nax

where (a) follows from (1 — ¢)f < e % <e~'8T = Land M; = E {Hei - 9:“3} +E [(772 - J(wi))z}

Forany¢ <T — T, together with Equation 1) we have that

fort =0,1,...,7T.
Denote the time length 7' = { £1<§;T—‘£ > logT'
1 t'+T—1
LS ) - B L)
T =
KL(wr) —KL@W,,7)  CoCpmp* 1" <" | Dy
< - gap - il
< 7 S W t; o) mm
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t'+T—1 9
1 i B2L
+Co= D Bl — 0l + 528
T t=t’
(@ KL(wy) = KL(w,,5)  CyCapmp® 171D,
< ~ gap - ™
= 8T + Aot + 7 ; D, OO\/Eactor
t’-‘y—f—l 2
1 21 B?Lg
Cynl = E[ 0, — 0; ] 2
0o\ = t; 16 = 071l | + ——1
(2) KL (wy) KL(wt,+T) 4 C¢Cgapmpk

BT P +Cx vV Eactor

t’+T 1

2
Z Mt B2L¢)B7

t=t’

(119)

where (a) follows from the rearrangement inequality and the fact for any random variable X, ||E [X]||5 < E [||X I } and
(b) follows from Assumption

Moreover, for 2k + £ < ¢ < T — T, summing Equation (118) w.r.t. ¢ from ¢’ to ¢’ + 7" — 1 implies

t+T1

S Y’

t=t’

t+T1t1

<20¢CM~ Z Z ) I THE [T (wj41)]
Jj=t— i

t=t’

—E[J(w;)])

4B? + RZ,. I 2 i1 (Fw L 50 LS
e 2 S S gt (Gj+Gj+G;!)
t=t"  j=t—%
() t— 1t+T 1
D 20i0nz Y 3 (1-a) El(wrd) - B[]
1=0 t={—4
AB? 4+ R2 i
_|_

1 t'+T t—1
T max ? Z Z (1
t=t"  j=t—{

gt 1 (é;’ +Gl+ é;?)

i-1
®)

2 20300 = LY (- (B [J @7 1) ~ EW i)
1=0
AB? ¢ Rl 1 PATL L
e Y D (G +6+an)
T 7 =
Jj=t—t
1 i—1 .
< 2C§>CM? > (=) (J(m*) = E[J(wpy—i-1)])
i=0
4B+ R, 1" -
+ max 7—1 Gw+G9+G77
SR VD DI )
j—t—t
1 i—1
< QO(ﬁCM? S () —ElJ(wr—io1)])
1=0
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t'+T—1 t—1

M ;}Z S (- (G + GG (120)
t=t'  j=t—{

where (a) follows from that we set i = t—j— 1, (b) follows from the fact that Zi;iﬂ*l (E[J(wi—i)] — E[J(wi—i—1)]) =

E|J(w, 7_;_1)| — E[J(wy—i—1)] and (c) follows from J(7*) > J (7, 7_,_;)-

Lemma 14. We denote by X, = %2’—1 A(J(7) —E[J(wp)]) and Yy = PAT1(J(n%) — E[J(wy)]). We have

t=t/—f t=t/
that there must exist t' +1 < t" <t' + T s.t. Xp» < Yyr.

Proof. We prove the lemma by contraction. Assume that there does not exist ¢/ +¢ < t” <t/ + T s.t. Xy < Y. Then, for
anyt' +¢t <t" <t'+T, Xy > Y.

Next, recall T = [ T —‘f, then we have that
tlogT

1t+’1~"—1 1 1 t'ri—1
Yo== > (J(W*)—E[J(Wt)])=[ po W B Y (J(@) —EJ(w)])
t=t’ tlog T =1 t=t'+(r—1)t
|Vf10gT (a) 1 [EIOT;T—‘
Z Xypri > T > Yu=Yy, (121)
lrtlogT—‘ lrflogT—‘ =1

tlog T
which completes the proof. O

where (a) follows from #/ +¢ < t/ +7¢ < t' + T, X, > Ypforr=1,.., [L—‘ This hence results in a contradiction,

We then discuss the following two cases.

CASE 1:

[Forany 2k +¢ <t <T — T, it holds that eY; < X,.]

Then, for o = 2k + £, we have Xz, > e¥;,. Recall that T = [ L[ < (5L +1) 7 < ;
@ o

T. Then, % > IO%T > LlogQTj Thus, there exist {o + £ < &1 < to + T, s.t. X; <Yy < 1X; . where (a) follows
from Lemma and (b) follows from the condition of case 1. Recursively applymg the above argument, we have that for
ji=0,1,.., LIOETJ, there exists 'tvj +i< %}H < ivj -+ T, such that X%}+1 < YE;J < éX;j. This further implies that

ogT T 1= logT for large

Xp >eYs >eX; >V > .. >V > T > > elT Xy s el ity (122)
’ ’ ' ' ’ ’ o5 L5
Then, by Equation (I22), we can conclude that
t log T +T-1
15 1 1

Ve =% 2, ) -EV@)) < Ty Xy < 22X (123)

t:ttlo%TJ
Note that X7 < J(7*) < Ryax, hence we have that
?LMJ-&-T—l
LY () —E ) < B (124)
= = T — w .
tLIOgTJ T 4 t — \/T
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This further implies that

. % Rmax
min B [J(7%) — J(w)] < N (125)
This hence completes the proof of Theorem 2]under Case 1.
CASE 2:
[There exists some 2k +¢ < ¢ <T — T st Xy <eYyl]
Define Z; = i t/T ! M. From Equation (120), we obtain that
1 t'+T—1 1 i-1
Ze=z 2, MS200uz ) () ~Elwr—i-1))
t=t/ i=0
4“B2—’_‘Rmax 1 t+T = t i—1 ( Aw ~0 N
AP R LTS S ey (G4 34 )
t=t'  j=t—i
i AB? + R2 1t’+7~“71 t—1 A B B B
- QCiCMTXt/ ﬂ = Z Z (1—q)i71 (G;J + Gg + Gg)
T T T = P
@ i, apary, 10 o
< 203Ch =Yy + M o> a-gtt (G‘; +G§+G§i), (126)
T T = i
where (a) follows from the condition of Case 2.
Next, from Equation (TT9), we have that
t'+T—1
Yy = Z (1) = E[J (w)]
t=t/
KL(wr) = KL(@,,7) | CoCypmpt 1 B
< - £ Coov/Eator + Cipr| = M, ¢
= AT + A + €actor T Cg T ; ¢+ B B
KL(wy) = KL(w,,7)  CyClupmp” B?L
= BT sk + ¢ )\gp p +Coo\/5act0r+c¢ Zy + ¢ﬂ~ (127)
Plug Equation (I27) in Equation (I26), and we have that
1 t'+T—1
Z = = M
v == ; f
t4+T—1 t—1 5 .
<A R 1 (1= g1 (G 4 GO+ G) 4 220t (Colaamr” | Bl
o f f o I J J T >\min
t=t"  j=t—t
et (KL(wy) —KL(w,  7)
+2C50n = ( i P+ Coor/Eacior + C¢\/Zt,)
(a) 4B? + R2 1 Y471 t—1 o . - - 2€CQCM£ C4Clnmpk B2L
max - _ —j—1 w 0 Ui ¢ L gapltp [
S —= Yo Y (-9 (GJ+GJ+GJ)+ = ( SW—— ﬁ)
=t j=t—i
2eC3Cyt 1 KL(w;) — KL(w,, , =
M Zt,+c°°5‘;°‘°r+2cicM~< () — KL ”T)), (128)
2 2C% 8T
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P 2+, 2
where (a) follows from zy < =

Thus, it follows that

) 2
8B% 4 2R2, o HT-1 11 it (G 4 G0 G 2eC3C it C? Eactor
Zy < Sy 2y (GGG e[ e
t=t"  j=t—{

(129)

BT T Amin

n 4C£CM;~£ <KL(UJt/) - KL(th,+f)) n 4€C§CMt <C¢C’gapmpk N B2Ly 5) '

Then, we get that

t’+T 1

KL(wy) —KL(w, ,7)  C4C.rmpo B2L
}/t, S ( t) _ ( t+T) + ¢~ gap P +Coo /7€ac[0r+c¢ Z Mt+ ‘156
ﬁT )\min =t/ 2
KL(wy) — KL(w,, , = C.C.omn 2eC3OMt
< () 7 ( ”T)+ "5;3’? 7' +2000\/%+0¢\T<T

1 VAT —1 t—1 ) - ~ ~ 4B2? + R?nax
#2733 (-0t (G G+ G) 4 Coviy e
t=t'  j=t—{

KL(wy) — KL(w,, , ~ etC2C k 2 2
20,2 cMef (wi) — KL(w, . 7) Lo, sCm (CyCpmp® B Log) B’Loy (130
T BT Amin

which proves the claim under Case 2.

Thus, combine the Case 1 result in Equation (T24) and the Case 2 result in Equation (T30), we have that
minkE [J(7*) — J(wy)]

t<T
KL(wy) — KL(w,, . =) C.C.rm eC3Cyt 4B2 + R2
< ( ! ) Bf ( ! +T) + ¢ )\ga[.) p + 2Coo Eactor T+ Cq&f <T + Cqﬁ\/i 7? Hax

t/+T1t1 KL (wy KL(w,,_
+CuV2 | = Z > 1_qm1(Gw+GO+G")+2C¢\/chf (o) ~ KLl 7)

t=t'  j=t—% pT
etC2Cr [ CyCupmp®  B2L B2L 2R
+2C, a ( doep £ % )+ ¢34 Smax 131
¢\/ Amin IB ﬂ \/T ( )
which completes the proof. O

Next, we prove Theorem 2}

Theorem 4. (Restatement of Theorem[2)) Consider the NAC algorithm in Algorithm[I|with constant step sizes thaty > o > f3,
then it holds that

minE[](ﬂ'*)—J(wt)]S(’)<log2T>_|_o<logT)+O<\/1(”£73T> +(’)< ﬂlogT>+O< 10gT>

t<T Ta Tg TV af T T
+O<”7m\/§ég2T> (7‘/\1/@>+(9<\F>+(9(\/alog3T)+O(\/ﬁlog3T)
+o( (mpk)logT> +0< (mp;)ﬁ) +0 ( Wj”) o) (%) + O (Vo) -
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Ifwesety=O(T 3 logT),a =0T 3log ' T),3 = O(T % log™ ' T), we have

min J (%) — J(w;) < O (T—% log® T) + O (Vemm) - (132)

t<T

Proof. From Lemma[I3] we have that
?%1%1]E [J(7*) — J(wy)]

KL(wy) —KL(w, =) C.C k 2eC3Ct 4B2? + R2

f/+T 1 t—1
¢ KL(wy) — KL(w,, , 7)
+O4V2 (1—q)t=9-1 (G¥ + G + Q") +2C4 [ C2Cur = _
VL L (@ R

€£CQC O Ca k BQL B2L 2Rmax
+2C¢\/ - M( A ¢6)+ 28+

= . 133
Ami]ﬂ \/T ( )
We then set the stepsize as follows:
vy = T3 log T
. j\min 3 o _2 —1 .
a= mln{(k+ 1)20(%% 25\min} =0 (T 3 log T) ;
. j\min j\min _2 —1
= = T 31 T). 134
B m1n{4(206+1)a,120$0Ma} O( 5 log ) (134)
Recall that
logT
k= ;
T
5\min
=5 2 =0(a);
. 1 logT
t= [logT} :(’)(Og );
q «
T:{Ek:@( T ) (135)
tlogT logT
Applying the above stepsizes in Equation (I34), for ¢ < T, we can have that
CNJ? =0 ((mp’“)’y + B2+ k2By + kfyz) =0 (T*% log® T) ;
~ k)2
G=0 (k(mpk)a + % +Ea? +k2ap + ﬁ2> =0 (T’% log T) :
GY =0 ((mp*)B+p2) =0 (T—% log ™2 T) . (136)

N (a)
Besides, we have that KL(w;) = Ep_. [1og (:w ((‘Z‘lss))ﬂ <Ep,. [log (%)} < log C,, where (a) follows from
Assumption 3]

Thus, it holds that

v+T—1 t—1

S > - (G 4+ GGl =0 (T 5108’ T) (137)

=t j=t—t

1
T
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Plugging the above equations to Equation (I31)) , we have that

minE [J(7*) — J(w,)] < (T—% log? T) + O (v/aar) - (138)

t<T

This concludes the proof. O

D. Proof of Lemmas

Proof of Lemmal[l] Recall the definition of V.J(w) in Equation (]I[):
VJ(w) =Ep,, [Q™(s,a)du(s,a)], (139)
which implies that

IVI(@)ll, = ||[Ep,, [@™(s,a)du(s,a)l,

D \Ep,, [6] (s, 0)056.(5,a)]
<210zl + 15— 03l,)
k

(b)
<2 (B + Ogapzw_) =0, (140)

where (a) follows from Equation (3)) and (b) follows from Proposition It hence proves the first claim. The second claim is
proved in Lemma A.1 in (Wu et al.| [2020). O

Proof of LemmdZ] Recall that F,, = Ep_ [¢u(s,a)®,, (s, a)]. From the definition of 6}, in Equation , it can be verified
that

0F = F;'VJ(w). (141)
Hence

167 — 02|

w!

2
= ||FS ' VI (w) = F'VI(W),

<||FS'VI(w) = FIVI(W)||, + || Fo' VI (w) — FIV (W),

@ ~
< [FSH 1FS

[y 1 Fo = Furllo IV T (@)l + [[(F) 7|, IV () = VI (@) (142)
where (a) follows from Equation . Note that I, can be shown to be Lipschitz as follows:
|Fe = Furlly = |[Ep.., [u(s, )60 (s,0)] ~Ep, , [¢u(s,0)6] (s,a)]|
< ||]ED7(w [QSW(Sa a)d);r(sa a)} - EDﬂW [(bw’ (3’ a)d);;r/(s’ a)] H2

+ H]EDM [gbw/(s,a)aﬁzl(s,a)] - ]ED%/ [qﬁw/(s,a)qﬁzl(s,a)] H2
S 2C¢L¢ ||OJ/ — (U||2 + Ci ||D7rw - -Dﬂ'w/

TV

(a)
< 2CyLg || — wlly + CoLx Jw — /||, (143)

where (a) follows from (Zou et al.,[2019) and Theorem 1 in (Li et al.l[2024), that

||D7'rw - -Dﬂ'w/

v S L flw =l (144)
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Hence combining Equation (T42), Equation (T43) and Lemmal|[I] we obtain that

0; — 0,

w  Yw

Cy Ly
, < (v (26’¢L¢—|—C¢Q)Lﬂ) + )|w—w’|2. (145)

min )\min

This completes the proof.

Proof of Lemma[3] From the definition of H,, in Equation (TT), we first have that

H,=Ep,, {E {Q%(So,ao) (B (s ar) — b (s0,a0)) " |50 = 5,00 = a, WwH

@ Ep, [¢u(s a)(E [(bI(sk, ar)|so = s, a0 = a,m,] —Ep,_ [d)I(s, a)])]

—Ep,_ [$u(s,a)¢)(s,a)], (146)

where (a) follows from ¢, (s, a) = Vlogm,(als) and Ep__ ¢, (s,a)f(s)] = 0, where f(s) is the function which is not
determined by action a.

Define AH, =Ep, [gbw(s, a) (IE [qﬁl(sk, ag)|so = s,a0 = a,ﬂ'w} —Ep,, [gbl(s, a)])} Thus,

H,+H] AH,+AH] B

5 5 Ep,, [d)w(s,a)gZ)I(s,a)] ) (147)

For any symmetric matrices X and Y, Apax (X +Y) < Aax (X) + Amax (V). Thus, we have that

H,+H] AH, + AH]
/\max (2) § /\max (2> + )\max (*]EDWW [d)w(sa a)¢z(53 a)])

< CZE[| P(s, axlso = s,a0 = 5,70), D, l7p] = Amin
< dCZmp" — Amin = —Amin, (148)

where last inequality follows from Assumption [I] O
Proof of LemmaM] Conditioned on (s;_,a¢—1), the sample trajectory in Algorithm [I] is generated according to the

following Markov chain:

_kXP _ ka1 XP P
(St—kaat—k) I, (St—k+1aat—k+1) MLSAS AN ---(5t7at) T (5t+1aat+1)- (149)

Using the technique in (Zou et al., 2019)), we construct an auxiliary Markov chain as follows. Before time ¢ — k, the states
and actions are generated according to Algorithm [T} and after time ¢ — k, all the subsequent state-action pairs, denoted by
(81, a;), are generated according to a fixed policy 7; and transition kernel P:

P - XP e o mXP e~
(St—ky Gt 1) —255 (B hit, Gt—py1) —= (B, A) =5 (Big1, Gry1)- (150)

Denote by F the filtration corresponding to the auxiliary Markov chain designed in Equation li
Then follow steps similar to those in (Zou et al., 2019, Appendix B) and (Li et al., 2024, Lemma 6), it can be shown that

t
IP (8¢, a¢|Fi—i) — Dill-y, < mp* + Z Cr [lwe — wj|l, - (151)

j=t—k
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Proof of Lemma[3] Define the sum of the feature along the trajectory as follows:

t t t
Zt = Z ¢j(sj,aj), ZAJt: Z ¢t(sj,aj) andZt: Z ¢t(§j,6j). (152)

j=t—k j=t—k j=t—k

For every policy m;, we construct another auxiliary Markov chain, denoted by {(5;,a;)}32, which is under the stationary
distribution induced by policy 7; and transition kernel P, i.e.,

(50, a0) ~ Dy, (153)

and all the subsequent actions are generated by 7;. Define

Z= Y ¢u55,85). (154)

Denote by 8¢ (1, ar; 0, wi) = R(5¢,at) — J(wi) + & (8441, Gr1)0 — ¢/ (5¢, a1 )0y.
Lemma 15. It holds that

E [Ztgt(ét,at;&wt)ht] = Hwt9+bwt~ (155)
From the definition in Equation , 0; is the fixed point of the k-step TD operator ,7;(5). Then, it follows that
Ho 0} +bu, = Ep, [0/ (s,0) (T (6] (s,0007) = 6] (5,067 )| = 0. (156)

Together with Lemma([T5] we have that

E I:Ztgt(gh dt, 9:, wt)] = O (157)

Thus we have that

E [0 — 07, 20, (5¢, s 0r, 1) )| = B [(0 — 0F, 204(51, @r; Oy, ) — Z004(54, ay; 07, wy))]
=FE [<9t — 0:, Hwt (et - 9:)>]

Hwt + HJ *
)\max <2t> E |:||0t - at ||§]
(a)

< —AminE [[16: — ]3] (158)

IN

where (a) follows from Lemma 3]

Then, recall 2, = Z;:t—k ¢+(sj,a;). Denote by 0, = R(s¢,ar) — J(we) + &7 (8141, ar1)0; — b7 (51, a4)0;, we have that

E[(0; — 0f,0:2)] = E [<9t — 07, 204 (¢, d; 9t7wt)>} +E [<9t -0, 2401 — %04 (¢, Gt Htawt)>}

+EK&—%¢@—@&H

< N (10— 0712) +E [(6 07,28, — 550,306

+E[0: — 07, 2 (J(wi) — me))]
— * 2 * x - - — —
< —AminE [||9t — 0, ||2} +E [<9t — 07, 200 — Z0¢(5¢, Gy 9t)>]

44



Non-Asymptotic Analysis for Single-Loop AC/NAC with Compatible Function Approximation

j\min %112 (k + 1)205) 2
+ 250 (10— 6715] + 5 B [(7w) —m)’] (159)

where (a) follows from Equation (158).

Consider the term E KGt — 07, 200, — Z:04(54, ay; Oy, Wt)>] » and we have that
E Kat — 07, 210, — %04 (51, ar; Gt,wt)ﬂ
=E [<9t — O _op — 07 + 07 o, 210 — 210,51, g 9t7wt)>}

+E [<9Hk — 07 py 2401 — 2004 (5, g3 0y, wt)ﬂ
5t , + || 2], ||5t(§t,&t;9tawt)||2)}

< E (1160 = Or-anlly + 107 = 0, (12l
(4)

+E [<9t—2k = 07 _ojer 2401 — ét&ﬂ
)

+E [ (010 = 0o, 200 — 200151, 00,0) )| (160)
(i)
In AC algorithm, recall Us = Ryax + 2C4 B. Then, consider ||6; — 6;_24 ||, and HH: — 0 1||,> we have that
t—1 t—1 ) t—1
16: = Oarlls < || D aidizf < D aildslllzly, < R+1D)CUs Y ay, (161)
j=t—2k ,  J=t—2k j=t—2k
where (a) follows from the fact that ||z, < (k+ 1)Cs.
Then, it can be shown that
HH* -0 2k||2 = ||§;:k =0 o + 07 — 07 +0;_o, — t—2kH2
< |6 - ‘9:—21@‘!2 + |67 —0; ok — Qf—%HQ
Coarmpt  Caanmp
< Co ||wr — we—ok|lo + g)\p _ P + g)\p , P
2C gapmp
<C e o gap
= e Z ﬁj (s5,a3)0;05(sj,a5)| + P
j=t—2k 9
= 2C gapymp”
< CeC2B | > B+ % (162)
j=t—2k
Thus, from Equation (162)), the term (¢) in Equation (160) can be bounded as follows:
(163)

(i) < 2(k + 1)CyUs | (k+1)CyUs Z a; +CoC3B Z B + 2OgapA
j=t—2k j=t—2k

Then, for term (47) in Equation (160)), it can be bounded as follows:
¢

215 16:(6:)]] < 2BUs Z i (85, a5) — duls, a5)

(i) <E [||0t72k - 9:—%”2 (B
j=t— 2
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t t t

< 2BUs Z [Hwt ij } < 2BU;Cx Z ZE Hﬁz 527az Z¢l(817al H ]
j=

t—k j=t—k i=j

t t
<2B*C3UsCr > ) B (164)

j=t—k i=j
Next, for term (7i7) in Equation (160}, we can show that

(iii) = E [<9t_2k — 07 o 2201 — 26,(51, ag; ‘9t)>]
=K [E [<9t—2k — 07 oy 20, — Z104 (54, Gy 9t)> |]:t—2ch

t

<4BCyUs Y E[|P (s, a5|Fi—2r) = Dill)]

j—tfk

< 4BCsUs Z [IP (s, a;1Fi-2k) = Djlly, + 1D; = Dill 1]
j=t—k

¢ j-1
< 4BC¢U5 Z Cx Z E [Hwi - wj||2] + mpk + L. E [Hwt - ijQ]

j=t—k i=j—k
. Py
<4BCyUs Y | Cx Z ZBLC¢B+mp + Lx Z@qﬁ : (165)
j=t—k i=j—k =1 =Jj

Thus, combining Equation (T63)), Equation (I64)) and Equation (I63]), we can bound term as follows:

(k+1)*C3

P [(7(wn) = m)?]

S\min *
E[(0, - 07, 6i20)] < —“22E [0, — 03] +

t ¢ t j—1 j—1

t—1
+2B2C3UC, Y Y Bi+4BCsUs > [ BCIC: Y N B +mph + BCIL: Y B;

j=t—k i=j j=t—k i=j—k 1=1 i=j
t—1 t—1 20 m k
2k + 1)CUs | (k+1)CUs Y aj+CeC3B Y @-+§L_p . (166)
j=t—2k j=t—2k o

In NAC algorithm, terms [|6; — 62|, and ||6; — 67, H2 can be bounded as follows:

t—1 t—1

0: — Or—ai ||y < Z a;0;zi|| < (k4 1)CyUs Z a;j, (167)

j=t—2k ) j=t—2k

and

* ¥ — N* _ N* * *
—oklly , ,
Het 0; 2k|| Hat 07 o + 07 — 67 +0;_o. — 6; 2k||2

<07 = Gl + 107 = |, + 1167—on — 07—oill,
Cooapmp¥ C...moF
< Co w1 — wione), + 5 Co

-1
2C, 0y mp”
<Co| > Biby|| +—2— P

. An'lin
j=t—2k 9
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t—1

2C gy mp
<CoB >, B+ —3r—. (168)
Jj=t—2k
Thus, using Equation (168) and Equation (167), term () in Equation (160) can be bounded as
t—1 t—1 k
(i) < 2(k +1)CyUs | (k +1)CyUs tz% a; +CeB tz% B + 2Cgapm : (169)

Next, we bound the term (4¢) in Equation (160) as follows:

t

(i) <E [H@t—zk = 0okl Iz — Zell, ‘&H <2BUSE ||| D ¢;(s5,a5) — ¢u(s;,a5)

j=t—k )

t t t—1 t t—1
<2BUs Y CoE [[lwy — wjll,] <2BUCx Y > [I1Bi6i]l, <2B°UsCr > > B (170)

j=t—k j=t—k i=j j=t—k i=j
Term (#3z) in Equation (160) can be bounded as

(ZZZ) =K |:<0t72k: — 9:72]6, 2t5t(9t) — 2252(6&»]
=E [E [(r—or — 0721, 20¢(00) — 201(01)) [ Fi—21] |

t
<2B2C,Us > E[IP(s),a;Fi—2x) — Dill )]
j=t—k
t

<4BCyUs > E[|IP(s;,a;|Fiax) — Djllpy + 1D = Dill 1]

j=t—k
t j—1
<4BOUs Y | Cr Y E[lwi —willy] +mp* + LaE [lwr — wyll,]
j=t—k i=j—k
t
<4B’CyUs > | Cn Z Zﬂﬁ-mp + L, Z@ . (171)
j=t—k i=j—k =1

Combining the above bounds on terms (), (i7), (¢4¢), term can be bounded as

E [(0; — 07, 0121)]

Xmin . (k‘—i— 1)202 t t—1
=-— E [||‘9t - ||§} + Td)E [(J(wt) - 77t)2} +2B%UsCr Z ZBi
min ]:t*k‘ 1:‘7
= 2C gapymp"
2(k+ 1)CyUs | (k+1)CyUs Y a; +CoB Z B+ =
j=t—2k j=t—2k min
t
+4BCyUs y_ | BCx Z Z@erp + BL, Zﬁl . (172)
j=t—k i=j—k =1
This completes the proof. O

Proof of Lemmal[7} From V2J(w) = Ysa V2D, (s,a)R(s,a), we can get that for any w, w’ € RY

|V2J (w) — V2 J (' Z (V?Dr,(s,a)R(s,a) — V?Dy_,(s,a)R(s,a))

s,a

I = (173)

2
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Denote by o (A) the spectral radius of matrix A € R™*™. Recall the fact that o(A) < ||A||, = max; {Z; |a;; |} JIfAds

symmetric matrix, || Al|, = o(A), and thus ||A[|, < max; {Z] |aij\} .

It is clear that V2D (s, a) is symmetric, and therefore Y__  (V?Dx_ (s,a) — V2D, _,(s,a))R(s, a) is also symmetric. It
then follows that

> (V?Dx,(s,a) = V*Dx_,(s,a)) R(s,a)

s,a

Smiax Z

2

Z (8%,8%. D, (s,a) = 0.,0.,Dx , (s, a)) R(s,a)

J s,a
.
@ max Z (Vu Z 0,00, D, (5, a) R(s, a)) (w—w)
’ 7 s,a
< max Z szawi&uij(s,a)R(s,a) lw—w'|l,
' J s, 2
(b)
< max{ Y > Y 0,000, Dy (5, a)R(s, a) | [l — |
¢ 7 l s,a
< max {d2 Z 04,0 Oy D, (s,a)R(s,a) } lw—wly, (174)
l,j’l s,a

where (a) follows from the fact that D, is n times differentiable as long as the Theorem 4 in (Heidergott & Hordijk, [2003))
and the Lagrange’s Mean Value Theorem for some @ = A;jw + (1 — A;;)w’ with A;; € [0, 1], and (b) follows from that for
a vector a, [lal|y < |la|,.

Define a function v : § x A — R, denote by || f||, = sup, , KE?Z;; the finite v-norm of function f. Set v(s,a) = (s
and we can get that

up [B(5:0)]

P s )] <1 (175)

Moreover, v(s, a) = ef(5:@) < eRmax and v(s,a) > 1. If || f||, < 1, it implies that

sup|f(s,a)| < effmex. (176)
s,a

For a (signed) measure p, the associated norm is

lpll, = sup |> " u(s,a)f(s,a)|. (177)
1,<1 |5
For a kernel P(s’,d’|s,a), its associated norm is
(S0 (@) P(s' ]s,a)|
| P|l, =sup sup ) (178)
s.a [£]l,<1 [v(s, a)l
From the fact that sup, , ||1:((j’§))|‘ < 1, we can get that || R|[, < 1. This further implies that

< sup
11, <1

Z awi aw]- awl -Dﬂ";, (87 CL)R(S7 a’)

s,a

> 04,00, 0, D, (5,0) f (5, 0)

s,a
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= [10:00; 0 D | - (179)
Furthermore, we define ICSZ,) (s,a), IC(E?) ,(s,a) and ICS?J.J (s, a) as follows:
KW (s,als',a) Za m(als) (P (s, = s,a, = a|sg = §',a0 = a’,7,) — Dy (s,a));
IC(Q) (s,als’,a’) Z@wﬁ%ﬂw als) (P (s, = s,a, = also = §',a0 = a’,m,) — Dy (s,0));

K& (s,als’,a’) = Z@wiﬁwjawlﬂ'w(ds) (P(s, =s,a, =alsp =5,a0 =a',7,) — Dy (s,a)). (180)

Wi, j,1
=0
Then, define the kernel T, (s, @’|s, a), s.t., T, (s',d/|s,a) = D _(s',a’) forany s € S, a € A. It then follows that

‘Zsl,a/ f(sla a[’)l"w(s/’ a/|8, a)‘

ITwll, = sup sup

sa || f],51 [v(s, a)l
o D
=sup sup =s (181)
s,a | f],<1 lv(s,a) s,a |U(5 a)\
By Theorem 3 and proof in (Heidergott & Hordijkl 2003)), we can get
1 1) (1 2). 2) _ (2 (1 3
0, K = KK + KO 0, K2 =KD KD + KD . (182)
Combining with Theorem 4 and Section 4 in (Heidergott & Hordijki 2003)), we can have
9, T = T, KW,
Do, O, T = (0, T) KD + T8, KL = TLEDED 4T, (ICS}?ICE},) + ICff.),)
=20, KK + T,k
D Ous, 0, Ty = D, (Qrw/cg)/c;} + rw/cgfg)
= 2(0,T) KWKD + o1, (awl /cg?) KL 4 2T k) (awl /Cf}})
(0T KE) + T (0,62)
= M KDEDKD 4ot (/c DKW 4+ K2 )/c +or, k) (/c<1 KO 4 /cw’i{)
+DKDKD) + 1, (RS KD +K8))
= 6T K KDES) + 20, KK + 2D, KK + 2T KK + T k) . (183)

Then, according to the discussion in Section 4 in (Heidergott & Hordijkl,|[2003)), it can be shown that

1D

sup 7 0,0,,08.
<ol S0 ||, + 20wl K52 | 1S
+2 /|0, 2 el ks,
+6 T, |5 &,
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1 (3) @) (1)
———— (|| D, N 2| Drg I, IS K
sup s (1Dl K2, + 200w 2] ]
+2Drel, K| |5 + 200l |G| [[E7],
6(|D K 184
£6D..l, 9] (184
Note that Ryax > R(s,a) > 0 and supy , m > ¢~ fimax_Then we have that
3) 1
Hawiawj-aszﬂ'@HU S ||D7F@H Ki”l +2HD7fw|| w” v ’CSD) v
+2]| Dy |, K 2Dl K50 | |1KE)
@ wll @ wzj v Wi v
+6]|Dr I, SL.) KK, (185)
Next, we bound the term || D,_||,, as follows:
[1Drsll, = sup f(s,a)Dry(s,0)| < sup [/ (s;0)| [Dry (s, 0)]
171, <1 Z 11, <1 za:
Rmex D (s,0)| < eftmex, (186)
where (a) follows from the Equation (176).
Then, we bound the terms in Equation (T83)) as follows:
(1
H’C(W)L
|30 0 D lals) (B (s, = 5,0, = also = ', a0 = @', ) = D (5,) f(s,)|
= sup sup ' —
s'.a’ || £, <1 [o(s", ')
(@) >
< sup sup ZZ&MFUJ(MS) (P (s, =s,a, =also =5 ,a0 =d',7,) — Dx_(s,a)) f(s,a)
shal Ifll,<1|, 20 s.a
< sup sup ZZ |0y, 70 (als)| [P (s, = s,a, = alsg = §',a0 = a’,m,) — Dx(s,a)||f(s,a)]|
s’,a’ ”f”v— =0 s,a
(®) R
< sup Zmax{|8w77rw(a| )P (50, a.]s0 = ', a0 = @', 7) — Do ||y €5
s’ a 1=0
(c)
< max {|0y, 7w (als) (187)

where (a) follows from that |v(s,a)] > 1forall s € S,a € A, (b) follows from Equation (176) and (c) follows from
Assumption [T}

Similar to Equation li by Assumptlonand Assumptlonl we can further bound HIC , ICSJQZE and HIC((EZ Al as
follows: b
Rmax Rmax Rmax
] < ™G )| < M e, | < MRt (188)
“illy = 1—p TIT%El, T 1—p TITVE, T 1—p
Plug Equation (I86) and Equation (I88) in Equation (I83), and we have that
6C3m3 et imax 6m2C., C'se3imax L se2Bmax
1000, 0, B, D ||, < —2 ot At 12 m2oe (189)

A=pp ' (-p¢ 1=
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Thus, we can further get that

V2 J(w) (190)

603 m3 et imax 6m2C., C'se3Rmax [, se2Bmax
9 9 s olLis€ mhLgse
- V(W) <d ( TEPE -2 1= lw — |l -

Proof of Lemma([I3] Consider the probability P (5, a;, 5¢—, ai—k) and term E [2,04(5;, a¢; 0, w;)|m|. We have that

Uy

t
E| > 6/ (55,a5) (R(56,a0) = J (i) + 6/ (5041, 8041)0 — & (5, a1)6)
Jj=t—k

I
=

t
> 6] (55.a5)80(50, a3 0, w) |

Jj=t

I
N
M- 1

P (5;,a;,5¢,ar) ¢/ (35,a7)0: (3¢, 3 0, wp) |y

»
)
<.
I
-
|
>

P (84, ¢, 82t—j, Ane—j) By (¢, ar)0t (82— j, Ae—j; 0, we) e

|
g
M-

s,a j=t—k

k
(a)z Z St,at,8t+i,at+z’))¢,5T(3t7at)5t(8t+i,at+i;97wt)‘77t]

k
= E(st a¢)~Dy [¢t Zét St+z,at+z,9 wt) ‘|

=0

=Ep, [9/ (5,0) (T® (6] (5,0)6) — ¢/ (5,0)9)]
= H,,0+b,,, (191)
where (a) follows from the fact that P (5;,a;) = P (5, a.) ~ Dy, and thus,
P (55,a;,5:,a¢) = P (8¢, ail55,a;) P (55, a)
=P (82—, G2t—j|5¢,at) P (3¢, ar) = P (54, Gt 52t 5, Qe —j) - (192)

O

Proof of Lemmal6] Recall b, = E [Z?:o ¢ (s0,a0)(R(sj,a;) — J(w))|(s0,a0) ~ Dx,,7,|. Recall the definition of
H.,, in Equation (TT). Then, the solution to Equation () can be written as

0F = —H;'b,. (193)

First, b, can be bounded as follows:

k
[bully = B | D 2 (0, a0)(R(s;,a;) — J(w))|(50, ao) ~ Do, T
j=0

4112

= ZE [¢I(80’a0)(R(sj7 aj) - J(W))KS(], aO) ~ Dﬂ'wa’frw}
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k

= ZE [¢I(50>a’0) (R(8j7aj) - EDM, [R(&a)]) |(507a0) ~ Dﬂwﬂw]

Jj=0 9

(a) &

< Y CyRunaxE [||Dr, — P (s, 0|50, a0, 7)1, | (50, @0) ~ D]
j=0

C¢Rmaxm

194
e (194)

O] b
S C¢Rmax Z mpk S

=0

where (a) follows from the triangular inequality and the fact that for any probability distribution P; and P», and any random
variable X, s.t. | X| < Xiax. [Ep, [X] — Ep, [X]| < Xmax [|[P1 — P21y, (b) follows from Assumption|I}

From the following equation:

05T H 07 = 07T by, = (057b) | = 05T HI 67, (195)
it holds that
o (5 Y 0213 2 027 P 0 = 027 > — 1631, Dol (196
Thus, we can bound 6 as follows:
« (a) 1 (b) 1 mC Rmax
16211y < g lbulle < - T AR
)\max (Tw) >\Inax ( 2 “ )
(c) 1 C Rmax C Rmax
< —— gmax TS Tmax (197)
/\min - dc¢mp 1- P )\min (1 - P)
where (a) follows from Equation (196), (b) follows from Equation (194) and (c) follows from Lemma 3] O
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E. Experiments

In this section, we conduct experiments to numerically verify our AC/NAC with compatible function approximation. We test
our algorithms in the Acrobot environment (Sutton, [1995)). The environment involves a two-link linear chain with one end
anchored and a joint that can be actuated. The goal is to apply torques at this joint to swing the unanchored end of the chain
to a certain height from an initial position of hanging down. We parameterize our policy using a neural network and use
compatible function approximation in the critic part. We compare the performance between our AC/NAC with compatible
function approximation and the standard AC/NAC with linear function approximation.

We first compare the performance of AC algorithms. We run vanilla AC, 1-step AC with compatible function approximation,
and k-step AC with compatible function approximation (shortened as AC, 1-step CAC and k-step CAC); And then we
compare three NAC algorithms: vanilla NAC, 1-step NAC with compatible function approximation and k-step NAC with
compatible function approximation (shortened as NAC, 1-step CNAC and k-step CNAC).

In our experiment setup, we set & = 128, and design a 2-layer neural network with 16 hidden neurons to represent the policy,
which contains 163 parameters. We run the algorithms for 20 times. At each time step, after we obtain the policies from the
algorithms, we evaluate them and plot the average reward in Figure [T|and Figure Jamong 20 runs. We also plot the 90 and
10 percentiles of the 20 curves as the upper and lower envelopes of the curves.

~100 A ~1001
~150 1

—200 -

—300 A

average reward
average reward
|
w
o
o

—400 A

—500 4

— AC
—— 1-step CAC
—— k-step CAC
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T
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1500 1750 2000
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—— 1-step CNAC
—— k-step CNAC

T
0

250

T
500

T
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T
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T
1250

T T T
1500 1750 2000

Figure 2. Vanilla NAC with fixed feature function v.s. One-step
NAC with compatible feature function v.s. 128-step NAC with
compatible feature function.

Figure 1. Vanilla AC with fixed feature function v.s. One-step AC
with compatible feature function v.s. 128-step AC with compatible
feature function.

We observe that for both AC and NAC, our algorithms with compatible function approximation lead to better performances.
As our theoretical results showed, this performance improvement is due to the fact that the compatible function approximation
can avoid critic error, whereas the linear function approximation results in an inaccurate estimation of the value functions in
the critic part.
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F. Symbol Reference
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max Cd)
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o A2 Amin
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2 C Rmx
Cop = C3B + =452

>\min

Constants
Cy =08 (B + Cap A)
Cum = + 3 B2

)\2

n’un

L;= mRmx (AL.Cy + L¢)

C’ <1+ [logm W-i—ﬁ)

First Appearance

Section

Proposition

expression in Equation (73

Proposition expression in Equation (73

Proposition
Assumption
Assumption
Assumption
Assumption
Assumption
Assumption

Section

First Appearance
Lemmal|l
Equation (115
- Lemma

Lemma

Lemma

6C3mBetfmax g2~ 3Rmax 2Rmax

2 m s€ L

Lo =d ¢(1_p)3 (?—p)Q 4 I 616—p Lemma
Amin = Amin — dC;mpk Lemma

U5 = Rmax + QCqﬁB

Variable Appearance
G? Lemma
GY Lemma
G} Lemma
GY Lemma
Gy Lemma
éf Lemma
é‘f Equation
q Equation (68)
t= [7 log T—‘ Equation
= [ 513; T—‘ t Equation
M, Equation

Lemma

|U1!>—‘| N T —T—=T]
o

Order (setay =, Bt = 6, v =)
O(ksa + k3B + k(mp*))
O ((mp")3 + k26%)
O ((mp) 7+52 K28y + ky?)
(’)(k‘ mpF)a + (mp*) B + (mp 2 4 k3 2+/€3a5+k2ﬁ2)
O ((mp*) 7+ﬁ2+k2b’v+kv )
@ (k(mp a+ ¢ ) + k*a? + kK*af + 62)
O ((mp*)B + 82) )
o (a)
O (el
o logT
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