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Abstract

Many methods for Model-based Reinforcement learning (MBRL) in Markov decision pro-
cesses (MDPs) provide guarantees for both the accuracy of the model they can deliver and
the learning efficiency. At the same time, state abstraction techniques allow for a reduc-
tion of the size of an MDP while maintaining a bounded loss with respect to the original
problem. Therefore, it may come as a surprise that no such guarantees are available when
combining both techniques, i.e., where MBRL merely observes abstract states. Our theoret-
ical analysis shows that abstraction can introduce a dependence between samples collected
online (e.g., in the real world). That means that, without taking this dependence into
account, results for MBRL do not directly extend to this setting. Our result shows that
we can use concentration inequalities for martingales to overcome this problem. This re-
sult makes it possible to extend the guarantees of existing MBRL algorithms to the setting
with abstraction. We illustrate this by combining R-MAX, a prototypical MBRL algorithm,
with abstraction, thus producing the first performance guarantees for model-based ‘RL from
Abstracted Observations’: model-based reinforcement learning with an abstract model.

1 Introduction

Tabular Model-based Reinforcement Learning (MBRL) methods provide guarantees that show they can
learn efficiently in Markov decision processs (MDPs) (Brafman & Tennenholtz, 2002; Strehl & Littman,
2008; Jaksch et al., 2010; Fruit et al., 2018; Talebi & Maillard, 2018; Zhang & Ji, 2019; Bourel et al.,
2020). They do this by finding solutions to a fundamental problem for Reinforcement Learning (RL), the
exploration-exploitation dilemma: when to take actions to obtain more information (explore) and when to
take actions that maximize reward based on the current knowledge (exploit). However, MDPs can be huge,
which can be problematic for tabular methods. One way to deal with large problems is by using abstractions,
such as the mainstream state abstractions (Li, 2009; Abel et al., 2016). State abstractions reduce the size
of the problem by aggregating together states according to different criteria, depending on the specific type
of abstraction. We can view state abstraction as a special case of function approximation, where every state
maps to its abstract state (Mahadevan, 2010), and we can roughly divide them into exact and approzimate
abstractions (Li, 2009; Abel et al., 2016).
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Approximate abstractions relax the criteria of exact ab- ) a

stractions, and therefore allow for a larger reduction in MDP  <— Agent

the state space. Typically, this approximation leads to a sﬁ‘ o TS = ¢(s)
trade-off between performance and the amount of required @

data (Paduraru et al., 2008; Jiang et al., 2015). In this pa-

per, we will assume the use of abstraction as a given, e.g.,

because the complete state space is too large to deal with. Fjgure 1: RL from Abstracted Observations,
Nevertheless, we explore the trade-off in Section 4, where the agent receives the abstract state 5 = ¢(s)
we compare the performance of the prototypical R-MAX al- a5 an observation instead of the state s. Image
gorithm (Brafman & Tennenholtz, 2002) with and without based on Abel et al. (2018).

abstraction.

In our setting, the agent acts in an MDP that returns states s, but instead of observing the true state
s, the agent only observes abstract states ¢(s) (see Figure 1). This setting, which has been considered
before (Ortner et al., 2014a; Abel et al., 2018),* is what we call RL from Abstracted Observations (RLAO).
Surprisingly, there are relatively few results for RLAO, even though many results for the planning setting
are available (Li et al., 2006; Abel et al., 2016). The main difference between these two settings is that in
planning with abstraction the resulting problem can still be considered an MDP, but in RLAO, while the
underlying problem is still an MDP, the observed problem is not.

The observation that the observed problem is not an MDP can be understood when we realize that RLAO
corresponds to RL in a Partially Observable MDP (POMDP) (Kaelbling et al., 1998), as previously described
(Bai et al., 2016). Specifically, the abstraction function serves as an observation function. Rather than
observing its true state s, the agent observes the abstract state ¢(s) and its policy chooses an action based
on this abstract state. It is well known that policies for POMDPs that only base their action on the last
observation can be arbitrarily bad (Singh et al., 1994). Fortunately, there is also good news, as this worst-
case does not apply when ¢ is an exact model similarity abstraction 2 (Li, 2009), because the resulting
problem can be considered an MDP; this abstraction maps states to the same abstract state only when their
reward and transition functions in the abstract space are the same (Li et al., 2006). We focus on the related
approzimate model similarity abstraction (Abel et al., 2016), which maps states to the same abstract state
only when their reward and transition functions in the abstract space are close. Intuitively, because of its
connection to the exact model similarity, one could expect that for this abstraction the worst-case also does
not apply. However, as we discuss in detail in Section 2.2, MBRL methods typically use results that rely on
the assumption of independent and identically distributed (i.i.d.) samples to prove efficient learning (Strehl
& Littman, 2008; Jaksch et al., 2010; Fruit et al., 2018; Bourel et al., 2020). This is not appropriate in
RLAO: with abstraction, the transitions between abstract states need not be Markov, and the samples may
depend on the history.

We analyze collecting samples in RLAO and prove that, with abstraction, samples are not guaranteed to
be independent. This means that most guarantees of existing MBRL methods do not hold in the RLAO
setting. 3 The primary technical result in this work shows that we can still learn an accurate model in RLAO
by replacing concentration inequalities that rely on independent samples with a well-known concentration
inequality for martingales (Azuma, 1967). This result allows us to extend the guarantees of MBRL methods
to RLAO. We illustrate such an extension for the prototypical R-MAX algorithm (Brafman & Tennenholtz,
2002), thus producing the first performance guarantees for model-based methods in RLAQ. These results
are important for the often adopted state abstraction framework, as they allow us to conclude under what
cases performance guarantees in MBRL can be transferred to settings with state abstraction.

1We refer to Section 5 for a comparison with the related work.

2 Also known as stochastic bisimulation (Givan et al., 2003).

30f course, certain guarantees on the combination of abstraction and RL are known. However, in most related work in
abstraction settings (e.g., abstraction selection), the complication of samples not being independent does not occur due to
particular assumptions (Paduraru et al., 2008; Hallak et al., 2013; Maillard et al., 2013; Majeed & Hutter, 2018; Ortner et al.,
2019; Du et al., 2019). Section 5 gives details for individual papers.
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2 Background

Section 3 will cover the combination of MBRL and abstraction in MDPs, in this section we introduce the
required background.

2.1 Model-Based RL

As is typical for RL problems, we assume the environment the agent is acting in can be represented by an
infinite horizon MDP M £ (S, A, T, R,v) (Puterman, 2014). Here S is a finite set of states s € S, A a finite
set of actions a € A, T a transition function T'(s'|s,a) = Pr(s'|s,a), R a reward function R(s,a) which gives
the reward received when the agent executes action a in state s, and «y is a discount factor with 0 < v <1
that determines the importance of future rewards. We use Rpy.x to denote the maximum reward the agent
can obtain in one step. The agent’s goal is to find an optimal policy 7* : § — A, i.e., a policy that maximizes
the expectation of the cumulative reward in the MDP. V™ (s) denotes the expected value of the cumulative
reward under policy 7 starting from state s. Similarly, Q7 (s, a) denotes the expected value of the cumulative
reward when first taking action a from state s and then following policy 7 afterward.

MBRL methods learn a model from the experience that the agent gains by taking actions and observing the

rewards it gets and the states it reaches. For a fixed state-action pair (s,a), we let 71,72, -+, Tn(s,q) be the
first N(s,a) time steps at which the agent took action a in state s. The first N(s,a) states s’ that the agent
reached after taking action a in state s are stored as the sequence Yy , 2 (s g/(2F1) ... g/(TnGsa) 1)),

We use Y to refer to the collection of all Y, ,. Typically, in MBRL, the obtained experience is used to
construct the empirical model Ty (Brafman & Tennenholtz, 2002; Strehl & Littman, 2008; Jaksch et al.,
2010; Fruit et al., 2018; Talebi & Maillard, 2018; Zhang & Ji, 2019; Bourel et al., 2020). This model is
constructed simply by counting how often the agent reached a particular next state s’ and normalizing the
obtained quantity by the total count:

N(s,a)
1 .
Vs' € 81 Ty (s']s,a) & N(s,a) Z l{Ys(:fH) = '} (1)

=1

Here 1{-} denotes the indicator function of the specified event, i.e., IL{YS(;;H) =s'}is 1if Y;(,ZH) = ¢’ and
0 otherwise.

2.2 Guarantees for MBRL

The quality of the empirical model Ty is crucial for performance guarantees, irrespective of the form of
the guarantee, e.g., PAC-MDP (Strehl & Littman, 2008) or regret (Jaksch et al., 2010). The quality of the
empirical model is high when the distance between Ty (+|s,a) and the ground truth T'(-|s,a) is small. We
can, for instance, measure this distance with the L; norm, defined as follows:

1Ty (-|s,a) = T(ls,a)ll £ ) 1Ty (s']s,a) = T(s'|s, a)|- (2)

s'eS

Concentration inequalities are often used to guarantee that, with enough samples, this distance will be small,
e.g.:
Lemma 1 (L; inequality (Weissman et al., 2003)). Let Y, = Ysgl),Ys(%), e ,YS(,{Y(S’“” be i.i.d. random
variables distributed according to T(-|s,a). Then, for all e > 0,

Pr(|ITy (s, a) — T([s, )1 = ¢) < (2I5] = 2)e= 3N, (3)
These inequalities typically make use of the fact that samples are i.i.d. It is not necessarily evident that

these bounds can be applied without problem. Let us explore the transitions from a particular state, say
state 42, in a Markov chain (we can ignore actions for this argument). Let k and [ denote the time steps of
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two different visits to state 42. Without abstraction, the conditional distributions from which next states
are sampled are identical. So the question now is if these are independent. That is, is it the case that:

P(Skt1,Si41|Sk = 42,5, = 42) = P(Sk41|Sk = 42) * P(Si41|S1 = 42)? (4)

We have that

P(Skt1,S141|Sk = 42,5, = 42) = P(Sk+1|Sk = 42, 5; = 42) P(S141|Sk = 42,5, + 1, 5, = 42) (5)
= P(Sk+1|Sk =42, 8; = 42) P(S;41|S; = 42) (due to the Markov property)
(6)

So the question is if P(Sk41|Sk = 42,5, = 42) = P(Sk+1|Sk = 42)7 In general, this is not the case, since
the information that S; = 42 gives information about what Sj1 was.

However, as shown for instance by Strehl & Littman (2008), concentration inequalities for i.i.d. samples, such
as Hoeffding’s Inequality, can still be used as an upper bound in this case, because of the Markov property
and the identical distributions of the samples. In this way, MBRL can upper bound the probability that the
empirical model Ty (+|s, a) will be far away (> €) from the actual model T'(-|s,a). When the empirical model
is accurate, a policy based on this model leads to near-optimal performance in the MDP M (Brafman &
Tennenholtz, 2002; Strehl & Littman, 2008; Jaksch et al., 2010; Bourel et al., 2020).

2.3 State Abstraction for Known Models

We can formulate state abstraction as a mapping from states to abstract states (Li et al., 2006). This
mapping is done with an abstraction function ¢, a surjective function that maps from states s € S to
abstract states 5 € S: ¢(s) : S — S. We use the ~ notation to refer to the abstract space and define S as
S = {¢(s)|s € S}. We slightly overload the definition of 5 to be able to write s € 5. In this case, 5 is the set
of states that map to s, i.e., § = {s € S | ¢(s) = s}. This form of state abstraction is general, and clusters
states with different dynamics into abstract states. We assume that the state abstraction deterministically
maps states to an abstract state. Since each state maps to precisely one abstract state and multiple states
can map to the same abstract state, the abstract state space is typically (much) smaller than the original
state space, |S| < |S]|.

We focus on a type of abstraction approzimate model similarity abstraction (Abel et al., 2016), also known
as approximate stochastic bisimulation (Dean et al., 1997; Givan et al., 2003). In this abstraction, two states
can map to the same abstract state only if their behavior is similar in the abstract space, i.e., when the
reward function and the transitions to abstract states are close. We can determine the transition probability
to an abstract state T'(5'|s, a) as:

T(5]s,a) = Y T(s'|s,a). (7)
s'es’
Then, we can use equation 7 to define approximate model similarity abstraction:

Definition 1. An approzimate model similarity abstraction, ¢model,ng ne, Jor fixed nr,nr, satisfies

¢model,n(sl) = ¢model,n(32) = Va € A: |R(317 a) - R(827a)| S MR,
V5 € S,a€ A:|T(5s1,a) — T(5]s9,a)| < nr. (8)

From now on, we will refer to ¢model,ng,ne as ¢. We note that this abstraction is still quite generic. It can
cluster together states that have different transition and reward functions.

2.4 Planning With Abstract MDPs

In the planning setting, where the model is known a priori, we can use the abstraction function ¢ to construct
an abstract MDP. An abstract MDP can be helpful because it is smaller, making it easier to find a solution,
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and a solution for the abstract MDP can work well in the original MDP (Li et al., 2006; Abel et al., 2016).
We construct an abstract MDP M, from the model of an MDP M, an abstraction function ¢, and an
action-specific weighting function w. * The weighting function w gives a weight to every state-action pair:
Vse S, ac A:0<w(s,a) <1. The weights of the state-action pairs associated with an abstract state §
sum up to 1: ZS,E¢(S) w(s’';a) = 1. We can use the weighting function to create an abstract transition and
reward function, which are weighted averages of the original transition and reward functions. In this way,
from M, ¢, and any w, we can construct an abstract MDP M,

Definition 2 (Abstract MDP). Given an MDP M, ¢, and w, an abstract MDP M, = (S,A,T,,R,) is
constructed as: S = {p(s) | s € S}, A= A4,

V5€ S, ac A:R,(5,a) = Zw(s,a)R(s,a), (9)
sS€ESs
V5,5 €8, acA: T (55,0) = Y w(s,a)T(s|s,a). (10)
sES s'es’

Note that the abstract MDP M,, itself is an MDP. So we can use planning methods for MDPs to find an
optimal policy 7* for M,. A desirable property of the approximate model similarity abstraction is that
we can upper bound the difference between the optimal value V* in M and the value V™ obtained when
following the policy 7* in M. These bounds exists in different forms (Dearden & Boutilier, 1997; Abel et al.,
2016; Taiga et al., 2018). For completeness, we give these bounds for both the undiscounted finite horizon
and the discounted infinite horizon:

Theorem 1. Let M = (S, A,T,R) be an MDP and M = (S, A, T, R) an abstract MDP, for some defined
abstract transitions and rewards. We assume that

V5,5 €8S, s€5 ac A:|T(55,a) — Pr(5|s,a)| < nr (11)
and |R(5,a) — R(s,a)| < ng. (12)

Then, for a finite horizon problem with horizon h we have:
V() = V7' (s) < 2hnn + (b + 1)l S| R (13)

And for a discounted infinite horizon problem with discount v we have:

" 2nr 29| S|Rmax

V() = V™ (s) < + : (14)

1—vy (1—7)?

The proof of Theorem 1 is in Appendix A.3. These bounds show that an optimal abstract policy 7* for M

can also perform well in the original problem M when the approximate errors ng and ny are small. They

hold for any abstract MDP M created from an approximate model similarity abstraction ¢ and any valid
weighting function w.

3 MBRL From Abstracted Observations

In RLAO, we have an abstraction function ¢ and instead of observing the true state s, the agent observes the
abstract state ¢(s). In contrast to the planning setting in Section 2.3, here we act in an MDP M of which we
do not know the transition and reward functions. As mentioned in the introduction, there are surprisingly
few results for the RLAO setting (Section 5 discusses special cases people have considered). Specifically,
results of MBRL from Abstracted Observations (MBRLAQO) are lacking. Section 3.2 explains why this is by
analyzing how abstraction leads to dependence between samples, which means that the methods for dealing
with Markov transitions, as covered in Section 2.2, no longer suffice. Then, in Section 3.4, we show how
concentration inequalities for martingales can be used to still learn an accurate model in RLAO. To illustrate
how this result can be used to extend the results of MBRL methods to RLAO, we extend the results of the
R-MAX algorithm (Brafman & Tennenholtz, 2002). R-MAX is a well-known and straightforward method
that guarantees sample efficient learning.

4The action-specific weighting function is more general than the typically used weighting function, which is not action-specific
and only depends on the state s (Li et al., 2006). More formally, it is the case where Va,a’ € A, s € S : w(s,a) = w(s,a’).
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3.1 The General MBRL From Abstracted Observations Approach

In RLAO, the agent collects data for every abstract state-action pair (s, a), stored as sequences )75@:

Y§ a: {g/(71+1), 5/(T2+1), U 7§,(TN(§’(L)+1)}' (15)
Like in equation 1, we construct an empirical model Ty, now looking at the abstract next-states that the
agent reached:

N(s,a) o
1{v = &} (16)

Suppose we could guarantee that the empirical model Ty was equal, or close, to the transition function T,
of an abstract MDP M, constructed from the true MDP with ¢ and a valid w. In that case, we could
bound the loss in performance due to applying the learned policy 7* to M instead of applying the optimal
policy 7* (Abel et al., 2016; Taiga et al., 2018). Our main question is: do the finite-sample model learning
guarantees of MBRL algorithms still hold in the RLAO setting?

3.2 Requirements for guarantees for MBRL From Abstracted Observations

In order to give guarantees, we need to show that the empirical model Ty is close to the transition model
of an abstract MDP M,,. Before defining this transition model of M,,, we examine the data collection. In
the online data collection, the agent obtains a sample for Ysﬂ when it is in a state s € 5 and takes action a.

Specifically, the agent obtains the i-th sample Y( ) — g+ from state Xézt)l =sT € s:

YO ~ (X =57, a). (17)

Let X5, = (Xg()z)i\[:(fa) denote the sequence of states s € 5 from which the agent took action a. Each state
s gets a weight according to how often it appears in X5 ,, which we formalize with the weighting function

wx:
1 N(8,a) ( )
= . A i
VsEs,aGA.wX(s,a)fm Z 1{X;) = s}. (18)
We use wx to define wa analogous to equation 10:
V5,58 € S,ac A:T,, wa s,a Z T(s'|s, a). (19)
sEs s'es’

To highlight the close connection between T, and Ty (build of samples from T'(-| X ng()l =", a)), we give a
second, but equivalent, ® definition of T, :

¥(5,a),5 : Ty (5]5,0) £ Z 7(5|x{), a). (20)

Note that wy and thus 7}, are not fixed a priori. Instead, like Ty, they are empirical quantities that change
at every time step and depend on the policy and the (stochastic) outcomes. Importantly, by its definition,
wy is a valid w at every timestep. It is not a problem that wyx and T, change over time, as long as the
empirical model Ty can be shown to be close to T, «- For this, we want a concentration inequality to provide
bounds on the deviation of the empirical model Ty from T, ; we refer to this inequality as the abstract L1
inequality, similar in form to equation 3:

P(|Ty(-[5,a) = Tux (15,a)l1 > €) <6, (21)

where Ty (-|3, a) is defined according to equation 16 and T, according to equation 19.

5In the proof of Theorem 2 we show that these two definitions are equivalent.
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3.3 Why the Previous Strategy Fails: Dependent Samples That Are Not Identically Distributed

Suppose we could directly obtain i.i.d. samples from T,,, and base our empirical model Ty on the obtained
samples. In that case, we could show that the abstract L1 inequality holds by applying Lemma 1. This lemma
would be applicable because we could obtain a number N(5,a) of i.i.d. samples per abstract state-action
pair, distributed according to T, (:|5,a). However, the samples are not i.i.d. in RLAO: the samples are
neither identically distributed nor independent, and this combination means that previous techniques fail.
We will first cover the distribution of the samples and show that samples not being identically distributed is
not a problem. Then we prove that samples are not guaranteed to be independent. Afterward, Section 3.4
shows that we can still learn when the samples are dependent.

3.3.1 Why We Can Not Use Lemma 1: Dependent Samples.

The samples are not necessarily identically distributed in RLAO since the agent obtains a sample Y ) when
taking action a from state XSSZ; = s € §, as in equation 17. If Xglzl # X;ﬁ, these states can have different
transition distributions. This implies that in general we might not be able to apply Lemma 1, because it
assumes identically distributed random variables. However, different distributions by themselves need not

be a problem; we show that the result also holds when the random variables are not identically distributed:

Lemma 2. Let X5, = s1,---,5» be a sequence of states s € 5 and let S_’;a = }7(1),}7(2), - 7)7(7”) be
independent random variables distributed according to Pr(-|s1,a), - ,Pr(:|sm,a) (equation 7). Then, for all
€ >0,

Pr(|[Ty (15, a) = Tuy (15, )l[1 2 €) < (215 = 2)e73m", (22)

The proof can be found in Appendix B. Therefore, if the samples in RLAO were independent, then we could
apply Lemma 2 to guarantee an accurate model.

Independence. One could be tempted to assume the samples are independent, i.e.,
Vs, 8 € () PV = 8 Y = 8,) = Pr(V) = 5) - PG =8 (28)

However, this is not true in general in RLAO:

Observation 1. When collecting samples online using an abstraction function, such samples are not nec-
essarily independent.

Samples can be dependent when 1) samples are collected online in the
real environment, of which we do not know the transitions, and 2) the
samples are collected for abstract states s. Observation 1 can be under-
stood from the perspective that the RLAO problem corresponds to RL
in a POMDP (Bai et al., 2016). The corresponding POMDP uses the
abstraction function as the observation function and the abstract states
as observations. Since the transitions between observations need not be
Markov in POMDPs, the samples from abstract states can depend on
the history. While this observation may be clear from the POMDP per-
spective, work in RLAO regularly assumes (explicitly or implicitly) that
independent samples can somehow be obtained (Paduraru et al., 2008;
Ortner et al., 2014a; Jiang et al., 2015; Ortner et al., 2019). In the follow-
ing counterexample, we rigorously show that samples are not necessarily
independent. Figure 2: Simple MDP, with

only 1 action, and abstrac-
Counterexample. We use the example MDP and abstraction in Fig- tion. The small circles are states
ure 2, where we have four states, three abstract states, and only one (1,2,3,4). A, B and C are the ab-
action. Since the example MDP has only one action, we omit the action stract states. The arrows show
from the notation. We examine the transition function of abstract state the transition probabilities, e.g.

P(3|1) = 0.6.
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A, Ty (-|A) and consider the first two times we transition from A. These two transition samples, 57 and 55,
are the first two entries in Y4. We show that the samples are not independent for at least one combination
of §} and 3.

Let s = s, = B, i.e., the first two times we experience a transition from the abstract state A, we end up

in B. We denote the i-th experienced transition from abstract state A as }_Q(f). Let state 1 be the starting
state.

We start with the product of the probabilities:
pr(Y{" = B)Pr(Y\? = B). (24)

We have Pr(f/;(ll) = B) = Pr(B|1) = 0.6 for the first term since state 1 is the starting state. The second
term is more complex since it includes the probability of starting the transition from state 1 and state 2.

We have:

Pr(VY = B) =Y Pr(Y{® = By =5 Pr(Y() = 5) (25)
seS

=pPr(V? = By = A)Pr(V{V = 4) + Pr(V? = B)Y") = B)Pr(Y{" = B)

+Pr(v® =By =) pr(v{Y = 0). (26)

=pPr(V? = BY{Y =B)Pr(Y{") = B) + Pr(Y? = BIY\" = o) Pr(¥{" = ). (27)

=Pr(v{? =3[V =3)Pr(v{" = 3) + Pr(Y ¥ =3[y = ) Pr(v{) = 1) (28)

=0.6-0.6+0.4-0.4=0.52 (29)

For the step from equation 26 to equation 27, Pr(?{f,l) = A) is 0 because there is no transition from a state
in A to a state in A. Then, from equation 27 to equation 28, we use that both abstract states B and C'
consist of exactly 1 state. So, e.g., Pr(fff) = B|}7f(‘1) =B)= Pr(Yf(xZ) = 3|}71§1) = 3). So, for the product of
the probabilities, we end up with: Pr(Yf‘l) = B) Pr(?f) =B)=0.6-0.52 =0.321.

For the joint probability, we have:

pr(v{" =B, Y =B) =pPr(Y\") = B)Pr (YY) = BYY = B) (30)
= Pr(B|1)(Pr(B|1) Pr(1|B)) (31)
=06-(0.6-1) (32)
=0.6-0.6 (33)
= 0.36. (34)

Here, Pr(f’f) = B|l71§1) = B) = Pr(B|1) Pr(1|B) because the first transition ends in state B and we always
transition to state 1 from state B. Hence, Pr(Y\? = B|Y\") = B) = Pr(B|1) Pr(1|B) = 0.6 - 1.

Combining the joint probability and the product of probabilities, we end up with:
0.36 = Pr(Y{") = B,Y\? = B) £ Pr(Y{" = B)Pr(Y\? = B) = 0.6-0.52. (35)

Thus, the samples are not independent. Leading us to the second observation.

Observation 2. As independence cannot be guaranteed, Lemmas 1 and 2 cannot be readily applied to show
that the abstract L1 inequality holds.

This claim follows from the fact that Lemmas 1 and 2 both use the assumption of independence in their
proofs. It would still be possible to obtain independent samples if we could, for example, have access to a
simulator of the problem. In that case, it is still possible to give guarantees on the accuracy of the model,
which we show in Appendix E. However, we consider the setting where a simulator is not available.
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3.3.2 Why the Approach by Strehl & Littman (2008) Fails

While the counterexample above is informative as to why Lemmas 1 and 2 cannot be applied, the failure
to apply these lemmas may not come as a surprise: in the end, as shown by Strehl & Littman (2008), more
work is needed. They are able to use these concentration inequalities due to an additional proof that shows
that even though the samples are drawn from a Markov chain, and thus not fully independent, the inequality
still serves as an upper bound. This raises the question whether we could not follow the same approach, and
show that Lemma 1 (or 2) is still an upper bound in the RLAO setting.

It turns out that this is not possible, as that result uses the Markov property and requires each sample to
be identically distributed. Without abstraction, only (s, a) and the next states s’ ~ P(:|s,a) are considered,
which indeed have the same distribution. In RLAO, the outcomes of multiple states are grouped together
and for a pair (8, a) both the state s € s that we reach and the resulting next state §' need to be considered.
Since the distributions s’ ~ P(-|s1,a) and s’ ~ P(-|s2, a) of two states s1, s2 € § do not have to be the same,
these samples are not guaranteed to be identically distributed.

3.3.3 Summary: Why Previous Strategies Fail

Summarizing, we have seen that previous strategies fail due to the combination of samples neither being
independent, nor being identically distributed. We showed that if the samples would only be non-identically
distributed (but independent) we could modify the proof of Lemma 1, leading to Lemma 2, that could be
directly used. On the other hand, if the samples were only dependent (but still identically distributed), it
would be possible to follow the strategy of Strehl & Littman (2008). However, given that we are dealing
with the dependent non-identically distributed setting, neither of these previous strategies work, and a new
approach is needed, as we present next.

3.4 Guarantees for Abstract Model Learning Using Martingales

Now we want to give a guarantee in the form of the abstract L1 inequality from equation 21.6 In Section 3.2,
we found this was not possible with concentration inequalities such as Hoeffding’s inequality because the
samples are not guaranteed to be independent. Here we consider a related bound for weakly dependent
samples, the Azuma-Hoeffding inequality. This inequality makes use of the properties of a martingale
difference sequence, which are slightly weaker than independence:

Definition 3 (Martingale difference sequence (Azuma, 1967)). The sequence Zy,Zs, -+ is a martingale
difference sequence if, Vi, it satisfies the following conditions:

E[ZilZ],ZQ,"‘ aZifl] = 07
|Zz| < 0.

The properties of the martingale difference sequence can be used to obtain the following concentration
inequality:

Lemma 3 (Azuma-Hoeffding Inequality (Hoeffding, 1963; Azuma, 1967)). If the random variables Z1, Zs, - - -
form a martingale difference sequence (Def. 3), with |Z;| < b, then

n 52
Pr(> Z;>e€) <e man, (36)
i=1

Our main result, Theorem 2, shows that we can use Lemma 3 to obtain a concentration inequality for the
abstract transition function in RLAO (as in equation 21). Specifically, we show that, with high probability,
the empirical abstract transition function 73 will be close to the abstract transition function 7, :

6We focus on the transition function, for the reward function we make some simplifying assumptions in Section 4. We discuss
in Section 6 how these assumptions can be relaxed and the result extended for the reward function.
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Theorem 2 (Abstract L1 inequality). If an agent has access to a state abstraction function ¢ and uses
this to collect data for any abstract state-action pair (3,a) by acting in an MDP M according to a policy T,
we have that the following holds with a probability of at least 1 — § for a fixed value of N(8,a):

1Ty (15, a) — Ty (-5, 0)||1 < e, (37)
where § = 2151e=sN(Ga)e”

Here we use the definitions of Ty (-3, a) (equation 16) and T, (+|5,a) (equation 19). This theorem shows
that the empirical model constructed by MBRLAO is close to an Abstract MDP J\waX, and here Theorem 1
gives performance loss guarantees. By assuming that M, « 1s the results of an approximate model irrelevance
abstraction, we can give end to end guarantees. In simpler words: our result just shows that whatever Ty
you might end up with (indeed, regardless of changing policies, etc.), it was generated by some underlying
states X, and the implied T}, will concentrate on Ty.

Note that, unlike in planning with abstract MDPs (Section 2.4), there is no fixed set of weights T,,, that
can be used as ground truth that needs to be estimated. As illustrated in Section 3.3.1, the RLAO setting
corresponds to a POMDP, which means that depending on the history there would be a different distribution
over the states (and thus different weights) in each abstract state (called ’the belief” in a POMDP). Instead,
both T, and Ty change over time. We show in the proof of Theorem 2 (in Appendix C) that Ty will
concentrate on wa as they are intimately connected. This is possible because Lemma 3 can be applied as
long as the Z; form a martingale difference sequence, with |Z;| < b. In the proof, we define a suitable Z;
and show that Ty will thus concentrate on T, , with high probability.

4 An lllustration: R-MAX From Abstracted Observations

Here we give an illustration of how we can use Theorem 2 to provide guarantees for MBRL methods in RLAO
with an approxzimate model similarity abstraction. We illustrate this using the R-MAX algorithm (Brafman
& Tennenholtz, 2002). We start with a short description of R-MAX and how it operates with abstraction.

The R-MAX algorithm maintains a model of the environment. It uses this model to compute a policy
periodically and then follows this policy for several steps. Initially, all the state-action pairs are unknown
and the algorithm optimistically initializes their reward and transition functions: R(s,a) = Rmax (the
maximum reward), T'(s|s,a) = 1, and Vs’ # s : T(s'|s,a) = 0. This initialization means that, in the model
the algorithm maintains, these unknown (s,a) lead to the maximum reward, hence the name R-MAX. A
state-action pair’s transition and reward function are only updated once they have been visited sufficiently
often, at which point the state-action pair is considered known. Together, this ensures that the algorithm
explores sufficiently. During execution, the algorithm operates in episodes of n-steps. At the start of every
episode it calculates an optimal n-step policy and follows this for n timesteps, or until a state-action pair
becomes known. Once all the state-action pairs are known it calculates the optimal policy for the final model
and then runs this indefinitely. The algorithm has the following guarantee:

Theorem 3 (R-MAX in MDPs without abstraction (Brafman & Tennenholtz, 2002)). Given an MDP
M, with |S| states and |A| actions, and inputs € and §. With probability of at least 1 — § the R-MAX
algorithm will attain an expected average return of Opt(],, (€, Tc)) — 2€ within a number of steps polynomial
in |S],]4], %%,Te. Where T, is the e-return mizing time of the optimal policy, the policies for M whose -
return mizing time is T, are denoted by [[,,(€,T¢), the optimal expected T.-step undiscounted average return
achievable by such policies are denoted by Opt([],, (e, Te)).

Here T, is the e-return mixing time of a policy m, it is the minimum number of steps needed to guarantee
that the expected average return is within € of the optimal expected average return (Kearns & Singh, 2002).

For R-MAX from Abstracted Observations, we make the following assumptions that stem from the original
analysis: we assume that the MDP is ergodic (Puterman, 2014), ” that we know S and A, that the reward

7An ergodic, or recurrent, MDP is an MDP where every state is recurrent under every stationary policy, i.e., asymptotically,
every state will be visited infinitely often (Puterman, 2014).

10



Published in Transactions on Machine Learning Research (09/2023)

Algorithm 1 Procedure: R-MAX from Abstracted Observations
Input: ¢,0,¢,Tc
for all (5,a) € Sx Ado

Ty (55,a) =1
BY(gu a) = Rmax
YVE@ = [ }

end for

My = (3, A, Ty, Ry)
Select m, the number of samples required per (abstract) state-action pair to make them known.
// While there is still an unknown state-action pair.
while min; ) |Ys,4| <m do
Compute optimal T,-step policy 7 in My for the current abstract state.
for T, timesteps do

5= ¢(s)
a=7(3)

s',r = Step(s, a)
s=¢

if |Ys4| < m then
Y5 q-append(¢(s'))
if |Ys 4| = m then
// State-action pair has become known.
for all 5 € S do '
Ty (5]5,0) = £ S0, 1Y) = 5}
end for
Ry (5,a) =7
break
end if
end if
end for
end while
Compute optimal policy 7* for M and run indefinitely.

function is deterministic, and that we know the minimum and maximum reward. W.l.o.g., we assume the
rewards are between 0 and Ry.x, with 0 < Rpax < 00. We add the assumption that the agent has access
to an approximate model similarity abstraction function ¢ and that each state in an abstract state has the
same reward function. 8

Algorithm 1 shows the procedure for R-MAX from Abstracted Observations. It follows the same steps as the
original algorithm, except that it makes use of an abstraction function ¢ and maintains an abstract model.
As in the original, the input to the algorithm is the allowed failure probability &, the error bound €, and
the e-return mixing time 7. of an optimal policy. We add the abstraction function ¢ as a new input. The
algorithm uses this function to observe ¢(s), as in Figure 1, and it builds an empirical (abstract) model from
the observations it obtains.

Because the algorithm uses an abstraction function ¢, we cannot guarantee the € error bound. However, with
Theorem 4 we can still guarantee an error bound that is a function of ¢ and the error i of the abstraction,
thus providing the first finite-sample guarantees for RLAO:

Theorem 4. Given an MDP M, an approximate model similarity abstraction ¢, with ng and nr, and inputs
|S|,|Al,€,6,T.. With probability of at least 1 — & the R-MAX algorithm adapted to abstraction (Algorithm 1)
will attain an expected average return of Opt([],,(€,Te))—3g(nr, nr) —2€ within a number of steps polynomial
in |S|, |A|, %%,Tg. Where T, is the e-return mizing time of the optimal policy, the policies for M whose e-

8Note that this is just a slight simplification as any empirical estimate R is guaranteed to be within g of any R,,, under
the assumption that the rewards are deterministic.

11
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return mizing time is T, are denoted by [],,(€,T¢), the optimal expected T-step undiscounted average return
achievable by such policies are denoted by Opt([],,(e,T¢)), and

(T. — )T,

2 nr|S|.

g(nrsnr) = Tenr +

The proof can be found in Appendix D.2 and follows the line of the original R-MAX proof, using the
assumptions mentioned at the start of Section 3. To translate the results to the RLAO setting, we first use
the Abstract L1 inequality (Theorem 2) to show that the empirical abstract model is accurate with high
probability. Then the performance bounds from Theorem 1 can be used to bound the loss in performance
by using an abstract policy based on the empirical abstract model in the MDP M instead of the optimal
(ground) policy 7*. These bounds hold for any wx as long as wx is a valid weighting function. That wx
will be a valid weighting function follows from its definition in equation 18. Because Theorem 1 allows us to
directly bound the loss in performance for using an abstract policy, based on an abstract empirical model,
in the original problem M, the amount of steps is polynomial only in |S| instead of |S|.

As is typical with abstraction, there is a trade-off between the performance and the required number of steps:
a coarser abstract model can potentially learn much faster but could sacrifice optimality, while a non-abstract
model might have the best performance in the limit of infinite experience. We can see this trade-off in the
results of Theorems 3 and 4. When we directly model M without abstraction, Theorem 3 shows that the
algorithm will attain an expected return of Opt(]],,(e,T¢)) — 2¢ within a number of steps polynomial in
IS, 14], %%, T,. Theorem 4 shows that, when we use an approximate model similarity abstraction to learn
an abstract model, this leads to an additional performance loss of 3g(nr,ngr) due to the approximation.
However, the advantage of using the abstraction is that the number of steps within which this is achieved
is polynomial only in the size of the abstract space |S| rather than the (larger) original state space |S]|.
Thus, these results show that the performance is not arbitrarily bad with approximate model similarity
abstraction. Moreover, when the abstraction errors (nr and ng) are small and the reduction in state space
is large, abstraction helps to reach near-optimal performance significantly faster.

5 Related Work

The problem we resolved in this paper may seem intuitive, but as we will make clear here, it is a funda-
mental problem in rich literature. Many studies have considered the combination of abstraction with either
planning or RL. Some studies avoid, or ignore, the issue of dependency by simply assuming that samples are
independent (Paduraru et al., 2008; Ortner et al., 2014b; Jiang et al., 2015; Badings et al., 2022). Others
avoid it by looking at convergence in the limit (Singh et al., 1995; Hutter, 2016; Majeed & Hutter, 2018) or
by assuming access to an MDP model (Hallak et al., 2013; Maillard et al., 2013; Ortner et al., 2019).

RL With Abstraction. A negative result has been provided in the RLAO setting, showing that R-
MAX (Brafman & Tennenholtz, 2002) no longer maintains its guarantees when paired with any state ab-
straction function (Abel et al., 2018). For this negative result, they give an example that uses approximate
Q* similarity abstractions (Abel et al., 2016). Our counterexample is more powerful: indicating problems
with the analysis even for approximate model similarity abstractions (an approximate model similarity ab-
straction is also an approximate Q* abstraction, but not the other way around). Nevertheless, our second
result shows that it is still possible to give guarantees in RLAO for R-MAX-like algorithms when we use an
approximate model similarity abstraction and take the ngr and np inaccuracies into account.

Another study considered a setting related to abstraction, where the transition and reward functions can
change over time, either abruptly or gradually (Ortner et al., 2020). The reward and transition probabilities
depend on the timestep ¢, so T(s'|s,a,t) instead of T'(s’|s,a). They bound the variation in the reward and
transition functions over time. By taking the variation over time into account they are able to give results.
In their setting, the MDP is fixed given the timestep. However, in RLAO this is not fixed. Each time the
transition function at a timestep t could be different.

Recently regret guarantees have been found for the episodic (continuous) RL setting (Sinclair et al., 2022).
Their abstraction method learns an abstraction adaptively. The model-based version of their algorithm
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requires that the state and actions spaces are embedded in compact metric spaces. In this way, they can
define a measure of the difference between state-action pairs in these metric spaces. However, they require
oracle access to this metric. In our setting this would require knowing the transition and reward functions,
which we assume we do not.

Abstraction Selection. There are quite a few studies in the area of abstraction selection, where the
agent has access to a set of abstraction functions (state representations)(Hallak et al., 2013; Maillard et al.,
2013; Lattimore et al., 2013; Ortner et al., 2014a; 2019). Several studies assume that the given set of state
representations contains at least one Markov model (Hallak et al., 2013; Maillard et al., 2013; Ortner et al.,
2019). One study gives asymptotic guarantees for selecting the correct model and building an exact MDP
model (Hallak et al., 2013). The assumption that an MDP model exists in the given set of representations
is crucial in their analysis since the samples are i.i.d. for this MDP model. Similarly, other studies also
assume that the given set of state representations contains a Markov model (Maillard et al., 2013; Ortner
et al., 2019). They create an algorithm for which they obtain regret bounds, and their analysis also uses the
Markov representation.

Some studies in abstraction selection do not assume the given abstraction functions contain a Markov
model (Lattimore et al., 2013; Ortner et al., 2014a). Lattimore et al. (2013) deal with a more general
setting where the problem may be non-Markovian. Instead of assuming access to a set of abstractions, they
assume access to a set of models, including a model of the true environment. Since they are given models,
they do not focus on learning them, making it very different from our setting. By observing the rewards
obtained while executing a policy they are able to exclude unlikely models, and eventually find the true
model of the environment. The other study (Ortner et al., 2014a) uses Theorem 2.1 from Weissman et al.
(2003), which requires i.i.d. samples. We have shown that independent samples cannot be guaranteed in

RLAO.

MDPs With Rich Observations. Other related work is in MDPs with rich observations or block struc-
ture (Azizzadenesheli et al., 2016; Du et al., 2019; Allen et al., 2021). In that setting, each observation can
only be generated from a single hidden state, which means that the issue of non-i.i.d. data due to abstraction
does not arise. We can view the rich observation setting as an aggregation problem, where the observations
can be aggregated to form a small (latent) MDP (Azizzadenesheli et al., 2016). Their setting is related to
exact model similarity (or bisimulation) (Du et al., 2019). In contrast, in RLAO, each observation can be
generated from multiple hidden states, and we do not try to learn the MDP, as it is not small. Furthermore,
we focus on approximate model similarity, which introduces the problems as described in Section 3.2.

LI.D. Samples. One way to avoid the issue of dependent samples is by assuming that samples are obtained
independently (Paduraru et al., 2008; Ortner et al., 2014b; Jiang et al., 2015; Badings et al., 2022). One study
considers the setting with a continuous domain where we are given a data set with i.i.d. samples (Paduraru
et al., 2008). They use discretization to aggregate states into abstract states and give a guarantee that, with
a high probability, the model will be e-accurate given a fixed data set. While they assume that the data has
been gathered i.i.d., our results show that martingale concentration inequalities could be used to extend their
results to the online data collection in the RLAO setting. Discretization has been used in another study in a
continuous space (Badings et al., 2022). They search for a solution for a linear dynamical system, where the
transitions are deterministic, except for an additive noise component. They assume this noise is distributed
i.i.d. and try to learn the resulting abstract transition functions by iteratively sampling N samples per
abstract-state action pair until a threshold is reached. They assume that samples can be obtained cheaply,
e.g., through a simulator, whereas we focus on the exploration problem where data has to be collected online
and is expensive. Another study operates in the abstraction selection setting (Jiang et al., 2015). While they
do not assume that a Markov model exists in the given set of abstraction functions, they assume a given
data set, with i.i.d. data. They give a bound on how accurate the Q-values based on the (implicitly) learned
model will be rather than on the accuracy of the model itself. As we showed, the assumption that the data
is i.i.d. is not trivial since it means the data cannot just be collected online. Another study’s primary focus
is on bandits but also gives results for MDPs with a coloring function (Ortner et al., 2014b). We can view
state aggregation as a special case of this coloring. They extend the results from UCRL2 (Jaksch et al.,
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2010) to the setting with a coloring function. They use the Azuma-Hoeffding inequality for the transition
function, which holds for weakly dependent samples. However, they assume the samples are independent
and do not show the martingale difference sequence property for the (actually dependent) samples.

Asymptotic Results. Another way to deal with dependence between samples is by looking at convergence
in the limit (Singh et al., 1995; Hutter, 2016; Majeed & Hutter, 2018). One study gives an asymptotic result
for convergence of Q-learning and TD(0) in MDPs with soft state aggregation (Singh et al., 1995). In soft
state aggregation, a state s belongs to a cluster x with some probability P(x|s), which means a state s
can belong to several clusters. Their result requires an ergodic MDP and a stationary policy that assigns a
non-zero probability to every action. Together these imply a limiting state distribution, and they use this to
show convergence asymptotically. Another study gives multiple results focusing on approximate and exact
abstractions in environments without MDP assumptions (Hutter, 2016). Several of these results are in the
planning setting, similar to other planning results for approximate abstractions (Abel et al., 2016). Most
relevant for us is their Theorem 12, which for online RL shows convergence in the limit of the empirical
transition function under weak conditions, e.g., when the abstract process is an MDP. Under this condition,
however, the problem reduces to RL in an (abstract) MDP rather than RLAO. Follow-up work builds on some
of these results and focuses on the combination of model-free RL and exact abstraction, also without MDP
assumptions (Majeed & Hutter, 2018). They define and operate in a Q-Value Uniform Decision Process, with
a mapping from histories to (non-Markovian) states and a “state-uniformity condition”. The state-uniformity
means that if two histories map to the same state s, their optimal Q-values are also the same. They show
that, under state-uniformity, Q-learning converges in the limit to the optimal solution. In contrast to our
setting, they used an exact abstraction and left extending the results to approximate abstraction as an open
question.

Planning and Abstraction. For planning in abstract MDPs, there are results for exact state abstrac-
tions (Li et al., 2006) and approximate state abstractions (Abel et al., 2016). The results for approximate
state abstractions allow for quantifying an upper bound on performance for the optimal policy of an abstract
MDP, e.g., as in Theorem 1 for approximate model similarity in Section 2.3. A study built on these results
by giving a result for performing RL interacting with an explicitly constructed abstract MDP (Taiga et al.,
2018); since the abstract MDP is still an MDP, this is different from RLAO.

MBRL Using I.I.D. Bounds. Concentration inequalities for i.i.d. samples, such as the result from Weiss-
man et al. (2003), are often directly applied to the empirical transition function (Brafman & Tennenholtz,
2002; Jaksch et al., 2010; Fruit et al., 2018; Bourel et al., 2020), without mentioning that these samples
in a simple RL trajectory may not be independent as shown for instance by Strehl & Littman (2008) in a
non-communicating MDP. ? Strehl & Littman (2008) show that there dependence is not a problem because
it is still possible to use a concentration inequality for independent samples, e.g., Hoeffding’s inequality, as
an upper bound, which implies that derived performance loss bounds are valid. However, their proof uses
that transitions and rewards are identically distributed, which is not guaranteed in RLAO.

RL Using Martingale Bounds. Martingale concentration inequalities have been used regularly in online
RL analysis (Strehl & Littman, 2008; Li, 2009; Jaksch et al., 2010; Lattimore et al., 2013; Maillard et al.,
2013; Ortner et al., 2014b; Azizzadenesheli et al., 2016; Ortner et al., 2019; 2020). Our novelty is in using it
in RLAO, where we use it to show that we can learn an accurate model and provide performance guarantees
in this setting. Several works that employ martingale concentration inequalities are not in the RLAO setting
or do not use them for the transition model, and instead apply them to other parts of the analysis such as
bounding the difference between the actual and expected returns (Strehl & Littman, 2008; Jaksch et al., 2010;
Lattimore et al., 2013; Maillard et al., 2013; Ortner et al., 2014a; 2019). Other works do use martingales
for a transition model (Li, 2009; Ortner et al., 2014b; Azizzadenesheli et al., 2016; Ortner et al., 2020).
However, these either (implicitly or explicitly) assume samples to be independent (Ortner et al., 2014b;
2020) or identically distributed (Li, 2009; Azizzadenesheli et al., 2016), unlike our analysis. Since, as we

9An MDP is communicating if, for all s1,s2 € S, a deterministic policy exists that eventually leads from s to s2 (Puterman,
2014).
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detailed in Section 3, independent nor identically distributed samples cannot be guaranteed in RLAO, their
analyses do not extend to this setting.

6 Discussion and Future Work

Some assumptions we made, i.e., that the reward function is deterministic and each state in an abstract
state has the same reward function, can be relaxed. To accurately learn an abstract reward function, one
should define a suitable martingale difference sequence, after which Lemma 3 can be used. We considered
approximate model similarity abstraction and used the properties of this abstraction to establish an upper
bound on the difference in value between the original MDP and an abstract MDP under any abstract policy.
This bound was imperative for our results. We established this bound by proof of induction on the difference
in value for a horizon n. This technique could be used to establish similar bounds and extend our results for
other abstractions, e.g., approximate Q* similarity abstractions (Abel et al., 2016).

Our analysis showed how to extend the results of R-MAX (Brafman & Tennenholtz, 2002) to RLAO. Ex-
tending results of other algorithms, e.g., MBIE (Strehl & Littman, 2008) and UCRL2 (Jaksch et al., 2010),
requires adapting to slightly different assumptions. For instance, R-MAX assumes ergodicity, while UCRL2
and MBIE assume the problem is communicating and non-communicating, respectively. Other algorithms
sometimes use concentration inequalities other than Hoeffding’s Inequality, e.g., the empirical Bernstein in-
equality (Audibert et al., 2007; Maurer & Pontil, 2009) or the Chernoff bound. To adapt these, we could,
for instance, use Bernstein-type inequalities for martingales (Dzhaparidze & Van Zanten, 2001).

Theorem 4 shows that, despite problems with dependence, we can give finite-sample guarantees when com-
bining approximate model similarity abstractions with MBRL. For good abstraction functions, i.e., when ng
and 77 are small and |S| > | S|, this leads to near-optimal solutions while needing fewer samples, compared
to learning without abstraction. Practically, for tabular methods, these results mostly mean that concen-
tration inequalities for independent samples have to be replaced in RLAO, for example by concentration
inequalities based on martingales, as we have shown here. In deep model-based RL, several recent empirical
works have shown promising results by focusing on learning exact abstractions (Biza & Platt, 2019; van der
Pol et al., 2020). An interesting direction is adapting these methods to learn approximate abstractions
instead of exact abstractions. Since, compared to exact model similarity abstractions, approximate model
similarity abstraction generally results in a smaller (abstract) state space; this could lead to faster learning.

Our results shed further light on the observation from Abel et al. (2018) that RLAO is different from per-
forming RL in an MDP constructed with abstraction. As our observations show, in RLAO the transition
functions are not static, the samples are not identically distributed, and cannot be guaranteed to be inde-
pendent. This could mean that in situations where we want to learn an abstraction, the behavior is also
not quite as expected. In such situations, similar approaches that we applied here may prove useful, as
many situations in RL have already been shown to not be independent processes. While our results hold
for approximate model similarity models, there could be even more compact representations for which our
techniques could lead to similar results. One clear example would be abstractions that focus not on state
abstraction, but rather on state-action abstraction, of which state abstraction is simply a special case.

People have been applying MDPs and RL to all kinds of problems, even though we know that the Markov
property very rarely holds. Given that almost all theory of RL critically depends on this property, one could
wonder why these things even work? Intuitively, we expect that the states in these successful applications are
somehow “Markovian enough”. In this work, we provide an understanding of this vague concept. Specifically,
we show that an existing criterion of state representations (approximate model similarity) in fact is a formal
notion of “Markovian enough” in MBRL. Thus, it provides critical insight into under what circumstances
(and therefore in what applications) MBRL methods are expected to work.

7 Conclusion

We analyzed RLAO: online MBRL combined with state abstraction when the model of the MDP is unavail-
able. Via a counterexample, we showed that it cannot be guaranteed that samples obtained online in RLAO
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are independent. Many current guarantees from MBRL methods use concentration results that assume i.i.d.
samples, e.g., Theorem 2.1 from Weissman et al. (2003), the empirical Bernstein inequality (Audibert et al.,
2007; Maurer & Pontil, 2009), or the Chernoff bound. Because they use these concentration inequalities,
their guarantees do not hold in RLAO. In fact, none of the existing analyses of MBRL apply to RLAO. We
showed that samples in RLAO are only weakly dependent and that concentration inequalities for (weakly)
dependent variables, such as Lemma 3, are a viable alternative through which we can come to guarantees
on the empirical model. We used this result to present the first sample efficient learning results for RLAO,
thus showing it is possible to combine the benefits of abstraction and MBRL. These results showcase under
what circumstances performance guarantees in MBRL can be transferred to settings with abstraction.
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A Well Known Results
We restate some well-known results that we use in the proofs in the other sections.

A.1 Hoeffding’s Inequality

Hoeffding’s inequality can tell us the probability that the average of m random independent (but not neces-
sarily identically distributed) samples deviates more than € from its expectation.

Let ZW, z®) ... 7z be bounded independent random variables, and let Z and p be defined as

_ o zWM iy gm)
A i (38)
m
_ ElzMW 4 ... 4 z(m)
S R A Ak A ) (39)

m

Then Hoeffding’s inequality states:
Lemma 4 (Hoeffding’s inequality (Hoeffding, 1963)). If Z(), Z() ... | Z(™) gre independent and 0 < Z(4) <

1 fori=1,--- ,m, then for 0 < e <1— p we have the following inequalities
Pr(Z - p>€) < e (40)
Pr(1Z — p| > ) < 2e727, (41)
P> (20— ) > ) <%, (12)
i=1
Pr( S (20 — )| 2 €) < 2625 (43)

I
-

K3

A.2 Union Bound

Given that we have a set of events, the union bound allows us to upper bound the probability that at least
one of the events happens, even when these events are not independent.

Lemma 5 (Union Bound (Boole, 1854)). For a countable set of events Ay, A, As,- -, we have

Pr(U;A;) <Y Pr(4;). (44)

Le., the probability that at least one of the events happens is, at most, the sum of the probabilities of the
individual events.

A.3 Value Bounds for Abstract and True Models

Here we give upper bounds on the difference in value between the real MDP and an abstract MDP under
various policies. We will use these bounds in Appendix D to adapt the results of R-MAX (Brafman &
Tennenholtz, 2002) to RLAO. These bounds and proofs are very similar to existing bounds (Brafman &
Tennenholtz, 2002; Strehl & Littman, 2008; Abel et al., 2016; Taiga et al., 2018). Here we repeat these for
abstract models in the undiscounted finite horizon and in the discounted infinite horizon.

We define the finite horizon value function Vs € S:

V™™(s) = R(s,m(s)) + Z T(s'|s,m(s)) V™" 1(s), (45)
s'esS

V™l(s) = R(s, 7(s)). (46)

We use V™" to denote the value in M under policy 7 and V™" to denote the value in M under policy 7.

19



Published in Transactions on Machine Learning Research (09/2023)

Theorem 1. Let M = (S, A,T,R) be an MDP and M = (S, A, T, R) an abstract MDP, for some defined
abstract transitions and rewards. We assume that

V5,5 €S, s€5 ac A:|T(5)5,a) — Pr(5|s,a)| < nr

and |R(5,a) — R(s,a)| < ng. 47)
Then, for a finite horizon problem with horizon h we have:
V*(s) = VT (s) < 2hmp + (h+ D)hnr| S| Rinas- (48)
And for a discounted infinite horizon problem with discount v we have:
Vi(s) = VA" (s) < 2TR 2977 | S| Romas: (49)

S) >
1—v (1—=9)?
We will use the following two Lemmas to proof the Theorem.

Lemma 6. Under the assumption of equation 47 and for every abstract policy T and for every state s € 5,
we have: for a finite horizon problem with horizon h:

) ,, h—1h
Vo (s) — V) < e+ P11 (50)

and for a discounted infinite horizon problem with discount -y:

VR - V) < {1 777(T1|S|z~z)m o

Proof. The proof follows the same steps for both the discounted infinite horizon and the undiscounted finite
horizon. For completeness, we show them both here.

First, for the undiscounted finite horizon. By induction, we will show that for n > 1

_ _ _ ~1 _
Vse S, s€5:|VP(s)—V™™(s)| <mnr+ (nT)nnﬂﬂRmax. (52)

For n =1, we have
[VTl(s) = VPi(s)| = |R(s, 7(5)) — R(3,7(5))] < . (53)
Now assume that the induction hypothesis, equation 52, holds for n — 1, then

VT (s) = VT (s)| = |[R(s,7(5)) — )+ Y TS |s, w()VTrTHs) = Y T(E |5, 7(3) VTS

s'eS 5'eS
(54)
< |R(s, 7 (s)) — N1 D T s, w(s)VTrl(s) = Y T(F]5,7(5) VT (5)] (55)
5'eSs'es 5'esS
<o+ D DTS5, 7 (s)VETHS) = Y VIRTHE) Y T(s s, 7(5)
5'eSs'es’ €S s'es’
+ | Z vTn=l(E) Z s, m( ZT "5, 7(8)) V(&) (56)
5'eS s'es’ s’es
Snr+1 Y D T s, 7)) [VETH ) = VERHE)] |+ 1) [T(E5,7(5) = Y T |s, 7(3)] V(5
s'eS s'€s 5'eS s’'es’
(57)
n—1—1)(n—-1 = =~
<ot (0= Vg + O 1518110 1) R (59)
n—2)(n-1 5 =
=nnNgr + %nleﬂRmax + 77T|S|(n - 1)Rmax (59)
n—1)n =
= NNRr + %WT|S|Rmax' (60)
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For the step from equation 55 to equation 56, we subtract and add >, .5 V™"~ 1(5) Y, oo T(s'|s, 7(3)),
and from equation 57 to equation 58, we use the inductive hypothesis and the fact that (n — 1) Rpax is an
upper bound on V™ "~1(5") since the maximum reward per timestep is Rpax-

Now, for the discounted infinite horizon. By induction, we will show that for n > 1
_ ~ o n—2 ) |S|R
VsE S5 €5 [VI(s) = VI(s)| <may" 4+ Y 4 (g + LLEZIEmAX). (61)
i=0 1—=v
For n =1, we have
[VTi(s) = VTl (s)| = |R(s,7(5)) — R(3,7(5))| < nr. (62)

Now assume that the induction hypothesis, equation 61, holds for n — 1, then

(VT (s) = V" (s)| = | R(s, 7(5)) — )+ T |s, 7 (s))VT" () = Y T(F]5,7(3) V()]
s'eS 5eS
(63)
< |R(s,7(s)) — DD T s, 7))V ) = > T(E)5,7(3)VEH(E)] (64)
s'eSs'es 5eS
Snr+q Y] D T s, 7 (s)VETHS) = D VETHE) Y T(s s, 7(3))
5'eSs’'€s’ 5'eS s'es’
+A D VETNE) Y T(S s, 7 (5) = Y T(E 5 7(5)VEHE) (65)
s'eS s'es’ 5'eS
Snr+9 Y Y TS5, 7 () [VI ) = VEHE)] 441 D [T(E5,7(5) = > T(s'|s,7(5)) [V
seSs'es 5'€S s'es’
(66)
n—3
n— L S| Rmax max

<nr+vMrY 2+ZW’ T||,y))+777T|5| (67)

n— 777 max mwx
P 1+Zv b 2l e 5 (68)

= r|SIR

n— i T max

=NRrY 1+Z'7(77R+ﬁ)~ (69)

i=0

For the step from equation 64 to equation 65, we subtract and add > .5 V™" 1(5") Y, e T(5'|s, 7(3)),
and from equation 66 to equation 67, we use the inductive hypothesis and the fact that If“f‘:‘ is an upper
bound on VFn=1(5).

Finally, taking the limit for n — oo, we get:

717151 Binas

] - 1
V7(s) = V7 (s)| < 0+-——
[V™(s) (s)] < nR X +1_7(77R+ T

_ R 7”T|§|Rmax
-y (1—9)?

O

Lemma 7. Under the assumption of equation 47 and for every state s € s, we have: for a finite horizon
problem with horizon h:

_ h—1)h -
V() = VR (s)] < g+ P 1R (70)
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and for a discounted infinite horizon problem with discount -y:

Ve(s) = 7o) < 2 22 e ()
Proof. First, we define
Vi€ S,s€8: V" (s) = max [R(s,a) 4+ %T(s’|s, a)V*" ()], (72)
VEI(E) = max [R(5,a) +~ Z T(5|s,a)V*""1(5)]. (73)
5'eS

For the undiscounted case v = 1, so we can drop v from the notation.

The proof follows the same steps as the proof of Lemma 6. We start again with the undiscounted finite
horizon.

By induction, we will show that for n > 1

_ _ —1 _
Vse S, s€5: |V (s) = V""(5)| < nnr + wnﬂS\RmaX. (74)

Making use of the fact that | max f — max g| < max|f — g|, we have for n =1

*,1 sl _ _ (s < _ P(s < .
[V (s) = V™ (s)| = [ max R(s, a) — max R(5, a)| < max|R(s,a) — R(3,a)| < 7r (75)

Now assume that the induction hypothesis, equation 74, holds for n — 1, then

[V (s) — Vor( )|—maX|R(sa R(s,a +Z s'|s, a) VY ZT '|5,a) V" (E)) (76)
s'eS 5es
< *,M— ] =/ *,M— 1
_I;leade(s,a) sa|+max|zz §|s,a)V* ZT |5,a) V" 1(E)| (77)
5'cSs'es’ 5'eS
< / *,n—1 *,M— 1
_nR+I§ea§‘Z,ZT(S‘S’a)V (s") — ZV ZT "Is,a)]
/eSS s’es’ 5eS s'€s’
{/*,n—1/=/ / =/ *,n—1
+Igl€a/>1<|ZV (S)Z s'ls,a) — ZT |5,a)V*" ()] (78)
s’esS s'es! 58
< 773+max\ Z Z (s']s,a) [VFrl(s") — VTl |+max| Z (5'|5,a) Z T(s'|s,a)]V*""1(5)]
§eSs'es ses s/€5'
(79)

(n—1-1)(n—-1)
2

<nr+(n—1)nr+

(n—1)n
2

77T‘5|Rmax +nr(n — 1)‘§|Rmax (80)

=nngr + r]T|§|RmaX. (81)

For the step from equation 77 to equation 78, we subtract and add .5 yen-l(s §)> ges T(s']s,a), and
from equation 79 to equation 80, we use the inductive hypothesis and again the fact that (n — 1) Ryax is an
upper bound on V*"~1(5") since the maximum reward per timestep is Rax-

Now, for the discounted infinite horizon. By induction, we will show that for n > 1
9 _
al T { 77T ) S RHI&X
Vs€ S,s€5: VT (s) = VT™(s)| <nry™ '+ ZVZ(UR + 777T1|_|,y) (82)
i=0
For n =1, we have

7,1 Rl _ _ P(a < _ R(s < .
[V (s) = VP (s)| = | max R(s, a) — max R(5. )| < max|R(s,a) = R(5,0)] < g (83)
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Now assume that the induction hypothesis equation 82, holds for n — 1, then
[VEm(s) — Vo (5)] = max |R(s, a) — R(5,a )+ Y TS s,a) V() =y > T(5]5,a) V" ()] (84)

s'eS §es

< ’ *,n— 1 *,n—1

r;leaidR(s a) — R(5,a \+max'y\ Z Z s'|s,a)V* Z T(5'|5,a)V*" ()| (85)

5'eSs'es’ ses
<nR+maX*y|Z ZT ‘s, @) V(s ZV*”I ZT (8'|s,a)]
sec5s'es ] s'es’
[/ *,n—1/-=/ ! *n—1/</
Faman| 3 V) YD T s 0) — Y0 TS @)V () (56)
s'eS s'es! s’eS
Somtmaxy] 3 Y0 T(s s, ) [V () = VTN E)] |+ maxal Y [T(15,0) = 30 T(s' s, )] V7
5eSs'es’ 5'e8 s'es’
(87)
n—3 a
_ 1 n SRmax G Rmdx
< it A Oy + 3 7+ L ey i) (58)
=0
_ 777T| | max = Bmax
=nr+1rRY"" +Z’Y A )+V77T\5|1_7 (89)
n—2
Y107| S| Rimax

= o Y g+ I e (90)

R
i=0 1=

For the step from equation 85 to equation 86, we subtract and add > .5 V™" 1 (5") Y, o T(5'|s, 7(3)),
and from equation 87 to equation 88, we use the inductive hypothesis and the fact that Ifrji‘;‘ is an upper
bound on V*"~1(5).

Finally, taking the limit for n — co, we get:

* o 1 7”T|S|]zmax
14 -V < _ - TP T max

_ e 717lS| Rnax
-y (1-7)?

O

Proof of Theorem 1. We can now proof Theorem 1, by using the triangle inequality and the results of
Lemmas 6 and 7. For the undiscounted finite horizon:

V3 (s) = VE R (s)] < [V (5) = VP (s) |+ [V (s) = V0 ()
= (VI (s) = V()| [V () = V()

(h— 1)h (h— 1)

< hﬂR+ 77T|S‘Rmax+h77R+

=2hng + (h — 1)hnr| S| Rmax-
For the discounted infinite horizon:
V() = VT (s)] < [V*(s) = V()| + [V*(s) = VT ()]
=V (s) = V()| + |V (s) = VT (s)]
kS| Rmax . MR 7] S| Riax

Tl (=92 1=y (19

_ 2nr | 2v07|S|Rinax
-~ (1=9)2

77T‘5|Rmax
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A.3.1 Value Difference for Similar MDPs

Finally, we give a simulation lemma for two MDPs on the same state-action space.
Lemma 8. Let M and M’ be two MDPs on the same state-action space, with

Vs,a € S x A: |Ry(s,a) — Ry (s,a)| < ng, (91)
Vs,a,s' € S x Ax S: |Ta(s']s,a) — Tar (|5, a)| < np. (92)

Then, for every policy m and for every state s € S we have:
Tn Tn (TL B 1)77’
Var™ (s) = Vi ()] < mig + ~————17|5| Rinas- (93)
Proof. By induction, we will show that for n > 1

™n ™n n—1)n
VseS: |V (s) = Vi (s)] < nmr + %nﬂﬂRmax. (94)

For n =1, we have
Vi () = Vi ()| = | Ras (s, 7(s)) — Raxs (s, 7(s))| < ng- (95)
Now assume that the induction hypothesis, equation 94, holds for n — 1, then

Var"™(s) = Vg () = [Ras (s, m(5)) = Rawr(s,7()) + > Taa(s']s, w(s))Vap" 1 (') = > Taar ('], w () Vg~ ()]

s'eS s'esS
(96)
< |Rar(s,m(s)) = Ragr (5, m())| + | Y Tar(8'[s, w()) V" (') = D Tawr (']s, w()) Vi~ ()] (97)
s'eS s'esS
<nr+ 1Y Tu(s|s, m(s)Var" (') = D Tar(s']s, m(s) Vi ()]
s'eS s’'eS
1Y T (s, w ()i (s) = Y Toae ('], () Vi~ ()] (98)
s'esS s'es
<nr+1 Y Tu(s]s,m(s) [Var™ () = Vi T )T+ [Tua(8'|s w(s)) = Toae (87|, w(s)) ] Vi~ H(s))]
s'es s'eS
(99)
n—1—1)(n—-1
<ot (= g+ PO DGR (1181 R (100)
n—2)(n—1
=nngr + %nﬂﬂlﬁmx—l—?ﬁ(n— D)|S|Rmax (101)
n—1)n
=g+ 18] B, (102

For the step from equation 97 to equation 98, we add and subtract >, .o Tar(s'|s,7(s)) V"™ '(s'), and
from equation 99 to equation 100, we use the inductive hypothesis and the fact that (n — 1) Ryax is an upper

bound on V;;"” " (s') since the maximum reward per timestep is Ruax- O

This shows that the values under any policy are similar for similar MDPs.

B L1 Inequality for Independent but Not Identically Distributed Variables

We show that we can adapt the proof of Weissman et al. (2003) for independent, but not identically dis-
tributed, samples to obtain the following result:

Lemma 2. Let X5, = 51, ,5n be a sequence of states s € 5 and let 1_’57,1 =YD y® ... ym pe
independent random variables distributed according to Pr(-|s1,a),- -+ ,Pr(-|sm,a). Then, Ve > 0,
Pr(||Ty (5, 0) — Ty (15,0) |1 > €) < (251 = 2)e73m", (103)
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Proof of Lemma 2. The proof mostly follows the steps by Weissman et al. (2003).
To shorten the notation, we define Py £ Ty (-|5,a) and P, £ T, (-5, a).

We will make use of the following result (Proposition 4.2 in (Levin & Peres, 2017)), that for any distribution
Qon S

1Q — Py |l = 2max(Q(S) — Pux (S)),
SC8

where S is a subset of S, and P, (S) = Y. cs Puy (§). Thus, we have that

1Py = Pl = 2max(Pr(§) - Py (5)) (104)
Using this, we can write
Pr(|[Py — Pux|ly > ©) = Pr [ 2max [P (8) = Pux (8)] > ¢ (105)
= Pr [max [Py (8) ~ P (8] = § (106)
= Pr [ Uscs [P (S) = Pux (8) = 5] (107)
<N P[P8 - P (S) > a (108)

ScC
where the last step follows from the union bound (Lemma 5).
wx (S

Assuming e > 0, we have that Pr(Py(S) — > £) =0 when & = S or § = (). For every other subset
S, we can define a random binary variable that is 1 when Y(® € S and 0 otherwise. Here P, (S) acts as
o (equation 39) from Lemma 4 and Py (S) as Z (equation 38). Thus, by applying Lemma 4 to this random
variable, we have

Pr(Py(S) — P, (8) > §> < e 2ms’ = emame (109)
Then it follows that
- - €
Pr(||Py — Poxlli 2 €) < ) Pr(Py(S) = Fux(8) 2 3) (110)
ScCS
- - €
< D P8 - Pu(8) 2 5) (111)
SC3:845.0
< (21 - 2)emtme, (112)
where S € S: S # S, 0 denotes that the empty set () and the complete set S are excluded. O

C Proof of Main Result

Here we show how we can use a concentration inequality for martingales to learn an accurate transition
model in RLAO. Specifically, the following result shows that, with a high probability, the empirical abstract
transition function Ty will be close to the abstract transition function 7;,,. In the proof, which follows the
general approach of Ortner et al. (2020), we define a suitable martingale difference sequence for the abstract
transition function and use this to obtain the following result for learning a transition function in RLAO:

Theorem 2 (Abstract L1 inequality). If an agent has access to a state abstraction function ¢ and uses this
to collect data for any abstract state-action pair (8,a) by acting in an MDP M according to a policy T, we
have that the following holds with a probability of at least 1 — § for a fixed value of N(S,a):

1Ty (-15,0) = Ty (-15,0) |l <, (113)

where § = 2|S|e—%N(§,a)€2.
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Proof of Theorem 2. We first define an abstract transition function based on X5, as

N(3,a)
¥(5,a),5 : T, (5']5,a) é Sa, (114)
i=1
where T'(s /|XS @) £ ¥ e T(s ’|Xs(z()1,a). We write T, because this definition is equivalent to using a

weighting function as in equation 19:

V(5,a),8 : Ty (5']5,0) £ ) wx(s,a Z T(s'|s,a) (Eq. 19) (115)

s€ES s'€s
N(s,a)
1 0 /
‘ gm Z X —5}82 ‘5 CL (116)
N(5,a)
= Z ST{xD =53 > 1()s.a) (117)
S Cl SES s'es’
1 N(g,a)
= Nog 2 2 TE1X.0 (118)
! i=1 s’€s’
1 N(s,a) @
= T(5 XS . Eq. 114 119
N 2 TERE) (Bq.114)  (19)

Now we use z to denote a vector of size |S| with entries 4+1, and we write z(5) for the entry in z with index
5. Then we have

1Ty (5, a) = Ty (15,0l = ZlTY '8, a) = Ty (5']5, a)

(120)

max Z <Ty(§’\§, a) — Ty (5]3, a))z(E’) (121)

ze{—-1,1}5 >

1 N(5,a) ’ 1 N(5,a) @
= max - HY.) =5} — —— T(s Xgla,a)z §
ze{m}sg( Mo o W= - gy X TEIXGL0)(E)
(122)
N(8,a) N(s,a)
— max S (Z T = )2(5) = 3 S 11X 0)+(8)
ze{-11}5 5 N(5,a) &= % — N(5,a)
(123)
N(5,a) ( N(5,a) 0
= max 2(Y) — T(5'1 X" a)z(5 124
NG ; Vo)~ Nea ; Z (5| X5q,@)2(5)  (124)
N(5,a)
= max > (2D - X rEIXD, 02(5)) (125)
ze{-1135 N(5,0) = S ’
N(5,a)
=  max ! Z (2, XD a, V1), (126)
ze{-11}5 N(5,a) = ’ ’

where we set

Z ( X(Z)

s,a?

ar, YA 2 2V ZT X9 a,)2(5).

s5,a> 7'7

To show that SV Z_ (z, x1)

s,a’

3 and show that Vi : F[Z,,(z, xO )|Zn, Zryy++ s Zr_,] = 0 and |Z;| < oco. For the second part, we

5a’a7'z’ 511

Gr, s Y( )) is a martingale difference sequence, we should follow Definition
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have that Vi : | Z,, (2 XS(Z,)I,aTI Y(Z ] < 2, since |z ( )| <land|> . T(s ’|XS a7an)z(§’)| < 1. For the first

part, we use the following Lemma the proof of Wthh follows after the current proof.

Lemma 9. Let w be a policy, and suppose the sequence sy,ay--- ,St—1,01—1,St @S to be generated by w. If
1< <1< <Timq <7 < U, then B Zy, (2, X0 ar, YA Z )\ s Zrgy e Zay ) = 0.

aﬂ,}_/g(z)) is a martingale difference sequence with Vi

Lemma 9 shows that SN&% Z_(z, x®

k3 s,a’

Z:(z, xU ),aT ,Y( Y < 2 for any fixed z and fixed N(5,a) = n so that by the Azuma-Hoeffding inequality
S,a i
(Lemma 3)
N(s a) 2
Z Z,, >€) < e NG, (127)

Similarly, Ziv(g’a) N(i_ a)Z( Xs(zt,aﬂ,f/-(i)) is a martingale difference sequence with Vi
Z, (2, X

s,a?

|ﬁ Qr;, sa)| < N( 5y for any fixed z and N(8,a) = n so that, by the Azuma-Hoeffding

inequality (Lemma 3), the followmg holds:

N(3,a) _2 : 2 —
i=1
E2
- 8
=e NGo (129)
= e ¥V (130)

From equation 120 and equation 126, we then obtain

N(5,a

L )
> Z, >e). (131)
=1

Pr(||Ty (-|5,a) = Ty (15, a)ll > €) = Pr(_ max. NG

A union bound (Lemma 5) over all 25! vectors z for a fixed value of N(s,a) shows

L NEw N(.a)
Pr(ze?ﬁﬁ}s NG.a) ; Z., >e) < ze{zl,l}s Z Z. > €) (132)

So, using equation 130, we have that the following holds with probability 1 — 2l8le— s N(5,a)e”,
1Ty (-15,0) = Ty (-15,0) L < e. (133)

Now we give the proof of Lemma 9:

Proof of Lemma 9. We follow the general structure of the proof of Lemma 8 by Strehl & Littman (2008).
We have

E[Zy, (2, X a,,, Vi) Pr(cr,41)Zr, (2, X a, VY 134
s,a i it i 5,a i 15,a
Cry41
= ZPr Cry ZPr Y(Z |er;s ar,) Zr, (2, Xﬁl()l,aTl,)éEQ) (135)
0
=3 " Pr(e) Y Pr(Y)XE) an) Zr (2, X0 ar, V), (136)
Cr; Y,( )
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The sum ZC - is over all possible sequences c;,+1 that end in a state s, 41, resulting from 7; actions chosen

by an agent following policy m. Conditioning on the sequence of random variables Z., ,Z.,,---,Z;,_, can
make some sequences ¢, more likely and others less likely, that is

E[Z;, (2, Xs(()zvanvysa) Zrys Zryy s Ly (137)
= " Pr(cr|Zr Znyy o Zr ) Y Pr(VADIXE) ar) 20, (2, XD, V). (138)
Cr; Yfla)

Significantly, since P(}?§72|§n,an, Zrysor y Zryo1) = P()?§(72|§Ti,an), fixed values of Z,,,Z.,, -+ ,Z,;,_, do
not influence the innermost sum of equation 138. For this innermost sum, we have

ZPr VENXE) ar) 20 (2, X5 ary, VD) (139)

=Y Pr(v)|X%) ar) ZT (51X ar,)2(5) (140)

v

=Y Pr(VIX) an)2 (V) = S Pr(v) X1 a, ZT N1X8) ar)(5) (141)
VA v

=Y Pr(VIX) an)(VE) - S 11X, ar,)2(5) (142)
v

=0. (143)

So we conclude

BlZo (2, X ar, YN 20y 2oy 2o, (144)

:ZPT Cri|Zeys Zryy oo+ s 2y Z Pr(sr, +1‘Xs a7a’7'i)ZT1(Z7Xs(ft)z’a"'i’{/;,?) (145)
Cr; GT +1

= Pr(ce|Zey, Zryy v 2 ) X 0O (146)

=0. (147)

D R-MAX From Abstracted Observations

Here we use the result of Theorem 2 to show that we can provide efficient learning guarantees for R-
MAX (Brafman & Tennenholtz, 2002) in RLAO. In Appendix D.1, we use Theorem 2 and the value bounds
in Appendix A.3 to establish two supporting Lemmas. Then, in Appendix D.2, we adapt one lemma and
the guarantees of R-MAX to RLAO.

D.1 Supporting Lemmas

We can use Theorem 2 to determine the number of samples required to guarantee that the distance
[|Ty (+]5,a) — Tooy (]85, @)]|1 will be smaller than e with probability 1 — 4:
Lemma 10. For inputs k and ¢ (0 < k < 1,0 < € < 2), the following holds for a number of samples

n(2!51—2)—In(x
m > 2 622) In(r)] .

Pr(||Ty (5, a) = Ty (15, a)l[1 > €) < &. (148)
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Proof. To shorten the notation, we use the definitions Py £ Ty (-|5,a) and P,, 2 T, (-|5,a). Tt follows
from Theorem 2 that

Pr(||Py — Puylls > ) < 205l ime’, (149)
We need to select m such that x > 218l g—gme?.
K > 2lSlgmsme (150)
K 1 2
> pmsme
S5 e " (151)
_ 2
In(k) — In(21) > _% (152)
2 _
% > In(215) — In(k) (153)
8[In(2151) — 1
s S0 oG] 150
€
Thus if m > w, we have
Pr(||Py — Puxll1 =€) < k. O

We want to give results for an empirical abstract model M in the abstract space from ¢, whose transition
probabilities and rewards are within nr and ng, respectively, from those of an abstract MDP M. We use
V*" to denote the value in M under the n-step optimal policy and V™ ™ to denote the value in M under

the n-step optimal policy 7 for M. The following lemma shows that we can upper bound the loss in value
when applying 7* to M:

Lemma 11. Let M be an MDP, M an abstract MDP constructed using an approzimate model similarity
abstraction ¢, with ng and nr, and M an MDP in the abstract space from ¢ with

~ ~

IT(5'|5,a) — T(5'|5,a)| < & |R(5,a) — R(5,a)| = 0. (155)
Then
VE(s) = VT () < 2nmp + (n — Dn(ir + €)S| Riaa (156)

Proof. Note that we assume that |R(5,a) — R(5,a)| = 0 because we assume a deterministic reward. Then,
we have

Vs,a € Sx A,s€5: |R(s,a) — R(5,a)| < g, (157)
V50,5 € Sx AxS,se5: | Y T(s]s,a) — T(5'|5,a)| < np +e. (158)
s'es’

We use V%*’n(E) to denote the n-step value under the n-step optimal policy 7™ for the empirical abstract
MDP M. Then, by Theorem 1, we have Vs € 5,5 € S:

VA (s) — VT (s) = 2nmg + (n — Dn(nr + €)|5]| Ruax- (159)
O]

D.2 Proof of Theorem 4

First, we restate an Implicit Explore or Exploit Lemma that is used in the proof of R-MAX. We are interested
in the event Ay, the event that we encounter an unknown state-action pair during an n-step trail in M. For
two MDPs with different dynamics only in the unknown state-action pairs, the probability that we encounter
an unknown state-action pair in an n-step trial is tiny if the difference in the n-step value between the two
MDPs is slight. The proof follows the steps the proof of Lemma 3 from Strehl & Littman (2008).
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Lemma 12 (Implicit Explore or Exploit). Let M be an MDP. Let L be the set of known abstract state-action
pairs, and let My, be an MDP that is the same as M on the known pairs (s,a) € L, but different on the
unknown pairs (8,a) ¢ L. Let s be some state, and Aps the event that an unknown abstract state-action pair
is encountered in a trial generated by starting from state s1 and following m for n steps in M. Then,

V" (s1) > Vgl (s1) = nRmas Pr(An). (160)

Proof. For a fixed path p; = s1,a1,71,- -, 8¢, as, 1, we define Prys(p;) as the probability that p; occurs when
running policy m in M starting from state s;. We let L; be the set of paths p; such that there is at least one
unknown state s; in p; ((¢(s;),a) ¢ L). We further let 73,(t) be the reward received at time ¢ and s (pe, t)
the reward at time ¢ in the path p;. We have the following:

Elra, (8)] = B[ru(t)] = ptEZLt (Pr(po)ras, (i) = Pr(ooras (s ) (161)
+ %Z (Pr(p)rar, (e t) = Pr(p)ra (e, 1) (162)
ZPtZ; (Ei (po)rac, (P ) = Pr(p)ras (pe, 1)) (163)
< ”%t br (pe)rar, (P, t) < Rnax Pr(Ang). (164)

Here 37 ;, (Prar, (pe)rars (pe,t) — Prar(pe)rar(pe, t)) = 0 because, by definition, M and My, behave iden-
tically on the known state-action pairs, and > o7 Pras, (pe)rar, (P, ) < Rmax Pr(Ap) is true because
71, (D, t) is at most Ryax. Finally we can write

n

Varr (1) = Vi (s1) = Y (E[rar, (0] = E[rar(®)]) (165)
t=0
< nRmax Pr(Apn). (166)
Thus, Vy;"(s1) > Vi (51) — nRmax Pr(Anr). O

Now we are ready to prove the theorem.

Theorem 4. Given an MDP M, an approximate model similarity abstraction ¢, with ng and nr, and inputs
|S|,|Al,€,8,T.. With probability of at least 1 — § the R-MAX algorithm adapted to abstraction (Algorithm
1) will attain an expected return of Opt(]],,(e,T¢)) — 39(77%;%) — 2¢ within a number of steps polynomial
in |S|, | Al %%,Te. Here T, is the e-return mizing time of the optimal policy, the policies for M whose e-
return mizing time is T, are denoted by [[,,(€,T¢), the optimal expected T.-step undiscounted average return
achievable by such policies are denoted by Opt([],,(e,T¢)), and

(T. - 1T,

Q(UT, 77R) =Tnr + D) €"7T|S|}%maart~

Proof of Theorem 4. The proof uses elements of the Theorem from Brafman & Tennenholtz (2002). The
proof follows the following steps:

1. We show that the expected average reward of the algorithm is at least as stated if the algorithm

does not fail.

2. The probability of failing is at most §. We can decompose this probability into three elements.

(a) Probability that the transition function estimates are not within the desired bounds.
(b) The probability that we do not attain the number of required visits in polynomial time.
(¢) The probability that the actual return is lower than the expected return.
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Now we first assume the algorithm does not fail. We define an abstract MDP M,,, constructed from ¢
with nr and ngr. Similar to My, J\waxy L is the same as wa on the known abstract state-action pairs,
but with a self-loop and the maximum reward (Rpyax) on the unknown abstract state-action pairs, i.e.,
V(5,a) ¢ L : T, 1(5]5,a) = 1,Ryy 1(5,a) = Rpax. We also define an empirical abstract MDP My, of
which the transition probabilities Ty (5|5, a) are within some e, (defined later) of those in M, and with
Ruy(5,a) = Ry(5,a) because of the assumption that the rewards are deterministic. Then, My is the
abstract MDP that is the same as My on the known abstract state-action pairs and the same as wa, L on

the unknown abstract state-action pairs. We denote the R-MAX policy with 7.

Let Aps be the event that, following 7, we encounter an unknown abstract state-action pair (¢(s),a) ¢ L in
T. steps. From Lemma 12, we have that:

Vs € S : V™ (s) = Vi (s) — TeRumax Pr(Awu). (167)

Now suppose that Ryax Pr(Ay) < €1, for some €; (defined later), then we have

VI (5) 2 Vi () = TeRmax Pr(An) (168)
> Vig, “(s) = Tear (169)
> Vil (s) = Teer = g(nr,nm) (170)
> Vil (s) = Teer — gle2) — 9z, 0R) (171)
> Vil (s) = Teer — gle2) — g(rr, 1) (172)
> Vyi'*(s) = Teer — g(ea) — g, ng) — 29017 + €2,7R). (173)

Here the step from equation 168 to equation 169 follows because of the assumption that Ryax Pr(A4y) <

€1. The step from equation 169 to equation 170 follows from Lemma 6, where g(nr,ngr) = Tenr +
%nﬂg | Rmax- The step from equation 170 to equation 171 follows from Lemma 8, where g(ez) =
%62‘5 | Rimax- The step from equation 171 to equation 172 follows because the R-MAX policy 7 is the
optimal policy for My’ L, and My’ . is the same as My on the known state-action pairs and overestimates
the value of the unknown state-action pairs (to the maximum value). Finally, the step from equation 172 to

equation 173 follows from Lemma 11.

31



Published in Transactions on Machine Learning Research (09/2023)

In equation 173 the results are for the undiscounted T,-step sum of rewards, so to obtain the result for the
average reward per step, we have to divide equation 173 by T.. We get

Opt(H(e, Te)) - Teel/Te - 9(62)/Te - g(nT’ nR)/TE - 29(77T + €2, WR)/TG (174)
M
B o (T.-1DT.
= Opt(l;j[(c,TE)) &1 = | S| Rmax/T
T. - OT., - T. — )T, _
- (TenR + %nﬂﬂRmaX)/Te —2(Tenr + %(UT + 62)|S|RmaX)/Te (175)
T.—1) -
= Opt(H(e,TE)) —€ — (T)G2|5\Rmax
M
(Te - 1) Q Q
—NR — - D) 77T|S|Rmax —2ng — (Te - 1)(77T + 62)|S|Rmb\X (176)
T.—1) -
= Opt(H(e,Te)) —€ — (T)eﬂS\Rmax
M
(T —1) & a a
—3nr — TUT\S|RmaX — (Te — 1)ea|S|Rimax — (Te — 1)nr|S|Rmax (177)
T.—1) - T. -1 _
= Opt(H(e,Tg)) —€ — 3%€2|S|Rmax —3ng — 3%17T|S\Rmax (178)
M
(T —1) & g(nr,nr)
= Opt(lj\_/[[(e,Te)) — a1 = 36| S| Rinax — 3T (179)
_ 3 (T - 1) & g(nr,nr)
- Opt(lA;[(e,Te)) €= 3565 Rmax —3 7 (180)
3 (Te — 1) e 5 g(nr,nr)
= Opt T))—=e—3 _ S| Rimax — 3202 181
p (11\_4[(6 ) 3¢ 2 48| B (T, — 1)I | T (181)
_ _ 3,9 _39(r.R)
= Opt(lj\;[(e,TE)) €€ 3 T (182)
3 g(nr,nr)
= Opt(J (e, 7)) - SE 3 (183)
M €

In the step from equation 178 to equation 179 we use that g(nr,nr) = Teng + %nﬂgmmax. Then, in
the last steps, we define €; and e;. In the step from equation 179 to equation 180 we set ¢ = %e. And in
the step from equation 180 to equation 181 we set o = 3¢/ (4|S| Ruax (T — 1)).

The above assumed that the algorithm did not fail, but we cannot guarantee this with probability 1 within
a number of steps that is polynomial in the input. We will show that we can upper bound the probability
of failure by §. There are three reasons why the algorithm could fail.

1. First, we need to show that the transition functions of My are within 1T + €2 of the transition func-
tions of M, ,, with high probability. This is to ensure that, once all the abstract state-action
pairs are known, the loss of value because of an inaccurate transition model, V;Vi[j — V;I’TE is

within 2g(nr + e2,nr) = 2Tinr + (T — V)T.(nr + €2)|S|Rmax by Lemma 11. We can use the
martingale concentration inequality to choose a number of samples K; so that the probability that

our transition estimate is outside the desired bound is less than m for every abstract state-

action pair if we sample each pair K; times. By Lemma 10, we can guarantee this by using

n ‘7‘— —1in S S - n ‘SI— —In S .
Ky > 2@ mG/GISIAN] _ 325 R (Tem1) (2 —2)7in@/GISIAD]  Then, by applying the

T D)

5 Famax (Te = 1)
Union Bound on all |S|A pairs, we have that the total probability that any transition function is
outside the desired bound is less than §/3.
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2. Before we assumed that Rpyax Pr(4y) < e(= %) Here we can show that after Ky T.-step trials
where Ryax Pr(Ap) > %, all the abstract state-action pairs are visited at least K7 times (become
known) with a probability of at least 1—§/3 by using Hoeffding’s Inequality. Let X; be the indicator
variable that is 1 if we visit an unknown abstract state-action pair in a trial, and 0 otherwise. For

the trials where

Pr(Xz = 1) > g/Rmaxa

we can use Hoeffding’s Inequality to establish an upper bound, we have:

K>

3e 2/3
Pr(Y (G / Bax) = Xi) 2 K37%) = (184)
=1
Ko 2/3,2 2/3y2

3 K _2(K ) _2(K ) 1/

Pr( §E Rmzx - ;X,- > K <o Hfa o < fa =20 (185)
Ka

3e Ko 2/3 —2K1/®

Pr(gm —- K} > ;Xi) < eTHGT (186)

After K5 exploring episodes we want Zfizl X, the number of visits to unknown state-action pairs,

to be K1|S||A|. So we can choose K3 such that 3¢ 2 — K22/3 > K;|S||A]|, and 20" < 0/3 to
guarantee that the probability of failing to explore enough is at most §/3.

3. Finally, the actual return may be lower than the expected return when we perform a T,-step trial
where we do not explore. We use Hoeffding’s Inequality to determine the number of steps K3 needed
to ensure that the actual average return is within €/2 of Opt(]],,(¢,T¢)) — 3M We need
to choose K3 so that the probability of obtaining an actual return that is Smaller than the desired
Opt([ 1, (6, Tc)) — 2¢ — 39(7”’7“?) is at most d/3 within K3 = Z|S|T. exploitation steps, with some
number Z > 0. Let X; denote the average return in the i-th exploitation Step and p the average

expected return in an exploitation step so that y is at least Opt(]],,(e, %)) — 3¢ — SM Then

= X, 2/3 2(K§/3>2 1/3
Pr(y () 2 K <P T = e (187)
Z:1 max

. . o1 / . .
This means that, with a probability of at most e—2Ks 3, the average return for K3 exploitation steps

is more than };‘“a" lower than pu:
3

K3

p— X 2/3 1/3
Pr(y (E—) 2 K5/ < e (188)
i=1 max
K3
H X 2/3) < g-2KL/
Pr(K - > K. 189
r( 3Rmax lz:; Rmax - 3 ) o ’ ( )
K3
Pr(Kau— Y Xi > RuaxK3'?) < 72537, (190)
=1
K3
Xi Rm < _ 1/3
Prin =2 g, 2 jam) <7 (191)
i=1 3

We can now choose Z, so that ¢/2 < ﬁ and e~ 2(ZISIT)"* < 4/3, to get the desired result:

with probability at most d/3 the obtained value will be more than €/2 lower than the expected value.
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The probability of failure is thus at most 3 * §/3 = §, and an average return at most 2¢ + 39("97;"”) lower
than Opt(][,, (e, T¢)) will be obtained with a probability of at least 1 — 4. O

E Simulator Data Collection

Here we assume that we have access to a simulator and use this in our procedure to give a guarantee in the
form of the abstract L1 inequality from equation 21. To some extent, this is not surprising, but to the best
of our knowledge, this is the first work that explicitly shows how to combine MBRL and abstraction using a
simulator. We assume that the simulator allows us to select (or move to) any state and draw a sample from
its transition function, which we call the independent samples assumption:

Assumption 1 (Independent samples). We assume we can obtain independent samples, e.g., for any state-
action pair (s,a), we can draw samples directly from its transition function T(-|s,a).

Algorithm 2 Procedure: MBRLAO Algorithm 3 COLLECTSAMPLES with Simulator

Input: M,¢,0,¢,7 Input: M, ¢,0,¢

Y = CoLLECTSAMPLES(M, ¢, 5, €, ) K= |§|5\A\

The sampling results in sequences Y5 4, one for every _ (2[1n(2|5\ ,2),111(&)}]

pair (8, a): m= €2 _

Vio = o(sM), -, p(s'™) for all (5,a) € S x A do

— 7 ... Fm Ya=1]

for all (5,a,5) € Sx Ax S do Z5,q = select a prototype state s € 5
o = (i - fori=1:mdo
Ty (5']5,0) = L ", 1{VW = &

endegoJ ) m szl { s,a } 87/ — Sample(T(-\xg’a, a))

T A (G AT R Ys,q-append(¢(s’))

My = <SaA7TYaR,’7> _ end for

7y = Value Iteration(My)

Apply 73 to M end for

Return: all }7570‘

If a simulator of the MDP is available, this is a reasonable assumption. For every pair (s,a), the simulator
sampling procedure (Algorithm 3) selects a prototype x5, € s from which to sample. We define a weighting
function wx (s, a) that has a weight of 1 if s is the prototype x5, and 0 otherwise:

V(§,a),s€§ WX(Sv a) £ ]1{5 = x§,a}- (192)

Then we use this wy to define the abstract transition function T,,, according to equation 10. T, (5'|5,a) =
> oes T'(s'|s = 5,4,a). This way, the samples we collect for one pair (5,a) are i.i.d. They are independent
because of Assumption 1 and identically distributed because we sample from the prototype. Because the
samples are i.i.d., we can use Lemma 1. We show that, with the simulator we can combine MBRL with
abstraction and still learn an accurate model. We can guarantee that Ty will be close to T, , with a high
probability:

Theorem 5. Under assumption 1, following the procedure in Algorithm 1, with the data collection from
Algorithm 3 and inputs |S|, A, €, and 6. For Ty constructed by the algorithm, we have that with probability
1— 4, the following holds:

Yis.0) 1Ty (15,0) = Ty (15, a)|l <. (193)

E.1 Proof of Theorem 5

Before starting with the actual proof, we first go over Algorithm 3 and give two lemmas the proof uses.

The agent will draw samples using the simulator as described in Algorithm 3. Since we assume we can sample
directly from the transition functions T'(-|s, a), this algorithm loops over all pairs (3, a) and samples m times!°

10The value of m in Algorithm 3 is chosen based on the results further along in this section.
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from each transition function. More formally, for every pair (s, a), the algorithm selects one prototype state
T5q = s € 5. Then, it loops over every pair (5,a) and samples m transitions from T'(:|z5,4,a). The set of
collected experiences for each abstract state-action pair (3, a) is represented by Y5 4, as defined by equation 15.

Given Yz ,, we define the learned model Ty (-|3, a) according to equation 16, T, according to equation 19,
and wx according to equation 192. Tt follows from Lemma 1 that we can derive a number of samples that
we require to guarantee that Pr(||Ty (-|5,a) — T,y (-8, a)|]1 > €) < & is true for inputs x and e:
Lemma 4. For inputs £k and ¢ (0 < k < 1,0 < € < 2), we have that the following holds for
151 _gy_

m> 2[In(2'7! 622) In(r)] .

Pr(||Ty (5, a) = Ty (5, a)l[1 > €) < &. (194)
Proof. To shorten the notation, we use the definitions Py £ Ty (:|5,a) and P,, = T, (-|5,a). From
Lemma 1, we have that

Pr(|[Py — Puyll1 > €) < (218 —2)e75m<". (195)

2

We need to select m such that x > (2|§| — 2)6_%7”6 :

k> (2151 — 2)e3me (196)
K 1 2
_ > — 5 MmMe 1
2|S|_2_e 2 (197)
_ 2
In(k) — In(215 — 2) > —% (198)
2 _
% > (25! = 2) — In(x) (199)
2[In(2!51 — 2) —1
Thus, if m > w we have
Pr(||Py — Puxll1 > €) < k. O

Using the Union bound, we can give a lower bound on the probability that Ty (-|3,a) and T, (-|5,a) are €
close for every (s,a):

Lemma 5. If

- — _ )
V(§7Q) [Pr(HTY('|87a) - TWX('|Sva)||1 > 6)] < = (201)
S]]
then the following holds with a probability of at least 1 —§:
ma [Ty (15,0) — i (f5,0)]1] < e (202)
Proof. We define
Asa £ [Ty (-15,a) = Tuy (15, a)l 1. (203)

Then Pr(max(s,,){As4 > €}) is the probability that Az, > e for at least one abstract state-action pair.
From the union bound, it follows that Pr(maxs ,){As. > €}) < d:

Pr(max{Az, > €}) < Pr(Az, > ¢ 204
(a0 2 ) < T Pr(daa 20 (204)
< ,L (205)

= |S1l4]
=9. (206)
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It follows that Pr(max(s . {As. < €}) > 1 — ¢ since Pr(max s 4){Asq < €}) = 1 — Pr(max; 4){As4 > €}).
Thus the probability that equation 202 holds is at least 1 — 6. O

Now we are ready to proof Theorem 5:

Proof of Theorem 5. By Assumption 1, and the earlier assumption that |S| and |A| are finite, we have that
we can obtain m samples in finite time for every abstract state-action pair and any m > 0. Given the

inputs |S|, A, ¢, and &, Algorithm 3 sets m = [W], where k = m. Then, for every (8,a), a

prototype state 5, = s € 5 is selected. We use equation 192 to define wx and equation 19 to define wa.

For all (s, a), Algorithm 3 obtains a sequence Yg@ by sampling from the transition function from the prototype
state x5, and Algorithm 2 constructs the empirical transition functions as in equation 16.

Given our choice of m and the inputs k = and ¢, it follows from Lemma 10 that

5
IS11Al

Vis,a) Pr|Ty ([5,a) = Tuy (15, 0)|lt 2 €) < = (207)
) S114]
By the union bound, we have that the following holds with a probability of at least 1 — d:
Vis.a) [Ty (-15,0) = Tuy (5, a)ll1 < e. (208)
O
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